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1. INTRODUCTION

1.1. Uniformization of complex compact manifolds by holomorphic geometric struc-
tures. The classification of compact complex manifolds, by means of geometric and topological
invariants, is still of interest. In dimension one, an historical answer is the Riemann’s uni-
formization theorem for complex compact smooth curves (i.e. compact Riemann surfaces). It
implies that any such a complex manifolds is the quotient of an open subset U of: either the
projective curve P!, the complex line C, or the Poincaré disk H, by a discrete subgroup I' of
projective transformations preserving U with free left action.

This is a case of uniformizability, in the sense that any complex compact manifold of dimen-
sion one is the quotient I'\U of an open set U C X of a fixed space X by a subgroup I' of
automorphisms of X preserving a fixed holomorphic geometric structure and with a free action.
The notion of geometric structures will not be defined in this paper but may be thought as one of
these examples : a holomorphic affine connection (see , a holomorphic projective
connection (see for example [9]) or a holomorphic reduction of a k-th order frame bundle of X.
Uniformized complex manifolds are endowed with a holomorphic geometric structure induced
by the one on the model X.

1.2. Meromorphic affine connections on surfaces. In the opposite way, there are sufficient
conditions on a holomorphic geometric structure on a complex compact manifold to obtain a
uniformized manifold. In [6], Inoue, Kobayashi and Ochiai classified holomorphic affine con-
nections on compact complex surfaces. It follows from their work that any complex compact
surfaces admitting such a geometric structure is also equipped with a flat one, that is a holo-
morphic affine structure. Many of them, namely K&ahler ones, are quotients of an open subset
of C? by affine transformations. This result brings two remarks: first, there are restrictions on
the topology and geometry of a compact complex manifold to be endowed with a holomorphic
geometric structure of a fixed type, and second, many known examples of complex compact
manifolds endowed with holomorphic geometric structures give rise to uniformized manifolds.
This result was completed by Kobayashi and Ochiai in [9], where it appears that any complex
compact surface endowed with a holomorphic projective structure is uniformizable by the unit
ball in C2.

It seems thus natural to ask whether any complex compact manifold admits a holomorphic
geometric structure. In [5], Biswas, Dumitrescu and McKay gave rather general classification
result, asserting that many holomorphic geometric structures (in particular holomorphic affine
connections) can’t be beared by simply connected compact complex manifolds with constant
meromorphic functions.

In view of such a negative answer, we propose to investigate whether allowing the geomet-
ric structure to admits some reasonable singularities (namely poles) could enable to get more
examples of compact complex manifolds, and investigate for a more general definition of the
uniformization in this context. Here is an example of a possible generalization. Though there
are few projective manifolds M endowed with holomorphic affine connections, since this implies
that all Chern classes are zero, any such manifold is endowed with a finite map f : M — PV
for some integer N > 1. The canonical projective structure on PV then induces through f a
meromorphic (flat) projective connection on M (see [3]).

In this paper, we study the existence of meromorphic affine connections on
complex compact surfaces of algebraic dimension a(M) =1 (the algebraic dimension is defined
above @) Such pairs, that we call meromorphic affine complex compact surface of algebraic
dimension one. We classify compact complex surfaces of algebraic dimension one which can be
endowed with a such structure.
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The steps of this classification are as follow. By the well-known work of Kodaira ([10],[I1],[12]),
complex compact surfaces of algebraic dimension one are known to be elliptic surfaces. Moreover,
we can restrict ourselves to minimal surfaces since a meromorphic affine connection on a minimal

surface with a(M) = 1 is the pullback (Definition 2.3|) of a meromorphic affine connection on its
minimal model (Lemma 2.3). We first prove the following (Theorem 3.1J):

Theorem 1.5. Any meromorphic affine complex compact surface of algebraic dimension one is
an isotrivial surface.

Up to finite cover, a minimal meromorphic affine complex compact surface is thus a principal
elliptic fiber bundle, and we have explicit descriptions of such surfaces in terms of their universal
covers (see [Proposition 2.2.2). The problem is then split in two : first we have to classify
meromorphic affine principal elliptic fiber bundles, and then study the possible finite quotients
of such pairs. This is completely done when the base curve is the projective line P! (Theorem 4.2
and [Theorem 4.3)) or an elliptic curve (Theorem 5.4Theorem 5.5[Theorem 5.2 and [Theorem 5.3)).
In the remaining case (hyperelliptic curve), we describe a subset of codimension 3 in the space of
meromorphic affine connections extending the work by Klingler ([8]). However,
we prove that there is no non-trivial quotient of such meromorphic affine surface .
So there a no new examples arising from these principal elliptic bundles. These results can be
compared to the result of [6] to obtain:

Theorem 1.1. Any meromorphic affine surface with a(M) = 1 endowed with a meromorphic
affine connection also admits a flat affine holomorphic connection.

As an example, no K3-surface with a(M) = 1 admits a meromorphic affine connection.

1.3. Organization of the paper. The paper is organized as follows. In[section 2] we recall the
notion of meromorphic affine connections. Infsection 3|, we collect classical facts from the work of
Kodaira on elliptic surfaces that will be used in the rest of the paper, and prove [Theorem 3.1 and
reducing the problem of classification to the one of meromorphic affine principal
elliptic bundles and their quotients, as explained above. Then, in [section 4)jsection 5| we classify
meromorphic affine complex compact surfaces of algebraic dimension one arising as quotients
of principal elliptic fiber bundles over P! or an elliptic curve. In we treat the case of
an hyperelliptic base curve. We give a description of a codimension three subset in the space
of meromorphic affine connections on the corresponding principal elliptic bundle, in terms of
meromorphic differential operators, and prove that no other examples arise from a quotient of
such meromorphic affine surfaces.

2. MEROMORPHIC AFFINE CONNECTIONS AND MINIMALITY

2.1. Meromorphic connections and linearizations. We begin by notations and definitions.

Let M be a complex manifold and D = Y n,D, an effective divisor of M, where n,, is an integer
ael
and D, is an analytic hypersurface of M. In the rest of the paper, we will denote by TM the

sheaf of holomorphic vector fields, Q}, the sheaf of holomorphic one forms. For any o € I and
ko € Z, Opn(koDy) will stand for the sheaf of local meromorphic functions on open subsets
U C M such that, if z; is an equation for U N Dy, then zf“f € On(U).

We then define:

(1) Ou(D)= |J Om(D_kaDa)

(ka)eZ! ael
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as the sheaf of local meromorphic functions which are holomorphic when restricted to M \ D.
Given any morphism ¥ : M — M’ of complex manifolds, ¥* (resp. ¥,) stands for the pullback
functor for sheaves (resp. the pushforward).

Definition 2.1. Let M be a complex manifold and £ be a Op/-module. A meromorphic connection on
M with poles at D is a morphism of C,,-sheaves:

V & — QL ®E&kD)
satisfying the Leibniz identity:
VieOn(U),Vse&EWU), V(fs)=df @ s+ fV(s)

Definition 2.2. Let G be a group and M be a complex G-manifold with right (resp. left) action. Let
€ be a Op-module. A right (resp. left) G-linearization of € is a family (¢,)4ec of isomorphisms:
py  E — g*€
with the property:
Vg,9' € G, gy = g/*(ég) 0 Py

A G-linearized Op-module is a pair (&, (¢g)gec)-

In the case of a discrete group G, a Op-module with a G-linearization is a G-equivariant
Opr-module as defined in [7]. In this case, if M = G\M is a complex manifold, then, denoting
by q : M — M the quotient map, G acts naturally on ¢.£(U) for any U C M. Hence, there
is a functor from the category of G-linearized Op/-modules to the one of O-modules mapping
(€, (9g)geq) to the sheaf:

(2) &= (Q*g)G

of G-invariant sections. It is an equivalence of categories in the case where the action of G is
free ([7], Proposition 2.2.5).

Definition 2.3. (1) Let M and M’ be two complex manifold, D’ an effective divisor of M’ and V'
be a meromorphic connection on a Oj;-module £ with poles at D’. Let £ be a Op;-module,
f M — M’ a isomorphism of complex manifold and ¢ : £ — Oy @ f*E’ an isomorphism of
On-modules. The corresponding pullback (f, ¢)*V’ of V' is the meromorphic connection V on
& with poles at D = f*D’ defined by the commutative diagram:

(3) £ v 0, ® E(xD)

@l Tdf*@ap_l

where:
o df : TM(xD) — Opn® f*TM’'(xD’) is the sheaf-theoretic differential of f
e f*V’ is the extension of the sheaf-theoretic pullback f*V’: f*& — f*Q}, ® £'(xD’) by
the Leibniz rule to Oy @ f*&’.
(2) Let (&,(¢g)gec) be a G-linearized Opr-module. A meromorphic connection V on € is invariant
by (¢g)geq if (9,04)*V =V for any g € G.

Since a holomorphic connection on a Op-module can be alternatively described as a global
section of Hom(&, J'E) splitting the jet-sequence of € (see [1]), the correspondance between
linearized sheaves and sheaves on the quotient immediately implies the following:
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Lemma 2.1. Let g : M — M’ be a ramified cover between two complex manifolds, with Galois
group I' C Aut(M). Let ®r = (¢y)yer be a I'-linearization of a locally free Opr-module E.
Consider the locally free Opp-module € = (¢.€)®" and the natural inclusion:

Id:(’)M®q*§<—>€

Suppose the existence of a holomorphic connection V on & which is invariant through any ¢~
(v €T). Then:

(1) If q is unramified, then there exists induces a (unique) holomorphic connection V' on €
such that the pullback (q, 1d)*N" (see|Definition 2.5) coincides with V when restricted to
qE. B

(2) If q is finite, then there exists a unique meromorphic connection V' on &, with poles
supported on the ramification locus, such that the pullback (q, Id)*V' coincides with the
restriction of V to ¢*E.

Proof. (1) Consider the restriction V' of the morphism of C,,-sheaves ¢.V to the subsheaf
€. It satisfies the Leibniz identity, and by definition of (v, ¢,)*V = V (Definition 2.3)),
the invariance of V by the linearization ®r implies that V' restricts as a morphism:

Vi & — (¢,
Now, we have a natural inclusion of sheaves:
(4) QJl\/l’ ®E&= (Q*Q}W)F ® (Q*g)r - (Q*QJI\/[ ® g)F

where the right handside is the subsheaf of invariant sections through the linearisation
obtained by tensorizing the isomorphisms (dvy*),cr and (¢-),cr. Since g is unramified,
we have
Ou @ ¢Onr =On
M/’
and since I' acts freely, we also have (see [7], Proposition 2.2.5):

Ou®qg&E~E

Hence the pullbacks of the vector bundles corresponding to the left and right handside
of coincide. Hence Q}, ® & = (¢.Q}, ® €)Y, so that V' is in fact a holomorphic
connection on €. Its pullback through (g, Id) coincides with the restriction of V to ¢*&
by construction.

(2) The restriction of g to the complement of its ramification locus S C M is an unramified
cover glaps : M\'S — M’'\ S’ By (1), we get a holomorphic connection V' on €|y g
whose pullback through (¢|an g, Id) coincides with the restriction of V|yn g to ¢*Elppn s-
Denote by j the inclusion of complex manifold of M’\ S" in M’. It remains to prove that
J« V' restricts to the subsheaf € C j.&| g = (J+Onng) ®E as a morphism with values
in the subsheaf Q}W ® E(x8"). Tt is sufficient to prove this property for the restriction of
(€,7.V’') to any complex submanifold ¥ C M of dimension one. Therefore, we assume
from now on that ¢ is a finite cover between two complex curves M, M’. Pick x € S and
y = q(z). Since I is finite, there exists a generator v € I' leaving a neigborhood U of z
invariant, and local coordinates z, 2’ at neighborhoods of x and y such that:

q(z)=z"and vz = em 2
for some integer m > 1. Moreover, V is a flat connection on &, so there is a local
trivialization of £ at a neighborhood U of x such that V identifies with the de Rham
differential d on OF" (r stands for the rank of £). By the invariance of V through ®r,
the automorphism ¢, maps the kernel QE‘?T of d to its pullback V*Q@T. It is therefore
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given by a constant linear transformation. Since = is of finite order, up to applying a
constant linear change of trivialization, this linear transformation is diagonal with roots
of the unity as eigenvalues, that is ¢, corresponds to the isomorphism:
Oy (’)?j’” — *(’)@T
2im 2kpim 217r

2kqim
(f1(2)s o Jr(2) = (e file ), e fulem 2))
with kj € {1,...,m}. Hence, the restriction of ¢*€ to U is the subsheaf of r-uples of the

form:
s=(2"Fgi(z™),..., 2" Frg. (™))
for some holomorphic functions gy, ..., g, on 2™(U). Then, through the trivialization of
E|u just defined:
—k —k
V(s)=dz® (uzm*k“lgl(zi"), e Mzm”“’lgr(zm)) +q*(dZ) @ &

z z

for some s" € ¢*E£(U). We can rewrite this section as:

mek1 szkr
V(s) = ¢*(d2’) ® ( hi(z™), ..., Thr(zm))
for some meromorphic functions hq,...,h, on z™(U) with poles along 2" (x). Hence

V(s) is a section of (2})! ® ¢*€|y(*x). This being true for any z € S, and since
Q:]Lw/ — (q*Q}W)F, we get:

§<V'(E) c Qi @ E(xS")
as required. This exactly means that V’ defines a meromorphic connection on £, and

this connection satisfies the pullback property by construction.
O

2.2. Meromorphic affine connections and pullback. We introduce the meromorphic geo-
metric structure considered in this paper:

Definition 2.4. Let M be a complex manifold and D an effective divisor of M. A meromorphic affine
connection on (M, D) is a meromorphic connection on T'M with poles at D.

The pullback defined in defines the category of meromorphic affine connections,
with arrows given by the pullbacks through (f,df) for f an isomorphism of complex manfiolds.

Lemma 2.2. Let ¢ : M —> M be a morphism of complex manifolds of the same dimension.
Let V be a meromorphic affine connection on M and V= V. Let ¥ be an automorphism of
M and ¥ an automorphism ofM lzftmg W through q.

Then W*V =V if and only if v = V.

Proof. Since U is the lift of ¥ through ¢, we have the following commutative diagram:

(5) TM Oy © ¢*TM

d\i/l l@*@d\p

The equivalence asserted is then a direct consequence of the diagram defining a pullback m

nition 2.3).
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2.3. Algebraic dimension and general property of elliptic surfaces. Let M be a compact
complex manifold of complex dimension n > 1. Moishezon proved that the field of meromorphic
functions C(M) is a field of finite transcendancy degree over the field of constant functions
C. This degree is called the algebraic dimension of M and denoted by a(M). In particular
a(M) < n, and there exists a bimeromorphic map ¥ : M — M’ and a holomorphic map

(6) 7:M — N

onto a complex compact manifold of dimension a(M), with the property C(M) = 7*C(N). In
this paper, we will focus on complex compact surfaces with a(M) = 1.

A elliptic surface is a holomorphic fibration M — N of a complex compact surface over a
(compact) complex smooth curve, such that for a generic y € N, the fiber M, := 7 1(y) is a
(smooth) complex torus.

We recall the following result from Kodaira ([10]):

Theorem 2.1. Any compact complex surface with a(M) = 1 is the total space of an elliptic
surface given by the algebraic reduction map @

Moreover:

Theorem 2.2. Let M — N be an elliptic surface with a(M) = 1. Any divisor D of M is of
the form D = 7*C for some divisor C of N.

Proof. See [10], Theorem 4.3. O

Now, let M =5 N be a general elliptic surface. Let (y8)ges denote the set of points in N
such that the fiber M,, of 7 is not a smooth elliptic curve. For any local coordinate z5 on N
centered at yg, there exists an integer mg > 0 and an equation fz for My, with

(7) fs=(zgom)™
The corresponding yg are the singular points and the above integer will be called the multiplicty
of yg (resp. of the singular fiber M,,), according to the work of Kodaira ([10]).

Proposition 2.2.1. Let M — N be an elliptic surface, (yg)ges the singular points and N’
their complement in N. Then:

(1) For any y € N', there is a neighborhood U of y in N', and a holomorphic function
7:U — H such that :

7T_1(U) ~ UXC/<¢1,¢2>
where z1, zo are global coordinates adapted to the natural fibration and:
(8) VY1(21,22) = (21,22 + 1) and (21, 22) = (21,22 + 7)

(2) There exists a global holomorphic function 7 : N’ — H on the universal cover of
p: N' — N’, such that for any y € N, and any 7 as in 1., T = 7 o s for some section
of p near y.
Proof. (1) See [11], (10.9)
(2) See [11], Theorem 7.2
O

Recall tat for any 7,7’ € H, the tori C/Z & 7Z and C/Z & 7'Z are isomorphic exactly when
7,7 lie in the same SLy(Z)-orbit in H, through the action:

(a b) _ar+b
c d T._CT-Fd
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Since the action is free, there exists an associated representation p : 71 (N’,y) — SLs(Z) such
that:

(9) F(y-9) = p(y) - 7(9)
for any ¢ € p~(y) and v € 7 (N, ).

The associated local system over N’ is called the homological invariant of m by Kodaira. The
following facts can be recovered from [11]:

Proposition 2.2.2. Let M — N be an elliptic surface, and N' (resp. M') the complement of
its singular points (yg)gecy (resp. its singular fibers in M ). Then:

(1) If J # 0 or the genus g(N) > 1 then the universal cover N is an open subset of C and
HY(N'",0,) = {0}. By|Proposition 2.2.1} this implies M' = N’ x C C C? and we let
(21, 22) be the canonical coordinates on C2.

(2) Let y € N'. For any v € m1(N',y), the corresponding automorphism of N lifts canon-
ically to an automorphism ¢~ of M', normalizing the subgroup spanned by ¥1 and s
(see (8))

(3) In the case J # 0 or g(N) > 1, let v € m(N',y) and ¢, the automorphism of the
universal cover of M' as in 2. There exists a constant p, € C* and a holomorphic
function f, on N’ such that:

oy P 5
(10) 0y (21, 22) = (7 21, 677:(21;—1—617 2+ fy(21))

where p(y) = (a7 Z:) (see (9))-

Cy

(4) The pullback (see through the universal covering p : M’ —s M’ induces

a bijection between the set of meromorphic affine connections on M’ and the set of
meromorphic affine connections V on M' satisfying:

(1) WY =ysT =9 =¥
for any v € m(N',y), where ¥,y are defined as in|Proposition 2.2.1}

Proof. (1) In either case, N’ is isomorphic to P!, C or H. If N’ = P!, then N/ = N’ = P!
since N is compact, so that J = (). The converse is clearly true. Now if J # (), necessarly
N’ is not P!, whence the assertion.
(2) Consider the complex manifold M’ = N’ ]i]</ M’ fitting in the following diagram:

(12) ey

N PN

where p’ is the projection on the second factor, 7 the projection on the first one. Then
M’ is clearly isomorphic to the universal cover of M’. We denote by [7, x] the class of
(7,x) € N' x M in M.

For any v € m1(N',y) denote by @, the corresponding automorphism of p/. Then:

(13) ?,([9,2]) = [#,(9), 2]

define an automorphism @, of M’ compaptible with p and 7. Then ©- lifts to an unique
automorphism ¢, of the total space of the universal cover M.
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(3) Let (21, 22) be coordinates OIL]\Z, = N’ x C, and 7 as in [Proposition 2.2.1} 2. Consider
again the complex manifold M’ as in the proof of 2. By the proof of [Proposition 2.2.1|
1., we have a canonical isomorphism of elliptic fibrations

M ;> N’ X C/<¢1,w2>
where 11, 19 are the automorphism defined by:
(14) Y1(z1,22) = (21,22 + 1) and  ¢a(z1, 22) = (21,22 + 7(21))
Let %, be the lifting to M’ of the automorphism of N’ corresponding to v € 7 (N, y)
(recall that ¢, is the lifting of %, to the universal cover M’ of M"). Let § € N' with
P () =y, and 21 = 21(§). Then, by @D and the above biholomorphism, we get that the
Tltiplication by m € C* induces a biholomorphism between the fibers M’ and
M5 o
Now, recall that the automorphisms A(M'j) are described by the exact sequence:

where Z/ngZ corresponds to complex multiplications by a ng-th root of the unity induc-
ing an involution on the elliptic curve (ng < 6) and M’; is identified as the subgroup of
translations on itself.

Since @, is an automorphism of the elliptic fibration 7 : M’ — N’, the above remarks
imply the existence of a holomorphic function x, on N, and a holomorphic section 77
of 7 such that:
py(21)

Vi € N/, V2 € C, B S A ) + 4y
21 € , vzg € 907([21”22]) [7 1 077:(2’1) +d,

2] + f(21)

In pafticular, fiy is a constant, and since H 1(N ", Oxr) :N{O}’ ?7 lifts to a section of
7 : M’ — N’, that is a holomorphic function f, on N’. Then ¢, is exactly the
automorphism described in the statement.

(4) If V is a meromorphic affine connection on M’ satisfying , then in particular it is
invariant through the Galois group of the universal covering p : M’ — M’ as in .
Thus, using we have V = 7"V for some meromorphic affine connection on
M’. Since the automorphisms ¢ are the lifts of the elements ®,, of the Galois group of

the covering p/, we also have V = PV for some meromorphic affine connection on M’,

that is V = p*V.
Reciprocally, suppose that V = 5V for some meromorphic affine connection V on
M'. Then applying to the lifts 11, 92 and ¢, of the identity of M’ gives (11).
O

We will therefore use these well-known following facts about elliptic surfaces, due to Kodaira
[11]. First, recall that given divisors Dp, D2 on a complex compact surface M, there is a well
defined intersection number:

Dl . D2 =C (Dl)cl(Dg)
where c¢1(D) € H'(M,Z) stands for the first Chern class of the line bundle O/ (D). An excep-
tional curve is then a rational smooth curve C in M such that C - C' = —1.

Theorem 2.3. Let N be a smooth complex curve, J : N — SLo(Z)\H and G a sheaf of
subgroups of SLy(Z) as above. Then:

(1) There exists a unique (up to biholomorphisms of elliptic surfaces) elliptic surface B —
N with invariants J,G and a global holomorphic section, called the basic member.
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(2) Any minimal elliptic surface M’ ™\ N with invariants J,G and no multiple singular
fiber is locally isomorphic to B.

Proof. This immediately follows from Theorem 10.1 in [11].
([

2.4. Minimal model for meromorphic affine complex surface with algebraic dimen-
sion one. By a well-known result of Grauert (see [2], Theorem 7.1), if C' is an exceptional curve,
then there exists a complex compact surface M1, and x1 € M; such that M is isomorphic to the
blow-up at xo of M:

o: M — M1

and o(C) = {z1}. In this case a(M;) = a(M), the restriction of o to M \ C' is an isomorphism
onto Mj \ {z1} and o maps any fiber of the algebraic reduction of M to a fiber of the algebraic
reduction of M;. Given a complex compact surface M, there is a finite number of exceptional
curve, and thus composing the maps o obtained as above we get a map:

0'02M—>M0

which restricts as an isomorphism between M \ Cp, where Cj is the union of the exceptional
curves, and My \ {x},..., 28} where the z} are points. Again a(My) = a(M) and My will be
called the minimal model of M.

In particular:

Lemma 2.3. Let M be a complex compact surface endowed with a meromorphic affine connec-
tion V, with poles at D. Suppose that M contains an exceptional curve and let o : M — My
the minimal model of M. If a(M) = 1, then there exists a meromorphic affine connection V|

on My such that V = o5V (see|Definition 2.5).

Proof. First, using the inverse of the restriction of oy to M \ Cp, we obtain a meromorphic affine
connection Vo on My \ {x},..., 28} such that 0§V is the restriction of V to M \ C.

It remains to prove that Vj extends as a meromorphic connection in a neighborhood of
any z}. For, let Uy be a neighborhood of zf) such that T M|y, is trivializable. Then sections
of TM(xDy)|y, identify with vectors of meromorphic functions on open subsets of Uy. Let
j : Up\ {zh} — Up be the inclusion. The Hartogs’ extension theorem thus implies that the
restriction morphism:

p: TM(xDo)|vy — Ju(T'M (Do) )\ (i })

is an isomorphism of Op,-modules. The same property holds for the restriction morphism:
P’ : Qlljo ® TM|U0 — j*(Q%]O\{xg} ® TM(*DO)’UO\{xg})
Hence, there is a morphism of Op,-modules Vj such that the diagram:

Vo

T M (+Do)lu, Qyy, ® TM (+Do)|u,

| w

Jx (TM(*DO)‘UO\{l‘é}) ﬁ) j*(Q%jo\{mé} ® TM(*DO)|U0\{x6})

commutes, where j.Vy is the sheaf-theoretic pushforward of the morphism V. Since V satisfies
the Leibniz identity, the same holds for V. Such an extension is clearly unique, and defines a
meromorphic affine connection on Mj.

O
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3. REDUCTION TO THE CLASSIFICATION OF PRINCIPAL ELLIPTIC SURFACES

By we can restrict ourselves to the classification of minimal complex compact
surface of algebraic dimension one endowed with meromorphic affine connections.

We now prove that the functional invariant of such a minimal elliptic surface is constant, hence
this is a principal elliptic bundle up to a finite ramified covering. This reduces the problem of
the classification to the classification of meromorphic affine principal elliptic bundles and their
quotients.

3.1. Reduction to isotrivial elliptic surfaces. Let (M, D, V) be a meromorphic affine com-
plex compact surface with algebraic dimension one, and M — N the corresponding elliptic
surface. Our aim is to prove that this is an isotrivial surface, meaning the functional invariant
T is constant.

Let S (resp. S) be the union of the singular fibers (resp. the singular points) in M (resp. N).
In view of [Proposition 2.2.2}(1), we can and do assume that J # () or N # P!, otherwise M is a
Hopf surface, hence a principal elliptic fiber bundle over N. Let M’ = M\ S (resp. N’ = N\ S),
M= N x C ™22 N7 with adapted global coordinates (21, 22) as in [Proposition 2.2.2 (1).
This is the total space of the universal covering p’ : M’ —s M.

We let V/ = p/*V, a meromorphic affine connection on M’ with poles D’ supported on fibers

of ' by [Theorem 2.2, Moreover, reemploying the notations from [Proposition 2.2.2} it is both
invariant through the automorphisms:

(15) wl(zl,ZQ) = (21,22 -+ 1) and wg(zl,ZQ) = (21,22 + T(Zl))

and the automorphims (¢ ) e, (n7,y,) defined as in ([10)).
Now we observe:

Lemma 3.1. Let g be a global holomorphic function on C with g(z + 1) = g(z) for any z € C.
Suppose that there exists v € H and p € C such that

(16) VzeC, g(z+v)=g(z) + 1
Then g is constant and p = 0.

Proof. The 1-periodicity is equivalent to the existence of a holomorphic function on C\ {0} such
that g(z) = g(e*™) for any z € C.
Then the property implies

(17) g(hu) =g(u) + p

v satisfies 0 < || < 1. Derivating this relation in u implies g’'(Au) = ?E\u). But
7 is a Laurent series at 0, with residue 0. Since [A| < 1, A*71 # % except for n = 0, and the
identity implies ¢ = 0. Hence g is a constant, and the same holds for g. In particular

w=0. O

where \ = %

Corollary 3.1. Let (M, D, V) be a meromorphic affine complex compact surface with algebraic
dimension one, and let (M’', D', V') be as above, with homological invariant 7. Let (z1,22) be
adapted global coordinates as above and (6%1, 3%2) (resp. (dz1,dz2)) the corresponding trivialisa-

tion of TM' (resp. Q% ). Then either ' =0, or V' has matriz:

(18) 12 (g o) * 422 (acn o)

for some holomorphic functions a,b,c,d on z(N') C C.
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Proof. We assume 7’ # 0. Let ( fij> 9ij)ij=1,2 be the meromorphic functions on M’ such that the
matrix of V/ in (8%1, 8%2) is:

fi f12> (911 912)
19 d d
( ) ae (f21 f22 * 29 g21 922

Recall that, given any automorphism ¢ of M’, the pullback *V’ is described by a commuta-

tive diagram ([Definition 2.3)). The differential of the automorphism ; from corresponds,

through the trivialisation (8%1, 8%2), to the post-composition by 1 of functions. In particular,

by [Theorem 2.2 the invariance of V' through 11 implies that the restrictions of (fi;, gij)i j=1.2

on a generic fiber of 7’ are 1-periodic holomorphic functions. ~
Now, by definition of the pullback, the identity 8i_n/)§V’ = %JV’ rewrites as:

22

gi2(21, 22 + 7(21)) ' = gi2(21,22)
gii(21, 22 + 7(21)) + (=1)'7'(21)g12(21, 22 + 7(21)) = gii(21, 22)
(20) 921 <Z1, 29 + T(Zl))(zl, 29 + 7’(21)) = ggl(zl, 22)

+7'(21) (911 — 922) (21, 22 + 7(21)))
—(7'(21))g12(21, 22 + 7(21))

Since 7/ # 0,the first line implies that the restriction of g1 to a generic fiber is a holomor-
phic elliptic function, that is a constant, i.e g12(z1,22) = gi2(21). Now, the second line and
the previous fact show that the restriction of g; to a generic fiber satisfies the conditions of

hence g12 = 0 and g;;(z1, 22) = ¢4i(z1). This in turn implies, together with the third
line, that the restriction of go1 to a generic fiber satisfies the conditions in so that

g11(21) = g22(21) and ga1(21, 22) = a(z1).
Now, we can rewrite similarly the system of functional equations corresponding to %_ﬂ/@ V' =

B%IJV’, taking in account that

_9 9
N 822 021

Since gi2 = 0, the first line will be indentical to the one of (20)), that is fi2(z1,22) = fi2(z1)-
Then the second line show that f;; satisfy conditions of so that fi;(21,22) = fii(21)
and fio—g11 = fia+g22 = 0, while g11 = goo by the previous facts. Hence g11 = goo = 0. Finally,

as before, the last line show that fo; satisfy conditions of ie. for1(z1,22) = fa1(21).
U

0
dw%‘(%%) +7'(21)

Theorem 3.1. Any meromorphic affine complex compact surface of algebraic dimension one is
an isotrivial elliptic surface.

Proof. We reemploy the above notations, and will describe explicitely the identity

for any generator v of w1 (N, yp).
First introduce the following notations. We let g, be the function of z; corresponding to the
matrix of the differential of the automorphism of N’ corresponding to . We also let:

_ o
(21) Oy(21) = ca,T(zlg +dy

where (i, ¢y, dy are defined as in [Proposition 2.2.2]




ON THE CLASSIFICATION OF MEROMORPHIC AFFINE CONNECTIONS ON COMPLEX COMPACT SURFACHS

We first prove that the above identity implies 5;(21) = 0. Indeed, the matrix of dy, in the

basis (6%1, 8%2) and (@:%,g@%) is:

_ 9(21) 0
(22) ¢= (225’7(217) —:f;(m) 57(Zl)>

In particular:

: “ o
(23) 74071d0 — 5"(2 ) 5/'%; ;19/ (Z ) 5! (Z ))
921 236y — T een) TAE) T

for some meromorphic function h on z;(N’) € C. Recalling the definition of the pullback

(Definition 2.3)), and focusing on the coefficient ¢(21) of the matrix of V' (see|Corollary 3.1, the

invariance by ¢, leads to:

8 (= 8 (2 8 (2 ! (z 8 (=
(29) (3 — FEb0r =) + Rigely - 21) - BT () 2eg) + hiz) = (=)

for some meromorphic function h on z(N’). In particular:

! g- (21) 1" d. (21) _
2 emVw). EEEEES = o
Now we fix a set ((Va)ael, (Ye,1s---1Ye,29)e=1,2) of generators for mi(N', yo), where 7, is ob-
tained from a loop containing the singular point y, in its bounded component, and 7, ...,724

span 71 (V) (g = g(N) is the genus). We prove that there are two possible cases:

a) 7 is constant.
b) For any o € I, ¢, = 0.

Indeed, assume 7 is not constant and pick o € I. Clearly, c,, # 0 implies that 5’7’a6£m #*
0. Hence, in view of , either ¢,, = 0 or gim = 0. Now, considering a suitable Mo6bius
transformation ¢ in the connected component of PSLy(R), and replacing the coordinate z; by
2] = ¢ o z1, the equation remains true when replacing 7 by 7 =70 ¢!, ¢/ by the matrix
of the differential of ~,- in the basis a%i which can be picked out non-zero, and keeping the same

Cy, (since T have the same monodromy as 7). Hence necessarly c,, = 0.
Now we prove that case b) can’t happen in our situation. Indeed, it is known that there are
generators (Ya)acr and (Ve j)j=1,..,g s above such that:

e=1,2

(26) 157251 = [
j=1

acl

But property b) means that the monodromy of 7 is a representation p with values in the abelian
subgroup of translations in SLy(R). In particular, implies that the composition of the im-
ages p(7Yq) is trivial. Moreover, following the proof of Theorem 7.3 in [I1], these are translations
by bo > 0. From the previous remark, the sum of these positive integers is zero, so that b, = 0,
that is A, is the identity for any a € I.

By Theorem 7.3 in [II], this implies that the functional invariant J have no pole on N. It is
therefore a constant meromorphic function. As a consequence, T is constant.

O
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3.2. Reduction to elliptic fiber bundles. We now prove that the classification reduces to the
one of meromorphic affine elliptic fiber bundles over complex curves, and their finite quotients.

From now, assume that M —— N is a minimal elliptic surface, of algebraic dimension one,
with singular fibers S = 771(S), endowed with a meromorphic affine connection V with poles
D. By its invariants are constants. Since N is a smooth compact complex curve,

its is clear that there exists a finite cover N —%3 N , ramified at S, such that the elliptic surface
M =5 N obtained from the diagram:

(27) M=MxN"—sM
N L
N _ N

q

where ¢ is the restriction of the first projection, and 7 is the restriction of the second projection,
is an elliptic surface without multiple singular fiber. Its invariants are respectively J=1Jo q
and ¢*G, that is respectively a constant and a constant sheaf.

We get:

™

Theorem 3.2. There is a surjective functor from the category of objects of the form (M —
N,V,T) where:

o M s Nisa principal elliptic bundle of algebraic dimension one through its algebraic
reduction.

e Visa meromorphic affine connection on M, with pole ﬁ,

o T is a finite group of automorphisms of the elliptic surface M —=s N and of the mero-
morphic affine connection @, with smooth quotient.

to the category of minimal meromorphic affine surfaces (M — N,V) with a(M) = 1. This
functor maps (M — N,V,T) to (M,V) where:
o M = F\M, N = T\J\Af and T is the subgroup of finite automorphisms of N covered by
an element of T,
o V is the meromorphic connection on TM = (q*T]W)F with poles at D = q(D), obtained

by applying to the quotient map q : M — M corresponding to the action of
Ir.

Moreover, given any (M,@,F) in the first category, any v € I lifts to the universal cover
p: M — M as an automorphism:

(28) (21, 22) = (6 - 21, prze + f5(21))

where § is the lift of an automorphism éc Aut(N) to the universal covering N, u € C* and fs is
a holomorphic function on N, and (21, z2) are coordinates on M C C? as in [Proposition 2.2.2,

Proof. We begin by proving the equivalence of categories. Suppose that (M N ,@,F) is
an object and (M, V) its image as in the statement. First, we prove that M is of algebraic
dimension one. Indeed, suppose that f is a meromorphic function on M. Then f = foqis
an element of 7#C(N). By definition of M —=+ N, f is thus an element of 7#C(N). Also, M
is a minimal surface. Indeed, if C' is an exceptional curve, then ¢*C = C' is a smooth rational
curve in M , contained in a fiber of 7, which can’t be a principal elliptic fiber bundle. Hence,
the functor is well-defined on objects and extends as a functor for the obvious choice of arrows
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(namely T-equivariant isomorphisms of meromorphic affine connections and isomorphisms of
meromorphic affine connections).

Now, if (M,V) is an object of the target category, then we define M % N asin (127)

and V = ¢*V. We prove that M T Nisa principal elliptic bundle. First, recall that the
invariants are respectively a constant for the functional invariant and a constant sheaf for the
homological invariant. The basic member B associated to these invariants (see
is B=N x C/A for some lattice A. Moreover, M is a minimal surface. Indeed, suppose the
existence of an exceptional curve C in M. Since the algebraic dimension of M is one, the proof
of Theorem 4.2 in [I0] implies that C is a singular fiber of #. But then its image C' through
q would also be an exceptional curve. Indeed, the restriction of ¢ to the support of Cis a
biholomorphism, so C' is a smooth rational curve. It is also a singular fiber of the minimal
elliptic surface M. By the proof of Theorem 6.2 in [I1], we must have C'- C' < —1. In one other
hand, since q is a finite cover, we also have

—1:é-é:deg(NC):kC-C

for some positive integer k, hence C'- C' = —1 contradicting the minimality of M. From the
point 2. of the M is locally isomorphic, as an elliptic fibration, to B. Hence, M
has no singular fiber. Up to considering a finite cover, M =5 N is therefore a principal elliptic
fiber bundle. Finally, setting I' as the (finite) group of automorphisms of g, we get an object
mapping to (M, V).

Now let’s prove the formula . Let ¥ be an automorphism of 7. It covers an automorphism
0 € Aut(N) and we define § € Aut(N) as its lift to the universal covering p : N — N. By
construction, any lift ¥ of ¥ to the universal covering M is an automorphism of C-principal
bundle covering 4.

Consider the covering § : M — M, where M = M X N, obtained as in the proof of
N

IProposition 2.2.2l Any element of M is of the form [§),z] for some 2 € M and § in N. Recall
that M is also the universal covering of M. Moreover, W lifts canonically to an automorphism
W of M defined by:

(29) U([g,]) = [0(9), ¥(2)]
Then the formula follows as in the proof of point 3. of |[Proposition 2.2.2|

4. PRINCIPAL ELLIPTIC SURFACES OVER PROJECTIVE LINE

We begin to apply the strategy proposed in the last section, with the case N =P We
first describe the compact complex surfaces which are principal elliptic bundles of algebraic
dimension one on N, namely the Hopf surfaces with a(M ) = 1. This description is in terms
of the universal cover M = C?\ {0}. Then we classify meromorphic affine connections on M
Theorem 4.2)). Finally we prove that a non trivial finite group of Aut(#) has no fixed curve
Theorem 4.3|), any minimal meromorphic affine surface M with a(M) = 1 arising from a Hopf
surface through the construction is again a Hopf surface.

4.1. Hopf surfaces of algebraic dimension one. Recall the following characterization of
Hopf surfaces among elliptic surfaces (see for example [2]):

Theorem 4.1. Let M be a complex compact surface. Then the following assertions are equiv-
alent:

(1) M is a Hopf surface with algebraic dimension one
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(2) The universal cover of M is C2\ {0} and M is of algebraic dimension one
(8) There exists A € C* with |A\|¥ — 0, an integer d > 1 such that the following diagram

commutes:
(30) Cc2\ {0} 22—~ 01
p1 \L J{T(
Pl Pl

where pq is the quotient map corresponding to the action of Tq = ((21, z2) — (Az1, )\522))
on C?\ {0} and p; is the bundle map for the tautological bundle of P!.

The Hopf surface corresponding to some fized X and d > 1 will be denoted by M.

As an example, the original Hopf surface is My for A = %

4.2. Meromorphic affine elliptic bundles over the projective line. Let M be a principal
elliptic bundle over N = P!, with algebraic dimension one. By there exists
A€ C* d> 1 such that M = My using the previous notation. In particular, the universal cover
p: M — M identifies the field of meromorphic functions on M with (C(j—éli), where (z1, 22) are

the canonical coordinates of C? restricted to M = C2?\ {0}. From now on we identify C(M)
with C(X) through this isomorphism.

Theorem 4.2. Let M, A € C* and d > 1 be as above. Denote by A the affine space A of
meromorphic affine connections on M. Then:

(1) There is an isomorphism of affine spaces:

(31) C(X)* x C(Xx)* — A
(P(X),Qij(X))ij=12 +— p(Vp, Qi)
where p is the map sending any meromorphic affine connection on M invariant by the
Galois group of p to the meromorphic affine connection on M constructed z’n
and: Vp,;,,; is the meromorphic affine connection on M whose matriz in (5., 7,-) is:
d d—1 d—1 d
Pi1(2)22  Po(2)2 21) %2 z1\ %2
(32) ine | HF Pl A +dne ) o Qm(zg)zjll
Pu(Zi) P53 Qu(Z))3E  Qu(f)%

(2) In particular, there exists non-flat meromorphic affine connections on any Hopf surface
of algebraic dimension one, and exactly one holomorphic affine connection on any such
manifold, that is the standard affine structure.

Proof. Pick a meromorphic affine connection V on M let V be its pullback on C2\ {0} through
P (see [Definition 2.3). Then V is by construction a meromorphic affine connection on C2\ {0},

which is T4-invariant, and there are meromorphic functions (fi;, gij)ij=1.2 on C*\ {0} such that

the matrix of V in (8%1’ B%Z)is:

i f12> (911 912)
33 d d
(33) a1 (le f22 Todn® 921 922



ON THE CLASSIFICATION OF MEROMORPHIC AFFINE CONNECTIONS ON COMPLEX COMPACT SURFACHS

The invariance of V by the Galois group of p is equivalent to the system of functional equations:

)\1 fii()\zlaAEIZQ) = fii(z1,22)

>\31 f12(>\21,)\‘112’2) J12(z1, 22)

(34) )\2_13 f21(/\Z1,)\1dZ2) = for(z1,22)
)2\3 gii()\zl,)\ﬁl@) = gii(z1,22)

Aa7hogia(Az1, Aize) = gia(z1, 22)

A gar(Az, )\522) = g21(21,22)

Now, it is straightforward that the functions ( ?j,g?j)m:LQ given by setting Pj; = Qi = 1

in (32)) define a solution of the above system. Given any other solution (f;j;,¢ij)ij=1,2), the

quotients h;; = % and k;; = % are clearly elements of ¢#C(M). Hence V = p(@pij,Qij) for
ij ij

some P;j,Q;; € C(X). Reciprocally, given any elements Pj;,Q;; € C(X), the meromorphic

connection Vp,. g, on C2\ {0} is invariant through the action of the Galois group of j, so by

there exists a unique V on M with p*V = V Pij.Qij-

The curvature of the connection V = V P;,Q:; can be computed explicitely. As an example,
0 o)

for Qi; =0, P = 5%1 the matrix of the curvature Rg in the basis 9o 95 1S

0 O
dA+ANA=dz; Ndzx ® (12 0) #0

2]

whence the assertion.

However, when V; is holomorphic, then P = Q;; = 0 that is V is the standard affine
structure on C2. U

4.3. Quotients of meromorphic affine Hopf surfaces.

Theorem 4.3. Let (M, V) be a minimal meromorphic affine surface with a(M) =1 and suppose
that the finite covering M from 7)) is a principal elliptic surface over P*. Then M = M and
(M, V) is classified in|Theorem 4.2,

Proof. Let I' be the Galois group of ¢ : M —s M and T the Galois group of G : N — N.
Suppose that § (and so ¢) admits a ramification point yz € N. By definition of ¢, this means
that there exists on M a multiple fiber S5 = 77 !(ys) and a non-trivial element € € I' fixing
S5 = ¢ (Sg). Then S is the curve obtained as the quotient of {z; = 0} or {23 = 0} in the
univeral cover C2\ {0} of the Hopf surface M = My (see . These are precisely
the inverse images of 0 and oo through 7 : M — N = P!. Without loss of generality (up to
exchanging z; and z3), we suppose that S’g is the quotient of {z; = 0}. This implies that the
automorphism € of N covered by e is an element of Aut(C) C Aut(P'). In particular, e lifts to
the universal cover C?\ {0} as an automorphism € of the form:

€(z1,22) = (p(azy + bz2), pz2)

for some a, u € C* and b € C. But then €™ is an element of the Galois group of the universal cover
pa : C2\{0} — M for some m > 1. Since this Galois group is spanned by (21, 29) ++ (Az1, \%22),
this implies:

pm =N and bS pF=0 and ap™ =\
k=1
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Since |A] > 1 we get b = 0, so that é(z1, z2) = (A%zl, /\g22) for some integer r. Now, by definition
of ¢ and the remarks above, € fixes the quotient of {z; = 0}. Hence A* = N4 for some integer [,
so that € is in fact an element of the Galois group of pg, i.e € is the identity on M.

We have thus proved that § is an unramified finite cover. Hence M has no multiple fiber, so
it is a Hopf surface, in particular a principal elliptic bundle. This implies N = M. O

5. PRINCIPAL ELLIPTIC SURFACES OVER AN ELLIPTIC CURVE AND QUOTIENTS

In this section, following we classify meromorphic affine connections on (holo-
morphic) principal elliptic surfaces over a one torus N=cC /A, as well as their quotients.

Let M be a complex compact surface which is a holomorphic principal elliptic bundle over
a torus. We first recall a result of Kodaira asserting that M corresponds to one of the two
following examples:

Definition 5.1. A primary Kodaira surface over a torus N = C/A is an elliptic surface M N , where
M = G\C?, with #(21,22) = [21] ([21] stands for the class of z; in C/A’) and the group G C Aut(C?)
spanned by 1,19 as in [Proposition 2.2.1| (for some 7 € H) and the automorphisms (¢ ) eas defined
by:

(35) o (21,22) = (21 + N, 20 + Nz1 + By)
for some Gy € C.

Definition 5.2. A two torus is an elliptic surface M 2 N where M is a quotient G\C?, with # (21, 29) =
[21] and G a subgroup of translations in C?.

Theorem 5.1. Let M be a complex compact surface which is a holomorphic principal elliptic
bundle over a torus. Then Ky, ~ Oy and either:

a) The first Betti number ofM is odd if and only sz is a primary Kodaira surface.
b) The first Betti number of M is even if and only if M is a two torus.

Proof. Let (21, z2) be coordinates on the universal cover M of M as in [Proposition 2.2.2l Then
the holomorphic volume form dz; A dzs is clearly invariant through the automorphisms 1, ¥s
and (SO’Y)'}/ e (N )" Thus, it is the pullback of a global holomorphic volume form 7 on the covering

M defined as in , which is invariant through the Galois group of this covering. Hence, 7 is
the pullback of a global holomorphic volume form on M, proving Kps ~ Oyy.
The second assertion is a part of the Kodaira’s classification ([12], 6.), where we eliminated

the K3 surfaces since these are elliptic surfaces over the projective line.
O

We are thus led to classify meromorphic affine primary Kodaira surfaces, meromorphic affine
two tori, and their quotients.

5.1. Meromorphic affine primary Kodaira surfaces. Let M-Iy N = C/A’ be a primary
Kodaira surface (Definition 5.1) and G the group such that M = G\C2. Suppose the existence

of a meromorphic affine connection V on (M, D) for some divisor D. Since 7 is a principal
elliptic bundle, [Theorem 2.2] implies D = 7*C for some divisor on the one torus N.
Define &) as the subspace of A’-elliptic functions, that is:

(36) & = {h S M((C) ‘V)\/ S A,, (5)\/(h)(2’1) = O} where 5)\/(h)(21) = h(Z1 + /\,) — h(Zl)
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Recall that & is the subfield of meromorphic functions obtained as the extension of C by two
elements ©(21), 9’ (21), where:

1 1

1
(37) p(z1) = z? + (=S BBV

NeA\{0}
is Weirestrass elliptic function. Then define:

(38) & = {he M(C)|3xn € Homy(N',C), VN € A, 6x(h)(21) = xn(N)}
equipped with the natural linear map:

& — Homg(N,C)

(39) A 5(h)

Clearly h € & if and only if A’ € &. In particular, z; € &, and the Weirestrass zeta function
(a primitive of p) :

(40) (€&
This implies:

Lemma 5.1. There is an exact sequence:

(41) 0 & & —> Homgz(\',C) —=0
which splits through the linear map:

(42) Xﬁl(aXC + ﬁXz1) = aC(Zl) + Bz

Proof. The fact ker(x) = & is immediate by definition of x. By (37), Reso(¢) = —1, while
Reso(z1) = Reso(f) = 0 for any f € &. As a consequence, x¢ = x(¢) and x,, = x(z1) are
independant. Since Homgy(A’,C) has dimension two, the above sequence is right-exact.

O

Consider the pullback V = p*V, which is a meromorphic G-invariant affine connection on
C2. By [Theorem 2.2 the pole D of V is supported on a A’-invariant union of subvarieties
{z1 = ya + N'}. There are meromorphic function f;;, g;; on C?, with poles supported at D, such
that :

= fi f12> <911 912)
43 Mat V)=d d
( ) a azl 7822( ) 18 (f21 f22 ton® g21 g22

By the A-invariance of V, the restriction of fi; and g;; to any fiber of z; is constant, that is
fij» 9i; are functions of z1, and we will omit the second variable 2o in the sequel. Now, given any

XN e N, we have :

(44) oy (dz1) =dz and @3, (dz2) = dzo + bydz;
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where ¢y are the elements of G as in [Definition 5.1 Hence, the invariance of V by G rewrites
as (see [16] p.238-239):

on(g12)(z1) = 0

on(gi)(z1) = (=1)"'Ngia(21)
Sx(g1)(z1) = N(gaa — g11)(21) — Nogia(21)
(45) VN e AN, ¢ On(fi2)(z1) = —Ngia(21)

on(fi)(z1) = (=1)""N fia(z1) — Ngis(=1)
(=1 N gra(21)

5A/(f21)(21) = y(f22 - fi1— 921)(711)
N (gaa(z1) — g11(21) — fra(21)) + N gra(z1)

Reciprocally, any family (f;j, gij)ij=1,2 of meromorphic functions on C satisfying is the
family of the Christoffel symbols for a G-invariant meromorphic affine connection on C? , and
thus defines a meromorphic affine connection on M.

Now, we compute the solutions (fj;, gi;) of the system of functional equations .

Proposition 5.1.1. Let V be a meromorphic connection on a primary Kodaira surface M as
above. Let Z = af + [z the meromorphic function from[Lemma 5.1 Then the matriz of the
meromorphic affine connection V = p*V in the basis (6%1, 8%2) is either:

a)
- Y11)912 g12
(2% + v11) | Z \
dz1 ® k —(Z3 + C(Z + ]C)2 ((Z + 099 + 712)2 )
+dZ 4 712)912 +722)912
(46)
—(Z +011)912 | 912
+ dzy ® —((Z+ (092 — 611))?
29 k (Z+( 224—6211)13712 (Z+522)912)
with g12 a non trivial '-elliptic function, v;;,0i; € &, and h = —%(511, ¢ = 011+ d22+ 712
and d, k satisfying , or:
b)

—(g911 — f12)2 f

+ 7 12
dz ® (911 — g22 + f12) 27 _
+ (11— 22 +02)Z2 N 72(2922 + f12)2
(47) + 721
911 | 0
+ dzg ® k —(g22 —g11)Z )
+521 922

where g11, g22, f12,7ij, 021 are arbitrary N -elliptic functions.
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Reczpmcally, any matrix as above is the matriz of the pullback V of some meromorphic affine
connection V on M through its universal covering p: M —» M.

Pjoof. Recall that the pullback of a meromorphic affine connection on M to its universal covering
M defines a bijection between meromorphic affine connections on M and meromorphic functions
(fijs 9i5)i,j=1,2 on C solutions of . We distinguish the cases g1o = 0 and g12 # 0:

a) First suppose gi2 # 0. In this case, the first line of is equivalent to g2 € & \ {0},
and applying to é% shows that the second and fourth one is equivalent to

gii = (—=1)Y(Z + 6;;)g12 and fio = (Z + v12)g12 for some elliptic functions 611, d22, Y12
Rewriting the system in this case, we see that the third line is equivalent to:

(48) VN € N, G (g21)(21) = On(—(Z + (822 — 611))?g12) (21)
so that this line becomes equivalent to
921 = —((Z + (822 — 011))* + 621) 912

for an arbitrary elliptic function d2;. By the same principle, the fifth and sixth lines are
now equivalent to fi; = (—1)*((Z + 6 + y12) + Vi) g12 and fo; = —(%(Z +h)3+c(Z+
k)2 4 7921)g12 for an arbitrary elliptic functions 421 and with h, ¢, k € & solutions of the

System:
3h2+2ck = (822 — 611)% + (622 + 712)? + (611 + Y12)? + 21 + Y11 — Y22
(49) 2¢c + 3h = 4((522 =+ ’)/12)
3h+c = do2—011+712

We get the matrix form .
b) Now suppose g12 = 0. Then using the as before we get that the five first
lines of are equivalent to g12 = 0,911, 922, f12 € & and go1 = (911 — g22) Z + Jo1 and
fii = —(gii + (—1)* f12) Z + 7i; for some arbitrary elliptic function 7;;, 1.
Now, the last line is equivalent to:

S (f21)(21) = On (911 — g22 + f12)(Z +7921) + (911 — Y2 + 021) Z)
We get the matrix form .

‘We obtained:

Theorem 5.2. Let 7w : M — C/A’ be a primary Kodaira surface and p : C*> —s M its universal
cover. Then:

(1) The pullback of meromorphic connections through p gives a bijection between the set of
meromorphic affine connections on M and the set of meromorphic affine connections on
C? with matriz as in|Proposition 5.1.1)

(2) The only holomorphic affine connections on M are the V corresponding to V with ma-
triz with gaa — g11 = fi2 and y11 = 22 constants (we recover the result by A.
Vitter, see [16], 5.b). In particular their curvature identically vanishes, and there are
flat holomorphic affine structures on M.

(3) There exists non flat meromorphic affine connections on M.

Proof. (1) By the remark below , the set of meromorphic affine connections on M is in
bijection with the set of V Wlth matrlx form as in [Proposition 5.1.1}
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(2) Among the matrix forms in (5.1.1)), the only possible form with holomorphic one forms
as entries is with holomorphic functions as coefficients for each matrix. This is
equivalent to the identities from the statement. In particular the curvature is identically
zero, and picking fi11 = foo = for = 0, we get that the standard holomorphic affine
structure of C2 induces a holomorphic affine structure on M, thus recovering the result
of Inoue,Kobayashi and Ochiai.

(3) In (7)), pick fi1 = @, faz = fo1 = 0. Then the curvature of V is
0
Rg = —p(z1)dzy Ndzy @ dzg @ =— #0
82’2

We thus get a non flat meromorphic affine connection on M.
O

5.2. Quotients: Meromorphic affine secondary Kodaira surfaces. We now classify the
quotients of the meromorphic affine primary Kodaira surface (M , @) from the previous section.
Using the description of the quotients of primary Kodaira surfaces ([I3], Theorem 39), we get
the following:

Lemma 5.2. Let M -+ N be a minimal elliptic surface with a(M) = 1, endowed with a

. . 9 ™ < . . . . .
meromorphic affine connection, and M — N its finite ramified covering as in|Theorem 3.2

Suppose M has canonical trivial bundle. Then either M = M or IC%I’“ = Oy for some k > 2.
Moreover:

(1) M = F\M where T is a cyclic group acting freely and spanned by an automorphism ¥
of the form

(50) U(z1,22) = (vz1 + 0, pz2 + az; + b)

where v is a k-th root of the unity (k <6), u is a power of v and a,b € C.
(2) Moreover, if M is a two torus and T is not trivial, p # v in .

Proof. (1) If M is a principal elliptic bundle then M = M by construction of M. We
then suppose that M is not a principal elliptic bundle and I'" is not trivial. Moreover
kod(M) < kod(M) = 0. Since M is minimal, by the Enriques-Kodaira classification (see
2], Table 10 p.189), if kod(M) = 0, then KF = Oy for some integer k > 2. Since Ky is
trivial, ¢ : M —> M is isomorphic to the unramified covering associated with Ky, and
the formula follows from the proof of Theorem 38 in [13]. If kod(M) = —oo, then
M is a Hopf surface with a(M) = 1, and therefore a principal elliptic bundle through
its algebraic reduction. In particular, it has no singular fiber so that M = M. This
contradicts ICy; = 0 so necessarly kod(M) = 0. In particular KCSF s trivial for some
k > 1 and the formula can be recovered from Theorem 39 and Theorem 40 in [13].

(2) Suppose p = v. Since ¥ is of order k, Pk belongs to the subgroup spanned by the
automorphisms Wy, Uy and (@ )yep, where k is the order of I'. Suppose k > 1. The
matrix of d¥ in the basis (22—, -2-) and (@*%,@*%) is:

Bz1° Bzp
v 0
a v

, while the matrix of any element ¢ in the subgroup spanned by ¥;, ¥, and the ¢y in
0 o) 0 0\ ; : :
(750 75;) and (¢" 5, 0" 52 ) is the 1d~ent1ty.
We get immediately a = 0. Hence, ¥ is the product of the automorphisms 21 — vz1+0
and 2y — V2o + b, with v # 1. Hence, there exists on M = C? an isolated fixed point

To = (29,29). The coordinates u; = 21 — 2V and uy = 29 — 29 identify a neighborhood
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U of &g, invariant by ¥, with D(0,1) x D(0,1). It conjugates the action of ¥ and the
action of the automorphism ¥; of D(0,1) x D(0, 1) defined by:

Uy (ug,u2) = (vug, vug)

For a suitably small U, p restricts as a biholomorphism between U and an open neigh-
borhood U of ¢ = p(Zo). Then q(ﬁ) is an open neighborhood of some point x¢g € M,
which is isomorphic to the analytic space obtained as the quotient of D(0,1) x D(0,1)
by the subgroup spanned by ¥; as above. It is clear since v # 1, that this space is not
a smooth complex manifold. Hence p = v implies k = 1 that is I" is the trivial group.

O

Definition 5.3. A secondary Kodaira surface is an elliptic surface M — N which admits a primary
Kodaira surface M ——+ N as a finite unramified cover.

Hence, the classification of (non-trivial) quotients of meromorphic affine primary Kodaira
surfaces is reduced to the classification of meromorphic affine secondary Kodaira surfaces. The
two following lemmas will be useful to simplify the invariance equations corrsponding to ¥*V =

\V&

Lemma 5.3. Let v € C* \ {1} and 6 € C such that z; — vz + 6 is an automorphism of the
elliptic curve C/A', r : C/N — P! the quotient by the subgroup spanned by this automorphism,
and po = Zy or where Zy is any primitive element in the field of meromorphic functions on P'.
Then, for any integer k > 0 the set of N -elliptic functions satisfying:

(51) Fvar +6) = f(21)

is C (o) 03

Proof. Since C(P!) = C(Z;), the subfield C(pg) coincides with the set of functions of the form
f(Z1) or where P € C(X). In one other hand, by definition of r, the last set is the subset
of A-elliptic functions invariant through the automorphism from the statement. In particular,
taking the derivatives of the invariance equation for g gives :

1
(52) 06 (var +6) = ot (1)

that is p(()k) is a A’-elliptic function satisfying . Now let f be any function as in the statement.

Then g = % is an A-elliptic function which is invariant through the automorphism from the
%0

statement. Hence, g € C (pp) and finally f € C (o) p(()k).

O

Lemma 5.4. Let v be a non trivial root of the unity and 6 € C such that 6 : 21 — vz1 + 0 is

a finite automorphism of C/N'. Let Z as in and k > 1. Suppose that there are
elements (hi1, hio)i=o,...x of & such that:

k
(53) Zhi,l(zl)Z’(é . Zl) + hiyo(zl)Zl(Zl) =0
i=0
Then hop = 0 and h;o = —v'h;y fori=1,...,k. Moreover, if there exists i € {1,...,k} with
h@o 7é 0 then 6 = 0.

Proof. We proceed by induction on k € N>1.
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Suppose the relation holds for k = 1. If hy1 = 0, then clearly h11 = h1g = hoo =0
since Z is not an element of &. Thus, we can assume, without loss of generality, that hy; = 1.
Then recalling Z(z1) = al(21) + Bz1 with {'(21) = p(21) and taking the derivative of gives

8h070
8,21

hio

15)
3 Z(z1) + (ap + B)hio + =0
sl

viap + B)(vz +0) +
As before this implies h1 9 = ¢ € C. But then, becomes:
Z(vz1 4+ 0) + cZ(z1) = hoo(21)
If 6 ¢ A, then the left handside has residues summing to a nonzero value. This is impossible
by the second Liouville’s theorem. Hence 6 ¢ A’ implies hy; = h19 = hoo = 0. If € A/, then
Z(0z1) =vZ(z1). Again, since Z is not an element of &, we get that implies hgo = 0 and
hio = —vhi;.

Suppose the lemma is true for £ € N1, and suppose holds for k + 1 in place of k.
Applying the operator dy (see ) to this relation gives:

VN € A, Wk“(vkﬂhmm + hi1,0) +kak +. .+ Nfit+ fo=0

where fo, ..., fi are C-linear combinations of hjg, h;1 and Zi(z1) with i,j < k. In particular
we get 1/’“+1hk+1,1 + hgt1,0 = 0 and:

k
(54) Zhiyl(zl)Z’((S . 2’1) + h170<21)ZZ(Z1) =0
i=0
By induction hypothesis, we get that h; o = v'h;1 fori=1,... k.
Finally, if there exists ¢ € {1, ..., k} such that h; o # 0, then the induction hypothesis implies
0 € AN. Also, by (54), if hyi19 # 0 and 6 ¢ A’, then by the second Livouille’s theorem
P11 25 (121 +0) + by 41,025 (21) have non trivial poles at the classes of 0 and § in C/A’. O

Theorem 5.3. Let M —— N be a minimal meromorphic affine elliptic surface with a(M) = 1,

and suppose that the elliptic surface M N from is a primary Kodaira surface. Denote

by p: M —> M the universal covering of M and (21, 22) coordinates as in |Proposition 2.2.4,
Then:

(1) M is the quotient 0f]~\A4 by a cyclic group T, spanned by an element ¥, which lifts to an
automorphism ¥ of M of the form:

(55) U(z1,29) = (vz1 + 0, pze + bz1 + ¢)

where z1 — vz1 + 0 is an automorphism of the elliptic curve N = C/N, u is a power of
v, and b,c € C. Moreover v =1 if and only if M = M.

(2) Suppose that v # 1 (i.e. M is a secondary Kodaira surface). Let gy defined as in
. Then the map V — V = p*q*V is a bijection between the set of meromorphic
affine connections on M and the set of meromorphic affine connections on M with one

. . . le) 0 \.
of the following matriz forms in (5, 5.-)
a) ifu=v>=1and 6 =0:

Y1 | 0 \ 0
dz1 ® (711 — Y22 + 021) 2 - +dzo ® 50
+ 15021+ 721 22 21

with Z as in Yii» 021 € C (0) 9 and v21 € C (o) 9§
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b) ifu#1orv?2#1 orf+#0:

d2’1® Y11 0
Y21 | Y11

with 11 € C (o) o and 21 € C (o) 0.
In particular, there always exists meromorphic affine flat connections on any secondary Kodaira
surfaces.

Proof. (1) It is a consequence of and the definition of M in[Theorem 3.2, Indeed,

v = 1 implies that g : N — N is an unramified covering, that is M have no multiple
singular fiber. By definition this implies M = M.

(2) Let V be a meromorphic affine connection on a secondary Kodaira surface M — N,
and V the corresponding pullback to the un1versal covering M of the primary Kodaira
surface M. Recall that the matrix of V in (2 D20 Dog 9 ) was described in |Proposition 5.1. 1l

Suppose that V has matrix form in |Propos1t10n 5.1.1| and let ¥ be as in 1, so
that v # 1. Then by [Lemma 5.4 m 4 the equatlons corresponding to ¥*V = V imply:

VZQ(VZ1 +0)gi2(vz1 +6) = 22(21)912(21)

Z(vz +0)gi2(vzr +0) = Z(21)g12(21)

Bgia(vzr +0) = g12(21)
Since g12 # 0, using again we get:

3 2

7:1 and 7:1

so that v = 1, that is M is a primary Kodaira surface by 1. This contradicts our
assumption on M.

Hence V has matrix form in [Proposition 5.1.1} In this case, the equations corre-
sponding to U*V = V are:

wgii(vz1 + 6) = 9ii(21)
fia(vz1 +0) = fi2(z1)
—v(g22 — g11)(21)(Z)(v21 + 0) = (922 — g11)(21) Z(21)
+upvdor(vzy + 6) +021(21)
56 —(gu + (~Diwfo) (21) 2 (021 + 6) = —(gu+ (1) fi2)(z)E(=)
+V7ii(V21 + 0) + %gii(21) +’Yii(21)
v(g11 — ga2 + v f12)(21) 23 (vz1 + 0) = (911 — g22 + f12)(21) 2%(21)
+ — aZ(gn — ggg)(yzl + 9)
+I/2(’yl1 — Y22 + 021)(vz1 + 0)Z(vz; + 0) + (111 — Y22 + 621)(21) Z(21)
12991 (v21 4 0)) + ada1 (V¢ + 6) +721(21)

Using we get the following restrictions. The third line of implies:

1
(57) 521(V21 + 9) = 5621(21)



26

ALEXIS GARCIA

The fourth line implies:
(v = Dgii = (=1)'(1 = v*) fi2
In the same way, the fifth line implies:
(v = 1)(g11 — g22) = (1 — V°) fio
Since v # 1, we get:
gii = f12=10
The fourth line also implies:

1 a 1
vii(vz1 + 0) = ;%'1'(21) - ﬁgii(zl) = ;%'1'(21)

Finally the fifth line of implies:
1 a
(e +0) = —3ya1(a) — W(sm(zq)

We distinguish between two cases:

o If p# v, then y = — % - 021 (21) is a solution of (60). Hence, in view of [Lemma 5.3
is equivalent to:
a

21 € —
i 2 _

(5 (C Z

o 21(21) + C(go) o

o If 4t = v, then either dy; = 0 and shows that is equivalent to
721 € C(po)gp, or:

E(qu +0)=(v

1
: )E(Zl)_ﬁ
21

B ﬁ (521 v

In the second subcase, since z; — vz, + 6 has finite order k with v* = 1, we get
(v—25)F14+.. .+ (v—2)+1 = 0. Since moreover k = 2 or 3, we get a contradiction.
Hence if u = v then:

001 =0 and Yo1 € C(po)pé
Moreover, the fifth line and imply:

1 1 1
V(11 — y22 + —021)(21) = —(y11 — Ye2 + —d21)(21
( o)1) = 5 a)(21)
and 6 € A’ whenever do; # 0 or 711 # v22. Comparing with and , the above
equality implies:

(1’=1land p=1and # =0) or i1 —yo2 =21 =0

We have proved that V has matrix form as described in the statement.

Reciprocally, suppose that WU is the lift of the generator of T as in 1. Suppose also tat
V is a meromorphic affine connection with matrix form as in the statement. Then (156)
is clearly satisfied, i.e. V is U-invariant, and M = F\M is a secondary Kodaira surface.
This achieves the proof since the matrix form in case b) also appears in case a), and the
torsion and curvature both vanish when 717 = 22 = 0 in this case.

O
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5.3. Two tori. In view of [Theorem 5.1} to achieve the case N = C/A’ (see [Theorem 3.2), it

remains to classify meromorphic affine two tori with a(M ) = 1 and their quotients.

Let M — C/A be a two torus with a(M) = 1, and & the subfield of A’-elliptic mero-
morphic functions. Let §: M —> M be the universal covering, with coordinates (z1,22) as in
[Proposition 2.2.2, Then the automorphisms (@) eas are translations in these coordinates.

Hence, for any meromorphic affine connection V on M, with matrix:

dz1 @ (fij)ij=1,2 + dza @ (gij)ij=1,2

the condition wi,@ = V is equivalent to fijs 9ij € Eo-
We immediately get:

Theorem 5.4. Let M be a two torus with a(M) =1 andp: M —s M its universal covering with
global coordinates (z1,z2) as in|Proposition 2.2.2. Then the map from the set of meromorphic
affine connections on M to E§ obtained by mapping V to the coefficients (fij, gi;) of the matriz

of V.= p*V in (6%1, 8%2) s a bijection.
5.4. Quotients of meromorphic affine two tori.

Theorem 5.5. Let (M,V) be a minimal meromorphic affine complex compact surface of alge-
braic dimension one, and suppose that the finite ramified covering (M, @) from is
a meromorphic affine two torus (of algebraic dimension one). Then either M is a two torus,
or (M,V) is a meromorphic affine secondary Kodaira surface, and such pairs were classified in

[Theorem 5.3.

Proof. If M is not a two torus, then the finite covering ¢ : M —s M and therefore Ky is not
trivial. The proof of point 1. in only relies on the fact that Ky, is trivial, which
is still satisfied in our situation. As a consequence, we get that the canonical global section
(dzy A dzo)®F of IC%“, where k is the order of v and M is the universal cover of M, is invariant

by the lift ¥ of any automorphism of ¢ : M —s M. Hence K}?}Ik is trivial. By Theorem 38 of
[13], this implies that a finite unramified cover of M is either a two torus or a primary Kodaira
surface. In the second case, since Ky is not trivial, we immediately get that M is a secondary
Kodaira surface. In the first case, we have kod(M) = 0 and a(M) = 1. By the Enriques-Kodaira
classification (see [2], Table 10 p.189), M is either a secondary Kodaira surface, a two torus,
or a K3 surface. Again, since Kps is not trivial, the only possiblity is a secondary Kodaira
surface. O

6. PRINCIPAL ELLIPTIC SURFACE OVER AN HYPERELLIPTIC COMPACT RIEMANN SURFACE
AND QUOTIENTS

We finally classify meromorphic affine principal ellitpic surfaces over an hyperelliptic compact
Riemann surface and their quotients.

6.1. Non-existence on principal elliptic surfaces with b, (M ) even. Let M —s N be a
principal elhptlc surface over a Riemann surface N of genus g > 2, with a(M ) = 1. Denote by p :
HxC — M its universal cover. From [Proposition 2.2.2| p is the quotient by the automorphisms
Uy, Uy correspondlng to a lattice associated with the fibers of M and by the automorph1sms
oy (yE™ (N,y)) lifting the desk transformations of the universal cover p: H — N. The later
are of the form:

a,z1 + by
21 —|—d7’Z2 +f’Y(Zl))

in suitable global coordinates z; on H and z3 on C, with f, a holomorphic function on H.

Py (21, 22) = (
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Proposition 6.0.1. Let M —s N be a principal elliptic surface as above. If M admits a
meromorphic affine connection V, then by (M) is odd.
Proof. By [11], Theorem 4.17 applied to the basic member
B:=H xC/A

in the same family as M, we get that either bl(M ) is odd or M is a deformation of B. Suppose
that by (M) is even. In particular, there exists a diffeomorphism between the underlying smooth
manifolds:

(64) NR_£. pR
NR —— NR

In particular ¢ induces an isomorphism of 7T1(N y)-manifolds between the universal covers of
M and B. Pick U C N such that there exists a section of p over # ~1(U), and thus a section of
the universal cover of B over the corresponding open subset U x V in B. Then, in the induced
coordinates (21, 22) on #~1(U) and (z1,u2) on U x V, ¢ has the expression:

(65) o(z1, 22) = (21,22 + fu(z2))

for some C* function fy on U. We fix U and omit the subscript U in the sequel.

Now, on B, we can consider a meromorphic affine connection Vg induced by the canonical
holomorphic affine connection on C/A and any meromorphic affine connection on N , and denote
by Sp the pole. Then V extends canonically as a connection on the sheaf TC(B \ Sp) =
TB|p\s, ®Cj\’j[°\ S.C where C%O\ So.C stands for the sheaf of complex-valued differentiable functions.
We can thus consider the smooth connection

VO = (p*VQ
C
on the sheaf TC(M \ S) *TM|M\S®CM\S(C

induced by coordinates as above, the matrix of the pullback V := p*V is:

a(z1) 0 - 0 0
(66) d21®<df.a<zl>+lazldf<zl> 0>+dzl®<£ldf<a> 0)

where a is a meromorphic function on H, identified with a C* function a : H — gla(R) and:

df(zl):§ éi aifl

0z1 0z1

_ 1 o 9 o) el
where S = ¢p~(5p). In the basis Do Toi Doy O

Suppose that Visa meromorphic affine connection on M with poles at D, and let 8" = S+ D.
Denote by ve (resp. V(C) the unique extension of V to a smooth connection on the sheaf
T(C(M \ S) (resp. its pullback to the universal cover H x C). Then the matrix A of VC in

9
821, 6Z1, 3550 55 satisfies:

0 0
— A= —.A=
(67) 82’1_‘ ang 0

In one other hand, the difference V€ — Vo = p*(VC — V) is a D-equivariant section of the

CE\S/ -sheaf TC(M \ $')* @ End(TCM \ S). The matrix of this endormorphism in the above
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basis as:
(68) dz1 ® (fi(yo))i,j:m 4+ dz® (gz‘(,ljo))z’,j:Lz
4z © (f0)ijms + 42 @ (00 m10)

where fl-(g’q) and g(p D are matrices with global sections of C%¥ as entries. Using and

i M\S',C
@, we get:
(69) £ = 2 ()
071
But f is a I'-invariant function on H, so that, for any v € I':
ﬁ 0
df (y21) = ((C”“S T ) df (1)
(cyz1tdy)

In particular:

B 0 0 G 0 )
a—zldf('yzl) = (0 2, )3) ~df(z1) + (( 7 gdy) 1 ) - —df (1)

T (cyz1+dy WQ 071
Comparing with and recalling the I'-invariance of , we get that for any v € I
2 af
(cyz1 + dv)g 8751

Hence f is a holomorphic function on H, which precisely means that ¢ is a biholomorphism.

A

This contradicts the hypothesis a(M) = 1.
Hence M does not admit any meromorphic affine connection. O

=0

6.2. Meromorphic differential operators on a root of the canonical bundle and pro-
jective structures. We will see in the next subsection that a family of meromorphic affine
connections on a principal elliptic bundle M - N, with g(N) > 2 and b;(N) odd, can be
parametrized by meromorphic projective structures on N. Therefore, we introduce in this sub-
section notations and basic facts that will be used.

Let N be a complex manifold, and £ be a line bundle on N, identified with its sheaf of sections.
We can consider, for any r > 0, its sheaf of r-jets J"L (we refer to [1] and [I4] Definition 2.21 for
a definition). These sheaves are locally free O g-modules and fit in exact sequences for r > 1:

(70) 0— (@) oL JTL T i

where 77! stands for the truncation map. These maps generalize by compositions to maps:

(71) 7 JL — JLC

'

for s < r. Each J"L contains the subsheaf spanned by the equivalence classes of local sections
of £ with the same r-jets, and so there are morphisms of C g -sheaves:
(72) i L — JL
Given a divisor C of N, A meromorphic differential operator of order two and pole at C on L is
a morphism of O g-modules 6 : J'L(xC) — J?L(*C) such that 7§ o § = 7.

Suppose now that N is a compact Riemann surface, and I” is a subgroup of PSLs(R) such
that N = I'"\H and p : H — I"\H is the universal cover of N. Suppose that there exists

a I"-linearization o = (ay)erv of Om such that £ = (p,Om)* (see Definition 2.2). Then the
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linearization o induces isomorphisms j2(a.,) : j2(Om) — 7v*5%(Om), and the action of v gives a
natural linearization by differentials on Qﬁfﬂ. We obtain isomorphisms:
(73) TPy 1 J2 Oy — v*J? Oy
defininig a natural linearization J2(a) on J?Oy. Since P is a unramified covering, J2£ coincides
with the sheaf (p,J20g)”"?.

Now, fix I'" as before, identified with a subgroup of SLy(R), and let a = (ay)yer be defined
by:
ay : Og — v*On

foom (eatdy)for™

and define £ to be the corresponding line bundle on N through the equivalence between linearized
modules and modules on the quotient:

(75) L = (p.Ou)"

Consider the natural trivialization

(74)

U J0g 5 O0F°

given by the global basis (1 ® dzP?,5'(1 ® dz1),2(1)). Then for any v € T, J?a, is the
isomorphism given by the commutative diagram:

(76) J?Oy — o3
JQOévl J{CH(COV_I)tAQ(Zl)
W
,y* JQOH ’YN ,7*0]%3

where:

1 . 3cy 202,

(cyz1+dy)® (Cvzi""dw)Al (cyz1 ‘é’d’y)?’
A2 (Zl) = 0 (cyz1+dy)3 - (C'yzild'vp
0 0 Ccyz1+dy

Similarly, J'£ can be described by the linearization corresponding to the lower right minor
A1(z1) of Ay(z1) as above.

Then the equivalence between linearized sheaves and sheaves on the base gives a bijection be-
tween order-two meromorphic differential operators § : J1L(xC) —s J2L(*C') and meromorphic
differential operators ¢ : J'Oy(xC) — J2Oy(xC) which are I'-equivariant as morphisms of
linearized sheaves. We will denote by P, the set of meromorphic differential operators of order
two on £, endowed with the natural structure of an O (xC)-vector space (here O (*C) stands
for the field of global meromorphic functions which are holomorphic outside from C'). Thus, any
0 € P, can be identified with the matrix of the corresponding meromorphic differential operator
6 = p*6 on O, in the basis (1 ® dz1,5'(1)) of J'Og and (1 ® dzP?, 51 (1 ® dz1), j2(1) of J?Ox:

b(z1) c(z1)
(77) A(z1) = (V(Zl) a(zl))
Alz1)  p(21)
satisfying:
(78) Az(21)A(yz21) A7 (21) = A=)

The meromorphic affine connections we will study will be first shown to be in bijection with the
following operators:
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Definition 6.1. Let £ as in and P, as above. Then P, ;. is the subspace of the elements § € P,
satisfying:

(i) d(ker ) C ker 8 (xC) (equivalently the matrix satisfies A = 0)

(i) The matrix satisfies p = v

The interest lies in the following geometric description of P, 4 :

Proposition 6.0.2. The subspace Pr 4 is isomorphic, as a O g (xC)-affine space, to the prod-
uct:

ON(*C> X SN,C’
where Sy, . is the O g (xC)-affine space of meromorphic projective structures on L with poles at

C.

Proof. Consider the hyperplane Pz C Pg 4 of elements such that the matrix satifies
= v = 1. It is the subset of elements 6 € P, 4 with the property:

m)odojl =1Id,

These are exactly the splittings of the meromorphic one jet sequence associated with the vector
bundle J'£, i.e. meromorphic connections on J'£ with pole at C. This in particular includes

the meromorphic connections inducing the canonical connection on det(J'L) = O 5> and induc-

ing an isomorphism between ker n(xC) and J'L/ker n9(xC). By [4], Theorem 4.7, the these
meromorphic connections are in bijection with the nonempty set of Sy  meromorphic projec-

tive structures on N with poles at C. We then pick é; € P, 1 and use the projection of Pg 41
on Pro = ker(v) with respect to d1, to obtain an isomorphism:

Pryg ~ O (xC)o1 @ Pryo

Finally, Pz is the space of translations of P, 1, so it is isomorphic, as an affine space, to

Sx.c- O

In order to study the quotients of meromorphic affine principal elliptic bundles, we will also
need to interpret the line bundle geometrically. This can be made using the theory of
meromorphic opers (see [4], Theorem 4.7) that we recall now.

Let P! be the complex projective line seen as the homogeneous complex manifold G/P,
where G = SL(C) and P the subgroup stabilizing the line Ce; C C? through the standard
representation ((e1, ¢2 is the canonical basis of C2). Let us introduce a notation. If p: B — M
is a holomorphic P-principal bundle and p : P — GL(V) a P-representation, we let:

(79) E(V) = (p.0p® V)"
where the action of P on p,Op ® V is given by

bep(f®A)=pu(fo bl p(b)(4))
Then we have a natural isomorphism (see for example [15]):
(80) Opi(1) ~ G(Cey)

where G is seen as the total space of the holomorphic P-principal bundle pg/p : G — G /P.
In the rest of the paper we will identify these two modules. In particular there is a natural left

G-linearization (see [Definition 2.2)) of this module defined for any g € G, by:
(81) bg G(Celz — g*G(~Cel) X
Pa/p«8 PP 80gT
Now we can restrict this line bundle to H C G/P, and we get a I-linearisation by considering
the isomorphisms (¢~ ) erv as above. Then:
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Lemma 6.1. The line bundle L defined as in is naturally isomorphic to £1 = (p,G(Cey)|g) @7 )er.

Proof. It is sufficient to find a trivialization of £; such that the isomorphisms ¢, identifies
with the isomorphisms o, as in (74]). For, recall that there exists a global holomorphic section

oo : H — G given by:
10
o0(2) = <z 0)

Such a section defines a trivialization of any module obtained as a representation of G, in
particular:

¢go G(C€1)|H — OH
(82) (00, fe1)] = f
Now we have:
00(72)27'00(2)‘<07Z(;r R )
cyztdy

This implies the following commutative diagram for any v € T:

¢
G(Cer)lg —>7*G(Ce1)|m

11)00 l l'\/*wao

Oy ’Y* On

Qry
U

On the model P' = G/P, the sheaf of one-jets JI(E*G/P), where Lg/p = G(Cey), is naturally

isomorphic to G(C?) (it can be seen by considering trivialisations of G — G/P as in the proof
of . In particular, it contains Lg/p as a locally free submodule. Since G (C?) is by
definition the sheaf of sections of a homogeneous bundle on G /P, there is a natural linearization
for the left action of G (see [Definition 2.2) on this sheaf of Og,p-modules, denoted by (qb‘; )gea-

Moreover, it admits a global trivialization induced by the two P-equivariant maps §; : G — C?

defined by:
_(a b\, [(a b -
Si((c d>)_<c d) ¢

for i = 1,2. The corresponding flat connection of trivial module V7, /p on G(C?) is invariant

through the isomorphisms (qﬁg )gec since the above functions are invariant through these iso-
morphisms. Moreover, since G is a S Ly (C)-reduction of the bundle of basis of G(C?), there is a

2
natural isomorphism AG(C?) ~ Op1 and the canonical connection coincides with the connection
induce by Vé /P The key property of Vé /P is that the induced morphism of line bundles:

(83) [Vé/P] : ,Cg/p — ICPI & G(CQ)/,Cg/p

is an isomorphism. This indeed enables to recover that

(84) E%?p =Lg/p® (G(CQ)/ﬁG/P) ® Kpr = Kp1

that is Lg/p = Op1(1). The restriction of Vé /p over H is I'-invariant, so it induces a connection
@g on:

(85) &= (7,G(CHn)"
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2
Since the SLy(C)-reduction of G(C?) is also I"-invariant, we get A€ = Oy. By construction,
we have the same isomorphism as in , so we get:

(86) E=JYLY)
and recover that
(87) L =Ky

Definition 6.2. The pair (£,V{) is called the holomorphic SLy(C)-oper corresponding to the projective
structure N = I\ H.

6.3. Principal elliptic surfaces with b; (M ) odd. Let M —s N be a principal elliptic surface
over a Riemann surface NV of genus g > 2, with a(M) = 1 and odd first Betti number. Denote
by p: M — M and p : H — N the respective universal covers, and (z1, z2) global coordinates

on M as in [Proposition 2.2.2l We will also use the notation I’ = 71 (N, yg) for the fundamental
group of N at a fixed point.

By [8], Proposition 5.2, up to finite unramified cover of the elliptic surface M, for any ~ €
71(N,40), the automorphism ¢, from is of the form:

ayz1 + b,

(88) y(21,22) = (sz1 4,

, 22 +logy(cyz1 + dy))

for some (Cch ZA’> € SLy(R) and some determination log, of the logarithm on c,H + d,.
v Oy

Moreover, there exists a holomorphic affine connection Vg on M. As in the previous sections,

taking the matrix of the pullback p*V — p*Vj in (8%1, 8%2) gives a bijection between the set

of meromorphic affine V connections on M and the set of solutions (fij» gij) of the following

system of functional equations, for any v € wl(N ,Y0):

gi2(z1) = (cyz1+dy)2g12(721)
(89) gi(z1) = gi(vz1) + (=1)ey(cyz1 + dy)gra(y - 21)
g2 (z1) = mgm(’yzﬂ + 67;71%(922 —g11)(vz1) — Egra(vz1)
and:
fia(z1) = fra(y-21) + g 912(v21)
(90) filz1) = sy ) + (S0 s fo(m) + o i)
fa(z) = Whl(vzl) + o gay (f2 = f)(v21)
—earaeiz(va) + CV;71%921(721)

We now describe, in terms of meromorphic projective structures on N, the affine subspace
Ay . of meromorphic affine connections on M whose associated solutions (fi;, gi;) of the above
system satisfy:

(91) g12 =021 = fi2+ 911 —922=0
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Then:

Theorem 6.1. Let M be a principal elliptic bundle with odd first Betti number over a complex
compact curve N with genus g(N) > 2. Let C be an effective divisor of N and O g (xC) the field
of global meromorphic functions with poles in C. Then there exists a non-empty O g (xC)-affine

subspace AM+ in the space of meromorphic affine connection on M with poles at C, which is
isomorphic to the O (xC)-affine space:

2
Oy (xC)* x SN,C
where SN,C is the affine space of meromorphic projective structures on N with poles at C.

Proof. Let P, 4 be the subspace of meromorphic differential operators from [Definition 6.1
Then the property implies that the following map is well-defined:

v A+N,o — ON(*C) X Pﬁ,++

. fo2 fo1
Vo= (911 v g2 —9un —3fu )
0 g22 — 911

It is clearly O (*C')-linear and bijective. The statement then follows from [Proposition 6.0.2, [

6.4. Quotients of principal elliptic bundles over higher genus curves. We now classify
the minimal meromorphical affine surfaces with a(M) = 1 such that the associated finite cover
M is a principal elliptic bundle with odd first Betti number over a compact curve with genus
g(V) > 2.

Let £ the line bundle as in . We reemploy notations from and denote
by R(L) the C*-principal bundle whose fiber over § € N is the set of non-zero vectors of the
fiber £(g). Then it is immediate that R(L) is the quotient of R(G(Ce;)|m) by the action of I

corresponding to the isomorphisms ¢, from . Moreover, we have a natural isomorphism:
R(G(Ce1)|H) = G’H/PJr C G/PJr

where P7 is the kernel of the representation of P on Ce; (i.e. the unipotent radical of P).
Through this identification, the action of I"” is the natural left action of IV C G on G/P™ (note
that G/P* is biholomorphic to an open subset of C2\ {0} invariant through I' for the standard
action).

Let Z ~ A C C* be a lattice, identified with a subgroup of the standard torus of G (namely
the diagonal elements). Since the right action of A on G and the left action of IV on G commute,
there is an induced right action of A on R(L) covering the identity on N , and the quotient map
is a unramified cover of the complex manifold M:

(92) R(L)

where pa is the quotient map for the action of A.
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Theorem 6.2 ([§], Proposition 5.2). Let M- N bea principal elliptic fiber bundle over a

compact Riemann surface with g(N) > 2. Then, up to a finite Galois cover, there exists a lattice
Z ~ A C C* such that M is the complex surface obtained as in .

In particular, we get the following:

Lemma 6.2. Let M —s N be a principal elliptic surface as in . Let G : (G/PT)|lg —
R(L) be the map of the quotient by the left action of T' C G. Then any automorphism ¢ of

M lifts through pa o Gg as the automorphism of G/P™ corresponding to the left action of an
element A € SLy(C).

Proof. The composition pa o Gp is an unramified cover of M , and any automorphism ¢ of
7 : M — N admits a lift to the total space of this cover . In particular, ¢ normalizes the
Galois group of Gp, that is IV, that is :

(93) VyeIl' .3y eI’ goy=+"0¢
Such an automorphism covers an automorphism of H, that is the action of some A; € SLy(R).
Hence, through the trivialization G/P* ~ H x C* induced by the section o( from the proof of
we have:

@(z,b) = (A1 - 2,A\(2)b)
for some holomorphic function A : H — C*. Then rewrites as:

(A1-v-2 , Ay 2)(eay-2+da) ez +dy) 70

= (VA2 A2)(eyAr-z4dy) Heaz +day) ')

In particular 4/ = A;yA;' so that, using that 4 +— . is an automorphy factor, \ is a I'-
invariant holomorphic function, that is a constant. This implies the first assertion. The second

one is obtained by applying O

Using these facts, we can prove:

Proposition 6.2.1. Let M -2 N bea principal elliptic bundle as in . Let q : N — N
be a Galoisian finite cover such that M is the pullback of a an elliptic surface m : M — N.
Suppose that the sum of the multiplicities (mqa)acr of G at the ramification points is a multiple
of the degree k = deg(q), and that the Galois group I" of G fixes the ramification points. Then
is an unramified cover.

Proof. Let T’ be the Galois group of g. We identify I" with a subgroup of SLs(R) normalizing
the holonomy I'" of the uniform projective structure on N as described before. By
the action of the Galois group I' of § on N lifts to a left action of T' on the cover R(L) 2,
M (see ([92)), obtained from the natural left action of I' on G. In particular, there is an
induced I'-linearization (see (¢7)eer on JH(L*). By construction, the holomorphic
SLo(C)-oper (£,VY) = (J'(L*),V{) associated with the projective structure N = I"\H (see
is invariant by this I'-linearization.

Consider the line bundle

(94) £'=(q.0"
on N. It is a submodule of the locally free Opn-module
(95) &=@6)"

We prove the existence of a holomorphic connection VJ on & with the same properties as
in (83]). For, we first prove that the universal cover of N factorizes by ¢ : N — N. Pick a
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system of generators vi,...,7, for I'. By these generators lifts through pa o p
to the left actions of elements Aj,..., A, € SLy(R) on G/PT|g. By definition of T, N is the
quotient of H by the subgroup I C SLy(R) spanned by the A; and I'. Suppose that there
exists j € {1,...,r} such that the Mobius transformation corresponding to A; fixes some z € H.
Recall that ~y; fixes the fibers of p(2) € N in M = R(L)/A. Since v; have finite order and A =~ Z,
the induced action on R(L) fixes the fiber of p(z). Hence A; fixes the fiber of z in G/P™ |g. Thus
A; = Id, that is I'" acts freely and properly discontinusly, in other words H — I'""\H = N is
the universal cover. Since the A; normalizes I, we have a factorization:

\

where g is the quotient by T". In particular, & = (7/G(C?)|g)"" and the quotient of G|g by
I'” is a holomorphic P-reduction of its bundle of basis.

Moreover, the holomorphic connection VY, is invariant by the action of I'”, and since g’
is an unramified cover, implies the existence of an induced holomorphic connection
v’ on €. By construction, the induced morphism:

V7 — ol &)L
is a non-trivial morphism. We denote by S the effective divisor corresponding to the line bundle
End(L',Kn®E/L).
In the sequel, we employ the notation deg(L) = [y c1(£) for any line bundle £ on a compact

complex curve N. Using deg(E’) = 0 (by the existence of a SLs(C)-holomorphic reduction of
its bundle of basis), we get:

(97) deg(S) = deg(Kn) — 2deg(L’)

In one other hand, consider the sheaf of sections of the pullback line bundle, that is O g ® L.
Since g*L’ is by definition the subsheaf of £ spanned by the sections invariant by the action of
I', we have a well-defined non-trivial morphism of modules:
1: 0/ 7L — L

f®s — fs
Recall that the action of T on M = A\R(L) fixes the fibers of the ramification locus of g. Hence,
in a neighborhood U, of any component D, of the ramification locus of § in NV, we can find a

coordinate z and a trivialization of £, such the action of the automorphism € € I corresponding
to a generator of m1 (U, \ Da,3), on a section s € L(U,), is given by:

7//

(96)

(98)

€-5(2) =vesoe H(z)

for some v. € A. But € has finite order m, and A contains no non-trivial cyclic element, so
v = 1. As a consequence, the section corresponding to 1 in the choosen trivialisation of £ is a
local invariant section of £ on U,. This in turn implies that is an isomorphism.
Hence, since § is a finite cover of degree k, we get:

(99) deg(L) = deg(Ox @ ¢* L") = kdeg(L')
Now, by the Riemann-Hurwitz formula, we also have:
(100) —deg(Ky) = —kdeg(Kn) + |I] — Zma

ael
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By , and , we also have:
—deg(Ky) = —2deg(L)

= —2kdeg(L’)

= —kdeg(Kn) + kdeg(S)
Combining the above equality with (100 we get:

kdeg(S) + Zma = |1
acl

By the assumption on the degree k of § the above equality rewrites as:

|I| = k'Zma
a€el
with ¥/ > 0 and m, > 2 for any o € I. This is possible only if ¥/ = 0, i.e I = () and 7 is
unramified.

O

Theorem 6.3. Let (M, V) be a minimal meromorphic affine surface with a(M) = 1 and (M N
N, V) the meromorphic affine principal elliptic bundle obtained as in . If the genus g(N) >
2, then N = M.

Proof. By IProposition 6.2.1, M has an odd first Betti number. Hence, by [Theorem 6.2, up to
finite Galois cover, it is a quotient of R(L) by a lattice Z ~ A C C* as in (92). We can assume

from now on that M coincides with this ‘Galois cover. .
By construction, the Galois cover g: N — N (resp. ¢ : M — M) in is a composition:

q=7 oq (resp.q=q 07qy)

where 7’ : Ny — Nisa composition of cyclic covers and g; is an unramified finite cover (the
/ . . .
maps ¢’ and ¢ are the corresponding pullbacks of elliptic bundles).
Denote by I'y C I' the Galois group of G, identified with the Galois group of g;. Then by
construction My = I'1\M is the quotient of R(L;) by A where

Ly = (QI*E)Fl

and by the action of I'; lifts to the natural action of a subgroup I'y € SLy(C) on
G(Ceq)|g. Hence I’ = (I'", T'1) is the holonomy group of a uniform (G, G/P)-structure

P H— Ny =T"\H
and
L1 = (51,G(Cer)|m)"”

so M; is obtained as in (92). In particular, it is a principal elliptic bundle over g(Nl) > 2 with
odd first Betti number. Without loss of generality we can and will further assume that Ny=N
and Ml =M.

In this situation, by construction, the Galois group of g fixes its ramification locus, and

k = deg(q) is a multiple of 3" mq. Then [Theorem 6.3 proves that g : N — N is unramified.
aecl

Since moreover ¢ = q’, we get M=M by definition of q’. O
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7. CONCLUSION

Comparing with [6], the [Theorem 3.2| together with [Theorem 4.3| [Theorem 5.3} [Theorem 5.5|

and |[Proposition 6.2.1| prove [Theorem 1.1} From the point of view of the uniformization, this
suggests that we have to consider other meromorphic geometric structures to encompass more
complex compact surfaces. It could be interesting to extend the technics of this paper to
meromorphic projective connections (see [9]) by adopting the Cartan point of view.

il
2

3
4
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