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Abstract

We analyze a Discontinuous Galerkin method for a problem with linear advection-reaction and
𝑝-type diffusion, with Sobolev indices 𝑝 ∈ (1,∞). The discretization of the diffusion term is based
on the full gradient including jump liftings and interior-penalty stabilization while, for the advective
contribution, we consider a strengthened version of the classical upwind scheme. The developed
error estimates track the dependence of the local contributions to the error on local Péclet numbers.
A set of numerical tests supports the theoretical derivations.

Key words. Discontinuous Galerkin methods, diffusion-advection-reaction problems, 𝑝-Laplacian,
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1 Introduction
Discontinuous Galerkin (DG) methods were introduced in the 70s [4, 27] and have gained significant
popularity starting from the late 90s [1, 2, 6, 7, 12–15, 20, 21]. They are nowadays widely regarded
as the reference methods for advection-dominated problems. When a polynomial degree 𝑘 ≥ 1 is
used, classical error estimates for linear diffusion-advection(-reaction) problems show that the error
contribution stemming from diffusive terms is O(ℎ𝑘) (with ℎ denoting the meshsize), while the one
stemming from advective terms is O(ℎ𝑘+ 1

2 ); see, e.g., [3] and also [22] and [21, Section 4.6] for an
analysis covering the locally degenerate case. Pre-asymptotic convergence rates between 𝑘 and 𝑘 + 1

2
can be observed, in practice, when sufficiently coarse meshes are considered. Standard estimates do not
usually allow, however, a quantitative assessment of this phenomenon. Error estimates are, on the other
hand, completely missing for problems with non-linear diffusion terms.

The goal of this work is to fill the above gaps by deriving Péclet-dependent error estimates for
a problem with linear advection-reaction and 𝑝-type diffusion, for Sobolev indices 𝑝 ∈ (1,∞). The
discretization of the diffusion term is, similarly to [12, 16], based on the full gradient including jump
liftings and interior-penalty stabilization. For the advective contribution, on the other hand, we consider
a strengthened version of the classical upwind scheme obtained interpreting the latter as a penalty
contribution in the spirit of [11]. The peculiarity of our error estimates is that they track the dependence
of the local contributions to the error on local Péclet numbers. To improve the estimates of certain terms,
we provide a new extension to the nonconforming case of the techniques of [25], based in turn on the
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results of [23] (see also [5]). This requires a certain number of subtleties, both in the adaptation of the
argument and in the definition of the face Péclet numbers (which need to account for both the physical
and numerical diffusion). To the best of our knowledge, our Péclet-dependent error estimates are the first
of this kind for a nonlinear problem, and enable a quantitative assessment of pre-asymptotic convergence
rates. In the linear case, corresponding to 𝑝 = 2, local Péclet numbers can be computed based on the
sole knowledge of the problem data and the mesh, making it possible to identify a priori advection- and
diffusion-dominated elements/faces. Incidentally, new error estimates for the DG discretization of the
𝑝-Laplace problem are also recovered as a special case (the previous works [12, 16] only considered
convergence by compactness). The theoretical results are supported by extensive numerical validation.

The present contribution furthermore sets the stage for future publications developing pressure
robust and advection-robust finite elements for time-dependent Navier–Stokes type equations (e.g. [9,
24]) modeling incompressible fluid flows with non-Newtonian rheology.

The rest of this work is organized as follows. In Section 2 we describe the continuous problem. After
presenting some definitions and preliminary results in Section 3, the numerical scheme is introduced in
Section 4 along with the main theoretical results. The proofs of the latter are given in Section 5. Finally,
numerical tests are collected in Section 6.

2 The continuous problem
Let Ω ⊂ R𝑑 , 𝑑 ≥ 1, denote a bounded, connected polyhedral domain. We develop a Péclet-robust
discontinuous Galerkin (DG) method for the following problem: Find 𝑢 : Ω → R such that

−∇ · [𝜎(∇𝑢) − 𝛽𝑢] + `𝑢 = 𝑓 in Ω,

𝑢 = 0 on 𝜕Ω.
(1)

Here above, we assume that the velocity field satisfies 𝛽 ∈ 𝑊1,∞(Ω)𝑑 and, for the sake of simplicity,
that ∇ · 𝛽 = 0 almost everywhere in Ω. Furthermore, we assume `(𝑥) ≥ ` > 0 for almost every 𝑥 ∈ Ω

with ` ∈ R. The extension to non-incompressible velocity fields is standard, and essentially requires to
assume a positive lower bound on the quantity ` + 1

2 (∇ · 𝛽) instead of `. The function 𝜎 represents the
diffusive flux function, which we describe below.

For given real number 𝑝 ≥ 1 and integer 𝑛 ≥ 1, we consider the power flux function

𝜎𝑛 : R𝑛 ∋ 𝑥 ↦→ |𝑥 |𝑝−2𝑥 ∈ R𝑛

with |·| denoting the Euclidian norm. In what follows, for the sake of brevity, we omit the subscript when
𝑛 = 𝑑, i.e., we set 𝜎 ≔ 𝜎𝑑 . The following derivations can be extended to more general flux functions
satisfying appropriate 𝑝-monotonicity and 𝑝-continuity properties characterizing Leray–Lions-type
operators and their generalizations; see, e.g., [23, 26].

In what follows, to alleviate the notation, we will use the symbol 𝑐(𝛿) for a generic constant, possibly
different at each occurrence, which depends on the parameter 𝛿 but is independent of the meshsize (see
below), the problem data and solution.

Lemma 1 (Modified monotonicity of the power flux function). Let 𝑝 ∈ (1,∞) and an integer 𝑛 ≥ 1 be
given. For all 𝑥, 𝑦, 𝑧 ∈ R𝑛 and any real number 𝛿 > 0, it holds

(𝜎𝑛 (𝑥) − 𝜎𝑛 (𝑧)) · (𝑥 − 𝑦) ≤ 𝛿(𝜎𝑛 (𝑦) − 𝜎𝑛 (𝑥)) · (𝑦 − 𝑥) + 𝑐(𝛿)
(
|𝑥 | + |𝑧 |

) 𝑝−2 |𝑥 − 𝑧 |2 , (2)

with 𝑐(𝛿) positive constant depending only on 𝑝 and 𝛿.

Proof. Throughout this proof, 𝑎 ≲ 𝑏 means 𝑎 ≤ 𝑏 with hidden constant only depending on 𝑝, while
𝑎 ≃ 𝑏 stands for “𝑎 ≲ 𝑏 and 𝑏 ≲ 𝑎”. Let 𝜑 : R+ ∋ 𝑡 ↦→ 1

𝑝
𝑡 𝑝 ∈ R+ and, for any 𝑎 ≥ 0 and any 𝑡 ≥ 0, let
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𝜑𝑎 (𝑡) ≔
∫ 𝑡

0 𝜑
′(𝑎 + 𝑠) 𝑠

𝑎+𝑠 d𝑠. By [23, Eq. (6.28)], it holds, for all 𝑠, 𝑡 ∈ R+ and all 𝛿 > 0,

𝜑′𝑎 (𝑠)𝑡 + 𝜑′𝑎 (𝑡)𝑠 ≤ 𝛿𝜑𝑎 (𝑠) + 𝑐(𝛿)𝜑𝑎 (𝑡). (3)

Moreover, by [23, Lemma 3], we have, for all 𝑥, 𝑦 ∈ R𝑛,

(𝜎𝑛 (𝑦) − 𝜎𝑛 (𝑥)) · (𝑦 − 𝑥) ≃ 𝜑 |𝑥 | ( |𝑥 − 𝑦 |) ≃ (|𝑥 | + |𝑦 |) 𝑝−2 |𝑥 − 𝑦 |2 (4)

and, as observed in [25, Lemma 2.3], for all 𝑥, 𝑧 ∈ R𝑛,

|𝜎𝑛 (𝑥) − 𝜎𝑛 (𝑧) | ≲ 𝜑′|𝑥 | ( |𝑥 − 𝑧 |). (5)

Let now 𝑥, 𝑦, 𝑧 ∈ R𝑛. Applying (3) with 𝑎 = |𝑥 |, 𝑠 = |𝑥− 𝑦 |, and 𝑡 = |𝑥− 𝑧 |, and noticing that 𝜑′𝑎 (𝑠)𝑡 ≥ 0,
we get

𝜑′|𝑥 | ( |𝑥 − 𝑧 |) |𝑥 − 𝑦 | ≤ 𝛿𝜑 |𝑥 | ( |𝑥 − 𝑦 |) + 𝑐(𝛿)𝜑 |𝑥 | ( |𝑥 − 𝑧 |). (6)

The conclusion follows first observing that (𝜎𝑛 (𝑥) −𝜎𝑛 (𝑧)) · (𝑥− 𝑦) ≤ |𝜎𝑛 (𝑥) −𝜎𝑛 (𝑧) | |𝑥− 𝑦 | and using
(5) to estimate the left-hand side of (2) with the left-hand side of (6), then applying, respectively, the
left-most equivalence in (4) to estimate 𝜑 |𝑥 | ( |𝑥 − 𝑦 |) and the right-most equivalence in (4) to estimate
𝜑 |𝑥 | ( |𝑥 − 𝑧 |) in the right-hand side of (6). □

3 The discrete setting and preliminary results
We denote by Tℎ a mesh of Ω belonging to an admissible sequence {Tℎ}ℎ in the sense of [21, Section
1.4]. For any 𝑇 ∈ Tℎ, we denote by 𝜔𝑇 the union of the mesh elements sharing at least one face with 𝑇 ,
which are collected in the set T𝑇 . We moreover denote by Fℎ the set of faces, partitioned into boundary
faces collected in F b

ℎ
and interfaces collected in F i

ℎ
. Given a face 𝐹 ∈ Fℎ, we denote by T𝐹 the set

of mesh elements sharing 𝐹 and by 𝜔𝐹 their union. Furthermore, for any 𝑇 ∈ Tℎ we denote by F𝑇

the set of its faces. For any mesh element or face 𝑌 ∈ Tℎ ∪ Fℎ, we denote by ℎ𝑌 its diameter and set
ℎ ≔ max𝑇∈Tℎ ℎ𝑇 . Since Tℎ belongs to an admissible mesh sequence, the maximum number of faces of
a mesh element is bounded uniformly in ℎ.

To avoid naming generic constants, from this point on we will use the notation 𝑎 ≲ 𝑏 to express the
inequality 𝑎 ≤ 𝐶𝑏 with 𝐶 independent of the meshsize, of the problem data and solution, but possibly
depending on other quantities including the domain, the ambient dimension 𝑑, the mesh regularity
parameter, and the Sobolev index 𝑝. We will write 𝑎 ≃ 𝑏 in lieu of “𝑎 ≲ 𝑏 and 𝑏 ≲ 𝑎”.
Remark 2 (Polytopal meshes). We underline that the present results apply not only to standard type
of grids, but also to general polytopal meshes. For a few (among many) examples of other polytopal
schemes in a similar context, see for example [8, 10, 17, 19].

3.1 Local and broken spaces
Given a polynomial degree 𝑘 ≥ 0 and a mesh element 𝑇 ∈ Tℎ, we denote by P𝑘 (𝑇) the space spanned
by the restriction to 𝑇 of 𝑑-variate polynomial functions. At the global level, we define the broken
polynomial space

P𝑘 (Tℎ) ≔
{
𝑣ℎ ∈ 𝐿1(Ω) | 𝑣𝑇 ≔ (𝑣ℎ) |𝑇 ∈ P𝑘 (𝑇) for all 𝑇 ∈ Tℎ

}
.

The 𝐿2-orthogonal projector on P𝑘 (Tℎ) is denoted by 𝜋𝑘
ℎ

and is obtained patching together the 𝐿2-
orthogonal projectors 𝜋𝑘

𝑇
on P𝑘 (𝑇), 𝑇 ∈ Tℎ. The same notations are used for vector versions of these

projectors mapping on P𝑘 (Tℎ)𝑑 or P𝑘 (𝑇)𝑑 and acting component-wise. Letting 𝑌 ∈ Tℎ ∪ Fℎ ∪ {Ω},
we denote by𝑊𝑞,𝑝 (𝑌 ) the usual Sobolev space on 𝑌 and we set

𝑊𝑞,𝑝 (Tℎ) ≔
{
𝑣 ∈ 𝐿 𝑝 (Ω) | 𝑣 |𝑇 ∈ 𝑊𝑞,𝑝 (𝑇) for all 𝑇 ∈ Tℎ

}
.
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We will also need broken spaces defined on local patches T𝑌 , 𝑌 ∈ Tℎ ∪ Fℎ, defined in a similar way.
Finally, for the Hilbertian case 𝑝 = 2, we will also use the habitual abridged notations 𝐻𝑞 ≔ 𝑊𝑞,2 and
𝐿2 ≔ 𝐻0.

For future use, for any 𝑝 ∈ (1, +∞) we define the conjugate index 𝑝′ such that

1
𝑝
+ 1
𝑝′

= 1 ⇐⇒ 𝑝′ =
𝑝

𝑝 − 1
. (7)

The above definition can be generalized to 𝑝 ∈ {1,∞} setting 1
∞ ≔ 0 and 1

0 ≔ ∞.

3.2 Trace operators and integration by parts formula
For each interface 𝐹 ∈ F i

ℎ
, we fix once and for all an orientation for the unit normal vector 𝑛𝐹 . Denoting

by 𝑇1 and 𝑇2 the elements sharing 𝐹 ordered so that 𝑛𝐹 points out of 𝑇1, we define the jump and average
operators such that, for any 𝜑 ∈ 𝑊1,1(Tℎ),

[𝜑]𝐹 ≔ 𝜑 |𝑇1 − 𝜑 |𝑇2 , {𝜑}𝐹 ≔
1
2

(
𝜑 |𝑇1 + 𝜑 |𝑇2

)
.

When applied to vector-valued functions, these operators act component-wise. The above operators are
extended to boundary faces 𝐹 ∈ F b

ℎ
setting

[𝜑]𝐹 = {𝜑}𝐹 ≔ 𝜑.

We recall the following integration by parts formula: For all 𝜏 : Ω → R𝑑 and 𝑣 : Ω → R smooth
enough,∫

Ω

𝜏 · ∇ℎ𝑣 = −
∫
Ω

(∇ℎ · 𝜏) 𝑣 +
∑︁
𝐹∈Fi

ℎ

∫
𝐹

{𝜏}𝐹 · 𝑛𝐹 [𝑣]𝐹 +
∑︁
𝐹∈Fi

ℎ

∫
𝐹

[𝜏]𝐹 · 𝑛𝐹 {𝑣}𝐹 +
∫
𝜕Ω

(𝜏 · 𝑛) 𝑣, (8)

where 𝑛 denotes the unit normal vector field on 𝜕Ω pointing out of Ω.

3.3 Jump liftings and discrete gradient
The jumps of smooth enough functions can be lifted to polynomial functions defined overΩ. Specifically,
given an integer 𝑘 ≥ 0, for each 𝐹 ∈ Fℎ we define the local trace lifting 𝑟𝑘

𝐹
: 𝐿1(𝐹) → P𝑘 (Tℎ)𝑑 such

that, for all 𝜓 ∈ 𝐿1(𝐹), ∫
Ω

𝑟𝑘𝐹𝜓 · 𝜏ℎ =

∫
𝐹

𝜓 {𝜏ℎ}𝐹 · 𝑛𝐹 ∀𝜏ℎ ∈ P𝑘 (Tℎ)𝑑 (9)

and we let 𝑅𝑘
ℎ

: 𝑊1,1(Tℎ) → P𝑘 (Tℎ)𝑑 be the global face jumps lifting such that, for any 𝜑 ∈ 𝑊1,1(Tℎ),

𝑅𝑘
ℎ𝜑 ≔

∑︁
𝐹∈Fℎ

𝑟𝑘𝐹 ( [𝜑]𝐹). (10)

Finally, we define the discrete gradient 𝐺𝑘
ℎ

: 𝑊1,1(Tℎ) → 𝐿1(Ω)𝑑 setting

𝐺𝑘
ℎ𝜑 ≔ ∇ℎ𝜑 − 𝑅𝑘

ℎ𝜑, (11)

where ∇ℎ denotes the broken gradient on Tℎ.
For any 𝑝 ∈ [1,∞), we define the following broken norm: For all 𝜑 ∈ 𝑊1, 𝑝 (Tℎ),

∥𝜑∥1, 𝑝,ℎ ≔

(
∥∇ℎ𝜑∥ 𝑝𝐿𝑝 (Ω)𝑑 + |𝜑 |𝑝1, 𝑝,ℎ

) 1
𝑝 with |𝜑 |1, 𝑝,ℎ ≔

©«
∑︁
𝐹∈Fℎ

ℎ
1−𝑝

𝐹
∥ [𝜑]𝐹 ∥ 𝑝𝐿𝑝 (𝐹 )

ª®¬
1
𝑝

, (12)
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which extends as follows to the case 𝑝 = ∞:

∥𝜑∥1,∞,ℎ ≔ ∥∇ℎ𝜑∥𝐿∞ (Ω)𝑑 + |𝜑 |1,∞,ℎ with |𝜑 |1,∞,ℎ ≔ max
𝐹∈Fℎ

ℎ−1
𝐹 ∥ [𝜑]𝐹 ∥𝐿∞ (𝐹 ) . (13)

In local estimates, we will also need the following local versions of the norms (12) and (13): For all
𝑇 ∈ Tℎ and all 𝜑 ∈ 𝑊1, 𝑝 (T𝑇 ),

∥𝜑∥1, 𝑝,𝑇 ≔

(
∥∇ℎ𝜑∥ 𝑝𝐿𝑝 (𝑇 )𝑑 + |𝜑 |𝑝1, 𝑝,𝑇

) 1
𝑝 with |𝜑 |1, 𝑝,𝑇 ≔

( ∑︁
𝐹∈F𝑇

ℎ
1−𝑝

𝐹
∥ [𝜑]𝐹 ∥ 𝑝𝐿𝑝 (𝐹 )

) 1
𝑝

(14)

and
∥𝜑∥1,∞,𝑇 ≔ ∥∇ℎ𝜑∥𝐿∞ (𝑇 )𝑑 + |𝜑 |1,∞,𝑇 with |𝜑 |1,∞,𝑇 ≔ max

𝐹∈F𝑇
ℎ−1
𝐹 ∥ [𝜑]𝐹 ∥𝐿∞ (𝐹 ) .

It is easy to check that, for all 𝜑 ∈ 𝑊1, 𝑝 (Tℎ), 𝑝 ∈ [1,∞],

∥𝜑∥ 𝑝1, 𝑝,ℎ ≃
∑︁
𝑇∈Tℎ

∥𝜑∥ 𝑝1, 𝑝,𝑇 and |𝜑|𝑝1, 𝑝,ℎ ≃
∑︁
𝑇∈Tℎ

|𝜑 |𝑝1, 𝑝,𝑇 .

Lemma 3 (Properties of the jump lifting). It holds, for any integer 𝑘 ≥ 0 and any 𝑝 ∈ [1,∞]:

1. Boundedness. For all 𝜑 ∈ 𝑊1, 𝑝 (Tℎ), it holds

∥𝑟𝑘𝐹 ( [𝜑]𝐹)∥𝐿𝑝 (Ω)𝑑 ≲ ℎ
1−𝑝

𝑝

𝐹
∥ [𝜑]𝐹 ∥𝐿𝑝 (𝐹 ) ∀𝐹 ∈ Fℎ (15)

with the convention that ℎ
1−∞
∞

𝐹
≔ ℎ−1

𝐹
and

∥𝑅𝑘
ℎ𝜑∥𝐿𝑝 (𝑇 )𝑑 ≲ |𝜑 |1, 𝑝,𝑇 ∀𝑇 ∈ Tℎ . (16)

2. Approximation. For any𝑤 ∈ 𝑊1, 𝑝
0 (Ω) (with𝑊1, 𝑝

0 (Ω) denoting the closure of𝐶∞
c (Ω) in𝑊1, 𝑝 (Ω))

such that 𝑤 ∈ 𝑊𝑟+1, 𝑝 (Tℎ) for some 𝑟 ∈ {0, . . . , 𝑘},

∥𝑅𝑘
ℎ𝜋

𝑘
ℎ𝑤∥𝐿𝑝 (𝑇 )𝑑 ≲ ℎ

𝑟
𝑇 |𝑤 |𝑊𝑟+1, 𝑝 (T𝑇 ) ∀𝑇 ∈ Tℎ . (17)

Proof. Proof of (15)–(16). It holds, for all 𝐹 ∈ Fℎ,

∥𝑟𝑘𝐹 ( [𝜑]𝐹)∥𝐿𝑝 (Ω)𝑑 = sup
𝜏∈𝐿𝑝′ (Ω)𝑑\{0}

∫
Ω
𝑟𝑘
𝐹
( [𝜑]𝐹) · 𝜏

∥𝜏∥𝐿𝑝′ (Ω)𝑑

= sup
𝜏∈𝐿𝑝′ (Ω)𝑑\{0}

∫
Ω
𝑟𝑘
𝐹
( [𝜑]𝐹) · 𝜋𝑘ℎ𝜏

∥𝜏∥𝐿𝑝′ (Ω)𝑑

(9)
= sup

𝜏∈𝐿𝑝′ (Ω)𝑑\{0}

∫
𝐹
[𝜑]𝐹{𝜋𝑘ℎ𝜏}𝐹 · 𝑛𝐹
∥𝜏∥𝐿𝑝′ (Ω)𝑑

,

where the introduction of the 𝐿2-orthogonal projector 𝜋𝑘
ℎ

in the second equality is made possible by its
definition. We next write, setting ℎ−

1
𝑝′ ≔ 1 if 𝑝′ = ∞,����∫

𝐹

[𝜑]𝐹{𝜋𝑘ℎ𝜏}𝐹 · 𝑛𝐹
���� ≲ ℎ− 1

𝑝′
𝐹

∥ [𝜑]𝐹 ∥𝐿𝑝 (𝐹 ) ∥𝜋𝑘ℎ𝜏∥𝐿𝑝′ (T𝐹 )𝑑 ≲ ℎ
− 1

𝑝′
𝐹

∥ [𝜑]𝐹 ∥𝐿𝑝 (𝐹 ) ∥𝜏∥𝐿𝑝′ (T𝐹 )𝑑 ,

where we have used a Hölder inequality with exponents (𝑝, 𝑝′,∞) along with the fact that ∥𝑛𝐹 ∥𝐿∞ (𝐹 )𝑑 ≤
1 followed by the discrete trace inequality [18, Lemma 1.32] in the first passage, while the second passage
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is a consequence of the 𝐿 𝑝′-boundedness of the 𝐿2-orthogonal projector (cf. [18, Lemma 1.44]).
Additionally noticing that, by (7), − 1

𝑝′ =
1−𝑝

𝑝
and that ∥𝜏∥𝐿𝑝′ (T𝐹 )𝑑 ≤ ∥𝜏∥𝐿𝑝′ (Ω)𝑑 , yields (15).

Let now 𝑇 ∈ Tℎ. In order to estimate ∥𝑅𝑘
ℎ
𝜑∥𝐿𝑝 (𝑇 )𝑑 , we first recall that, for any 𝐹 ∈ Fℎ, the support

of 𝑟𝑘
𝐹
( [𝜑]𝐹) is 𝜔𝐹 , then use a triangle inequality together with (15), and finally use card(F𝑇 ) ≲ 1:

∥𝑅𝑘
ℎ𝜑∥𝐿𝑝 (𝑇 )𝑑 =

 ∑︁
𝐹∈F𝑇

𝑟𝑘𝐹 ( [𝜑]𝐹)

𝐿𝑝 (𝑇 )𝑑

≲
∑︁
𝐹∈F𝑇

ℎ
1−𝑝

𝑝

𝐹
∥ [𝜑]𝐹 ∥𝐿𝑝 (𝐹 ) ≲ |𝜑 |1, 𝑝,𝑇 ,

which is the bound (16).

Proof of (17). If 𝑝 ∈ [1,∞), using the result proved in the previous point, we can write, for all 𝑇 ∈ Tℎ,

∥𝑅𝑘
ℎ𝜋

𝑘
ℎ𝑤∥

𝑝

𝐿𝑝 (𝑇 )𝑑 ≲
∑︁
𝐹∈F𝑇

ℎ
1−𝑝

𝐹
∥ [𝜋𝑘ℎ𝑤]𝐹 ∥

𝑝

𝐿𝑝 (𝐹 )

=
∑︁
𝐹∈F𝑇

ℎ
1−𝑝

𝐹
∥ [𝜋𝑘ℎ𝑤 − 𝑤]𝐹 ∥ 𝑝𝐿𝑝 (𝐹 ) ≲ ℎ

𝑝𝑟

𝑇

∑︁
𝐹∈F𝑇

|𝑤 |𝑝
𝑊𝑟+1, 𝑝 (T𝐹 ) ,

where, to insert 𝑤 in the second passage, we have used the fact that its jumps vanish across interfaces and
its trace on 𝜕Ω is zero, while the conclusion follows from scaled trace inequalities and approximation
properties of the 𝐿2-orthogonal projector, additionally recalling that ℎ𝑇 ≲ ℎ𝑇 ′ for all 𝑇 ′ ∈ T𝑇 by mesh
regularity. Using card(F𝑇 ) ≲ 1, (17) follows. If 𝑝 = ∞, we have

∥𝑅𝑘
ℎ𝜋

𝑘
ℎ𝑤∥𝐿∞ (𝑇 )𝑑 ≲

∑︁
𝐹∈F𝑇

ℎ−1
𝐹 ∥ [𝜋𝑘ℎ𝑤]𝐹 ∥𝐿∞ (𝐹 ) =

∑︁
𝐹∈F𝑇

ℎ−1
𝐹 ∥ [𝜋𝑘ℎ𝑤 − 𝑤]𝐹 ∥𝐿∞ (𝐹 ) ≲ ℎ

𝑟
𝑇 |𝑤 |𝑊𝑟+1,∞ (T𝑇 ) ,

which concludes the proof. □

Lemma 4 (Approximation properties of the discrete gradient). For all integer 𝑘 ≥ 0, all 𝑝 ∈ [1,∞],
and all 𝑤 ∈ 𝑊1, 𝑝

0 (Ω) ∩𝑊𝑟+1, 𝑝 (Tℎ) with 𝑟 ∈ {0, . . . , 𝑘}, it holds

∥𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤 − ∇𝑤∥𝐿𝑝 (𝑇 )𝑑 ≲ ℎ

𝑟
𝑇 |𝑤 |𝑊𝑟+1, 𝑝 (T𝑇 ) ∀𝑇 ∈ Tℎ . (18)

Proof. Using (11) and a triangle inequality, we obtain

∥𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤 − ∇𝑤∥𝐿𝑝 (𝑇 )𝑑 ≤ ∥∇𝜋𝑘𝑇𝑤 − ∇𝑤∥𝐿𝑝 (𝑇 )𝑑 + ∥𝑅𝑘

ℎ𝜋
𝑘
ℎ𝑤∥𝐿𝑝 (𝑇 )𝑑 .

The conclusion follows using the approximation properties of the 𝐿2-orthogonal projector for the first
term and (17) for the second. □

Remark 5 (Local boundedness of 𝐺𝑘
ℎ
◦ 𝜋𝑘

ℎ
). For any 𝑞 ∈ [1,∞], combining a triangle inequality with

(18) written for 𝑟 = 0, it is readily inferred that, for all 𝜑 ∈ 𝑊1,𝑞 (Tℎ),

∥𝐺𝑘
ℎ𝜋

𝑘
ℎ𝜑∥𝐿𝑞 (𝑇 )𝑑 ≲ |𝜑 |𝑊1,𝑞 (T𝑇 ) ∀𝑇 ∈ Tℎ . (19)

4 Discrete problem and main results
4.1 Discrete problem
From this point on, we let a Sobolev exponent 𝑝 ∈ (1,∞) and polynomial degree 𝑘 ≥ 1 be fixed.
The diffusion term is discretized, similarly to what is proposed in [12], by the function 𝑎ℎ : P𝑘 (Tℎ) ×
P𝑘 (Tℎ) → R such that, for all (𝑤ℎ, 𝑣ℎ) ∈ P𝑘 (Tℎ) × P𝑘 (Tℎ),

𝑎ℎ (𝑤ℎ, 𝑣ℎ) ≔
∫
Ω

𝜎(𝐺𝑘
ℎ𝑤ℎ) · 𝐺𝑘

ℎ𝑣ℎ + 𝑠ℎ (𝑤ℎ, 𝑣ℎ), (20)
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where

𝑠ℎ (𝑤ℎ, 𝑣ℎ) ≔
∑︁
𝐹∈Fℎ

ℎ
1−𝑝

𝐹

∫
𝐹

𝜎1( [𝑤ℎ]𝐹) [𝑣ℎ]𝐹 =
∑︁
𝐹∈Fℎ

ℎ
1−𝑝

𝐹

∫
𝐹

| [𝑤ℎ]𝐹 |𝑝−2 [𝑤ℎ]𝐹 [𝑣ℎ]𝐹 .

The discretization of the advection-reaction terms hinges on the bilinear form 𝑏ℎ : P𝑘 (Tℎ) ×
P𝑘 (Tℎ) → R such that, for all (𝑤ℎ, 𝑣ℎ) ∈ P𝑘 (Tℎ) × P𝑘 (Tℎ),

𝑏ℎ (𝑤ℎ, 𝑣ℎ) = −
∫
Ω

𝑤ℎ (𝛽 · ∇ℎ𝑣ℎ) +
∫
Ω

`𝑤ℎ𝑣ℎ +
∑︁
𝐹∈Fℎ

∫
𝐹

(𝛽 · 𝑛𝐹){𝑤ℎ}𝐹 [𝑣ℎ]𝐹

+ 1
2

∑︁
𝐹∈Fℎ

𝛽𝐹

∫
𝐹

[𝑤ℎ]𝐹 [𝑣ℎ]𝐹 ,
(21)

where, for all 𝐹 ∈ Fℎ, we have introduced the face reference velocity

𝛽𝐹 ≔ ∥𝛽 · 𝑛𝐹 ∥𝐿∞ (𝐹 ) .

Notice that the stabilization term is not the classical upwind, but rather a stronger version based on
the reinterpretation as jump penalty provided in [11].
Remark 6 (Generalizations). The bilinear form 𝑏ℎ includes suitable terms that will be used to control
the diffusive and advection terms on advection-dominated faces. The above formulation (and, in
many cases, also the theoretical results that follow) could be easily extended to other choices, such as
including cross-wind or making 𝛽𝐹 dependent on some computable estimate of the local Péclet number.
In particular, one could switch to standard upwind stabilization on boundary faces to correctly treat
boundary conditions in the vanishing diffusion case.

The discrete problem reads: Find 𝑢ℎ ∈ P𝑘 (Tℎ) such that

𝑎ℎ (𝑢ℎ, 𝑣ℎ) + 𝑏ℎ (𝑢ℎ, 𝑣ℎ) =
∫
Ω

𝑓 𝑣ℎ ∀𝑣ℎ ∈ P𝑘 (Tℎ). (22)

4.2 Main results
In this section we collect the main results of the analysis of problem (22). The error estimate accounts
for the different regimes in each mesh element/face, as identified by local Péclet numbers (for a similar
local approach in a different context, see, for instance, [17]).

4.2.1 Dimensionless numbers and reference quantities

In order to state these convergence results, we need to define here key reference quantities and dimen-
sionless numbers. For any function 𝑤 ∈ 𝑊1, 𝑝 (Ω) and any mesh element 𝑇 ∈ Tℎ, we define the element
Péclet number as follows. If 𝛽𝑇 ≔ ∥𝛽∥𝐿∞ (𝑇 )𝑑 vanishes, we set Pe𝑇 (𝑤) = 0; otherwise,

Pe𝑇 (𝑤) ≔
𝛽𝑇ℎ𝑇

�̂�𝑇 (𝑤)
with �̂�𝑇 (𝑤) ≔ ∥|∇𝑤 |𝑝−2∥𝐿∞ (T𝑇 ) , (23)

with the convention that �̂�𝑇 (𝑤) = +∞ (and thus Pe𝑇 (𝑤) = 0) if the restriction of |∇𝑤 |𝑝−2 is not in
𝐿∞(𝜔𝑇 ). Furthermore, we define the reference time:

𝜏𝑇 ≔
1

max(∥`∥𝐿∞ (𝑇 ) , |𝛽 |𝑊1,∞ (𝑇 )𝑑 )
. (24)
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Similarly, for any 𝐹 ∈ Fℎ, we define the face Péclet number as follows. If 𝛽𝐹 = 0, we set Pe𝐹 (𝑤) = 0;
otherwise

Pe𝐹 (𝑤) ≔
𝛽𝐹ℎ𝐹

�̂�𝐹 (𝑤)
with �̂�𝐹 (𝑤) ≔ max

(
∥|∇𝑤 |𝑝−2∥𝐿∞ (𝐹 ) , ℎ

2−𝑝

𝐹
∥| [𝜋𝑘ℎ𝑤]𝐹 |

𝑝−2∥𝐿∞ (𝐹 )
)
, (25)

where again �̂�𝐹 (𝑤) = +∞ (and thus Pe𝐹 (𝑤) = 0) whenever the involved functions are not in 𝐿∞(𝐹).
Notice that the face Péclet number accounts for the fact that the stabilization term introduces

additional numerical diffusion. In practical situations, this numerical diffusion can be expected to be
small compared to the physical one.

We partition the sets of mesh elements and faces based on the values of the local Péclet numbers.
Specifically, given a smooth enough function 𝑤 : Ω → R, we set

T a
ℎ (𝑤) ≔ {𝑇 ∈ Tℎ | Pe𝑇 (𝑤) > 1} , T d

ℎ (𝑤) ≔ Tℎ \ T a
ℎ (𝑤),

F a
ℎ (𝑤) ≔ {𝐹 ∈ Fℎ | Pe𝐹 (𝑤) > 1} , F d

ℎ (𝑤) ≔ Fℎ \ F a
ℎ (𝑤).

4.2.2 Norms

The relevant norm for the analysis of the diffusion terms is ∥·∥1, 𝑝,ℎ (cf. (12)) as well its restriction to an
element 𝑇 ∈ Tℎ (cf. (14)). The norm for the advective and reactive terms is, on the other hand, given by

∥𝑣ℎ∥𝛽,`,ℎ ≔
©«1

2

∑︁
𝐹∈Fℎ

𝛽𝐹 ∥ [𝑣ℎ]𝐹 ∥2
𝐿2 (𝐹 ) + ∥` 1

2 𝑣ℎ∥2
𝐿2 (Ω)

ª®¬
1
2

∀𝑣ℎ ∈ P𝑘 (Tℎ). (26)

This choice of advection-reaction norm is justified as follows. By standard arguments (which essentially
amount to applying the integration by parts formula (8) with (𝜏, 𝑣) = (𝛽𝑤ℎ, 𝑣ℎ) to the first term in the
right-hand side of (21), using the continuity of 𝛽 · 𝑛𝐹 across interfaces, and recalling that ∇ · 𝛽 = 0), it
is easy to check that

𝑏ℎ (𝑣ℎ, 𝑣ℎ) = ∥𝑣ℎ∥2
𝛽,`,ℎ ∀𝑣ℎ ∈ P𝑘 (Tℎ), (27)

showing that 𝑏ℎ is coercive with respect to the norm defined by (26) with coercivity constant equal to 1.

4.2.3 Error estimate

The following theorem contains an estimate of the error between the solution of the discrete problem
(22) and the projection of the continuous solution that tracks the dependence of the convergence rate on
the local regime. We remark that the regularity conditions required below for 𝑢 are implied, for instance,
by the simpler but less sharp requirement 𝑤 ∈ 𝑊1, 𝑝 (Ω) ∩𝑊𝑟+1, 𝑝 (Tℎ) with 𝑝 = max {2, 2𝑝 − 2, 𝑝′}.

Theorem 7 (Convergence). Denote, respectively, by 𝑢 ∈ 𝑊1, 𝑝 (Ω) and by 𝑢ℎ ∈ P𝑘 (Tℎ) the solutions
of the weak formulation of problem (1) and of the discrete problem (22). Additionally assume that, for
some 𝑟 ∈ {0, . . . , 𝑘},

• 𝑢 |𝜔𝑇
∈ 𝑊𝑟+1, 𝑝 (T𝑇 ) for all 𝑇 ∈ T d

ℎ
(𝑢);

• 𝑢 |𝑇 ∈ 𝐻𝑟+1(𝑇) for all 𝑇 ∈ Tℎ;

• 𝑢 |𝜔𝐹
∈ 𝑊𝑟+1, 𝑝 (T𝐹) ∩𝑊𝑟+1, 𝑝′ (T𝐹) and 𝜎(∇𝑢) |𝜔𝐹

∈ 𝑊𝑟 , 𝑝′ (T𝐹)𝑑 for all 𝐹 ∈ F d
ℎ
(𝑢);

• 𝑢 |𝜔𝐹
∈ 𝐻𝑟+1(T𝐹) and 𝜎(∇𝑢) |𝜔𝐹

∈ 𝐻𝑟+ 1
2 (T𝐹)𝑑 for all 𝐹 ∈ F a

ℎ
(𝑢).
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Then, letting

𝑞 ≔

{
2 if 𝑝 < 2,
𝑝 if 𝑝 ≥ 2,

(28)

it holds

∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
𝑞

1, 𝑝,ℎ + ∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
2
𝛽,`,ℎ

≲
∑︁
𝑇∈Tℎ

𝜏−2
𝑇 `−1

𝑇
ℎ

2(𝑟+1)
𝑇

|𝑢 |2
𝐻𝑟+1 (𝑇 )

+
∑︁

𝑇∈Ta
ℎ
(𝑢)
𝛽𝑇ℎ

2𝑟+1
𝑇 |𝑢 |2

𝐻𝑟+1 (𝑇 ) +
∑︁

𝑇∈Td
ℎ
(𝑢)

{
ℎ
𝑟 𝑝

𝑇
|𝑢 |𝑝

𝑊𝑟+1, 𝑝 (T𝑇 )
if 𝑝 < 2

ℎ2𝑟
𝑇
|𝑢 |2

𝑊𝑟+1, 𝑝 (T𝑇 )
if 𝑝 ≥ 2

+
∑︁

𝐹∈Fa
ℎ
(𝑢)
ℎ2𝑟+1
𝐹

(
�̂�𝐹 (𝑢)−1 |𝜎(∇𝑢) |2

𝐻
𝑟+ 1

2 (T𝐹 )𝑑
+ 𝛽𝐹 |𝑢 |2𝐻𝑟+1 (T𝐹 )

)
+

∑︁
𝐹∈Fd

ℎ
(𝑢)

ℎ
𝑟 𝑝

𝐹
|𝑢 |𝑝

𝑊𝑟+1, 𝑝 (T𝐹 )

+


∑︁
𝐹∈Fd

ℎ
(𝑢)

ℎ
𝑟 𝑝′

𝐹

(
|𝜎(∇𝑢) |𝑝

′

𝑊𝑟,𝑝′ (T𝐹 )𝑑 + �̂�𝐹 (𝑢) 𝑝
′ |𝑢 |𝑝

′

𝑊𝑟+1, 𝑝′ (T𝐹 )

)
𝑞′
𝑝′

.

(29)

Proof. See Section 5.3. □

The above convergence result is fully local, being able to deliver sharp estimates also in situations
where diffusion or advection dominate in different areas of the domain. This feature is particularly
important in the present nonlinear situation, where the distinction among the two cases depends on the
solution itself and not only on some data given a priori. Notice that, for the sake of conciseness, here
we do not consider the trivial case of dominating reaction.

For the more interesting case 𝑝 < 2, the above estimates are “optimal” in the sense that, for regular
solutions, the bound yields the same asymptotic order of convergence as for conforming Finite Element
(FE) schemes, i.e., O(ℎ

𝑟 𝑝

2 ) [5, 25]. Furthermore, in the pre-asymptotic regime, our estimate underlines
a better error reduction rate in the areas of the domain where advection dominates (behaving as ℎ𝑟+ 1

2 ).
In this respect, note that the negative power of �̂�𝐹 appearing in the bound above is balanced by the
associated 𝜎 term, see Remark 10. The case 𝑝 = 2 corresponds to a linear diffusion-advection-reaction
problem, for which classical estimates are recovered (see, e.g., [3, 22] and also [21, Section 4.6]). In
the case 𝑝 > 2, the same observations apply, except for the fact that the asymptotic convergence rate
now compares unfavorably to the conforming FE case, due to the presence of an O(ℎ𝑟 𝑝′) term in the
right hand side (to be compared with O(ℎ2𝑟 )). This aspect could be possibly improved by introducing a
stronger jump term 𝑠ℎ (which, on the other, hand would lead to a weaker pre-asymptotic reduction rate
in advection dominated regimes) or by introducing some suitable tweaks in the analysis, see Remark 12.

5 Theoretical analysis
5.1 Properties of the diffusion function
Lemma 8 (Stability of 𝑎ℎ). For any 𝑤ℎ, 𝑣ℎ ∈ P𝑘 (Tℎ), recalling the definition (28) of 𝑞 and assuming
that ∥𝑤ℎ∥1, 𝑝,ℎ + ∥𝑣ℎ∥1, 𝑝,ℎ ≲ 1 if 𝑝 < 2, there exists 𝐶𝑎 independent of ℎ (but possibly depending on
Ω, 𝑝, and the mesh regularity parameter) such that

𝐶𝑎∥𝑤ℎ − 𝑣ℎ∥𝑞1, 𝑝,ℎ ≲ 𝑎ℎ (𝑤ℎ, 𝑤ℎ − 𝑣ℎ) − 𝑎ℎ (𝑣ℎ, 𝑤ℎ − 𝑣ℎ). (30)

Proof. The proof is a straightforward adaptation of the monotonicity properties of 𝜎 and the arguments
of [18, Point (ii) of Theorem 6.19]. □
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We start by estimating the error stemming from the diffusion term.

Lemma 9 (Estimate of the discrete diffusion error). Let𝑤 ∈ 𝑊1, 𝑝 (Ω) be such that𝜎(∇𝑤) ∈ 𝑊1, 𝑝′ (Tℎ)𝑑
and ∇ ·𝜎(∇𝑤) ∈ 𝐿 𝑝′ (Ω). Let’s define the diffusion error linear form E𝑘

𝑎,ℎ
: P𝑘 (Tℎ) → R such that, for

all 𝑣ℎ ∈ P𝑘 (Tℎ),
E𝑘
𝑎,ℎ (𝑤; 𝑣ℎ) ≔ −

∫
Ω

∇ · 𝜎(∇𝑤) 𝑣ℎ − 𝑎ℎ (𝜋𝑘ℎ𝑤, 𝑣ℎ). (31)

Additionally assume that, for some 𝑟 ∈ {0, . . . , 𝑘},
• 𝑤 |𝜔𝑇

∈ 𝑊𝑟+1, 𝑝 (T𝑇 ) for all 𝑇 ∈ T d
ℎ
(𝑤);

• 𝑤 |𝑇 ∈ 𝐻𝑟+1(𝑇) for all 𝑇 ∈ T a
ℎ
(𝑤);

• 𝑤 |𝜔𝐹
∈ 𝑊𝑟+1, 𝑝 (T𝐹) and 𝜎(∇𝑤) |𝜔𝐹

∈ 𝑊𝑟 , 𝑝′ (T𝐹)𝑑 for all 𝐹 ∈ F d
ℎ
(𝑤);

• 𝑤 |𝜔𝐹
∈ 𝐻𝑟+1(T𝐹) and 𝜎(∇𝑤) |𝜔𝐹

∈ 𝐻𝑟+ 1
2 (T𝐹)𝑑 for all 𝐹 ∈ F a

ℎ
(𝑤).

Then, recalling (28), it holds, for any 𝑤ℎ ∈ P𝑘 (Tℎ) and any real number 𝛿 > 0,

E𝑘
𝑎,ℎ (𝑤;𝑤ℎ − 𝜋𝑘ℎ𝑤)

≤ 𝛿
(
𝑎ℎ (𝑤ℎ, 𝑤ℎ − 𝜋𝑘ℎ𝑤) − 𝑎ℎ (𝜋

𝑘
ℎ𝑤, 𝑤ℎ − 𝜋𝑘ℎ𝑤) + |𝑤ℎ − 𝜋𝑘ℎ𝑤 |

𝑞

1, 𝑝,ℎ + ∥𝑤ℎ − 𝜋𝑘ℎ𝑤∥
2
𝛽,`,ℎ

)
+ 𝑐(𝛿)

©«
∑︁

𝑇∈Ta
ℎ
(𝑤)

𝛽𝑇ℎ
2𝑟+1
𝑇 |𝑤 |2

𝐻𝑟+1 (𝑇 ) +
∑︁

𝑇∈Td
ℎ
(𝑤)

{
ℎ
𝑟 𝑝

𝑇
|𝑤 |𝑝

𝑊𝑟+1, 𝑝 (T𝑇 )
if 𝑝 < 2

ℎ2𝑟
𝑇
|𝑤 |2

𝑊𝑟+1, 𝑝 (T𝑇 )
if 𝑝 ≥ 2

ª®®¬
+ 𝑐(𝛿)

∑︁
𝐹∈Fa

ℎ
(𝑤)

�̂�−1
𝐹 (𝑤)ℎ2𝑟+1

𝐹 |𝜎(∇𝑤) |2
𝐻

𝑟+ 1
2 (T𝐹 )𝑑

+ 𝑐(𝛿)
©«

∑︁
𝐹∈Fd

ℎ
(𝑤)

ℎ
𝑟 𝑝′

𝐹
|𝜎(∇𝑤) |𝑝

′

𝑊𝑟,𝑝′ (T𝐹 )

ª®®¬
𝑞′
𝑝′

+ 𝑐(𝛿)
©«

∑︁
𝐹∈Fa

ℎ
(𝑤)

𝛽𝐹ℎ
2𝑟+1
𝐹 |𝑤 |2

𝐻𝑟+1 (T𝐹 ) +
∑︁

𝐹∈Fd
ℎ
(𝑤)

ℎ
𝑟 𝑝

𝐹
|𝑤 |𝑝

𝑊𝑟+1, 𝑝 (T𝐹 )

ª®®¬ ,

(32)

with 𝑐(𝛿) independent of the particular mesh in {Tℎ}ℎ and the function 𝑤.

Proof. Let, for the sake of brevity,
𝑣ℎ ≔ 𝑤ℎ − 𝜋𝑘ℎ𝑤.

Using the integration by parts formula (8) for the first term in the right-hand side of (31) along with the fact
that [𝜎(∇𝑤)]𝐹 ·𝑛𝐹 vanishes for all 𝐹 ∈ F i

ℎ
(which expresses the continuity of normal fluxes), expanding

𝑎ℎ according to its definition (20), adding 0 =
∫
Ω
𝜋𝑘
ℎ
𝜎(∇𝑤) · 𝑅𝑘

ℎ
𝑣ℎ −

∑
𝐹∈Fℎ

∫
𝐹
{𝜋𝑘

ℎ
𝜎(∇𝑤)}𝐹 · 𝑛𝐹 [𝑣ℎ]𝐹

(cf. (10) and (9)), and adding and subtracting
∫
Ω
𝜎(∇𝑤) ·𝑅𝑘

ℎ
𝑣ℎ, we arrive at the following decomposition

of the error:
E𝑘
𝑎,ℎ (𝑤; 𝑣ℎ)

=

∫
Ω

[
𝜎(𝐺𝑘

ℎ𝜋
𝑘
ℎ𝑤) − 𝜎(∇𝑤)

]
· 𝐺𝑘

ℎ (𝜋
𝑘
ℎ𝑤 − 𝑤ℎ)︸                                                      ︷︷                                                      ︸

𝔗1

−
∑︁
𝐹∈Fℎ

∫
𝐹

{𝜎(∇𝑤) − 𝜋𝑘ℎ𝜎(∇𝑤)}𝐹 · 𝑛𝐹 [𝑣ℎ]𝐹︸                                                    ︷︷                                                    ︸
𝔗2

+
(((((((((((((((∫
Ω

[
𝜎(∇𝑤) − 𝜋𝑘ℎ𝜎(∇𝑤)

]
· 𝑅𝑘

ℎ𝑣ℎ + 𝑠ℎ (𝜋
𝑘
ℎ𝑤, 𝜋

𝑘
ℎ𝑤 − 𝑤ℎ),︸                    ︷︷                    ︸

𝔗3
(33)
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where the cancellation follows from the definition of 𝜋𝑘
ℎ

after recalling that 𝑅𝑘
ℎ
𝑣ℎ ∈ P𝑘 (Tℎ)𝑑 . We next

proceed to estimate the other terms in the right-hand side.

Estimate of 𝔗1. For the first term, we start by writing 𝔗1 =
∑

𝑇∈Tℎ 𝔗1(𝑇) and consider a single 𝑇 ∈ Tℎ.
Using the bound (2) with 𝑛 = 𝑑 and (𝑥, 𝑦, 𝑧) = (𝐺𝑘

ℎ
𝜋𝑘
ℎ
𝑤,𝐺𝑘

ℎ
𝑤ℎ,∇𝑤) and recalling that 𝑣ℎ = 𝑤ℎ − 𝜋𝑘ℎ𝑤,

we obtain

𝔗1(𝑇) ≤ 𝛿
(∫

𝑇

𝜎(𝐺𝑘
ℎ𝑤ℎ) · 𝐺𝑘

ℎ𝑣ℎ −
∫
𝑇

𝜎(𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤) · 𝐺

𝑘
ℎ𝑣ℎ

)
+ 𝑐(𝛿)𝔗1,err(𝑇), (34)

where
𝔗1,err(𝑇) ≔

∫
𝑇

( |∇𝑤 | + |𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤 |)

𝑝−2 |∇𝑤 − 𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤 |

2.

We now distinguish between diffusion-dominated and advection-dominated elements of the mesh to
estimate 𝔗1,err(𝑇).

Let first 𝑇 ∈ T d
ℎ
(𝑤). In the case 𝑝 < 2, we use the fact that |∇𝑤 − 𝐺𝑘

ℎ
𝜋𝑘
ℎ
𝑤 | ≤ |∇𝑤 | + |𝐺𝑘

ℎ
𝜋𝑘
ℎ
𝑤 |

almost everywhere in 𝑇 along with the fact that R+ ∋ 𝑥 ↦→ 𝑥𝑝−2 ∈ R is strictly decreasing to write

𝔗1,err(𝑇) ≤
∫
𝑇

|∇𝑤 − 𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤 |

𝑝 = ∥∇𝑤 − 𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤∥

𝑝

𝐿𝑝 (𝑇 )𝑑
(18)
≲ ℎ

𝑟 𝑝

𝑇
|𝑤 |𝑝

𝑊𝑟+1, 𝑝 (T𝑇 )
. (35)

In the case 𝑝 ≥ 2, on the other hand, we apply a Hölder inequality with exponents
(

𝑝

𝑝−2 ,
𝑝

2

)
and a

triangle inequality to write

𝔗1,err(𝑇) ≲
(
∥∇𝑤∥𝐿𝑝 (𝑇 )𝑑 + ∥𝐺𝑘

ℎ𝜋
𝑘
ℎ𝑤∥𝐿𝑝 (𝑇 )𝑑

) 𝑝−2
∥∇𝑤 − 𝐺𝑘

ℎ𝜋
𝑘
ℎ𝑤∥

2
𝐿𝑝 (𝑇 )𝑑

(19), (18)
≲ ∥∇𝑤∥ 𝑝−2

𝐿𝑝 (T𝑇 )𝑑
ℎ2𝑟
𝑇 |𝑤 |2

𝑊𝑟+1, 𝑝 (T𝑇 ) ≲ ℎ
2𝑟
𝑇 |𝑤 |2

𝑊𝑟+1, 𝑝 (T𝑇 ) ,

(36)

where the conclusion follows from the assumption ∥∇𝑤∥𝐿𝑝 (Ω)𝑑 ≲ 1.
Let now 𝑇 ∈ T a

ℎ
(𝑤). We first consider the case 𝑝 < 2. Using again the fact that R+ ∋ 𝑥 ↦→

𝑥𝑝−2 ∈ R is stricly decreasing, then applying a Hölder inequality with exponents (∞, 1) and using
the approximation properties (18) of 𝐺𝑘

ℎ
◦ 𝜋𝑘

ℎ
, and finally recalling that Pe𝑇 (𝑤) > 1 (cf. (23) for its

definition), we have

𝔗1,err(𝑇) ≲
∫
𝑇

|∇𝑤 |𝑝−2 |∇𝑤 − 𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤 |

2 ≲ ∥|∇𝑤 |𝑝−2∥𝐿∞ (𝑇 ) ∥∇𝑤 − 𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤∥

2
𝐿2 (𝑇 )𝑑

≲ �̂�𝑇 (𝑤)ℎ2𝑟
𝑇 |𝑤 |2

𝐻𝑟+1 (𝑇 ) ≤ 𝛽𝑇ℎ
2𝑟+1
𝑇 |𝑤 |2

𝐻𝑟+1 (𝑇 ) .
(37)

In the case 𝑝 ≥ 2, on the other hand, the local boundedness (19) of 𝐺𝑘
ℎ
◦ 𝜋𝑘

ℎ
with 𝑞 = ∞ along with the

definition (23) of �̂�𝑇 (𝑤) easily leads to

𝔗1,err(𝑇) ≲ �̂�𝑇 (𝑤)ℎ2𝑟
𝑇 |𝑤 |2

𝐻𝑟+1 (𝑇 ) ≲ 𝛽𝑇ℎ
2𝑟+1
𝑇 |𝑤 |2

𝐻𝑟+1 (𝑇 ) , (38)

where the conclusion follows again using Pe𝑇 (𝑤) > 1.
Plugging the estimates (35), (36), (37), and (38) into (34), we arrive at

𝔗1 ≤ 𝛿
(∫

Ω

𝜎(𝐺𝑘
ℎ𝑤ℎ) · 𝐺𝑘

ℎ𝑣ℎ −
∫
Ω

𝜎(𝐺𝑘
ℎ𝜋

𝑘
ℎ𝑤) · 𝐺

𝑘
ℎ𝑣ℎ

)
+ 𝑐(𝛿)

∑︁
𝑇∈Ta

ℎ
(𝑤)

𝛽𝑇ℎ
2𝑟+1
𝑇 |𝑤 |2

𝐻𝑟+1 (𝑇 ) + 𝑐(𝛿)
∑︁

𝑇∈Td
ℎ
(𝑤)

{
ℎ
𝑟 𝑝

𝑇
|𝑤 |𝑝

𝑊𝑟+1, 𝑝 (T𝑇 )
if 𝑝 < 2,

ℎ2𝑟
𝑇
|𝑤 |2

𝑊𝑟+1, 𝑝 (T𝑇 )
if 𝑝 ≥ 2.

(39)
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Estimate of 𝔗2. For the second term, we write 𝔗2 =
∑

𝐹∈Fℎ
𝔗2(𝐹) and, for all 𝐹 ∈ F d

ℎ
(𝑤), we estimate

𝔗2(𝐹) as follows:

𝔗2(𝐹) ≤ ∥{𝜎(∇𝑤) − 𝜋𝑘ℎ𝜎(∇𝑤)}𝐹 ∥𝐿𝑝′ (𝐹 )𝑑 ∥ [𝑣ℎ]𝐹 ∥𝐿𝑝 (𝐹 )

≲ ℎ
𝑟− 1

𝑝′ +
𝑝−1
𝑝

𝐹
|𝜎(∇𝑤) |𝑊𝑟,𝑝′ (T𝐹 ) ℎ

1−𝑝

𝑝

𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿𝑝 (𝐹 )

(7)
= ℎ𝑟𝐹 |𝜎(∇𝑤) |𝑊𝑟,𝑝′ (T𝐹 ) ℎ

1−𝑝

𝑝

𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿𝑝 (𝐹 ) ,

(40)

where we have used a triangle inequality along with the approximation properties of the 𝐿2-orthogonal
projector to treat the first factor in the passage to the second line.

For 𝐹 ∈ F a
ℎ
(𝑤), on the other hand, we first notice that 𝛽𝐹 ≠ 0 and then use a Cauchy–Schwarz

inequality to write

𝔗2(𝐹) ≤ 𝛽
− 1

2
𝐹

∥{𝜎(∇𝑤) − 𝜋𝑘ℎ𝜎(∇𝑤)}𝐹 ∥𝐿2 (𝐹 )𝑑 𝛽
1
2
𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿2 (𝐹 )

≲ 𝛽
− 1

2
𝐹
ℎ𝑟𝐹 |𝜎(∇𝑤) |𝐻𝑟+ 1

2 (T𝐹 )𝑑
𝛽

1
2
𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿2 (𝐹 )

≲ �̂�
− 1

2
𝐹

(𝑤)ℎ𝑟+
1
2

𝐹
|𝜎(∇𝑤) |

𝐻
𝑟+ 1

2 (T𝐹 )𝑑
𝛽

1
2
𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿2 (𝐹 ) ,

(41)

where we have used the fact that Pe𝐹 (𝑤) > 1 to conclude.
Gathering the above bounds and applying a Hölder inequality with exponents (𝑝′, 𝑝) on the sum

over 𝐹 ∈ F d
ℎ
(𝑤), a Cauchy–Schwarz inequality on the sum over 𝐹 ∈ F a

ℎ
(𝑤), and using a generalized

Young inequality with exponents (𝑞′, 𝑞), we get

𝔗2 ≤ 𝛿
(
|𝑣ℎ |𝑞1, 𝑝,ℎ + ∥𝑣ℎ∥2

𝛽,`,ℎ

)
+ 𝑐(𝛿)

∑︁
𝐹∈Fa

ℎ
(𝑤)

�̂�−1
𝐹 (𝑤)ℎ2𝑟+1

𝐹 |𝜎(∇𝑤) |2
𝐻

𝑟+ 1
2 (T𝐹 )𝑑

+ 𝑐(𝛿)
©«

∑︁
𝐹∈Fd

ℎ
(𝑤)

ℎ
𝑟 𝑝′

𝐹
|𝜎(∇𝑤) |𝑝

′

𝑊𝑟,𝑝′ (T𝐹 )

ª®®¬
𝑞′
𝑝′

.

(42)

Estimate of 𝔗3. Finally, for the third term, we write again 𝔗3 =
∑

𝐹∈Fℎ
𝔗3(𝐹). We then first recall that

[𝑤]𝐹 = 0 and then apply (2) with 𝑛 = 1 and (𝑥, 𝑦, 𝑧) = ( [𝜋𝑘
𝑘
𝑤]𝐹 , [𝑤ℎ]𝐹 , [𝑤]𝐹), additionally using the

fact that 𝑣ℎ = 𝑤ℎ − 𝜋𝑘ℎ𝑤; we obtain that, for all positive 𝛿,

𝔗3(𝐹) = ℎ1−𝑝

𝐹

∫
𝐹

(𝜎1( [𝜋𝑘ℎ𝑤]𝐹) − 𝜎1( [𝑤]𝐹)) [𝜋𝑘ℎ𝑤 − 𝑤ℎ]𝐹

≤ 𝛿
(
ℎ

1−𝑝

𝐹

∫
𝐹

𝜎1( [𝑤ℎ]𝐹) [𝑣ℎ]𝐹 − ℎ1−𝑝

𝐹

∫
𝐹

𝜎1( [𝜋𝑘ℎ𝑤]𝐹) [𝑣ℎ]𝐹
)
+ 𝑐(𝛿)𝔗3,err(𝐹),

with
𝔗3,err(𝐹) ≔ ℎ

1−𝑝

𝐹

∫
𝐹

( | [𝜋𝑘ℎ𝑤]𝐹 | + | [𝑤]𝐹 |) 𝑝−2 | [𝑤 − 𝜋𝑘ℎ𝑤]𝐹 |
2.

For 𝐹 ∈ F d
ℎ
(𝑤), this term is bounded trivially recalling that [𝑤]𝐹 = 0:

𝔗3,err(𝐹) = ℎ1−𝑝

𝐹

∫
𝐹

| [𝜋𝑘ℎ𝑤 − 𝑤]𝐹 |𝑝 = ℎ
1−𝑝

𝐹
∥ [𝜋𝑘ℎ𝑤 − 𝑤]𝐹 ∥ 𝑝𝐿𝑝 (𝐹 ) ≲ ℎ

𝑟 𝑝

𝐹
|𝑤 |𝑝

𝑊𝑟+1, 𝑝 (T𝐹 ) .
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For 𝐹 ∈ F a
ℎ
(𝑤), on the other hand, recalling again that [𝑤]𝐹 = 0 and using a Hölder inequality with

exponents (∞, 1), we have

𝔗3,err(𝐹) ≤ ℎ
1−𝑝

𝐹
∥| [𝜋𝑘ℎ𝑤]𝐹 |

𝑝−2∥𝐿∞ (𝐹 ) ∥ [𝜋𝑘ℎ𝑤 − 𝑤]𝐹 ∥2
𝐿2 (𝐹 )

(25)
≤ �̂�𝐹 (𝑤)

ℎ𝐹
∥ [𝜋𝑘ℎ𝑤 − 𝑤]𝐹 ∥2

𝐿2 (𝐹 ) ≲ 𝛽𝐹ℎ
2𝑟+1
𝐹 |𝑤 |2

𝐻𝑟+1 (T𝐹 ) ,

where the conclusion follows using the fact that Pe−1
𝐹 (𝑤) < 1 for the first factor and a triangle inequality

followed by the approximation properties of 𝜋𝑘
ℎ

for the second.
Gathering the above estimates, we arrive at the following bound for 𝔗3:

𝔗3 ≤ 𝛿
(
𝑠ℎ (𝑤ℎ, 𝑣ℎ) − 𝑠ℎ (𝜋𝑘ℎ𝑤, 𝑣ℎ)

)
+ 𝑐(𝛿)

∑︁
𝐹∈Fa

ℎ
(𝑤)

𝛽𝐹ℎ
2𝑟+1
𝐹 |𝑤 |2

𝐻𝑟+1 (T𝐹 ) + 𝑐(𝛿)
∑︁

𝐹∈Fd
ℎ
(𝑤)

ℎ
𝑟 𝑝

𝐹
|𝑤 |𝑝

𝑊𝑟+1, 𝑝 (T𝐹 ) .
(43)

Conclusion. Plugging (39), (42), and (43) into (33) and recalling that, in each of these estimates, 𝛿 > 0
is arbitrary, the conclusion follows. □

Remark 10 (Negative power of �̂�𝐹). As already mentioned, the negative power of �̂�𝐹 appearing in
bound (32) is balanced by the associated 𝜎 regularity term. The �̂�−1

𝐹
stems from equation (41). The

fact that the associated term 𝔗2(𝐹), 𝐹 ∈ F a
ℎ
(𝑤), cannot lead to an arbitrarily large contribution to the

error becomes clear by bounding such term as in (40) instead of (41) (that is, using the diffusive part of
the norm instead of the advective one). Here, we decided to use (41) in order to clearly underline the
faster pre-asymptotic reduction rate occurring in advection dominated cases.

5.2 Properties of the advection-reaction bilinear form
We now estimate the error stemming from the advection component of the equation.

Lemma 11 (Estimate of the discrete advection-reaction error). Let 𝑤 ∈ 𝑊1, 𝑝 (Ω) and define the
advection-reaction error linear form E𝑘

𝑏,ℎ
(𝑤; 𝑣ℎ) : P𝑘 (Tℎ) → R such that, for all 𝑣ℎ ∈ P𝑘 (Tℎ),

E𝑘
𝑏,ℎ (𝑤; 𝑣ℎ) ≔

∫
Ω

∇ · (𝛽𝑤)𝑣ℎ +
∫
Ω

`𝑤𝑣ℎ − 𝑏ℎ (𝜋𝑘ℎ𝑤, 𝑣ℎ). (44)

Additionally assume that 𝑤 ∈ 𝐻𝑟+1(Tℎ) and 𝑤 |𝜔𝐹
∈ 𝑊𝑟+1, 𝑝′ (T𝐹) for all 𝐹 ∈ F d

ℎ
(𝑤) for some

𝑟 ∈ {0, . . . , 𝑘}. Then, with 𝑞 as in (28), it holds, for any 𝑤ℎ ∈ P𝑘 (Tℎ) and any real number 𝛿 > 0,

E𝑘
𝑏,ℎ (𝑤;𝑤ℎ − 𝜋𝑘ℎ𝑤) ≤ 𝛿

(
|𝑤ℎ − 𝜋𝑘ℎ𝑤 |

𝑞

1, 𝑝,ℎ + ∥𝑤ℎ − 𝜋𝑘ℎ𝑤∥
2
𝛽,`,ℎ

)
+ 𝑐(𝛿) ©«

∑︁
𝑇∈Tℎ

𝜏−2
𝑇 `−1

𝑇
ℎ

2(𝑟+1)
𝑇

|𝑤 |2
𝐻𝑟+1 (𝑇 ) +

∑︁
𝐹∈Fa

ℎ
(𝑤)

𝛽𝐹ℎ
2𝑟+1
𝐹 |𝑤 |2

𝐻𝑟+1 (T𝐹 )
ª®¬

+ 𝑐(𝛿)
©«

∑︁
𝐹∈Fd

ℎ
(𝑤)

�̂�𝐹 (𝑤) 𝑝
′
ℎ
𝑟 𝑝′

𝐹
|𝑤 |𝑝

′

𝑊𝑟+1, 𝑝′ (T𝐹 )

ª®®¬
𝑞′
𝑝′

,

(45)

with 𝑐(𝛿) independent of the particular mesh in {Tℎ}ℎ and the function 𝑤.
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Proof. We set again, for the sake of brevity,

𝑣ℎ ≔ 𝑤ℎ − 𝜋𝑘ℎ𝑤.

Using (8) with (𝜏, 𝑣) = (𝛽𝑤, 𝑣ℎ) to integrate by parts the first term in the right-hand side of (44) along
with ∇ · 𝛽 = 0, recalling the single-valuedness of 𝛽 · 𝑛𝐹 and (𝛽 · 𝑛𝐹)𝑤 across any interface 𝐹 ∈ F i

ℎ
, and

inserting 𝑤 into the jump operator after noticing that this quantity is single-valued across interfaces and
it vanishes on boundary faces, we arrive at the following decomposition of the error:

E𝑘
𝑏,ℎ (𝑤; 𝑣ℎ) = −

∫
Ω

(𝑤 − 𝜋𝑘ℎ𝑤) (𝛽 · ∇ℎ𝑣ℎ) +
∫
Ω

`(𝑤 − 𝜋𝑘ℎ𝑤)𝑣ℎ

+
∑︁
𝐹∈Fℎ

∫
𝐹

(𝛽 · 𝑛𝐹){𝑤 − 𝜋𝑘ℎ𝑤}𝐹 [𝑣ℎ]𝐹 + 1
2

∑︁
𝐹∈Fℎ

𝛽𝐹

∫
𝐹

[𝑤 − 𝜋𝑘ℎ𝑤]𝐹 [𝑣ℎ]𝐹 .

≕ 𝔗1 + · · · + 𝔗4.

(46)

We proceed to estimate the terms in the right-hand side.

Estimate of 𝔗1. For the first term, we use the definition of 𝜋𝑘
𝑇

along with the fact that 𝜋0
𝑇
𝛽 · ∇𝑣𝑇 ∈

P𝑘−1(𝑇) ⊂ P𝑘 (𝑇) to write

𝔗1 =
∑︁
𝑇∈Tℎ

∫
𝑇

(𝑤 − 𝜋𝑘𝑇𝑤) [(𝛽 − 𝜋0
𝑇 𝛽) · ∇𝑣𝑇 ]

≤
∑︁
𝑇∈Tℎ

∥𝑤 − 𝜋𝑘𝑇𝑤∥𝐿2 (𝑇 ) ∥𝛽 − 𝜋0
𝑇 𝛽∥𝐿∞ (𝑇 )𝑑 ∥∇𝑣𝑇 ∥𝐿2 (𝑇 )𝑑

≲
∑︁
𝑇∈Tℎ

ℎ𝑟+1
𝑇 |𝑤 |𝐻𝑟+1 (𝑇 ) ℎ𝑇 |𝛽 |𝑊1,∞ (𝑇 )𝑑 ℎ

−1
𝑇 ∥𝑣𝑇 ∥𝐿2 (𝑇 )

≤
( ∑︁
𝑇∈Tℎ

𝜏−2
𝑇 `−1

𝑇
ℎ

2(𝑟+1)
𝑇

|𝑤 |2
𝐻𝑟+1 (𝑇 )

) 1
2

∥𝑣ℎ∥𝛽,`,ℎ

≤ 𝛿∥𝑣ℎ∥2
𝛽,`,ℎ + 𝑐(𝛿)

∑︁
𝑇∈Tℎ

𝜏−2
𝑇 `−1

𝑇
ℎ

2(𝑟+1)
𝑇

|𝑤 |2
𝐻𝑟+1 (𝑇 ) ,

(47)

where we have used a Hölder inequality with exponents (2,∞, 2) to pass to the second line, the
approximation properties of the 𝐿2-orthogonal projector along with a discrete inverse inequality to pass
to the third line, a discrete Cauchy–Schwarz inequality on the sum over 𝑇 ∈ Tℎ along with the definition
(24) of the reference time to pass to the fourth line, and a generalized Young inequality to conclude.

Estimate of 𝔗2. For the second term, a Hölder inequality with exponents (∞, 2, 2) and the approximation
properties of the 𝐿2-orthogonal projector readily give

𝔗2 ≲
∑︁
𝑇∈Tℎ

∥`∥
1
2
𝐿∞ (𝑇 )ℎ

𝑟+1
𝑇 |𝑤 |𝐻𝑟+1 (𝑇 ) ∥`

1
2 𝑣𝑇 ∥𝐿2 (𝑇 )

(24)
≤

∑︁
𝑇∈Tℎ

𝜏
− 1

2
𝑇
ℎ𝑟+1
𝑇 |𝑤 |𝐻𝑟+1 (𝑇 ) ∥`

1
2 𝑣𝑇 ∥𝐿2 (𝑇 )

≤
( ∑︁
𝑇∈Tℎ

𝜏−2
𝑇 `−1

𝑇
ℎ

2(𝑟+1)
𝑇

|𝑤 |2
𝐻𝑟+1 (𝑇 )

) 1
2

∥𝑣ℎ∥𝛽,`,ℎ

≤ 𝛿∥𝑣ℎ∥2
𝛽,`,ℎ + 𝑐(𝛿)

∑︁
𝑇∈Tℎ

𝜏−2
𝑇 `−1

𝑇
ℎ

2(𝑟+1)
𝑇

|𝑤 |2
𝐻𝑟+1 (𝑇 ) ,

(48)
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where we have used a discrete Cauchy–Schwarz inequality on the sum over 𝑇 ∈ Tℎ, noticed that
𝜏−1
𝑇

≤ 𝜏−2
𝑇
`−1
𝑇

, recalled the definition (26) of the advection-reaction norm in the third inequality, and
used a generalized Young inequality to conclude.
Estimate of 𝔗3 + 𝔗4. We next write 𝔗3 + 𝔗4 =

∑
𝐹∈Fℎ

𝔗3+4(𝐹) and estimate separately the local
contribution on diffusion- and advection-dominated faces.

For all 𝐹 ∈ F d
ℎ
(𝑤), we write

|𝔗3+4(𝐹) | ≲ 𝛽𝐹
(
∥{𝑤 − 𝜋𝑘ℎ𝑤}𝐹 ∥𝐿𝑝′ (𝐹 ) + ∥[𝑤 − 𝜋𝑘ℎ𝑤]𝐹 ∥𝐿𝑝′ (𝐹 )

)
∥ [𝑣ℎ]𝐹 ∥𝐿𝑝 (𝐹 )

≲ 𝛽𝐹ℎ
𝑟+1− 1

𝑝′
𝐹

|𝑤 |𝑊𝑟+1, 𝑝′ (T𝐹 ) ℎ
1
𝑝′
𝐹
ℎ

1−𝑝

𝑝

𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿𝑝 (𝐹 )

= �̂�𝐹 (𝑤)Pe𝐹 (𝑤)ℎ𝑟𝐹 |𝑤 |𝑊𝑟+1, 𝑝′ (T𝐹 ) ℎ
1−𝑝

𝑝

𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿𝑝 (𝐹 )

≤ �̂�𝐹 (𝑤)ℎ𝑟𝐹 |𝑤 |𝑊𝑟+1, 𝑝′ (T𝐹 ) ℎ
1−𝑝

𝑝

𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿𝑝 (𝐹 ) ,

where we have used a Hölder inequality with exponents (∞, 𝑝′, 𝑝) in the first inequality, triangle
inequalities followed by the trace approximation properties of the 𝐿2-orthogonal projector along with

(7) to write 1 = ℎ
1
𝑝′
𝐹
ℎ

1−𝑝

𝑝

𝐹
in the second inequality, the definition (25) of the local Péclet number in the

equality, and the fact that Pe𝐹 (𝑤) ≤ 1 to conclude.
For all 𝐹 ∈ F a

ℎ
(𝑤), on the other hand, the estimate is

|𝔗3+4(𝐹) | ≲ 𝛽
1
2
𝐹

(
∥{𝑤 − 𝜋𝑘ℎ𝑤}𝐹 ∥𝐿2 (𝐹 ) + ∥[𝑤 − 𝜋𝑘ℎ𝑤]𝐹 ∥𝐿2 (𝐹 )

)
𝛽

1
2
𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿2 (𝐹 )

≲ 𝛽
1
2
𝐹
ℎ
𝑟+ 1

2
𝐹

|𝑤 |𝐻𝑟+1 (T𝐹 ) 𝛽
1
2
𝐹
∥ [𝑣ℎ]𝐹 ∥𝐿2 (𝐹 ) ,

(49)

where we have used a Hölder inequality with exponents (∞, 2, 2) in the first inequality and triangle
inequalities followed by the approximation properties of the 𝐿2-orthogonal projector in the second
inequality. After applying a discrete Hölder inequality with exponents (𝑝′, 𝑝) on the sum over diffusive
faces, a discrete Cauchy–Schwarz inequality on the sum over advective faces, and using generalized
Young inequalities, we arrive at

|𝔗3 + 𝔗4 | ≤ 𝛿
(
|𝑣ℎ |𝑞1, 𝑝,ℎ + ∥𝑣ℎ∥2

𝛽,`,ℎ

)
+ 𝑐(𝛿)

∑︁
𝐹∈Fa

ℎ
(𝑤)

𝛽𝐹ℎ
2𝑟+1
𝐹 |𝑤 |2

𝐻𝑟+1 (T𝐹 )

+ 𝑐(𝛿)
©«

∑︁
𝐹∈Fd

ℎ
(𝑤)

�̂�𝐹 (𝑤) 𝑝
′
ℎ
𝑟 𝑝′

𝐹
|𝑤 |𝑝

′

𝑊𝑟+1, 𝑝′ (T𝐹 )

ª®®¬
𝑞′
𝑝′

.

(50)

Conclusion. Plugging (47), (48), and (50) into (46) and recalling that, in each of these estimates, 𝛿 > 0
is arbitrary, the conclusion follows. □

Remark 12 (Comparison with conforming finite elements). As already discussed at the end of Section
4.2, for 𝑝 > 2 the bound (29) compares unfavorably with the conforming FE case in diffusion dominated
cases. The reason are the terms 𝔗2 for the diffusive part, c.f. (42), and 𝔗3+𝔗4 for the advective part, c.f.
(50), which behave as O(ℎ𝑟 𝑝′) for diffusion dominated faces (instead of O(ℎ2𝑟 )). One could slightly
improve such bounds by the following observations. The polynomial approximation estimate in (40) can
be pushed further, requiring a higher regularity 𝜎(∇𝑤) ∈ 𝑊𝑟+1, 𝑝′ (T𝐹) but yielding a bound of order
ℎ𝑟+1
𝐹

. Furthermore, 𝔗3 + 𝔗4 could be bounded using advection, as in (49), also in diffusion dominated
cases, thus avoiding the O(ℎ𝑟 𝑝′) term. Indeed note that, due to the presence of 𝛽𝐹 in 𝔗3+4(𝐹), the
bound (49) does not need any assumption on dominant advection. The above modifications would lead
to an O(ℎ (𝑟+1) 𝑝′) right hand side for 𝑝 > 2 in diffusion dominated cases.
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5.3 Proof of Theorem 7
We start by writing

𝐶𝑎∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
𝑞

1, 𝑝,ℎ + ∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
2
𝛽,`,ℎ

(30),(27)
≤ 𝑎ℎ (𝑢ℎ, 𝑢ℎ − 𝜋𝑘ℎ𝑢) − 𝑎ℎ (𝜋

𝑘
ℎ𝑢, 𝑢ℎ − 𝜋

𝑘
ℎ𝑢) + 𝑏ℎ (𝑢ℎ − 𝜋

𝑘
ℎ𝑢, 𝑢ℎ − 𝜋

𝑘
ℎ𝑢)

(31),(44)
= E𝑘

𝑎,ℎ (𝑢; 𝑢ℎ − 𝜋𝑘ℎ𝑢) + E𝑘
𝑏,ℎ (𝑢; 𝑢ℎ − 𝜋𝑘ℎ𝑢) ≕ E𝑘

ℎ (𝑢; 𝑢ℎ − 𝜋𝑘ℎ𝑢) ,

(51)

where we also used (1) and (22) in order to derive the last identity. For any real number 𝛿 > 0, it holds

E𝑘
ℎ (𝑢; 𝑢ℎ − 𝜋𝑘ℎ𝑢)

(32),(45),(27)
≤ 𝛿

(
𝑎ℎ (𝑢ℎ, 𝑢ℎ − 𝜋𝑘ℎ𝑢) − 𝑎ℎ (𝜋

𝑘
ℎ𝑢, 𝑢ℎ − 𝜋

𝑘
ℎ𝑢) + 𝑏ℎ (𝑢ℎ − 𝜋

𝑘
ℎ𝑢, 𝑢ℎ − 𝜋

𝑘
ℎ𝑢)

)
+ 𝛿

(
2|𝑢ℎ − 𝜋𝑘ℎ𝑢 |

𝑞

1, 𝑝,ℎ + ∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
2
𝛽,`,ℎ

)
+ 𝑐(𝛿)𝐸 𝑘

ℎ

≤ 𝛿E𝑘
ℎ (𝑢; 𝑢ℎ − 𝜋𝑘ℎ𝑢) + 𝛿

(
2|𝑢ℎ − 𝜋𝑘ℎ𝑢 |

𝑞

1, 𝑝,ℎ + ∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
2
𝛽,`,ℎ

)
+ 𝑐(𝛿)𝐸 𝑘

ℎ ,

where 𝑐(𝛿) denotes the largest value between (32) and (45), while 𝐸 𝑘
ℎ

gathers all the terms multiplied
by 𝑐(𝛿) in the sum of the right-hand sides of (32) and (45). For any 𝛿 < 1, this gives

E𝑘
ℎ (𝑢; 𝑢ℎ − 𝜋𝑘ℎ𝑢) ≤

2𝛿
1 − 𝛿 |𝑢ℎ − 𝜋

𝑘
ℎ𝑢 |

𝑞

1, 𝑝,ℎ +
𝛿

1 − 𝛿 ∥𝑢ℎ − 𝜋
𝑘
ℎ𝑢∥

2
𝛽,`,ℎ +

𝑐(𝛿)
1 − 𝛿 𝐸

𝑘
ℎ . (52)

Let now 𝜖 and 𝛿𝜖 denote two real numbers such that 0 < 𝜖 < 2
2+𝐶𝑎

and 0 < 𝛿𝜖 < 1
2 min (1, 𝜖𝐶𝑎).

Plugging (52) with 𝛿 = 𝛿𝜖 into (51), noticing that, by definition, 2𝛿𝜖
1−𝛿𝜖

< 𝜖
1−𝛿𝜖

𝐶𝑎, rearranging, and
multiplying the resulting inequality by (1 − 𝛿𝜖 ), we get

(1 − 𝛿𝜖 − 𝜖)𝐶𝑎∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
𝑞

1, 𝑝,ℎ + (1 − 2𝛿𝜖 )∥𝑢ℎ − 𝜋𝑘ℎ𝑢∥
2
𝛽,`,ℎ ≤ 𝑐(𝛿𝜖 )𝐸 𝑘

ℎ .

We conclude noticing that, by definition of 𝜖 and 𝛿𝜖 , 1 − 𝛿𝜖 − 𝜖 > 1 − 𝜖
2𝐶𝑎 − 𝜖 > 0, and 1 − 2𝛿𝜖 > 0.

6 Numerical tests
In this section, we investigate from the practical standpoint the error estimates derived in Theorem 7
through some numerical experiments. The computational domain for all the tests developed in this
section is the standard unit square Ω = (0, 1)2. In order to analyze the numerical convergence rate, we
consider a family of five triangular meshes Tℎ with decreasing diameters, namely

ℎ ∈ {0.4714, 0.2215, 0.1189, 0.0588, 0.0314}.

Starting from the coarsest mesh, the subsequent meshes are obtained by (approximately) halving the
meshsize. Due to the nonlinearity of the problem for 𝑝 ≠ 2, we use a fixed-point strategy to compute
the discrete solution. We set the maximum number of iterations to 𝑁𝑚𝑎𝑥 = 500, the tolerance for the
relative residual error to Y = 10−10, and we take the initial guess as the discrete solution of the problem
with 𝑝 = 2.

6.1 Example 1
In the present example we consider problem (1) with the following exact solution, velocity field and
reaction terms

𝑢(𝑥, 𝑦) B sin(𝑥 + 0.1) cos(𝑦 + 0.1), 𝛽(𝑥, 𝑦) B
[

sin(𝑥) cos(𝑦)
− sin(𝑦) cos(𝑥)

]
, `(𝑥, 𝑦) B 1 .
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The problem is investigated for different values of the Sobolev index 𝑝, specifically for the following
choices

𝑝 ∈ {1.5, 1.75, 2, 2.5, 3}.

The source term 𝑓 and the nonhomogeneous Dirichlet boundary condition are taken in accordance with
𝑝, the above analytical solution, and the remaining terms in the equation.

Furthermore, we introduce a coefficient a which multiplies the diffusive term −∇ ·𝜎(∇𝑢) and allows
to control the relative magnitude of the diffusion and advection terms. Specifically, we set a = 1 for a
diffusion-dominated regime and a = 10−4 for an advection-dominated regime.

We compute the discrete solution 𝑢ℎ ∈ P𝑘 (Tℎ) for 𝑘 ∈ {1, 2, 3}, in both the diffusion-dominated and
advection-dominated regimes, with the aim of analyzing the numerical behavior of the error quantity

ERRℎ B
(
a∥𝑢 − 𝑢ℎ∥𝑞1, 𝑝,ℎ + ∥𝑢 − 𝑢ℎ∥2

𝛽,`,ℎ

) 1
2

with 𝑞 defined by (28).
In Figure 1 and Figure 2 we show, respectively, convergence graphs for the diffusion-dominated and
advection-dominated case. The numbers appearing in the yellow boxes, directly on the graph segments
in our plots, represent the reduction rate associated to two subsequent errors, that is

𝑚ℎ1,ℎ2 =
log(ERRℎ2 − ERRℎ1)

log(ℎ2 − ℎ1)

where ℎ1, ℎ2 here denote the two mesh sizes associated to the segment endpoints.
In the first setting, the results are in agreement with the theoretical estimates, but exhibit a higher

error reduction rate with respect to the theoretical prediction. Indeed, for 𝑝 < 2 we observe a reduction
of the error behaving as O(ℎ𝑘) instead of O(ℎ

𝑘𝑝

2 ) while, for 𝑝 > 2, the error decreases at a rate of
O(ℎ

𝑘𝑝

2 ) instead of O(ℎ
𝑘𝑝′

2 ). In both cases, the reduction rate corresponds to that obtained by the best
approximant to the solution 𝑢 in P𝑘 (Tℎ); we better investigate this aspect in the next example.

In the advection-dominated regime, on the other hand, the observed convergence rates closely match
the theoretical estimates, i.e. ERRℎ exhibits an O(ℎ𝑘+ 1

2 ) decay. In particular, we can observe the
additional ℎ 1

2 factor which is gained due to the convection robustness of the method.

6.2 Example 2
In the second example, we consider problem (1) without the presence of advection and reaction phenom-
ena. The motivation of this second example is to better investigate the “higher than expected” reduction
rate for the diffusion dominated case in Example 1. We therefore directly set a = 1, 𝛽 = 0, ` = 0 (pure
diffusion) and choose the right-hand side and the Dirichlet boundary condition in accordance with two
distinct solutions (the exponential (𝑝, 𝑘)-dependent solution was originally proposed in [19]) :

• 𝑢(𝑥, 𝑦) B 1
10 exp

[
−10

(
|−𝑥 + 0.5|𝑝+

𝑘+2
4 + |−𝑦 + 0.5|𝑝+

𝑘+2
4

)]
;

• 𝑢(𝑥, 𝑦) B
(
𝑥 − 1

2

)2 (
𝑦 − 1

2

)2

Here, the difference with respect to the preceding example is that the gradient∇𝑢 vanishes at the point
of coordinates (0.5, 0.5) for the exponential solution, and in the region

{
(𝑥, 𝑦) ∈ Ω | 𝑥 = 1

2 or 𝑦 = 1
2
}

for
the polynomial solution, while, in the previous case, the solution had a non-zero gradient over the entire
domain (which may determine a favorable situation for 𝑝 < 2, see for instance [19]). In this respect, the
the polynomial solution can be more challenging than the exponential one, as will be confirmed by the
following results. Furthermore, the coarsest mesh, with meshsize ℎ = 0.4714, is removed and replaced
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(a) 𝑝 = 1.5 (b) 𝑝 = 1.75 (c) 𝑝 = 2

(d) 𝑝 = 2.5 (e) 𝑝 = 3

Figure 1: Example of Section 6.1. Convergence rate of ERRℎ in the diffusion-dominated regime.
Theoretical convergence rate: 𝑘𝑝

2 for 𝑝 ≤ 2 and 𝑘𝑝′

2 for 𝑝 > 2.

(a) 𝑝 = 1.5 (b) 𝑝 = 1.75 (c) 𝑝 = 2

(d) 𝑝 = 2.5 (e) 𝑝 = 3

Figure 2: Example of Section 6.1. Convergence rate of ERRℎ in the advection-dominated regime.
Theoretical convergence rate: 𝑘 + 1

2 for all 𝑝.
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(a) 𝑝 = 1.5 (b) 𝑝 = 1.75

Figure 3: Example of Section 6.2 with exponential solution. Convergence rate of ERRℎ. Theoretical
convergence rate: 𝑘𝑝

2 for 𝑝 ∈ {1.5, 1.75}.

(a) 𝑝 = 1.5 (b) 𝑝 = 1.75

Figure 4: Example of Section 6.2 with polynomial solution. Convergence rate of ERRℎ. Theoretical
convergence rate: 𝑘𝑝

2 for 𝑝 ∈ {1.5, 1.75}.

by two new meshes obtained by halving subsequently the finest mesh: this results in two new meshsizes
with ℎ = 0.0158 and ℎ = 0.0082. For both solutions we have checked, by direct computation and/or
numerically, that the flux 𝜎 is sufficiently regular for the estimates of Theorem 7 to hold.

As in the previous example, we compute the error term ERRℎ (in this case with a = 1, 𝛽 = 0,
` = 0) considering 𝑢ℎ ∈ P𝑘 (Tℎ) for all combinations (𝑝, 𝑘) with 𝑝 ∈ {1.5, 1.75} and 𝑘 ∈ {1, 2}. The
outcome in Figure 3, where ERRℎ is plotted for the exponential solution, is similar to the previous
example despite the different solution (now with vanishing gradient in a point of the domain) and the
finer meshes adopted. Our current conclusions are that, probably, such behaviour is still pre-asymptotic,
as is the case for the HHO method on meshes of similar size (cf., in particular, [19, Table 4]).

On the other hand, the results in Figure 4, showing the convergence rates for the polynomial solution,
are aligned with the expected convergence rate on the light of Theorem 7. Indeed, an O(ℎ

𝑘𝑝

2 ) decay
of ERRℎ can be observed (especially for the finer meshes), which confirms from the practical side the
sharpness of the theoretical results.
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