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ABSTRACT

In this paper, we give a rigorous proof of the renormalizability of the massive ¢3 theory on a half-space using renormalization group flow
equations. We find that five counterterms are needed to make the theory finite, namely, ¢, ¢3¢, $92$, pA.¢, and ¢* for (z,x) € RY x R>.
The amputated correlation functions are distributions in position space. We consider a suitable class of test functions and prove induc-
tive bounds for the correlation functions folded with these test functions. The bounds are uniform in the cutoff and, thus, directly lead to
renormalizability.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0097164

I. INTRODUCTION

The renormalization of quantum field theories that break translation invariance is of great importance since many interesting quantum
field theories break this symmetry. One may ask if the renormalizability of a given theory only depends on the interaction introduced and
the dimension of space-time or whether it also depends on the geometrical and topological properties of the space-time. In a previous work,'
we studied the ¢j-theory on a lattice, which is a regularization scheme that breaks translation invariance, and we found that the theory
is renormalizable and the Euclidean symmetries are restored for renormalized correlation functions. In Ref. 2, the authors considered the
breaking of translation invariance by studying the ¢j interaction on a Riemannian manifold and found that it is renormalizable. Only one
additional counterterm that renormalizes the curvature is needed, compared to the gbﬁ—theory in the Euclidean space-time. In this work, we
are interested in the renormalizability of the ¢; scalar field theory on a space with a boundary, which is another manifestation of the breaking
of translation invariance.

A simple model to study surface effects in quantum field theory is the semi-infinite scalar field model, which first appeared in 1971.° It
is defined starting from the massive ¢3 model in infinite space, with the difference that it is defined on a half space bounded by a plane. In
this model, three types of boundary conditions are considered in the literature, namely, Dirichlet, Neumann, and Robin boundary conditions
(b.c’s.). From a mathematical point of view, each b.c. corresponds to a self-adjoint extension of the Laplacian in R* x R>. The self-adjointness
of the Laplacian is normally required in order to be able to define the propagator of a quantum field theory. Each boundary condition defines
a particular propagator.

Lubensky and Rubin™’ studied a model of ferromagnetically coupled classical spins on a semi-infinite lattice. Using a mean-field
approach, they provided a qualitatively correct understanding of the different phases undergone by the system, which are the ordinary,
extraordinary, surface, and special transitions. The phenomenological theory of scaling” ® was generalized to surfaces, and it implied rela-
tions between bulk critical exponents and the additional surface critical exponents, needed to describe the singular behavior of surface related
properties. However, renormalization of the model is necessary’'” when one wants to go beyond the mean-field approximation.

Diehl and Dietrich'*"'° studied the critical behavior of the semi-infinite system using renormalization group methods. They considered
the ordinary'® and special transitions,'® which correspond, respectively, to the Dirichlet and Robin boundary conditions and found that in
addition to the usual two bulk counterterms, an additional surface counterterm is needed to make the two-point function finite in the case of
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the Dirichlet boundary condition. For the Robin boundary condition, two surface counterterms are needed. The calculations were performed
to two-loop order using dimensional regularization, and the surface counterterms were obtained by inserting the operators lim, .o 9;¢(z, x),
where x € R? in the case of Dirichlet b.c. and ¢(0,x), ¢*(0,x) in the case of the Robin b.c., where ¢ is the considered scalar field.

The semi-infinite model was also addressed by Symanzik in his study of the Schrodinger representation for renormalizable quantum
fields'” in which he not only discussed the renormalization of surface operators in a different context but also found that surface counterterms
are required to make the two-point function finite.

In Ref. 18, Albuquerque calculated the one-loop two-point function using a cut-off regularization in the case of the Robin boundary
condition. In addition to the usual mass counterterm, two additional counterterms are needed to make the (non-amputated) tadpole finite.
They depend on whether the external points are on the surface or not. If none of them is on the surface, then only one surface counterterm is
required, and it diverges linearly in the cutoff. However, if at least one of the external points lies on the surface, then in addition to the linearly
diverging counterterm, an extra surface counterterm is needed, and it diverges logarithmically with the cutoff. These findings suggest that the
renormalization of the amputated and unamputated diagrams is different.’

In this paper, we give a rigorous proof of the renormalizability of the ¢; massive semi-infinite model using the renormalization group
flow equations (FEs).'"'* This paper is organized as follows. In Sec. II, we present the semi-infinite model scalar field theory with all the
possible boundary conditions and their associated propagators. We also present the properties of the flowing propagator and the associated
heat kernel together with the considered action and the system of perturbative flow equations satisfied by the connected amputated Schwinger
(CAYS) distributions. Section IIT will be devoted to prove some regularity properties of the support of the gaussian measure associated with the
regularized propagator. To establish bounds on the CAS, which are distributions, they have to be folded first with test functions. In Sec. IV,
a suitable class of test functions is introduced, together with tree structures that will be used in the bounds on the CAS to be derived. In
Sec. V, we state the boundary and the renormalization conditions used to integrate the flow equations of the irrelevant and relevant terms,
respectively. Section V1 is the central one of this paper. We state and prove inductive bounds on the amputated Schwinger distributions folded
with the introduced test functions, which, being uniform in the cutoff, directly lead to renormalizability.

Il. THE ACTION AND THE FLOW EQUATIONS
A. The half space and the possible boundary conditions

We consider the half space or what we call also the semi-infinite space R* x R?, where R* := [0, 00) and R** := (0, o0).

Let €5° (R* x R?) be the space of compactly supported smooth functions defined on the considered half space. For k € N*, we consider
the Hilbert Sobolev spaces H* := W*?. We denote by Hj (R+) the set of functions in H' (R+) that vanish at the boundary 0. The Laplacian A
defined on the Hilbert space L*(R* x R?) has the following self-adjoint extensions:

o The Dirichlet Laplacian Ap defined by

Vue B (R* xRY),  Apu=Au
with the domain

D(Ap) = {ue L*(R" xR) [u(z,-) e H(R®) Vz>0;
u(,x) e Hé(]l@) n Hz(]R+) Vx e R3}.

e The Neumann Laplacian Ay defined by
Vue 8L (RY xRY), Anu = Au
with the domain

D(Av) = {ue (R xR*) Ju(z,-) e H*(R?) Vz > 0;
u(-,x) € HZ(R+),8zu(z,x)|Z:0 =0 Vxe R3}.

e The Robin Laplacian Ag defined by

Vue @ (R* xR’),  Apu=Au

with the domain
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D(AR) = {u € LZ(R+ X R3) lu(z,-) e H(R?) Vz 2 O;u(-x) € Hz(R+),
O:u(z,%)|z=0 = cu(0,x) Vxe Rs}, c>0.

Each self-adjoint extension corresponds to a possible boundary condition. The massive propagators associated with these boundary
conditions are defined from the functional calculus by

Co((z:x); (2,x")) = _/Oood/l e_l(_A'erz)((z,x);(z',x')), Y]

where o € {D,R, N} for, respectively, Dirichlet, Robin, and Neumann boundary conditions. (1) can be written in terms of the heat

kernels as
oo 4,2 1 _(=)? _(+d)?
Co((z,x); (2, x :f dx e Ax,x (e A —g A ),
p((zx);(2,x)) | P ( ) o)
Cn((zx); (' x')):foodl e%mng(/\'x x') ! (67(27;;)2 +e’(z+zz;)2)
,X)5 (2, s 3 X, o ,
Cr((z.x); (2,x")) = food/\ eiAmzpB(A;x,x')pR(/\;z,z'),
0
where
1 _G=)?
Axx') = e 2 (2)
ps( ) 2m)!
and
(e = puisz )y -2 [ 7B e @)
32,2 ) = 32,2 ) — e e 2
PR PN 0 /2mA
Here, p,; denotes the one-dimensional Neumann heat kernel,
L (e o
Xz,2') = . 4
PN( ) \/m 2 ( )

In the pz-representation, which corresponds to taking the partial Fourier transformation with respect to the variable x € R?, the
Dirichlet, Neumann, and Robin propagators simply read

Co(p;z,2) = o VP _ /e | -
5 <> 2 p2+m2 s
Culpianz') = — e[ VI VR ©
> & 2 p2+m2 s
PR S P B B et Y/ = N
R(p;2,2 ) = e N . . o
2 p2 + m2 \/pz+—n12+ .

The Dirichlet boundary condition corresponds to ¢ — oo, and the Neumann boundary condition corresponds to ¢ = 0. We study the
Robin boundary condition since the other two conditions are limit cases of the former. One can easily verify that we have

Cp(p;0,2") = Cp(p; 2,0) = 0, lirré 9.Cn(p;2.2) = 1in%) 8:Cn(p;2,2') = 0, (8)
z—> z/—

lin(1) 8.Cr(p;2,2) = ¢ Cr(p;0,2), lim0 02 Cr(p32,2) = ¢ Cr(p;2,0), 9)
z— Z'—

where we used that the associated heat kernels verify, respectively, the Dirichlet, Neumann. and Robin boundary conditions.
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B. ¢2 scalar field theory on the semi-infinite space

We will analyze the perturbative renormalizability of the semi-infinite ¢} theory with Robin boundary conditions. It will be proved by
analyzing the generating functional L of connected amputated Schwinger (CAS) distributions. The upper indices Ay and A enter through
the regularized propagator. We choose the following regularization:

CQ’A"(p;z,z') = flﬁd)t e_"(PZJ'mZ)pR()L;z,z'). (10)

Clearly, CQ’A" verifies the b.c. (9). For A — 0 and Ay — oo, we recover the unregularized propagator (7). We denote

. / 0 ’ : 1 /
Chpad) = O (i) = () pu( 3352:7), o

2 +m?
where C*(p) = —%eJT.

The starting point in writing an Euclidean quantum field theory is to define the associated path integral given by the corresponding
gaussian measure. We assume that 0 < A < Ag < oo so that the flow parameter A takes the role of an infrared cutoff, whereas Ag is a UV
cutoff. The full propagator is recovered for A = 0 and A9 — oo. For finite A¢ and infinite volume, the positivity and the regularity properties

of Ci™ permit to define the theory rigorously from the functional integral,

e_é(LA’AO(“ﬁ)”A’AD) L= f dunn,r(P) e_ﬁLAO’AO(m(P),
L™ (0) =0, (12)

where the factors of 71 have been introduced to allow for a consistent loop expansion in the sequel. Here, du a,,r denotes the Gaussian measure
with covariance hCﬁ’AO. The test functions ¢ and @ are supposed to be in the support of the Gaussian measure dyn .z, which, in particular,

implies that they are in €~ (]R+ x R? ), as we will prove in Sec. I11. The normalization factor ¢~ #"" is due to vacuum contributions. It diverges
in infinite volume so that we can take the infinite volume limit only when it has been eliminated.'” We do not make the finite volume explicit
here since it plays no role in the sequel.

The functional L (¢) is the bare interaction of a renormalizable theory, including counterterms, viewed as a formal power series in
h. For shortness, we will pose in the following, with z € R*, pe R3 and x € R®,

oo 3 o
[ fla [ Loy L fotn [ [T

Since translation invariance is broken in the z-direction (the semi-line), all counterterms may be z-dependent. In general, the constraints on
the bare action result from the symmetry properties of the theory, which are imposed on its field content and on the form of the propagator.
It is, therefore, natural to consider the general bare interaction,

() = 4 [ 60+ [ (a8 @0 -8 @900 )
- A9 x) (2 0) + 5 (D)B(2x) (0:9) (2x) + 4 ()4 (2x) ). (13)

Here, we supposed the theory to be symmetric under ¢ — —¢, and we included only relevant terms with respect to (12) in the sense of the
renormalization group. The functions a™ (z), b (z), ¢**(z), @ (2), and s (z) are supposed to be smooth.

The flow equation (FE) is obtained from (12) on differentiating with respect to A. For the steps of the computation, we refer the reader
to Refs. 19 and 20. It is a differential equation for the functional LA,

hf& .o 0 1/6 A O
O (LMo Moy Z PO on O Y ane 11O pane oA O pan) 14
Xi 1= 355 G o ot 5 (14)
By {, ) we denote the standard inner product in L*(R* x R?).
We may expand the functional L***(¢) in a formal power series with respect to #,
Ao o 117 Al
L2(¢) = 2 0L (¢):
1=0
J. Math. Phys. 63, 092304 (2022); doi: 10.1063/5.0097164 63, 092304-4
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Corresponding expansions for a*(z), b™(z), etc., are a™ (z) = ¥5, hlaf\o (2), etc. From L;\’A" (¢), we obtain the CAS distributions of loop
order ] as

g;\y,Ao((zl’xl)’ (Z"’x")) = 645(21 X1) 6(;5(2,, x,,)L |¢:0’
where we used the notation 8¢(;x) = 6/0¢(z, x).

Since translation invariance in the x-directions is preserved, we will use in all what follows a mixed representation, where the Fourier
transform to p-space is performed only with respect to x € R®. In this representation, we set

LN @ipi®) = [T dereden Z(p)ee s (empi)a(2) -l (15)
Here, we denote

Du(z2,. . szn) = [T ¢i(z0)s  Pni= (Pr--opn) € R, [ 1= sup Ipil
i=2 <i<n

and

n- &
O (prt -+ p) LN ((21p1)r- s (empn)) = (@m0 G S L (@l

89( p, +- - +p,) appears because of the translation invariance in the x directions. The FEs for the CAS distributions derived from (14) are””’

ONO" L NN ((21,p1), -+ (zms ) = szf P ((Zp1) e (@npe)s (2 K), (2 -K) ) Ch (ks 2,2)
/fz Z P[0 i (zpr)s - (zmpu)s (2:0)0" CR (p32,2))

I,L nny wi

x DL (@) )]
p=-Pr—" = Pn =Pm1+ P (16)

Here, we wrote (16) directly in a form where a number |w| of momentum derivatives, characterized by a multi-index, act on both sides and
we used the shorthand notation,

n 3 Wip
=1 H( 0 ) with w= (w10, .., wn3), [W] =D Wiy, wiy € N*. (17)
i=1 u=0 0 iy
The symbol “rsym” means summation over those permutations of the momenta (z1,p;), ---(2zn,p,), which do not leave invariant
the (unordered) subsets ((z1,p1),--->(Zn>Pn)) and ((Zw+1,Pm+1)> -+ > (2u>pn)) and, therefore, produce mutually different pairs of

(unordered) image subsets, and the primes restrict the summations to #n; +n2 =n, I} + b =1, and w1 + wa + w3 = w, respectively. The
combinatorial factor Clwy = W!(W1!W2!W3!)_l stems from Leibniz’s rule. In the loop order I = 0, the first term on the RHS is absent.

Ill. REGULARITY OF THE SUPPORT OF THE REGULARIZED GAUSSIAN MEASURE

The bare interaction L*** is composed of powers of the field ¢ and of its derivatives. It cannot be given any mathematical meaning if
the field ¢ is not sufficiently regular, e.g., in > (]R+ x ]R3). In this section, we prove that the field ¢ belongs to & (R* x R?). This result is
due to the regularity properties of the support of the gaussian measure pia a,,z.

Since the theory that we study is massive, we consider the UV-regularized propagator without an infrared cut-off

Cr'(pixoy) = f:od/\ M) (L% y),s

assuming that Ag > 1,p € R3, and x, ye R*.
The same arguments work for the Gaussian measure associated with the propagator Cﬁ’m (p;x,y). We prove the following.

Proposition 1. Let pp,r be the Gaussian measure associated with the propagator Cﬁ“. The support of pa,.r satisfies by
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SUPPHALR C ﬂ{(—AR +m’) L (R x ]R3)},
n>1
Before stating the Proof of Proposition 1, we recall the following corollary of the Minlos theorem.'**"**

Corollary 1. Given a nuclear space E, y, a measure on E', and C its characteristic function, we introduce a continuous inner product (-,-),
on E and let Hy be the completion of E with respect to (-,-),. Suppose that C is continuous on Ho. Let T be a Hilbert-Schmidt operator on Hy
satisfying the following:

(a) T is one to one (injective map).
(b) EcImT and T'(E) is dense in Ho.
(c) Themap T~': E — Hy is continuous.

Then, the support of wis on (T™')*Hy c E'. The notations (T™')* and H}, are used for the “adjoint” and the “dual space” in the pairing between
Eand E'.

For a proof of this corollary, see Refs. 21 and 22.

Proof. We apply Corollary 1 to E = #A(R* x R*) = AR") ® #(R*). This is a nuclear space, which is a tensor product of two nuclear
spaces. See Ref. 23 for the proof that .#(R") is a nuclear space. Theorem A.4.1 in Ref. 24 implies the existence of the Gaussian measure
Uny,r With covariance C;;O with support included in .#' (R* x R*). We apply the corollary of Minlos’s theorem to the scalar product {f, g)»
:= (f,P~*"g), where (,) is the usual scalar product in L*(R* x R”) and P = —~Ag + m’. P" is a unitary map from L*(R* x R*) into H_,, the
completion of AR* x R?) with respect to (, ),. We verify first that the regularized covariance is continuous on H—, for any n € N, that is,

3C>0such that VigeHo:  [(f,C8)| < Clf i, I8l
One can verify that the operators C£° and (—AR + mz)_n commute. Since (—AR + mz)_n is self-adjoint, we obtain

(£.0rg) = ((~an+m’) " fo (dr+ )R (~a + ) g). (18)

By the Cauchy-Schwarz inequality, we obtain

& -
(r.cee]< [ (2753 |Cawsm®) "] o @)
x H(—AR + mz)anQU(—AR + mz)ing L2(]R+)(p)’ (19)
where
2121 A, 2n-n |2
H(—AR+m ) Cr (—AR+m ) g LZ(W)(p)
oo oo n ) —n 2
:fo dx/o dy(—AR+m2)i Cﬁ"(p;x,y)/0 dz(~Ag +m”) (p;y,z)g(z,p)|. (20)

Using again the Cauchy-Schwarz inequality, we obtain

2

[t mnsm) G pixy) [ de(-ds ) (pin)glap)

hed 2n 2 -n |2
< / dy|(fAR +m2)x C£°(p;x,y)| H(fAR +m2) g, .- (21)
0 L>(RY)
Therefore, (20) can be bounded by
(/wdxfwdy‘(—AR +mz)anﬁ"(p;x,y)‘z)H(—AR+m2)7ng ’ . (22)
0 0 x L>(RY)
We have
J. Math. Phys. 63, 092304 (2022); doi: 10.1063/5.0097 164 63, 092304-6
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(-Ar + mz)zncﬁ" (p;x,y) = Lwdle"A(PZJ’mz)(—af w07+ m) " pr(hix, ). (23)

Using the Leibniz formula, we get

2n 2n n—
(-07 +p* +m*)  pr(lixy) = ) Co (1) (P + m®)" T pr(Asx, ). (24)
k=0
One can prove by induction
1 e L x—y\( 1 _e»
82k( e 2 ):/\ k ci(k (7}’)( e 2 ), 25
“\ Vo 25O\ 5 ) o (@5)

where ¢;(k) € R, which implies that
A x,y)‘ < ¢k )L_kpB(Z/\;x,y).

Here, ¢ is a positive constant. Therefore, we find using (3) and (4) that

y)‘ < ¢ )l_k(pg(z)t;x,y) +ps(2x,—-y) + Zfoodw e_wpg(z/l;x,—% —y)).
0

Using that

oo dW _ _(x+y+%)2
2 v a =pv(bxy) - pr(lxy),
T o () = prix)
we obtain

(Lx,9)| < e A (pp(2hs2,y) + pu(2hx,—y) + pu(2hx,y) = pr(2sx,7))
<2¢ AV pn(205x,9),

and this implies that

2n
(0% +7 + 1) " pr(hi )| S 20 3 AP+ ') pr (ks ),
k=0

where C;, := sup;<k<,Ck-
Therefore, we obtain

. 2 + 2\ 2n—k o A(Pan?
|(—AR+m ) Cﬁ“(p,x,y)‘ < Culy Z(P Azm ) _/1 A e M )pN(Z)L;x,y),
k=0 0 2

where we used that
pr(73%,¥) < pn(T5%, ) V1,xy€eR".

C, and C,, are suitable positive constants that depend on #.
We have by the Cauchy-Schwarz inequality,

2
p +m

<e f e py (205, )

4A0 _PAZ / dl e Apremty 1 e %
V27
4A ,% o VM)
e N
V2w \/P? + m?

Tdh )y (20, y)

<
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where we used that for x, y € RY,

_ Ga)? _G=p)?
e 21 S e 21 .

Therefore, we have obtained the following bound for the first factor from (22):

2,2

_pt4m
oo o 2\21 g/, 2 o1 PP+ m) e %
(/0 dx[o dy‘(fAR+m ) Cq (p,x,y)| ) <Ay 95( A2 )(p2+m2)i’ (26)

where & is a suitable polynomial with positive coefficients. All constants were absorbed in the polynomial &, and we obtain the final bound
for (18) using again the Cauchy-Schwarz inequality with respect to the momenta p,

|(f.ce 9)| < f
= Ca i, * gl (27)

—-n

(—AR+m2) (—AR+m2)_ng

L2(R*+xR3) L2(R*xR3)

The constant C, depends on Ag. To obtain (27), we have performed the p-integral in (19) using bound (26).
We apply Corollary 1 with T = P™2, The operator P~2 has the following kernel:

(~Ar+m?) " (prx,y) = / > du e VPP = e
= a ) N
9 (ngyw\ . 7\/1’“’”2‘55W|y+ul).
Vprrm?+c

We can bound it as follows:

(-Ar + mz)_z(p;x,y) < /wdu e VP ke e_VPZJ'mzly_“l%.
0 (\/p2+—mZ+ c)

T is a Hilbert-Schmidt operator on L*(R* x R?) since it is an integral operator with kernel in L*(R* x R®). This is a consequence of

H(—AR + mz)_2 : S Ty 1 (/wdx du eileHl)z
peo) = Jw Gm) (i 4 ) \Jo
&p 1

<

- < for suitable C > 0.
= C o Gny (P + oy

T satisfies the hypotheses of Corollary 1. The dual of H_, is the space H, of functions whose image under P" is in L*. Therefore, g,z has
support on the set {Pz_” f, fe*(R* xR? )} Since this is true for any n € N*, we conclude that pa, & has its support within the set

N{(-ar+m*) "I*(R < RY)}.
nx1
IV. TEST FUNCTIONS AND TREE STRUCTURES

A. Test functions

Standard proofs of perturbative renormalizability by flow equations use inductive bounds on the n-point correlation functions. These
objects are no more functions if considered in the mixed position-momentum space, but rather tempered distributions. We introduce
tempered distributions in .’ (R*”) with respect to the semi-norms,

ﬁmwa

where #5(¢) = supOSa,ﬁSZH(l +2P)0%¢(2) ||°° and 0;¢|;=o = lim,_.o+ 9.¢. We refer the reader to Ref. 23 for additional information on the
topological construction of . '(R*).
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We now introduce test functions against which & fr‘lA” will be integrated. In the sequel, we will bound the CAS folded with test functions
of the following form:
Let 1 < s < n, and we define

7 := inf1o; where 125 = (72, . . ., Ts) with 7; > 0,

and similarly z = (22, . . .,z). Given y,,. .., ys € R", we define
$rropn(225) = [ [ pr(7isz0 1) T X" (20, (28)
i=2 i=s+1
where x* (z;) is the characteristic function of the semi-line R*. This definition can be generalized by choosing any other subset of s coordinates
among 2, . . ., zn. We also define for2 < j <s,
%) oW N T N TT v (e 29
tos (22n) = P (1325 269) [T pr(zsziys) [T 17 (20) (29)
i=2,i% i=s¥1
with
Pk (1323 215%) = pr(735:%)) = pr(T20,3). (30)

B. Tree structures
We follow Ref. 2 and introduce the tree structures that will be used in establishing inductive bounds for the CAS.

(i) We denote by I the set of all trees that have a root vertex and s — 1 external vertices, where s > 2. Subsequently, we will identify for
shortness the vertices of the trees with a set of points in R*. Foratree T® € T°, we will call z; € R its root vertex, and Y = {2, ys}
the set of points in R* to be identified with its external vertices. Likewise, we call z = {z1,. ..,z } with > 0 the set of internal vertices
of T".

(i) We call ¢; = ¢(z1) the incidence number of the root vertex, that is, the number of the lines of the tree that have the root vertex as an
edge. The external vertices have incidence number 1; the internal vertices have incidence number >1. We call a line p an external line
of the tree if one of its edges is in Y. The set of external lines is denoted as ,#. The remaining lines are called internal lines of the tree
and are denoted by .7.

(iii) By Tf, we denote a tree T° € I° satisfying v> + 8,1 < 3/—2+5/2 for I > 1 and satisfying v, = 0 for I = 0, where v, is the number of
vertices having incidence number n. Then, 77 denotes the set of all trees T;. We indicate the external vertices and internal vertices of
the tree by writing T; (21, 2,5, 2) With y, . = (y,,...,3,) and Z = (z2, .. ., Zr41).

(iv) We also define for i < s the set of twice rooted trees denoted as 7~ ;’(12). The trees Tls’(lz) €T ;’(12) are defined exactly as the trees T; apart

from the fact that they have two root vertices z1, z, with property (ii) and s — 2 external vertices.
(v) Foratree Tf*z(zl, V25+2,Z), we define the reduced tree

. T,S,yhyj (21,20 s Y1 it 1o« - > Vi=1, Vi 1o - - -» Ys42, Zij) to be the unique tree to be obtained from T;™*(z1, ya,, Z) through the following
procedure:

e By taking off the two external vertices y,, y; together with the external lines attached to them.

o By taking off the internal vertices—if any—that have acquired incidence number ¢ = 1 through the previous process and by also taking
off the lines attached to them.

o If a new vertex of incidence number 1 is created, the second step of the process is repeated.

C. Weight factors

Let 0 < &< 1. Given a set Tp; := {12,...,7;} with 7:= inf,gic;Ti, a set of external vertices y25 = {y2,...,ys} € (R*)*™', and a set of
internal vertices Z = (22,...,2r+1) € (R")’, and attributing positive parameters Ay = {A;|l € #} to the internal lines, the weight factor
F (Mg, 75T) (21,025 Z)) of a tree Tj (21,25 Z) at scales A; is defined as a product of heat kernels associated with the internal and external
lines of the tree. We set

s - 1+6
F (Mgt Ti (21,026, 2) ) 1= Hps(%;l) [ps(ms)), (31)
=4 T Je S

where 7,5 denotes the entry 7; 5 in 7 carrying the index of the external coordinate y, in which the external line J ends and ;5 := (1 + 8) ;. For

I = {a, b}, the notation pB(lA%‘s;I ) stands for pp 1/\%5; a,b). We also define the integrated weight factor
T T
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F(ATTizips) = sup | F(Ar, 1T (21,925 2))- (32)
A<A A2

It depends on Ay, but note that its limit for Ag — oo exists and that typically the sup is expected to be taken for the minimal values of A
admitted. Therefore, we suppress the dependence on Ay in the notation. Finally, we introduce the global weight factor F (A, 1,z1,y5,) or
more shortly 2 (), which is defined through

Fa(htzuy) = Y, F(MATT21900). (33)
TjeT
If this does not lead to ambiguity, we write shortly
F(r) = Fa(A 1,21, 305). (34)
In complete analogy, we define the weight factors and global weight factors for twice rooted trees, which we denote as
?(A,T,T (1 ),zl,ZZ,yzs) org( D (A1, 21, y2,0) or F11(A, ).

For s = 1, we set #1,(7) = 1. This case corresponds to a tree T} with no external vertices.

V. BOUNDARY AND RENORMALIZATION CONDITIONS

The relevant terms in the bare interaction are fixed by renormalization conditions at the value A = 0 of the flow parameter; all other
boundary terms are fixed at A = Ag. To extract the relevant terms contained in

L @s0.00) = [ Z1((@,0),(2,0)h(=2) (5)
and
LN (2150,0,0,0504) = f zAAo((zl,o),...,(z4,o))f[ $i(z1), (36)

we use a Taylor expansion of the test functions ¢, and @4, which gives

LN (2150,0562) = a"™ (21)$2(21) = 51" (21) (D21 2) (21)

+d" (21)(92,¢2) (21) + 15" (21562), (37)
(9 Z15™)(2150,0:2) = b (21)¢2(21) + (915" ) (213 62), (38)
L2150, ., 0;04) = ¢ (21) 2 (21) 93 (1) pa(21) + 15 (21 D), (39)
where ®4(22,23,24) = H?:z ¢i(zi).
Then, the relevant terms appear as
Ao () f dz 5 ((21,0), (22,0)), (40)
s (z1) = /0 dz (21 - 2) 213" ((21,0), (2,0)), (41)
AM(z)) = f dz: (21 - ) L5 ((21,0), (22,0)), (42)
B () = fo dz> O (L35 (21,0), (22 p))) : (43)
M () = /Ooodzzd23dZ4 LN ((21,0),.., (24,0)), (44)

and the reminders lfz’A“ (z15¢2), (8pz l;}z’A" ) (z15¢2), and lA Ao (z1; @4) have the form

M (25 = / dzzf a t) Rtz + (1-1)20) L5 ((2150), (2250)), (45)
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(90 ) s = [ e [ a5 0utaz 4 (1= 02000 (Z (@b o9,

and

(Zl,®4) / dzydzsdzy gAAO((Zl,O),' CEN (Z4, O))[A‘ldt 8;&(/52(1’22 + (1 — t)21)¢3(23)¢4(z4)
+ (,bz(zl)—/(; dt 8¢¢3(t23 + (1 - t)21)¢4(Z4) + ¢2(Z1)¢3(21)L1df 8¢¢4(tZ4 + (1 - t)Zl)]. (46)

Boundary conditions at A = A
The bare interaction implies that at A = Ao,

"L ((21,p1)s 2 (Zmpn)) =0 Y+ |w] 25, Z05™ ((21.p). (22, -p)) = O. (47)

Renormalization conditions at A = 0
The renormalization conditions are fixed at A = 0 by imposing

@™ (z), (@), 4 (@), BM@), (@)

to be smooth functions in € (R™), uniformly bounded with respect to A,.
Typically, all the renormalization conditions are assumed to be cutoff-independent. The simplest renormalization conditions are BPHZ-
renormalization conditions, where we set

a?’A"(zl) =0, SIO’A“(zl) =0, d?’A“(zl) =0, b?’A“ (z1) =0, cl M(z) =0, (48)
These will be adopted in the following.

VI. PROOF OF RENORMALIZABILITY
We define foralln >2and 0 < r < 3,

LN (203 P (21— 20) ) 1= / dzon(z1 - 21) L3N ((21,1), 5 (2 pn) ) Os(22), (49)
and we define for all n > 3,
Fio M (21,205 s 0ct) = (21 - 22)° fo Tdzsn 2N (2001 s (2 p) ) Dsc (232). (50)
For n = 2, we define
FuZ(2u23p) = (21 - 2) 275 ((21,0), (22, -p))- (51)

Theorem 1 (boundedness) We consider 0 < A< Ag<o00,1<s<n,2<i<n?2 <j <'s,and 0 < r < 3. We consider test functions either of
the form ¢r, .y, (z2,n) or ¢T 725 (Z2,n), which are also denoted in shorthand as ¢v,,, or ¢T)’2x’ see (28) and (29). Adopting (418), we claim

(A) ‘8 L0 (203 P (21 = 20) ey,

amn—flr A+m 1] ) T\ _a
<(A+m) gvl(mg > )%(Mm A e L) (52)
; A ;
(B) [Fu 5 1z )| < (s m) s l0g ™ Vap (L2 )tz . (53)
=~ j —n—|w|_—1 A ﬁn 7%
(©) |0" M (s pus 94| < (A + )" 295(1og ;m)gvﬁ(AiL)QZ(ATW)%Q,(T). (54)

(D) The functions defined in (49)-(51) and their momentum derivatives are in €~ (R*) with respect to z1.
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Here and in the following, P; and 2; denote (each time they appear possibly new) polynomials with non-negative coefficients. The polynomials
2; are reduced to a constant if s = 1. The coefficients depend on I, n, |w|, 8 but not on {pi}, A, Ao, and z\. For | = 0, all polynomials P; reduce to
constants. In the definition of F (31), § > 0 may be chosen arbitrarily small.

Remarks 1.

e Bounds (53) and (54) are required to close the inductive argument in the subsequent proof. Bound (52) is the central result of the
boundedness theorem (Theorem 1) needed later to prove the convergence of 0"% Z\,;A"(zl; Pisespns (21 — zi)r(,bf,yz‘s) in the limits
A - 0and Ay — oo.

o The proof that we give in the following holds also for larger classes of test functions indexed by a strictly positive parameter 7 such
that

|05¢:(2)| < 773 ¢e(2)]  VzeR', Vaxo.

The role of the parameter 7 as it appears in the proof is to absorb negative powers of the flow parameter A by producing powers of

Ao that contribute to the polynomial 2 at each step of the induction. This preserves the power counting in terms of A + m. We

choose a simple example of these functions, which are the Robin heat kernels. They can be proved to be dense in ﬂRM )
e The parameter & depends on the loop order /, and it verifies 0 < §; < 8,1 < 3. For simplicity, we omit the index /.
o The value of the integral

fo Zdw 8, (55)

admits two possible choices, which are 1 and % These two choices are called, respectively, the weak and strong definitions of the Dirac
distribution.”

The subsequent proof uses the strong definition of the Dirac distribution. For the weak definition, all the points of Theorem 1 hold
except for (D). In the weak convention, the functions defined in (49)-(51) are in € (R”) with respect to z; and are not continuous
at 0. One can verify that the proof of renormalizability is independent of the chosen convention. This comes from the fact that for a
continuous function f, in both conventions, we have that

/0de (/Ooodz' 6(z—z'))f(z) = /Ooodz f(2).

Proof. The bounds are proven inductively using the standard inductive scheme, which proceeds upward in [, for given / upward in n and
for given (n,1) downward in |w| starting from some arbitrary |Wmax| > 3. The induction works because the terms on the right-hand side of the
FE always are prior to the one of the left-hand side in the inductive order. Hence, bounds (52)-(54) may be used as an induction hypothesis
on the right-hand side. Once verified in the first induction step, we integrate the FE, where the terms with n + |w| + r > 5 are integrated down
from Ag to A because of the boundary conditions (47) and the terms with n + [w| + r < 4 at the renormalization point are integrated upward
from 0 to A using (48). We can write remembering (15),

R N A R
0" L1 (2105 8ry,, ) = 0" L) (21505 ey, ) + fo d)r 8, an?‘;fv(zl;o;@,yzﬁ). (56)

Once a bound has been obtained at the renormalization point, it is possible to move away from the renormalization point using the integrated
Taylor formula,

8W3’;,\;IA° (215 P Pryn, ) = 8W3;;A° (Zl ;0; ng)yz,s)

n 4 1
3 pia fo dt(0p,0" L) (213 P g, ) (57)

i=1 p=1

The induction starts with the pair (0,4) for which the right-hand side of the FE vanishes so that

4
Zor ((z1p1)s -5 (zaps)) = A [ 8(21 - 20),
i=2
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which implies for the test function ¢,  defined in (28) that

Lot (203 P33 fryn,) = /\HPR(TuZl’J’z) (58)

Using bounds (A4) and (A6) from the Appendix, we deduce that

s N S
HPR(Ti;ZI))/i) < ZSHPB(Ti;Zl,yi) <2°(1+6)2 HpB(Tf,a;Zl,yi),
i=2 i=2 i=2

which implies that (58) can be bounded by a tree with no internal vertices and with a root vertex z; linked to the external vertices y, ;, which
is in agreement with bound (52). The constants are absorbed in the polynomial &;, which is of degree 0 at the tree order.

(I) Bounds on the right-hand side of the FE:
We want to establish the bounds

W n—|wj A ﬂfl 7%
000" 2 (2135 (21 = 2) 9 ) < (At )" 10g 2 o Aﬁ,”ﬁ)szl(/; ) M), (59)

(A) In this part, we consider the case r = 0.

(A1) Let Ry be the first term on the RHS of the FE,
Rus= /P/z 2,7 Wgﬁgol 1((Z;>P:1)» (Z)P)> (ZI’ _P))Cﬁ(p; z ZI)HPR(Ti;Zi’yi)’
2,152 i=2

which can be written as

Prm?

- A2 W o 1
_ ff du 8" nfz,l(zl,p, P i by, X pR(ZAZ,u,.) pR(zAZ,,u)) (60)

where we used (11) and the semi-group property for pp; see (A3).
Applying the induction hypothesis gives the bound

|R1\g(A+m)2*"*'W‘931(1ogA;m)gn( HP"”) 1( - )

A+m A+m

1 1 s .
/ duf Z g(A,{T; W) W}§T1r12(zl>y2,s> u, uaz))- (61)

T‘*Z(z YaothU)

In the sequel, we write the polynomials &, 9,, and 2; without their lower indices. One should keep in mind that these polynomials
may have, each time they appear, different positive coefficients, which depend on /, 1, |w|, 8 only and not on {p;}, A, Ao, and z;.

For any contribution to (61), we denote by 7', 7" the vertices in the tree Tfflz(zl,yz,s, u, u) to which the test functions pg( %‘f; u,-)
and pB(;—X‘f; -, u) are attached. Interchanging . and [, and performing the integral over u using the semi-group property (A3), we

obtain
oo 1+6 1+4 +4
fo du pg(m;z',u)p ( ST W? ) pB( —32,7 )s Oo(1H)A

with a positive constant O(1). Using this bound, we obtain

L du 9(A { SA 2A2} TlHl’zl’y“’u u) <O()A &F (A, 7 TS;Z1,)/2,5),

where the tree T} is the reduced tree obtained from T;*; by taking away the two external lines ending in u. Note that v,, the number of
vertices of incidence number 2, verifies v, + 8,1 < 31— 3 =2+ /2 + 1 < 3] - 2 + s/2, which explains that the reduction of T,S:rl2 isin 57;.
The elimination of vertices of incidence number 1 together with their adjacent line is justified by the fact that [, ps IA%‘S;Z',Z") <L
1
The reduction process for each tree fixes uniquely the set of internal vertices of T} in terms of those of T;*Z. Therefore, we obtain
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3—n—|w| A+ m) ( ”ﬁ”H )
|Ri| < (A +m) g’(log — P Aam

-

-
x 2 Z 87(A, T T,S; zl,yz,s). (62)
(A m ) Tf(zl,}’z,s)
(A2) We now consider the second term on the RHS of the FE. It is enough to analyze the following term from the symmetrized sum:
AA 3 A
Roi= f 2y ((@apn)s s (s pn ) (2:0)0" Cr(ps2,2)
2,n>%>

x 8W23£:;\20+1 ((Znys15Pms1)s - 5 (Zns ), (2 =0)) ey, (22n)s

in which the arguments (z;, p,) appear in & 22" ., and Z 222" ., inan ordered way.
R, can be rewritten similarly as in (A,),

Rem [ [ 02 (e (anopn) (220" )

X 0L (et Pusr s > (@ pn)s (20 9)) ey, (220)

1 1
XPR(W;Z, U) PR(W; M>Z’)-

We define
51 Sptm
’ ”
¢51 (ZZ,nl) = HPR(TV;Zr»)/r)) ¢Sz (zn1+1,n—l) = H pR(Tr;Zr>}’r)>
r=2 r=n;+1

where s = 51 + 5;.
Therefore, R, can be rewritten as

wy >\ ! 1 w3 S
RFfzfua 3fﬁl+1(zl;p1,-~~,pnl,p;%XpR(W;-,u))a c(p)

W 1
x 0 g;:ﬁ:“(zn;—P;Pnlﬂ,' o >Pn;¢g XPR(W;UV))ﬁbn(Zn); (63)
where ¢, (zn) = p(Tn; zn,y,) if s = nand ¢, (z,) = 1 otherwise. Applying the induction hypothesis to both terms in (63), we obtain the
bound
o2 gaf o A gof IBall ) pf 7
Ro| < (A +m)*™ M= 399(1 )9)( )£2
[Ra < (A +m) 8 A+m A+m
1
x f f D %(A,{T', 72};’11131-'—1;21;)/2,51)”)
Zn U s+ sy +1 2A !
LS
1
x P]-(A,{T", W};T,Sj“;zn,u,yslﬂy o ,ys(n))%(zn), (64)
where we used
s A 3l o 1P|
[0 C*(p)| < (A +m) P o) (65)

In (64), wesets(n) =sifs<nands(n) =s—1ifs=n.
Interchanging the integral over u with the sum over trees, we obtain

Ro| < (A+ m)3_"_‘W|F/’(logA:nm)@( il ),02( T )

A+m A+m

x D ff’i(A 7 T1521,)25)
)

s ’l+l 32+l
TI(T;I ’TIZ

with the following explanations:
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. . . s 1 1 N . . 1 o
e Any contribution in the sum over trees T,’(T;l‘+ T )(21,)12, .oy Z) is obtained from T;'"'(z1,y2...,y5,u,2 ") and
TIS;“ (21,2, - > ys+1,u,Z ") by joining these two trees via the lines going from the vertices z' and z'’ to u, where z’ and z”’ are the
1+0

vertices attached to u in the two trees. These two lines have parameters We use (A3) from the Appendix to obtain

207"

1+6 1+46 p 1+6 ,
/MPB(WSZJJ) PB(W;M,Z )SpB(T;z,z )

so that the new internal line has a parameter in the interval [ A, Ag] over which the sup is taken in the definition of F.
e  When performing the integral over z,, we note that z,, has been viewed as the root vertex of TZSZZJ'1 (2n, th, Y5, 415 - - -» Y5, Z). We distinguish
two cases:

o Ifs = n,weset,(zn) = ps(Tn; zn>y,), and z, becomes an internal vertex and y, becomes an external vertex of T;.
o If s < n, then ¢"(zn) = 1 and the vertex z, becomes an internal vertex of Tf unless ¢(z,) = 1. In this case, we use

pr(tn,8; Zn7j) < 1. )

This integration permits to take away the vertex z, and the internal line joining it to an internal vertex z; of the tree Tf;“. If ¢(zj) = 2,
let z; be the other vertex to which z; is joined. The semi-group property (A3) implies

[PB(tn,a;Zn,Zj) PB(4,532j>21) < pB(tns + tss2n,21)-
zj

This elimination process continues until we reach c(zx) > 2. Applying (66) for z; = z; takes away the internal vertex z,. If ¢(z) = 3 in
TIS;“, then it becomes equal to 2 after integrating out z,,. Therefore, a new vertex of incidence number 2 is created in the new tree, and

this is compatible with the definition of T,S. Namely, let v,; be the number of vertices with incidence number 2 of the tree T;"H. By

definition of Tls’“, we have
i

sp+1
V2,1+851,1§311*2+ 12 N V2,2+6cs,1§312*2+

s+ 1

Since ¢ := ¢(z;) = 1, we deduce that

s2+1
V2,2S3l2—3+ 2

The number of vertices v, with incidence number 2 in the new tree obtained from T; (TZ‘“, T;ZZ“) after integrating out z, is equal to
Va1 + V22 + 180 that

vZ+6q,1§3l—3+%.

Therefore, we conclude that

< ey og 2L o 7
m A+m A+m

) Z 97(A, T; Tf;zl,yz,s)-

T} (z1:925)

(B) We consider now the case r # 0:

For the first term on the right-hand side of the flow equation [Eq. (16)], the bounds are proven exactly as in (A, ). For the second
term, we proceed similarly as in (A,). We pick a generic term on the right-hand side,

ws 1 1 ' r
J A L O et P e [CE
X 8W13£:il\10+1 ((Zl:pl)) Y (anpm ); (Z>P)) a%gﬁﬁ;_l ((Zn|+1>pn1+l)a Y (Zmpn)) (Z,> —P))

In the case where i < n1, the proof is the same as for r = 0, up to inserting the modified induction hypothesis for
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Wi 0 = r 1
9 gﬁjn\ﬂ(zl;l’n;(zi—zl) ¢§1 XPR(W;')”))

N (Gupe Gnaba) (20 @~ 2) B (2 o Sy

If i > 11, we assume without restriction i = n and proceed again as in (A;) to obtain the bound

(A s my g(bgmfn)g)( | )g( s )
m A+m A+m

ff'z" _Z1| Z tg(l\ { AZ} Tls11+1;zl)y2,5nu)

Tsl+1 2+
Iy h
1
X 9(/\,{T”,W};T;22+1;Zn;u)ys]+l>"' ,ys(n))¢n(2n)-
We bound
q
|Zn - le < Z |Va - ‘Va—l‘) (67)
a=1

where {v,} are the positions of the internal vertices in the tree TS(TZS‘LI, TSZIII) defined as in (Az) on the path joining z; = vy and

Zn = v4. Using inequality (A7) from the Appendix for T = -, we obtain for 8’ such that § < §’ <

AZ)

. 1+6 o (148
|Vu - Va—l| pB(T;Vm Vu—l) < O(l) A PB(A2§V11> Va—l); (68)
1

1

and this implies (59) with a new parameter 8’ < % Note that the cases s = n and s < n are treated as in (A3).

The previous reasoning also holds for Oy F1» & ;\,;A" (21,223 P Gry,. ), where z, takes the role of z,,. After absorbing all constants in
9P, we obtain |

= r —n—|w|—r A ﬁn 7%
00" 25 (a1 s (21 = 2) )| < (A m) 7 l0g B ) A'ﬁﬂn)ﬂ( Afm)s;gl(f), (69)
n A
R R Y S e I (e EF ) 70

The bounds for (40)-(44),

A+m

|8Acf\‘A"(z1)| <(A+ m)flg‘(log ), |Oag, Moz < (A + m)gj(log At m)’ (71)

1OAB (21)] < (A+m)*lgn(1ogA ’”) 08 d™ (21)] < (A+m)*193(1og“7’“), (72)

|8AslA’A° (z1)] < g’(log Axm ), (73)
m

are obtained on restricting the previous considerations to the case s = 1, in which all the coordinates z, , are integrated over with n = 2
or n = 4 and the momenta p, set to 0

(C) We come to the bound on 8,\8“’21\/\” (z15Pms ¢5§,)ZS) [i.e., remember (29) and (30)]. As compared to (A), the only case which requires
new analysis is the bound on the second term from the right-hand side of the FE (16) in the case j > s;. Then, we assume without
restriction, similarly as in (A), that j = s. The term to be bounded corresponding to (64) is then
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- A+m) (Hﬁnll) / w( {;} )
(A+m) 95(10g - P ol K4 oo utz F( A, Eye ST sz 2, 4

+1 8 +1
nTy
1 2

_ 1
x e 22 [g(/\,{T”,W};T;;+1;Zs,u,ysl+l>'" >y5(n))|p}g1)(Ts;Zs,Zl;)/s)|. (74)

We factorized ™22 from the derivative of the flowing propagator C* (p), and we will use the bound
_m _2
(A+m)e < CA, C:=[(1+x)e 2 [oo- (75)

To bound (74), we telescope the difference p}gl) (75325, 215 y5 ) along the tree Tj ( Tlsl‘ + TIS;“ ) similarly as in (67). We, then, have to bound
expressions of the type

1+6
PB( A2 ;Va—l’Va)lpR(Ts;Va:ys) _pR(Ts”/a—l)ys)'; (76)
1

where v,_1, v, are adjacent internal vertices in Tf(TZ‘“, TIS;“) on the unique path from z; to y.. The Taylor expansion of p,(7s; Vs, y,)
gives

1
PR(TS;Va:ys) = pR(TSZVa—lrys) + [0 dt (8pr)(Ts; Va1 + (1 - t)Va:ys)~
Lemma 1 from the Appendix implies that for all 0 < 8" < 1, we have

v

2~ Va- !
|p1(gl)(Ts;Va>Va—l»ys)|S Cis Tllfo dt pp(Tssstvar + (1 = t)va, ys).
N

Therefore, (76) is bounded by

-1 1+4 1
CI,BTS ? |Vu - Vﬂ71| PB(T;Va—l;Va)A dt pB((l + 6,)‘[3; Va1 + (1 - t)mes)- (77)
i
Introducing for 26 < 1,
. 1+25
T 1-28

we distinguish between the two cases:
e Case (1): 8'A? < b7t

Using (75), we obtain

1
m? b\:2 1
(A+ m)37nflw‘efm < C(g)Z (A+ m)zfnilw“rs 2,
The tree Tf(TZ‘”, Tls;“) is obtained from the two initial trees by joining them via u as in (A;), and we bound

I (75326 215 )| < PR (763260 y) | + PR (75321, 35, (78)

Here, p, (75,21, ,) is associated with ¢_(zs) = 1, and the integration over z, in T} (TZ‘“, T ;22“) is performed similarly as in (A2 ). This
implies that for 8’ A* < b}’", (74) is bounded by

1 1
b2 Znefw] 1 A+m p, T2
(g) (A+m)>™" |W|Ts 29’(log . )Q(AATL)Q(A+M)9'£I 7). (79)
e Case (2): 'A% > b7
Using Lemma 2, we obtain the following bound:
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1+ 1
Va = Va-1| pB| —53Va-1,Va f dt pa(Teystvat + (1 —t)Va, ys)
A7 0
-1 1 /N3
< C5 A PB(A2§VL1—1; Va)pB((l +6 ) Ts§Va—la)’s))
1

which implies that (77) can be bounded by
oot (1
CsCis A1, ZPB(P;Va—lea) pe((1+ &)’ 75 va1, s).
1

Choosing 8’ such that (1 + 6')3 =1+, thatis, 8’ = g + 0(82), and using bound (A6), the final bound obtained for (76), then, reads

P S 1+
Cs 7 *A™ ps A2 Vel Va PB(Ts55 Va=1,¥s)> (80)
i
where we used property (A5) from the Appendix and C§ = CsCys.
Case (2) corresponds to a sum of two new trees of type 7 f, where in comparison to Tf(TlSl1+l, TISZZ+1 ), the incidence number of v,_;
has increased by one unit. In (74), an integral over z; is performed. If in the new tree

(a) zs has c(z;) > 1, then z; takes the role of an internal vertex of the new tree and
(b) zs has c(z) = 1, we integrate over z; using (A2) so that the vertex z; disappears. As a consequence of bounds (79) and (80), on replacing

again s — j, we, thus, obtain for n > 2,
b % / 2—n—|w| *%
S(((S) +C§)(A+m) T,

Ln

‘5A3W3A>A° (z13p1,m5 ¢5§/)z)

All the constants are absorbed in the polynomial 2.

(D) To prove (D), we use (63) and (60) to show inductively that

6/\8”’31/,\;1/\0(21;]71, s (21 = i) Poy,, ) (81)
aAFlzgf,;Ao(Zl,Zz;Pl,n; bryn.) (82)

are €~ (R*) with respect to z;. For (82), we will integrate from A to Ay, and for (81), we integrate from 0 to A for n+ |w|+r <4 and
from A to Ag for n + |w| + r > 5. The details of these integrations can be deduced from (IL,a) and (ILb).
(II) Integration of the FE:
From the bounds on the derivatives 9,0" < ;\;1\20171 (z13P15 - - > Pn Br,y,, ), we verify the induction hypothesis on integration over A.
In all cases, we need the bound '
F(1) < Fo(1)  for Ay <Ay,

which follows directly from the definition of # QI(T).
(a) Irrelevant terms:

Since
"L ((21,p1)s s (Zmpn)) =0 VYt |w|+7>5,

integration from A to Ag for n + |w| + r 2 5 gives
10" L1 (213 B (21 = 20) by,
il g o0 b &
e o2 Lo )t
m m

A+m A+

and
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‘aw AAO (Zl’p"’ ¢Ty)25)

—n—|w| -3 A+ _'” %
<(A+m)’ "gzys(log mm)g“ﬁ(/y{:m)o@z(AJr ) Fa(r)

and

- —n A n
Ry ez )| < (Ar m) o log 222 )om (2L )iz ),

(b) Relevant terms:
(b1) n=4,w=0,r =0: We start from decomposition (39),
3;}4/\0(21;0,. 50, Dy) = c,A’A°(zl)CI>4,s(21,21,z1) + lf4A°(z1,<1)4,s), s<4, (83)
where
clA’A‘)(zl) = fo dzydzzdz, 3{)\;1\0((21,0), ..., (24,0))
and

4
Ous(22,25,24) = [ [ ¢i(z),  ¢i(zi) = pr(Ti32i,yi) ifi<s, otherwise ¢;=1.

i=2
From the renormalization conditions, we have forall [ > 1,
0,A _
o (z1) =0.

Integrating (59) from 0 to A at zero momenta, then, gives

()| < 7(10g * 1)

We decompose the test function

N
Dys(22,23,24) = HPR(Tiizi:)’i) = Qus(z1,21,21) + ¥(22,23,24), (84)
i=2
where for s = 4,
4 j-1
vz zs21) = 3 [ r(rp3 200008 (53525 2137,) 1_[ pr(1i32i,yi) = Zqﬁﬁ’y)zj(z“)
j=2 f=2 i=j+1 j=2

remembering definition (29). Note that if ¢, = 1 for some i, which corresponds to s < 4, then the corresponding contribution to the sum
vanishes.
Using (84) and the linearity of & f\;,A“ with respect to the test functions, we deduce that

gAAO(Zl, . .,0;@4,5) :CIA’AO(Zl)q)z;,s(Z],ZhZ])+32\4A0(21;0,...,0;V/).

Therefore, we have lf;AO (213 D4y) = 32\:\“ (2150,...,0;y), and hence, FE (16) provides

1
3/\1;:1\0(21;@4,5) = 5/ ’w(zz,z3,z4)
[ / LI (k) (20,0)s-+, (20,0), (2, K)) Ch (s 2.
"2 Z 2 [ L1 ((21,0),0 -+, (20,,0), (2,0)) Cr(02,2")

ll+lz hy+ny,=4

ii\zoﬂ((z 0)-- (Z4’0)):|rsym]. (85)
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The right-hand side is a sum over expressions of the same form as the one for Oz &, Moz, 52’)},2

way as there the bound

) in part (C). We obtain in the same

1

<(A+m)r 29’(logA+m)«J( T_Zm)ygl(ﬂ

‘31\1 *(z1; Duys)

A+

Integrating from A to A and majorizing (A + m) ™" by (A + m) ™", we obtain

T2 A+m 17% A
(M) (108 ™. )Q(M)JS’Z(T)’

which gives the bound for lA A0 (21, ®4;). The bound is extended to general momenta using the Taylor formula (57).
(by)n=2,r=0,w= O We start from the decomposition (37),

‘AAO(qu)ALs)

L5 (2150,05¢2) = a1 (21) (1) — 57 (21) (02, 62) (21)
+d"™(21)(82,¢2) (21) + 15 (213 ¢2), (86)

where ¢2(22) := ¢ry,(22) = pr(7;22,52). Using a?’A" (1), s?’AO (z1), d;)’AO (21) = 0, we obtain on integration from 0 to A,

‘ ”(zl)‘ (A+m) 9(10gA+m), ‘ “(zl)|<(A+m)9’(logA+m), (87)
| ()| < 9»(1og A+ m) (88)
Since (0, ¢2)(z1) < T_%qﬁz(zl), (82.¢2)(z1) < 77" ¢2(z1), we obtain
3 A+
[ (@) (0a 42) ()| < (A + m)z(,f+ m)@(log Sz,
_1 \2 A
A Ao T 2 +m
4 (21) (02, 2) (1) < (A + m)z(A+ m) 7108 ™2 Jga(an).
For the irrelevant part of the two-point function, we have
oo 1 —t
Ol (zig2) = [ dza fo dt ) B by, (22 + (1 - )2)OnZ 5 ((21,0), (22,0)) (89)
e 1 (1—1’)2 6t¢2(t22+(1—t)21) AA,
= t F 0 ,0),(22,0)).
[0 dz» [0 dt =, Gy R (21,0),(2,0)) (90)
Bound (70) for n = 2,7 = 0 yields
A, ) A+m
‘8,\11,2’ °(zl;¢2)| <(A+m) F/’(log )
2 —
< [Tz s [0 ar ! t) Oipu(riz+ (1-Dz.32)
(22 -21)
Using Lemma 1, we obtain
A+m
AL (215 62)| < O(1) (A + m) 2 Zg’(log )
xf dz, .9‘7515(A,T)f dt pr(testze + (1= t)z1,32).
0 0
Remembering (33) and (34), we have
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PFS,”(AT) = eO/Tz,l(A; ZI>ZZ) = Z 5’72,1(/\; TIZ’(IZ);szz)
T2.(12)

32 1+6 1+6
= Z sup }|:1<I:£n‘/2:/:|pB(Ai ;Z1,Z1)...p3(Ai ;anz2)

n=1 {A;, |ASA;, <A,
31-2
1+6
<> sup }73(72 ;Zl,Zz), D
by

n=1 {A, |ASAL <A,

1
where A, := (ZZZIA]VZ) 2. Sum (91) stems from the fact that the double rooted trees have all internal vertices with incidence number
2 only. This number v, is constrained by the relation v + &,,1 < 3] - 2 + 1/2 from definitions (iii) and (iv) of Subsection IV B.

We use Lemma 2 together with

Pr(Tostza + (1= t)z1,y2) <2 pa(Tsstze + (1= t)z1,2).

For &’ A? > br™!, we obtain

_3 _ A
‘OAIQ‘ZA‘)(zl;(bz)‘ <t (A+m) 29’(105; ;m)ps((l +8')' 1521, 9). (92)
As before, we choose 8’ = g +0(8%) such that (1 + 6”)* = 1 + 8, which implies that
A Ao _3 2 A+m
‘8/\[2,’, (21;¢2)| <712 (A + m) g(log - )pB(T‘;;Zl,yz). (93)
For 8'A% < br™!, we use
aAli\iAO (z15¢2) = aAgféA"(Zl;O, 0;¢2) — 8AalA’A° (z1)¢2(z1)
= 05" (21)(0492) (21) — 0ad "™ (21) (2, 62) (21)
and bounds (69) and (71) to (73) to obtain
Ao A+m T_%
‘GAZM (zl;qﬁz)‘ <(A+ m)g‘(log - )Q(A g )pB(T; z1,92)- (94)
Since 8’ A% < br™!, we have
AN 3 _3fb % -2
‘8,\11,2 (zl;¢2)| <max|m’, 172 (5) (A+m)
A+m r‘é
‘ 9»(1og N )g( N m)pB(T, 2192). (95)
Combining (93) and (95) and using bound (A6), we obtain for all A > 0,
) lA,Aﬂ . 3 -2 b : -2
| AL, (zl,qﬁz)‘gmax m,T (A+m)
(96)

A+ T2
X ﬂ(log mm)Q(AT+m)PB(T5;Z1,y2)-

Integrating from A to Ao gives

63, 092304-21
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AN 3 (Db H _1 A+m 772
‘lz,z (zl,qﬁz)‘gmax(m,f (5) )(A+m) ﬂ(log - )Q(A+m)p3(15;zl,y2)

max(m, 7 (4)") -

A+m 3
(A+m)? (A+m) 9»(1og )Q(A+m)pB(T5;Zl’y2)

©

1

<(A+ m)zﬁ(logA;m)Q( ! Zm) P(75:21,92)s

A+

where 2(x) = (1 +x°)2(x). Again, all the constants were absorbed in the coefficients of 2. This concludes the proof for n = 2,7 = 0, and
w=0.

To establish the bounds on 8”3?2‘“ (zi3p15 (21 —22)"¢2) forr = 1,2; w=0and r = 0; w = 2, we expand the respective test functions as
follows: ,

LM (250,05 (21 — 22)¢2) = =5, (1) pa(21) + d) " (21) (02, 92) (21)
f dsz dt(1- )07 ¢a(tz + (1 - )z1) (21 — 22) 275" ((21,0), (22,0)),

LN (250,05 (21 - 22)°¢2) = M (21) b (21)

+/0 dsz dt o (tz2 + (1-1)21) (21 - 22)°Z 5% ((21,0), (22,0)),

(8p22f2’A“)(zl;0, 03¢2) = b, (21)¢2(21)

v [T [ 1dt<1;,”za?¢z(ra+<1—t>zl)apz( 5 (up) (2p))

The relevant terms have been bounded in (87) and (88), and the reminders are treated as l °(z1;¢2). We obtain

)G‘ﬁ,\z(T%

|25 (21505 (21 - 22)¢2)| < (A + m)gD logA+ ’” (

( ) sl(T)
( T ) sl(T)

The extension to general momenta is performed using the Taylor expansion of &} AA” (2150,0; (z1 — z2)"¢2) for r = 0, 1,2 with respect to the

variable p € R®.
Finally, note that for

‘gAAO(ZbO (21 —Zz) ¢2)| < @(log

|07 5™ (2130 02)| < 9>(1og

0(22) = pr(1:22.32) = pr(T:21,2) = $a(22) — 2 (1),
we have

L5 (2130,05687) = 5 (21)(082) (1) + ™ (2182, 82) (21) + 1™ (2150, 05 ¢2). 97)

Proceeding again similarly as before—see (90), (93), and (94)—provides
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Adg e 1 tm R P
‘3’ (21;0,0; ¢, )‘ <(A+m)T @(log )Q(Aer)st,l(r).

The extension to general momenta is done by Taylor expansion. This ends the Proof of Theorem 1. O

Theorem 2 (convergence). Let 0 < A < Ag < co. Using the same notations and conventions and adopting the same renormalization
conditions (48) as in Theorem 1, we have the following bounds:

vt N (A +m)° "= Ao +m
|8A(,8 (z15Pm (21 = 2i) ey, )| < (Ao + ) ‘@l(lg )
pu] 777% FN(r) Vn+|wl+r>4 (98)
A+m 2 A+m sf T
00" L 15" (215 P, 3 Pry)
(A + m)* Ao+ m e (1Bl Y5 (72
s (SR 2l e o e ElGo) >
(Ao +m)?
aAOFlzgi\,;AU (szZ;ﬁn;(pTyz‘)‘
2—-n o
((AAT )) @s(logA(’; ") G(A”pr )i w2, (100)
0
A+m)" 1 Ao +m
One LM (203 B ) (7 i P (1 )
[on i el )| < G -
A e e

Proof. We apply the method of the previous proof. The case n = 4, [ = 0 evidently satisfies claim (98). We integrate the system of flow
equation [Eq. (16)] and derive the individual n-point folded distributions (49) with respect to Ag. We denote the right-hand side of (16) by
'R fr’lAO ((z1,p1)5---> (20, pn)). We bound separately the relevant and the irrelevant terms.

e Dntr+|w >4
In these cases, the boundary condition (46) implies that

—8W$f;lA°(Z1;ﬁn; (21 - 21) $ry,, ) = fAAOd/\ 0" 2’:\0(21;13,,; (21 = 2i) ey ).
Therefore,
—00,0" L 1" (213 Pm3 (21 = 20) Bryn. ) = 0° R 0™ (215 s (21 — 21) by, )
/ d\ On, 0" R M‘)(zl,pn, (71— 21) ey, ). (102)

To the first term on the right-hand side, only the non-linear part on the right-hand side of (16) contributes because of the boundary
condition (46). Using Theorem 1, we obtain as before the bound

‘6 (% AO Ao (21§ﬁn; (Zl - Zi)r¢T>yz,s)
i oy Aotm\ gl [ 77
< (Mg +m) P|log == )2 2 F (7).

A+m A+m

Since n + |w| + r > 4, we obtain for all 0 < A < Ao,
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‘ 9" Ao, Ao

R0 (20505 (21 = 20) by,
(A +m)* (1og 2 YL o = i
: (A0+m)2 7 log m 4 A+m 2 A+m sl(T)

For the second term on the right-hand side of (102), we obtain

O, 0" R AAO((ZI»PI) - (2znspn)) = fofaAan ;\11\0%2 (zl,pl),n-,(zn,pn),(z,k),(z',—k))Cﬁ(p;z,z')
fzfz,Z > e[ 0" L (i) (onopn), () 07 GR35 2)

I,L nsny wi

X 8W2£f§\;\0+1((z TP) s (Zn,Pn))]rsym

/zfzz Z P[0 i (z1p1) s (2P ) (2:0)) 0" CR (P32 7))

Il nyny w;

X 8A06W232:;\;)+1((Z,’_P)" o (Zn’pn)):lrsym)
p=-p1—-—Dn =Pns+1+ - +Pn

where we used that 9, CR (k; z, z') = 0. Using Theorem 1 and induction hypothesis (98) and following the same steps as in the Proof
of Theorem 1, we get

‘BAOBW% ;};AD(ZUﬁn; (z1 - Zi)r‘pr,yzs)

e D AP e ()

Integrating from A to Ao and using that

1

” Dn T2 T
/ll‘ir”n Jiﬂn A+mSA+m’ SZ(T)< Fa(r) VA< (103)

-

give a bound on the second term on the right-hand side of (102), which is of type (98).
(100) and (101) are proved following the same steps.
o (1) (n,1,|w|) = (4,0,0), (n,1,|w|) = (2,0,0), and (n,1,|w|) = (2,0,2):
The FE provides inductive bounds on the relevant parts in these cases, and since the renormalization conditions do not depend on
Ao, we obtain

(A+m)

Op, ™ (2 (lo ) 104

0, (21)| < (ho +m)? e (104)
A+m)’ Ao+ m

Op,a™ ( (1 ) 105

|On ;"™ (21)] < (ho ey 08—, (105)
A+m) Ao +m

On, b (2 ( (10 ) 106

e R (106)
A+m) Ao +m

Op,d™™ (2 ( (1 ) 107

|On,d;" ™ (21)] < (ho e my? 08—, (107)

or el s g 20 (108)

In the case n = 4, we use decomposition (83) together with (29), (101), and (104) to obtain the bound
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Wephhoy & (A+m) - Ao +m
|8A08 L1 (zl’o’¢1’y2'5)| < (Ao + m)zgjl(l()g m )
= (1P ) T\ _a
2 F . 1
><gﬁZ(A+m 2 A+m (1) (109)

For n = 2, we use decomposition (86) and follow the same steps as in part (b2) of the Proof of Theorem 1. Using (89) and bound (100),
we obtain forall0 < &' < 1,

oo L (1= 8¢tz + (1-1)z
outfCeote) - [ [ R S0 R (20, (20

< (Ao + m)_zg’(log Aon: e

oo 1
)/ dz, gﬁ(/\,’l’)[ dtpR(Tgl;tZZ+(1—t)21,y2).
0 0
Following the same steps as used before, we obtain

Ao

|8AOIQ}A°(21;¢)| <7 (Ao + m)_zg’(log om )pg(ra;zl,yz) Vo' A* > b, (110)
g m

where we choose as before 8’ = §/3 + 0(8%).
For the case 8’ A’ < bt ™", the bound is obtained as in the Proof of Theorem 1 by using decomposition (86), which yields

OnOn 3™ (215 62) = OnOn, L 5™ (130,05 92) — DDy (21) b2 (21)
+ OnOnes)" (21) (02, $2) (21) — 0a0a ™™ (21) (02, 62) (21).

Using induction hypothesis (98), we obtain as in (94),

Ao . (A+I’I’1)Z ( Ao+m)0 1‘7% )
|8A6Aoll)2 (Zly¢2)‘ < (Ao + m)zg) log - 2 Aom (75521, )2)-
Since 8’ A% < br™!, we find
A A 4 -2 b 2 (A + m)72 A() +m T_%
‘3/\3/\012,1 0(21,¢2)| < maX(m »T (&) (Do +m)’ ‘@(log - )5 Aom (78321, 92)- (111)

Integrating from A to Ao (with Ag being large enough), we obtain

-1
2 A

L/‘f 0
Ao (21, ¢2) = fA T 001 (21, 42) + f LA 000 I (21, 62).
vT 2

Using (111), we obtain
gl AA
‘ [ doonn @)
S bV (A+m)™! Ao +m 3
<max(n' () 7{1og )« '
< max(m Ty (ho 2 m)? g — Ao ps (15521, 72),
which can be bounded by
(A+m)’ ( Ao+m) T2
——=Pllog— |2 321, )2)- 112
(A0+m)2 o8 m A+m pi(75521,92) (112)
We have
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N 9o I BN ARE
”r*% AONo by (Zl,¢2) = OAoly (Zl>¢2)- (113)

K

Using (110) for &A% > br™!, we deduce that

[y

Ao
| f L O (2, 4)

< (A+m)? g’(logAOer)( T
m

3
" (Ao +m)? A+m) pe(15:21,2). (114)

(112) together with (114) implies that for all 0 < A < Ay, we have

A+m)’ No+m 772
|8Aol£}A°(Z1,¢z)‘ < ((1\0 N m))z 9’(log Om ),@(A " m) pe(T5321,)2).

This concludes the proof for n = 2,7 =0, and w = 0. Cases n =2, r = 0, and w = 2 are treated similarly. Extension to general momenta
is again achieved via the Taylor formula (57). Note that compared to the Proof of Theorem 1, we do not need extra bounds for the cases
n=2,r=2,and n = 2,r = 1 since they are not required to close the inductive scheme. Bounds (105)-(108) leading to convergence are obtained
using only the FE together with inductive hypotheses (98) and (99) in addition to bound (52).

Thus, the Proof of Theorem 2 is complete. ]

Integration of bounds (98) and (99) over Ao immediately proves the convergence of all & ;};lA"(zl, Dns Pz, ) for fixed A to finite limits

when Ag — oo. In particular, one obtains for all Aj > Ag and p, € R3",

Ao J 0,A; -
‘3 i (203503 $rge) = 2 (205 P b, )
< g 202 ) o101 (T N
Ao L J—- \m " sV

Then, the Cauchy criterion in € (R*) with respect to Ao implies the existence of finite limits to all loop orders I.
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APPENDIX: THE HEAT KERNEL pg: PROPERTIES AND BOUNDS

Here, we collect inequalities verified by the one-dimensional heat kernel defined by

1 _(an)?
2t

pB(T;zl,zz)=\/2_me , T>0. (A1)

Clearly, we have the following properties of (A1):

e Normalization:
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/du pe(tsz,u) =1, VzeR (A2)
R

o The semi-group property:

fRdu pe(tisz1,u) p(1su,22) = pp(T1 + 12321, 22),  Vzi,z2 € R (A3)
o Let p, be the Robin heat kernel given by
pr(1:2,2") = pp(1:2,2") + ps(132,-2') - Z/de e pg(f;z,—K - z') Vz,z e R".
0 Cc

Then,
pr(1:2,2') <2 pp(132,2')  Vz,2 e R (A4)

o A simple computation gives that for all z; and 2 in R*, we have

fRdu pe(Ti521,u) pp(1251,22) < sz+du pe(Ti521,1) p(T23 1, 22). (A5)

e For0<d8<1,75=(1+0)r,and z1,2, € R", we have

pB(1:21,22) < V1 + 6 pp(18321,22)s (A6)
and for &' > §, we have
21 - 22| p(T5:21,22) < Copr T2 pp(T33 21, 22), (A7)

2§
[150 | o5 Trbiey
where Cs 5 = ﬁ [ x"e” 7 T | .
The following lemmas are used repeatedly in the inductive proof of bounds (52)-(54).

Lemma 1. Forallt, u, v, and y in R*, 7> 0, and some constant Ciks >0,

|k

p(Tsstu+ (L =t)v,y).

u-v
|0Fpa(rstu+ (1= )y)| < Co!
T

k
2

Proof. One can prove by induction that

_ )k _ _
afPB(T;tu+(1—t)v,y):(” V) (@k(tu+(1 Hv-y

. NG )pB(T;tu+ (1-t)v,y).

ES

Py is a polynomial of degree k and has at least one root if k is odd. Therefore,

gnk(tu + (lj;t)v—y)

_ (ru+(l—t)v—y)2 L8
e 2(140) 1428

‘851)3(1; fu+(1- t)v,y)| <

k
u-v
%pg(m; tu+ (1-t)v,y).
T2
2
The lemma follows directly with Cys := sup | %« (x)efm'ﬁ . ]
Corollary 2. For allt, u, v, and y in R*, 7> 0, and some constant C,'(,g >0,
k ,Ju—-vf
|0Fpr(rs tu+ (1= )ny)| < Cha™—pa(Tss tu+ (1= )1,y).
T2
Proof. We have
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pr(1:2.2') = pe(1;2,2") + ps(132,-2) —2f0°°dw einB(T;Z,_% —z').

Using Lemma 1, we obtain

|8tpR(T, fu+(1- t)v,y)| < Ck(; (pB(T(;, tu+(1-t)v,y)

+pp(tostu+ (1—t)v,—y) + 2/ dwe™” pB(Tg; tu+(1-t)v,—y— K).
0 c

Using that for z, z/, we R,
(et 4w/o)? _(z+2)? _=)?
2

e 2 <e 2 <e

>

we obtain

85}71{(’[; tu + (1 - t)V,)/) <4 Ck)(;

| pe(Tsstu+ (1 —t)v,y).

k
T2

We may set Cp. 4 := 4Cys.

[m]

Lemma 2. For 0 < § < 1, we defineb =2 1+2g andlet 0 < 8 < 1and A; > A such that 8 A*> > br™'. For z1, 22, andy, in R* and 7> 0, we

have

‘Zl —Zz|p3( A2 ,Z],Zz)f dt pB(T(;r tZz+(1—t)Zl,y1)

1
<Cs A PB( 2,21,Zz)p3((1+5) T; Zl,y1) (A8)
A
Proof. We have
1+6 B 1+28 1+28 _A?ﬁg-;;)?%
—aal= —osEnz e A TR,
pB A% 1,22 140 PB Af 1,22
which implies that
1+48 1+26
|z1 —ZZ‘PB(TQZI,ZZ) <Cs A PB( > ,21,22), (A9)
A A
28
where Cs := 4/ 11125‘5 x e 70 5 || and we used that A < A;.
Now, we bound =
1+26
PB( A2 >Z1>22)/ dt pp(tsstza + (1 - t)z1, ). (A10)
I
For 0 < ¢’ < 1and 8’A? > br™!, we have
Al 1 B
+——(tzo+ (1 -t)z1 —
Tras—2) gy R (=02 =)
Aﬂzl —zz|2 A%|zl —zz|2 1 2
= + + tzp+ (1 -t)z1 —
b 2 raeo) R -ta-n)
|Z1 —22\2 A?|Zl —Zz|2 2
> + tzo+(1—-1t)z; - . All
- T(SI 2 T(l +5/)2( 22 ( )Zl }’1) ( )
Let 0 < t < 1, and we have
|Zl —Zz|2 ‘tZz + (1 — t)Zl —y1|2 1 [ 1 2 2]
+ > —lz1 - +ltz2+ (1 -t)z1 - .
5 Az >areyplel @l s -Ha-n|
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Using that
|Z1 — Zz| = |Zl —tzy — (1 — t)zl| + |tZz + (1 - t)Zl — Zz|,

we obtain

1
§|zl —nl +ta+ (1-t)z -l

\2

1
> §|Z1 —tzy — (1 —l’)21|2 + |tZz + (1 —t)Zl —y1|2

1
> Wﬂzl —tz - (1-tz| +|tzz+ (1 - D)z —yl\)z

R
1+
Therefore, we obtain that
A7 2 1 2 la-nlF Afla -z
- —(t 1-t - > s
Tr20 A 2+ gy e (L= Da- )72 2R 2

which implies that (A10) can be bounded by

1

Cs PB(P;ZbZZ)PB((l +8)V'rzLp),

T

which together with (A9) gives final bound (A8). m]
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