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LINEAR DYNAMICS OF AN OPERATOR ASSOCIATED TO THE
COLLATZ MAP

VINCENT BEHANI

ABSTRACT. In this paper, we study the dynamics of an operator 7 naturally associated
to the so-called Collatz map, which maps an integer n > 0 to n/2 if n is even and 3n+1 if
n is odd. This operator 7 is defined on certain weighted Bergman spaces B2 of analytic
functions on the unit disk. Building on previous work of Neklyudov, we show that 7
is hypercyclic on B2, independently of whether the Collatz Conjecture holds true or
not. Under some assumptions on the weight w, we show that 7 is actually ergodic with
respect to a Gaussian measure with full support, and thus frequently hypercyclic and
chaotic.

1. INTRODUCTION

Our aim in this paper is to investigate from the point of view of linear dynamics the
properties of an operator naturally associated to the so-called Collatz map. This map
To: Z+ — Z is defined as

[ n/2 if n is even;
To(n) = { 3n+1 if nis odd.

The dynamics of this simple-looking map are still very mysterious, and the famous Collatz
Conjecture (called also the 3n + 1-Conjecture, or the Syracuse Conjecture) states that the
orbit of any integer k£ > 1 under the action of Tj eventually reaches the point 1.

We will use in this paper the following modified Collatz map T': Z; — Z., defined as

n/2 if n is even;
T(n) = { (3n+1)/2 if nis odd
whose dynamics are the same as those of T as far as the Collatz Conjecture is concerned.

We will here give some of the etablished results about the Collatz Conjecture. We refer
the reader to the survey [9] written by Lagarias for an overview of this problem.

The conjecture had been empirically verified for every k < 20 x 10° and is now known
to be true for every k < 20 x 2% ~ 5.764 x 108 ([12]).

Since T'(1) = 2 and T'(2) = 1, (1,2) is called the trivial cycle of T" and Eliahou showed
in [6] that a non-trivial cycle of 7' must have a length greater than 10 439 860 591.

A possible approach to the Collatz Conjecture is to study the proportion of positive
integers k having a T-orbit that reaches 1. Krasikov and Lagarias proved for instance in
[8] that if X is sufficiently large, the number of integers 1 < k < X whose T-orbit reaches
1 is at least X084,
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It is also of interest to investigate the time that it takes to a T-orbit to reach 1. Ap-
plegate and Lagarias proved in [1] that infinitely many positive integers k have a T-orbit
that reaches 1 in at least 6.143log(k) steps.

Moreover, Tao showed in [13] that ”almost all” T-orbits attain almost bounded values.
That is to say, if we fix a function f: N — R such that f(k) — 400 as k — +oo, the
infinimum of the T-orbit of k is less than f(k) for almost every integer k£ > 1, in the sense
of logarithmic density.

It is possible to associate to 1" in a natural way bounded operators on some Hilbert
spaces of analytic functions on the unit disk D, and to link the dynamics of T" to those
of these operators. An approach of this kind was first proposed by Berg and Meinardus
in [5]. Consider the operator F defined on the space Hol(D) of holomorphic functions on
the unit disk D in the following way: for every f € Hol(D) with f(z) =Y 2, cn2",

Ff(z)= ZCT(n)z”, z € D.
n=0

Berg and Meinardus expressed in [5] the Collatz Conjecture in terms of functional equa-
tions and obtained that it is equivalent to the fact that 1 is an eigenvalue of F of multiplicity
2.

Then Neklyudov took in [11] a different perpective, and considered the adjoint 7, for
the Hardy space H?(D), of the operator F: for every f € H?(D) with f(z) = > 0% ;2"

o0

Tf(z) = chzT(”), z € D.

n=0

This operator 7T is considered in [11] as acting on the Bergman space

n=0 n=0 n+1

o) o) 2

B = {f: Z chz" € Hol(D); || f|I? = Z ™ leal < —i—oo}
on D. Since T(0) = 0, T(1) = 2 and T(2) = 1, the vector space Ho = span[l, z, 2] is
invariant under the action of 7, and 7 induces a bounded operator on the quotient space
X = B?/Ho, which we still denote by 7. Considering this quotient space allows to avoid
the trivial cycle (1,2) and the fixed point 0 of the Collatz map, and simplifies the study of
the dynamics of 7. Neklyudov proved in [11] several results pertaining to the behavior of
the iterates of T, in connection with the Collatz Conjecture. For instance, he showed that
if T" has no non-trivial cycle, then T is hypercyclic, i.e. admits a vector with dense orbit
[11, Theorem 2.2]. He also undertook a study of the periodic points of 7 and showed that
each hypothetical cycle of T" and each hypothetical diverging T-orbit can be associated to
a fixed point of 7. He also constructed fixed points of T independently of any cycle or
diverging orbit of T'.

Neklyudov asked in [11] about the existence of a criterion allowing to distinguish these
fixed points and also whether 7T is chaotic (i.e. hypercyclic and admitting a dense set of
periodic points).

In this work, we continue this study of operators on Hilbert spaces of analytic functions
associated to the Collatz map and give an affirmative answer to this question of Neklyudov.
We consider the operator 7 above as acting on weighted Bergman spaces of holomorphic
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functions on D of the form

[e§) 00 2
B = {f: Z chz" € Hol(D); || f|12 = Z% < —1—00}
n=0

n=0

where w: Z; — (0,+00) is a positive weight. Just as above, it will be more natural to
study the action of T on the quotient space X, = B2 /Hg. Let wo(n) = (n+1)/m for every
n > 0. Then BEJO is the classical Bergman space B2. We write X,,, = X.

Whenever the weight w is such that 7 defines a bounded operator on A, it is of
interest to study the dynamics of 7. The main properties that we will consider are those
of hypercyclicity (existence of a dense orbit, or, equivalently, topological transitivity),
chaos, frequent hypercyclicity, ergodicity with respect to an invariant measure with full
support... We give a brief overview of these notions in Section 3 of the present paper, and
refer the reader to one of the works [3] and [7] for more on linear dynamics.

Our first main result states that under some mild assumptions on the weight w, the
operator T is hypercyclic.

Theorem 1.1. If w is bounded from below and if w(k2™) — +o0 as n — +oo for every
k > 3, then T is hypercyclic.

Theorem 1.1 applies in particular to the weight wq, i.e. to the case where T acts on the
Bergman space, and shows that the result [11, Theorem 2.2] of Neklyudov is in fact not
conditional to the Collatz map having no non-trivial cycle.

Our second main result shows, under slightly stronger assumptions on w, that 7 acting
on X, enjoys some strong dynamical properties:

Theorem 1.2. If w is bounded from below and if > 7 ; 1/w(k2") < +oo for every k > 3,
then T is chaotic, frequently hypercyclic and ergodic with respect to a Gaussian invariant
measure with full support.

In particular, 7 acting on the Bergman space X is chaotic. This provides an affirmative
answer to Neklyudov’s question.

The paper is organized as follows. We first provide in Section 2 conditions on the
weight w ensuring that 7 acts as a bounded operator on X, (Proposition 2.1); building
on a description given in [11] of some eigenvectors of 7, we show (still under some mild
conditions on w) that these eigenvectors span a dense subspace of X, (Theorem 2.4) and
that the adjoint 7* of 7 on A, has no eigenvalue (Theorem 2.7). After recalling in Section
3 some background in linear dynamics, we prove Theorems 1.1 and 1.2 above. The proofs
of these two results rely heavily on the properties of the eigenvectorfields of 7 presented
in Section 2, and in particular on Theorem 2.4. Section 4 collects some additional results
as well as some open questions.

2. BOUNDEDNESS OF 7 AND PROPERTIES OF ITS EIGENVECTORS

Let w be a positive weight on Z,. We first consider the operator 7 acting on the space

C[¢]/span[1, £, €7], defined by
d

d
'TZ " = Z cnT™  for every chfn € C[¢]/span]1, €, €2,
n=3

3<n<d,T(n)>3 n=3

and give conditions on w implying that 7 can be extended to a bounded operator on X,,.
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Proposition 2.1. The operator T, defined for every f € X, with f(z) =Y " 5 ¢,2" by

Ti cp2’t = Z cjo(j), zeD,
n=3

{7=23;,T(5)=3}

is a bounded operator acting on &, if and only if the three sequences (w(6m)/w(3m))m>1,
(w(6m 4+ 2)/w(Bm 4 1));,>1 and ((w(6m +4) + w(2m + 1)) /w(3m + 2)),,>1 are bounded.

In this case
w(6m) w(6m + 2) w(bm +4) + w(2m + 1)
T2—max{su su , su
I7 S G S eBm ) e T wEm2)

Moreover for every n > 0

HT"Hw*iup Z ()

T (j)=k
Taking w = wy we obtain in particular that 7 is bounded on X and that || T]|? = 8/3.

Proof. Suppose that the three sequences above are bounded, which means that the maxi-
mum

max{su w(6m) “ w(6m + 2) - w(bm +4) +w(2m + 1) } e Z w(j)
mﬁ w(3m)’ mﬁ w@Bm+1)’ mgi w(3m + 2) k;; T w(k)
is finite. Let n > 0 and f € &, with f(z) = >3, cxzF. We have
T"f(2) = Z ;2" = Z Z D,
T (5)=3 k=3T"(j)=
and
TR =S | Y e =3 s 2
2wy | 2 k) |, G
— n(j)=k k=3 T (j)=k

By the Cauchy-Schwarz’s inequality

! . ¢l w(j)
TIE< )~ w(j G< | sup FIIZ,
g g 3w 3 G S i

= J)=k T (j)=k Y
which gives that 7 is bounded if the sequence (3 ;) w(J) /w(k))kzd is bounded and
that [|[ 7712 < supgss 2 opn j)— w(7) /w(k).

Conversely, let n > 0 and suppose that 7 is a bounded operator on &,,. Let (kp),>1 such
that ZTﬂ(j):kp w(j)/w(kp) — supy>s3 ZT”(j):k w(j)/w(k) as p — +00. Consider the func-
tion fi, € Xoy with f5(2) = Spu(syp, w(5)2? satistying [fols = Sy, W0 f() =
> (j)=k, w(J) and

2
1 : w(j)
1T follls = w( = D 1ol
w - - W(kp)
T (5)=kp T (5)=kyp
So we have [ T"fpll2/[lfpllZ — Subrsz dopn(jy=g w(i)/w(k) as p — +oo and it follows
that supysg > g ()= W(7)/w(k) < T2 < +oo for every n > 0, which concludes the
proof. ([l
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For instance, it follows from Proposition 2.1 that if w has polynomial growth, then 7
is a bounded operator on X,.

Eigenvectors play a very important role in linear dynamics. We will thus be interested
in the eigenvalues and the eigenvectors of 7, and will provide some condition on the weight
w ensuring that the eigenvectors of T span a dense subspace of X,,.

Definition 2.2. For every p € C and every m > 1, consider the analytic functions on D
D2 Z,u ( (6m-+4)2 z(2m+1)2n> and  ho(p,-): 2+ Z,u" 2me

These functions has been introduced by Neklyudov in [11, Theorem 2.3] and are the
only eigenvectors that will be needed in order to obtain results concerning the spanning
of dense subspaces.

Proposition 2.3. For every m > 0 and every u € C, the vector h,,(u,-) belongs to &, if
and only if the series 3, oo |u/*" /w((2m+1)2") and 3, < |1*" /w((6m 4 4)2") converge.
In this case Thm () = pthm (1, ). -

In particular if w is bounded from below then h,,(u,-) belongs to A, for every m > 0
and every p € D. Moreover if w = wg then hy,,(u, ) belongs to X for every m > 0 and
every 1 € C such that |u| < v/2.

Proof. Let p € C and m > 1. The function h,,(u,-) belongs to X, if and only if
S0 P fw((6m + 4)27) + S20% |u*™ Jw((2m + 1)27) < +oo. And ho(p, -) belongs
to A, if and only if the series 320  [u|*" /w(2"12) < 4o0.

Moreover for every m > 1 and every z € D we have

Th, Z“ ( ((6m+4)27) ((2m+1)2")>
_ Z/‘ ( (6m—+4)2n—1 Z(2m+1)2"*1) 4 p3mt2 _ 3mt2

:Mhm( 22 )

and

o0
Tho(u,-) Zu” T(@") Zu"z2n+1 + 22 = pho(p, 2),

n=1

which shows that the functions A, (u,-), m > 0, are eigenvectors of T associated to the
eigenvalue p as soon as they belong to A,,. O

Our aim is now to show that if the weight w is bounded from below, the eigenvectors
B (e, ), m >0, u € D, span a dense subspace of X,,.

Theorem 2.4. If w is bounded from below, then span|h,,(u,-);m > 0, € D] is dense in
X,
In particular if w = wpy then {h;, (1, );m > 0, € D} spans a dense subspace of X.

Since T' admits a particular behavior on {244 > 0}, we will denote by Py the set
{2";7 > 0} and by Pz the set {2';7 > 2}. The proof of Theorem 2.4 relies on the following
lemma.
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Lemma 2.5. Let f € A, with f(z) = > 74 2", such that for every n > 0 and every
m>1
C(6m-+4)2m C(2m+1)2n
== d n - 0
w((6m+427) ~ w(@m+ 12y T T
Then for every k > 3 such that k& ¢ P, there exist integer sequences (1my,)n>1, (Pn)n>1
and (jn)n>1 depending on k such that:
(i) e = ( ((2m1 +1)2P1) Jw((6mp, + 4)2P7))C(6m, +4)20n TOr every n > 1;
(ii) my, > 1 for every n > 1;
(iii) 3my, 2= T~ (k) for every n > 1;
(iv) Jn+1 > Jjn if and only if 3m,, + 2 ¢ Py for every n > 1;
(V) (Jn)n>1 and ((6my, +4)2P"),>1 are either both strlctly increasing or both stationary.

Proof. Since k > 3 and k ¢ Pa, there exist m; > 1 and p; > 0 such that k = (2m; +1)2P1.

Then
w((2mq + 1)2P7)
Ck = C(2m+1)2P1 = w((6m1 ¥ 4)2p1)c(6m1+4)2m

and
3my 42 =T(2my +1) = TP((2my 4 1)2P1) = TP (k).

We set then j; = py + 1.

Suppose now that (m;)i<i<n, (Pi)i1<i<n and (ji)1<i<n have been defined so as to satisfy
the following properties:
(1) ex = (w((2m1 + 1)2P1) Jw((6m; + 4)2P9))C(6m,44)20: for every 1 < i <m;
(ii) m; > 1 for every 1 <i <m;
(iii) 3m; + 2 = T7i(k) for every 1 <i < n;
(iv) Jit1 > j; if and only if 3m; +2 ¢ Py for every 1 <i <n — 1.
Let us construct my41, pnt+1 and jup41.

If 3m, + 2 € Ps, then we set mp 1 = My, Pn+1 = Pp and jp+1 = Jn. Otherwise there
exist my+1 > 1 and ¢,41 > 0 such that 3m, + 2 = (2my4+1 + 1)2%+1. So

(6mn +4)2Pn — (3m + 2)2pn+1 (2m 11+ 1)2qn+1+pn+1
We set then p,41 = gny1 +pn +1 > p,. Moreover
w((2my + 1)2P1)
w((2mp41 + 1 2Pn+1)c(2m”+1+1)2pn+1
w((2my +1)2P)  w((2mp41 + 1)2Pn+1)c
w((2mp41 + 1)2Pn+1) w((6mp41 + 4)2Pn+1) (6mn41+4)

w((2my +1)271)
W((6myy1 + 4)2Pn+1

C —

2Pn+1

~_ | — |~ — [ ~—

) C(6mnt1+4)2Pnt+1 -

Remark that
3Mpy1+2 = TP ((2myg g +1)2Pm+1) = TP+ ((6my, +4)2P) = TP+ ((3m,, +2)2P").

S0 3myqq+2 = TPr+1=Pr (3mn+2) = Tpn+l_pn+jn(k) and we set jn11 = Pni1—PntJIn > Jn-
We also have (6m,41 + 4)2P+1 > (2myp4q + 1)2P2+1 = (6m,, + 4)2P~.

Defined this way, the sequences (mp)n>1, (Pn)n>1 and (jn)n>1 satisfy the first four
properties and it remains to prove the last one. On the one hand, if there exists ng > 1
such that 3my, +2 € Pa, then the sequences (jn)n>1 and ((6m, +4)2P"),>1 are stationary
by construction. On the other hand if 3m,, + 2 ¢ P, for every n > 1, then the sequences
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(Jn)n>1 and ((6my, + 4)2P"),>1 are strictly increasing by construction, which proves that
the fifth property is satisfied. (Il

Proof of Theorem 2.4. By Proposition 2.3, h,,(p,-) belongs to X, for every m > 0 and
every p € D since w is bounded from below. Let f € span[h,(u,-);m > 0,u € D]+ in
X, with f(z) = > 2, cpz®. Our aim is to show that f = 0. For every p € D and every
m>1

o . > C(6m+4)2n C(2m+1)2n n_
‘Pm(ﬂ). = <hm(ﬂ, )7f> = nz:;) (w((6m1 4)2n) - w((2mi 1)2n)) p' =0,
polu): = {holys ). f) = D 5w =0

n=0

For every k > 3 the radius of convergence of the power series ) - (Cran/w(k2"))2" is
greater than 1. Indeed by the Cauchy-Schwarz’s inequality
| |2n

. |Ck2” z
<n:o ) Z w(k2m) Zw(k:Q”) < Heo

for every z € D because f belongs to Xw and w is supposed to be bounded from below.
Thus the functions ¢,, and g are holomorphic and they identically vanish on D for every
m > 1. So for every m > 1

Cian o
w(k2m)

C(6m-+4)2n _ Cem+1)2n
w((6m +4)27)  w((2m +1)27)
Claim 2.6. Let w be a weight on Z; which is bounded from below, and let f € A, with
f(z) =314 ciz". Suppose that for every m > 1

and  cont2 =0 for every n > 0.

C(6m+4a)2n C(2m-+1)2n
w((6m +4)27)  w((2m +1)27) and - Con+2 or every n > 0,

Then ¢ = 0 for every k > 3.

Proof. Fix k > 3. If k € Py then ¢, = 0. Otherwise consider the sequences (mp)n>1,
(Pn)n>1 and (jn)n>1 associated to k given by Lemma 2.5.

On the one hand suppose that {T™(k);n > 0} NPy = 0, then in particular 3m,, + 2 ¢
Py for every n > 1 by (iii). So by (iv), (jn)n>1 is strictly increasing and then so is
((6my, +4)2P7),>1 by (v). Therefore by (i)

o0
=3 ot >z o e | DI

~ (61, + 4)2Pn) ((2my + 1)21)2

Since w is bounded from below, the previous series can converge only in the case where
c = 0.

On the other hand suppose that {T"(k);n > 0} NPy # 0, then (j,),>1 is stationary.
Indeed suppose that (jn)n,>1 is not stationary, that is to say strictly increasing by (v).
There exists N > 1 such that T (k) € Py, so T"(k) € Py for every n > N and TN (k) € Py
since jy > N. Then T¥(k) = 3my + 2 € Py by (ii) and (iii), which implies that
JjN+1 = jn. This is impossible, so (jn)n>1 is indeed stationary. Thus there exists N > 1
such that 3my + 2 € P by (iv), which implies by (i) that

w((2my + 1)2P1)
w((6my +4)2pN)C(6mN+4)

Ci = 2PN =0
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because (6my + 4)2PN = (3my + 2)2PN T € Py,
We have shown that c; = 0 for every k > 3. U

Thus Claim 2.6 gives that f = 0, which concludes the proof of Theorem 2.4. O

We conclude this section by proving that the adjoint 7* of 7 acting on X, has no
eigenvalue. We will denote by o, (7*) the set of its eigenvalues.

Theorem 2.7. If w is bounded from below then o,(7*) = 0.
In particular if w = wp then o,(7*) = 0.

The proof proceeds along the same lines as the proof of Theorem 2.4. We first need the
following Lemma, whose proof is similar to the proof of Lemma 2.5 and will be omitted
here.

Lemma 2.8. Let u € C\{0} and let f € X,, with f(z) = > 32, cx2® € X,. Suppose that
for every m > 1 and every n > 0

1 e 2)2n  C@m41)2n
w((3m +2)27)  w((2m+1)27)
Then for every k > 3 such that k ¢ P, there exist integer sequences (my,)n>1, (Pn)n>1
and (jn)n>1 such that:
(i) e = (u "w((2my + 1)2P1) fw((3my + 2)2P7))c(3m,,+-2)20n for every n > 1;
(ii) my, > 1 for every n > 1;
(iii) 3 mn 2= T (k) for every n > 1;
(iv) Jn+1 > Jjn if and only if 3m,, + 2 §Z Py for every n > 1;
(v) (Jn)n>1 and ((3my, +2)2P"),>1 are either both str1ctly increasing or both stationary.

Proof of Theorem 2.7. For every f,g € X, with f(z) = 27010:3 cn(f)z" and with g(z) =
Yool s cn(g)z", we have
2 Y (y=n G (F)enl9)

(1= 3 @TNele) _ g~ Eng)- _ W@

= wn) = w(n) ictsstmzy TG

and cont2 = 0.

SO

(TF|g)= +Z%f <f

=5
Then T* is defined in the following way:

o0 (o]
T* Zc 34 Z cT(k 2F for every f:z chz” cAX,.

n=3 n=3
Let p € C, let f € X, with f(z) = Zn:3 cn 2" and suppose that T*f = pf. We have
(w(3)/w(5))es = pes

(w(k)/w(T'(k)))erk)y = ek, k=5
0 = peq,

which is equivalent to
(w2m)/w(m))em = pcam, m >3
(w2m +1)/w(B3m + 2))c3mt2 = peams1, m >1
0 = pea.
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Firstly if p = 0 then ¢,, = 0 for every m > 3. So 0 does not belong to o, (7).
We suppose now that p # 0. Then we have T*f = pf if and only if

Cmar = 1M (w(m2™) /w(m))cm, m>3,n>0
1 e amayan [w((3m + 2)2") = comynyon /w((2m +1)27), m >1,n>0
Czn+2 == O, n Z 0

because for every m > 1 and every n > 0

. _pw((2m + 1)27) __ pTw((@m+1)2)
(2m+1)2n = w((2m + 1)2n-1) Cem41)2n—1 = ... = w(2m 1 1) Com+1,
SO
. " lw((2m 4 1)27) T H((2m+ 1)27)
(2m+1)2n = w(3m 1 2) C3m+2 = ... = w((3m + 2)27) C(3m+2)2n

Fix k > 3. If k € Py then ¢, = 0. Suppose now that k ¢ Ps. If |u| < 1, we can remark

that
;I |ckan | |M|7 k2”)
1912 - zJ >3 o S e

Since w is bounded from below, the previous series can converge only in the case where
¢t = 0 and it follows that f = 0. Thus p does not belong to o, (7). If |u| > 1, consider
the sequences (my)n>1, (Pn)n>1 and (jn)n>1 associated to k given by Lemma 2.8.

On the one hand suppose that {T™(k);n > 0} NPy = 0, then in particular 3m,, + 2 ¢
Py for every n > 1 by (ili). So by (iv), (jn)n>1 is strictly increasing and then so is
((3my, + 2)213")”21 by (v). Therefore by (1)

o0
2 |Cj’ ‘C 3mp+2)2Pn |M| ((3my, + 2)2p ) 2

Since w is bounded from below, the previous series converges only in the case where ¢ = 0.

On the other hand suppose that {T"(k);n > 0} NPy # 0, we will follow the lines of the
proof of Theorem 2.4 and claim that (j,)n,>1 is stationary. Indeed suppose that (jn)n>1
is not stationary, that is to say is strictly increasing by (v). There exists N > 1 such
that TN (k) € Py, so T™(k) € Py for every n > N and TN (k) € Py since jy > N. Then
TIN (k) = 3mpy+2 € Py by (ii) and (iii), which implies that jy1 = jny. This is impossible.
S0 (jn)n>1 is stationary and there exists N > 1 such that 3my + 2 € Py by (iv). This
implies by (i) that
pNw((2my + 1)2)

w((3mN+2)2PN) C(3my+2)2PN =0

because (3my +2)2PN € Py. We have shown that ¢, = 0 for every £ > 3. Thus f = 0 and
so p does not belong to o,(7*) either. O

C —

3. LINEAR DYNAMICS OF THE OPERATOR 7T

Our aim is now to understand the links between the dynamics of the Collatz map and
those of the operator 7. We begin by recalling briefly the definition of some important
properties in linear dynamics (hypercyclicity, chaos, frequent hypercyclicity and ergod-
icity), before investigating whether the operator 7 acting on X, satisfies each of these
properties.
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3.1. Hypercyclicity. A much studied dynamical property is called hypercyclicity. We
refer the reader to the books [3] and [7] for an in-depth study of this notion. Let X be
a separable infinite-dimensional complex Banach (or Fréchet) space. We will denote by
B(X) the set of bounded (or continuous) linear operators on X.

Definition 3.1 ([7, Definition 2.15]). An operator A € B(X) is said to be hypercyclic if
there exists x € X such that its orbit {{A"x;n > 0} under A is dense in X. In this case x
is called a hypercyclic vector for A.

Recall that a Gs-set in X is a countable intersection of open sets of X. The following
theorem shows that either the hypercyclic vectors of an operator A € B(X) forms a dense
Gs-set in X or A has no hypercyclic vector.

Theorem 3.2 (Birkhoft’s transitivity theorem, [7, Theorems 1.16 and 2.19]). An operator
A € B(X) is hypercyclic if and only if for every non-empty open sets U and V in X, there
exists n > 0 such that A"(U) NV # (. In this case, the hypercyclic vectors for A form a
dense Gg-set in X.

Important examples of hypercyclic operators can be found in the literature. On the
Fréchet space Hol(C) of entire functions endowed with the seminorms defined by || f||5,c0 =
sup{|f(2)|;|z| < n} for n > 1, the Birkhoff’s operator T®: f — f(- 4 a) is hypercyclic
if and only if @ # 0. The derivation operator D acting on Hol(C) is also hypercyclic. In
the Banach space setting, the simplest examples of hypercyclic operators are given by the
Rolewicz’s operators AB for |A\| > 1, where B is the backward shift on ¢2(N) defined by
B<xn)n21 = (xn—l-l)nZl-

The following criterion provides a pratical mean to prove the hypercyclicity of an oper-
ator.

Theorem 3.3 (Hypercyclicity Criterion, [7, Theorem 3.12]). Let A € B(X). Suppose
that there exist dense subsets Xy and Y of X, an increasing sequence (ny)x>1 of integers
and a sequence (Sy, : Yo — X)i>1 of maps such that:

(i) A" x — 0 as k — +oo for every x € Xo;
(ii) Sp,y — 0 as k — + oo for every y € Yp;
(i) A™Sp,y — y as k — +oo for every y € Yj.

Then the operator A is hypercyclic.

In the case where w = wq, and provided that the map 7T has no non-trivial cycle, it
is shown in [11, Theorem 2.2] that 7 satisfies the Hypercyclicity Criterion, and is thus
hypercyclic. Our first theorem generalizes this result by showing that 7 is hypercyclic on
X, under a rather mild hypothesis on the weight w, independently of any assumption on
the existence of cycles for the Collatz map.

Theorem 3.4. If w is bounded from below and if w(k2™) — +oc0 as n — +oo for every
k > 3, then T is hypercyclic.
In particular if w = wp then T is hypercyclic on X.

Proof. Tt suffices to prove that T satisfies the Hypercyclicity Criterion (Theorem 3.3).
Consider the subspace Xo = span[hp, (i, );pu € D,m > 0], which is dense in &, by
Theorem 2.4. We have T"hn(1,-) = p"hm(p,-) — 0 as n — +oo for every p € D
and every m > 0. Thus this is true for any linear combination in Xg3. Consider now
the dense subspace Yy = span[z¥;k > 3] of &, and the map S: Yy — Yj defined by
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SzF = 22k for every k > 3. Then ||S"2F||2 = ||2"?"|2 = 1/w(k2") — 0 as n — +oo
and TSzF = 722k = 2T(2K) = 2k for every k > 3. Thus this is still true for any linear
combination in Yy. Then T satisfies the Hypercyclicity Criterion, so T is hypercyclic. [

Actually, the role played by eigenvectors in the hypercyclicity of an operator appears
explicitly in the following criterion.

Theorem 3.5 (Godefroy-Shapiro Criterion, [7, Theorem 3.1]). Let A € B(X). Suppose
that the subspaces

Xo = spanfker(A — p);|p] < 1] and Yy = spanfker(A — u); |u| > 1]
are dense in X. Then A is hypercyclic.

This criteria is satisfied as soon as there are enough complex numbers p such that
hm (1, ) belongs to A, for every m > 0.

Theorem 3.6. If w is bounded from below and if there exists p > 1 such that for every
k > 3 the sequence (p"/w(k2")),>0 is bounded, then T satisfies the Godefroy-Shapiro
Criterion.

In particular if w = wg, then taking p = 2 gives us that 7T satisfies the Godefroy-Shapiro
Criterion.

Proof. By Proposition 2.3, h,,(u,) belongs to X, for every m > 0 and every u € C
such that |u| < /p. By Theorem 2.4, it suffices to show that the subspace Yy =
span[hp, (i, -);m > 0,1 < |u| < /p|] is dense in A,,. This can be proved by following
the steps of the proof of Theorem 2.4 and considering the holomorphic functions ¢,, and
@o on {p € C;|pu| < /p} instead of D. O

3.2. Frequent hypercyclicity and ergodicity. The notion of frequent hypercyclicity
is a reinforcement of that of hypercyclicity. It quantifies the frequency with which the
orbit of a vector visits a non-empty open set. We refer the reader to [2] for more on this
notion.

Definition 3.7 ([7, Definition 9.2]). An operator A € B(X) is said to be frequently
hypercyclic if there exists a vector x € X such that for every non-empty open set U in X
<n< N; A"
i i card{0 <n < N; A"z € U} >0,
N—+oo N+1

In this case x is called a frequently hypercyclic vector for A.

The Hypercyclicity Criterion admits a frequently hypercyclic version, which is the fol-
lowing theorem.

Theorem 3.8 (Frequent Hypercyclicity Criterion, [7, Theorem 9.9]). Let A € B(X).
Suppose that there exist a dense set Xg in X and a map S: Xy — Xy such that for every
x € Xo:

(1) >_,>0 A" converges unconditionally;

(2) > 505" converges unconditionally;

(3) ASz = .
Then A is frequently hypercyclic.
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The three hypercyclic operators presented before are actually frequently hypercyclic.
The operators AB, D and T® are frequently hypercyclic respectively on £2(N) and H(C)
if |\l > 1 and if a # 0.

In order to prove that 7 is frequently hypercyclic, we will actually show that T is
ergodic with respect to a Gaussian measure of full support.

Let H be a complex Hilbert space, let B be the o-algebra of Borel subsets of H and let
m be a probability measure on (H, B).

Definition 3.9 ([2, Definition 3.9]). A transformation A: (H,B,m) — (H,B,m) in B(H)
is said to preserve the measure m if m(A~Y(B)) = m(B) for every B € B. A measure-
preserving transformation A: (H,B,m) — (H,B,m) is said to be ergodic if for every
B € B, A~Y(B) = B implies that m(B) € {0,1}.

The eigenvectors of an operator play an important role in the study of its dynamics.
The fact that the eigenvectors of 7 span a dense subspace of &, allowed us to show that T
is hypercyclic under some assumptions on the weight w. In order to show that 7 is ergodic
with respect to a Gaussian measure with full support, we will rely on the properties of
the eigenvectors of T associated to unimodular eigenvalues. We first recall a few relevant
definitions.

Definition 3.10 ([2, Definition 3.1]). An operator A € B(H) is said to have a perfectly
spanning set of eigenvectors associated to unimodular eigenvalues if there exists a contin-
uous probability measure o on the unit circle T such that the eigenvectors of A associated
to eigenvalues € A span a dense subspace in H for every o-measurable subset A of T
satisfying o(A) = 1.

Definition 3.11 ([2, Definitions 3.13 and 3.14]). Let (Q, F, P) be a probability space.
A measurable function f: (Q,F,P) — C is said to have complex symmetric Gaussian
distribution if R(f) and J(f) have independent centered Gaussian distribution and the
same variance.

A probability measure m on (H,B) is said to be a Gaussian measure if the function
y — (y, z) has complex symmetric Gaussian distribution for every =z € H.

A measure m on (H, B) is said to have a full support if m(U) > 0 for every non-empty
open set U € B.

Theorem 3.12 ([2, Theorem 3.22]). If an operator A € B(H ) admits a perfectly spanning
set of eigenvectors associated to unimodular eigenvalues, then there exists a Gaussian
invariant measure with full support m on H such that A: (H,B,m) — (H, B, m) is ergodic.

We are now ready to prove the ergodicity of 7.

Theorem 3.13. If w is bounded from below and if Y /1 /w(k2") < +o0 for every k > 3,
then 7 is ergodic with respect to a Gaussian invariant measure with full support on X,,.
This is in particular the case when w = wy.

Proof. By Theorem 3.12, it suffices to prove that 7 admits a perfectly spanning set of
eigenvectors associated to unimodular eigenvalues. Since ) 7 ;1/w(k2") < +o0 for every
k > 3, the function h,,(u,-) belongs to A, for every m > 0 and every p € C such that
|| < 1 by Proposition 2.3. We will prove that for every Borel set A C T such that o(A) =
1, where o is the Lebesgue measure on the unit circle, the subspace span[h,(u,);m >
0,4 € A] is dense in A,,.
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Claim 3.14. Let w be a weight on Z, which is bounded from below and such that
Yoo o 1/w(k2™) < 400 for every k > 3. Then the subspace span[hm,(u,-);m > 0,4 € D]
is dense in X, for every dense subset D of T.

Proof. Let f € span|hm(p,-);m > 0,4 € DI* in X, with f(z) = Y705 cx2". Our aim is
to prove that f = 0. For every u € D and every m > 1

o B - C(6m-+4)2n C(2m+1)2n n_
15 = (). ) = 3 (im0

n=0
and -
polk): = (ho(ps7), ) = 3 S Esm" =0
n=0

For every k > 3 the power series ) -7 (Cran /w(k2™))2" is uniformly convergent on the
closed disk D. Indeed for every n > 0 and every z € D

|cran| 1

\/w k2m) \/w k2m)

Ck2" n
w(k2m)

and by the Cauchy-Schwarz’s 1nequahty

s |Ck2n| ’Ck2n| 1
<+

n=0

since f belongs to X, and by assumptlon on w. Then ©Om and (o are holomorphic on D,
continuous on D and they vanish on D for every m > 1. Since D is dense in the unit
circle T, the functions ¢,, and ¢¢ vanish on T by continuity. By the maximum modulus

principle, ¢, and g identically vanish on D for every m > 1 and
C(6m+4)2m C(2m+1)2n
w((6m+4)27) ~ w(@m+ 12y 0 or vy =
It follows then from Claim 2.6 that f = 0, which gives that span[h,,(u,);m > 0, € D]
is dense in X,. O

Thus since a Borel set A C T satisfying o(A4) = 1 is dense in T, Claim 3.14 gives that
T admits a perfectly spanning set of eigenvectors associated to unimodular eigenvalues,
which concludes the proof. O

We now will link the ergodicity of an operator to its frequent hypercyclicity. Let A €
B(H) be ergodic with respect to an invariant measure with full support. First it follows
from the Birkhoff’s transitivity theorem that A is hypercyclic. Then it follows from
Birkhoff’s pointwise ergodic theorem that:

Theorem 3.15 ([3, Proposition 6.23]). If an operator A € B(H) is ergodic with respect
to a probability measure m on H with full support, then A is frequently hypercyclic.
Moreover the frequently hypercyclic vectors of A form a set of full measure for m.

We deduce from Theorems 3.13 and 3.15 the following result:

Theorem 3.16. If w is bounded from below and if >~ ;1/w(k2™) < +o0 for every k > 3,
then 7 is frequently hypercyclic on A,.
In particular if w = wg, T is frequently hypercyclic on X.

We finish this section by proving that, under the assumptions of Theorem 3.13, T is
chaotic.
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Definition 3.17 ([7, Definition 2.29]). An operator A € B(X) is said to be chaotic if A
is hypercyclic and has a dense set of periodic points.

Theorem 3.18. If w is bounded from below and if Y /1 /w(k2") < 400 for every k > 3,
then T is chaotic on A,,.
In particular if w = wg, then 7 is chaotic on X.

Proof. Since Y1 1/w(k2"™) < +o0 for every k > 3, the function hy, (u, -) belongs to X, for
every m > 0 and every pu € C such that |u| < 1 by Proposition 2.3. By Theorem 3.4, T is
hypercyclic and it suffices to show that set of its perdiodic points Per(7) is dense in A,. It
follows from [7, Proposition 2.33] that Per(T) = span[h,, (i, );m > 0, u € {*™;a € Q}],
and its density is given by Claim 3.14. O

4. OPEN QUESTIONS

We finish this paper by presenting a few open questions connected to the results we
have presented.

Question 4.1. In the case where w = wy, it follows from Propositions 2.1 and 2.3 that
the spectrum o(7) satisfies

{2z € C;|z] < V2} Cop(T) Co(T) C{z € C;|z| </8/3}.

What is the exact value of the spectral radius p(7) of T ? Is it true that p(T) = V2 ?
In order to answer this question, one could perhaps build on the following proposition,
which provides an explicit expression for the norm of the iterates 7™ of T

Proposition 4.2. If w = wy, then for every n > 1

IT"? = max >

0<r<an_1 n
ag+be P cQle]

where B{") = {3"¢ + 7} and P, = {2P;P € P} U{(2P —1)/3;P € P("), P(0) = 2

mod 3} for every k > 0and 0 <r < 3" —1.

Proof. According to Proposition 2.1

Jj+1

T = Tl
T P

0<r<3n—1 M0 o (et
where §, = 1 if r < 2 and 6, = 0 otherwise. Since T'(j) = k if and only if j = 2k or
j=(2k—-1)/3if k=2 mod 3, the sets Pﬁﬁ) are such that 7" (j) = 3"m + r if and only
if j€e {P(m);P € Pg})} for every 0 < r < 3™ — 1 and every m > §,. Then

2 am +b+1
1777 = jomax_ {sup 3. =
~ " ag+bep
Fix0 <r <3"—1. Ifa, 8,7,d > 0, one can remark that a sequence ((am+g)/(ym=+9))m>o0
is strictly increasing or constant if and only if ad > Bv. We will prove by recursion that

a(r+1) > 3"(b+1) for every a+b € P,gfr). Indeed this is firstly true for Pé;f) = {3"¢+r}.

Besides if P,g? satisfies it, let P € Plgi)l .- Either P = 2a§ + 2b with a§ +b € P,EZ), or

P = 2a£/3+ (2b — 1)/3 with a§ + b € P,;n) and b = 2 mod 3. On the one hand we

r
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would have 2a(r + 1) > 3™(2b+ 2) > 3"(2b + 1), and on the other hand we would have

2a(r+1)/3 > 3"(2b+2)/3 > 3"((2b—1)/3+1). Then this is true for P,gi)l ,» which proves

n)

that Py(ﬁa) satisfies it. So for every a§ +b € P,g’r

am+b+1 . am+b+1 a
sup ————— = m ——=_—
m>s, 3'm+r+1  motoe3tm4+r4+1 37

which concludes the proof. O

Question 4.3. If liminf,,_, ;- w(n) = 0, could T be bounded, hypercyclic or ergodic ?
Could T* have any eigenvalue ?

The operator T can actually be seen as acting on a space of sequences (¢,),>3 instead
of on a space of holomorphic functions f: z +— > > o ¢p2".

Question 4.4. What would remain from these results if we considered T as acting on the
space of complex sequences CN ?
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