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ABSTRACT

We consider two-dimensional systems of point particles located on rectangular lattices and inter-
acting via pairwise potentials. The goal of this paper is to investigate the phase transitions (and
their nature) at fixed density for the minimal energy of such systems. The 2D rectangle lattices
we consider have an elementary cell of sides a and b, the aspect ratio is defined as A = b/a and
the inverse particle density A = ab; therefore, the “symmetric” state with A = 1 corresponds
to the square lattice and the “non-symmetric” state to the rectangular lattice with A # 1. For
certain types of the interaction potential, by changing continuously the particle density, such
lattice systems undertake at a specific value of the (inverse) particle density A* a structural tran-
sition from the symmetric to the non-symmetric state. The structural transition can be either
of first order (A unstick from its symmetric value A = 1 discontinuously) or of second order (A
unstick from A = 1 continuously); the first and second-order phase transitions are separated by
the so-called tricritical point. We develop a general theory on how to determine the exact values
of the transition densities and the location of the tricritical point. The general theory is applied
to the double Yukawa and Yukawa-Coulomb potentials.
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1. Introduction

Lattice systems of interacting particles are known as good models to understand physical [4] O]
22], 23] 28] or biological [7, 26] phenomena in the simplest periodic setting (see also [13] and
references therein). In particular, the ground state approach — where a lattice energy has to be
minimized in order to find the most stable state of the system — is of high interest in applied
mathematics.

Considering a radially symmetric interaction potential f with parameters, a set of lattices
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£ C R%, and defining the energy of this lattice system as

1
vLel, EBlLl=3 > fpD.
peL\{0}

where | - | is the Euclidean norm on R?, one can ask the following important questions:

e what is the minimizer of E in the class £?
e does this minimizer changes when parameters of f vary?
e does the minimizer changes when the lattice’s density varies?

These questions have recently received a certain interest in the mathematical community [4]
[6, O, 24] 25] as well as their more general associated problem known as crystallization (see [§]
and references therein), best packings [15] B3] and universal optimality [14} [I6]. The questions of
phase transitions, i.e. studying the energy minimizers as density or parameters vary, have been
shown as both interesting [5 BI] and difficult [IT], 24] to solve.

Very few results exist in that direction. The Lennard-Jones system — i.e. for a difference of
inverse power laws — is now entirely understood in dimension 2 [I2] 24] in terms of minimizers
at fixed density whereas many problems in the field are still open, with a lack of general theory.
Furthermore, only few — but very important — results are known in higher dimensions, especially
in dimensions 8 and 24 where best packing and universal optimality are proven [I0} [I6]. The rest
of our knowledge is restricted to numerical investigations (see e.g. [11]).

The goal of this paper is to derive technical, theoretical and numerical results for phase transi-
tion problems in lattice systems. More precisely, we are tackling here both first and second order
phase transitions for smooth potentials f among two-dimensional rectangular lattices, splitting
ground states into square and non-square structures. Following Landau’s free energy approach
in statistical physics [II 20 21} 30], we expand our energy F in terms of a (small) lattice pa-
rameter and we study the corresponding transition points (second-order phase transition), i.e.
the value of the inverse density where transition occurs. Furthermore, we focus on important
transition points called tricritical points where (continuous) second-order transition becomes of
(discontinuous) first-order.

Our findings are both theoretical and numerical. After defining the classes of interaction po-
tentials and lattices we are studying in this work, we obtain the following results:

(1) Theoretically, we show how a Taylor expansion of the energy E can be performed in
terms of the lattice parameter £ (¢ = 0 corresponding to the square lattice). Results are
derived ensuring the existence of transition/tricritical points and showing the universal
behavior of the energy minimizer in the neighborhood of these points.

(2) Numerically, we are investigating both double Yukawa and Yukawa-Coulomb potentials.
Since they are highly inhomogeneous, a numerical study is performed in order to plot phase
diagrams, second-order phase transition curves and tricritical points.

In both cases, asymptotics results in the neighborhood of transition/tricritical points as well as
singular values of potential’s parameters are derived.

The method can be generalized easily to other types of lattices, like the 2D (equilateral) triangle
lattice which is the centered rectangle lattice with the aspect ratio /3 against the general centered
rectangle lattice. The generalization of the method to 3D lattice structure is also straightforward.



The application of the theory to other types of interaction potentials, especially to Lennard-Jones
potential, is of our future interest.

Plan of the paper. In Section Bl we give the precise definitions of potentials, lattices and
energies we are considering. General results on phase transitions are proved in Section [Bl whereas
applications to double Yukawa and Yukawa-Coulomb potentials are presented in Sections [ and
Bl respectively, with both numerical and theoretical aspects.

2. Preliminary formalism
In this section, we briefly present the type of potential, lattices and energy we are considering in
this paper.

Let us start with potentials. Our goal is to cover the main interaction potentials presented for
instance in [19] (see also [4]).

Definition 2.1 (Admissible potential). We say that f € F if f : (0,00) — R, |f(r?)| =
O(r=%7°) for some € > 0 as r — oo, and there exists a Radon measure ys on (0,+00) such that

F0) = [T augto 2.1)

Furthermore, we say that f € Fy if py is non-negative.
Remarks 2.2 (Completely monotone potentials). Let us write f(r) = F(r?) where F :
(0,+00) — R, then:

(1) the measure py is actually the inverse Laplace transform of F;

(2) By Bernstein-Hausdorff-Widder theorem [2], we know that f € F, if and only if F is
completely monotone, i.e. the derivatives of F' alternate their sign: Vk € N, Vr > 0,
(=1)FF® () > 0.

Examples 2.3 (Riesz and Yukawa potentials). Let us mention two important interaction
potential we will consider in this work:

(1) the Riesz potential with parameter s > 0 is given by

FO)= S () = gt (2:2)

with T' being the Euler Gamma function. We notice that f € F, if and only if s > 2.

Nevertheless, we will also consider lower exponents by renormalizing our lattice energy (see

Remark 2.T0]) even though f ¢ F in that case, because of its non-integrability at infinity.
(2) the Yukawa potential, belonging to F reads, for x > 0, as

—KT I£2
L \/% exp (‘E) dt. (2.3)

The set of lattice structures we are considering is defined as follows.



Definition 2.4 (Family of rectangular lattices). Let A € (0,1] and A > 0. The rectangular
lattice of area A and side-lengths vV AA and \/% is defined as

e ()

and its associated quadratic form is defined by

@Z(O,\/Z)],

V(. k) € 22, Qaa(j k) = ‘j\/Z (%,0) VA (0, \/Z) ‘2 —A (% n k2A> ,

where | - | is the euclidean norm on R2.

Remark 2.5. Notice that this family of lattices is exactly, up to isometry, the set of all rectan-
gular lattices with fixed density. Furthermore, the particle system is invariant under rotation by
the right angle 7/2 which is equivalent to the interchange A and 1/A. The special case A =1
corresponds to the “symmetric” state of the square lattice, the case A # 1 corresponds to the
“non-symmetric” state of the rectangle lattice.

The lattice energy we are studying in this paper is the energy per point of L4 A interacting
via potential f.

Definition 2.6 (Interaction energy). Let f € 7, A >0, A € (0,1], then the f-energy of Laa
is defined by

B(A,A) ;:% i' f (W) :% i' f (MA <§ +/<:2A>> L (24)

Jik=—00 Jik=—00

Remark 2.7. The prefactor 1/2 appears because each energy term is shared by two particles
and the prime at the sum means that the self-energy term j = k& = 0 is omitted. Note that
the dependence of the energy on the parameters of the potential f is not written explicitly, for
simplicity reasons.

As already done in other papers [4, [I7] for rectangular or general lattices, this energy can be
written in terms of Jacobi theta functions thanks to the Laplace transform expression of f.

Lemma 2.8 (Integral representation of the energy, see e.g. [ [I7]). Let f € F, A > 0,
A € (0,1], then we have

E(A,A) = %/OOO (05 (e7/2) 3 () = 1] dpy (%) , (2.5)

where

O3() = > o (2.6)

j=—o0



denotes Jacobi elliptic function with zero argument.

Remark 2.9. We use Gradshteyn-Ryzhik [I8] notation for the third Jacobi theta function. Fur-
thermore the subtraction of —1 in the square bracket is due to the absence of the self-energy
term (j,k) = (0,0) in the sum 24)). If 45 is absolutely continuous with respect to the Lebesgue
measure, i.e. dus(t) = ps(t)dt, then we have

dpy (%) = Py <%> %- (2.7)

Moreover, note that the invariance of E(A, A) with respect to the transform A — 1/A is obviously
ensured by the formula (2Z3]).

Remark 2.10. If the potential f decays to zero at large distances too slowly, the integral in
[23) may diverge which requires a regularization (analytic continuation). Like for instance, for
the Riesz potential the integral converges if s > 2. The Coulomb case with s = 1 has to be
regularized by adding a uniform neutralizing background which corresponds to the subtraction of
the singular term —7 /¢ in the square bracket in the integral (Z3]), as it is explained for instance

in [32].

3. General theory of structural transitions

To account better for the symmetry A — 1/A of the energy (2.1]), we introduce the parameter &
via

A =e. (3.1)

Thus the A — 1/A symmetry of the energy (23] is converted to the e — —¢ one of the energy

E(A, &) = % /0 h 105 (7)) iy (=2 ) — 1] dpy (%) . (3.2)

At the same time, the symmetric (square lattice) value of the parameter A = 1 is consistent with
e=0.

Let us recall the universal optimality result (among lattices) concerning the square lattice, due

to Montgomery [27].

Proposition 3.1 (Universal optimality among rectangular lattices). If f € Fy, then
e =0 is the unique minimizer of € — FE(A,€) for all A > 0.

Proof. Since py is nonnegative and A = 1 is the unique minimizer of the positive function
A — 03(e7")03(e "2 7") — 1 as shown in [27], it follows that for all A > 0, E(A,A) > E(A,1)
with equality if and only if A = 1. Applying the change of variable A = exp(e) completes the
proof. O

The following result gives the expansion of F(A,e), for fixed A and as € — 0.



Theorem 3.2 (Taylor expansion of the energy). Let f € F and A >0, then, ase — 0,

E(A,ef) = Eg(A) + FEy(A)e® 4+ Ey(A)e + 0(e9), (3.3)
where
Ey(A) = E(A)1) = 1/OO {(93)2 - 1} dpy 2 (3.4)
’ 2 Jo A
1s the energy of the square lattice,
d? 1 [ O 2 (aW\2 | 20 22 t
Bald) = 3 (B =5 [ a0 = (67) 200 any (§). 39
and
4 00 2
E4(A):d—[E(A,e€)]|:O S 163605 — 12 (eg”) + 76205057 + 6130505 — 613650
d€4 € 24 0
dp 0@ a0 p3) | ard (p@)) t
+t10505" — 41657657 + 3¢ (657 )| duy (3 ). (3.6)

and where the theta function and its derivatives are written for simplicity as

dn
O3:= 03 (c7!), 6O = s (e!),neN. (3.7)
Remark 3.3. Note that because of the ¢ — —e symmetry of the energy, the expansion contains
only even powers of €.

Proof. We use the fact that f is analytic and f(-2) is absolutely summable at infinity. Therefore,
the wished expansion easily yields from the one of the theta functions product, i.e. for all ¢ > 0
and as € — 0, the quantity 03 (e*te"p(*e)) 03 (e*te"p(e)) is given by

Zeijtexp(fs)esztexp(e) _ Zef(szer)t [1 + (]2 _ ki2) te
J:k J.k

+% (=57 = K = 27%K>t + j't + k') te?

5 (2 = 2) (1= 320 = 3% = 228200 + 12 + 12¢%) 1
+i (=% — k* — 252k%t + 7% + Tk*t — 655 — 6k°¢°
—|—6j4k32t2 + 6j2k‘4t2 +j8t3 + k‘8t3 _ 4j6k327f3

—47%K 4 65k 11 4+ O () | (3.8)

The terms of odd orders € and £ vanish because of the antisymmetry of summands with respect
to the interchange of indices j and k. The terms of even orders €2 and €* can be further simplified



by using the interchange of indices j and k£ and the sums of type Zj 72" exp(—j2t) with n € N*
are equal to (—1)"9§n). O

Remark 3.4 (Connection with Statistical Physics). The present exact expansion (B.3])
has its counterpart in statistical physics where it represents a mean-field approximation for a
complicated statistical model in thermal equilibrium at some temperature, known as the Landau
free energy [Il 20]. The parameter € plays there the role of the order parameter which vanishes
in the disordered phase and takes non-zero values in the ordered phase. The general analysis of
the expansion (B.3]) in the context of critical phenomena in statistical models can be found in
many textbooks, see e.g. [21, B0]. In what follows, we shall adopt this general analysis to our
ground-state problem.

By (B3]), we have that, for all A > 0, as e — 0,
E(A,e) — B(A,1) = Ex(A)e® + E4(A)e* + O(e%) = &% [Ea(A) + Eq(A)e® + O(eh)] .

Therefore, it appears that the sign of Fo(A) determines the one of E(A, e*)—E(A, 1) for sufficiently
small values of ¢ > 0, giving the optimality of the square lattice when E(A,e®) — E(A,1) > 0 and
the optimality of a non-square one when F(A,e®) — E(A,1) < 0.

Definition 3.5. Let f € F\Fy, then any A* such that
Ba(A*) =0 (3.9)

with a change of sign for Eo at A = A* is called a transition point.
A simple condition can be written for insuring the existence of such transition point.

Proposition 3.6 (Existence of a transition point). Let f € F. Then:

(1) if f € Fy, then there is no transition point;
(2) if f € F\F4 such that py < 0 on (0,79) or on (ri,+00) for some ro,r1 > 0, then a
transition point exrists.

Proof. It has been shown by Faulhuber and Steinerberger [17] that
2
vt >0, 0568 + 20508 — 2 (6) > 0,

Therefore, if f € F,, then ps is nonnegative and it follows that Ey(A) > 0 for all A > 0.
Furthermore, the second point follows from [6, Prop. 4.4] applied to the square lattice among
rectangular lattices in dimension d = 2. O

Examples 3.7. Point (1) of the previous result can be illustrated by any Riesz potential, whereas
point (2) is covered for instance by the double-Yukawa potential we study in the next section of
the paper, given for all » > 0 by

exp (—krqr exp (—kor
f(r)=wn p(r 1)—1)2 p(r 2), v > v > 0, K1 > Ko > 0.




We now give conditions such that a second order phase transition (see [29]), i.e. the transition
for the minimizer of ¢ — E(A, e°) is continuous.

Proposition 3.8 (Second order phase transition). Let f € F and A* be a transition point
such that:

(1) Es is strictly decreasing in the neighborhood of A*;
(2) E4(A*) > 0.

Then there exists Ag > 0 and Ay > 0 such that

o if Ag < A< A*, then e =0 is the unique minimizer of ¢ — E(A,¢€°);
o if A* < A < Ay, a minimizer € of e — FE(A,€°) satisfies the following asymptotics, as

A— A*:
— 95 (4%

== L\/A— A* +o(VA - A%).
2E4(A*)

Remark 3.9. The same result can be written when Fs is strictly increasing in the neighborhood
of A*, with the reverse condition F4(A*) < 0, which simply exchanges the regimes of optimality.

Proof. Since a transition point exists, a simple Taylor expansion of Fy as A — A* reads

dFEs

Ey(4) = Ep(A") + - (A7)(A = A7) + o(4 — A7)
= —d—A(A J(A® — A) +0o(A - AY).
By assumption, we know that %(A*) < 0 and let us write b := —%(A*) > 0 for simplicity in
such a way that, as A — A*,
Ey(A) =b(A" — A) 4+ o(A* — A). (3.10)

The value of € which minimizes E(A,-) satisfies the following asymptotic stationarity condition

we get from (B.3):

OE(A, )

G = 2Ea(A)e + AE4(A)e® + O(°) = 0. (3.11)

Using (B.I0)), this condition, for A in the neighborhood of A*, is therefore equivalent to the couple
of equations

b

- m(A—A*)+o(A—A*). (3.12)

e=20 or g2

We know that the first solution is dominant in a certain region Ay < A < A* with Ay > 0. Since

€2 must be a real positive number and E4(A*) > 0, the second solution is

b * *
e = ,/W(A_A )2 o((A— A%, (3.13)

8



dominant in the region A* < A < A; for a certain A; > 0, which completes the proof. O

Remark 3.10. Notice that indeed the transition at A = A* from ¢ = 0 to € given by Eq. (313)
is continuous. Consequently, the energy and its first derivative with respect to A are continuous
as well.

Furthermore, the singular behaviour € oc (A — A*)% as A — A*, A > A*, of the minimizer defines
the critical exponent 8 which in our case acquires the mean-field value 1/2. This critical exponent
is universal in the sense that it does not depend on the particular form of the interaction potential
f as long as the (general) assumptions are satisfied.

Let us now assume that our interaction potential f = f, depends on a parameter a € R. Thus,
a transition point satisfying the assumptions of second-order transition is a-dependent and one
can plot the graph of oo — A*(a). We therefore get a curve of second-order transitions between
square and non-square rectangular lattices as minimizers of F(A,-). In analogy with statistical
mechanics, we expect only one curve of second-order transition. This curve exists say for a > ot
and necessarily terminates at some o = af once A*(a = o) satisfies, besides Ey(A*(at)) = 0,
also the condition E4(A*(a')) = 0 which changes sign at this point.

Definition 3.11. Let f, € F depending on a real parameter o. We say that A > 0 and o! are
coordinates of a tricritical point if it is a transition point satisfying both conditions

Ey(A'(a") =0  and  E4(A'(a!)) =0, (3.14)

with a change of sign for Ey at At(al).

Beyond this point, i.e., for o < of, transitions between the square and rectangle lattices
become of first order, i.e., there is a discontinuity in ¢ from 0 to a finite value. This means that
our expansion (3.3) no longer applies and the curve of first-order transitions can be located only
numerically by plotting the energy in the whole interval A > 1. Using the same method as before,
we can derive the singular behavior of € at the tricritical value of o = «f, in the region A > A,

Proposition 3.12 (Transition at the tricritical point). Let f, € F depending on a real
parameter o« and (af, AY) be the coordinates of a tricritical point such that

(1) Es is strictly decreasing function of A in the neighborhood of Al;
(2) Es(A") = 45 [E(A, ¢9)] |y > 0.

le=

Therefore, there exists Ay > 0 such that for A < A < Ay, a minimizer of ¢ — E(A, e°) satisfies
the following asymptotics as A — At:

_dEs At
o= | 4~ A0 o (4 A1),

Remark 3.13. As Proposition .8 the same result for the A < A! regime can be written when
E5 is strictly increasing in the neighborhood of A! and Eg(A!) < 0.

Proof. This follows from (.I0) and (BII) expanded to order 5 — coming from the Taylor ex-
pansion of the energy to order 6 as F(A,¢e°) = FEo(A) + Ey(A)e? + Ey(A)e + Eg(A)e® + o(e®) -
and following exactly the same lines as in the proof of Proposition [3.8] O



Remark 3.14. For a = af, we therefore get the singular behavior € o< (A — AH)/4 as A — A?,
A > A', so that the critical exponent at the tricritical point is 5* = 1/4 which is again universal
up to the assumptions.

The existence of transition and tricritical points and the second-order transition curves depends
on the form of the interaction potential f (see e.g. Proposition for the transition point). In the
next two sections, we shall present explicit results for the double Yukawa and Yukawa-Coulomb
potentials which are combinations of two (repulsive and attractive) terms. Lattice systems with
these potentials exhibit in certain regions of model’s parameters continuous as well as discontin-
uous structural transition from the square to rectangular lattices.

4. Double Yukawa potential

Potential, parameters constraints and energy. The double Yukawa interaction potential
f € F is defined on (0,400) by

) = vlexp(;mr) B v2exp(;nzr)’ 01> s> 0. Ky >y >0, (4.1)

where we choose the parameters in such a way that the first repulsive term dominates at small
distances whereas the second is attractive for large one. Furthermore, the corresponding measure,
given by the inverse Laplace transform of r — f(/r), reads as

s = [ (25) s ()] L w2

The potential (ZI]) is supposed to have an attractive minimum f(ryi,) < 0 at some r = ryiy,.
For simplicity, we set rmin = 1 and f(1) = —1, reducing in this way the number of parameters
four by two. We keep the independent parameters (vy, k1) since

Kiv] — eft e (1 4+ ky)vg

kg =———— and vy = 4.3
2 vy + e 2 14 ko (4:3)
Since ko > 0, the parameters v; and k1 are constrained to the subspace
e
v > . (4.4)
R1

The energy per particle for the double Yukawa potential reads, given ([3]), as

E(A,A;Ul,lﬂ) = ﬁ/ <U1€_N§_frA — vge NiA) [93 (e_tA) (93 (e_t/A) — 1] % (4.5)
0

Notice that the exponential terms with non-zero k1 and k9 make the integral convergent for small
t when 03 (e*m) 05 (e*t/A) ~1/tast— 0.

Let us now show that the system always admits a transition point.

10
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Figure 1. Phase diagram in the (A, v1)-plane for the double Yukawa potential with the fixed parameter x1 = 2. The critical
curve of second-order transitions between the square and rectangular lattices is marked by open squares interconnected via
a solid line. The cross marks the tricritical point. The discontinuous first-order transitions are indicated by open circles. The
dashed line in the inset, given by F2(A) = 0, represents an artificial extension of the second-order transitions to the region
dominated by first-order transitions. The dash-dotted straight line v1 = €1 /K1 = e2/2 denotes the border of vi-values.

Lemma 4.1 (Existence of transition points). For any fized (vi,k1), E admits a transition
point A*(v1,K1).

Proof. For t > 0, we have, since v1 > v9 and k1 > kg,

2 2 2 _ .2
VU1 eXp <—%) — Vg €Xp (—%) <0 = t< M =:70.
41n (2—;)

It follows that p1y < 0 on (0,79) and therefore, by Proposition 3.6, £ admits a transition point. [

Numerical investigation. Let us fix one of the two independent Yukawa parameters, say
k1 = 2. By Lemma[4]] for any given v, E admits a transition point A*(v;). The phase diagram
in the (A,vp)-plane is pictured in Fig. [l Eq. (B3]) was used to calculate the critical curve of
second-order transitions defined by

C:={(A",v1(A")) : A" transition point}

between the square and rectangular phases, marked by open squares interconnected via a solid
line. For a fixed vy, the square (rectangular) lattice minimizes the energy in the whole interval

0<A<A* (A> A*). We observe the following:
(1) A* — v1(A*) is decreasing.

11
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Figure 2. The double Yukawa potential with the parameters k1 = 2 and v = 9.8, corresponding to the critical value of

A* ~~ 2.61449322978. The log-log plot of A — 1 versus A — A* is presented, numerical data are represented by open circles
interconnected via a dashed line. The fitting via A — 1 o< (A — A*),e yields the critical exponent 8* &~ 0.50003.

(2) There exists a finite “minimal” value of A*, A¥. =~ 2.18626, such that

lim v(A
A=Al in
A>A*

min

;knin) = +00.

(3) The critical curve C ends up at the tricritical point with the coordinates A' =
2.7163619942262467 and v} := v1(A?) ~ 6.7951845011079, denoted by the cross.

For ¢ /k; < vy < v!, the transition between the square and rectangular lattices is of the first
order, see open circles in Fig. [[l For comparison, an artificial prolongation of the critical curve
v1(A*) into this region is indicated by the dashed line in the inset of the figure.

Singularity in the A > A* and A > A! regimes. To document the singular behaviour of
e ~ A — 1 close to the critical curve, let us choose k1 = 2 and v; = 9.8 and the corresponding
critical value of the inverse density A* ~ 2.61449322978. For A slightly larger than A*, the
rectangle energy is minimized with respect to A. The log-log plot of the obtained A — 1 versus
A — A* is presented in Fig. @l The data were fitted according to A —1 o< (A — A*)P. The obtained
critical exponent /3 &~ 0.50003 is very close to the anticipated mean-field exponent 8 = 1/2.

As concerns the tricritical point for the double Yukawa parameter x; = 2, see the cross in Fig.
M its coordinates A' = 2.7163619942262467 ... and v} = 6.7951845011079. .. were calculated by
using the formula ([BI4]). The numerical calculation of the deviation A — 1 in the region of the
rectangular lattice A > A, close to the tricritical point was made. The log-log plot of numerical
data in Fig. Blcan be fitted as A —1 o< (A — A")?, the obtained exponent 3¢ ~ 0.253 is reasonably
close to the expected mean-field value 5! = 1/4.

About the transition/tricritical points and their x;-dependence. The pair of coordi-
nates of the tricritical point A® and v! can be calculated by using Eq. (3.I4) for any value of 1,
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Figure 3. The double Yukawa potential with the parameter k1 = 2, the corresponding tricritical point has coordinates
Al = 2.7163619942262467 . .. and vi = 6.7951845011079 .. .. The log-log plot of A — 1 versus A — A! is presented in the
rectangular region A > A?, numerical data are denoted by open circles interconnected via a dashed line. The fitting via
A — 1o (A— A*)B yields the tricritical exponent 8¢ ~ 0.253.

80 T T T T T T

Figure 4. The components (At,vi) of the tricritical points as the functions of the Yukawa parameter 1. The tricritical
point exists only if kK € (HIL, Kij where f;lL =~ 1.436 and n[{ = 2.03414 are the lower and upper limits, respectively. The values
of At are represented by squares and the ones of vi by circles. The dash-and-dot line corresponds to the curve v = e”1 /K1,

there are no physical solutions below it.
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the obtained results are presented in Fig. @l It turns out that a physically meaningful solution for
the tricritical point exists only if k1 € (/@1 ,k7) where k¥ ~ 1.436 and xY{ ~ 2.03414 are the lower
and upper limits, respectively. While v is a decreasing function of x;, A® is a slowly increasing
function of x1. The value of v} diverges when k1 approaches its lower limit x% from above. Con-
sequently, all transitions are of first order (discontinuous) for 0 < k1 < x¥. The upper limit x{
is given by the intersection of the vi{-curve with the dash-and-dot line v; = €' /k; which is the
border of the accessible subspace for Yukawa parameters ([£4]). All transitions are of second order
(continuous) for ki > n?; for every k1 from this interval, the critical line goes down up to the
border line vy = e /Ky, leaving no space for a tricritical point and the corresponding first-order
transitions.

Recall that for k; = 2 the “minimal” critical value of A* at which v;(A*) goes to infinity
was found numerically to be nonzero, in particular A} . =~ 2.18626. In what follows, we aim at
deriving an exact formula for Amm(nl) for any value of k1 > 0. According to (4.3, for a fixed
value of k1 and in the limit of large v, the Yukawa parameter ko behaves as

@:m—vi(um) “1+o<1> (4.6)

1 Ul

and the Yukawa parameter vg is given by

1
vy = v — k1€t + O (—) . (4.7)
U1
Since
t t\ dt r7A K34 dt
d Z) = — ) = = T — pge 4.8
“f<A) pf(A) A (”16 vz > A (48)
using the asymptotic expansions (A0 and ([LT]), the expression into brackets can be expressed as
_riA r3A A 1 1
vie 4t — vge 4t = /q;le"“e T2 |1 — Lﬁl)A —+ o|—). (49)
2t V1

With regard to Eq. (81, the critical condition Fs(A*) = 0 takes in the limit v; — oo the form

RZAX 2
0= / View T u {1_ (1+51)A;*mn} [939§1>_t(a§1>+t939§2>) ]dt. (4.10)

This equation determines for any x; > 0 the exact value of the critical inverse density A . (k1)
at which v; — oo. In particular, at k1 = 2 the obtained A}, ~ 2.186262818188 agrees with the
previous numerical estimate A . = 2.18626. The monotonous decay of A . with increasing the
Yukawa parameter k1 > 0 is presented in Fig. Bl by the solid line connecting data (open circles).

The function A*. (k1) tends to unity in the limit x; — co. In the opposite limit r; — 0T,

2
2 [ [939 + 10305 — 1 (657) }dt

lim A*.
K10+ (1) = 0508 + 10,62 — ¢ (Y 1 g
Sy L {065 + ¢ t(68") | at

~ 5.71344. (4.11)
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Figure 5. The dependence of the minimal value of the critical inverse density A’ . . at which a second-order transition takes

place in the limit of v; — oo, on the Yukawa parameter k1 > 0. The limiting values of A;‘nin(/ﬂ) are: AY .
and A*. (k1 — 017) =5.71344 .. ..

min

(k1 > 0) =1

5. Yukawa-Coulomb potential

Potential, parameters constraints and energy. In the special Yukawa-Coulomb case ko = 0,
the potential

£) = vy exp (—k1r) 1

— Vg— 5.1
r V2 (5.1)
has a minimum at rp,;; = 1 and f(1) = —1 under conditions
K1 1
v = € s Vo = + K . (5.2)
K1 K1

One is left with only one independent parameter x; > 0 and there are no constraints on this
parameter. The associated measure is therefore

dus(t) = [vl exp (-%) - vg] %. (5.3)

It is clear that f ¢ F since it is not integrable at infinity. Therefore, a regularization of the
divergent lattice sum by a neutralizing background is necessary for the Coulomb term [32]. The
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Figure 6. The plot of the energy difference E(A) — E(1) versus A for the Yukawa parameter k1 = 2.0365, just below its
tricritical value k! = 2.036517758847 ... where a first-order transition between the square and rectangular lattices exists.
Three values of the inverse particle density A are considered: A = 2.79544356250 when the square lattice with A = 1 prevails,
the first-order transition value Agrans = 2.795443562576 where the energies of the square and rectangular lattices, separated
by energy barriers, coincide and A = 2.795443562606 where the rectangular case is dominant via a jump in A.

energy then reads as

E(AAik1) = 2\/% /0 h {Ule"i" o (et 05 (/) — 1]

—y [93 (e_m) 05 (e_t/A) -1 %} }% (5.4)

The neutralizing background manifests itself as the addition of the singular term —m /¢ in the last
square bracket, which ensures the convergence of the integral. It is again straightforward to show
that transitions point exists by direct application of Proposition in the same way that we did
in Lemma 1] for the x9 > 0 case.

Numerical investigation. Solving the couple of equations ([3.14]) with ke = 0, v1 and vy given
by ([52)), one gets the tricritical point for the Yukawa-Coulomb interaction: A ~ 2.795433950879
and k! ~ 2.036517758847. Let us make a small step into the region k; < k!, where a step-wise
first-order transition exists, say x1 = 2.0365. We observe the following;:

(1) As is seen in Fig. [@ there is just one energy minimum at A = 1 for A slightly below the
first-order transition value Agrans = 2.795443562576 and the square lattice prevails.

(2) For A slightly larger than Aans, one gets two equivalent minima with A > 1, related via
the symmetry A — 1/A, meaning that the rectangular case is dominant via a jump in A.

(3) Exactly at Agans we have three equivalent minima, i.e., the energies of the square and
rectangular lattices, separated by energy barriers, coincide.

The phase diagram of the Yukawa-Coulomb model is pictured in Fig. [l The second-order
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A

Figure 7. Phase diagram of the Yukawa-Coulomb model close to the tricritical point denoted by the cross. The critical
line of second-order transitions is denoted by open squares, first-order transitions are indicated by open circles. The dashed
line corresponds to an artificial prolongation of the critical line of second-order transitions to the region where first-order
transitions are dominant.

transitions are marked by open squares, the first-order by open circles and the tricritical point
by the cross. The dashed line is an artificial prolongation of the critical line beyond the tricritical
point.

In Fig. B, A — 1 is plotted as the function of (4 — A?) in order to check the tricritical exponent
in the Yukawa-Coulomb case. The numerical data are represented by open circles. Fitting the
log-log plot via A —1 o< (A — At)ﬁt, represented by the dashed line, yields the tricritical exponent
Bt = 0.2498 which is very close to the anticipated mean-field one 8¢ = 1/4.
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