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Abstract

The present paper deals with the development of a mechanical model coupling damage and viscoelasticity for
applications related to fracture in bituminous materials and structures. The behavior of these materials is highly
thermo-sensitive and depends on the loading rate. Currently, there is no consensus on a modeling approach able
to capture their behavior to fracture for a wide range of temperature and loading conditions. This is an objective
of the model developed in this paper. Prior to damage initiation, this one is assumed purely viscoelastic and
relies on the spectral decomposition of the creep function and the time-temperature superposition principle for
the thermal dependency. Damage is later incorporated in the model on the basis of the concept of effective stress
and a damage evolution law postulated at the local level, then regularized according to the thick level set (TLS)
approach for the purpose of structural computations. This is the first modeling combining the TLS approach and
viscoelasticity. This novel model is implemented in a numerical program in 1D and applied to the simulation of
uniaxial tensile stress tests (UTST) carried out on a bituminous material at several temperatures and a given
monotonic displacement rate. By defining the critical energy release rate as a function of temperature in the
model, the numerical simulations compare favorably with the experimental results for all the tested temperatures,
proving the capacity of this model to capture brittleness/ductileness of the bituminous samples depending on
temperature. Based on the test simulations, other features of the model are also discussed.

Keywords: thermo-viscoelasticity, damage, Thick Level Set approach (TLS), Poynting-Thomson model,
Generalized Kelvin-Voigt model, uniaxial tension stress test, bituminous mixtures.

Nomenclature of the main or recurrent quantities

() Rate quantity

() Nonlocal TLS quantity

Owp Quantity related to the undamaged material

Op Quantity related to the damaged material

Ok Quantity at time t

(Htrat Quantity at time t + dt

a/ot Time partial derivative

i Imaginary unit

w (s Pulsation

t(s) Time

6 (°0) Temperature of the material

Orer (°C) Reference temperature

T (A°C) Temperature difference with respect t0 O,p¢ : T = 0 — 0,5
Ej; (Pa) Complex modulus of the Huet model (viscoelastic)
E, (Pa) Instantaneous modulus of the Huet model

hk &6 Constants of the Huet model
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Fy (Pa™) Creep function of the Huet model

o =

r Gamma function

7 () Time response coefficient (viscoelasticity)

ar Shift factor (time-temperature superposition principle)

TLS Thick Level Set approach

PT Poynting-Thomson rheological law

DGKV Damageable Generalized Kelvin-Voigt model

DGKV-TLS Nonlocal DGKV model derived according to the TLS approach

o (Pa) Total uniaxial stress

£ Total uniaxial strain of the DGKV or PT rheological law

& Strain in the isolated spring of the DGKYV or PT rheological law

& Strain in the ith Kelvin-Voigt unit of the DGKV model (&; for the PT model)

E, (Pa) Young modulus of the isolated spring of the DGKYV or PT rheological law

7; (5) Characteristic time of the ith Kelvin-Voigt unit of the DGKV model (7, for the PT model)

E; (Pa) Young modulus time of the ith Kelvin-Voigt unit of the DGKV model (E;for the PT
model)

n; (Pa.s) Viscosity of the ith Kelvin-Voigt unit of the DGKV model (17, for the PT model)

D Damage variable

Y (J/kg) Specific density of the Helmholtz free energy

T (K) Absolute temperature

Trer (K) Absolute reference temperature

C (J/K/kg) Heat capacity

p (kg/m?®) Density

D (W/m3) Intrinsic dissipation potential

Y (Pa) Energy release rate density

Y. (Pa) Critical energy release rate

H(D) Softening function

H'(D) Derivative with respect to D of the softening function H (D)

a,B Constant of the softening function H(D)

f (Pa) Damage criterion

oy, (Pa) Stress in the dashpot of the PT model

Y Damage-based dissipation potential

op*Y Subderivative of the convex function ¢*¥

o™, (Pa) Stress at initialization of damage for the PT model and for € - 0*

agg (Pa) Stress at rupture for the PT model and for & - 0%

oM (Pa) Stress at initialization of damage for the PT model and for € — oo

agfo (Pa) Stress at rupture for the PT model and for ¢ —» o

U (m/s) Imposed displacement rate (>0) of the bar problem

I(t) (m) Damage front location at time t

I, (m) Critical length of the nonlocal damage model

L (m) Length of the bar in the 1D problem

o(x,t) Level set function

WLF Williams-Landel-Ferry law

Ci,C, Coefficients of the WLF law

FU () Work of external forces (the bar problem)

Wye () Energy dissipated by viscoelasticity (the bar problem)

Wy () Energy dissipated by damage (the bar problem)

Wdissipated (])

Total energy dissipated (the bar problem)
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Introduction

The study of fracture in viscoelastic media started in the early 1960’s by Max L. Williams who extended
Griffith’s work to the domain of linear viscoelasticity [1]. The simple case of a three-dimensional medium
including a spherical flaw loaded by hydrostatic tension was considered. Based on this study, cracking in
viscoelastic material was found to depend on the loading history [2]. This research was then used by many
authors to solve engineering problems, especially related to the failure of polymers and elastomers. This is also
of interest in the field of pavement mechanics that involves bituminous materials which are also viscoelastic and
sensitive to temperature. Indeed, fracture process in bituminous materials occurs in many issues related in
particular to durability and maintenance operations in pavements. These can imply either fracture by fatigue (e.g.
road traffic) or fracture at low number of loading cycles or under monotonous loading (e.g. extreme climatic
conditions). In this context, the purpose of this paper is to develop a modeling approach to fracture in bituminous
materials and structures under monotonous loading that can be applied to a large range of loading rate and
temperature conditions. A recent state-of-the-art on the mechanisms of cracking in asphalt materials [3] has
revealed that no consensus exits yet on the way to account for this problematic. Nonetheless, numerous papers
can be found in the literature about the modeling of cracking in these materials which is often addressed through
different approaches depending in particular on temperature under consideration.

At freezing temperature, the linear elastic fracture mechanics is frequently used because the response of
bituminous materials can be considered as linear elastic. In order to account for a fracture process zone where
micro-cracks develop and coalesce leading locally to softening of the material, the cohesive zone model (CZM)
was also introduced in the field of pavement mechanics [4][5][6][7]. Since this early research involving CZM,
progress has been made to account for the viscoelastic behavior of bituminous materials that becomes more
pronounced at higher temperature [8]. More recently, an intrinsic CZM-based approach with deformation rate
effect coupled with a linear viscoelastic behavior in the bulk of the material was developed [9]. This approach
was able to capture the experimental response of specimens tested at ambient controlled temperature and for
different loading rates. This study emphasized on the importance of considering the deformation rate effect in
both the bulk and the fracture process zone of CZM approaches to well represent experimental data. Note that
this technique and more generally fracture mechanics benefit from the development of the extended finite
element method (XFEM) for taking into account geometrical discontinuities in finite element meshes [10]. This
technique has also been applied to fracture in viscoelasticity [11], [12].

Apart from these crack-based models, another way to simulate the failure of structures is to consider the
continuum damage approach as an ingredient of the constitutive behavior of the materials. As well-known, these
models require regularization to avoid the occurrence of spurious localization in numerical simulations. Several
regularization techniques can be distinguished nowadays: the non-local integral formulation (e.g. [13] and [14]
in the context of bituminous materials), the high-order gradient formulation [15], the phase-field approach [16]
([17] for fracture in viscoelastic solids), and the Thick Level Set (TLS) approach [18], [19]. The latter is
considered in this paper. The TLS approach is a non-local model that offers the possibility of a smooth transition
from damage to the development of cracks. Combined with XFEM this approach can handle complicated crack
topology such as branching and merging in 2D and 3D [20]. This approach was first developed in linear
elasticity. The purpose here is to propose an extension to viscoelastic materials. At this stage, the development is
restricted to the 1D case to assess the capability of the model to simulate fracture in bituminous materials,
keeping with a quite simple numerical implementation that does not require the use of the finite element
framework. The developed model is applied to the modeling of uniaxial tensile stress tests (UTST) and evaluated
by comparison to experimental results stemming from bituminous specimens tested at different temperatures.
The result of this study can also be viewed as a reference solution that could be used in the future to validate the
implementation of this viscoelastic TLS model in finite element numerical programs in 2D or 3D, involving
more complex solving strategies.

The paper is outlined as follows. After a preamble about creep function for asphalt materials and the spectral
decomposition, the development of the local 1D constitutive law based on the concept of effective stress and
coupling damage and viscoelasticity is presented. Then, the problem of a viscoelastic bar subjected to direct
tension until rupture is formulated using the TLS approach. A space discretization and time implicit scheme
involving Newton iterations are utilized to solve the resulting nonlinear transient equations. The solution is
implemented in a numerical program used to simulate the UTST tests mentioned above. The ability of the model
to capture the experimental response of the bituminous specimens at different temperatures is evaluated. Finally,
some other specific features of the model are discussed.

1. Creep function for asphalt concrete material and spectral decomposition
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1.1 The Huet constitutive law

The viscoelastic behavior of asphalt concrete materials is well represented by the Huet constitutive law which is
largely described in the literature [21][22]. This rheological model is composed of a series of two parabolic
dashpots and a linear spring. The equations for its complex modulus Ej; and creep function Fy are given by:

Eoo

E;(w,0) = — — 1
H(w ) 1+(iwt(T)) h+6(iwr(T)) k M
£\l t \k
_a (., Gm) | oG
Fu(t,0) = Eoo (1 + [(h+1) + T(k+1) @)

with @ = pulsation (s™1), t = time (s), T = difference between the considered temperature 6 (°C) and a reference
one O,.r, E, =instantaneous modulus (Pa), h, k =exponents of the parabolic dashpots (0 < h <k <1),
8 = weighting coefficient (6§ > 0), and ' = Gamma function. These equations account for the sensitivity to
temperature which is considered to follow the time-temperature superposition principle. The time response
coefficient T(T) is expressed as: T(T) = ar(T)1,.r, Where ar is the shift factor decreasing with temperature.

The creep function is calibrated and used in the numerical example below (section 4).

Parabolic dashpots

rd N
— ANNANAN — —

Ey k h

Fig. 1. The Huet rheological model
1.2 Spectral decomposition of creep functions

The upcoming developments will be based on the spectral decomposition of creep functions and in particular on
that of the Huet model. The spectral decomposition consists in representing the rheological behavior of a
viscoelastic material as a series of Kelvin-Voigt elements. These series can be derived from the creep function
and can be continuous (integral shape) or discrete (with a summation index). In the latter case the series can be
infinite or finite. In numerical applications, finite series with a limited number of Kelvin-Voigt models are often
used as an approximate of the actual behavior in order to handle only a reasonable number of internal state
variables. Such a strategy is adopted in this paper.

This led us at first to develop a damage model based on the Poynting-Thomson (PT) rheological law (or solid
linear standard model) that can be viewed as associating instantaneous elasticity with one Kelvin-Voigt element
(Fig. 2). Then, a more general damage model based on a spectral series composed of N, elements of Kelvin-
Voigt and a spring (instantaneous elasticity) was easily derived from that relying on the PT model. This more
sophisticated model obtained from the Huet model decomposition is obviously more appropriate to reproduce
damage developing in asphalt concrete materials.

Note that the time-temperature superposition principle is now reflected by a dashpot viscosity taken as
proportional to the shift-faetor time response coefficient T(0) for each Kelvin-Voigt element.

PT model

&n & & €o
Fig. 2. The generalized Kelvin-Voigt model with n elements

2. Development of a local viscoelastic damage model in 1D
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2.1 Equations of the PT constitutive law

The set of equations that describe the PT model is as follows:

o = Epg (3)
0 =E& +m& = Ei(& +7,6) “)
E=¢& +& 5)

where o is the total stress and ¢ the total strain in the PT model. The viscosity 7; of the model can be expressed
as a function of the characteristic time 7, and the Young modulus E; such as: n; = E;7,. For a thermo-sensitive
model that satisfies the time-temperature superposition principle, t; depends on temperature but E, and E; do
not. For the generalized discrete model composed of several Kelvin-Voigt elements addressed further, the t; of
each dashpot is affected by the same function t(T) such as: 7;(T) = «;7(T), with ¢; a positive scalar.

Combining the equations above makes it possible to eliminate the internal strain variables &, and &;:

EoEq Eon1 2 M1 . (6)

- (Eo+E1) (Eo+E1) (Eo+E1) g

or equivalently:

e(t) = (io + ﬁ) o(t) (7)

E 1t
in which the differential operator (%) is treated as an algebraic entity [23].

2.2 Introducing damage in the viscoelastic PT model

The effective stress principle is adopted to introduce local damage in the viscoelastic PT model. This consists in
replacing in the previous constitutive law o by the effective stress & defined in 1D as:

G=0/(1-D) ®)

D is the scalar damage variable equal to O for the sound material and to 1 for the fully damaged state (0 < D <
1). The resulting model is equivalent to the PT viscoelastic model in which all the basic rheological elements are
diminished by the factor (1 — D) (Fig. 3).

N1 (L—D)nq
Eo (1—D)Eo

Fig. 3. Damaged PT model within the effective stress concept

The state laws now read:
o= (1-D)Eyg, 9)
o= (1-D)E& + (1 —-D)n& (10)

Ep+Eq

c'r=(1—D)EOs'—( -

EoEq

D
+E)O'+(1—D) " £

1)

1

In order to derive the evolution model for D, let us recast these equations in the framework of thermodynamics.
€, &1, D and T can be defined as the state variables for the derivation of the specific density of the Helmholtz free
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energy, ¥ (g, &1, D, T). By integration of equation o = pdy/de and o, = —pdyp/de;, where o, represents the
stress in the dashpot (Clausius-Duhem inequality), we can define i as:

p(e £,D,T) = (1 = D) Eo(e — £)* + Eyef] — pCT In(T) + g(D,T) (12)

in which T = T,..; + T is the absolute temperature. The second term in the right-hand side considers the specific
heat capacity of the material that contributes to the heat equation. Note that we do not consider thermal dilation
in Eq. (10) which makes sense since only simulations under isothermal conditions will be performed in this
paper. Besides, g(D,T) is set equal to zero in the following to keep with the conventional damage theory.
However, considering this term would be interesting to study self-healing mechanisms for instance, which are
often mentioned regarding the behavior of bituminous materials.

The Clausius-Duhem inequality then leads to ensure positivity of the intrinsic dissipation given by:

o . Y - . .
Dine =—p6—81£1—p5D =0,,& +YD (13)
where Y = —p0dy /0D is the energy release rate density. In practice, we seek for positivity of each term

separately. The first term o, € is positive from the dashpot constitutive law since g, = (1 — D)né;. In the
present case, Y given by Eq. (14), is always positive.

V= —p3L = Eo(e — &) + Eyef] (14)

Consequently, D will have to be positive in the following. To ensure this condition D will be defined as the
derivative (or subderivative) of a convex function ¢*¥ of Y (damage-based dissipation potential).

2.3 Dissipation potential and damage evolution
Here, the choice is made to use a dissipation potential of the form:

@Y (Y,e,€,D) =+o0 if Y>YH(D) and ¢ —&; > 0
@Y (Y,e,€,D) = 0 otherwise (15)

which is convex with respect to Y. Material parameters Y, and H (D) define a threshold for the damage criterion.
Y. is a positive scalar of same unit as stress and H(D) is called the softening function. H(D) is positive and
verifies H(0) = 1. The condition on &€ — &; which is related to the sign of stress in the PT model reflects the fact
that damage is assumed to occur only in traction. The evolution law defined by D € d¢*Y, where d¢*Y is the
subderivative set of ¢*¥ with respect to Y, is equivalent to the Karush-Kuhn-Tucker conditions [24]:

f=Y—-YHMD)<0, D=0, fD=0 (16)

and also, to the condition:

D(e—¢g)=0 (17)

It can be shown easily that for this model the time-temperature superposition principle is still verified during
damage growth since the dissipation potential ¢*! is chosen as not depending explicitly on the temperature
variable. As a consequence, the stress-strain curve corresponding to a given value of temperature T’ and a given

strain-driven loading history {e(t)}: t - £(t) can be deduced from the stress-strain curve at T by shifting the
time variable as shown in Eq. (18):

o (t{e®)}) = o, (t:—,,{s (tTT—’)}) (18)

where T =1(T) and ' = 7(T"). 0, and o, are the stress developing in the viscoelastic-damage model at
temperature T’ and T.
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2.4 Response of the local damage model for low and high loading rates

In order to precise further function H (D), let us address the two particular cases of loading rates & that tend to 0F
and +oo and considering initial stress and strain to be zero. These two cases reduce to damage elastic problems
with ¢ = (1 — D)E where E is the modulus equal to E = EyE; /(Ey + E;) for ¢ - 0% and E = E, for € - +o0.

For ¢ - 0%, the stress and the strain values at initialization of damage (D = 0,Y = Y,) and at rupture (D = 1,
Y = H(1)Y,) are given by:

oftyr = (Wepi ellyr = |2V (19)
and

Ey+E
ol =0, "0, = /2H(1)Y o (20)

For € — +oo, the stress and the strain values at initialization of damage and at rupture are given by:

0 e = \/m' &l = \/IELO N

and

010, =0, 0, = [2H(DY - (22)

One can notice that the ™ stress value for € — o is greater than that for ¢ > 0 and conversely for €™ and
£"™P_Moreover, the condition €™ > £ imposes the condition H(1) > 1. In both cases, the damage evolution
law is obtained by time differentiation of the damage criterion Y — H(D)Y, = 0 with Y = E&?/2 considering the
appropriate value for E, as expressed above, depending on whether € — 0 or € — oo. The constitutive law during
damage growth can be expressed in terms of rates by time differentiation of ¢ = (1 — D)Ee and Eq. (23) still

using the appropriate choice for E.

: Eeg
b= (23)
2HD)\ . _ .
(1 -D— (D)) ¢ = K(D)E¢ (24)

Eq. (23) needs H'(D) > 0 to ensure D to be positive. Let us consider the simple linear relationship for K (D):
K(D) =a—bD (25)

From Eq. (24), the softening function can be expressed as a function of K as follows:

2du

H(D) = e kW for D € [0,1] (26)

which combined with Eq. (25) leads to:

HD)=1-pD)* and H'(D)=apB(l—pD) 1 27)

with a =2/(1=»b) and f =(1—b)/(1 —a) or reversely a=1—2/aff and b =1—2/a. To meet the
condition H(1) > 1 and H'(D) > 0, coefficients a and § must be of same sign. Considering positive values for

a and 3, Eq. (27) requires § < 1 to have H(D) defined for D € [0,1]. It can also be checked that conditions a >
O0and 0 < B < 1yield K(1) = a — b < 0 as required at rupture. On the other hand, K (0) = a can be positive or
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negative depending on whether a8 > 2 or aff < 2. For K(0) < 0 the stress at initialization of damage, o™, is
also the maximum value of stress of the o — & curve. On the contrary, for K(0) > 0 the stress at damage
initialization occurs prior to the peak value of the o — ¢ curve.

In the example of section 4, the values of ¢ and f for the considered asphalt concrete material will be
determined based on experimental results and the nonlocal TLS model presented further. In this case « and f8
will be found to check aff > 2.

2.5 Extension to the Generalized Kelvin-Voight model (DGKV)

The Poynting Thomson model and the introduction of damage in this model can be easily extended to a
generalized Kelvin-Voigt model whose response will be more appropriate to simulate the complex behavior of
asphalt concrete materials characterized by a large spectrum of relaxation times. The extension to the generalized
Kelvin-Voigt model for the purely viscoelastic response leads to the replacement of Egs. (4) and (5) by:

g = E,:(€,: + Tié,:) (28)
e=¢g+Xi& (29)

&; are internal variables characterizing the strain in each of the Ny, Kelvin-Voigt units of the generalized model.
E; and T; are the stiffness of the spring and the time response of the dashpot of the ith Kelvin-Voigt unit.

For the damage viscoelastic response, applying the principle of effective stress to the whole series leads to the
substitution of Egs. (10) and (14) by:

g = (1 - D)Ei(gi + T,:éi) (30)
Y = %(Eosg + Y, Eed) (31

A numerical program based on a pure implicit time discretization scheme (see Eqs (39)-(41)) was developed to
compute the o — € curve of this local viscoelastic damage model for function H(D) given by Eq. (24) and for a
constant imposed strain rate €. As an illustration of the local response of this constitutive law and for later
comparison with the nonlocal model, Fig. 4 shows for several temperatures the o — ¢ curves obtained for the
material parameters of the application detailed in section 4.

ST g=10"%s"1
O Y=Yc
T=5°C
T=20°C
0 - — ' } . } . } . :
0 0.002 0.004 0.006 0.008 0.01

strain
Fig. 4. Local o — € curves computed at different temperatures and € = cst for the damageable generalized
Kelvin-Voigt model (material parameters shown in Tables 1 and 2 and Fig. 9). The strain at rupture for T = 5°C
and T = 20°C (not visible for the strain scale used in the figure) are equal to approximately 3% and 10%,
respectively.

3. Nonlocal TLS formulation for a viscoelastic bar under direct tension (1D) (DGKV-TLS model)
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The model developed in the previous sections at the local level will now be introduced in the nonlocal
framework of the Thick Level Set approach to avoid localization issues inherent to the onset and growth of
damage using local models in structural problems. The TLS approach has been developed in 2D/3D already for
elasticity and plasticity [18][19][20][25]. Here, the main purpose is to investigate the implementation of
viscoelasticity in this approach. To this end, we consider the 1D case of a viscoelastic bar subjected to direct
tension which facilitates the numerical developments needed to solve the problem. Nonetheless, the simulations
can be compared to uniaxial tension tests performed on asphalt concrete specimens until rupture in order to
evaluate the capability of the developed approach to reproduce the fracture behavior of thermo-sensitive
viscoelastic materials. The comparison is carried out in section 4.

In this section, we first summarize the main TLS features applied to the problem of the bar in tension prior to
presenting the solving algorithm.

3.1 Position of the problem and TLS approach in 1D

Let us consider a viscoelastic bar of length L clamped at the left end in x = 0 (Fig. 5). A positive displacement
rate, U(L,t), is applied to the other end so that the bar is in extension during loading. The quasi-static
equilibrium indicates that at any time of loading the stress, o (t), is constant along the bar. While Y < Y, the
mechanical response of the bar is assumed to be purely viscoelastic and governed by the generalized Kelvin-
Voigt model (Egs. (3), (28) and (29)). Damage initiates once Y = Y, is reached. Since the response of the bar is
homogeneous until Y =Y., the location of damage initialization is undetermined for this specific example
without initial flaw (in contrast with real specimens which are rarely homogeneous). Consequently, the
assumption is made to initiate a single damage front at the clamped end of the bar.

l .
—c > U
Zosul D=0 3

1(0) .

< >

Fig. 5. Bar under direct tension and the development of a damaged zone of length l(t) at time t

Damage growth in the bar is then handled by the TLS approach which is assumed here to concentrate damage in
a single band of thickness x € [0, [(t)], where [(t) is the damage front location separating the damaged and
undamaged areas. In this band, the damage is related to the signed distance from the front location, ¢ (x,t) =
[(t) — x, which represents here the level set function. Obviously, ¢ verifies the level set property |V¢| = 1 and
is nil at the damage front. The positive values of ¢ determine the damage area for which the points x inside the
band play the role of the level curves. The sound area is characterized by ¢ < 0. The band width is limited to a
maximum value [, so-called the critical length of the nonlocal damage model. In the TLS approach, the damage
distribution is determined by a smooth increasing function D(¢) whose values vary between D(0) = 0 and
D(l.) = 1. The damage value is thus smaller than 1 for [(t) < [, and its gradient is bounded. Fig. 6 shows two
examples of function D(¢). Hereafter, the choice is made to utilize the linear function: D(¢(x,t)) = (I(t) —

)/ le.

1.0 =
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The evolution of damage is also governed in the TLS framework by a nonlocal expression of the Karush-Kuhn-
Tucker conditions (Eq. 16):

Ff=Y—-Y.HD)<0,D>0, fD=0 (32)

using the following averaged quantities:

o _ fpYoD'mdx _ 1. L ,
V= A e~ o Y@ID'@)ldx (33)
170
l I
(D) = 2222 e (D) D dx (35)

fOlD’dx L

For the linear damage shape function D (¢), the damage criterion function f can be taken equal to (division by [
can be omitted):

f=1Y(@)de - Y. [ H(D)dp < 0 (36)

For the problem of the bar in tension D is equal to [/1,. The condition D>0is automatically satisfied provided

that the damage front continuously moves forward (I > 0). Then, the condition f’ D = 0 leads to f = 0 which
now drives the damage evolution in the present TLS approach.

3.2 Discretization and solving algorithm

The set of equations that governed the problem of the viscoelastic bar is solved numerically considering time and
space discretization. The imposed rate of displacement, U(L,t) = U(L), is assumed positive and constant. To
ensure stability of the solution and to avoid the need for using very small timesteps, even in the presence of small
characteristic times in the GKV spectrum, the time discretization of the equations is performed according to the
Euler pure implicit scheme. The response of the bar is computed incrementally between two timesteps ¢ and t +
dt. All the quantities at time t are supposed to be known. The subscripts ND and D are used to refer to the
undamaged and damaged areas in the bar.

Computation of the initial pure viscoelastic phase

The mechanical fields are uniform during this initial phase (Y < Y, in each point). The following relationship
holds everywhere in the bar for each Kelvin-Voigt unit, i:

: _ 0 _ &ND
EiND = EiT; Ti (7

Considering & yp = (e[§3" — €fyp)/dt, the implicit Euler scheme leads to:

et t+dt
Tié&iND at o
t+dt i%i, (38)

&l =
LND Titdt Titdt E;

On the other hand, the strain in the isolated spring of the GKV model can be expressed as sﬁjﬁf =gttt /E,,
which combined with Eq. (29) yields the total deformation at time ¢ + dt:

t

rrqr _ ottat tiebnp de gttt

ekt = + Y + (39)
Eo Ti+dt Ti+dt Ej

10
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The condition of kinematics compatibility involving the imposed displacement at the end of the bar finally leads
to the determination of the stress value at time t + dt:

gttdt — 1 - ) [s—t+dt Zlf i€, ND] (40)

( +Zlm Ti+dt

st+ar _ U@ _ thae
L
compute the stress in the bar at time t + dt which, once known, is used to calculate the internal strain variables

efy% and Y from Eq. (31).

in which & ——U(L) is the mean strain of the bar at time t + dt. This equation is used to

Computation of the phase with damage growth

Similar developments can be applied after damage initiation and considering the following kinematics
compatibility equation and constitutive law & during the phase with damage growth:

f St+dtdx + (L l)£t+dt Ut+dt(L) (41)
with:

Lhdt — gLedt t+ac _ __ ottdt _ Tiglp dt gttdt
& = &b+ ifip ~ (1-pt+at)E, +2 Ti+dt | Tp+dt (1-DEHAN)E; 42)

In the equations above, the front location is a function of time and the strain field in the damage band, e5t%¢,

depends on x and t.
Substituting Eqs. (39) and (42) into Eq. (41) leads to the determination of the stress value at time t + dt:

t+dt UL (L) =515-S5, _ LEHHE —515-5,,

o = S11+S21 = S11+S21 (43)
with:

S = fl ((1 pt+dt)g, + 2 (‘L'l-+dt)(1d—tDt+df)Ei> dx (44)
Si2= [y (Z{Zii) dx 45)
S =L =0 (5 + Zigrams) (46)
Sy = (L - l)fo;’;f @7)

The solving algorithm for the phase with damage growth is based on the prescribed advancement of the damage
front between two solution increments. The main unknown is then the timestep dt between the two increments.
Hence, the value of damage D**%’ is considered as a known quantity at time t + dt that can be computed
straightly from the damage front location using the relationship D(¢). The timestep dt is sought such as the
nonlocal damage criterion is nil at time t + dt, that is:

ferdt = f ytrdtgy —y, folH(DHdt)dx =0 (48)

This nonlinear equation is solved using Newton’s iterations which, after convergence, leads to the determination
of timestep dt associated to the imposed deformation rate and to the damage front advance prescribed at the
incremental level.

After initiation of damage, the maximum length, I, that the damage zone can reach is thus discretized into N,
elements of equal size, dx. This discretization is utilized to advance the damage front at each calculation
increment (179 = [* + dx), to compute D!+ (x) = (I**9 — x)/I. and also to calculate numerically the

11
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integrals involved in S;1, S, and Eq. (48). The value of damage is considered as constant by interval and equal
to its value at mid-length of the interval under consideration.

Newton’s iterations at the running increment n + 1 for the determination of t,,,; = t,, + dt, consist in defining
the iterative sequence dtk*! = dt} + §t* and finding at each iteration §t* such as:

(f'(tn + dtk; $p), 6t%) = —f(t, + dtk; S,) (49)

S, denotes the mechanical state at the previous increment (internal strain variables at time t in each
discretization node) and notation (-) is used to represent the differential of f with respect to time:

fty +dty + 8t°) = f(tn + dtg) = (f'(t, + dty; S,), 5t°) + 0(lI5“|]) (50)

The derivative of f is computed numerically in t,, + dtX as follows:

f/(tn + dth; S) = [f(t, + dtk + 6t 8,) — f(t, + dtk; 8,)]/5¢. (51)

In Newton’s iterations, the steps to compute f as a function of a given timestep are as follows: determination of
the strain and stress components according to Eqgs. (42) and (43), followed by computation of Y and H(D) in

each node and numerical integration of f. The algorithm developed to solve the 1D problem of the damageable
viscoelastic bar under tension is implemented in a numerical program and summarized in Fig. 7.

12
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for a given displacement U(L, t) with U(L,t) > 0, constant timestep dt,z and input dataset

dt = dtyg
initialization of the variables to zero
whileY < Yc{

ctet+dt

; ; trar _ VW)
* compute the mean strain at the currenttime : € = -

+ compute ot using Eq. (40)

* compute £5*%, ef*9t and Y4t using the discretized constitutive laws

t+dt .,

« update the mechanical fields: ¢t « ¢4t ; g « gft9t ; el « gltat

1

time initialization: t,, « ¢
initialization of the damage front location : ['» = 0
discretization of length [, into N,. elements of size dx
while [, <l and dt, > 0{
+ advance the damage front location [t *n = [t 4 dx and compute Dintdtn
s dtk=0
while |f(t, + dtf)| > € {
« compute f'(t, + dtf;S,) = [f(tn + dtk + 6t 8,) — f(tn + dt); S,)]/8te
« compute 5tk = —f(t, + dtk;S8,) / f'(t, + dt);Sy)
o dtk < dtk + 5tk

o dt, «dtk
» compute gtntdtn ysing Eq. (43)

* compute the mechanical statein t,, + dt,, in the damaged and undamaged zones using the
discretized constitutive laws = Sy, 44

* update the mechanical fields in the damaged and undamaged zones : S,, « S,+1
* th ety dt,
}

Remark: at the end of the pure viscoelastic phase, Newton’s iterations are also performed to compute
the exact time correspondingtoY =Y,

Fig. 7. Diagram summary of the implemented algorithm

4. Numerical example: simulation of Uniaxial Tensile Stress Tests (UTST) at different temperatures

A first evaluation of the capability of the DGKV-TLS model to simulate the viscoelastic damage behavior of
asphalt concrete (AC) is now presented. This assessment accomplished by comparing the model to uniaxial
tensile stress tests performed on AC at a constant deformation rate and for four different temperatures. The
(reversible) thermo-sensitive viscoelastic behavior of the AC material was first characterized by complex
modulus tests carried out in the laboratory.

13
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4.1 Characterization of the viscoelastic behavior of the AC material

A usual campaign of complex modulus tests was previously performed at University Gustave Eiffel [26] to
characterize the reversible behavior of the AC material (medium coarse asphalt 0/14). This campaign was
performed for cross conditions of temperature and frequency. The test results were used to calibrate the
viscoelastic part of the model (the Huet model and subsequently the GKV model) and the coefficients of the
Williams-Landel-Ferry (WLF) law [27]. Eleven Kelvin-Voigt units were necessary to obtain a correct fit of the
Huet model. The back-calculated parameter values are listed in Table 1 and 2.

KV unit E;(MPa) Tiref(S) at Opep = 20°C
0 31770 N/A
1 87398 1075
2 123414 104
3 65830 1073
4 62457 5.1073
5 62661 1072
6 7305 1071
7 12500 1
8 418 101
9 1743 102
10 79 5.102
11 39 103

Table 1. Parameter values for the GKV model

gref (OC) Cl CZ (OC)

20 29.095 211.60

Table 2. Coefficients of the WLF law given by: a;(T) = 10~ C1(0=0rep)/(C2+6-6rep)

As an illustration, Fig. 8 shows the comparison between the experimental master curve plotted for 6,..; and that
resulting from the calibrated GKV model.

1.0E+05
-t® me * "W
-

1.0E+04 g
) >
Q.
3 0/ .
- Experimental
w ./ + GKV(6 = 20°C)

1.0E+03 -

23
3
&
1.0E+02
1.0E-3 1.0E-1 1.0E+1 1.0E+3 1.0E+5 1.0E+7

Frequency (Hz)
Fig. 8. Experimental master curve and calibrated GKV response

4.2 Simulations of UTST with the viscoelastic TLS model (DGKV-TLS)

The AC material described above was used to perform UTST tests on cylindrical specimens 16 cm high and
5 cm in diameter. The tests were carried out at the constant displacement rate of 1.6 107> m/s (mean strain rate
of 10™* s71) and for four temperatures: —20°C, —10°C, 5°C and 20°C. The tests were repeated two or three
times for each temperature. The force-displacement curves were recorded until rupture occurred.
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The developed program that implements the DGKV-TLS model was used to simulate these tests using the same
material parameter values for the different temperatures, except for the critical energy release rate, Y., which was
chosen as a function of T. Consistent with the literature, [, was chosen equal to 4.5 cm corresponding to about
three times the maximum grain size of the AC material. The other parameters including Y.(T) (Fig. 9) were
determined to yield a correct comparison with the overall experimental results. The thermal sensitivity of Y,
found here can be compared to other research from the literature that also mentioned the dependency of the
fracture properties of AC materials to temperature [28]—[30]. In this last reference for example, the experimental
stress-strain response of semi-circular beam fracture tests (SCB) performed at different temperatures and loading
rates were well fitted by using a cohesive zone model (CZM) whose fracture energy was function of temperature
in the same way as shown Fig. 9 for Y.(T).

1000 500
400
100 _
< 300
5 )
T s
200
10
100
1 . T T T T 0 + } + |
0 0.2 0.4 0.6 0.8 1 -20 -10 0 10 20
Damage Temperature (°C)

Fig. 9. (Left) evolution of the softening function H(D) with damage for a = 3.5 and = 0.85, (Right) evolution
of Y. with temperature

The simulations were performed considering a constant increment step of the damage front equal to [./100. The
timestep during the purely viscous phase could be chosen quite large as compared to the smallest response time
7;(T) of the viscoelastic discrete spectrum thanks to the implicit scheme of time discretization.

Fig. 10a shows the UTST results and the comparison with the simulation. The experimental results are presented
for four temperatures and two repetitions of the tests for each of them. These exhibit a strong effect of
temperature on the evolution of the stress and the mean strain until rupture that occurs abruptly at the end of the
curves in this figure.
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Fig. 10. (a) Comparison between the experimental UTST stress-mean strain curves and those obtained using the
DGKV-TLS model. Two test results are presented for each temperature. Abrupt rupture occurs at the end of
these experimental and numerical curves. (b) Experimental stress and mean strain at rupture versus
temperature.

As shown in Fig. 10b, the mean strain at rupture increases monotonously with temperature whereas the stress at
rupture increases slightly with temperature from -20°C to 5°C prior to significantly drop. This was already
reported in the literature (e.g. [31], [32]). The numerical simulations show a fair agreement with the overall test
data. The white dots in Fig. 10a indicate the initialization of damage (Y =Y.) corresponding to the transition
between the pure viscoelastic phase occurring at the beginning and the viscoelastic damage phase. One can
notice that this transition is smooth in the model and does not highlight any specific change of trend in the
evolution that could be noticed experimentally under monotonic loading. The relative location of this transition
with respect to the mean deformation at rupture is found to decrease with temperature. The damage phase lasts
approximately for 50% of the simulation at T = —20°C and more than 70% at T = 20°C.

1T x 0.008 +
1% T=5°C
08 T 0.006 A
1 —T=-20°C )
—D(0)=0.495
_06 T —T=-10°C c
=] ‘s 0.004 + D(0)=0.845
a —T=5°C b=
04 + @ ——D(0)=0.945
1 T=0c 0.002 + O damage front location
0.2 A X rupture
0 - ! | T t T t T } T { 0 T t T t T t T |
0 0.0009 0.0018 0.0027 0.0036 0.0045 0 0.04 0.08 0.12 0.16
mean strain x (m)
(a) (b)

Fig. 11. (a) Evolution of damage computed at the clamped end of the bar (x = 0) versus mean strain for the
different temperatures. (b) Strain profile along the bar for several locations of the damage front at T = 5°C.

Fig. 11a shows, for the different temperatures, the evolution of the numerical damage computed in x = 0 which
at any time is the maximum value of damage reached within the damaged zone. As a reminder, the damage
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profile dictated by the choice of D(¢) is linear over the interval x € [0,1(t)] with D(I(t)) = 0. The pure
viscoelastic phase and the viscoelastic damage phase can be noticed in this figure too as well as their relative
duration. Fig. 11b illustrates strain profiles along the bar computed for T = 5°C and at different stages of
damage growth. As expected, high strain values are obtained in the damage area as compared to those in the
healthy material. These values justify the level of stress at rupture despite the high maximum values of damage
reached in x=0 which are between 0.9 and 1 for the four temperatures.

4.3 Additional discussion

4.3.1 Atypical experimental result obtained for T = 5°C

One of the three tests performed at 5°C led to the atypical stress-mean strain curve shown in Fig. 12a, exhibiting
a decrease of the stress after the peak and a high value of mean strain at rupture. This type of response was
observed only in this case among all the other tested temperatures. Nevertheless, this could result from a more
distributed damage along the bar. Considering this assumption, a way to simulate such response with the TLS
approach is to increase the value of the critical length, [, what tends to uniformize the damage along the bar.
Another way consists in increasing the number of damage triggers along the bar. For the 1D problem considered
here, it can be shown that this is equivalent to affect [, with the maximum cumulated damageable length
resulting from these triggers when considering similar non-overlapping bands growing at the same rate (Fig. 12).

D[ X
? BN Y

1(t) 21(t)
L

Fig. 12. TLS modeling of the bar considering two damage triggers: one of maximum length l. located at the
clamped end and the other one of maximum length 21, centered at some point in x > 21, (equivalent to the
previous simulation described in Fig. 5, substituting . by 31,).

Fig. 13a shows an example of computation carried out for a critical length equal to five times the previous value.
As shown in this figure, the TLS stress-mean strain curve thus obtained leads to a longer damage phase which
induces an increase of the mean strain at rupture and to an evolution closer to the experimental atypical one.
Note that the higher [, the closer the TLS curve to that of the local response given by the constitutive law of
Fig. 4. Superimposition is obtained for sufficiently large values of [ (Fig. 13b).

5T 5 —
R "
_ T=5°C —
£3 1 g3 o
= = ——
s s
a a
22 22
] ——TLS Sle » ]
O Local Y=Yc —TLS 5lc Local
L4 e atypical test result 14 TLS Ic "infinite' O Y=Yc
the 2 previous typical test results 1 e atypical test result
0 T + y t T t T t T { 0 T t T {
0 0.001 0.002 0.003 0.004 0.005 0 0.005 0.01
mean strain mean strain
(a) (b)

Fig. 13. (a) Atypical test result obtained for T = 5°C and comparison with the typical results and the TLS
simulations with 1. equal to five times its initial value, (b) Comparison with the response given by the local
constitutive law.
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4.3.2 Comparison between the TLS in viscoelasticity and in elasticity using an equivalent secant
modulus

Comparisons with TLS computations in elasticity were performed to explore the possibility of simplifying the
viscoelastic approach. These were done considering a Young modulus as a function of temperature and equal to
the secant modulus of the viscoelastic curves at point Y =Y, (initiation of damage). Fig. 14 shows that, as
expected, a good agreement can be obtained at low temperatures. However, a significant difference is observed
at higher temperatures, especially in terms of the value of the mean strain at rupture, implying the need for using
viscoelasticity in general.

T=-20°C T=-10°C
3 5
N / 4 f
g2 ' g ,
E —=TLS.E E —TLS_E
g —TLS VE o 2 —TLS_VE
2 O Y=Yc “ o Y=Yc
0 - T t 0 T + - + - 1
0.0E+00 1.0E-04 0.0E+00 1.0E-04 2.0E-04 3.0E-04
mean strain mean strain
T=5°C T=20°C
5 1
4 %
5 w ©
(-9 s -9
s 3 P ®
Y —TLS_E % —TLS_E
a 5 a
4 —TLS VE j —TLS_VE
“ 0 Y=Yc e o Y=Yc
0 < + t 0 + t t t t
0.0E+00 5.0E-04 1.0€-03 0.0E+00 1.0E-03  2.0E-03 3.0E-03  4.0E-03
mean strain mean strain

Fig. 14. Comparison of the TLS stress-mean strain curves obtained in elasticity and viscoelasticity

4.3.3 Energetic aspect of the bar response computed with the viscoelastic TLS approach
The viscoelastic TLS model can be used to investigate the different energies involved in the bar during loading
until rupture. One can distinguish the total energy (FU = the work of external forces) injected into the bar, the

energy dissipated by either viscoelasticity (W) or damage (Wp) and the stored elastic energy (FU — Wy —
Wp). For a bar of unit section, these are given by:

FU(t) = [, a(t)Udt (52)

Wys(t) = [ Jy ovs(é — £) dxdt = f [ [0 = D, 0)) i Eyriely (e, ) dx + (L — 1)) i Eyriélyp (0 dt

(53)
bl . v 1 _ Bla-2) B
Wp(t) = [ J, YH(D)Ddx dt = Pla(e D | B0y -1 (54)
lc
Wdissipated ) = Wyg(t) + Wp(t) (55)

Whaissipatea denotes the total energy dissipated in the bar. FU and Wyg are computed numerically. The
expression of Wj can be derived analytically leading to the equation above which, for a given damage front
location, [(t), depends on temperature because of Y, (T) only.

Fig. 15a shows these quantities computed for T = 5°C. In this case, the total energy dissipation is approximately
half the total energy input at rupture and is composed of about 30% of damage dissipation and 70% of viscous
dissipation. Fig. 15b shows the total energy input at rupture as a function of temperature. FU exhibits a
maximum in T = 5°C and has a similar shape as Y.(T) but without being homothetical. Fig. 15¢ shows that the
ratio of damage dissipation over the total energy input (W, /FU) slightly decreases with temperature. This figure
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also shows that, as expected, the energy dissipation at low temperatures is mainly due to damage whereas it
results mostly from viscoelasticity at higher temperatures (ratio Wy, /(Wp + Wyg)).

600
600 - T=5°C (@) o
~ NE
E ——damage dissipation = (b)
s ——viscous dissipation 2
'1“3) 400 T total dissipation
= total energy input 0o F¥—F———7+—
g o Y=Yc -20 -10 0 10 20
S 200 + e 100%
2 o ~C-WD/(WD+WVE)
& o =
& == WD/FU
£ o / 50%
0 A T O + T }
0 0.0005 0.001 f
mean strain 0% -+ T t T + T — i

-20 -10 0 10 20

Temperature (°C)

Fig. 15. Energy computation with the viscoelastic TLS model for the bar of unit section: (a) evolution of the
different energies involved in the bar for T = 5°C, (b) total energy input (FU) at rupture versus temperature, (c)
energy dissipated by damage (Wp) over either the total dissipation (Wp + Wy) or the total energy input (FU)
versus temperature.

Conclusion

The development of a 1D viscoelastic damage model relying on the thick level set (TLS) approach is presented
in this paper. This model is meant to be applied to the study of bituminous materials and structures to fracture.
The Generalized Kelvin-Voigt (GKV) spectral decomposition of the creep function is used to represent the pure
viscoelastic initial behavior of the material whose thermo-sensitivity is accounted for through the time-
temperature superposition principle. Damage is introduced at the local scale based on the effective stress
principle. Further for structural applications, the TLS approach is utilized to regularize the damage evolution law
postulated at the local scale. For the first time, this novel model extends the TLS approach to viscoelasticity.

The developed model is applied to the analysis of uniaxial tension stress tests (UTST) performed in the
laboratory on asphalt concrete at different temperatures and for the same imposed displacement rate. The
experimental force-displacement curves obtained are much different depending on the test temperature reflecting
either fragileness or ductileness of the specimens. Making the critical energy release rate (Y.) depend on
temperature, a good match between the experimental and the numerical results can be obtained for all the tested
conditions proving the capability of the model to simulate fracture processes in bituminous materials under
monotonic loading. In contrast, the test results could not be reproduced by similar TLS simulations but
performed in elasticity, even trying to determine the Young modulus as a function of temperature. Interestingly,
the energy dissipated by viscosity and damage can be easily derived from the developed model. In the
simulations presented in this paper, the dissipation for T < —20°C is almost due to damage only whereas it is
mainly due to viscosity for T > 20°C.

The next step to this research will be to assess the predictive nature of the model in 1D or to adapt the choice of
the damage parameters (functions H(D), Y, (T) and-pessiblyLT)). This will require to carry out additional tests
for a wider set of experimental conditions, in particular varying the displacement rate. An effort will also be
made to better characterize the development of one or more damage bands. To address more general test
geometry, the implementation of the model in 2D will be achieved.
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