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ROBUST FLUX RECONSTRUCTION AND A POSTERIORI ERROR
ANALYSIS FOR AN ELLIPTIC PROBLEM WITH DISCONTINUOUS
COEFFICIENTS

DANIELA CAPATINA *, AIMENE GOUASMI f, AND CUIYU HE?

Key words. conforming and nonconforming finite elements, discontinuous coefficients, flux
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Abstract. In this paper, we locally construct a conservative flux for finite element solutions of
elliptic interface problems with discontinuous coefficients. Since the Discontinuous Galerkin method
has built-in conservative flux, we consider in this paper the conforming Finite Element Method and a
special type of nonconforming method with arbitrary orders. We also perform our analysis based on
Nitsche’s method, which imposes the Dirichlet boundary condition weakly. The construction method
is derived based on a mixed problem with one solution coinciding with the finite element solution
and with the other solution being naturally used to obtain a conservative flux. We then apply the
recovered flux to the a posteriori error estimation and prove the robust reliability and efficiency for
conforming elements. Numerical experiments are provided to verify the theoretical results.

1. Introduction. Numerous studies have been conducted to explore the post-
processing of conservative fluxes for various purposes, including a posteriori error
estimation [1, 2], flux conservation in fluid dynamics [3], and super-convergence [4],
among others [5, 6, 7, 8,9, 10]. This paper focuses on designing a locally conservative
flux in the H(div) conforming Raviart-Thomas space for finite element solutions of
elliptic interface problems, including both conforming and nonconforming approxima-
tions with arbitrary polynomial degree k € N*. The recovered flux is then applied
and analyzed in a posteriori error estimation, which plays a crucial role in adaptive
methods.

Equilibrated a posteriori error estimators have attracted much interest due to the
guaranteed reliability bound with the reliability constant equal to one. This property
implies that they are perfect for discretization error control on both coarse and fine
meshes. It is important to note that error control on coarse meshes is important but
difficult for computationally challenging problems.

For the conforming finite element approximation, a mathematical foundation of
equilibrated estimators is the Prager-Synge identity [11]. Based on this identity,
various equilibrated estimators have been studied by many researchers (see, e.g., [1,
12, 13, 14, 2, 15, 16, 17, 18, 6, 19, 8, 10, 3, 20, 9]). The key ingredient for continuous
finite elements is a recovered equilibrated (locally conservative) flux in the H(div; <)
space based on the numerical flux which is typically neither in the H (div; §2) space nor
locally conservative. Using a partition of unity, Ladeveéze and Leguillon [1] initiated
a local procedure to reduce the construction of an equilibrated flux to vertex patch-
based local calculations. For the continuous linear finite element approximation to the
Poisson equation in two dimensions, an equilibrated flux in the lowest order Raviart-
Thomas space was explicitly constructed in [18]. This explicit approach does not
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lead to a robust equilibrated estimator with respect to the coefficient jump without
introducing a constraint minimization (see [8]). The constraint minimization on each
vertex-based patch may be solved by first computing an equilibrated flux and then
calculating a divergence-free correction, see [20] and references therein. In [9], a
unified method also based on the partition of unity was developed. This method
requires solving local mixed problems on a vertex patch for each vertex. In [16, 3] a
global problem is solved on the enriched piecewise constant DG space to obtain the
conservative flux, which is relatively more computationally expensive.

Partition of unity is a commonly used tool for localization. In principle, it can be
uniformly applied to various finite element methods. However, it is studied mainly
for the continuous Galerkin method since explicit recovery for its solution has been a
challenging research topic due to the continuity of the finite element space. Existing
methods using partition of unity are relatively complex since it requires solving star-
patched local problems that are either constrained [8] or in a mixed form [9].

For an exception apart from the partition of unity, we refer to [10] where two-
dimensional Poisson problems are studied. This method is based on a unified mixed
problem equivalent to conforming, nonconforming and discontinuous Galerkin meth-
ods. The idea is to use the Lagrange multiplier, defined on the facets of the mesh, as
a correction of the degrees of freedom of the flux. The choice of the multiplier’s space
is fundamental since it should satisfy the uniform inf-sup condition and enable local
construction. With this approach, one only needs to solve an explicit low-dimensional
linear system for each vertex. It has recently been extended to unfitted methods [21].

In this study, we adopt a similar approach for the diffusion problem where the
diffusion coefficients may undergo large jumps along the interfaces. As a result, the
auxiliary mixed formulation and the local construction of its Lagrange multiplier
resemble those in [10]. Our main contribution is to achieve robustness concerning the
discontinuous coefficients by properly designing the algorithm and analysis.

Firstly, we consider the conforming finite element method, which is the most diffi-
cult case for the flux reconstruction. We use triangular meshes and Nitsche’s method
to treat the Dirichlet boundary conditions; note that in [10], the Dirichlet condition
was treated strongly. We provide a well-posed equivalent mixed formulation, where
the continuity of the solution and of the test-functions across the interior sides of the
mesh is imposed weakly. We obtained the robust inf-sup constant in terms of the coef-
ficients, and we establish a local bound for the multiplier (and hence, for the recovered
flux) with a constant whose dependence on the coefficients is given explicitly. This
type of result is new, at the best of our knowledge; for quasi-monotone coefficients,
we retrieve the robustness already known in the literature for other reconstructions
in this case.

Secondly, we consider a nonconforming finite element approximation of arbitrary
polynomial degree k € N*, based on the space introduced by Matthies and Tobiska
[22]. The standard nonconforming space of odd degree rises with no particular dif-
ficulty, and the reconstruction of conservative fluxes, in this case, is well-known in
the literature. Meanwhile, this is no longer true for an even degree k, due to the
loss of insolvency cf. [23]. The main advantages of the finite elements proposed in
[22] are that they are uniformly defined for any k and are also inf-sup stable for the
Stokes problem. Our contribution consists in extending the approach of [10] to these
spaces in a completely robust way with respect to the diffusion coefficients. To our
knowledge, flux reconstruction for this type of nonconforming finite element is new.

An important use of flux recovery is in the estimation of a posteriori errors, where
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the weighted Lo-norm of the difference between the numerical flux and the recovered
flux can be employed. This technique is particularly valuable in adaptive mesh refine-
ment procedures, commonly employed for problems with singularities, discontinuities,
or sharp derivatives. The study of a posteriori error estimation has been an active
area of research for several decades, as demonstrated by the extensive literature on
the topic (see, for example, [2, 24, 7]).

In this paper, we carry out the a posteriori error analysis for the conforming case,
tracking the dependence of the constants involved in the error bounds on the diffusion
coeflicients. We establish the sharp reliability of the a posteriori error indicator and its
robust local efficiency in the case of quasi-monotone coefficients. Finally, we present
several numerical experiments illustrating the theoretical results for a piecewise linear
continuous method.

The paper is organized as follows. In Section 2, we give the model problem and
its weak formulation. We present in Section 3 the conforming and nonconforming
finite element approximations and their equivalent mixed formulations, for which we
establish the well-posedness. For both discretizations, the local computation and
robust bound of the multipliers are detailed in Section 4, whereas the definition of the
conservative fluxes is given in Section 5. Section 6 deals with the a posteriori error
estimation for the conforming approximation by means of the recovered flux. Finally,
Section 7 is devoted to the numerical tests, while in the Appendix we give the proof
of the inf-sup condition for the conforming method.

Data Availability. No data is available. Enquiries about the code should be
directed to the authors.

Ethics declaration. The authors declare that they have no conflict of interest.

2. Model problem and notation. Let Q be a bounded domain of R? with
polygonal boundary 02 with exterior unit normal n. Let 9Q = I'p U 'y, where
I'p and T'y are disjoint and, for the sake of simplicity, |I'p| > 0. We consider the
following model problem: find « :  — R such that

—div(KVu) = f in
u = ¢gp onI'p (2.1)
KVu-n = gn on I'y.

Assume that f € L?(Q2), gy € L?*(Tn), gp € HY?(I'p) and that K is a symmetric
positive definite 2 x 2 matrix, of coefficients in L°°(§2). For the sake of simplicity, we
take in what follows K = kI with & € L*>°(Q) and k(z) > ko > 0 a.e in . For any
x € HY?(T'p), let

V¥={veH' (Q):v=xonTp}.
The primal weak formulation associated to the previous boundary problem reads:
uwe VI, a(u,v) = (f,v)a+ (gn,v)ry, Yve VP,

where a(u,v) = (KVu,Vv)q. Thanks to the Lax-Milgram lemma, there exists a
unique solution to this problem.

In the following, we introduce some notation. We denote by 7} a regular mesh
consisting of triangles, such that the domain’s boundary 0f2 is covered by the Dirichlet
and Neumann sides, ]—'}’? and ]—',iv , respectively. We denote by .F,i”t the set of interior
sides and we put F, = Fi" UFP. We denote by N;j"* and N2 the set of nodes which
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are interior to the domain 2 or situated on 052, respectively. We assume, for the sake
of simplicity, that a cell T' € T}, cannot have all three vertices on I'y.

For a interior side F', ng is a fixed, arbitrary, unit vector normal to F', oriented
from T~ towards T, where T, T+ are the two triangles sharing the side F. If the
side F lies on 0f), we set ngp = n.

We define the following spaces of piecewise polynomial functions of degree [ € N
on the cells and the sides, respectively :

Dj, = {v, € L*(Ty) : vp|r € PNT) VT € Th},
Cl =Dl nco(Q),
M, = {uy € LH(F™) | p € PAF) VF € Fi}.

For the sake of simplicity, we assume that K is piecewise constant. Let v € Dﬁl.
For a given F' € Fj™ and = € F, we define as usually:

vh(z) = 51_i>%1+ v(z+enp), vp(x)= El_i}rgl+ v(z —enp),

as well as the jump and weighted means at « € F, by

[lr =vp —ves  {vkp=wTvp+w g, {olp =w o+ el

where (cf. for instance [25]):

+:k7_ W—ZL kT = ki (2.2)
ket + k= Ktk T '
. e Etk~ .
We also introduce the stabilisation parameter krp = ey For a boundary side

F, we set [v]p = {v}r = vy and kp = k~. It is useful to note that, for any F' € F,
0<wt <1, whr4+w =1, kp=~ktw® <kt (2.3)

In the sequel, we will omit the index F' in the jump and the means whenever
possible. We will also use the following notation for the piecewise integration:

f=Zh L

TETh FeFp

We recall the well-known trace inequality, for T' € T}, and F' C 0T

[FI7 2]

1
0.F S EHUHO,T +olir, Voe HY(T). (2.4)

3. Discrete problem and equivalent mixed formulation. We consider suc-
cessively conforming and nonconforming finite element discretizations.

3.1. Conforming approximation. We first discretize problem (2.1) by means
of conforming finite elements. We use Nitsche’s method to treat the Dirichlet bound-
ary condition. For the simplicity of presentation, we consider in what follows the
piecewise linear case (I = 1) but the theory holds for arbitrary I € N*, cf. [10] for the
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Poisson equation. Let the bilinear and linear forms, for any up, vy € C,%:

ap(up,vp) = KVuy, - Vo, do — / D(KVuh -nup, + KV, - nuy) ds
Th Fh

k
—|—7/ ?thuh ds,
7P |

k
In(vp) = fop dx—l—/ gNURp ds — KVvy, -ngp ds+7/ —thgD ds,
Th T'n

FpP Fp |F|
s where 7 > 0 is a stabilisation parameter independent of h and K.
137 We consider the discrete problem:

up, € C;ll, an(up,vr) = lp(vy) Yo, € C}L (3.1)

We use the following semi-norm and norm on H'():

g 1/2
oo Mol = (lf+ [ FEoras)
Fo |F|

1 It is well-known that for ~ large enough, ay(-,-) is ||| - |||-coercive on C} x C}, uniformly
1o with respect to both h and K. The existence and uniqueness of the solution of (3.1)
uo  follows from the Lax-Milgram lemma.
14 Following [10], we introduce a hybrid mixed formulation with an additional un-
w2 known 6, defined on the interior sides of the mesh. The continuity of u; across the
1 interior sides is dualized by means of a multiplier. Note that in [10], the Dirichlet
s boundary condition was imposed strongly, leading to a multiplier defined on both the
us interior and the Dirichlet sides.
The multiplier 6}, is then used in order to recover the numerical conservative flux.
It is important to note that we do not solve the global mixed formulation, but we
compute 0y, locally. For this purpose, let us first introduce the space

ok = K>V

My, = {uh € My; > syl Flunp(N) =0 VN € N,i"t}

FeFn

s where Fy is the set of sides sharing the node N € V" and sy _p is the sign function,
1wz which is equal to 1 or —1 depending upon the orientation of np with respect to the
s clockwise rotation sense around N. The auxiliary mixed formulation is given by: find
149 (’&h, Qh) € D}L X My, such that

an(tn, vn)+on(On, ve) = ln(vn) Yoy, € Dy,

. 3.2
bu(pn, Up) =0 Yun € Mp, (3.2

where

dh(ﬂh,vh) = ah(ﬂh,vh) - ) {KVﬂh ~np}[vh] ds — ) {vah . np}[ﬂh] ds,
]:}'int fﬁnt

() = 3 LS e (V),

FeFint NeNF
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with Mg the set of vertices of F. Note that by (up,vs) is the approximation of

kppn[vn] ds by the trapeze formula (or, for an arbitrary degree I, by the Gauss-
]:}int
Lobatto integration formula with [ + 1 points).
We first show that the solution @ of the mixed formulation (3.2) coincides with
the solution uy, of the original discrete problem (3.1).
LEMMA 3.1. The discrete kernel of by(-) coincides with the space C}., i.e,

Kerb, = {Q)h € 'D;ll, bh(lf«iuvh) =0, V/Lh S Mh} = C}1L

Proof. Obviously, Cj: C Kerb,. Now let any vj, € Ker by, and consider the function
pun, defined by ip p = |F |~ [vp]F for any F € Fi"t. Clearly, uj, belongs to M, because

VN € Nf;nt; Z 5N,F|F|Mh\F(N) = Z sy, rlon]F = 0.
FeFn FeFn

From by, (pn, vn) = 0 we get [vp] = 0 for any F € F;i"*, which yields vy, € Ci. O
Thus, 4y, satisfies (3.1) and the uniqueness of its solution yields @, = uy,.
We next establish the well-posedness of the mixed formulation. For this purpose,
we introduce the following discrete norms:

1/2
lonllln = (/ Ko, - Vvhd;v—i—/ |F|_1kp[vh}2ds> . meDl,
Th Fh

1/2
||uh|Mh—( /| |F|kFuzds> el
]:;;nt

and we recall the following inequality (see for instance [7]), which holds uniformly
with respect to h and K:

Yoy, € Dy, / |F|lkp {K Vv, -np}?ds < | KV, - Vupda. (3.3)
Fh Th
Thanks to (3.3) and to the Cauchy-Schwarz inequality, one immediately obtains the
uniform continuity of the bilinear forms: for any p, € My and up, v, € D}l,

an(un,vn) S Munllln Moallln,  Onlpn,vn) S lvnllle lenll v, -

Lemma 3.1 yields the uniform |||-|||5-coercivity of a, (-, -) on Ker by, for v large enough.
In order to apply the Babuska-Brezzi theorem to the mixed problem (3.2), we establish
the inf-sup condition for by,(-,-). The proof is similar to [10] for the Poisson problem
and is given in the Appendix. The difference is that we track the robust dependence
of the inf-sup constant on the diffusion coefficient K.

DEFINITION 3.2. K is quasi-monotone on wy if there exists a clockwise or
counter-clockwise complete path along which K is monotone. K is said to be quasi-
monotone on Ty, if it is quasi-monotone for every wy, N € Ny,.

LEMMA 3.3. Assume K is quasi-monotone. There exists a constant § > 0
independent of h, v and K such that

b
inf  sup —h(uh’ oh)
€My, ept [lpnl| i llvnllln

The proof of the lemma is provided in the appendix.
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3.2. Nonconforming approximation. We now consider a nonconforming ap-
proximation based on the finite element space of arbitrary polynomial degree k € N*
introduced in [22]. We begin by recalling its definition. Let T' € T}, and let

Sit1(T) = span{broh > ‘ol 5; i =0,....k — 2} € P*YY(T), (3.4)
where {7 ;; 1 < i < 3} denote the barycentric coordinates of the triangle T" and
br = (11— ¢r2)(er2 — o13) (T3 — P1.1)-
Consider the following enriched space
Vi(T) = PH(T) & Sy (T)
and define the nodal basis functions as follows:

1
ij‘:,i(v):ﬁ/FvLidsy 0<i<k-1, FeF,NnoT

EE—1) (3.5)

1
TN T .
Nj(v)—T|/Tij de, 1<j< 5 ,
where {MJT} is an arbitrary but fixed basis of P*~2(T) and L; is the j-th order

k(k—1
Legendre polynomial. Let ¢pr;, for 0 <i <k —1and ¢;, for 1 <j < % be the
corresponding nodal basis functions.
The discontinuous and nonconforming spaces DGy and N'C} are defined as follows:

DGF = {vn, € L*(); vy € Vi(T), VT € T},

NCF = {Uh S ’DQZ; / [op]lpds = 0, VF € Fi™ Vp e Pk_l(F)} .
F

We consider the following discrete version of (2.1): find u} € NC}. such that
ah(uz,vh) = lh(vh) Yoy, € NCZ, (36)

which is well-posed. We introduce the auxiliary mixed formulation: find (@}, 0}) €
DQZ X Mi_l such that

ap, (@h, vn)+b7, (65, 0n) = ln(vn) ~ Von € DGy,

_ N (3.7)
by, (ki @p) =0 Vi € MY
where
ay (ay,vn) =ap(ty, vp) — / A <7T§~_1{KV’I~LZ -npton] + Wf;_l{KVvh nF}[ﬂZ]) ds,
f}’i’nt
by (1ns vn) =/  palon]ds
f;;nt

and where %! stands for the L?(F)-orthogonal projection on P*~1(F).

Note that one is now able to get rid of the coefficient kr in the bilinear form
b (-, -) because there is no linear constraint in the space Mf;l. Since the multipliers
are P*~1 functions on each interior side, we immediately obtain that

Ker by = {vh e DGY : bi(pn,vn) =0, Yup € Mﬁ_l} = NCk.



ws  So the primal and mixed formulations (3.6) and (3.7) are equivalent, i.e. @} = uj}.
We are next interested in the well-posedness of the mixed formulation (3.7). The
continuity of @ (-,-) is similar to the conforming case. The space /\/1271 is now en-
dowed with the norm:

linliee, = [ K IFludds, Vi € ME
Fin

wo  which immediately yields b} (pn, vn) < ||t l|ave, |[|vn]l]n- So we only have to establish
11 the inf-sup condition for bj (-, -).
LEMMA 3.4. There exists a constant 8* independent of h, v and K such that

b*
inf sup ACTL > B*
unemi o engt llinllae, llvnllln

182 Proof. We construct a Fortin operator, which associates to any u, € ./\/li_1 a
183 unique function vy, € Dg’,j satisfying

Oy (s o) Z llenlie,s — Nonllle S lleallave, - (3.8)
1w For any F € Fj" let Ap =TT UT~ the patch consisting of the triangles sharing
15 the side F'. The construction of vy is achieved patch-wise: v, = Z vEp with vg

FeFint

186 defined on Ap. Since Bhip € PF=1 we can write it in the Legendre basis of P¥~1:

El!(a()a"'aak—l) ERka M}L‘F:Zaj[’]

187 Then we define vp as follows:
F F
(vp)ir+ = ‘ 5 Zambm, (vp)ir- = | Z%¢Fz (3.9)
k—1
This choice directly yields that vg € DGy and [Vn]|F = kot Z a;¢r,;. Hence,
i=0
/ pnlvn] ds = kgt |F| Z alaj/ Ligrds = kg IIF\QZ%,
1,7=0

s thanks to the definition of the nodal basis functions ¢ ;. Noting that

k—1 2 k-1 k—1
[utas= [ (Lam) as= L alnilie =P a2 (10)
F F\j=o §=0 j=0
1o we deduce that

by (tn, vp) Z /,uh oplds & [|pn | Rce, - (3.11)
Fefl’nt
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We still have to establish the second bound of (3.8). For any F € F;"*, we have that:

1P| k—1 k—1
(2),F < kF(Zaﬂ (Z ¢r,i
i=0

=0

k—1
2 ) < ‘F‘Q
0,F ~ kF

1o A similar bound is obtained on any Dirichlet side, which finally leads to

2 o 1Fl

kr
m”[vh] (2),F~

=0

/F ke P fonl? < lunliee, - (3.12)

We next have, using first (vy,)|p = Z vp and then (3.9), that
FedTnFjnt

2 2
KVvy, - Vupdr = g kr|onlir S E g kr|vr|i v
Th TET, FeFint TEAF

TE= 2
<> > kT<Z|ai||¢F,i|1,T> :

FeFirt TeAR =0

w1 Since |¢p;[1r < C and kp < k*, it follows thanks to (3.10) that

FP? F
koot s ¥ EE (Y a2) < 5 Halie = lolke,. .13

k
Th FeFint F i=0 FeFint

12 We can now conclude thanks to (3.11), (3.12) and (3.13). O

103 4. Local computation of the multiplier. Again, we discuss successively the
104 conforming and nonconforming cases.

4.1. Conforming approximation. Let the functional
Th(') = lh(') - dh(um )

s Thanks to the mixed formulation, we have rp(v,) = 0 for any vy, € C,ll. Moreover, 6},
106 1S uniquely defined in My, by

bn(0n,vn) = rh(vh) Yy, € D}lL (4.1)
It is useful to introduce, for any interior side F' of vertices N, M, the bilinear form

_ |Flkr
2

w Let N € N,. We define Oy € M, on Fy N Fj™ such that, for any T € w,

br(0,¢) (O(N)p(N) + 0(M)p(M)) .

bn(On, onxr) = 7Talenxr), (4.2)
br(On, omxr) = O, VM € Nr\ {N} (4.3)

we  with ¢, @ar the P'- nodal basis functions and y7 the characteristic function on 7.
19 We impose moreover O = 0 on Fi”t \ Fn.

200 The next result shows that the multiplier 85, can be computed locally. We refer
21 to [10] for the proof, which is based on (4.1).
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10

LEMMA 4.1. Let 0y, and x5 be the solutions of (3.2) and (4.2)-(4.3), respectively.
Then

0= > On. (4.4)

In what follows, we study the linear system (4.2)-(4.3). Note that (4.3) immedi-
ately yields (On)p(M) = 0 for all I’ € Fx, where M denotes the other vertex of F;
thus, 65 obviously satisfies the constraint of the space My, at all the interior nodes
M different from N. Therefore, we only need to consider (4.2). As in [10], it can be
shown that it has a unique solution in Mj,.

We next focus on the bound of 6. For this purpose, let ny denote the number
of elements in wy, ordered clockwise from 73 to 1), , , with 77 the element such that
ki, = Tnéi};, kr if N is a interior node and 7 containing a boundary side otherwise.

We set F; = OT; N OT;41, with T,y 11 = Ty and i € {1,..,ny} if N € Nf" and
i€{l,..,nny—1}if N € N?. We recall that the sign coefficient s; := sy g, equals £1 if
T; = TT with respect to Fj. Let also x; := s;kp, |Fi|(0n)|r, (V) and b; := 2rp(©NnXT;)-

4

FieFy

Fig. 4.1: Patch wy around a node N

We now introduce the following constant, for any N € Nj:

O e Vi
NG VF;

where k; =k

T (4.5)

Clearly, Cy = 1 if the coefficient K is quasi-monotone.
For N € N;™, the local system (4.2) together with the condition 6y € M,
translates into the following matrix equation:

ny
Ty —Tj—1 — 2bz (1 S 7 S ’le), Z k‘;ill‘i = 0, (46)
i=1

where zg = z,, . A simple calculation yields that the solution of (4.6) is given by:

7 ]\j ny Aj . ny ]\j
=5y 2po1< =3 Dy, 4.
x; ;Alb] j:zi_:HA b;, <i<nN, Tpy ;Alb], (4.7)

where A; = Z?:Nj k;ll, Aj=A; —Ajfor 1 <j<npy.
For N € NV }? , since O is defined only on the interior sides and no constraint at

the node N is imposed in the space My, system (4.2) translates into:

Ty — Xij—1 = 2[)2 (1 S ) S nN — 1) (48)
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7 nnN
where o = 0 here. Its solution is given by x; = Qij =-2 Z bjforl <i<ny-—1.
j=1 Jj=i+1
LEMMA 4.2. For any N € N}, we have that:

nN
k;il/zui' SCn Zk;1/2\bj|a 1<i<ny. (4.9)
j=1
Proof. We detail the proof for N € A" the case of a boundary node being

A
similar. By using that 0 < A—J < 1for 2 < j < ny, we first get from (4.7) that
1
nN

|z1| < Z‘bﬂ, which gives that
j=2

Since ki! = kit +ky !, we clearly have k;f/ *k}/* < 2Cy, which yields (4.9) for i = 1.
Using now the expression of z; for ¢ > 2 from (4.7) we obtain:

~1/2 A 1 XA e .
kPl < Zﬁkﬂ/ 1b,] + Z A—ikFi/ b;l,  2<i<ny—14.10)
j=2 Jj=i+1
k_l/Q < . Ajk_1/2b 4.11
[Zny] < ;AT r bl (4.11)

A

The second sum in (4.10) is bounded similarly to the case of x;. We use 0 < A—] <1
1

and k;il =kt kijrll and we thus get:

nnN nnN nnN

A 10 —1/2,1/2+, —1/2 —1/2
>0 kRl < D (kPR Pl <208 3T Rl (412)
j=it1 L j=it1 j=i+1

As regards the first sum in (4.10) and in (4.11), we first use that A; > k;il + k:;ll for
any indices i,! in order to obtain, for any index j such that 2 < j <4,

A -

i —1/2 _

AfikF,,-/ |bj| = (Zkﬂl)
=1

Thanks to the mean inequality, we further get

—1/2 =l 71/2 pol/2pm1/2

k
F 1/2"™F,
Z AR |b|<ZkF/'i1|J\.

k' + k.

A

_ 1. 1/ _

1/2 1/2 1/2;,1/2 1/2

ke < g Sk = g (kR )i
=1 =1

Since [ 41 < j, the same argument as above, namely k, 1/2k1/2 < 2Cy, yields that

A )
ok Pl < G- newk el 2<<i
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29 Since ny is uniformly bounded, we next get:
i&k_l/2|b-| <c zi:k_l/2|b-| (4.13)
A, Fi Jl < YN j gl :
j=2 j=2

o Finally, using (4.12) and (4.13) in (4.10) yields the result for 2 <i <ny. O
We can now deduce the next bound for 6y, with respect to the local norm

2

@

nly = Y [P ds, € M.
FeFnNFjmt F
231
232 LEMMA 4.3. For any N € N}, one has that:
~1/2
10x1ry S D k! lrulonxr)l. (4.14)
Tewn
233 Proof. The definition of 6 yields that [|0x(%, = 5 >0 k;}x?, with my :=ny
s if Ne Nj" and my :=ny —1if N € N,‘?. The result follows from Lemma 4.2. O
235 We are now able to prove the main result of this section. For [ € N, we denote

2

@
>

by 7!, the L?(w)-orthogonal projection on P!(w).
THEOREM 4.4. For any N € N}, the local multiplier satisfies the bound:

h wprhi?
oty sy 3 (Slmbilor+ 3 LI KV nlln oy
T

112
Tewn FedTnF;m T
k1/2 h1/2
F 1 F 1
+ Z 173 lun = mpgpllo,Fary + Z 1 1BV, -n — 7rF9N|0,mew>
Feornrp F FedTnry KF

w7 where Wpr = wlf if T =TT with respect to ng.
Proof. Let any T € wy. Using that [up]r = 0 for any F € F;i"*, we have that:

rr(enxr) =l (enxr) — an(un, N XT)

=/f<PNdl“+/ 9N<PNd3—/ KVon -n(gp — up)ds
T T n T

k
+/ H@N(QD—uh)dS—/KVuh-Vgdex
oTNI'p |PW T

+/ KVuh~ngoNds+/ {KVup -nr}enxr]ds.
oTNI'p aTNFint

Thanks to integration by parts and to the well-known formula [ab] = {a}[b] + [a]{b}*,
we obtain, since K'Vuy, is constant on 7', that

k
r(eNXr) =/ fondx +/ (gv — KVuy, -n)en +/ HSON(QD —up)
T TNy arary | F

—/ KVapN~n(gD—uh)ds—/  [KVuy -npl{enxr}*ds.
oTNI'p oTNFint
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Noting that ¢ vanishes on Fj, \ Fu, a standard scaling argument yields that:

1/2
rnlenxo) S hrlabflor+ . hPIKVuy -0 —whoxor

FedTNFyNI'n
vkp 1 kr 0
+ Z Tgllwz — mpgpllo,F + Z ﬁ”ﬂp(uh —9gp)llo,F
FedTNFnTp VR Feornrp R

+ > W25 p | [KVuy - np)|lo.p-
FeaTm]-'NmJ-‘;L"t

We next multiply the previous inequality by k;l/ % and use that kr = kr on the
Dirichlet sides, and that ||[7%wljo r < ||7Ew]||o,r. Lemma 4.3 yields the result. O

4.2. Nonconforming approximation. The residual is now given by:
ri(-) = () = ap(un, ).
Thanks to the mixed formulation, we have r} (v;,) = 0 for any v, € N Cfb and
b (05, v) =75 (vs) Yo, € DGY. (4.15)

Let any F € Fj"'. We define 0 € M’f;l by imposing (0r)z = 0 for any
F' # F, whereas (0p)p € PF~1 is given by:
bZ(aFV(bF,iXT) = 7’;((]517"1')(7“), VT e AF, 0<: < k—1. (416)

The support of ¢p; € NCZ is Ap so we have that

0=r4(dr:) = Z rh(orixr), 0<i<k-1
TeEAR

Furthermore, by definition of the nonconforming space, we also have that

> b0, dpixr) = / Or[¢ralds =0, 0<i<k-1
F

TeAr

So the system (4.16) is compatible and is equivalent to:

/ 0F¢F,i dS = SF,T* TZ(¢F71-XT*), 0 S 7 S k} -1 (417)
F

where T is the triangle of Ap with the smallest coeflicient k and sp 7+ = np - np-.
Writing 0 € P*~1(F) in the Legendre basis as 0p = Z?;é 0 ;L; yields the unique
solution of (4.17), with |F||0r ;| = |7} (¢p;x7+)| for 0 < j < k—1. In addition, using
that k;l < Qk;*l we get a robust bound for 6, similar to the one of Lemma 4.3:

k—1 k—1
16 3c, S ke IFPIY 0%, <2kt Y ridrjxr)®. (4.18)
Jj=0 j=0
LEMMA 4.5. Let 0} and 0 be the solutions of (4.15) and (4.16), respectively.
Then 65 = > 0p.

FeFmt
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Proof. Let 0, := Z 0r. We show that 6, satisfies (4.15), which yields that
FeFjnt
0, = 0} thanks to the inf-sup condition.
We first consider v, = ¢ X, for any T € T, and 0 < j < On the one

hand, since this test-function belongs to ./\/Ch, we have that 7} (¢JTXT) = 0. On the
other hand, we also have

b*(gh,éﬁ XT) Z by, HF»QS XT) = Z 5F7T/ Gngﬁfds:O,
Ja

FeFinrt Fe(dTnFirt)

k(k n

by using the decomposition of f in the Legendre basis of P*~!(F) and the degrees
of freedom (3.5) of the nodal basis function ¢7 .

Next, we take vy, = ¢p;xr, for any F' € Fp, T C Apand 0 < i < k—-1. If
F € Fi"* then we have thanks to (4.16):

b, (On, drixT) = Z br(0r, orixT) = by (0F, dpixT) = 4 (dFiXT)-
reFint

Here above, we have used the fact that / 0p dp;ds = 0 for F # F, according to

(3.5). Finally, if F € F? then vy, € NCF so % (vs) = 0, and b (04, vp,) = 0 too.
We have thus shown that b (05, vs) = 7} (vs) for any vy, € Dgﬁ, sof,=0;.0

5. Local flux reconstruction.

5.1. Conforming approximation. Thanks to the definition of the multiplier
0y, we are now able to reconstruct the local flux o}, belonging to H(div,2). For this
purpose, we use the Raviart-Thomas finite element space RT}", with m = 0 or 1. We
impose the degrees of freedom of o}, as follows.

On the Neumann boundary, we simply set on any F € F:

Op-Np =Th gN- (5.1)

On the Dirichlet boundary, we set on any F € }",? :
vkp
/ ah-npgods:/ (KVuh ng — TET ( h—gD)>gods, Yo e P™(F), (5.2)
F F

m

k
which translates into o, - np = KVuy, - np — T?TWF (up, — gp). On a interior side

F € Fj" we impose:
/ on MEppds = / {KVup -nrlods —bp(On, ), Yo P™(F). (5.3)
F F

The previous relations allow to uniquely define o, - np in P™(F) for any F € Fp,.
If m = 1, then we also define interior degrees of freedom on any T' € T}, as follows:

/ op - rdx = / KVuy, - rdx f/ (up — gp)Kr-nds, Vre (PYT))% (5.4)
T T 8T p

Similarly to [10], we can then prove the following statement.
THEOREM 5.1. The fluz o, satisfies the following conservation property:

(divoy)r = —m7 f, VT €Ty, (5.5)
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270 5.2. Nonconforming approximation. We are now able to reconstruct the
m local flux o in H(div,2), more precisely in the Raviart-Thomas finite element space
7 RT}’f*l. On the sides, its degrees of freedom are given by:

VFeFY, on-np=7p"gn,

k
VF ¢ FP, of np =7t (KVUZ-nF—’YFf'?(uZ—gD)) ) (5.6)
VF e Fi"t, op -np =71 KV, -np} — 0.

23 The interior degrees of freedom are defined as follows, for any T € T,, r € (P*~2(T))2:

/o;‘l-rdx:/KVu;i-rdac—/ (uj —gp)Kr-nds, Yre (P*%(T))2. (5.7)
T T dTNFP

274

THEOREM 5.2. The flux o}, satisfies the following conservation property:

(divop)r = —m4 ' f, VT €T

275 Proof. Let T € Ty, p € P*~Y(T) C Vi(T) and let v := pxr € DGF. We start from
o the integration by parts formula:
- / (divoy)pde = / oy - Vvdr — / oy - nrvds. (5.8)
T T aT

From (5.6) and (5.7) with r := Vv, we get using vjpnr = [v|pnp that:
/ o} -nrvds :/ {KVup, - ng}v] ds—/ 0;[vlds, YF €T nF",
F F F
* * VkF * D
oy -nrvds = | KVuj -npvds — | —(uj, —gp)vds, VYF e€dTNF;,
F F FIF
/cr,";~nTvd5:/ngds, VF € dT N FY,
F F
/0;~Vvdx:/KVu7L~Vvd:c7/ (uj, — gp)KVv-nds.
T T dTNFP
Replacing in (5.8) we obtain:

- / (divoy)pdx = / KVuj - Vvdr — / (KVuv - nup + KVuy, - nv) ds
T T oTNFP

k
+/ - F(“Z—QD)UOZS—/ YKV, - np}v] ds
9 aTNFint

TNFP ||
+ Z / Hi[v]ds—i—/ gDKVv-nds—/ gnvds.
FedTnFint F oTNFP oTnF}
h
Noting that / TR UKV - np}u)] ds = 0 because uj, € NCF, we further get
dTNFjm

—/(divoZ)pd:c:&Z(u}i,v)—l—bi(ﬁz,v)—lh(v)—l—/ fvdx:/fpdx,
T T T

o since (uj, ;) is solution of the mixed formulation (3.2). This ends the proof. O
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6. Application to a posteriori error analysis. We only consider here the
Pl-continuous approximation. For the sake of simplicity, we set f;, = 7f and
gn = ™Rgn, and we also assume that gp is a piecewise Pl-continuous function. Let
7, = K~Y2(0}, — KVuy,). We introduce the local error estimators:

nr = |K~Y2(on — KVup)llor = I7allor. VT € Th,
kp 1/2
np = (/ (uh—gD)st) , VFE]-",?,
F |F|

and the corresponding global error estimators

1/2 1/2
n= ( Z 77%) = [|7allo,0, D = < Z 77%) :

TETh Fe}-}?

Let also the following higher order term, representing the data approximation:

h2 hp
()P =Y ﬁ”f_fh|(2),T+ > EHQN_gh”%,F‘

TeTh FeFr)

278 6.1. Reliability. LEMMA 6.1.  Let o5 be given by the equations (5.1)-(5.4)
w0 and let up the solution of the weak formulation (3.1). Then we have the following
20  estimate:

|lu —upli,x <n+Cpnp + Ce(Q) (6.1)
s where Cp ~ max {Cn} and Cn is defined in (4.5).
NeNP
282 Proof. Let ¢ € V9P the unique solution of

/KV(p-Vvdx:/KVuh-Vvda:, Vv e V0. (6.2)
Q Q

23 By the triangle inequality, we have
lu—unl1,x < |u—@lix +[p —unlk, (6.3)
where

|u — gp\iK :/ Kl/ZV(u —p)- (Kl/QVu — K_l/zah)dx
Q

—|—/Kl/QV(u—@)-ThdJ;—F/Kl/QV(u—ga)-Kl/QV(uh—ga)dm
Q o

<Ju— luklmla + / V(u— ) - (KVu— oy)dr,
Q

by testing (6.2) with v := u—p € V. Since KVu—oy, € H(div,Q) and u—p € H(Q),
integration by parts in the last term yields, thanks to Lemma 5.1, that:

/va ) (KVu— op) da = /Q(f — )~ ) dr +/F (o5 — gn)(u — @) ds.

N



284

285

286

287

288

289

290

291

292

Daniela Capatina, Aimene Gouasmi and Cuiyu He 17

The right-hand side term is classically bounded by C|u — ¢|1, ke(€2). Thus, we have
so far proved that

lu—lix <n+Ce(2).
We next bound the remaining term in (6.3), |up, — ¢|1,x. From (6.2), we have

o —unlix = Inf v —unlx

so it is sufficient to build v € V9P such that |[v —up|1,x is bounded by np. We choose
v € C} defined by

v(N) =up(N), VYN eN™UNY,  w(N)=gp(N) VN ecNP.
For simplicity of notation, we set D = {T' € T, : TNT'p # 0}. Then we have
v — uh\iK = Z / KV(v—up) -V —up)de < Z Z k(v —up)?(N).
Tep’T TeD NeNr
For a triangle T' € D which has a side F' € .7-"{?, one has that kp = k7 and
D kr(w—u)(N)? = Y ke(gp —un)*(N) = .
NeNT NeNFp

Meanwhile, for 7' € D which has only a node N € NP, one can bound kr by C%kp,
where F' € ]-',’? N Fn. Hence, we finally get that

v —unli,k <Cpnp

and the announced bound follows from (6.3). O
REMARK 1. For m =1, the definition of o, on a Dirichlet side F' C 0T together

with the Cauchy-Schwarz inequality yield that np < hip/Q'y_lHTh nllor S Hnllor,
so one can bound np by n.

6.2. Efficiency. LEMMA 6.2. Let T € T,. We have the following estimate:

1/2

h k
mwsee 3 (Slhlor+ Y o - gl
T eAr T FedT'nl'p ''F
‘DFT’hl/z Ri/?
+ ’1/2F||[KVUh'TLF]|0,F>+ > 7z 1K Vun - —gnllo.r
FedT'\oAr T’ FedTn'y T

where Cp = max Cn and Ap ={T" € Tp; 0T' N T # 0}.
T
Proof. Using the degrees of freedom of the Raviart-Thomas space RT™(T"), we
have the following well-known inequality for 7, = K~/ 2(o, — KVup):

1 . h1/2
0r S W””}” How—KrVun)lor + Y A5ll(on —KrVun) -nrlor. (6.4)
T FeoT T

(k3

We next bound the right-hand-side term using the definition of the flux, that is
relations (5.1)-(5.4). For F' € 0T NT'y, we immediately have that:

W2k 2| (o0 — KrVug) - npllor = hil kp 2| Ke Vg -0 — gillo.r, (6.5)
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203 whereas for F' € 0T NI'p we have with kr = kp:

1/2), 1/2 (6.6)

hi2 kP on = KrVun) -npllo.s = vhi 2k (wn — gp)

For F € T N Fi"t, we use that {a} —a~ = —w'[a] and {a} — a™ = w*[a] and we
get, for any ¢ € P"(F):

/ (on — KrVup) npeds = —(np 'TLT)(IJFVT/ [KVuyp - nplpds —bp(0h, @).
P P

Taking ¢ = (o5, — KrVuy) - np as test-function and using that krp < kr, we get

W2k (on — KoVun) - npllor Shy 2kpPopr||[KVun - ne)|lo.r

+( D Fk?(eN)fF(N))l/Q.

NeNr

206 Let Dp = UNENF wN = {T’ € Th; o' N F 7é @} and Cp = ]\I[n%( Cy. Thanks to
eENF
2s  Theorem 4.4, we deduce that:

h 2k | (on — KVun) - npllor

hr (ZJF/,Tlhl//2
ser X (Slflor+ ¥ SV el

T'eDp NP F'edT\ODr T (6.7)
h1/2 k1/2
P M ke Van - gloe Y - gD|o,F,).
F'edT'N'y VT F'edT'N'p ""F’

26 Concerning the interior degrees of freedom (for m = 1), taking r = 7% (0, — KrVuy,)
7 in (5.4) yields that

2

©

b Pl (on = KVu)lor S Y hp Pk nk un = gp)lor- (68)
FeoTNI'p

Gathering together (6.5), (6.6), (6.7) and (6.8) in (6.4) and putting

Cr:= max Cp = max Cy,  Ari= U - Dr= {T'" € Tp,; OT' N AT # 0},
FedTnFjnt

208 we obtain the desired bound. O

299 For any T € Ty, and F € 9T N F}¥, we have thanks to Verfurth’s argument [24]:
hr hr
1/2Hfh||0TN |u7uh|1TK+k1/2||f fh”OTa
T T
1/2 1/2
h h,T
1/2||Kvuh n-— |u_uh|1TK+ 1/2||f fh||0T+ 1/2||gN thOF
kF kT kF
(6.9)

LEMMA 6.3. Let T € Ty, and F € 0T N F;". Then we have:
hil*opr

I 1K Vun - nelllor S lu—unhapc+ Y 1/2||f fulloz-
T

T CAp ™VT?
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Proof. We start from the next estimate, obtained again by means of Verfurth’s
argument:

WKV, npllor S Y IEV@ =)oz + Y. hellf = falloa.
T CAp T CAp

We multiply the inequality by wr rk; /2 and we note that for 7' = T, we obviously

have (@F,Tkjlw/,Q)k;l/Q = wpr < 1, whereas for T # T we get, thanks to the definition

of Wwrr and to the mean inequality,

orrky)” _ ky*ky? 1
k;/2 :ZCT+]CT/ _2.

This finally yields the announced estimate. O
Combining Lemmas 6.2 and 6.3 and estimates (6.9), we have the following result.

THEOREM 6.4 (Efficiency). We have the following local efficiency bound:

nr S Cr(|llu = unll|ar + €(Ar)),

with Cp = 1 if the coefficient K is quasi-monotone.

Note that by definition of the energy norm, one also has that np < |||u — up|/|a
for any Dirichlet side F'.

7. Numerical tests. We present some numerical experiments carried out for the
P'_continuous approximation. For the stabilisation parameter in Nitsche’s method,
we set v = 50. As regards the refinement strategy, we use the Dorfler marking strategy
and the refinement rate is set to be 10%. In the adaptive mesh refinement (AMR)
procedure, the marking percent is set to be 20%.

EXAMPLE 7.1 (The Ellipse Example).  Let Q = [~1,1]? and let the ellipse

centered at the origin, with width 2a and height 2b, of equation p = 1, where p =
22 2

- + =k Here, we take a = % and b = 1.5a. The ezxact solution is given by

(z.5) {,jp” ifp<1
ulzx, = ! ; )
Y k%pp—l—,%—é ifp>1

where p = 5 and the diffusion coefficients in the two sub-domains are k1 = 1.0 and
ko = 10kq, respectively.

The stopping criteria in the AMR procedure is that the total number N of degrees
of freedom is less than 15000. The initial and final mesh generated by ng are provided
in Figure 7.1.
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(a) Initial mesh (b) Final mesh

Fig. 7.1: (Example 7.1) Initial and final meshes

315 In Figure 7.2, we show the process of boundary snapping. When an element is
as  refined, we use the longest edge refinement method, i.e., we add the mid-point of the
a7 longest edge to the vertices and form two sub-triangles. If the longest edge has two
ss  endpoints lying on the interface, we will adjust the newly added vertex to the interface
a0 after the refinement if such a movement does not deteriorate the mesh regularity.

(a) Initial mesh (b) Snapped initial mesh (c) Snapped final mesh

Fig. 7.2: (Example 7.1) A zoomed interface snapping from Figure 7.1

320 In Figure 7.3, we observe optimal convergence rates for the error, the residual-
a1 based and the recovered flux-based estimators. However, the efficiency index (i.e. the
a2 ratio between the estimator and the error) of 7 is more accurate than that of 7,.¢s.
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——n
IR
& ffres
=~ error exact

10° 10

Fig. 7.3: (Example 7.1) Error convergence

EXAMPLE 7.2 (The L-shaped domain). We now consider the L-shaped domain
test, see for instance [26]. The domain is Q = [—5,5] x [=5,5]\[0,5] x [—5,0] and it
presents again an interface, the circle centered at origin and of radius py = 2v/2. The
exact solution is given in polar coordinates (p,0) by:

w(p.6) =4 Paasn ip < po
P, p/*sin 2 + 2P sin 2 (p— py)  otherwise

whereas the diffusion coefficient k is defined as follows:

k_(p):{l ZfPSPo

u  otherwise

As stopping criteria in the AMR procedure, we now impose that the total number
of degrees of freedom is less than 45000. The curved interface is treated as in the
previous example, by snapping the mesh. Figure 7.4 shows a sequence of adapted
meshes, while in Figure 7.5 one can see the convergence rates obtained for different
values of pu, from 5 to 10000. As expected from the theoretical results, we numerically
retrieve the robustness with respect to the jump of the diffusion coefficient.

EXAMPLE 7.3 (The Kellogg test). We now consider the well-known checker-
board example, originally proposed by Kellogg [27]. Here, the line discontinuity of the
diffusion coefficients meets the singularity of the solution. In addition, the coefficients
are not quasi-monotone around the origin. The domain is Q = [—1,1]?, with two
intersecting interfaces given by the lines y = 0 and x = 0. The diffusion coefficient is
piecewise constant in each of the four sub-domains and is defined as follows:

ifxy >0
otherwise

te ={

The exact solution is given by u(r,0) = r°u(0), with (r,0) the polar coordinates cen-
tered at the origin and

cos((§ — 0)d) cos((8 — 5 + p)o), 0<6< %

0 — cos(pd) cos((6 — m + 0)d), F<0<m
ui®) = cos(cd) cos((6 — 7 — p)d) T<< 3z
cos((5 —p)d)cos((§ — 37— 0)d) 3L <0<2m
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(a) Initial mesh (b) Iteration 18 (c) Final mesh at iteration 31

Fig. 7.4: (Example 7.2) Adaptive meshes

The solution has an infinite derivative at the origin and belongs to H'T5(Q) for any
s < 6. The numbers 6, o, p and Kk are related by some nonlinear relations. As
in [28], we take 6 = 0.1, which yields 0 = —14.92256510455152, p = 5 and x =
161.4476387975881.

As regards the AMR procedure, the stopping criteria is now that the relative error
is less than 1%, which leads to 131 iterations. We present in Figure 7.6 a sequence of
adapted meshes, starting from an initial mesh consisting of 8 triangles. One can see
that the refinement takes place near the origin, as expected. The optimal convergence
rates for the error and the estimators n and 7.5 are shown in Figure 7.7. Again, the
efficiency index of n is asymptotically more accurate than that of 7.

EXAMPLE 7.4 (The Battery Problem). Finally, we consider a problem attributed
to I. Babuska, which can be found in [29], [30]; it models heat conduction in a battery
with non-homogeneous materials. The domain is the rectangle Q = [0,8.4] x [0, 24]
shown in Figure 7.8. The numbered regions show the areas of different materials; the
location of the line segments that separate the regions can be found in [30].

The problem features a piecewise constant diffusion tensor K = kol IS) and
2

mized boundary conditions of Fourier-Robin type, KNV u-n+cu = g on 9. Therefore,
we have modified accordingly the discrete weak formulation and defined the boundary
degrees of freedom op, - n as 7' (g — cup). The definitions of the parameters wt and
kp in the tensor case is the same as in [25, 5]. The constants ki, ko and f for each
region are given in Table 7.1. The boundary coefficients ¢ and g are taken as follows:
c=g=0 on the left, c=1 and g = 3 on the top, c = g = 2 on the right, and finally,
c=3 and g =1 on the bottom.

k| ki ky f
Il 2 25 0
2 7 0.8 1
30 5 00001 1
4102 02 0
50005 005 0

Table 7.1: (Example 7.4) The piecewise constant coefficient function K
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Fig. 7.5: (Example 7.2) Error converhence for different values of

(a) Iteration 50 (b) Iteration 115 (c¢) Final mesh at iteration 131

Fig. 7.6: (Example 7.3) Adaptive meshes

The exact solution is not known and has singularities at the points where three
or more materials meet. For any £ > 0, there exists coefficients such that the solution
is in H1*¢(Q); for the given set of coefficients, ¢ is about 1/2.

We show in Figure 7.8 a sequence of adapted meshes. Figure 7.9 illustrates the
interest of adaptive versus uniform mesh refinement. Besides the gain in the number
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Fig. 7.7: (Example 7.3) Error convergence

s of degrees of freedom and in computational time, the AMR procedure yields optimal
55 convergence rate O(h) whereas the uniform refinement only yields O(h'/?).

k=1
k=3
k=2
\ N \ N
=3 [ i i
k=2
=5
(a) Domain (b) Initial mesh (c) Iteration 10 (d) Final mesh

Fig. 7.8: (Example 7.4) sub-domains and adapted meshes

350 8. Appendix: Proof of Lemma 3.3. Proof. The proof follows the ideas of [10]
w0 for the Poisson equation. Let pj € My,. The idea is to construct v, € D}l associated
s to pp and satisfying

bn(km,on) 2 lunllda, . onllle S Cxllpalla, - (8.1)

362 The construction of v, is done patch-wise. We look for v, = > 5. Nint UN with

3 vy defined on wy. Let N € N, é”t and let us define vy, piecewise P! and discontinuous
4 ON Wy, by imposing its values at the nodes of each triangle T' € wy as follows.
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Fig. 7.9: (Example 7.4) Error convergence for adaptive and uniform refinements

At a node M # N belonging to a side F' € F with {F} = 0TT NdT~, we set
(on)jrs (M) =0 if M € NJ™.
If M € N?, then we set
(vn)ir- (M) = 6p|Flpn p(M),  (vn)r+ (M) = (05 = D|F|pn p(M),  (8.2)

where 6 = 1 if k- < kp+ and dp = 0 otherwise. This ensures that the definition of
vy is local and that

[on]p(M) =0 if M € Nint, [on]p(M) = |Flpn p(M) if M € N
Furthermore, one has that
kp-6% < 2kp, kpr (6F —1)? < 2kp. (8.3)
At the node N, we impose:
[(oN]F(N) = |F|pn p(N), VF € Fn. (8.4)

Thanks to the constraint imposed in the space My, the linear system (8.4) is com-
patible, because we have:

VN € Nj™, Z sy rlun]p = Z SN, |F|pn p(N) = 0.
FeFn FeFn

The construction of vy, yields that for any F' € Fi™* of vertices N and M, one has
[vr]p = [oN]F + [oM]F = [Flunp,

which yields

|F PPk
br(fin, vn) = E 5 E pnp(N)? = [ , \Flkeps = [lenl i,
FeFjnt NENFE i
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as well as

3 /F e [ F) M [on)? ds < [l

FeFjmt

Meanwhile, for a boundary side F' € .7:,‘;9 such that F' € dwy N IT, one has that
Up|p = UN|p SO one gets using (8.2) and (8.3) that

[k sie ¥ @orons X [P keod as

MeNF F'edT\{F}

By summing upon the Dirichlet sides, it follows that

3 / ke F| 702 ds < [l
F

FeFp

In order to obtain (8.1), we still have to establish

KVUh . Vvhdx g C%(H:uh”.%\/lh (8.5)
Th

For this purpose, we need to specify the construction of vy at the node IV, that
is to solve the system (8.4), which has a one-dimensional kernel (see [10, 21]). We fix
one of the values of vy in order to obtain (8.5) with the best constant C'x. We recall
that ny denotes the number of elements in wy and that the cells are numbered from
T; to T, , with T} the element such that km = maxrcwy k7. We suppose (without
loss of generality) that the triangles are ordered clockwise. For each ¢ € {1,...,nx},
we set F; = 01; N 0T,y with T),,+1 = 11 and we recall that the sign coefficient
5; = sy,F, equals 1 if T; = T~ with respect to F;, and —1 otherwise. For the
simplicity of notation, let us put v; := (vn)|r,(N) and p; = s;|F;|pn p, (N). Noting
that [vn]p, = §i(v; —v;41) and that s = 1, the system (8.4) can be written as follows:

Vi — Vi41 :/.tf, ISiSTLN—l. (86)
i—1

We choose v; = 0. Then (8.6) yields v < (u;)z, for 2 < i < ny. By using that
1

J
1
— = — 4+ ——, we next obtain that
k'Fj ]Cj kj+1
k; ki
ki ki

)kp} ([1,;)2, 2 § 7 S ny.

Vi

1<j<i<ny \/k;

on wy, we have thus obtained:

kﬂ}? 5 012\] Z ij (/Lj*)27 1 S ) S ny. (87)
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One then has

/T KV, - Vopde <Y > kp(on)fp(N)

TeTn NeNT

=3 Y kR4 Y kr(on)EHW)

TETh NENTON™ TeTh NeNTON?

SO0 D ke A+ DY D Er(vn)fp(N).

NeN;jm Tewn NeNp Tewn

Using (8.7) for the first right-hand-side term and (8.2), (8.3) for the second one, as
well as the fact that Cy > 1, we finally get

/ KV, - Vopde $ > C Y kp|FPunde(N)
Th NeN, FeFn

SCE Y kelFIP Y pnfe(N) = Cdllunliia,
FeFy NeNr

with Cq = mxa/x tCN' For K quasi-monotone, one has C'y = 1 for any node N and
NeN;™

hence, C = 1. This ends the proof with £ ~ Cgl. ]
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