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We systematically demonstrate the temperature-dependent thermal transport properties in crys-
talline GeaSbyTes via first-principles density functional theory-informed linearized Boltzmann trans-
port equation. The investigation, covering a wide temperature range (30 K-600 K), reports the
emergence of an unusual optical phonon-dominated thermal transport in crystalline GeaSbsTes.
Further, a significant contribution of four-phonon scattering is recorded which markedly alters the
lattice thermal conductivity. Therefore, the combined effect of cubic and quartic phonon anhar-
monicity is seen to navigate the underlying physical mechanism and open up intriguing phononic
interactions in Gea2SbsTes at high temperature. Irrespective of three and four-phonon processes,
Umklapp is seen to prevail over normal scattering events. Consequently, four-phonon scattering is
found to notably reduce the lattice thermal conductivity of GeaSbaTes to 28 % at room temperature
and 42 % at higher temperature. This quartic anharmonicity further manifests in the breakdown of
T~ scaling of thermal conductivity and challenges the idea of a universal lower bound to phononic
thermal diffusivity at high temperature. The faster decay of thermal diffusivity compared to T~ " is
rationalized encompassing the quartic anharmonicity via a modified time scale. These results invoke
better understanding and precision to the theoretical prediction of thermal transport properties of
GeaSboTes. Concomitantly, this also triggers the possibility to explore the manifestations of the

lower bound of thermal diffusivity in materials possessing pronounced four-phonon scattering.

I. INTRODUCTION

Phase change memory devices (PCM) represent an ef-
ficient nonvolatile memory storage mechanism with ther-
mally induced rapid transitions between crystalline and
amorphous phases, featuring a wide range of applicabil-
ity [IH3]. Amongst these PCM materials, GezSbyTes
(GST) is one of the most suitable and promising candi-
dates due to its fast switching speed and notable contrast
in electrical and optical properties during phase tran-
sition [I, 4Hg]. Recently, Ge-rich GST materials were
also being investigated to study their potency in PCM
applications[9HIT]. Being such a convenient PCM ma-
terial, the thermoelectric properties of GeaSbyTes [12-
18] have been the topic of intense investigations over the
years. GegShyTes exists in one amorphous [19] and two
crystalline phases (cubic and hexagonal). Owing to its
low thermal conductivity (k), crystalline GeaShoTes was
found to be suitable for high temperature thermoelectric
applications due to its enhanced thermoelectric figure of
merit (ZT = S?0T/k, o: electrical conductivity, S: See-
beck coefficient)[14]. Therefore, scrutinizing high tem-
perature thermal transport is essential to provide better
understanding of its thermoelectric behavior. Over the
years, experimental [20H25] as well as state-of-the-art ab
initio theoretical methods [I5], 26H30] were successfully
employed to predict and measure thermal conductivity
of crystalline GeySboTes.

While Wiedemann-Franz law was quite successful in re-
producing the electronic part [20, BI], phonon contri-
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bution to thermal conductivity of hexagonal Ge;SbyTes
needs special attention as an unusual domination of opti-
cal phonons was observed [28]. Contrary to the conven-
tional heat transport mechanism via acoustic phonons,
optical phonon-dominated thermal transport is less com-
mon. Also, this feature seems to challenge the conven-
tional Slack model [32 B3] which takes only acoustic
phonons into account. Optical phonons gain importance
due to various features like large group velocities, anhar-
monic effects (2H MoS, [34]), and large acoustic-optical
band gap (AlISb [35]), among a few. The large acoustic-
optical band gap in AISb and GaN imposes restriction
to the acoustic-optic phonon scattering, resulting in a
large thermal conductivity [36]. At higher temperature,
optical phonons populate without significant resistances
due to forbidden acoustic-optical channels. This is piv-
otal in sustaining the optical mode-dominance in x, in
these high-x; materials. On the other hand, for low-
k1, materials, moderate contributions of optical phonons
(22 % of total xz for T = 300-700 K for PbTe [37]
and ~ 30 % at T = 300 K for MgySi [38]) were seen
to stem from relatively dispersive optical branches and
their presence at lower frequencies [35]. The softening of
the optical modes in PbTe was identified to be crucial to
trigger acoustic-optical scattering channel to produce low

1, [37). Although featuring acoustic phonon-dominated
thermal conduction, non-negligible contributions of op-
tical phonons were observed in a temperature range of
4K-600K (~ 80 % acoustic and ~ 20 % optical modes)
for GeTe [39, d0Jand at T = 300 K (~ 65 % acous-
tic and ~ 35 % optical modes) for SboTes [29]. First
principles study by Mukhopadhyay et al. [28] revealed
that around 75 % of kr was contributed by the opti-
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cal modes in stable hexagonal crystalline GeoShoTes at
room temperature. Also, a recent investigation focused
on the coupling between acoustic and optical branches in
the phonon spectrum of crystalline GeaSbaTes [17]. This
coupling between acoustic and optical phonon branches
and the dominance of optical phonons at lower frequen-
cies can effectively trigger higher order phonon scattering
channels which is our particular interest in this article.

The strong presence of four-phonon scattering explains
the strong temperature dependent thermal conductiv-
ity, although the anharmonic renormalization method
was also employed [4I] to account for strong temper-
ature dependent k. Including four-phonon processes
was found to affect the optical phonon contributions to
kg, for AlSb and BAs [36, [42], diminishing the optical
phonon dominance in thermal transport. In low-x; ma-
terial, the presence of lower frequency optical phonons,
their strong contribution to x; as well as coupling be-
tween acoustic-optical branches can incite four-phonon
processes as temperature is raised. Recently, low-x, ionic
conductors Agl [43] and AgCrSe, [44] were found to dis-
play strong quartic anharmonicity characterized by flat
phonon dispersion and rattling dynamics of weakly bond-
ing atoms. CsPbBrs, a prominent low-x; chalcogenide
perovskite material, was also shown to feature reasonable
four-phonon scattering [45]. However, the implication of
the presence of four-phonon scattering on thermal trans-
port in a broad variety of low-x materials is intriguing
and not well studied. In this spirit, we investigate the
phononic behavior of low-x;, chalcogenide Ge;SboTes to
test its higher order scattering features.

Controlling thickness [46H48] as well as vacancies [49] or
stoichiometric defects [50] was proved to be efficient in
modulating thermal transport in crystalline GeaSbyTes.
A small amount of Ge, Sb vacancies and disorder were
found to lower k1, around 70-80 % [29]. However, as a
standard practice, computing k;, and comparing it with
experimental measurements involve calculating three-
phonon scattering along with approximate models to in-
corporate disorder, vacancies, and grain-boundary scat-
tering perturbatively. Hence, to reproduce experimental
results, often higher order phonon scattering is ignored
which, if significant, can overestimate the k; coming
from three-phonon scattering alone. Moreover, at smaller
length scales of the sample, crystals can be found to ex-
ist in a defect-starved pristine state. Consequently, it is
important to precisely predict x;, that solely comes from
phonon scattering. In this context, we focus our investi-
gation on the phonon transport in crystalline hexagonal
GeySheTes to decipher the role of higher order phonon
scattering mechanisms in a wide temperature range.

Therefore we have several goals in this paper: (a) To
check, validate and introspect the dominance of op-
tical phonons in the thermal transport of crystalline
GeySbeTes as a function of temperature. (b) To study
whether four-phonon scattering is significant to describe
the thermal transport in crystalline GeaSboTes at high
temperature. (c) If significant, to investigate whether

different mode contributions are being influenced due to
the inclusion of four-phonon scattering. (d) To gain pre-
cise predictions of the phonon-phonon scattering term
in k7, for a better estimation of other scattering terms
(effect of disorder, grains) in crystalline GeaSbhaTes. To
answer these issues, we explore the temperature depen-
dent thermal transport in crystalline GesShsoTes, rang-
ing from T" = 30 K to 600 K using first-principles den-
sity functional method coupled with the solution of the
linearized Boltzmann transport equation (LBTE). A sys-
tematic study is carried out to investigate harmonic and
anharmonic phononic properties of GST. The presence
of significant four-phonon scattering has been identified
and the relative competitions between different scattering
channels are discussed. Lattice thermal conductivity and
its mode-wise contributions are evaluated with and with-
out four-phonon scattering to mark the contrast. The ef-
fect of higher order phonon scattering on the anisotropy
in thermal conduction has also been studied. Finally, the
deviation from high temperature 7! scaling of lattice
thermal conductivity is analyzed. This resolved picture
of thermal conduction attempts to bring more precision
to the microscopic understanding for GesSboTes, which
can improve thermal management of related chalcogenide
PCM materials.

II. METHOD: DENSITY FUNCTIONAL
THEORY-INFORMED BOLTZMANN
TRANSPORT EQUATION

The structural parameters of the crystalline, hexago-
nal phase of GesSboTes (space group P3mq) are op-
timized via first-principles density functional theoreti-
cal (DFT) calculations, and the obtained lattice pa-
rameters in comparison to other related works are pre-
sented in Table I. Phonon dispersion and phonon den-
sity of states (PDOS) of two different crystalline, hexag-
onal GeySboTes structures (Kooi and Petrov (see sup-
plementary Fig S4 for PDOS and dispersion relation for
Petrov structure)) have been calculated using the den-
sity functional perturbation theory (DFPT) [51] as em-
ployed in the QUANTUM-ESPRESSO[52] suite of programs.
Self-consistent field calculations, within the framework
of density functional theory (DFT), are carried out to
compute the total ground state energy of the crystalline
GesSbyTes. For this purpose, Perdew-Burke-Ernzerhof
(PBE) [53] generalized gradient approximation (GGA)
is used as the exchange-correlation functional. Electron-
ion interactions are represented by pseudopotentials us-
ing the framework of projector-augmented-wave (PAW)
method [54]. The Kohn-Sham (KS) orbitals are ex-
panded in a plane-wave (PW) basis with a kinetic cutoff
of 35 Ry (476.2 eV) and a charge density cutoff of 140
Ry whereas for relax calculation the plane-wave (PW)
kinetic cutoff is taken as 80 Ry (1088.45 eV). The semi-
empirical correction due to Grimme (D2) is considered to
incorporate the van der Waals (vdW) interactions. The



Brillouin zone (BZ) integration for self consistent electron
density calculations are performed using a 12x12x12
Monkhorst-Pack (MP) [55] g-point grid.

We compute the lattice thermal conductivity and as-
sociated phonon scattering rates employing the Boltz-
mann transport equation (BTE). A linearized version of
the BTE is solved for phonons using an iterative self-
consistent method as well as relaxation-time approxima-
tion (RTA) approach via FOURPHONON [56], an updated
version of the SHENGBTE code [57]. The numerical so-
lution to the phonon-BTE demands accurate estimates
of harmonic and anharmonic force constants. Therefore,
DFT-based self-consistent field calculations are carried
out to output harmonic and anharmonic force constants.
Harmonic force constants are obtained using the DFPT
method. We use a 4x4x2 supercell of Ge;SbyTes within
the finite displacement approach to calculate the third-
order interatomic force constants using finite differences
method via THIRDORDER package [57], allowing inter-
actions up to the fourth-nearest neighbors. We adopt
same parameter values as that of the work by Ibarra
et al. [15] for getting the third order interatomic force
constants (IFC). 2x2x1 supercells with interactions up
to second-nearest neighbors are used to obtain fourth-
order IFCs from 1728 different configurations. Within
the relaxation-time approximation (RTA), phonon life-
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where N is total number of q points, + and — de-
note absorption and emission respectively correspond-
ing to three-phonon scattering. +4, +— and —— repre-
sent four-phonon recombination, redistribution and split-
ting processes respectively. Three-phonon, four-phonon
and isotope scattering rates are represented via I'yy/a»,
Ty and I‘f\ w respectively. While fourth order IFCs
are only implemented in RTA, third-order IFCs are com-
puted using both RTA and iterative method. For a spe-
cific mode A, linearized phonon-BTE can be expressed
as

F, = T}I\{TA(V,\ +A)) (5)
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Here, Ay accounts for the iterative process and retrieves
RTA with Ay = 0. 55)\, = wxvf,/ w)\vf, where vy de-
notes modal group velocity and F represents the linear
deviation of the phonon population (fy) from the equi-
librium Bose-Einstein distribution (f{) as fy = fY —F,-
%VT — ... . Finally, using third-order and fourth-order
IFCs and knowing the phonon distribution function, lat-
tice thermal conductivity tensor (FL%B ) is computed from
the following expression

af 1

K —m;fo(fOﬂLl)(ﬁwx)zvaf (7)

where \ defines every phonon mode, IV denotes the total
number of modes in BZ, Vj is the unit cell volume, fj
= (e"/ksT _ 1)=1 represents equilibrium Bose-Einstein
phonon distribution function. In the RTA approach,
F/\B = Tf vf , where Tf stands for the relaxation time
for phonons of polarization \ propagating along the
direction. Phonon-BTE for both three and four-phonon
processes are solved in a 16 x 16 x 4 g-grid over the
Brillouin zone (see convergence of three and four-phonon
processes in Supplementary Fig S15).

IIT. RESULTS AND DISCUSSIONS

The stable hexagonal phase of crystalline Ge;SbsTes pos-
sesses a crystal structure of P3m; symmetry with nine
atoms per unit cell stacked along the ¢ axis. However,
the stacking of these nine atoms along c is still being
debated [15] 29, G8HE1]. The stacking sequence along
the ¢ axis by Petrov et al. [59] (defined as Petrov struc-
ture hereafter) was proposed as Te-Sb-Te-Ge-Te-Te-Ge-
Te-Sb- while Kooi and De Hosson [58](defined as Kooi
structure hereafter) observed the stacking to be Te-Ge-
Te-Sb-Te-Te-Sh-Te-Ge- via electron diffraction experi-
ments. Experiments also suggested a disordered phase



TABLE I. Comparison between equilibrium lattice parame-
ters of differently stacked hexagonal GeaSboTes obtained in
this work and in earlier Ab initio studies.

Kooi
Lattice parameters (A)  Ref. [29] Ref. [I5] This work
a 4.191 4.23 4.193
c 17.062 16.88 17.031
Petrov
Lattice parameters (A)  Ref. [29] Ref. [I5] This work
a 4.178 4.2 4.17
c 17.41 17.14 17.37

in Ge/Sb sublattice with layers randomly occupied by
Ge and Sb [60]. However, as we focus only on the
phononic part of the heat transport, investigating the
mentioned disordered structure is out of the scope of this
paper. Lately, another stacking arrangement called in-
verted Petrov structure [61] was also proposed for hexag-
onal GesSbyTes, featuring interchanging adjacent Te and
Ge atoms. It was noted in earlier studies [I5, 29] that
Kooi structure exhibits lowest energy amongst these dif-
ferently stacked structures. Therefore, although we char-
acterize both Petrov and Kooi structures (Table , here-
after all relevant studies are carried out using the Kooi
structure. Both Kooi and Petrov stacking structures
for hexagonal GesSbyTes are shown in Fig[[{A)(a) and
Fig A) (b) respectively, using two formula units stacked
along ¢ and the periodic copies of atoms at the edges in
the ab planes. A fairly good agreement on the lattice pa-
rameters between earlier first-principles calculations and
this work is observed from Table[ll The small differences
can be attributed to the numerical uncertainties due to
the variation of exchange-correlation functionals used in
these studies. For example, PBE generalized gradient ap-
proximation (GGA) was employed in both Campi et al.
[29] and this work, whereas Ibarra et al. [I5] used GGA
with a revised version of PBE for solids and surfaces [62]
(PBEsol) as exchange-correlation functional. We note
that the experimental values of lattice parameters of the
Kooi [58] structure were measured as a = 4.25 A and ¢
= 17.27 A, which are also consistent with our ab initio
findings depicted above. After bench-marking our theo-
retically relaxed structure, we proceed in describing the
phonon transport mechanisms via harmonic and anhar-
monic properties of GeySbsTes; in the following subsec-
tions.

A. Harmonic properties and optical-mode
dominance

To understand phonon transport, we start our discus-
sion with the phonon dispersion and phonon density
of states (PDOS) realizations for hexagonal GeySbsTes
Kooi structure, depicted in Fig [I(C) and Fig [[{B) re-
spectively. Phonon dispersion relation is shown along
the I'-M-K-I'-A high symmetry direction in the Brillouin
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zone (BZ) portraying a stable structure with phonon fre-
quencies going to zero at the I' point in the BZ. The
phonon frequencies are seen to span a large frequency
regime ranging from 0 to 174 cm™!. We mark some spe-
cific features in the phonon bands. Firstly, we observe the
presence of low-frequency optical phonon bands starting
from w = 30 em~!. These low frequency optical bands
are seen to couple with acoustic bands, indicating strong
scattering events to reduce thermal conduction. We will
get to this point later. As acoustic and optical phonons
feature a strong coupling in an intermediate frequency
range (30 cm~! < w < 60 em 1), distinguishing individ-
ual contribution of the phononic bands to the thermal
transport seems unrealistic. However, we can define fre-
quency bands that consist of only acoustic, a mixture
of acoustic and optical modes and purely optical modes
to comprehend the contributions to thermal transport
coming from these frequency bandwidths. Figure C)
distinguishes these frequency regimes that comprise of
purely acoustic (0 < w < 30 ecm™!), purely optical (60
em™! < w < 174 em™1) and the mixed modes (30 em ™!
< w < 60 em™!) and hereafter will be denoted by A, O
and M respectively. The dispersion picture is comple-
mented by the phonon density of states representation
shown in Fig [[[B). The total PDOS as well as the sep-
arate contributions from three different elements have
been projected. The significant contribution of five Te
atoms in the GeySboTes unit cell is being manifested as
the principal contributor to the PDOS as shown in Fig
[{B), consistent with earlier studies [28]. At small fre-
quency range, heavier atoms (Sb, Te) are seen to domi-
nate the PDOS. Around w = 60 em ™!, the contribution
of Ge atoms starts to be significant. From w = 90 cm ™!
till 120 em ™!, the enhancement of PDOS is mostly con-
tributed by the Te atoms. At frequencies higher than 130
em ™1, this enhancement dies out and contributions from
Ge, Sb, Te become comparable. Relating the element-
wise contributions to PDOS with the frequency regimes
A, M and O, we observe the following: (a) In regime A
(0 em™ < w < 30 em™1), all three elements contribute
comparably. (b) Partial DOS of Te atoms starts dom-
inating with a competition between Sb and Ge PDOS
in regime M (30 em™! < w < 60 em™!). (c) In regime
O (60 em™! < w < 174 em™1), PDOS for Te mostly
dominates and controls the total PDOS, except at higher
frequencies (w > 90 em™1), where all contributions be-
come comparable again. At extreme lower and extreme
higher frequencies, all three elements show comparable
number of excited vibrational modes. In standard Debye
theory, frequency-dependent PDOS can be expressed as

PDOS (w) = %m with the assumption of the linear
relation between speed of sound (¢s) and the phonon fre-
quencies (w = ¢gk). Consequently, lower group velocities
(vg = dw/dk) of phonons enable higher density of states
as a function of phonon frequencies. On the contrary,
dispersive phonon branches enhance the phonon group
velocities causing a lower PDOS. Near the center of BZ
(T point) in regime A, acoustic branches are seen to
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FIG. 1. (A) The schematic hexagonal structures of Ge2SbzTes in two different stacking arrangements (a) Kooi and (b) Petrov,
are presented. C' axes are designed to accommodate two formula units of the nine atom hexagonal unit cell. The corresponding
nine atom unit cell stacking orders for Ge, Sb, and Te atoms in Kooi and Petrov structures have also been shown in (a) and
(b) respectively. The representations are realized through VESTA [63]. (B) Phonon density of states (PDOS) is presented as
a function of frequency for crystalline hexagonal GeaSbaTes stacked in Kooi structure. Corresponding partial DOS for Ge,
Sb and Te are also superimposed. (C) Phonon dispersion relations of GeaSbaTes Kooi structure along high symmetry path
I-M-K-T-A. The frequency regimes corresponding to acoustic (A), mixed (M) and optical (O) modes are also distinguished.

(

behave almost in a linear fashion (Fig [I(C)) which is
caused by the vibrational modes of mostly heavy Te and
Sb atoms along with little less vibrational contribution
from comparably light Ge atoms. In the regime M (30
em™t < w < 60 em™1), dispersion relation shows the cou-
pling between acoustic and optic branches as well as the
onset of the comparatively flat bands. These flat bands
give rise to an enhancement of PDOS in this regime. Sb
and Te atoms seem to contribute equally until w = 50
em ™!, after which Te modes start dominating and the
vibrational modes of Ge atoms become comparable or
even greater than that of the Sb atoms (Fig [I{B)). In
regime O (60 em™! < w < 174 em™1), two distinct fea-
tures are observed. For w < 130 em™!, larger contribu-
tion of flat phonon optical bands of low v, (Fig[1{C)) is
seen to develop a larger PDOS with several peaks, mostly
contributed by the vibrations of Te atoms (Fig[I}B)). For

w > 130 em ™!, optical branches becomes quite dispersive
warranting a higher v, and a decrease in PDOS. Small
mass difference between Sb, Te (mg, = 121.75 a.m.u,
mre = 127.6 a.m.u) makes it difficult to feature sepa-
rated high and low frequency bands as the evolution of
the PDOS goes through competitive vibrations between
the elements. In contrast, another chalcogenide mate-
rial GeTe, owing to the large mass difference between its
constituents (mg. = 72.64 a.m.u, mp. = 127.6 a.m.u),
was seen [29] [39] to possess PDOS with a separated low
frequency acoustic bands (due to the vibrations of heavy
Te atoms) and high frequency optical bands (due to light
Ge atoms). Also, due to their similar masses, distinct
contributions from Sb and Te to PDOS mostly rely on
their vibrational modes due to the bonding arrangement
in GeaSboTes. In this context, Sosso et al. [64] stud-
ied the Raman spectra of hexagonal GesSbyTes (Kooi



structure) and A-type Raman-active modes (specifically
A;, modes) were identified at high frequencies. These
A-type modes indicate vibration along the c-axis due to
modulation of the outermost Te-Sb bond [64]. The high
frequency vibrational modes involving both Sb and Te
manifest themselves in comparable and similar phonon
DOS at high frequencies (> 125 ¢m™!) for Te and Sb

(see Fig[I(B)).

To investigate thermal transport, we employ harmonic
and third-order anharmonic force constants and therefore
the solution of Linearized Boltzmann transport equation
(LBTE) takes the form

1
af _ 2 a B
Kk = kgT2NV, E}\ fO(fO"i'l)(m/\) UAF)\ (8)
where /1%’8 is lattice thermal conductivity tensor, A de-

fines each phonon mode, N is the total number of modes
in BZ, Vp is unit cell volume, fo = (e™/#8T — 1)=1 de-
notes Bose-Einstein phonon distribution function, and F
is the term in the expansion of the phonon distribution
function which is related to the group velocity (vq). We
use both relaxation time approximation (RTA) as well
as iterative approach for the solution of LBTE to obtain
K. Scattering of phonons by randomly distributed iso-
topes is also incorporated. The isotope scattering rate
(1/7{(w)), was given by Tamura [65] via second-order
perturbation theory as

1/7{(w) = 53 n 0 (@ = wh) Xp grl 20 Wa (k, \) W, (K, A() \;
9
where gj, is the mass variance parameter, defined as

2
mig
my,

n; is the mole fraction, m;j is the relative atomic mass of
ith isotope, Ty, is the average mass = ). n;m;x, and W
is a polarization vector. The natural abundance data for
different elements [66] are used to obtain the mass vari-
ance parameters. Figure a) presents kr,, averaged over
all directions, as a function of temperature for hexagonal
Kooi-GesSboTes. The difference between iterative and
RTA solutions is found to be marginal throughout the
whole temperature range studied (30K - 600K). The com-
patibility between RTA and iterative solution of LBTE
indicates that the single uncorrelated phonon gas picture,
conceptualised by RTA, is valid throughout the temper-
ature range. This is also a signature of overpowering
nature of the resistive phonon Umklapp scattering in dic-
tating the ky, for crystalline GesShoTes. Figure b) de-
scribes the contributions to k7, coming from different fre-
quency regimes (acoustic (A), optical (O), mixed (M)) as
defined earlier. As temperature increases, we see
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FIG. 2. (a) The variation of average lattice thermal conduc-
tivity (k1) with temperature realized via both iterative and
relaxation time approximation (RTA). (b) The variation of
average lattice thermal conductivity, obtained via iterative
method, as a function of temperature with distinguished con-
tributions from acoustic (A), mixed (M) and optical frequency
regimes (O) as described in the text. The regimes with dif-
ferent colors mark two separate crossings between acoustic-
optic contributions and optic-mixed contributions. (c¢) The
variation of phonon group velocity (vg) for both acoustic and
optical modes with frequency. Acoustic, mixed and optical
regimes are denoted via region I, II, III respectively. (d) Prob-
ability distribution (P(vg)) of phonon group velocities (vg) for
optical as well as all modes.

gradually larger contributions from optical and mixed
phonon frequency bands compared to those of the acous-
tic phonons. At low temperature regime till 7' < 80 K
(shown via red shaded area in Fig b)), acoustic as well
as coupled acoustic-optical bands seem to dominate the
kr,. At slightly higher temperature regime (80 K < T' <
120 K, shown via white shaded area in Fig [2b)), con-
tributions from both acoustic and acoustic-optic mixed
modes start decreasing while the significance of purely
optical modes starts increasing. At even higher tem-
perature range (120 K < T < 300 K, shown via blue
shaded area in Fig[2b)), optical modes become the driv-
ing force to contribute k£, with higher contributions than
both acoustic and mixed phonon modes. To invoke trans-
parency to this feature, we recall the RTA approach,
where the solution of LBTE is reduced to

1

KL = —— Cyv2 T 11

L= NV, ; AVg, TA (11)
which is obtained via using Eq[8] with zeroth-order ap-
proximation to F' as F\ = Ta\vgx and expressing modal
heat capacity C = k}s% oo fo(fo+1)(hwy)?. Increasing
temperature does not seem to change the group velocity
(vg). Similar behavior is also seen for heat capacity as
it is known to follow Dulong-Petit law at high tempera-
ture (see Supplementary Fig S3). However, the variation



of phonon group velocities with frequency, shown in Fig
[2(c), indicates significant contribution from the optical
phonons with high group velocities comparable to that
of the acoustic phonon modes. Figure c) also presents
v, coming out of three qualitatively different frequency
regimes (Region I (A), Region IT (M), Region III (O)).
To elucidate this point further, probability distributions
of vy, corresponding to optical as well as all the modes
are presented in Fig [J(d). We find the probability dis-
tribution (P(vg)) of v, for all the phonon modes are al-
most merging with that of the optical modes, asserting
the connection between the significant group velocities
of optical phonons and the optical phonon-dominated kp,
for GeaSbaTes. P(vy) shows a higher probability of lower
group velocities with the maximum is found to be around
500 m/s. However, it also features a long tail distribu-
tion of higher group velocities extending up to ~ 5000
m/s. The presence of both high as well as low v4-optical
phonons corresponds to the presence of significantly dis-
persive and comparatively flat optical bands respectively.

As both group velocity and heat capacities are tempera-
ture insensitive, probing the temperature dependent im-
plications in thermal transport in GegSbyTes; warrants
investigation on the variation of the phonon scattering
rates with temperature. The presence of lower frequency
optic phonons, their strong coupling with acoustic modes
as well as the presence of flat bands, observed via sharp
PDOS peaks, lead us to investigate the possibility of an
existence of four-phonon scattering processes. We discuss
this feature in the next subsection.

B. Three and four-phonon processes: competing
effects and scattering channels

We start our investigation on phonon scattering rates
by comparing the relative importance between three-
phonon (third-order anharmonicity, denoted 3ph here-
after) and four-phonon scattering processes (fourth-order
anharmonicity, denoted 4ph hereafter) in a wide temper-
ature range (30 K - 600 K). At this point, we mention
two important factors that usually imprint the signature
of the four-phonon processes: (a) anharmonicity and (b)
scattering phase space distribution. The extent of anhar-
monicity can be captured via the Gruneisen parameter
(v) which is defined as the rate of change of the vibra-
tional frequency of a particular mode with volume. Thus,
~ features the departure of crystal from harmonicity. For
few modes within ‘M’ regime, corresponding to the strong
overlap between acoustic and optical bands, v becomes
anomalously large (see supplementary Fig S1(a)). How-
ever, mode-averaged Gruneisen parameter smooths out
this feature at a particular temperature and therefore,
the average v at fixed T behaves in less anomalous way
(Figure S1(b)). This average -y is found to be 2.49 at
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FIG. 3. The variation of three-phonon (3ph) and four-phonon
(4ph) weighted phase space with phonon frequencies at dif-
ferent temperatures: (a) T'=30K, (b) T =60 K, (¢) T =
100 K, (d) T =300 K, (e) T"= 500 K, and (f) T"= 600 K for
GeQSb2T65.

T = 300 K which is similar for other low-x; materials
with comparable total thermal conductivities like PbTe
(v = 2.18) and PbS (v = 2.5) at room temperature [67].
Having recorded the strong anharmonicity, we seek to
explore the relative dominance between 3ph and 4ph
processes via computing their respective weighted phase
space as described by Li et al. [68]. This weighted phase
space is realized via the sum over frequency dependent
terms in the 3ph and 4ph transition probabilities without
the scattering matrix elements. Higher phase space sug-
gests larger number of available scattering channels, lead-
ing to stronger scattering effect and consequently lower
lattice thermal conductivity. Figure |3 represents the rel-
ative weight-age of 3ph and 4ph scattering phase spaces
as a function of temperature ranging from 30 K to 600
K. As we increase the temperature, a clear indication of
overwhelming 4ph scattering phase space compared to
its 3ph counterpart is observed. However, we must men-
tion that the weighted phase space (WP) is a qualitative
descriptor and their units are different for 3ph and 4ph.
Moreover, it also includes the phonon distribution func-
tion (fp) while summing over all the frequency-dependent
terms. This involves the effect of temperature as in the
high temperature limit fo ~ kT /hw. However, it is ev-
ident that as the temperature is raised, 4ph phase space
becomes prominent with a significant increment due to
the gradual population of high frequency optical modes
at higher temperature (Fig [3[(d),(e), (f)). This feature
hints at the connection between optical modes and 4ph
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processes in thermal transport of GesShoTes.

Figure describes the frequency variation of both
3ph and 4ph scattering rates for different temperature.
Phonon scattering rates have been found to vary roughly
100 and 1000 times for 3ph and 4ph scattering rates re-
spectively within the studied temperature range (30 K -
600 K). The difference between 3ph and 4ph scattering
rates are seen to decrease and strong competition be-
tween these two scattering rates is realized via the grad-
ual collapse of two scattering rates as we increase the tem-
perature beyond 7' = 100 K (Fig [4[d), (e), (f)). We at-
tribute this trend to the significant 4ph scattering phase
space beyond T = 100 K, following the weighted phase
space analyzes (Fig|3). The 4ph scattering rate is seen to
gradually eclipse the 3ph scattering rate at high temper-
ature, mostly in the O frequency regime (Fig . In the
M regime, both of the scattering rates are comparable as
4ph scattering is triggered due to the coupling between
acoustic and optical bands (Fig E[) In the regime O, till
w ~ 122 em™1!, the dominance of 4ph scattering over 3ph
scattering is seen to prevail, especially at higher tempera-
tures. This is the regime in the phonon dispersion which
consists of many flat optical bands (see Appendix |A| for
a detailed description of flat and optical bands and the
corresponding allowed 3ph processes). These flat bands
are shown to enable significant four phonon scattering
with optical bands, consistent with an earlier study [44].
At frequencies beyond 122 cm ™!, dispersive optical
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FIG. 5. The variation of three-phonon (3ph) and four-phonon
(4ph) scattering phase spaces with phonon frequencies. Dif-
ferent phonon frequency regimes are marked using white (A)
and grey (M) and light red (O). Flat bands within regime ‘O’
are distinguished via the dashed regime with 86 cm ™! < w <
122 em™ 1.

bands are seen to reappear, influencing the 4ph scatter-
ing to become weaker compared to the 3ph scattering
rates. To elucidate this relative behavior of 3ph and 4ph
scattering rates more transparently, we study the phase
space evolution of both 3ph and 4ph scattering processes,
separating out the temperature effect to make a one to
one correspondence between the dispersion and the phase
space variation with frequency (Fig [5]).

Figure [5| distinguishes two different frequency domains
corresponding to the altering hierarchy of 3ph and 4ph
phase space. The phonon frequency regime 86 cm ™! <
w < 122 em™! (denoted as ‘Flat bands’ in Fig [5)) si-
multaneously hosts the minima and maxima indicating
the increment of 4ph scattering phase space at the cost
of decreasing 3ph phase space. Recalling our dispersion
picture, this regime constitutes closely packed dense flat
optical bands which is almost 70 % of the total opti-
cal bands. Sparsely located dispersive optical bands are
found to accommodate only 10 % of the total optical
bands, constituting 122 em™! < w < 174 em™t. We
demonstrate the allowed 3ph processes due to the flat
bands and find that the extremely small bandwidth of
flat bands restrict OOO scattering completely and AOO
scattering partially in the frequency regime of 86 cm ™! <
w< 122 cem™! (see Appendix. While flat optical bands
can restrict the OOO 3ph scattering channels due to the
conservation of momentum and energy, this restriction
does not prevent the 4ph scattering channels concern-
ing AAAO, AAOO, AOOO and OOOO (A, O denote
acoustic and optical phonons). This feature hints at the
simultaneous occurrence of 3ph-minima and 4ph-maxima
in phase space variation with frequency. At higher fre-
quencies
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GGQSbQTes.
beyond 122 c¢m™!, dispersive optical bands reappear
which rejuvenate the 3ph processes. As a result 3ph
phase space is seen to dominate again over 4ph. The
Petrov structure of GeySboTes is also found to possess a
dominating 4ph weighted phase space over its 3ph coun-
terpart although in a less pronounced fashion compared
to that of the Kooi structure (see Supplementary Fig S5
and Fig S6 for details).

To further understand the 3ph-minima and 4ph-maxima
in their respective phase space, we deconstruct the sep-
arate roles of different scattering channels in Fig[6] 3ph
scattering consists of absorption (q + q; = q,) and emis-
sion (q = q; + g,) channels (Fig[6{(a)) while 4ph scat-
tering (Fig [6[b)) comprises of three scattering channels
namely (a) recombination (@ + q; + 43 = q3), (b) re-
distribution (q + q; = q, + qs) and (c) splitting (q =
q; + g5 + q3) along with their momentum destroying
counterparts via the reciprocal lattice vector G. Here q,
d;, dy, d; define phonon wave vectors. Figure @(a) de-
picts that the acoustic phonons with low frequency modes
(regime ‘A’) enable absorption processes which seems to
gradually decrease as optical phonons overlap with the
acoustic ones in the regime ‘M’. In regime ‘O’ (60 cm ™!
< w < 174 em™1), optical modes with higher frequen-
cies are more prone to undergo emission processes which
dominates at higher frequencies while absorption phase
space going to zero (Fig @(a)). The aforementioned 3ph-
minima are found to originate as a result of the crossing
between absorption and emission phase space around 90-
100 em~1. Also, Fig[6[b) shows that 4ph redistribution
phase space peaks around the same frequency where 3ph
phase space shows minima. This is a result of the oc-
currence of flat optical bands in this frequency regime
(86 cm ™! < w < 122 em™1!) that severely restrict OO0
and weaken AOQO processes but do not prevent optical
phonons to participate in four-phonon processes. Rather
flat bands enhance the redistribution processes as energy
conservation between four phonons is preferable in this
scenario. Similar feature was observed in AISb and BAs
[36). This causes a simultaneous dip and peak in 3ph
and 4ph phase space respectively. Recombination pro-
cess is seen to dominate the whole 4ph phase space spec-
trum of GesSbyTes along with a small contribution from
recombination and splitting processes at low and high
frequencies respectively (Fig @(b)) These 3ph and 4ph

phase space distributions get mildly modified with tem-
perature as can be seen via their weighted phase space
distributions (see Supplementary Fig S7).

We end this section by studying the importance of
phonon-isotope scattering in crystalline Ge;SbyTes com-
pared to both 3ph and 4ph scattering rates (see Fig S2
in the supplementary information). As mentioned in an
earlier section, phonon-isotope scattering rates can be
computed following the work by Tamura [65], where the
mode dependent isotope scattering rate varies as w? but
remains independent of temperature. Therefore, at low
temperature (30 K < T < 60 K), phonon-isotope scat-
tering contributes significantly to increase the resistive
scattering processes and helps reducing the lattice ther-
mal conductivity. However, as temperature is further
raised (see Fig S2(d),(e),(f) in the supplementary), both
3ph and 4ph scattering start dominating the total phonon
scattering processes due to their strong temperature de-
pendencies (T;p}L ~T, TIP}L ~ T? [42]).

C. The role of normal and Umklapp scattering:
three and four-phonon processes

To further investigate the nature of 3ph and 4ph scat-
tering and their competitive roles in dictating thermal
transport, we study each of the 3ph and 4ph scattering
channels distinguished as separate normal (N) and Umk-
lapp (U) scattering processes. We compare the relative
weights between N and U processes by calculating the
thermodynamic average of scattering rates for N and U
processes separately for both 3ph and 4ph scattering via

) B C 7'7.1
I = (77 ave = Ei AC; (12)
A

Here, A defines phonon modes (g, j) comprising wave
vector  and branch j. Index ¢ denotes either N or U
scattering rates used. C) is the modal heat capacity,
given by

- hCU)\ 2 exp(hLuA/kBT)
Ox=ks (kBT) lexp(hwy /kpT) — 1]2 (13)

where, T' denotes temperature, A is the reduced Planck
constant and kp is the Boltzmann constant. N scattering
enables momentum conserving phonon scattering, while
U and I scattering bring resistivity in thermal conduc-
tion. Therefore, the relative strength of N and U scatter-
ing is pivotal to understand the underlying phonon ther-
mal conduction as well as to capture peculiar phenomena
like phonon hydrodynamics[69} [70]. Figurempresents the
comparison between the average N and U phonon scatter-
ing rates as a function of temperature for both 3ph (Fig
[7(a)) and 4ph scattering (Fig[7(b)). For both three and
four-phonon processes in GeySbhsTes, dominant trend of
U scattering over N scattering is found throughout the
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studied temperature range. Adding isotope scattering is
seen to further increase the resistive scattering compared
to the N scattering events. The relative strength of U
scattering to N scattering is found to be almost constant
in the whole temperature range with a factor of 1.3 for
3ph scattering which increases up to around 2.5 for 4ph
scattering (see supplementary Fig S8 for details). There-
fore, the presence of resistive 4ph scattering is expected
to further reduce the thermal conductivity of GeaSboTes.
Although U scattering is seen dominating over N in both
3ph and 4ph scattering events, it is instructive to check
their contributions to different scattering channels to un-
derstand the phonon transport mechanism. Figure[§rep-
resents the temperature variation of thermodynamically
averaged 3ph absorption and emission scattering rates
(3P for both N and U scattering events. N and U ab-
sorption scattering rates are seen to overlap and merge
together (Fig . Consequently, the emission process de-
termines the relative strength between N and U 3ph scat-
tering. The emission processes corresponding to U scat-
tering events are seen to dominate over the N scattering
events throughout the temperature range studied. This
stems from the fact that emission processes are mostly ac-
tivated at high frequency regime, where optical phonons
with higher momentum and large wave vectors are more
prone to satisfy q = q; + q, + G, where G is the recip-
rocal lattice vector.

Figure @(a), (b) present the variation of average 4ph scat-
tering rates with T for different scattering channels for
N and U scattering respectively. We clearly observe that
both N and U scattering rates corresponding to redistri-
bution 4ph processes are strong and they dominate over
the two other scattering channels. Moreover, the collapse
of the total average scattering rates (black dashed lines

in Fig[9(a) and (b)) to the redistribution scattering (red
circles in Fig[9[a) and (b)) suggests that average N and
U scattering rates can be approximated as the contri-
bution coming from redistribution alone with negligible
contributions from other two scattering channels. Re-
combination processes are found to be weakest among
these three channels. This dominating 4ph contribution
by redistribution processes comes from the large phase
space of the redistribution scattering channel as
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FIG. 8. The variation of 3ph average scattering rates (I'*”")
with temperature for different scattering channels (absorp-
tion and emission) for both normal and Umklapp scattering
events.
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observed in Fig @(b) Looking at the phonon-mode con-
tributions at different frequencies, we find that the ‘M’
frequency regime is seen to be mostly populated by redis-
tribution as well as recombination processes that exhibit
U scattering (supplementary Fig S10). In ‘O’ frequency
regime, recombination channels are mostly blocked while
splitting processes are found to gain importance along
with the dominating redistribution scattering rates. At
very high frequencies splitting processes aggravate due
to the increasing weighted scattering phase space (see
supplementary Fig S7(c), (d)). At higher temperature,
marginal change is observed on this frequency distribu-
tion of scattering processes (Fig S7(d) and Fig S10(b),
(d), (f) in the Supplementary information).

D. Thermal conductivity and its variation with
temperature for three and four-phonon processes:
Mode analyses

After analyzing the phonon scattering rates and their
relative importance, we calculate the variation of lat-
tice thermal conductivity with temperature incorporat-
ing both three as well as four-phonon scattering rates for
GeySbyTes. Isotope scattering rates, which are tempera-
ture independent, are also included within the scattering
terms via Matthiessen’s rule [33].

1 1 1 1

— =t + — 14

T Ti’p h T;\Lph i (14)
where \ defines each mode and Ti)p " T;‘\‘p " and m{ de-

note 3ph, 4ph and phonon-isotope scattering lifetimes re-
spectively. Figure [L0a) represents the variation of aver-

age lattice thermal conductivity (x$7¢) with temperature,
distinguishing different contributions coming from acous-
tic (A), optical (O) and mixed (M) frequency regimes
defined via dispersion bands. We see a similar optical
phonon dominance in sy, as that of the earlier case con-
sidering only 3ph and isotope scattering (shown in Fig
b)) At low temperature, as expected, acoustic con-
tribution (red circles in Fig[10(a)) is large and the con-
tributions from acoustic and mixed modes (regime M,
green triangles in Fig [10(a)) dominate. Beyond 100 K,
the dominance of acoustic modes decays while optical
contribution (blue diamonds in Fig|10[(a)) takes the lead
with almost equal contributions from the mixed regimes.
Figure [10[b) records a value of 1.03 W/mK at 300 K and
0.52 W/mK at 600 K, for the average k,, calculated using
only three-phonon and isotope scattering rates (red solid
line for iterative and blue dashed line for RTA), consis-
tent with earlier works by Ibarra et al. [I5]. Campi et al.
[29] and Mukhopadhyay et al. [28] obtained a value of 1.2
W/mK and 1.4 W/mK respectively, considering an ideal
crystal with the inclusion of only 3ph scattering for the
Kooi structure at 300 K. Further, the significant impli-
cation of incorporating four-phonon scattering in x;, can
also be seen in Fig b). By including four-phonon pro-
cesses with three-phonon and isotope scattering events,
a significant drop in x, is observed at high temperature.
At 100 K, we record a reduction of ~ 13 % (kr = 2.69
W/mK), followed by a ~ 28 % (k;, = 0.74 W/mK) and
a striking ~ 42 % (k;, = 0.3 W/mK) decrement in rk, at
300 K and 600 K respectively.

Further, we study the alteration of relative contributions
coming from acoustic (A), mixed (M) and optical (O)
frequency regimes with and without 4ph scattering pro-
cesses. Figure [11|represents the cumulative lattice
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thermal conductivity, averaged over all directions (K¢ ),
as a function of phonon frequency, including and exclud-
ing 4ph scattering along with 3ph and isotope scattering
events for different temperature (see supplementary Fig
S11, Fig S12 for detailed K¢ variation with frequency
along a-b plane (k7 ) and along c (k% ), with and with-
out 4ph scattering). Firstly, we describe the evolution
of K¢ using 3ph and I scattering (blue solid lines in Fig
111{(a)-(f)). At T = 30 K, acoustic phonons seem to con-
tribute mostly (47.3 %) to ky, followed by the M regime
(42.6 %). As the temperature is increased this trend
seems to alter with optical phonons dominating xj, (40
%). We note that the M regime also contributes signifi-
cantly (~ 33 %) to kz. At temperatures beyond 300 K,
this trend continues with the contributions from different
frequency regimes to the total xj are found to be satu-
rated (regime A: 26.4 %, regime M: 33.2 %, regime O:
40.4 %). To explore the modification of this picture after
adding 4ph scattering, modified &§ is also presented (red
dashed lines in Fig [11[a)-(f)). Initially, at low tempera-
ture (T' = 30 K), we see a similar trend of acoustic phonon
dominated phonon transport for GesShoTes (regime A:
46.7 %, regime M: 43.3 %, regime O: 10 %). As we in-
crease the temperature, optical modes seem to dominate
k1, similar to that of the cubic anharmonicity. However,
the contributions from M and O regimes are found to
be slightly affected after the inclusion of 4ph scattering
events. When temperature is raised beyond 300 K, the
contributions from A, M and O frequency regimes are
found to be saturated around 26.2 %, 35.8 % and 38 %

respectively (see red dashed lines in Fig[11}(d), (e), (f)).
We observe that at high temperature, including 4ph scat-
tering does not alter the contributions from the regime A.
However, the relative contributions of M and O regimes
are marginally interchanged. These results indicate that
including 4ph scattering processes does not alter the op-
tical mode-dominance in k, for GesShsTes. Rather, in-
cluding 4ph scattering affects both acoustic and optic
modes non-selectively, retaining the significant contribu-
tion of optical modes in k7, of GeaSbyTes. This is in sharp
contrast to high-x; material like AISb [36], where opti-
cal phonon-dominated x; gets almost washed out while
incorporating 4ph scattering processes.

Next, to investigate the size dependence of the thermal
conductivity of GesSbsTes and its implications due to the
presence of 4ph scattering, we present the variation of the
maximum mean free path (\™%*) as a function of tem-
perature (Fig . We note that grain boundaries, their
scattering with phonons as well as the thickness were
found to influence rr, for GeaSbyTes [406], 47]. Therefore,
studying size-dependence of thermal conduction serves
not only the purpose of understanding the MFP distri-
bution and their contributions to kr, but also of design-
ing nanostructures by assessing the maximum mean free
path inside the material (see supplementary Fig S13, Fig
S14 for the variation of cumulative x; with mean free
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path along a-b plane (k}) and along ¢ (k%), with and
without 4ph scattering). Figure [12] shows that A"e®
gradually decreases with temperature. Over the temper-
ature range studied here, A"*%* is seen to vary from 3.1
pm to 75.3 nm for 3ph+I and from 2.1 pum to 24.7 nm for
3ph+4ph+I1. Further, A™* is found to vary roughly as
T—1 (Amaz ~ T—11) while including 3ph and I scattering
(red circles and their fitted dashed line in the inset of Fig
112). This trend emerges due to the fact that higher tem-
perature populates more phonons according to phonon
distribution (BE distribution), inducing more scattering
between phonons to reduce the mean free path between
them. However, including 4ph scattering is seen to mod-
ify this negative slope with even a higher value of the
exponent (A% ~ T~14 blue diamonds and their fitted
dashed line in the inset of Fig . We recall that mean
free paths and phonon group velocities are connected as
A = v7. Therefore, this is consistent with a higher or-
der scattering scenario where the scattering rate varies
as 77! ~ T where a > 1.

To explain this size effect in a more comprehensive way,
we present the percentage of cumulative contribution to
k1 as a function of maximum allowed MFPs for different
temperature in Fig Also, we represent the effect of
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FIG. 12. The variation of maximum mean free path (A™%)
as a function of temperature for GeaSbaTes both including
and excluding 4ph scattering. Inset shows the scaling relation
of \™%* with T" with (3ph+4ph+I) or without (3ph+I) 4ph
scattering.

3ph+I and 3ph+4ph+I separately in Fig [13(a) and (b)
respectively. Around 80 % contribution to kj is seen
to come from phonons with MFPs less than 1.26 pm
at 30 K (al in Fig [13|(a)), which goes down to 10.7
nm at 600 K (a6 in Fig [13{a)) for 3ph and I scatter-
ing events. Considering 4ph scattering, 80 % of xp is
found to be contributed by MFPs less than 1.24 pum at
30 K (bl in Fig [I3(b)) and 6.74 nm at 600 K (b6 in
Fig [13[b)). As temperature increases, MFP decreases
due to vigorous Umklapp collisions between the phonons,
causing lower MFP phonons to contribute more signifi-
cantly to k1. The presence of significant four-phonon
scattering at high temperature causes further hindrance
to the phonons to propagate and the same contribution
to kp is seen to come from phonons with lower MFPs.
At room temperature, MFPs below 20 nm are found re-
sponsible for 80 % of x;, (a4 in Fig[I3[a)) which changes
to 17.18 nm while including 4ph scattering (b4 in Fig
b)) This finding relates to a recent discussion on the
room temperature experimental thermal conductivity of
both cubic and hexagonal GeaShoTes [25]. Time-domain
thermoreflectance measurements with grains of 10-15 nm
were found to influence negligibly the room-temperature
k1 of hexagonal GeaSboTes [25]. This behavior can be
rationalized using the fact that almost 80 % of the xp,
of hexagonal GeySbyTes are seen to come from phonons
with mean free paths below ~ 17 nm (20 nm if consider-
ing only 3ph+I) as shown in Fig This suggests that
the experimental xz (0.47 W/mK) at 300 K has neg-
ligible effects due to phonon-grain boundary scattering.
To realize serious effects of grain boundary scattering in
hexagonal GeySbyTes, grains need to be smaller to en-
hance grain-boundary scattering (scattering rate 75 1=
vg/L). For example, grains of size 3 nm can effectively
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FIG. 13. The percentage contribution of cumulative lattice
thermal conductivity (k%) to that of the total xz, is presented
as a function of maximum allowed phonon mean free paths
(MFP) including (a) 3ph, I scattering and (b) 3ph, 4ph and
I scattering for different temperature. The dashed lines in
both representations correspond to the 80 % contribution to
k1. The corresponding maximum allowed MFPs for T' = 30
K, 60 K, 100 K, 300 K, 500 and 600 K are denoted via al,
a2, a3, a4, ab, a6 in (a) and bl, b2, b3, b4, b5, b6 in (b).
For comparison, the values correspond to 7' = 300 K and 600
K are shown via a4, a6 respectively in (a) and via b4, b6
respectively in (b). The blue shaded regimes in (a) and (b)
represent the contributions from MFPs less than or equal to
the lattice parameter a (4.193 A).

reduce 60 % of the kK at room temperature as can be
seen via Fig [I3|(b). Here, we note that the obtained r,
at high T (> 600 K) is sensitive to the validity of phonon
BTE as we include the 4ph scattering. Figure |[13| shows
growing contributions of phonons with MFPs comparable
to the lattice parameter (a) from 3.4 % to 12.4 %, while
including 4ph scattering (blue shaded regimes in Fig.
Though A™2* (24.7 nm) is well above a, non-negligible
contributions from MFPs (< a) hint at the closeness of &,
to the amorphous limit (K, ~ 0.27 W/mK [9]) where
the usage of phonon BTE seems questionable.

The negligible effect of grain-boundary scattering as well
as the significant presence of four-phonon scattering trig-
ger the discussion concerning the gap between exper-
iments and theory to estimate the thermal conductiv-
ity of GeaSboTes. Experimental lattice thermal conduc-
tivity had been found to be around 0.42-0.48 W/mK
[20, 25, 26, [7T], which is very close to the minimal ther-
mal conductivity using the Cahill model [72], consider-
ing disorder-dominated structure of GesSboTes. This
raises concern about the Boltzmann transport equation
approach to compute the thermal conductivity as was
mentioned earlier [29]. However, our findings suggest
that phonon-phonon scattering has a strong influence
with the presence of quartic anharmonicity that can bring
down k1, to 28 % at 300 K and 42 % at 600 K. More
importantly, 4ph and disorder scattering (both phonon-
vacancy [73] and phonon-isotope scattering [65]) are two
completely different mechanisms following 72 and T-
independent behavior respectively. Therefore, excluding
quartic anharmonicity at room temperature and beyond,
can lead to a crucial overestimation of the predicted dis-
order content at the cost of an underestimation of
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FIG. 14. The variation of the anisotropy factor (k7*/k%?)
with temperature for crystalline GezSbyTes using various
scattering processes to calculate xz. Squares: 3ph (iterative)
+ isotope scattering, diamonds: 3ph (RTA) + isotope scat-
tering, circles: 3ph (RTA) + 4ph (RTA) + isotope scattering.

phonon-phonon contribution to x; of GesSbyTes. Fur-
ther, experiments [74] had also shown to produce fairly
ordered structure for GeoSboTes by weakening the ran-
domness by ordering the vacancies. Therefore, higher
order anharmonicity in GeySboTes is crucial to estimate
thermal behavior of these highly ordered materials.

E. Anisotropy under three and four-phonon
scattering

The anisotropy in the thermal conductivity for GST ma-
terials can propose efficient designing of PCM devices
that hinders the cross talks between neighboring PCM
cells [47]. Indeed, significant differences between x and
z component of ky, are recorded while assessing its vari-
ation with phonon frequency and mean free path (see
supplementary Fig S11 - Fig S14). Figure presents
the temperature variation of kp-anisotropy by using the
ratio of k1 along a-axis to that of the c-axis. We see
a marginal increment in the anisotropy factor (xk3*/k7%)
from 2.04 to 2.1 with temperature, employing RTA and
iterative method respectively within the three-phonon
picture. We notice that the factor remains almost con-
stant (~ 2) at temperature beyond 300 K, consistent with
the work of Mukhopadhyay et al. [28]. However, various
experimental and theoretical studies, having consistent
k1, feature a wide variation of the anisotropy factor from
1.9 to 4.6 [I7, 28] 29, [47, 48] for GeyShoTes at 300 K.
Further, including 4ph scattering is found to increase the
anisotropy factor from 2.04 to 2.21 (Fig which is a
marginal (~ 8 %) increment. This is an indication of the
negligible influence of scattering rates in the



—24T=30K
~~

8

= N 3ph+ 1

< /=" —— 3ph+4ph+ I

0_
4 W 4 T

(©) 10! 10?

T I‘ T l4
10* 10% 10* 10%

w(em™1)

w(em™1)

FIG. 15. The variation of the anisotropy factor
(kf (zx) /KT (22)) with frequency for crystalline Ge2SbaTes at
different temperature. Blue dashed lines and black solid lines
denote the scattering processes by 3ph+I and 3ph+4ph+I
respectively. Different frequency regimes A, M, O are also
shown via shaded regions. The dashed line in each case refers
to the isotropic behavior in k% (zz)/k%(2z) beyond which
anisotropy is measured.

kr-anisotropy. We evaluate the changes in anisotropy as
we include 4ph scattering in terms of frequency evolution
of the cumulative k. Figure [L5| describes the variation
of the anisotropic factor (k§ (zx)/k$(22)) as a function
of frequencies both including (black solid lines) and ex-
cluding 4ph scattering events (blue dashed lines). We
quantify the anisotropic behavior by the increment of the
factor beyond 1 (shown via dashed green lines in Fig.
A marginally higher value of anisotropy factor is seen to
evolve with frequency while including 4ph scattering to
the existing 3ph and isotope scattering processes. The
increment of this factor towards a final value comprises
of contributions from all three frequency regimes. At low
temperature of 30 K (Fig [15(a)), A, M and O regimes
contribute to ~ 37 %, ~ 55 % and ~ 8 % respectively
to the total anisotropy factor, while including 4ph scat-
tering makes these contributions to ~ 49 %, ~ 46 % and
~ 5 % respectively. At T = 300 K (Fig [15[d)), these
contributions are found to modify as ~ 24 %, ~ 48 %
and ~ 28 % respectively for 3ph+I scattering and ~ 39
%, ~ 39 % and ~ 22 % respectively for 3ph+4ph-+I scat-
tering events. At even higher temperature (7' = 600 K,
Fig[15[f)), with and without four-phonon scattering, the
anisotropy factor is found to be distributed as follows: (i)
excluding four-phonon scattering: ~ 25 %, ~ 48 % and
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FIG. 16. The variation of inverse lattice thermal conductivity
(1/k1) with temperature for crystalline Ge2SboTes consider-
ing only three-phonon and isotope scattering using iterative
(red circles) and RTA method (green hexagons). T-linear high
temperature regime is obtained with a slope a1 = 0.0032 and
az = 0.0034 for iterative and RTA methods respectively. The
coefficient from the Slack model is also shown (0.026).

~ 27 % contributions are coming from A, M and O
regimes respectively. (ii) Including four-phonon scatter-
ing: ~ 37 %, ~ 40 % and ~ 23 % contributions are
coming from A, M and O regimes respectively. Irrespec-
tive of the included scattering processes, the contribu-
tion from optical phonons (regime O) is seen to signif-
icantly increase at the cost of a reduced contribution
from the A regime. The variation of the relative con-
tributions from different frequency regimes is found to
be weakly-dependent on temperature as x-anisotropy in
GegShsTes is predominantly dictated by the anisotropy
in phonon group velocity. Mukhopadhyay et al.[28] used
a density regression method using PDOS to capture the
anisotropy in phonon group velocity along the a and ¢
axes. We observe a consistent behavior with a little
steeper acoustic and optical branches along I'-M or I'-
K compared to that of the I'-A in the dispersion relation
for GeaSboTes (Fig C)), indicating an anisotropy in v,
between its in-plane (a-b plane) and out-of-plane (along
¢) components in the hexagonal Brillouin zone.

F. Thermal conductivity scaling at high
temperature: Relation between scattering rates and
fundamental constants

Throughout this study we unfold two significant fea-
tures of Kooi-GeaShyTes: (a) significant domination of
optical phonon in thermal transport and (b) consider-
able effect of quartic anharmonicity especially at high
temperature. Crucial effect of these factors on the ther-
mal transport leads us to introspect their further impli-
cations in the scaling properties of thermal conductiv-



ity with temperature for crystalline GeoShoTes. At high
temperature, in the kinetic thermal transport regime, kp,
follows a T~! scaling [33] as a result of dominating Umk-
lapp scattering between phonons. This high temperature
behavior in nonmetallic materials had been analytically
derived by Slack and Morelli [32] [75] [76]. This model
was quite successful in describing the high temperature
T~ behavior of 1, for a wide range of systems for which
acoustic phonons in general and Umklapp scattering in
particular, play a dominant role to kz [32]. Therefore,
often T~! behavior of nonmetallic systems at high tem-
perature range is attributed to this model. Considering
only acoustic phonons as heat transport carriers, Slack
and Morelli [76] developed the intrinsic xz, of a solid in
a temperature range where Umklapp scattering is domi-
nant as

635
L= A /s (15)
with
243 x 1076
> (16)

T 1-0.514/y + 0.228/42

where n is the number of atoms per unit cell, 63 is volume
per atom (6 is in the unit of A), M is the average atomic
mass of the unit cell of the solid, 7 is Gruneisen parameter
and fp is the Debye temperature of the material.

Firstly, we analyze the high temperature 7! behavior of
our first-principles result of x;, considering only 3ph and
isotope scattering for GeaSboTes. We recall the optical
phonon dominance in k7, at high temperature, revealed
by our ab initio studies. However, simultaneously we
have also found the dominance of Umklapp scattering at
high temperature regime. This abundance of Umklapp
resistance is seen to manifest itself via a 7! scaling of
k1, at high temperature as shown in Figure The lin-
ear fit between 1/kr, and T at high temperature regime
yields the coefficients a; (= 0.0032) or a (= 0.0034) con-
sidering iterative and RTA method respectively (Figure
116). To compare these coefficients to that of the Slack-
Morelli model, we compute the coefficient from Eq[I5|
using different parameters presented in Table [T How-
ever, the Slack-Morelli coefficient yields a value 0.026,
which is higher than the fitted ab initio results by an
order of magnitude. Although the abundance of Umk-
lapp scattering dictates 7! scaling of s, for both cases,
the mismatch between the coefficients can be attributed
to the fact that Slack model is analytically derived for
acoustic branches while our results show optical phonon
dominated thermal transport in Kooi-Ge;SboTes.

The dominance of optical modes in thermal transport
was observed to feature a deviation of x; from its 7!
scaling at higher temperature range in monolayer GaN
[77]. Although, k1 of GeaShaTes is seen to possess T 1
scaling, including four-phonon can radically change the
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scaling behavior. As both specific heat and group veloc-
ity are temperature independent, the temperature scal-
ing of k1 at high temperature relies on the temperature
dependencies of T:,);}l and TZP}L. Figure (a) presents
the temperature variation of the total three-phonon and
four-phonon scattering rates of all modes. At high tem-
perature regime, an almost 7-linear scaling is observed
for T?;)}L (~ T%°7) while 7'4;}1 retrieves a ~ T2%16 scal-
ing. Further, we present 3ph and 4ph scattering rates for
each mode as a function of temperature to more clearly
visualize the T" and T2 variation of TS_I)}L (Figure (b))
and 7'4;2 (Figure c)) respectively, featuring a generic
trend observed in other materials[42]. Figure[17|(d) shows
that regardless of acoustic or optical phonons, specific
scaling relations are followed by 3ph and 4ph scattering
processes. 3ph and 4ph scattering rates for the first six
phonon bands are seen to feature linear (dashed lines
in Fig [17(d)) and quadratic (solid lines in Fig [I7(d))
temperature variation respectively, regardless of acous-
tic (blue lines in Fig[17[d)) or optical modes (red lines in
Fig [17(d)).

The nonlinear temperature scaling of the four-phonon
scattering rate indicates an altering temperature depen-
dence of the lattice thermal conductivity in crystalline
GeySbyTes. Figure a) shows that the inclusion of 4ph
scattering processes leads to a deviation of the typical
T~ scaling of k7 at high temperature (T > 6p). The
variation of 1/ky, with T including 4ph scattering yields
an exponent 1.3 (black dashed line in Fig[18(a)). As the
temperature variation of ky, is directly dependent on the
T dependence of the phonon scattering rates, the depar-
ture from k7, ~ 1/T can be understood as k7, oc 1/771
x 1/(73;}1 + 7'4;}1) ~ 1/(aT+bT?). Indeed, Figure a)
shows that 1/k; varies as aT+bT?, where a and b are
constants.

The departure of xy, from typical 1/T dependence for
GeyShyoTes at high T' evokes complexities to the physical
understanding of the universality of the lower bound to
the thermal diffusivity of materials, as discussed recently
[78]. Behnia and Kapitulnik [78] extended the idea of a
universal lower bound to thermal diffusivity in electronic
transport in metals [79] [80] to the non-metallic phonon
transport in materials. At high temperature, phononic
thermal diffusivity D was found to exhibit a lower bound,
governed by the speed of sound and a Planckian scatter-
ing time (7,) via [78]

D = svit, (17)

where, thermal diffusion coefficient or diffusivity D =
kr/C, C denotes heat capacity, 7, = kBLT, vg is aver-
age sound speed obtained from the longitudinal acoustic
(LA) mode and s (> 1) denotes a dimensionless param-
eter that is constant for a specific material. This bound
had also been realized to have a quantum-mechanical ori-
gin which needs further investigations [78]. We find a
consistent D~! oc T behavior at higher temperature
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TABLE II. Theoretical and experimental values of various parameters used to calculate lattice thermal conductivity using the
model proposed by Slack and Morelli [32, [75].

GEQ SbgTe5 (KOOi)

Parameter details

Value(s)

Vo (A%
(A)
0p(K)

y
Mge (g/mol)
Mgy (g/mol)
Mre (g/mol)
M (g/mol)

Volume of the unit cell
(Vo /atom)*/3
Debye temperature
Gruneisen parameter
Number of atoms per unit cell
Atomic mass of Ge
Atomic mass of Sb
Atomic mass of Te
Average atomic mass

259.28 [this study]
3.066 [this study]
100 [47]

2.49 [this study]
9
72.64
121.76
127.6
114.09
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FIG. 17. (a) Total three-phonon and four-phonon scattering rates by summing up the contributions from all the modes
(7—;”1 mode g), as a function of temperature. T-scaling for 3ph and 4ph scattering rates at high temperature are also shown via
blue (T°") and black fitted curves (T'°) respectively. (b) The variation of 3ph scattering rates (7'3;2) with temperature for
each phonon mode shows ~ T scaling. (c) The variation of 4ph scattering rates (7'4;2) with temperature for each phonon mode
shows ~ T2 scaling. (d) 3ph (dashed lines) and 4ph (solid lines) scattering rates are presented for first six phonon bands.
Scattering rates for both acoustic and optical bands are seen to follow ~ T for 3ph and ~ T? for 4ph scattering processes.
Blue: acoustic phonons, Red: Optical phonons. For the lowest lying acoustic bands for 3ph and 4ph scattering, dashed and
solid lines are merged and are indistinguishable.
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FIG. 18. (a) The variation of inverse lattice thermal con-

ductivity (1/kz) with temperature both including (red cir-
cles) and excluding four-phonon scattering processes (grey
pentagons). The linear and non-linear trends of 1/k; as a
function of temperature are represented via brown solid (~
T), blue solid (~ T + T?) and black dashed lines (~ T**).
(b) The variation of inverse lattice thermal diffusivity (D~!)
with temperature both including (red circles) and excluding
four-phonon scattering processes (grey pentagons). The lin-
ear and non-linear trends of D! as a function of temperature
are represented via blue (~ T) and black solid (~ T + T?)
lines.

in the kinetic transport regime of GeySbyTes consid-
ering three-phonon and isotope scattering as shown in
Fig (b) Fitting the lower bound approximation us-
ing v, (= 3187.65 m/s) and 7, as known parameters for
GegShyTes yields s = 2.79 (see blue solid line in Fig
11§(b)). At temperature higher than fp (=100 K for
GeaShyTes), heat capacity is almost constant. Therefore,
the lower bound of D, featuring a relaxation time which
is inverse of temperature, stems from the 7! decay of xr,
in the kinetic regime of phonon transport. This suggests
a physical picture of phonons performing random walk to
create a completely diffusive dynamics under dominating
Umklapp scattering in this kinetic regime.

However, this theory faces a serious challenge while in-
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corporating quartic anharmonicity for GeaSbyoTes. The
deviation from 7! behavior of k1, for GesSbyTes at high
temperature severely limits to obtain a universal lower
bound of thermal diffusivity using Eq[I7] Within the
domain of electronic transport, electron-doped cuprates
were found to violate this Planckian bound owing to their
high temperature T2 dependence of resistivity in lieu of
a typical T-linear resistivity [SI]. This 72 variation of re-
sistivity helps surpassing the Planckian bound featuring
a faster decay with 1> Tp 1, a representative of super-
Planckian behavior [80] in electronic transport. Borrow-
ing the idea of ‘super-Planckian’ behavior to our phonon-
based description, we connect the departure of thermal
diffusivity from T~ scaling and the violation of Planck-
ian bound to the combined effect of T-linear (7-3;}I ~T)

and T2 (7'4_17}1 ~ T?) variation of phonon resistance at high
temperature thermal transport in crystalline GeaSbyTes.
Figure (b) (red circles) shows the deviation of D~}
from the T-linear behavior while incorporating 4ph scat-
tering processes. This deviation was rationalized for in-
sulators via a velocity bound vy 2 v, [82], that leads to
super-Planckian scattering. Here v); is melting velocity
defined as vy = kB—ﬁTMa, Ty is crystal melting tempera-
ture, and a denotes lattice spacing. Using Tj; = 900 K,
vy, = 3187.65 m/s, and lattice parameter from Table
we get vy /vs & 15.5 for GeaSheTes, confirming a super-
Planckian type phononic resistive behavior. Further, to
capture this deviation as well as to extend Eq[I7]compat-
ible for phonon scattering with quartic anharmonicity, we
use the form

T/ f

P~ kp(T + bT2) (18)

where b is a constant fitted parameter. Employing Eq[T§]
in D= sngI’, and using this expression to fit the ther-
mal diffusivity at high temperature of GesSboTes yields a
value of s = 2.76. We recall that s was originally defined
[78] as a material specific constant. Consequently, ther-
mal diffusivity with and without the inclusion of four-
phonon scattering gives consistent s (2.76 and 2.79 re-
spectively) for GeaSboTes (Fig b)) Hence, thermal
diffusivity of crystalline GesSboTes; with its significant
higher order phonon anharmonicity seems to exhibit dis-
sipation of super-Planckian type and the corresponding
time scale needs to be modified to capture its high tem-
perature behavior. This feature definitely demands more
introspection in the future.

IV. SUMMARY AND CONCLUSIONS

First-principles theoretical investigation has been sys-
tematically carried out to unveil the phonon thermal
transport in crystalline GeySboTes, a supremely useful
PCM and thermoelectric material possessing low lattice
thermal conductivity. The variation of harmonic and
anharmonic thermal transport properties of GeySboTes
with phonon frequencies is realized in a wide range of



temperature from 30 K to 600 K. Using the Kooi struc-
ture of GesSbhoTes, the study reveals two notable ther-
mal transport features: (a) significant optical mode-
dominance of phonon transport and (b) crucial contribu-
tions of quartic anharmonicity to the lattice thermal con-
ductivity, especially at high temperature. Phonon disper-
sion relations are found to exhibit three broadly distin-
guished frequency regimes comprised of acoustic bands
(A), mixed acoustic and optical bands (M) and optical
bands (O). Low-frequency optical bands are found to lie
close to the acoustic branches in the ‘M’ regime, enhanc-
ing the scattering of acoustic phonons by the optical ones
to decrease k1, of GesSboTes.

Phase space analysis reveals that four-phonon (4ph) scat-
tering becomes gradually important at higher tempera-
ture compared to that of the three-phonon (3ph) scat-
tering phase space. Moreover, 4ph phase space is found
to display a maxima simultaneously with a minima in its
3ph counterpart in a frequency domain 86 cm ™! < w <
122 em~! within the ‘O’ regime. This regime hosts flat
bands that prevent some 3ph scattering (especially OOO
type) but enable 4ph redistribution processes. Moreover,
this 3ph minima results from a crossover between absorp-
tion and emission phase space. Absorption dominates at
low frequencies whereas emission becomes significant at
higher frequencies. Amongst the 4ph scattering channels,
redistribution dominates throughout the whole frequency
regime. Both 3ph and 4ph scattering processes are found
to be predominantly of Umklapp type in the temperature
regime studied here. Eventually, this assists in imparting
a strong resistance to phonon transport in GeySbsTes.
The closeness between iterative and RTA solutions of
BTE for xj reinstates this feature. Inevitably, includ-
ing 4ph processes with 3ph and isotope scattering events
are found to significantly reduce x;, of GesShoTes, start-
ing from a drop of ~ 13 % at 100 K (k; = 2.69 W/mK),
followed by ~ 28 % (kr = 0.74 W/mK) and a signifi-
cant ~ 42 % decrement (k;, = 0.3 W/mK) at 300K and
600 K respectively. The domination of optical phonons
in k7, is retained in the presence of 4ph scattering with
‘M’ and ‘O’ regimes contributing ~ 36 % and ~ 38 %
respectively to xr, at high temperature beyond 300 K.
Including 4ph scattering has also been found to system-
atically decrease the maximum allowed mean free paths
with temperature with a different scaling (~ 7~'*) com-
pared to a typical ~ T~ relation. Almost 80 % of the xp,
of hexagonal GesSbhoTes are borne out of phonons with
mean free paths below ~ 17 nm. Recent experiments
[25] used similar grain size to experimentally obtain kp,
for GeoSboTes which suggests that at room temperature,
grain boundary scattering has negligible contribution to
Kp,.

Our investigation suggests that the damping of xp in
GeyShseTes is strongly influenced by four-phonon pro-
cesses, where a significant drop in kz, is found to occur
at 300 K and beyond. Therefore, the earlier theoretical
estimates on the k, of GeySboTes, which did not include
4ph scattering but used different disorder concentration

19

to match the experimental s, need to be scrutinized.
This modification is crucial since explaining the experi-
mental results with theoretical predictions without 4ph
scattering in kr, can lead to misleading physical under-
standing. 4ph scattering is also seen to marginally en-
hance the anisotropy in thermal transport of GeaSboTes
compared to the 3ph only framework. The anisotropy has
a very weak temperature dependence as it is mostly dic-
tated by the anisotropy in phonon group velocities along
a — b and c axes.

However, we must mention some limitations of this study.
Firstly, we note here the importance and differences of
the theoretical approaches to analyze the Kooi and the
Matsunaga [60] structure of GeaSbaTes. While theoret-
ical studies on Kooi or Petrov structure assume a pris-
tine initial configuration with disorder included pertur-
batively, Matsunaga structure [29] is stabilized with the
presence of Sb/Ge disorder within the initial configura-
tion. Therefore, this disorder-rich GesSbhsTes was seen to
possess lower v, leading to lower x; compared to that of
the Kooi structure [29]. This was also seen to affect the
optical phonon contributions to xy, which goes negligibly
small. Four-phonon processes may be of negligible impor-
tance in that case. This meager effect can also possibly
mask the faster decay of x; compared to 7! scaling at
high temperature. However, ordering vacancies [74] or
producing disorder-starved crystals via recent advanced
experimental methods still demands a better understand-
ing of phonon dynamics realized via Kooi and Petrov
structures of GesSboTes. Secondly, with current state-
of-the-art, four-phonon processes could only be realized
in RTA to reduce a serious overburden of computational
cost. This feature, at least for GeoShoTes, seems to be
less critical as at high temperature regime four-phonon
Umklapp scattering is found to dominate over normal
scattering, which suffices the usage of RTA at the four-
phonon level.

Inclusion of four-phonon processes has further serious im-
plications on the temperature-scaling properties of ky, in
the high temperature regime. Optical mode-dominated
KL, observed in our study, is found to show its signature
through the disagreement with the Slack-Morelli descrip-
tion, captured via the coefficient of the 7! scaling of
k1. Including 4ph scattering, a departure of k; from
the conventional 7! scaling is observed and 7, is found
to vary as 1/(aT+bT?). This is rationalized via the T
dependencies of the combined effect of 3ph and 4ph scat-
tering. This deviation from 7! scaling further questions
a recently conceived universal lower bound of thermal dif-
fusivity in phononic materials. While 3ph-dominated
maintains this bound, we recover a super-Planckian type
phononic resistance. Consequently, a modified time scale
that sets the lower bound in thermal diffusivity in crys-
talline GeySboTes is obtained. These results will help
predicting lattice thermal conductivity of GesSboTes in
a more precise fashion as well as can offer better predic-
tions to disorder-driven phonon scattering which can be
controlled and tuned for thermoelectric and PCM appli-



cations. Also, further studies in the future should dedi-
cate in elucidating the high temperature lower bound of
thermal diffusivity in phononic materials having signifi-
cant four-phonon scattering. Even more introspection is
needed to fully decipher its quantum mechanical under-
pinnings.
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Appendix A: Three-phonon scattering for optical
phonons: Role of flat and dispersive bands

We explicitly mark all 24 optical bands in GeaSboTes (see
Fig [19) below) and compute their bandwidths (Awo) as
shown below in Table[[IIl The first seven bands and last
four bands are denoted as dispersive optical bands while
the bands in-between have been found to exhibit lower
bandwidth (Awp < w%™) and denoted as flat bands
(marked via blue in Table . Consequently, following
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[83], we present the selection rules for 3ph processes con-
cerning optical phonons (AAO, AOO, O0O0) below:

1. AAO: These 3ph processes can occur if there is an
involvement of at least one acoustic phonon whose
frequency is higher than the acoustic-optical band
gap. As dispersion relation (Fig C)) suggests that
there is no apparent A-O band gap, rather an over-
lap between A and O phonons, this criterion is sat-
isfied. However, there is also a cut off frequency[83]
for O phonons (2Aw,), beyond which O phonons
can not engage in AAO processes. We note that
three acoustic branches have bandwidths (Awy4) of
44.4 em~1! (TA1), 49.3 em~! (TA2), and 59.1 em ™!
(LA). Therefore bands 21-24 (122 em™ < w < 174
em™1) only have weak AAO scattering due to the
fact that only LA branch can participate.

2. AOO: It is possible if wag < Awo. Therefore,
few optical bands will always allow this process as
shown in Column 3 of Table [[T]] Obviously, due to
extremely small Awp, flat bands will allow lesser
AOO processes than the highly dispersive bands.

3. O0O0: These 3ph processes will activate if Awp >
wgm. Therefore, these processes will be absent in
flat bands (bands from 8-20) and will be present
marginally for dispersive bands at high frequencies

(bands from 21-24).
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TABLE III. Distinguishing optical phonon bands in Ge2SbsTes as dispersive and flat bands and their corresponding selection
rules due to energy conservation [83] to activate different three-phonon (3ph) processes. wa and wo denote acoustic and optical

min

mode frequencies respectively. Here wg

~ 30 em™!, denotes lowest available optical phonon frequency. The three acoustic

branches have bandwidths (Awa) of 44.4 em™" (TA1), 49.3 cm™' (TA2), and 59.1 em ™' (LA). Optical band ids and band
widths corresponding to flat bands are designated via blue in Table [[T]]

Optical bands id

Band width(Awo (em™1))

Allowed 3ph processes

1 34.09 AAO
2 34.35
3 33.84 AOO (only for wa < Awo)
4 35.64
5 33.84
6 28.15 000
7 35.64
8 20.14
9 13.43 AAO (only for wo < 2Awa)
10 22.74
11 14.73
12 11.37
13 9.04
14 7.23 AOO (weak, only for wa < Awo)
15 7.49
16 10.59
17 9.82
18 10.07
19 7.86
20 19.31
AAO (weak)
21 28.73
22 25.27 AOO (only for wa < Awo)
23 29.71
24 27.56 00O(only for Awo > w™)

Appendix B: Overdamped phonon modes in
acoustic-optic mixed (‘M’) regime

We observe very few overdamped [84, 85] modes in the
‘M’ frequency regime of GesSboTes via the variation of
3ph scattering rates with frequency (Fig [4). This fea-
ture was also present in an earlier first-principles study
of hexagonal GeaSbyTes [28] although not explained. At
high temperature beyond 100 K, very few sporadic over-
damped phonon modes (woTspy < 1) are seen in the ‘M’
regime, while at low temperature the modes become un-
derdamped (woTspr, > 1). We link this feature to the
strong anharmonicity in hexagonal GesShoTes, especially
in the ‘M’ regime, as is evident from our frequency vari-
ation of mode Gruneisen parameter () (shown in sup-
plementary Fig S1(a)). For these few modes within ‘M’
regime, owing to the strong overlap between acoustic and
optical bands, v becomes anomalously large. However,
mode-averaged v smooths out this feature at a partic-
ular temperature and therefore, the average v at fixed
T behaves in less anomalous way (supplementary Fig
S1(b)). This anharmonicity seems to originate from the

weak Te-Te bonds in GesSbsTes, which allow substantial
frequency modulation of GeySbyTes with volume. In-
deed, rattling dynamics of loosely bounded atoms were
discussed by Xie et al. [44] for low-x material AgCrSe,,
where four-phonon scattering rates due to TA modes
were found to satisfy the overdamped limit. Further,
scattering channel distinction reveals that these modes
result from the 3ph absorption process via normal scat-
tering (see supplementary Fig S9(b)).

Although, the sporadic overdamped modes seem to pose
a question on the quasiparticle picture, its validity also
depends on the order of the phonon mean free paths.
As was mentioned by Allen [84], quasiparticle theory re-
quires larger mean free path compared to the lattice con-
stant. The variation of the maximum mean free path
(A™e*) as a function of temperature is shown in Fig
AT is seen to vary from 3 um to 75 nm for 3ph
processes which is several order larger compared to the
lattice parameters of GeaSboTes. Moreover, within the
three-phonon framework, the variation of A™%* shows
1/T trend (\™%* ~ T—11 inset of Fig . This comes
from the fact that higher temperature populates more
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phonons according to phonon distribution (BE distri-
bution), inducing more scattering between phonons to
reduce the mean free path. Thus the variation of \"*%*
with T also indicates that phonon quasiparticle picture
is valid. We note that Campi et al.[29] also mentioned
about this validity of quasiparticle picture and the usage
phonon BTE in the context of Ge;SbyTes. However, the
validity of perturbation techniques beyond harmonic ap-
proximation needs more attention in systems with over-
damped modes [84] and it definitely demands more un-
derstanding. GeySbyTes could be a good candidate to
test this issue in future.

Appendix C: Supplementary material
1. Gruneisen parameter of Kooi-Ge;Sb2Tes

Figure a) presents the Gruneisen parameter (v) for
the Kooi-GeySbhyTes as a function of phonon frequencies.
Figure [S1{b) shows the temperature variation of v, cal-
culated via the weighted sum of the mode contributions,
at each temperature. -y varies in a wide range from -9
to ~ 51, however the weighted sum over the contribution
from different modes reveals that 7 increases from 2.37
at T'= 30 K to 2.49 at T = 100 K and gets saturated to
a value of 2.49 throughout the high temperature regime
beyond 100 K. Some sporadic points with higher val-
ues of v are observed in the ‘M’ regime, corresponding
to strong anharmonicity. This anharmonicity seems to
come from the weak Te-Te bonds in GesSbyTes, which
allows substantial frequency modulation of GeySbyTes
with volume. These few strongly anharmonic modes fea-
ture overdamped phonon dynamics as described in Ap-

pendix B.

T T
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FIG. S2. The variation of three-phonon (3ph), four-phonon
(4ph) and phonon-isotope scattering (I) rates with phonon
frequencies at different temperatures, denoted via blue, red
and grey respectively: (a) T = 30 K, (b) 60 K, (c) 100 K,
(d) 300 K, (e) 500 K, and (f) 600 K. Different phonon fre-
quency regimes are marked using white (regime ‘A’), light
blue (regime ‘M’) and light red (regime ‘O’).
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FIG. S3. The variation of specific heat as a function of tem-
perature for GeaSboTes.

2. Phonon-isotope scattering in Kooi-Ge2SbsTes

Figure [S2] presents the variation of phonon-isotope scat-
tering rate (75, ) with phonon frequency for crystalline
GeaSbeTes at (a) T =30 K, (b)) T =60 K, (¢) T =
100 K, (d) T =300 K, (e) T = 500 K, and (f) T = 600
K. For comparison, both three-phonon (blue) and four-
phonon (red) scattering rates are also shown. At T' = 30
K, phonon-isotope scattering is seen to overpower four-
phonon scattering. Moreover, it is comparable to three-
phonon (3ph) scattering rate at higher frequencies in the
‘O’ regime. At 60 K, 4ph scattering seems comparable

23

to Ty, 117 beyond which 3ph and 4ph scattering dominate
the scattering processes due to their strong temperature
dependencies in contrast to the T-independent phonon-
isotope scattering.

3. The temperature variation of the specific heat in
Koo0i-Ge2Sb,Tes

The Debye temperature (p) of the material is 100 K
which is noted in Table IT in the manuscript. We re-
fer to high temperature when T is considerably higher
than fp. The variation of specific heat as a function of
temperature is shown below. Almost constant C, at tem-
perature beyond 300 K is found (Fig , satisfying the
Dulong-Petit law. This result also matches considerably
well with C, obtained via recent TDTR (time-domain
thermoreflectance) experiments on hexagonal GezSbyTes

by Li et al.[25].

4. Phonon density of states and dispersion relation
in Petrov-Ge;Sb.Tes

Phonon density of states (PDOS) and phonon dispersion
relation for crystalline hexagonal GeySbsTes, stacked in
Petrov structure, are presented in Fig a) and Fig
b) respectively. Similar to that of the Kooi structure,
we observe the presence of optical bands at low phonon
frequencies via the dispersion relation. We specifically
find coupling between optical modes (below 80 cm™!)
and the acoustic modes which indicates scattering be-
tween acoustic and optical phonons in this frequency
regime.
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FIG. S4. (a) Phonon density of states (PDOS) is presented as a function of phonon frequencies for crystalline hexagonal
GeaSbaTes stacked in Petrov structure. (b) Phonon dispersion relations of Petrov-GeaSbaTes along high symmetry path I'-M-
K-T-A.
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However, unlike Kooi structure, Petrov structure is
seen to feature a frequency gap between the optical bands
around 90 em~!. This feature is reflected in the PDOS
(Fig [S4(a)) via a drop of PDOS to almost zero around
90 cm~ !, indicating almost absence of phonon modes at
this frequency. This quasibipartite phonon density of
states had also been discussed in earlier studies [15] 29]
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with the same onset frequency of 90 cm~! [I5] in Petrov-
GQQSbQTe5.

5. Three and Four-phonon scattering Phase space
in Petrov-Ge;Sb,Tes

Figure presents the evolution of three-phonon (3ph)
and four-phonon (4ph) phase space with frequency in
Petrov-GesSboTes. Although 3ph scattering phase space
is dominant over 4ph scattering phase space, in a small
frequency range within optical bands (shown via the grey
shaded regime in Fig , 4ph phase space exceeds its
3ph counterpart. Also, this frequency window records
the minima of the 3ph scattering phase space. This fea-
ture of Petrov-GesSbhoTes is similar to that of the Kooi
structure (discussed in the main text) although in a less
pronounced fashion. We also observe similar but fewer
flat bands in this regime via the dispersion relation com-
pared to that of the Kooi-GeaSboTes.

Figure [SO| represents the relative strength between 3ph
and 4ph weighted scattering phase spaces in Petrov-
GesSboTes as a function of temperature ranging from
30 K to 600 K. As the temperature is raised, we find
a gradually increased relevance of 4ph scattering phase
space compared to that of the 3ph phase space. This
stems from the fact that the evaluation of weighted phase
space takes the phonon distribution function (fy) into
account which varies linearly with temperature at high
temperature limit (fo ~ kpT/hw). This indicates that
the thermal transport of Petrov-Ge;SbyTes can also be
influenced by incorporating the 4ph scattering processes.

6. Three and four-phonon weighted phase space for
Kooi-GesSboTes

Figure [S7] represents the variation of weighted phase
space coming from distinct scattering channels for both
3ph (WPs3, Fig|S7(a), (b)) and 4ph scattering processes
(WPy, Fig|S7(c), (d)) at T'= 30 K and 600 K. We observe
that the distributions of WP3 and WP4 almost remain
unchanged in the whole temperature range studied. In
the frequency regime A, WP3 is seen to be dominated
by the absorption processes which soon starts decaying
in the regime M, after which emission seems to dominate
at higher frequencies in the O regime. At higher tem-
perature, WP3 increases and the crossover between ab-
sorption and emission processes is seen to be marginally
postponed at higher frequencies. Four-phonon scattering
is found to be dominated mostly by the redistribution
process throughout the frequency range (Fig[S7(c), (d)).
Only at frequencies beyond 130 e¢m ™!, splitting process
takes over. We note that this is the same regime where
optical bands become markedly dispersive and sparsely
populated. In frequency regime O beyond w > 130 em ™1,
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decreasing 4ph phase space indicates restriction to 4ph
scattering channels due to fewer sparsely located highly
dispersive optical bands. Also, the crossover between the
redistribution-dominated and splitting-dominated scat-
tering processes is marginally postponed to higher fre-
quencies at higher temperatures (Fig d))
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7. Relative strength between Umklapp and Normal
scattering in Kooi-GezSb>Tes

For both three and four-phonon processes in GeySbhyTes,
Umklapp scattering is seen to dominate over normal scat-
tering processes as realized through the temperature-
variation of their relative strength via the ratio
I'y/Tn. T is average scattering rate defined as ' =
SOy '/ 30, C and is caleulated for both Umklapp
(T'y) and normal scattering (I'y) events. In the studied
temperature range, this ratio is almost constant with a
value 1.3 for 3ph scattering which increases to 2.5 for 4ph
scattering.

8. The variation of normal and Umklapp scattering
rates with frequency in Kooi-GezSbsTes: Role of
different scattering channels

Figure explains three-phonon (3ph) absorption (Fig
[S9(a), (b)) and emission processes (Fig [S9c), (d)) for
two extreme temperature points (7' = 30 K and 600 K).
As temperature is raised from lowest (30 K) to high-
est value (600 K), for all the cases, scattering rates in-
crease ~ 60 and ~ 11 folds for absorption and emission
respectively. In the absorption process, few N scatter-
ing modes are found to contribute higher 3ph-scattering
rates in the M regime (Fig[S9(a), (b)). At high T' (600
K), these few sporadic N absorption modes feature over-
damped phonon dynamics (wr < 1) as discussed in Ap-
pendix B. We also observe that 7'3;}1 is always larger for
emission processes than that of the absorption processes
regardless the temperature. Further a more quantita-
tive picture of the relative importance between N and U
scattering is obtained via the thermodynamic average of
scattering rates as described in the article, which suggests
U scattering dominance in 3ph scattering.

Fig presents the frequency distribution of four-
phonon scattering rates in different scattering channels,
distinguished as N and U processes. Redistribution pro-
cesses in general, resistive U redistribution to be partic-
ular (@ + q; = qy + q3 + G), are seen to overpower at
both high and low temperature. At low temperature (Fig
[S10(a), (c), (e)), the M frequency regime is seen to be
populated by mostly redistribution as well as recombina-
tion processes that exhibit U scattering. In O frequency
regime, recombination channels are mostly blocked while
splitting processes are found to gain importance along
with the dominating redistribution scattering rates. At
very high frequencies splitting processes aggravate due
to the increasing weighted scattering phase space. This
frequency distribution remains almost similar at higher
temperature (Fig[SI0[b), (d), (f)). We realize that both
3ph and 4ph scattering processes are predominantly of
Umklapp type in GesSbsTes which is more evident from
the temperature variation of the average scattering rate,
discussed in the main text.
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9. The variation of cumulative lattice thermal
conductivity with frequency in Kooi-Ge;Sb,Tes:
Excluding and including four-phonon processes

Figure presents the cumulative k7, as a function of
frequency for crystalline GesSbsTes, considering 3ph and
isotope scattering events at different temperature. The
evolution of k1, along a-b plane (k% , shown via red dashed
lines) and ¢ axis (k% , shown via yellow dashed lines) sug-
gests a strong anisotropic thermal conduction behavior in
GegShyTes. The average ry (black lines in Fig a)—
(f)) shows a gradual domination of M and O regimes to
dictate xy as T is increased. At high temperature be-
yond 300 K, the contributions to xj are saturated and
A, M, and O regimes contribute to 26.4 %, 33.2 % and
40.4 % of k. Similar feature of anisotropic kj, is re-
tained in the four-phonon framework where we employ
4ph, 3ph and I scattering to get the cumulative xj, for
GegShyTes (Fig . The optical phonon dominance in
k1, is also retained at high temperature with a marginal
modification of contributions coming from different fre-
quency regimes as follows: regime A: 26.2 %, regime M:
35.8 % and regime O: 38 % of k;, (Fig[S12).

10. The variation of cumulative lattice thermal
conductivity with mean free path in
Ko0i-Ge>SbyTes: Excluding and including
four-phonon processes

Figure presents cumulative k; as a function of
maximum allowed phonon mean free path (MFP) in
GegSbyTes, including 3ph and 1 scattering processes.
Similar to that of the Fig[ST1] anisotropic thermal con-
duction is reflected via the evolution of cumulative x,
with mean free paths along a-b (blue dashed lines in Fig
[S13[(a)-(f)) and along ¢ (green dashed lines in Fig[S13{a)-
(f)). The maximum allowed mean free paths are identi-
fied at each T, which is found to decrease with T' (Fig
. Similar features are retained while including 4ph
scattering Fig[S14|(a)-(f)). We observe that increasing T
from 30 K to 600 K decreases A4, from 3.13 pm to 0.08
pm (80 nm) with 3ph and I scattering (Fig [S13)). This
effect is even more severe while including 4ph scattering
where Ajq. decreases from 2.15 pm to 0.025 pm (25 nm)
while increasing T' from 30 K to 600 K (Fig .

11. Convergence of three-phonon and four-phonon
processes in Kooi-GezSb2Tes

We use the qg-grid 16x16x4 (mentioned in the
manuscript in the Methods section) for calculating the
lattice thermal conductivity both including and exclud-
ing 4ph with the existing 3ph processes, to compare the
effect of three and four-phonon scattering consistently.
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FIG. S11. Frequency variation of cumulative lattice thermal
conductivity including 3ph and phonon-isotope scattering for
(a) T=30K, (b) T =60K, (¢c) T =100 K, (d) T = 300
K, (e) T =500 K and (f) "= 600 K. For all the cases, black
lines denote average kr, while red and yellow dashed lines
represent kr, along x and z respectively. The contributions
of different frequency regimes (A, M, O) to the cumulative
lattice thermal conductivities (in percentage) are presented
for each temperature via the shaded zones.
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FIG. S12. Cumulative lattice thermal conductivity includ-
ing 3ph, 4ph and phonon-isotope scattering is presented as a
function of frequency for (a) T'= 30 K, (b) T = 60 K, (c)
T =100 K, (d) T =300 K, (e) T = 500 K and (f) T" = 600
K. For all the cases, black lines denote average xr,, while blue
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tively. The shaded zones for each temperature represent the
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cumulative lattice thermal conductivities (in percentage).
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FIG. S13. Cumulative lattice thermal conductivity including
3ph and phonon-isotope scattering processes as a function of
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scattering. The comparison between iterative and RTA method is also shown.

presented as a function of g-mesh grid.
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(a) The variation of average lattice thermal conductivity with mesh size, considering 3ph and isotope-phonon

(b) The total 4ph phase space volume is

(

Figure a) shows the variation of average lattice ther-
mal conductivity with g-grid at 7" = 300 K using 3ph
and isotope scattering. Beyond q-grid 16x16x4, ther-
mal conductivity is seen to increase marginally (~ 3.8%
and ~ 4% differences between 16x16x4 and 24x24x4
for iterative and RTA method respectively), suggesting
a convergence of ky in three-phonon framework. For
convergence of 4ph processes, we present the variation

of total four-phonon phase space volume with g-grid in
Fig [STF|b). A tiny difference of 1.2 % between the cal-
culated total 4ph phase space with q-grid 12x12x4 and
1616 x4 ensures convergence in 4ph processes. We must
mention that computation costs involving 4ph scattering
are very high as GeySbsTes consists of 9 atoms in the
unit cell. Therefore, 16x16x4 qg-grid optimally fit for
this investigation.
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