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S-unit equation in two variables and Padé approximations

NORIKO HIRATA-KOHNO, MAKOTO KAWASHIMA, ANTHONY POELS and YUKIKO WASHIO

Abstract

In this article, we use Padé approximations, constructed in [I6] for binomial functions, to give a new
upper bound for the number of the solutions of the S-unit equation. Combining explicit formulae of these
Padé approximants with a simple argument relying on Mahler measure and on the local height, we refine
the bound due to J. -H. Evertse [12].

Keywords: S-unit equation, Padé approximation, Binomial function, Hypergeometric functior]

1 Introduction and main result

The main purpose of the present article is to use explicit construction of Padé approximations, derived from
those constructed in [16] for binomial functions, in order to improve the upper bound for the number of the
solutions of the S-unit equation in two variables.

Let K be a number field with degree m := [K : Q] < oo and fix non-zero elements A, u € K. Consider a
finite set S of places of K, which contains all the archimedean ones. Denote by s its cardinality and by Ug
the set of the S-units in K. It is known that Ug is a finitely generated abelian group of rank s — 1.

We deal with the S-unit equation
(1) Ax+ py =1 in unknowns x,y € Ug.

The finiteness of the number of solutions of Eq. (Il) dates back to C. L. Siegel [19], who implicitly reduced
the problem to a system consisting of a finite number of Thue equations.

In 1984, J. -H. Evertse proved that the equation Az + py = 1 has at most 3 x 7™%2% solutions [12]
Theorem 1]. His proof relies on quantitative arguments on Diophantine inequalities of Roth type, with
certain Padé approximations. Up to now this result has been the best one.

In a more general setting, F. Beukers and H. P. Schlickewei [4] considered a finitely generated subgroup T
of rank r in (K \ {0})? to show that the equation z+y = 1 in (z,y) € I has at most 256" ! solutions. They
used Padé approximations for hypergeometric functions, whereas E. Bombieri and W. Gubler [6, Chap. 5]
followed a different approach in a geometrical framework (see also [5] [14]).

It is known that the theory of the linear forms in logarithms gives effective bounds for the height of the
solutions in the two variables case (confer [14]). Nevertheless, in this paper, we restrict ourselves to counting
the solutions of the S-unit equation.

We prove the following statement.

THEOREM 1.1. Let A\, € K\ {0}. Then the equation Eq. (Il) has at most
2) (3.1+5(3.4)™) - 45°

solutions (z,y) € UZ.
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More precisely, the number of solutions is bounded from above by
(3)  min { (2.81864 - (46.8312)° + 5(3.22803)™ - 478), (3.06759 - (44.9866)° + 5 (3.36406)" - 458) }
In [I2, Theorem 1], Evertse established the following upper bound:
3-7M-49°%
Note that a more precise bound is shown at the page 583, line -8 of [12]:
(4) (2 +5- (3.26396)’”) 49° < (2 +5- (2624/49)m) . 49°.

Our numerical bound Eq. (8] is better than Eq. () for any positive integers m, s.

The structure of our proof is similar to that of Evertse, however, we obtain significant improvement,
especially for the estimates coming from the Padé approximation part. See Lemma which replaces
[12, Lemma 8|. For that purpose, starting with constructions from [16, §9], we first establish new explicit
identities for Padé approximants related to binomial functions (see Sections 2land [3]). In Section [l by using
an argument relying on Mahler measure we are able to estimate precisely the coefficients of the polynomials
involved, both in the arichimedean and the non-arichimedean cases. This leads us in Section [l to several
new inequalities needed for Lemma (the main result of Section [6). In the proof of this lemma, we use
the local height as much as possible instead of rough upper bounds, which allows us to refine inequalities in
[12]. Section [T is devoted to some numerical computation for a certain choice of parameters, which leads us
to the final estimate Eq. (3.

2 Padé approximants for a cubic binomial function

Throughout the article, we denote by N the set of non-negative rational integers and by Z<g the set of
non-positive rational integers.
Given ¢ € N, we write (1/2%) the ideal of the ring of Laurent series Q[[1/2]], generated by 1/2°.

Consider rational parameters a,b, c € Q with ¢ ¢ Z<g. Let us recall Gauss’ hypergeometric function o F}
defined by

a, b
2F1<
c

where (a)r = I'(a+k)/T'(a) is the k-th Pochhammer symbol. The radius of convergence is 1, unless a € Z<

(@) 2
) =2, H

k=0

or b € Z<p, in which case the function is a polynomial in z. It is known that we can extend the domain of
definition of 9 F} by analytic continuation (confer [3] [11] for details).

A cubic binomial function is a special case of Gauss’ hypergeometric function. It belongs to the class of
functions studied in [16], for which we construct explicit Padé approximants.

The next result can be deduced directly from Proposition 3.5 and Corollary 3.6 of [16]. Note that it is in
general difficult to explicitly construct Padé approximants (P (z), P»(2)), whereas the existence is obvious.

LEMMA 2.1. Consider the cubic binomial function given by the Laurent series

13 oo
f(z)=1<1—%> :Z%#e (1/2) - Q[[1/2]].

z
k=0



For each n, define the polynomials Py, o(2), Pn1(z) € Q[z] by

Pao(s) = Z":(_l)n_k <n +l]z — 1> <nn—_4]é3> -

k=0

n—1
Ppa(z) = Z(—l)n_l_k <n —]: k> <nn—+11£3k> X (with the convention that Py1(z) = 0),
k=0

and set
(5) Rn(z) = Pn,O(Z)f(Z) - Pn,l(z) .

Then the pair of polynomials (Py, 0, Pn1) forms Padé approzimants, and R, (z) is a Padé approzimation of
f(2), namely,

Ra(2) € (1/2"1) - Q[[1/4]].

Ezxplicitly, we have

3) € (1)),

z

(n+ k) 2kt1 (2n)!zntl

k=n

Note that our approximants (P, o, Py, 1) are the same as those due to M. A. Bennett in [2, Eq. (5) and
Eq. (6)] (with the parameters a = —1 and ¢ = 1), although the formulaes are different.

Next we establish several identities for the above approximants.

PROPOSITION 2.2. Define the polynomials An(1 — z) = 2" 1P, 1(1/2) and Bn(1 — z) = 2"P,0(1/2).
Then, we have
n—1
B n+1/3\ [/ n—4/3 ’
Apn(1—2) = < ’ ><n—1—€>(1 z)",

Bl ) <n _£4/3> <nn—|—_123> 1

=0

&~
:||M|
o

~

The proof of Proposition is based on the following simple combinatorial lemma.

LEMMA 2.3. Let w € C.
(i) Let £ be a non-negative integer with n > €. Then we have

nz_:é(—l)"_z_k nt+k-1\/n—w—-L-1\ [(n+tw
poard k n—-k—t¢ ) \n—-t)’
(73) Let £ be a non-negative integer with n — 1 > {. Then we have

n—1—¢

e () ) - ()

S -

(13i) We have



PROOF. We first prove (i). Note that we have

(1—2) 1= f: <_w _)\e - 1) (—z)* = f: <)\ +:J + €> A

A=0 A=0

and

(== (S (T (7))

=0 A=0
B (Z)‘: n+k‘—1><n—w—€—1>>zA
—~\= k A—k ’
Since (1 —2) =1 = (1 —2)™(1 — z)"_w_z_l, the coefficients of 2"~* in the two above formulae must be
the same, hence (i). We deduce (i7) from (i) by replacing (n,¢,w) by (n+ 1, + 2, —w — 2) and (#3) is just

a special case of Vandermonde identity.
O

Proof of Proposition 2.2 By the definition, we have

(=Y (” + k) (n”jllf?’k) (1—z— 1)tk
(n Z k;) (nn_—i—lli?) > n;:k (n —-1- >(_1)n—1—k—é(1 _ Z)é]

0
P T ot

Combining the above with the identity

<nn_+11 i 3k> <n - 2 - k:) _ (n —|—£1 / 3> (nn_+11 i 3k—_££>

and Lemma 23] (i7) (for w = 1/3), we obtain the expected formula for A, (1 — z). Similarly,

“n+k—1\[(n—-4/3 e
Bu(1—2) = P
(1—2) :< i ><n—k‘>(1 z—1)
n n—k
(1" 2)
= ( k n—k — 14
" nt nk—Z n+k—1 n—4/3 n—k ¢
=2 |2 (1 k n—k ¢ )0
(=0 Lk=0
and combining the above with the identity
n—4/3\ (n—-k\ (n—4/3\(n—-4/3 -/
n—k L \n—k n—k—/¢
and Lemma 2.3 (¢) (for w = 3), we get the formula for B, (1—z). This completes the proof of Proposition 2.2
]

| |
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I
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3 Remainder function

NoTATION 3.1. Let A, (1 — 2), B,(1 — z) be the polynomials defined as in Proposition Define the
polynomial V,,(T) by
Vo(T) := An(T?) — TBo(T?) € Q[T].

Below we show that the polynomials A,,(T), B,(T) and V,,(T) have the following properties, thanks to
the fact they are related to Padé approximation.

LEMMA 3.2. (i) For each n > 0, there exists Wy (T') € Q[T] such that
Vo(T) = (1 = T)*"W,(T).
(79) For any B € C\ {1}, we have

An(B)Bn1(B) — Ant1(B)Bn(8) # 0.
PROOF. Let R, (z) be the series defined in Eq. (B). Since R,(z) € (1/2"*!) (see Eq. (@), we have
Sn(2) 1= =" Rn(1/2) = =2" " Pao(1/2)F(1/2) = Pan(1/2)]
= A, (1—2)—(1—2)Y3B,(1-2) e (z™).
Set g(z) = (1—2)"/3. Noting that 37 — 372 +T3 = 1— (1 —T)3, the formal series g(3T —3T%+T?) converges
T-adically to 1 — T, from which we deduce the formal identity (in Q[[T]])
Sp(3T = 3T*+T%) = 4,(1 - T7)*) — (1 —=T)B, (1 - T)%) = V,(1 - T).

Since 3T —3T%+T3 is divisible by T and S,,(2) € (2)*", we deduce that 72" divides the polynomial V;,(1—T).
This completes the proof of (7).

By definition of A,, and B,,, we have

A1 = 2)Bair (1= ) = Aper (1= 2)By(1 = 2) = 22 (Pao(1/) Pas11 (1/2) — Pas1o(1/2) P (1/2))
_ (n+ Dng1(=1/3)n(4/3)n . ,2n
(n+ 1)!(2n)! ’
the last identity coming from [16, Lemma 3.7] with (a,~v,d) = (1,—1,4/3). Assertion (ii) follows by
evaluating at z =1 — 3.

O

4 Mahler measure and estimates in the archimedean case

In this section, denote by | - | the usual absolute value in C. For a polynomial P(z) € Clz], recall the
definition of Mahler measure M (P) of P given by

M(P) = exp (/01 log (|P(e2i7r6|)d9)'

The length L(P) of P is the sum of the moduli of its coefficients. It is known (see for example [20, §1
ex. 1.2]) that

(7) M(P) < L(P) < 2% PM(P).



Note that for any z € C we have

(8) |[P(2)| < L(P) - max(1, |2])% ¥

LEMMA 4.1. Let z € C. For each n > 1 we have
(9) max (|An(2)], |Bn(2)]) < 4" max(, [2])"
and for each n > 2 we have
(10) L(A,(z)) + L(Bn(z)) < 4"/2.

PRrROOF. All the coefficients of the polynomial A, (z) are positive and that A, (1), the constant coefficient
of A, (1 — z), corresponds to the leading coefficient of P, ;(z), hence

2n —1
n—1

L(An(2)) = Ap(1) = < > <41 (n>1).

Similarly, since all the coefficients but the leading one of the polynomial B, (z) are positive, and observing
that the constant coefficient of B, (1 — z) equals to the leading one of P, ¢(z), we obtain

(11) L(Bn(2)) = By(1) — 2<" N 4/3> - <2" N 1) - 2<" N 4/3> <4" (n>1).

n n n

We get Eq. [@) by using Eq. ([8) with the above estimates. Eq. ([I0) follows from the above and by noting
that in Eq. (1)), we can replace the upper bound 4" by 4"~ for each n > 2. O

LEMMA 4.2. Let z € C. Recall that Vi, (2) = (1 — 2)?" - W, (2). We have for each n > 1,
(12) W, (2)| < 8" max(1, |z|)”+1.
PRrROOF. Since W,,(T') € Q[T] has degree n + 1, Eq. (@) implies that
2 L(W,) < M(Wy) = M(Va) < L(Va) = L(A(T%)) + L(B, (1) < 27 - 4%,

for each n > 2, hence L(W,,) < 4-8". The lemma follows by Eq. (8). We have Wy (z) = —(22 + 2z + 3)/3,
thus Eq. (I2)) still holds in the case of n = 1. O

REMARK. Eq. (@) gives an explicit expression of R, (z) that corresponds to the degenerate case of Gauss’
hypergeometric function. It is possible to deduce asymptotic estimates of the remainder function R, (z) when
n is large enough (confer [I1] [17] [2I]). However, we will not use is in our proof.

Also note that we could slightly improve our inequalities (and thus Theorem [[I)) by estimating the
common denominators of the coefficients of approximants as Bennett does in [2 Lemma 3.2] (the proof is
based on Dirichlet’s prime theorem in arithmetic progressions). For simplicity, we will just combine the
above argument relying on Mahler measure with properties of the local height in Section B It will be
sufficient to get our refinement.



5 Heights and estimates in the archimedean case

Recall that K is a number field of degree m. We denote the set of places of K by M (respectively by 9
for archimedean places, and by 5me for finite places).

DEFINITION 1. Given a place v of K, we define the normalized absolute value | - |, by

_ [Kv:Qp]

plo =p U ifve 9)?{{ and v|p ,
[Kv:R]

|z]y = oy (z)] QA if v € MFP

where p is a rational prime number in the first case and o, is the embedding K < C corresponding to v in
the second case. Following the notation of [12], for each v € Mk and each § € K, we define the exponential
local height of 8 by

Hv(ﬁ) = max{l, |5|v}7

and its exponential absolute height by

HB) = [ H.(8).

vEMK
We also set

1/m if v archimedean real,
s(v) :=4¢ 2/m if v archimedean complex,
0 if v non-archimedean .

Given v € Mg and By, ..., 0 € K, we have

(13) 181+ -+ Brl, < max (|81]v, - -, |Brlo) -

When v is archimedean, we deduce from Lemmata [£.1] and the following property.

PROPOSITION 5.1. Let v be an archimedean place and o € K. For each n > 1 we have

max (| Ay (a®)]v, |Bn(@®)],) < 4™ H,(a)*  and  |Vi(a)], < |1 — a2 - 8™ H, ()",

6 Quantitative argument

In this section, we closely follow the argument in [12]. We collect the main properties we need and which
are already proven in [12]. We first introduce some notation used by Evertse.

Fix p a primitive cubic root of the unity and set L = K(p). Given x, y € U solutions of A\x + uy = 1,
we put

£(z, y)
n(z, y)’

E=¢&x, y)= e —puy, n=nlx, y) = —p°py, and (=((z, y)=



We denote by 11 the set of the root of the unity in L and define

(14) VO:{((a;,y)eL ( zyeUs with Az+py=1 and %¢1L}.

Let T C Mz be the set of places of L consisting of those lying above the places in S. Put
1 3
A= (TT 3lv)* TT Psedv ( TT max(Alv 1))
vVer Ver VeT

We may suppose that A > 1 by simple properties of absolute values [12, page 571].

The next two results correspond respectively to [12, Lemma 5] and [12, Lemma 7].

1
LEMMA 6.1. Let B be a real number with 3 < B<1and set R(B)=(1-— B)_lB%. Then, there is a

set Wy of cardinality at most 3°R(B)*~!, consisting of tuples ((PV)VGT, (FV)VeT), with Y yer T'v = B and
such that ,0%/ =1 and 'y > 0 for each V € T, which satisfies the following property. For each ¢ € V9, there

exists ((PV)VET, (FV)VET) e WO with

AN\
%) forV eT.

In the following we fix a tuple ((pV)VeT, (FV)VGT) € WO, where WY is as in Lemma [6.1]

(15) min(1, [1—pv(lv) < (

2
LEMMA 6.2. Let B be a real number with = < B < 1, and let (1, ---, Cpp1 € VO be distinct elements
with H((1) < -+ < H(Ck+1) and which satisfy inequality Eq. (I5). Then we have

AL-B | GE-DM-1 Iy
6X8B> 3B-2 H(C1)(3B 1) ]

(16) H(Gra) = (
The lemma below is an improved version of [12] Lemma 8§].
)
LEMMA 6.3. Let B be a real number with 6 < B < 1. Let ry and k be integers with

6+ 3B

_— d B — 1)1 4.
TO>3B(GB—5) and (3 ) > 3rg +

Define five exponents as follows

2r0B(3B — 1)+ B

B —
h(B, 10) = 3B 65 —5)— 635"
3roB + 3
B —
(B 10) = 5 BB —5) — 6 - 3B
5 B-(1-B)(3B— 1)1
9B,k m0) = —— T T g g
5 ro+1+ (3B —1)BE- 1 =1
92( s Ty TO) - (3B — 1)k+1 — 37"0 — 4 )
g3(B, k, i

") = BRI —3r—4°
Then there exist at most k elements ¢ € VO satisfying Eq. (I5) and

(17) H(¢) > max ((SA)fl(B’ To)(24)f2(37 To)’ (8A)91(B’ k, To)(48)92(37 k, 7’0)2—93(371677“0))‘

8



REMARK. The structure of the proof is the same as that of [12] Lemma 8], but we will use sharper
estimates. It allows us to replace the constant 96v/3 of Evertse by 24 and 48 (in the first and second term
of the maximum respectively) and to get the extra term 2-93(B:km0) - For the numerical computation of
Section [T, the maximum in Eq. (I7) is the term (8A4)/1(B: 70)(24)f2(B; 7o),

PROOF. By contradiction, suppose that there exist k + 1 elements (1,. .., k1 € V0 satisfying (I5]) and
(I7). For simplicity, write h; = H((;) fori =1,...,k+1. We may assume that h; < hg < hg--+ < hgy1 < ho.
Note that the function r — f(B,r) is decreasing on [rg, oo and tends to 2(3B —1)/(3(6B —5)) > 4/3. We
therefore have

(18) ho > hy > (8A)f1(B,ro) > (8A)% -

In particular, {; is not a root of unity since hy > 1.

We claim that there exists an integer £ > rg + 1 such that
(19) 2.24°(8A) PR3+ < p3PL < 2. 24541 (84) PR3,
To prove this, it is sufficient to show that the left-hand inequality holds for ¢ = r¢g + 1. According to

Lemma [6.2] it is even sufficient to show that,

(3B-1)F -1

(8A)1—B (3B—1) 3B—2 h(gB—l)k+1
48 !

)

2770 . 4870+ (84) P pdrott < (

which, by definition of g1, go and g3, is equivalent to (8A)91(B:*:r0)(48)92(Bkr0)9=g3(B:kr0) < hy . This last
inequality holds by Eq. ([IT), hence our claim.
For each integer n, define the polynomials A, (z) := 3"A,(2), Bp(2) := 3"By(z) as well as

Vn(2) i= Ap(2) — 2Bn(z) = 3"V, (2),

where A, (z) and By, (z) are as in Proposition Note that A, (z) and B, (z) have integer coefficients. In
particular, for each finite place v € T and each ¢ € K, we have |A,,(¢?)|v, |Bn(¢®)|v < Hy(¢)*". Combined

with Proposition 5] we deduce that for each place v € T (finite or archimedean) and each ¢ € K, we have

max (| 4n (¢%)]os | Ba(¢*)]w) < 1270 H, ()™ < 24 CH, ()™,
Va(Olo < 1= ¢ - 24 OH, (O < 1= 3 - 24" H, (O

Now, for each integer m, set

Up = C2An (Clg) — G1Bn (Clg) .
Note that by Lemma 3.2l (ii) (and since (1 # 1) we have (U,,—1,Up,) # (0,0) for each integer m > 1. Define
nbyn=~ifU,#0,and n=4¢—1if Uy = 0. By the above we have U,, # 0.

Then, using our estimates of Zm En and ‘77“ given V € T, we find

|Un|V = ‘pV<2Avn(<13) - pVClén(Clg)‘V = |(pVC2 - 1)12{”({13) + ‘7n(PVQ)|V
< 2°V) max (!1 —pvGlv, |1 - val\%z") x 24"V Hy (G )* !

r
< 25(‘/) max (8Ah2_3, (SA)2nh1—6n> V24n8(‘/)HV(Cl)i’m-i-l7



where the last inequality follows from Eq. (I5).
Given V ¢ T, we simply use the triangle inequality to get the estimate

Unly < 22V max (IGa|v[An (G )y, [GlvIBa(GP)]v) < 2224V Hy ()3 Hy (G).

Combining all those estimates with the product formula and the identities ) oy, I'r = B and ) s(v) =1
(and since [[,con, Hv(¢) = H(C) by definition of the height), we obtain

200 1= [ 10lv x [ IUalv <2-24" x max ((SA)Bh;—?’Bhi’"H, (8A)2"Bh2h§’"+1—6"3).
Ver VT

First, note that by Eq. (I9) with n < ¢, we have 2- 24"(8A)Bhé_?’Bhi’"Jrl < 1. Combined with the above,
we deduce that
1<2- 2™ % (8A)2th2h?n+1_6nB.

Rising the above inequalities to the power 3B — 1 and using the right-hand side of Eq. (I9) together with
¢ < n+1, we obtain

_ “1n n —1) ;. (3B=1)(3n+1—6nB -
1 < 93B-194(3B-1) (84)?2 B(3B 1)h§ )(Bn+ )th 1
< 23B24(3B—1)n+n+2(SA)2nB(3B—1)+Bh§3B—1)(3n+1_6"B)+3"+7

< (BA)2nB(3B—1)+B (24)3nB+3h?+3B—3nB(6B—5)
hence hy < (8A4)71(B1)(24)2(Bn) - Since f1(B,r), f2(B,r) are positive and decreasing in  on 7 > 7y and
since ro < n this contradicts Eq. (7). Consequently, the number of ¢ € V° satisfying Eq. (I7) is at most k.

O

7 Numerical optimization

We adapt the strategy in [12], Section 8] to estimate the number of solutions (z,y) of the S-unit equation
Eq. ([@). Since such a couple (z,y) is entirely determined by the corresponding ((z,y), the first step is to
count the elements ¢ € V° which satisfies a fixed system Eq. (I5). We call f-part and g-part of Eq. (I7) the
quantities (8A)/1(B: 70)(24)F2(B; 10) and (84)91(B: k. 70) (48)92(B. k. 10)9=93(B:k:r0) respectively. Fix C' > 0 (we
will specify this parameter later).

Step 1. We choose parameters B, 7, k satisfying the conditions of Lemma[6.3]land we compute the associated
quantities f1, f2, g1, g2 and g3. Generally, with our choices we have f-part > g-part, so that the maximum
in Eq. (I7) is given by the f-part. Then, by Lemma there are at most k& numbers ¢ € V¥ satisfying
Eq. (I5) with H(() > f-part.

Step 2. We estimate the number ¢ of ¢ € V° satisfying a fixed Eq. () with C < H(¢) < f-part. For that,
it suffices to apply Lemma for those numbers (i, ..., (. Assuming H((1) < --- < H((;) and combining
Eq. ([I6) with our hypothesis H((;) < f-part and H((1) > C, we obtain

( Al-B )1/(33—2) Al-B >1/(3B—2) ‘O

6 x 8B x f-part > ((W )(33_1)”.
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We deduce that

a = log <(6 : 8B)—1/<3B—2>8f124f2>
1-B
(3B 1)1 < AFblosd e b=sp—ath
“c+dlogA ¢ =log (C(G . 8B)—1/(3B—2))
_1-B
- 3B-2

Our choice of B, r,C will imply that a,b,c,d > 0. Since A > 0 and since the function = +— (a + bx)/(c + dx)
is increasing (resp. decreasing) on [0, +o00) if a/c < b/d (resp.if a/c > b/d), the quantity (3B — 1)*=! is
bounded from above by max{a/c,b/d}. Hence an upper bound N (which does not depend on A) for ¢.

Step 3. There are therefore at most N +k numbers ¢ € V0 satisfying a fixed system Eq. (I5]) with H(¢) > C.
Moreover, according to Lemma 6.1}, we may assume that the given system Eq. (I5) is one of the 3°R(B)*~!
ones associated to the elements of Wy. On the other hand, Evertse proved (see [12, Eq. (36)]) that for any

solution (z,y) of Eq. (), we have

H(%) < 2H(((x,y))-

Since each solution (x,y) of Eq. () is completely determined by ((z,y), we deduce from the above that the
number of solutions (z,y) of the S-unit equation Eq. () with H(\z/uy) > 2C is at most 3°(N +k)R(B)*~ 1.

Step 4. It remains to estimate the number of solutions (z,y) with H(Az/uy) < 2C. Studying the group
structure of the S-units, Evertse shows that given a non-zero n € N, there exists at most 5n°(2(2C)3/™)™
solutions (z,y) of Eq. () with H(Az/uy) < 2C. Thus, the total number of solutions of the S-unit equation
is at most

5n°(2(2C)3/ ™)™ + 35(N + k)R(B)* .

Choice 1
Take B = 0.834, 79 = 1600 and C' = ¢"8/2. Then the condition on k is k > 19.8389- -, hence we choose
k = 20. A short computation gives

£1(B, o) =533.814 - -- f2(B, o) = 533.391 - --
91(B, k, r0) = —5.20814 - - - 92(B, k, 10) = 36.3095-- g5(B, k, ro) = 4.91666- - -

We have f-part= 2805183y 4533814 "an(q g-part= e!26-323 x A=520814 Qince A > 1, the maximum in
Eq. (I7) is given by the f-part. A short computation show that the upper bound N coming from Step 2 is
N = 26, so that k + N = 46. Finally, in the last step we choose n = 45. With this choice, the total number
of solutions of the S-unit equation is at most

5(3.36406)™ - 45° + 3.06759 - (44.9866)° .

Choice 11
Take B = 0.84, ro = 100 and C = ¢75/2. Then the condition on k is k > 12.6539 - - -, so we choose k = 13.
A short computation gives

f1(B, 19) = 164.230 - - - f2(B, 19) = 163.461 - -
g1(B, k, ro) = —2.25320 - - - g2(B, k, ro) =16.3237---, g3(B, k, r9) = 2.1093- --
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Once again we find f-part > g-part. The upper bound N coming from Step 2 is NV = 31, so that K+ N = 44.
In step 4 we choose n = 47. The total number of solutions of the S-unit equation is at most

5 x 3.22803™ - 47° + 2.81864 x 46.8312°.

Combining the two upper bounds together, we get Eq. ([B)) and Theorem [IT] follows.
O
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