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Finite Relational Semantics for Language Kleene
Algebra with Complement

Yoshiki Nakamura &
Tokyo Institute of Technology, Japan

—— Abstract
We study the equational theory of Kleene algebra (KA) w.r.t. languages by extending the language
complement. This extension significantly enhances the expressive power of KA. In this paper,
we present a (finite) relational semantics completely characterizing the equational theory w.r.t.
languages, which extends the relational characterizations known for KA and for KA with top. Based
on this relational semantics, we show that the equational theory w.r.t. languages is II9-complete for
KA with complement (with or without Kleene-star) and is PSPACE-complete if the complement
only applies to variables or constants.

2012 ACM Subject Classification Theory of computation — Equational logic and rewriting

Keywords and phrases Kleene algebra, Language model, Relational model, Complexity

1 Introduction

Kleene algebra (KA) [23, 11, 24] is an algebraic system for regular expressions consisting
of identity (1), empty (0), composition (-), union (+), and iteration (_*). As iteration
frequently appears in computer science, KA has many applications, e.g., the semantics of
programs [42], relation algebra [37], graph query language [12, 20], program verification
[27, 22, 44], and program logics [25, 38, 48]. In practice, we often consider extensions of
KA. One direction of extensions is to extend equations to formulas, e.g., Horn formulas
(t1 =81 — -+ = t, = s, — t = s) for considering hypotheses [9, 26, 14]. Another direction
is to extend terms by adding some operators. For example, Kleene algebra with tests (KAT)
applies to model Hoare logic [25] and KAT with top (T) applies to model incorrectness logic
[38, 48, 41]. It is also natural to extend KA with language operators, e.g., reverse [3], residual
[8], intersection (N) [2], top (universality) [48, 41], variable complements (Z) [35, 36], and
combinations of some of them [4, 5]. Note that, whereas the class of regular languages is
closed under these operators, such extensions strictly enhance the expressive power of KA
w.r.t. languages (see [35, 36] and Sect. 2.2, for complement).

In this paper, we study KA w.r.t. languages by extending the language complement
(_7). Extending with complement and considering its fragments is a natural comprehensive
approach, e.g., in logic, formal language [10, 39], and relation algebra [46, 37] (see also
[1, 6, 30, 40, 32]). The language complement in KA w.r.t. languages significantly enhances
the expressive power (cf. KAT is also an extension of KA with complement, but this
complement does not mean the language complement [27, Sect. 3]). For instance, we can
define T and N using complement: T =0~ and tNs = (t~ + s~ )~. Additionally, we can
encode positive quantifier-free formulas by equations of KA terms with complement.

Our main contribution is to present a finite relational semantics for KA with complement
w.r.t. languages: relational subword models RSUB (Sect. 3). As KA with complement has a
high expressive power, our relational semantics can apply to a more broad class of extensions
of KA (including KA with T and N) than known relational semantics, e.g., REL (for KA) [42,
third page] and GREL (for KA with T) [48, 41] (see Remark 3.5). A good point of RSUB is
its form; each model is finite and totally ordered (with the least and greatest vertices). For
instance, the I1Y upper bound result of the equational theory of KA with complement w.r.t.
languages is immediate from the finiteness of RSUB. Also, we can give a (polynomial-time)
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reduction from the quantifier-free theory w.r.t. RSUB into the equational theory w.r.t. RSUB
(Thm. 4.3) by using that each model of RSUB has the least and greatest vertices. Another
good point is that we can naturally consider lifting techniques known in REL to LANG.
For instance, by lifting the techniques in our previous paper w.r.t. REL [32], we can show
the following complexity results: the equational theory w.r.t. languages is I1{-complete for
KA with intersection and variable complements (Thm. 4.9) and for KA with complement
and without Kleene-star (i.e., star-free regular expressions w.r.t. LANG) (Thm. 4.12); and
PSPACE-complete for KA with variable and constant complements (Thm. 6.10). The
PSPACE decidability result above positively settles the open problem posed in [35].

This paper is structured as follows. In Sect. 2, we give basic definitions, including language
models (LANG) and generalized relational models (GREL). In Sect. 3, we give RSUB and show
that the equational theory w.r.t. LANG coincides with that w.r.t. RSUB (a subclass of GREL).
In Sect. 4, by using RSUB, we give a reduction from the quantifier-free theory w.r.t. LANG
into the equational theory w.r.t. LANG. Using this reduction, we show that the equational
theory w.r.t. LANG is I19-complete for KA with intersection and variable complements and
for KA with complement and without Kleene-star. In Sect. 5, by using RSUB, we give a
graph characterization for KA terms with variable and constant complements. In Sect. 6, by
using this characterization, we show that the equational theory for KA terms with variable
and constant complements is PSPACE-complete. In Sect. 7, we conclude this paper.

2 Preliminaries

We write N for the set of non-negative integers. For [,r € N, we write [[,r] for the set
{i e N|1<i<r}. Foraset X, we write p(X) for the power set of X.

For a set X (of letters), we write X* for the set of words over X. A language over X is a
subset of X*. We use w, v to denote words and use L, K to denote languages, respectively.
We write ||w|| for the length of a word w. We write 1 for the empty word. We write wv for
the concatenation of words w and v. For languages L, K C X*, the concatenation L - K and
the Kleene-star L* is defined by:

L-K 2 {w|welL ANweK}, L= {wy...w,_1|3IneN,Vi<n, w; €L}

A (2-pointed) graph G over a set A is a tuple (|G|, {a®}aca,1%,29), where |G| is a
non-empty set (of vertices), each a® C |G|? is a binary relation, and 1¢,2% ¢ |G| are
vertices. Let G, H be graphs over a set A. For a map f: |G| — |H|, we say that f is a graph
homomorphism from G to H, written f: G — H, if for all z, y, and a, (x,y) € a® implies
(f(x), f(y)) € a, fF(1G) = 17 and f(2%) = 2. We say that f is a graph isomorphism
from G to H if f is a bijective graph homomorphism and for all z, y, and a, (x,y) € a©
iff (f(z), f(y)) € a’. We say that H is a (canonical) edge-extension of G if |H| = |G| and
the identity map is a graph homomorphism from G to H. For a set {1¢,2¢} C X C |G],
the induced subgraph of G on X is the graph (X, {a® N X?},c4,1%,2%). For an equivalence
relation E on |G|, the quotient graph of G w.r.t. E is the graph G/E = (|G|/E,{(X,Y) |
3z € X,y € Y, {(z,y) € a®}uca,[1%E, [29) ) where X/E denotes the set of equivalence
classes of X by E and [z]g denotes the equivalence class of . Additionally, we use the
following operation:

» Definition 2.1. For a graph homomorphism h: G — H where G, H are graphs over a
set A, the edge-saturation of G w.r.t. h is the graph S(h) = (|G|, {{{z,y) | (h(x),h(y)) €
aH}}a€A7 1G7 2G>'
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» Example 2.2. Let h: G — H be the graph homomorphism indicated by green colored
arrows (graphs are depicted as unlabeled graphs for simplicity). Then S(h) is the following
graph in the left-hand side, which is an edge-extension of G where the extended edges are
derived from edges of H:

S(h) = - G= »o\oo\o» H = 4@8»

2.1 Syntax: terms of KA with complement

We consider terms over the signature S £ {1(0),0(0),-(2),—1—(2),72‘1),7(_1)}. Let V be a
countably infinite set of variables. For a term ¢ over S, let ¢ be s if t = s~ for some s and be
t~ otherwise. We use the abbreviations: T 20~ and tNs= (t~ +57)".

For X C {z,1,T,N,—}, let KAx be the minimal set A of terms over S satisfying:

yev teA seA tcA scA te A

yeA 1eA 0€A t-scA t+seA t* e A

zeX yeV TeX TeX neX teAd scA —-e€X ted
gEA Ted TeA tNse A t—ed

We often abbreviate ¢ - s to ts. We use parentheses in ambiguous situations (where + and -
are left-associative). We write Y . ¢; for the term 0+ ¢y + -+« + t,,.

An equation t = s is a pair of terms. An inequation t < s abbreviates the equation
t+ s = s. The set of quantifier-free formulas of KA x is defined by the following grammar:

Y, = t=s|eAY ]| e (t,s € KAx)

We use the following abbreviations, as usual: ¢ V¢ = =(=p A =), ¢ — b = —p V1,
o2 (=)A= @), f2 9 Ap, and t £ =f. We use parentheses in ambiguous
situations (where V and A are left-associative). We write A\, ¢; for t Ay A-++ A, and

Vi pifor fVpr V.-V,
We say that a quantifier-free formula is positive if the formula in the following set A:

pWeEA = t=s|pAY |V (t,s € KAx)

where ¢ V ¢ expresses =(—p A =) in the above. We say that a quantifier-free formula is a
Horn formula if the formula is of the form (A}, ;) — ¥.

2.2 Semantics: language models

An S-algebra A'is a tuple (| A|, {f*},, es), where | A| is a non-empty set and f4: |AF — | A
is a k-ary map for each f) € S. A valuation v of an S-algebra A is a map v: V — |A|. For a
valuation v, we write b: KAy_y — | A for the unique homomorphism extending v. Moreover,
for a quantifier-free formula ¢, we define 6(p) € {true, false} by:

bt =s) & (6(t) =0(s)), BlpAY) S (B(p) and B(1)),  B(p) & (not B(p)).
For a quantifier-free formula ¢ and a class of valuations (of S-algebra) C,* we write

CEy¢ & 9(p) holds for all valuations v € C.

! This paper considers classes of valuations rather than classes of S-algebras (cf. Thm. 3.6).
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We abbreviate {v} = ¢ to v = ¢. The equational theory w.r.t. C is the set of all equations
t = s such that C =t = s. The quantifier-free theory w.r.t. C is the set of all quantifier-free
formulas ¢ such that C | ¢.

The language model A over a set X, written lang y, is the S-algebra defined by |A| = p(X*),
14 = {1}, 04 = 0, and for all L, K C X*,

LAK=L-K, L+ K =L+K, =1, L~ =Xx*\ L.
We write LANGx for the class of all valuations of langy and write LANG for |J, LANGx.
The equational theory (resp. quantifier-free theory) w.r.t. languages expresses that w.r.t.
LANG.

The language [t] C V* of a term ¢ is 04 (¢) where vy is the standard valuation on the
language model over the set V, which is defined by ve(z) = {x} for € V. Since vy, € LANG,
we have

LANG=t=s = [t]=]s] (1)

The converse direction fails, e.g., [y] C [Z] and LANG }£ y < T where & # y, because
ly] = {y} CV*\ {2z} = [7] and 6(y) = {1} € 0 = 6(T) where v is a valuation of lang, s.t.
o(z) = v(y) = {1}. See [35] for more counter-examples.

» Remark 2.3. For KA, the equational theory w.r.t. languages coincides with the language
equivalence [2][41]: for (non-extended) KA terms t and s, [t] = [s] & LANG =t = s. This is
an easy consequence of the completeness theorem of KA [24] (see also [35, Appendix A] for
a direct proof). From this, KA with complement (even with variable complements) has a
strictly more expressive power than KA.

In the sequel, we consider the equational theory w.r.t. languages.

2.3 (Generalized) relational models

We write A 4 for the identity relation on a set A: A g £ {(z,x) | z € A}. For binary relations
R, S on a set B, the composition R;S, the n-th iteration R™ (where n € N), and the reflexive
transitive closure R* are defined by:

R ; Rn—l(n > 1]

R; 82 {(z,2) |y, (z,y) € RA(y,2) € S}, Rné{AB (n;o

;, R 2| )R

neN

Let U be a binary relation on a non-empty set B. A generalized relational model?> A on
U is an S-algebra such that |A| C p(U), 14 = Ap, 04 =), and for all R, S C U,

RAS=R;S, R+AS=RUS, R = R*, R =U\R

We say that A is a relational model if U = B? and | A| = p(B?). We write GREL (resp. REL)
for the class of all valuations of generalized relational models (resp. relational models).?

By definition, for each generalized relational model, U is a preorder: (Reflexivity): By Ap = 14 ¢
|A| C p(U), we have Ap C U; (Transitivity): By 0 = 04 € |A|, U=0"" € |A|,and U;U =U AU €
|A| € p(U), we have U ; U C U.

Generalized relational models and relational models are variants of proper relation algebras and full
proper relation algebras (see, e.g., [21]), respectively, where B is non-empty set and the converse operator
is not introduced (due to this, U is possibly not symmetric, cf. [21, Lem. 3.4]) here.
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For a generalized relational model A on a binary relation U on a set A and a non-empty
subset B C As.t. {z € A|3x,y € B, (x,2),(z,y) € U} C B, the restriction A | B of A
w.r.t. B is the generalized relational model on the binary relation U N B? on the set B with
the universe {RN B? | R € |A|}. It is easy to see that the map kp: R+ RN B? forms an
S-homomorphism from A to A | B (the condition of B above is for preserving - and x*). For
a valuation v of A, let v | B be the valuation of A | B given by the map xp.

3 RSUB: finite relational models for language models

In this section, we define the class RSUB of relational subword models, for the equational
theory w.r.t. languages of KA_,.

» Definition 3.1. Let n € N. The relational subword language model A of length n, written
rsub,,, is the generalized relational model on the set U = {(i,j) € [0,n])? | i < j} s.t.

A = {RepU)|R2Apn vV U\R2Apa})-
We write RSUB,, for the class of all valuations of rsub,, and write RSUB for | J,, .y RSUB,,.

Each rsub,, is defined based on the image of the map ¢tx: L — {{w,wv) |w e X*Ave L}
[42, third page] (called Pratt’s embedding or Cayley map), cf. [48, 41], where we restrict the
universe X* of words into the subwords of a word of length n with pairwise distinct letters.
Let rlangx be the generalized relational model on ¢x (X™*) with the universe {¢x (L) | L C
X*}. Tt is easy to see that the map ¢x forms an S-isomorphism from langy to rlangy. For a
word w, let Subw(w) be the set of subwords of w. By Def. 3.1, it is easily shown that
for a word w = a; ...a, € X where a4, ..., a, are pairwise distinct letters, the generalized
relational model rlangy [ Subw(w) is isomorphic to rsub,;
for a word w € X* of length n, the generalized relational model rlangy [ Subw(w) is
isomorphic to a subalgebra of rsub,,,
by the map 0: B {{[w], o]} | (w,0) € R}.
We then have that the equational theory w.r.t. languages coincides with that w.r.t. RSUB.

» Theorem 3.2. For all KA;_y termst and s, we have: LANG =t < s < RSUB =t < s.
Proof. (=): By the surjective S-homomorphism given by:

t{ay,...,an} KSubw(aj...an) 0
lang(q, . any — > rlangg,, oy — > rlangx [ Subw(ag ...ay) — rsub,

.....

where ag,...,a, are pairwise distinct letters, for each n € N.
(«<): We prove the contraposition. By LANG [~ ¢t < s, there are X, v € LANGx, and
wo € X* such that wy € 6(t) \ 6(s). We then consider the S-homomorphism given by:

KSubw(wq)

lang y =5 rlangy ——%% rlangy | Subw(wyp) LN rsub)j g |

Let v’, v”, and v”’ be the valuations of rlangy, rlangy | Subw(w), and rsub,,, defined by
o' =1x 00, 0" = Kgubw(wy) © ', and v = f o v”. We then have:

wo €0(t)\0(s) = (L,wg) € 6'(t)\0'(s) (By wo € L iff (1,wp) € tx(L))
= (l,wg) € 0" (t) \ 6”(s) (By 1,wp € Subw(wy))
= (0, |lwol]) € 0" (t)\ 0" (s). (By (1,wo) € R iff (0,n) € (R) for R C Subw(wp)?)

Hence, RSUB [£ ¢ < s. <
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» Remark 3.3. By almost the same argument as Thm. 3.2, we can extend the coincidence
between LANG and RSUB from the equational theory to the positive quantifier-free theory
(see Appendix E for more details). However, this coincidence is broken (only LANG = ¢ <
RSUB [= ¢ holds) for the quantifier-free theory and even for Horn theory. For instance, the
following formula is a counter-example: ¢ 2rr<0—-ox<0.

(LANG [ ¢ holds because, if w € 8(z) then ww € 8(zx); however, RSUB; }£ ¢ under the
valuation = — {(0,1)}.)

(This counter-example shows that [34, Lem. 3.6] in version 1 of this paper is incorrect;
L.185 fails when negation occurs.) a

» Corollary 3.4. The equational theory w.r.t. languages is in 119 for KAy terms.

Proof. By the finite model property of RSUB (the universe |rsub,| is finite for each n). <«

3.1 Comparison to other semantics

» Remark 3.5 (RSUB and GREL). For KAy, the equational theory of LANG coincides with
that of GREL [41, REL" in Sect. 5][48]. However for KA;_, this coincidence is broken. For
instance, the following equations are valid w.r.t. LANG but not valid w.r.t. GREL (the second
equation is not valid also w.r.t. REL):

c,

—_ = a /'o\
a < bab U bab o‘:a>o | abNed <aTdUbTe o< b—o
5P @v ‘

(Each figure expresses a valuation for (G)REL £  where some edges are omitted.) Here,
LANG = a < babUbab is because for each b € LANG, v = a < babif 1 € v(b) and v |= a < bab
if 1 ¢ v(b). The inequation abNecd < aTdUbTc is Levi’s inequation [28][5, Example 26]. J

Additionally, the standard language valuation can also be given as a subclass of RSUB
(cf. Thm. 3.2), based on the following correspondence between words and relations:

apdy ...QAp—1 | +0— a0 —0—a1 —QO— -+ —Ap—-1—0> .
» Theorem 3.6. For all termst and s, [t] = [s] iff RSUBy =t = s where
Usev ola) = {(i = 1,4) i € [Ln]}}

v(a) (where a ranges over V) are disjoint sets

RSUB,; = U {n € RSUB,,

neN

Proof. By the same construction in the proof of Thm. 3.2, as RSUBy; is the subclass of
RSUB obtained by restricting valuations to the standard language valuation {vg}. |

Fig. 1 summarizes the equational theories above where the inclusions are shown by
REL € GREL D RSUB 2 RSUBg (and Thm. 3.2) and the non-inclusions are shown by
counter-examples, cf. EqT(LANG) = EqT(GREL) for KA, and EqT({vs}) = EqT(GREL)
for KA [48, 41].

(We additionally note that we can also give a language model SUB (Appendix F), which
is isomorphic to RSUB.)

4  From quantifier-free formulas to equations on RSUB

In this section, we show that there is a (polynomial-time) reduction from the quantifier-free
theory into the equational theory, w.r.t. RSUB. First, by the following lemma, we have that,
to check RSUB =t < s, it suffices to check for the left-most and right-most vertices pairs.
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(@)n1=@n)Gn1) 2l EqT(GREL) anb=0where a#b
a < babU bab (Remark 3.5) 5 - a=7aa [35]
EqT(REL) ) EqT(RSUB) = EqT(LANG)
fog N L
a<aTa [487 41} EqT(RSUBSt) = EqT({USt})

Figure 1 Equational theories for KA;_; under GREL.

» Lemma 4.1. For all termst,s, RSUB Et < s < Vn € N,Vo € RSUB,,, (0,n) & 0(t)\6(s).

Proof. (=): Trivial. («<): We revisit the proof of Thm. 3.2. If RSUB [~ ¢ < s, then by
LANG }£ t < s (Thm. 3.2), there is a valuation v of rsub,, such that (0,n) € 6(tNs~) (by
the proof of Thm. 3.2). Hence, this completes the proof. |

Next, we consider replacing each inequation v < 0 with TuT < 0. We then have that
o Eu<0iff (0,n) €06(TuT), where n € N and v € RSUB,, (see Lem. 4.2). More generally,
for a quantifier-free formula ¢, let Tr(¢) be the term defined by:*

Tr(t=s8)2T((tNs)UEF Ns)T, Tr(pA) 2 Tr(p)UTr(y), Tr(-p) = Tr(p).

» Lemma 4.2. Let n € N and v € RSUB,,. For all quantifier-free formulas o, we have:

vl <« (0,n) €0(Tr(p)).
Proof. By easy induction on ¢. We distinguish the following forms of ¢. Case (t = s): Let
u=(tNs")+(t"Ns). Thenv =t =siff o(u) = O iff (0,n) & 0(TuT) iff (0,n) & 0(Tr(t = s)).
Case 1 A p: By ((0,7) ¢ 6(Te()) and (0, ) ¢ 6(Tr(p))) iff (0, m) ¢ 6(Te() + Tr(p)). Case
—: By (not (0,n) € 8(Tr(+))) iff (0,n) & 0(Tr(¢)7). <
» Theorem 4.3. For all quantifier-free formulas p, RSUB | ¢ < RSUB | Tr(p) <0.
Proof. By Lems. 4.1 and 4.2. <

» Remark 4.4. “RSUB = ¢ + Tr(p) < 0” fails in general (e.g., when ¢ is —z < 0), cf. the
theorem above and REL = ¢ < Tr(p) < 0 holds by the Schroder-Tarski translation [46,
XXXIL][18, p. 390, 391]. This is because RSUB £ (-2 < 0) — T < Tz T; when v € RSUB;
satisfies v(x) = {(0,1)}, we have 8(T) = {(0,0), (0,1),(1,1)} but 6(TxT) = {(0,1)}. This is
why we go via “(0,n) & 6(_)".

J
» Corollary 4.5 (Hoare hypothesis elimination). For all terms t, s, u, we have:
RSUBEu<0—t<s <& RSUBEt<sUTuT.

Proof. By set-theoretic equivalences with Thm. 4.3, we have:

RS UBEu<0—t<s < RSUBET(Ns )T < TuT (By Thm. 4.3)
< RSUBEtNs  <Tul (= Byl<T < ByTT<T)
< RSUBEt<sUTuT <

4 Tr(t = s) can be simplified for specific cases, e.g., Tr(t < s) = T(tNs~)T and Tr(t < 0) = T¢T.
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» Remark 4.6. Thm. 4.3 and Cor. 4.5 fail w.r.t. LANG. For instance,
LANG E 22 <0 — 2 <0, LANG f£ o < TazT. N

» Remark 4.7. By Thm. 4.3, there is a polynomial-time reduction from the quantifier-free
theory to the equational theory w.r.t. RSUB. Thus by Cor. 3.4, the quantifier-free theory
w.r.t. RSUB for KA;_, terms is also in I19. However, we leave open the complexity of the
quantifier-free theory (resp. Horn theory) w.r.t. LANG for KA;_, terms; particulary, whether
there exists a recursive function from the quantifier-free theory (resp. Horn theory) to the
equational theory w.r.t. LANG. J

4.1 Undecidability via Hoare hypothesis elimination

Using Hoare hypothesis elimination w.r.t. RSUB (Cor. 4.5), we show the undecidability of
the equational theory w.r.t. LANG. The proof can be obtained by the same argument as [32,
Lem. 47] where we replace REL with RSUB.

A context-free grammar (CFG) € over a finite set A is a tuple (X, R,s), where

X is a finite set of non-terminal labels s.t. ANX = §;

R is a finite set of rewriting rules x <~ w of z € X and w € (AU X)*;

s € X is the start label.
The relation = ¢ w, where z € X and w € A*, is defined as the minimal relation closed

under the following rule: for all n € N, z,z1,...,z, € X and wy, ..., Wy, v1,...,0, € A" if

Ty Fev - Ty Fe v
T 4 WT1W1 - . . TpWy, € R, then 1 e " €N The language [€] is defined by
T e woviwy . .. VWY

[€] £ {w € A* | st¢ w}. Tt is well-known that the universality problem for CFGs—given a
CFG €, does [€] = A* hold?—is II9-complete. We can naturally encode this problem by the

quantifier-free theory w.r.t. RSUB as follows.

» Lemma 4.8. Let € = (X, R,s) be a CFG over a finite set A= {a1,...,an}. Then,

[€=A4" « RSUBE( A wSm)%((Zai)*gs)

(z+w)ER

Proof Sketch. By the same argument as [32, Lem. 47] where we replace REL with RSUB
(see Appendix G for more details). <

» Theorem 4.9. The equational theory w.r.t. languages is 119-complete for KAz Ay

Proof. (in II9): By Cor. 3.4. (I1%-hard): Let € = (X,{z; < w; | i € [1,n]},s) be a
CFG over a finite set A. For Lem. 4.8, by Hoare hypothesis elimination (Cor. 4.5) with
RSUB = (A, wi < i)« (O, w; NT;) <0, we have: [€] = A* iff RSUB = (Y1 a;)* <
sUT(Y ., w; NT;)T. Thus, we can give a reduction from the universality problem of
CFGs. |

Moreover, by using the following equivalence Prop. 4.10, we can eliminate Kleene-star from
Lem. 4.8 (Lem. 4.11).

» Proposition 4.10. RSUB=1= (3", a)T = (X1 a)* =T.

Proof. Let n € N and v € RSUB,,. Let i € [1,n]. By (i —1,: — 1) € 8(1
we have (i — 1,i — 1) € o((3,a:)). By (i —1,4) € o(1) = o((> 1,
(i—1,4) € 0((X7y i) (by (i —1,i—1) € 6((307, ai))). Thus 6((357, ai)*) = {(i,5) [0 <

i<j<n}=0(T). <



314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

Y. Nakamura

» Lemma 4.11. Let € = (X, R,s) be a CFG over a finite set A. Then,
=4 & RUBE(=(1a)TA A w<x) - (T<s)
i=1 (w(—w)ER

Proof Sketch. By the same argument as Lem. 4.8 using Prop. 4.10 (see Appendix H for
more details). <

Hence, the undecidability still holds even without Kleene-star.

» Theorem 4.12. The equational theory w.r.t. languages is 119-complete for KAy without
Kleene-star.

Proof. By Lem. 4.11 with Thms. 3.2 and 4.3 (as with Thm. 4.9). <

5 Graph characterization for KA1+ -, terms

In Sects. 5 and 6, we show that the equational theory w.r.t. languages for KAy 1y is
decidable and PSPACE-complete. We recall Sect. 2 for graphs. In this section, we give a
graph characterization of the equational theory of RSUB for KA (FIT.Ap by generalizing the
graph characterization of REL [32, Thm. 18].

5.1 Graph languages for KA 7+

Let VA {27 |z € V}U{T, T} and V, 2 VEJ {1}. For a KA 11 -y term ¢, the graph
language G(t) [1, 7, 32] is a set of graphs over V; defined by:®

G(x) 2 { ~o—z—o0- } wherez € V HOEX] G ={ o }
G(tns)2{ «o<H=o [GeG(t)AH €G(s)} G(tUs) =G(t)ug(s)
G(t-s)2{ »o—c—o—n—o |GEG)NHEG(s)}  G(t")= ] G(t").

neN

For a valuation v € GREL on a binary relation on a set B and (z,y) € 8(T), let G(v,x,y)
be the graph defined by: G(v,z,y) = (B, {0(a)},ev, 7, y). For a class C C GREL, let GR¢
be the graph language {G(v,z,y) | v € C and (z,y) € 6(T)}. We say that a graph language
G is induced subgraph-closed if every induced subgraph of every G € G is isomorphic to a
member of G. We say that a class C C GREL is induced subgraph-closed if GR¢ is induced
subgraph-closed. By the form of rsub,,, RSUB is induced subgraph-closed.

We recall edge-saturations S(h) of Def. 2.1. For a graph G and graph language G, let

Se(G) 2 {S(h)|3H € GRe,h: G — H} Se(G) & | Se(H
Heg

» Example 5.1. The following is an instance of SRSUB(G) where V = {a}

a, l a, l T a, l T
Srsug( ~0—a—0—g~0+ ) = _ . (Gray-
1, T —1,T
MTj HE\ *O*a/l\ aofal\
Ma, 1, T A G T
a,l, a,1, T a, IAT a, 1, T a,l, T a, 1, T

colored edges are the edges extended by edge-saturations Srsyg. We omit unimportant edges.)

5 We introduce T-labeled edges, cf. [32, Def. 6], because T is not fixed to the full relation.
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For instance, the below right graph is obtained by the map:

+O0——a——0——g——0~ wﬁa,i'r‘#ﬂ» .
a,1, T a,1, T

Note that by the form of GRgrsyg, each H € Sgsus(GRrsus) satisfies the following:
|H| is finite and T is a total preorder (possibly not a total order);
a D 1% or @ D 1¥ holds for each a € V.

Let HC 2 H/(1)= and G2 £ {H< | H € G} where R~ denotes the equivalence closure
of R. We then have the following graph language characterization, which is an analog of [32,
Thm. 18], but is generalized for including RSUB (see Appendix I, for a proof).

» Theorem 5.2, Let C C GREL be induced subgraph-closed. For all KA{E,T,T,O} terms t, s,
CEt<s & VHES(G(t)2,3GeG(s),G — H.

» Example 5.3. (We recall the inequations in Remark 3.5.) Here are examples to show
KA (F1,T.0} equations on RSUB using Thm. 5.2. (Gray-colored edges are the edges extended
by edge-saturations Sgsyg. We omit unimportant edges.)

LANG = a < bab + bab: This equation is shown by the following graph homomorphisms:

Q’(Bag + bab) = { >0—p—0—a—0—p—0> +O0— h—O— a—O—b—O> }
SRSUB(Q(CL))Q >SH : 7}—” a4?}>” 7);»' ag?}.”
53 \ZS \l)'3 \l;3
(Case o7 o1 (Case b D 1H)

LANG = abNecd < aTd + cTh: For each graph H € Sgsus(G(abNcd))<, we can give a
graph homomorphism from some graph in G(aTd + ¢Tb) as follows:

G(aTd+cTh) ={ +0—a—0—T—0—d—0+ , -+0—c—0—T—0—b—0> }
7
Srsus(G(abNed)® 5 H - 0" @\b 0> oM T b)c'i»
c. :u d C\«i _d

(Case (@,@) e TH) (Case (@@) e TH)

Additionally, note that < is necessary in general, e.g., for T < 1+ T [32, Remark 19].

5.2 Word languages for KA ;1

Particularly for KA (@I T) Thm. 5.2 can be rephrased by word languages.
For a word w = a; ... a, over V, let G(w) be the following graph where |G(w)| = [0, n]:

@D @ — @

G(w) is the unique graph in G(w) up to graph isomorphisms.

For a KA (z1,7} term t, we write [t]y for the word language [t] over V where 7, 1, and
T are also viewed as letters; e.g., [Z]y = {T} and [z] = V* \ {z} for « € V. Note that
G(t) = {G(w) | w € [t]y}. Hence, for KA{E,T,T} terms, graph languages are expressible by
using word languages.

Additionally, we introduce nondeterministic finite word automata with epsilon transitions
(NFAs). NFAs are (2-pointed) graphs over V1 where the source and target vertices denote
the initial and (single) accepting states, respectively, and 1-labeled edges denote epsilon
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transitions. For a graph H and a word w = ay ... a,, we write 52 for the binary relation
(1Y s af s (1) el s (17)*. For q € |H|, we let 61 (q) £ {¢' | {q,¢') € §H}. For Q C |H|,

Wi

we let 62 (Q) = Useo 6H(q). The word language [H] is defined as {w € V* | (17 2H) ¢ §H}.

Note that [H]g = {w € V* | G(w) — H2} if 17 is an equivalence relation. We then have
the following: a rephrasing of Thm. 5.2 (see Appendix I for a proof).

» Corollary 5.4. Let C C GREL be induced subgraph-closed. For all KA{E,T,T} terms t, s,
Cet<s & [ty C{weV"|VH e S(G(w)),[s]y N [H]y # 0}.

» Example 5.5. Here are examples to show KA{E,TF"} equations on RSUB using Cor. 5.4.
LANG [= a < bab+ bab (the first example in Example 5.3): For all NFAs H € Srsug(G(a)),

bab (57 2 1H)

bab (b D 1H)

T T

b b
(Case b7 D 1H) (Case b D 1H)
LANG |= a < 1+aa [32, (3)]: For all NFAs H € Sgsug(G(a)), we have [1+ aaly N[H]y >

{1 (17 = Ay)

we have [bab + bably N [H]y { by the following paths:

by the following paths:
aa (1H =TH) Y &P

a a
e | 2P
(Case 111 = Agp) (Case 17 = TH)

LANG [ 1aal < laal [36]: For all NFAs H € Srsug(G(1aal)), we have [Taally, N[H]y 2
Taal in either @ D 17 or a D 17 by the following paths:

~0—7 a a—o0—1—=0> | +0— T —0— a—0—g—Q—T]—0
A ~i— N ()
a a
(Case @ D 1) (Case o D 1)

In the next section, we use the NFA characterization of Cor. 5.4 for an automata
construction.

6 PSPACE decidability for KA 7 1, terms

We consider gNraphs over Vi / NFAs, instead of KA {z,1,7} terms / regular expressions over
the alphabet V. In this section, relying on the graph characterization (Cor. 5.4), we consider
that, given an NFA J (having the same language as the term s in Cor. 5.4), we give an NFA
recognizing the following word language:

Ly 2 {weV*|3H € Srsus(G(w)), [J]y N [H]y = 0}.

Note that RSUB =t < s < [t]g; "Ly = 0 when [s]g = [J]y. We first present an equivalent
notion of “w € L;” in Sect. 6.1, and then we give an NFA construction in Sect. 6.2. Our
approach in this section is based on [32] where we replace REL with RSUB.

6.1 Saturable paths for RSUB

We first give an equivalent notion of [J]g N [H]y = 0 in the definition of L.

» Definition 6.1. Let J and H be NFAs. A map U: |H| — p(|J]) is an emptiness-witness
for [J]y N [H]y = 0 if the following hold where U, = U(x):

11
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17 € Uyn and Va € Vy,Y{(z,y) € ol 67(U,) C U,;

27 & Uyn. a
Intuitively, the first condition denotes that U is a cover of the reachable states from the pair
“1 € Uyn”. If the second condition holds, we can see that the pair “27 € U,n” is unreachable.
As expected, we have the following (see Appendix B, for a proof).

» Proposition 6.2. Let J and H be NFAs where 17 is reflexive. Then
JyN[H]y =0 <«  3U: |H| - p(|J]), U is an emptiness-witness for [J]g N [Hl]g = 0.

» Example 6.3. We consider the following NFAs J and H. The NFA J satisfies [J]g = {w €
{a,@}* | In € N, @ occurs 3n + 2 times in w} and the NFA H is a graph in Srsug(G(aaa)),
where T- or 1-labeled edges are omitted, and gray-colored edges are the edges edge-saturated
from the graph G(a@a). From the form of H, one can see that [J]y N [H]y = 0.

a,l a,l a,l a 1

— ! 1 ! 1 1
a " \ ,‘/,u‘l -\
J = — (D —a. =G .
Ta - -

a
a s-a - -a
Uo ur Y U, Us
a

If Uy = Uy = {@®} and Uy = Us = {(®)}, then this U is an emptiness-witness; e.g., for
(1,2) € @, 6(U1) = {@} C Us. By the witnesses, we have [J]y; N [H]y = 0. Besides this,
if Up = Uy = {@} and U; = Uz = {@), @)}, this U is also an emptiness-witness; so, U may
not coincide with the reachable states from the pair “17 € Uyn”. J

Next, we give an equivalent notion of “w € L;”, by forgetting saturated edges (gray-colored
edges in Example 6.3) using U (in Prop. 6.2).

» Definition 6.4. Let J be a NFA and w be a word. A pair P = (H,U) is a saturable path
for w € Ly if the following hold:
(P-Ext) H is an edge-extension of G(w) such that’
TH 4s a total preorder and TH D {(i — 1,i) | i € [1,n]} where w = ay ...an;
1 = THA{(Gi) | (6,5 € THY and T" = TH\ 1,
Va € V, (a”,a") is either (a®) U 17 g%} or (o) &) y1H),
(P-Con) H is consistent: Ya € V| a#% nat® = .
(P-Wit) U: |H| — p(|J|) is an emptiness-witness for [J]g N [H]g = 0.
(P-Sat) H is saturable: Va € V,¥(i,j) € 7, §J(U) CU; or 62(U;) C U;. J
Then the existence of saturable path can characterize “w € L;” as follows.

» Lemma 6.5 (Appendix C). Let J be a NFA and w be a word. Then,
wely < thereis a saturable path for w € L.

» Example 6.6. We recall the NFAs J and H € Srsus(G(aaa)) in Example 6.3. The
following P is a saturable path for aaa € L; where T- or 1-labeled edges are omitted:

6 In this definition, TH-, 17~ and TH—edges are edge-saturated and a- and a-edges in 17 (for a € V) are
also edge-saturated. This is for preserving (P-Con) easily.
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a,l

P = »%Laaéﬁa#g,%%»
@ (@ {©0; 00}

(P is of the form of a path graph by taking the quotient graph w.r.t. 1-labeled edges.) P is an
abstraction of edge-saturated graphs. From P, we can construct a graph H € Srsus(G(aaa))

s.t. [Jly N [H]y = 0. Because both &Z({@}) C {®,®} and §/({@}) C {@®, @)} hold,

in addition to the graph H in Example 6.3, for instance, the following are also possible
edge-saturated graphs:

=

\Qa

) z@gazsaa@é?%

Thanks to saturable paths, we can replace the existence of such gray-colored edges connecting
distant vertices with a locally defined witness U. This rephrasing will be useful for our
automata construction. J

To give an NFA construction, moreover, we replace (P-Sat) with a local condition. Let
o/ (U, U) =Va € V,Y{(u,u') €U, 8] (u) CUVEL (W) CU.

» Proposition 6.7. Let J and H be graphs. Let i € |H|. Then we have:

(Va € V,¥j s.t. (i) €T, 6/(U;) CU; VEL(U,) CU;) & o U uixu,u).

3 (G,iyeT?

Proof. For each i and j, we have: (Va € V 5]( ) CU VLU CUy) iff (Va eV, (Vu e
Uj, 07 (u) CU;) vV (Vo' € Uj, 62 (u ) Q U,)) iff o7 (U; x U;,U;) (by taking the prenex normal

form). Thus by (Vj s.t. (4,i) € ,goJ(Uj x U;,Uy)) iff QDJ(U] Gayer® Us X U;,U;), this
completes the proof. <

6.2 Automata from saturable paths

Let X 2 {X € p(V 1) [ 1L,T € X, 1¢ X,and Ve € Vi € X « T ¢ X}. (This set is
equivalent to the set {{z € V; |17 C 2#} | H € GRgsus}.)

» Definition 6.8 (NFA construction). Let » and <« be two fresh symbols. For a graph J and
a set X € X, let JSX be the graph G defined as follows:
Gl = {», U{U,U) € p(|]| x |J]) x p(|]) | ¢" (U, U) AVz € X,5/(U) C U};
19={p} x {UU) € |G| |17 e UNU=0}U{U,U) € |G| |27 ¢ U} x {«};
2@ = {(U,U), U, U") € |G| x |G| | ¢X1(U, UU UV o (U, UU' U} for z € V;
19=p;
2¢ = «.
Here, wfI(Z/I,U,U’,U’) and w;{l(u, U U, U") are defined as follows:
sy cu’
VNUUULU) S U =UUU X U)ANS S (fu ] (wu) U} CU G |
J
o ({u | (w,u) eU'y) C U’
¢§1(U,U,U’,U’) & U =UNU=UArzxeX). J
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By the form of JSX, if a; ...a, € [J5X]g, then its run is of the following form:

- b —1—> (Uo,Ug) —a1—> (U1,U1) —az2— (Uz,Us)

anp—> (Up,Up) —1— € > .

Intuitively, this run corresponds to the following saturable path where some T-, 1-, or
X
1-labeled edges are omitted and g denotes that an z-labeled edge exists for each x € X:

1 (ﬁ¢§f(ui—1,U7‘,—1,Ui,Ui))
1 (Othérwise) X

X X X X _— x
Mo Y Y M Y s
Uo Ui Uz Ui U

i Un

Here, U; is used to denote the set Uﬂj et U; x U; (cf. Prop. 6.7) where H is the graph of

the saturable path above. According to this correspondence, from a word w € Jyc [/ Sx I
we can construct a saturable path for w € L;. Conversely, from a saturable path for w € Ly,
we can show w € |Jycx[J°¥]g. Thus, we have the following (see Appendix D, for details).

» Lemma 6.9 (Appendix D). Let J be a graph. Then we have L; = Uy cx[J%¥]-
» Theorem 6.10. The equational theory w.r.t. languages for KA{E,T,T} is PSPACE-complete.

Proof. (in PSPACE): Let ¢ and s be KA 7 1 terms. Let G and J be NFAs s.t. [G]y = [t]y
and [J]y = [s]y. By Cor. 5.4 and Lem. 6.9, we have: RSUB =t < s < [Gly NL; =0 <
[Gly N (Uxex[J5%]y) = 0. Thus we can reduce the equational theory into the emptiness
problem of NFAs of size exponential to the size of the input equation, where we use the
union construction for U and the product construction for N in NFAs. In this reduction,
using a standard on-the-fly algorithm for the non-emptiness problem of NFAs (essentially the
graph reachability problem), we can give a non-deterministic polynomial space algorithm.
(Note that the membership of “a € |J®X|” and “(a,b) € 27X for each z € V; can be easily
determined in polynomial space; so, we can construct such an on-the-fly algorithm indeed.)
(Hardness): The equational theory of KA w.r.t. languages coincides with the language
equivalence problem of regular expressions (Remark 2.3), which is PSPACE-complete [29].
Hence, the equational theory of KA FIT) s PSPACE-hard. <

» Remark 6.11. It is still open whether the equational theory w.r.t. REL for KA{E,T,T} is in
PSPACE [32, Remark 45]. W.r.t. RSUB, each equivalence class induced from 1-labeled edges
is always an interval; so, the problematic case presented in [32, Remark 45] (w.r.t. REL) does

not appear in Thm. 6.10 (w.r.t. RSUB). a

7 Conclusion and Future directions

We have introduced RSUB for the equational theory w.r.t. languages for KA;_; terms. Using
RSUB, we have shown some complexity results for the equational theory w.r.t. languages for
fragments of KA;_y terms (Table 1). We leave open the decidability and complexity of the
equational theory w.r.t. languages for KA{T,m}'

A natural interest is to consider variants or fragments of KA;_y, e.g., with reverse [3],
with tests [27] (by considering guarded strings) or with (anti-)domain [13]. It would also be
interesting to consider the combination of variables and letters (cf. Thms. 3.2 and 3.6) in the
context of language/string constraints.

Additionally, to separate the expressive power w.r.t. languages, it would also be interesting
to consider games like Ehrenfeucht-Fraissé games [15, 16] on RSUB, cf., e.g., on REL for the
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| KA | KAm | KAG, | KAGs | KAm | KAgq, | KAe | KAgry | KAG) |
LANG
RSUB PSPACE-c (Thm. 6.10) EXPSPACE-c [4] | (open) %-¢ (Thm. 4.9 and Cor. 3.4)
PSPACE-—c EXPSPACE-c TOWER-c
{ost} [29] [17] [45, 43]
PSPACE-c in coNEXP EXPSPACE-c II}-c IIi-c i-c
REL 32] 32] 30, 6, 7] [33] 32] [19]

Table 1 Summary of our complexity results for equational theories w.r.t. languages, with

comparison to other semantics.

calculus of relations [31] and on languages for star-free expressions [47]. (Note that while

the expressive powers w.r.t. languages can be separated if their language classes are not

equivalent, this argument cannot apply even to show, e.g., the expressive power difference
between KAz and KA.)
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A  Proof of Cor. 5.4
Proof. We have:

CEt<s & Yw€ [tly,VH € Se(G(w)), v € [s]y, G(v) — HS

(Thm. 5.2 and G(s) = {G(v) | v € [s]y/})
& Vwe [tlg,YH € S¢(G(w)), [sly N [H]g #0  ([Hly ={v e V*|G(v) — HS})
& [ty C{we V" |VH € Sc(G(w)), [s]y N [H]y # 0} <

B Proof of Prop. 6.2

Let R’ C |H| x |J| be the minimal set such that
(17,17) e R';

Va € Vi,V 2’ € |H|,Vy,y' € |J|, (x,y) € R' Ax,2') € ST N {y,y') €] = (2',y') € R

> Clam B.1. [JlgyN[H]ly #0 < (2727)eR.

Proof. By definition, R’ coincides with the set of all reachable states of the product NFA of
H and J. <

Let R C |H| x |J| be the minimal set such that

1",17) e R;

Ya € V,Va,2' € |H|,Yy,y' € ||, (z,y) € RA (z,2') € a™ A (y,y) € 6] = (2/,y') € R.
> Claim B.2. R=R.
Proof. (C): Clear, by a” C §#. (2): By induction on derivations of R'.

Case (1%,17) € R': Trivial by (1#,17) € R.

Case ({z,y) € R' A (z,2") € S N {y,y') € 6)) = («',y) € R": By IH, (z,y) € R.

Sub-Case a # 1: Let xg,...,Zn—-1,Tn,.-.,Tm be s.t. {(x,2") = (xg, x,) and
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for all i € [1,n — 1], (z;_1,2;) € 17;

(Tp-1,2n) € a™;

for all i € [n+ 1,m], (z;_1,2;) € 1.
Lety=-=9yo1=yand y, = -+ =y, = %'. Then by applying the second rule
multiply, we have (z/,y’) € R.
Sub-Case a = 1: By reflexivity of 17, (x,2') € (17)*. Let x¢,..., 2, (m > 0) be s.t.
(z,2") = (xg, xp,) and

for all i € [1,m], (z;_1,7;) € 11
Let yo =y and y1 = -+ = ¥, = y'. Then by applying the second rule multiply, we
have (z',y') € R. <

Proof of Prop. 6.2. (=): By letting U as the map defined by U(x) £ {y | (z,y) € R}. Here,
27 & U,u is shown by [J]y N[H]y = 0 with Claim B.1 and B.2. («<=): Let R” = {(x,y) |y €
U(z)}. By the minimality of R, we have R C R”. By (211,27) ¢ R", we have (27 27) ¢ R.
Hence by Claim B.1 and B.2, we have [J]y N [H]y = 0. <

C Proof of Lem. 6.5

Proof. (=): By Prop. 6.2, let H' € Srsys(G(w)) and let U be an emptiness-witness for
[J]y N [H']y = 0. We define the graph H as follows:

|H| = |H'[;

ol =o' fora e {T,1,1};

afl = oS U (' N17") for a € V1 \ {T,1,1}.
We then have that the pair P 2 (H,U) is a saturable path for w € L, as follows:

(P-Ext): By that H' is an edge-saturation w.r.t. RSUB.

(P-Con): Because H' is consistent by H' € Srsus(G(w)).

(P-Wit): Because U is an emptiness-witness for [J] N [H']y = 0.

(P-Sat): Because af’’ Ua"’ = TH' and U is an emptiness-witness for Jy N [Hy =0.

(«<): Let P = (H,U) be a saturable path for w € L;. By (P-Ext), 1 is an equivalence
relation. We define the graph H' as follows:
1) = |H]
' =aH fora € {T,1,1};
for a € V and (z,y) € TH,
if ([2]yn, [y]1e) € P17, then (z,y) € o' \ @’;
else if {[z]yu, [y]1n) € a"°, then (z,y) e @™ \ o',
else if U, C 67 (U,), then (z,y) € o™’ \a'’;
else (z,y) e al’ \ o'
By the construction of H’, we have the following:
H'Qis an edge-extension of H: By (P-Con), if ([x]y#, [y]1x) € @ then ([x]17, [y]1#) &
a™.
H' is consistent: If [z];# = [y]y» then U, = U,, because U, C &§{(U,) C U, C
87 (U,) C U, by (P-Wit); thus, if [z];n = [2/];# and [y];n = [y/]1#, then (z,y) € o'l iff
(' y) € al'
foraeV,a =TH \aH/: Because o’ U@ = TH' and H' is consistent.
From them and (P-Ext), we have H' € Srsys(G(w)). Also, U is an emptiness-witness for
[J]yv N [H']y = 0 as follows. For edges already in H, it is shown by (P-Wit). For extended
edges from H, it is shown by the construction of H' (for the last case of the four cases above,
by U, Z 6] (U,) and (P-Sat), we have U, C 6Z(U,)). Hence, this completes the proof. <
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D Proof of Lem. 6.9

Proof. (C): Let w = ay...a, € Ly. Let P = (H,U) be a saturable path for w € L;. Let
X 2 {aeV;|a” D17} (note that X € X). For each i, let U; 2 Uj.er Us % Uj. Then
we have:
o’ (U;,U;): By (P-Sat) and Prop. 6.7.
Van 6](U;) C Uiz By aff 2 1% 2 Ay and (P-Wit).
Thus (U;, U;) € |JS%|. We consider the following run of the NFA JSX on w:

- » —1— (Uo,Up) —a1— (U1,U1) —az— (Uz,Uz)

ap—s (Up,Up) —1—> € > |

This is indeed a run of the NFA JSX as follows:
>, (Uo, Up)) € 17°%: By 1/ € Uy (P-Wit) and Uy = 0.
(U, U,), <) € 1JSX~ By 27 ¢ U, (P-Wit).
Vi e [1,n], ({Ui—1,U;— ) (U;,U;)) € a!" : We distinguish the following cases:
Case (i — 1,3) € 1
U =Ui_y: By (j,i) e T iff (j,i—1) € T, for all ;.
Ul’ = Ul 1: By (P Wit) We have Uz 1 C (5 (Ul 1) C U C (S‘](U) Q Ui—l-
a; € X (aff D 1%): By af n1# # () and (P-Ext), we have all = f(w) U1 (if not,
this contradicts to (P- Con))
Thus by ¥ | (Ui 1,Ul UL U3, we have (U1, Ui_y), Us, U;)) € af™
Case (i — 1, z)Gl
Uy =U_1UUi_ xUi_y): By (j,i) e T" iff j < iiff (j,i—1) € TV {(j,i—1) € 1H,

for all j.
67 (Ui—1) C U;: By (P-Wit).
SL({u | (u,u) € Z/I}) C U;: We have 6% ({u | (u,u) € U;}) = (5‘](U (e Uj) =
U< 81(U;) C U; by (P-Wit).
6%7({u | (u,u) € U;}) C U;: We have (5‘]({u | (u,u) € U;}) = 5J(U ”>€1HUJ») =
Uj<i5‘1](U ) C U; by (P-Wit).

Thus by ¢ (Ui, Ui, Ui, Us), we have (U1, Ui—1), Uy, Us) €a/.

Hence, w € [JSX]
(2): Let X CX and w=ay ...a, € [J5%]y. Let the run of J5% on w be as follows:

- » —1—> (Up,Up) —a1—» (U1,Ur) —az— (Uz,Us) o ——ap—— (Up,Up) —1—> 4 >

Let H be the edge-extension of G(w) defined as follows:
T = {{z,y) € [0,n] x [0,n] | Vi € [y + 1, 2], WX ( i—1, Uiz, Us, Ui)

17 THﬂ{<:1:y>|< x) € TH}andl *TH\lH,
Ya e VN X, (@, @) = (a®™) u1H gsw),
Note that by definition of T, we have
T2 {(2,y) |2 <yh
TH is transitive by case analysis.

Hence, T# is a total preorder and each equivalence class w.r.t. 17 is an interval [l,7].
Let P £ (H,U) where U is defined as i — U; for i € [0,n]. The following depicts P.

1 (—‘wi(_ TWUio1, Uia, Ui, Us))
N1 (Otherwise)

X X X X / X X
Uy U, Us Ui—1 U; Un
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Then P is a saturable path for w € L; as follows:

(P-Ext): By the definition of H.
(P-Con): Assume that aHonat® £ 0. Let z,2',y,y bes.t. [z]11 = [2/]1#, [z = [V,
(z,y) € a®, and (z',5y') € a". WLOG, we can assume that a € X and @ ¢ X. Then, we
have the following:
(',y"y € a@®™ (s0, 2’ =y — 1 and a,y = a): By a? =a®") (since @ ¢ X).
(z,y) € a®™) (so, * = y — 1 and a, = a): If not, then by aff = a®®) U 1#,
we have [z];n = [y]iu. Thus, (v,y — 1) € 1H(C TH). By the definition of
TH  we have —nbf, T(Z/Iy/_l,Uy/_l,l/{y/,Uy/). By the definition of a‘]sx, we have
v

wii,/,l(uy’fh Uy—1,Uy, Uy ), so @ € X. This contradicts @ ¢ X.
([z, 2" U [z, 2]) N ([y, ¥V [, y]) =0 (so, x = 2’ and y = ¢'): If not, then because the
interval between x and z’ and that between y and 3’ have an intersection, we have
[#]1# = [y]1#. Then, in the same manner as above, we have @ € X. This contradicts
ag X.
Thus, we reach a contradiction, because a = ay, = a, = @ (by y = v'). Hence,
a#%nat® = 9.

U, ~1la)elf
(P-Sat): By the form of JSX, we have U, = ! (@ vel’)

Up U Upey x Upey) ((w—1,2)€T7)
Thus, U, = Um;@wdﬂ U, x U, (%). By Prop. 6.7, this completes the proof.
(P-Wit): For 17 € Uy and 27 ¢ U, they are shown by the form of JS*. For Va €
Vi, Yz, y) € a”,57(U,) C U,, we distinguish the following cases:
Case a = 1: Then we have
U, = U,: By (z,y) € 17 and the form of J°X, we have the following: Vz €
[y + 1, 2], wgiJ(Z/{Z_l,Uz_l,UZ,UZ). Thus, Uy =Uyy1 = -+ = U,.
61J(U.L) CU,: By <U.L7Ul> € ‘JSX|'
Hence, 6{ (U,) C U,,.
Case a = 1: Let z € [x + 1,y] be such that wi (U1, U1, U, U) and V2 €
[z + 1,4, ﬁwf/ (Usr—1,Uzr—1,Usr, Usr). Then we have

(5{(Uw) C 6‘1—]({u | (w,u) € U,}) (by (%) and (x,z) € i (by (z—1,z2) € TH))

g Uz (by wij(uz—hUz—huz;Uz))
CU,;41=---=U,. (by the form of JSx ¢({,71(uz,_1, Uy—1,Uy UL ))

Case a = T: We distinguish the following two sub-cases:
Case (z,y) € 17 By the similar argument as Case a = 1.
Case (z,y) € 11: By the similar argument as Case a = 1, we have U, = U, and
§{(U,) C Uy, and thus 67 (U,) C U,,.

Case a € {a,a | a € V}: We distinguish the following sub-cases:
Case (z,y) € 1. By (x,y) € aff N1’ = a®™) we have z = y — 1 and a, = a.
Thus by wfyi(uy,l, Uy—1,Uy, U,), we have 6 (U,) C U,,.
Case a € X: By af = a%"™) we have z =y — 1 and ay = a. By the form of JSx
with ﬁwfy’l(l/{y,l, Uy—1,Uy,,Uy) (since a, ¢ X), we have wiij(l/{y,l, Uy—1,Uy, Uy).
Hence, §(U,) C U,. ‘
Case (z,y) € 1 and a € X: By the similar argument as Case a = 1, we have
U, =U, (by (z,y) € 1%) and §/(U,) C U, (by a € X). Thus, 6/ (U,) C U,. <
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(Extra Appendices)

E Extensions of Thm. 3.2

In this section, we note that we can extend Thm. 3.2 in the following two:

» Theorem E.1. For all positive quantifier-free formulas ¢ of KA;_y terms, we have:
LANG = ¢ = RSUB = ¢.

Proof Sketch. By the same surjective S-homomorphism in the proof of Thm. 3.2(=). <«

» Theorem E.2. For all quantifier-free formulas ¢ of KA;_y terms, we have: LANG = ¢ <=
RSUB = ¢.

Proof. Because the formulas t = s > (t < sAs <t)andt < s+ tNs <0 are valid
on LANG U SUB, without loss of generality, we can assume that each equation in ¢ is of
the form v < 0. By taking the conjunctive normal form, it suffices to prove when ¢ is of
the form (Vi < 0) vV (Vi —s; < 0). We prove the contraposition. By LANG [~ ¢,
there are X, v € LANGx, w1, ...,w, € X* such that w; € 0(¢;) for i € [1,n] and v(s;) =0
for j € [1,m]. By letting wy = w; ... w, and considering the same S-homomorphism as
Thm. 3.2(<), we have RSUB }~ . <

F SUB: subword models

In this section, we also define the class SUB of subword models, which is isomorphic to RSUB.
Apart from RSUB, intuitively, this model is based on the following property in the standard
language valuation (vs): the membership w € b4 (t) can be determined from w’' € by (¢)
where w’ ranges over subwords of w (and ¢’ ranges over subterms of ¢). This situation is the
same also for any valuations v € LANG. The class SUB is helpful to use this property. These
models are language models where the universe is restricted to the set of subwords of a word.

» Definition F.1. Let X be a set and let w = ag...a,—1 € X*. The subword language
model sub,, is the S-algebra defined by: |A| = p(Subw(w)), 14 = {1}, 04 =0, and for all
L, K C Subw(w),

LAK=(L-K)nNSubw(w), L+AK =LUK,
L*" = L* N Subw(w), L~ = Subw(w) \ L.
We write SUB,, for the class of all valuations of sub,, and SUB. J

Let !, be the map given by L — L N Subw(w). The map «!, forms an S-homomorphism
from langy to sub,,.

We use 1,45, ... as fixed pairwise distinct letters. We write SUB for UneN SUB/,t5...0,, -
Let x’ be the map given by L+ {¢;...4, | ay...a, € L}. For each word a; ...a,, the map
X' forms an S-homomorphism from subg, ., to subg, g, .
» Remark F.2. The map x’ is defined, inspired by words-to-letters valuations [35] where we
consider “letters-to-letters valuations” by restricting the mapping from words to letters.

» Proposition F.3. For each n € N, suby,. ¢, , is isomorphic to rsub,,.

Proof. By the map L — {(i,7) |0 <i < j <nA¥...l;_1 € L}. This map can be also
given by 0o vy 0.y Fig. 2 presents illustrative instances of this map. <
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R N
{€o, b1la, Loly, L2} = O—0 _0—0

{6 . 021 10<i<j5<3} — ?‘?vAﬂ?‘?

Figure 2 Tllustrative instances of the bijective map of Prop. F.3, when n = 3.

By Prop. F.3, the isomorphism closure of RSUB coincides with that of SUB. Particularly,
the quantifier-free theory w.r.t. RSUB coincides with that of SUB.

Summarizing the above and Sect. 3, for each n € N and word w € X", we have considered
the following S-homomorphisms:

lang x P suby, XL fw] f(w) €L} subg,..0, .
JLX R (o) | () f) € R) lL{ZO ,,,,, o1}
rlangy —=*— rlangy | Subw(w) rlanggg, e, y3 [ Subw(lo...0y—1)
o
rsub,,

where f is the monoid homomorphism given by ¢; — a; for i € [0,n — 1].

G Detailed proof of Lem. 4.8

(The following proof is almost the same as [32, Section VI] except that we consider RSUB
instead of REL.)

For a CFG € = (X, R,s) and a word w = aj ... ay, let v, € RSUB,, be the valuation
defined by:

ve (@) ={({E—-1,9) | i €[l,n] Az =q;} for x € 4

{ve.w(z)}zex are the minimal sets such that for all z € X, v € (X UA)*, and i,j € [0,n],
<Zv.7> € 6€,w(v)
<Zvj> € U@,w(x)
For instance, if A = {(,)}, € = ({s},{s «+ (s)s, s « I},s) (i.e., [€] is the Dyck-1 language),
and w = (()()), then ve 4, is of the following form:

if x < v € R, then

S S S S S S S
| } } } } } )
Vew = <a®@®iﬁ@) )
S S
S

By construction, we have the following;:

» Lemma G.1 (cf. [32, Lem. 47]). Let € = (X, R,s) be a CFG. Let C be s.t. {vg ) CCC
GREL. Forallx € X andw =ay...a,_1 € A*, the following are equivalent:

1. 2 ¢ w;

2. CE(Nwewyerw' <) 2w <a;

3. (0,n) € vg (7).

Proof. 1=2: By induction on the derivation tree of F¢. Let

z1 Fe 01 .. Ty Fo Um

T e woviwy ... Uy Wi
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where z «+ woriw; ... Tpwy, € R. Let v € C be any s.t. v = /\(m’ew’)eR w' < 2. Particu-
larly, we have v = woxjwy ... Znwy < z. By IH, we have v |= v, < x. Combining them
yields v = woviwy ... vpw,, < 2. (We only need axioms of monoids, so this holds for any
Kleene algebras beyond GREL.)

2=3: By vew € C, Ve w F Npewyer @' < 2’5 and (0,n) € bew(w), we have (0,n) €
Ve w (.’E) by 2.

3=-1: By induction on the derivation tree induced from the definition of v¢ ,,. Let

<Z,]> € ﬁQf,w(UJOxlwl ce xmwm)
<'L7]> € UQ‘,w(w)
where © + woziwy ... Tpw, € R. Let i =i9 < jo < -+ <y < Jmm =J — 1 be s.t. (ig, jx) €

. By
k
IH, z} e aj,_, ... a;,. Hence by definition of ¢, we have x ¢ a; ... a;_1. |

be,w(wk) and (jy—1,ik) € Ve w(zk). By construction of ve ,,, we have wy = a;, ... a;

» Lemma G.2 (cf. [32, Lem. 48]). Let € = (X, R,s) be a CFG over a finite set A =
{a1,...,an}. Let C be s.t. {vew | w e A*} CC C GREL. Then we have

n

=4 & CE( N w<a)> () a) <s

(z+w)ER i=1
Proof. We have:
[€l=A"=VYwe A" steveVve A",C = ( /\ w<z)—>v<s (By Lem. G.1)

n

< ¥m e N,C = ( /\ wgm)%(Zai)mgs

(z+w)ER i=1

& CE( /\ w<x) = (Z a;)* <s. (GREL is #-continuous: zy*z = supxy”z) =
i=1

(z+w)eER n20

Proof of Lem. 4.8. By Lem. G.2. <

H Proof of Lem. 4.11

Proof. We recall Lem. G.1. Because ve ., = 1= (31, a;)T, Lem. G.1 holds even if we can
replace 2 of Lem. G.1 with

C’:(T:(zn:ai)"l'/\ N\ w<a)ow <o

(z+—w)eER

Thus for C C RSUB, by the same argument as Lem. G.2 with Prop. 4.10, we have

€ =4 < C)z(T:(En:ai)T/\ /\ w<z)—T<s. <
i=1

(z+—w)ER

| Detailed Proof of Thm. 5.2

Let v € GREL. For a graph H and a graph language G, we write
o(H) = {{z,y) [ H— G(v,z,9)}, 8G9 = o).
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> Lemma L.1. Let v € GREL. For all KA ;7 1, terms t, we have b(t) = 8(G(t)).
Proof (cf. [32, Prop. 11]). By easy induction on ¢. See Appendix I.1 for details. <
» Lemma 1.2, Let C C GREL, v € C, and H be a graph. Then 6(Sc(H)<) = 6(H).

Proof. (C): Because, for any J € S¢(H), we have J — J2 by H — J and J — J<. (D):
Let h: H — G(v,z,y). Then S(h) — G(v,z,y). Because 16(®#¥) is the identity relation,
S(h)2 — G(v,z,y). Hence 6(Sc(H)<) D 6(H). <

» Proposition 1.3. Let h: H — G(v,2,y). Then the graph S(h)< is isomorphic to the
induced subgraph of G(v,x,y) on the range of h.

Proof. Easy, by construction. Note that since 16(®%%) is the identity relation, 15 is an
equivalence relation (see, e.g., Example 2.2). <

Proof of Thm. 5.2 (cf. [32, Thm. 18]). We have:

CEt<s

e VYo el b(t) Co(s) & Yoel,b(Se(G(t)2) C 6(G(s)) (Lems. 1.1 and 1.2)
& VG € Se(G(1)2,VJ € GRe, (G — J) implies (3H € G(s), H — J)  (Def. of t)
& VG e Se(G(t)2,3H € G(s), H — G. Q)

Here, for (©), («): Let H € G(s) be s.t. H — G. Then for all J s.t. G — J, we have
H — J by transitivity of —. (=): By Prop. 1.3 and that GR¢ is induced subgraph-closed,
we have Sc(G(t))2 C GRe. Thus by letting J = G, this completes the proof. <

1.1 Proof of Lem. I.1

(The following proof is almost the same as [32, Prop. 8, 11] except that we consider GREL
instead of REL. Similar arguments can also be found, e.g., in [1, 7, 40].)
We use the two notations for graphs, series-composition (-) and parallel-composition (N):

G-H =& +0—G—0—H—0> GNH = *O<f130* .
» Proposition 1.4. Let v € GREL and G, H be graphs.

o(GNH)

=b6(G)NH(H) (Prop. 1.4N)
o(G-H)=10 (

(G);6(H) (Prop. 1.4-)
Proof. (Prop. 1.4N): It suffices to prove that for every z,y,
3f,f:(GﬂH)—>G(U,:L',y) < 3.]l.G7fH7 szG—>G(U,:L‘,y)/\fH:H—>G(U7x7y).

(=) By letting fo 2 {(z/, (@) | «' € |G} and fyr 2 {(&/, (&)} | 2’ € |H|}. (<): By
letting f = fo U f. Note that fg(1¢) =z = fg(17) and f5(2%) =y = fg(2f); so f is
indeed a map.

(Prop. 1.4-): Tt suffices to prove that for every z,y,

Elfaf: (GH) —>G(U,x,y) <~ ElZaEIvafHa fG: G—)G(U,.]?,Z)/\f[—[ﬁ H—>G(U,Z,y).

(=): By letting = = f(29), fo = {(a', f(')

)
(<): By letting f £ fqg U fg. Note that fg(2%) = z = fi(1%); so f is indeed a map. <«

o' € |G}, and fy = {(2', f(2')) | 2" € |HI}.
)
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Proof of Lem. I.1. By easy induction on t.

Case t = 2 where x € V = {a,@ | a € V}U{I, T}: For every (z,y) € 6(T), we have

(x,y) € 6(a) ( ~0o—a—o0+ — G(b,2,9))

&
& (2,y) €6( ~o—a—o0- )
&

(z,y) € 8(G(a)).
Case t = 1: For every (z,y) € 9(T), we have

(z,y) € 0(1)

R

e
<
o
!
:

Case t = 0: For every (z,y) € 9(T), we have

(z,y) € 0(0) & false & (z,y) € 6(0) & (z,y) € 8(G(0)).

Caset=s-u:

6(s-u) = 8(s);0(w)

= U s H)
GeG(s) HeG(u)
= 0(G(s-u))
Caset =sNu:
o(snu) = b(s)Ndu)
= 0(G(s)) No(G(u))

Caset = s+ u:
o(s+u) = 0(s)Ud(u)
= 8(G(s)) Ub(G(u))
= 6(G(s) UG(u)) = 0(G(s +u))

(Def. of )
(Def. of G)

(Def. of b)

(16(®=9) is the identity relation)

(Def. of G)

(Def. of b and G)

(Def. of v)
(IH)

(; is distributive w.r.t. U)
(Equation (Prop. 1.4-))

(Def. of G)

(Def. of v)
(IH)
(N is distributive w.r.t. U)

(Equation (Prop. 1.4N))

(Def. of G)

(Def. of b)
(IH)
(Def. of G)
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o(s*) = U o(s") = U o(s)" (Def. of b)
neN neN
= Js@e) (IH)
neN
= U U 8(G1);...;0(Gp) (; is distributive w.r.t. U)
neN Gu,...,Gn€G(s)
= U U 0(G1-...-Gp) (Equation (Prop. 1.4+))
neNGy,...,Gn€G(s)
= 0(G(s") = 0(G(sY)). (Def. of G)
neN

<
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