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The gradient’s limit of a definable family of functions is a
conservative set-valued field

Sholom Schechtman*

February 12, 2024

Abstract

It is well-known that the convergence of a family of smooth functions does not imply
the convergence of its gradients. In this work, we show that if the family is definable
in an o-minimal structure (for instance semialgebraic, subanalytic, or any composition
of the previous with exp, log), then the gradient’s limit is a conservative set-valued field
in the sense introduced by Bolte and Pauwels. Immediate implications of this result
on convergence guarantees of smoothing methods are discussed. Finally, a more general
result is established, where the functions in the original family might be merely Lipschitz
continuous, vector-valued and the gradients are replaced by their Clarke’s Jacobians or
an arbitrary definable conservative mapping.

Keywords. conservative mappings, Clarke subgradient, o-minimal structures, semial-
gebraic, nonsmooth optimization, smoothing methods

1 Introduction

In this work, given a family of real-valued functions (f,)s.>0 that converges, when a — 0, to
some function F : RY — R, we are interested in the behavior of the limit of the corresponding
family of (sub)-gradients (0f,)q~0. Formally, we are interested in properties that satisfies

Dp(z) := {veR?: there is (x,, Uy, an) — (z,v,0) with v, € dfy(x,)}. (1)

While characterizing such limits is interesting from a purely theoretical perspective, Dp
naturally appears in the analysis of smoothing methods. In these, given a nonsmooth function
F', the general construction, dating back to at least Mayne and Polak ([31]), goes as follows
(see e.g. [13]). i) First, construct (fy)a>0 a family of approximations of F' such that every
fa is smooth. i) Second, for fixed ay,er > 0, find x3, € R? an approximate stationary point:
IV fa, (zx)|| < eg. i) Finally, decrease ay,er and go back to step ii). The interest of this
procedure lies in the fact that we replace the original nonsmooth problem with a sequence
of smooth optimization problems, for which there exists an abundance of algorithms with
theoretical convergence guarantees ([33]).

In the case of a smoothing method, and assuming that (zj) has an accumulation point z*,
we immediately obtain that z* is Dp-critical: 0 € Dp(z*). Thus, ideally, one would wish Dp
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to be reduced to one of the common first-order operators: to the gradient if F' is differentiable,
to the convex subgradient if it is convex or to the Frechet’s or Clarke’s subgradient if F' is
merely locally Lipschitz continuous. Famously, Attouch in [2] has shown that when every
function in (fy)q>0 is convex, Dp is indeed the convex subgradient. This result was extended
in numerous ways, example given: for Banach spaces ([4]), weakly-convex functions ([29, 36]),
and equi-lower semidifferentiable functions ([16, 47, 48]).

Regrettably, the following simple example shows that there is no hope to state an equiv-
alent result in full generality. Let f, := asin(z/a), then f!(x) = sin(z/a) and for any = # 0,
Dp(z) = [-1,1], which is obviously larger than any (sub)-gradient of F' = 0. While unfortu-
nate, this counter-example shows that the convergence’s failure is due to a highly oscillatory
behavior of f,. Thus, naturally, one might wonder what could happen if we restrict ourselves
to a class of functions where such an oscillation phenomena does not occur.

Fortunately, the nonsmooth optimization literature ([6, 18, 26]) have already established
a setting, where precisely this pathological behavior is ruled out: the class of functions de-
finable in an o-minimal structure ([15, 40]). The class of such functions is large. It includes
any semialgebraic function, any analytic function restricted to a semialgebraic compact, the
exponential and the logarithm. Moreover, definability is stable by most of common operators
such as {+, —, x, 0,071 sup,inf}, explaining their ubiquity in optimization.

Definable functions may be nonsmooth, nevertheless, their differentiability properties are
relatively well-understood. For instance, it is well-known that the domain of a definable
function can be partitioned (or more precisely stratified) into manifolds (or srata) such that
restricted to each element of the partition the function is smooth (see [40]). Furthermore,
in the seminal work [6], it was established that the Clarke’s subgradient of such functions
admits the so-called variational stratification: the partition can be chosen in a way ensuring
that the projection of the Clarke’s subgradient onto the tangent plane of the corresponding
manifold (on which the objective is smooth) is simply the Riemannian gradient of the smooth
restriction.

Closely related to this geometric description is the notion of a conservative set-valued
field. Recently introduced by Bolte and Pauwels ([7]), conservative set-valued fields are a
“differential-akin” object, which, roughly speaking, act as a usual directional derivative along
any smooth curve. For definable functions, examples of conservative fields are the Clarke’s
subgradient, but also the output of automatic differentiation provided in popular API’s such as
TensorFlow or PyTorch ([1, 34]). In fact, as shown in [17, 30, 35], in the definable setting, being
a conservative set-valued field is equivalent to admitting a variational stratification analogous
to the one satisfied by the Clarke’s subgradient. In particular, while a given conservative
set-valued field might be different from the Clarke’s subgradient, the two objects are equal
almost everywhere. Furthermore, even on the set of points where the equality does not hold,
the field possesses a transparent geometric description.

All necessary objects being introduced, we are ready to state the main result of this work.

Theorem 1.1 (Informal). Assume that the family (fo)a=0 be definable in an o-minimal struc-
ture. Then, D is a conservative set-valued field of F'.

Let us comment on some immediate implications of this result. First, as previously men-
tioned, Dp might be strictly larger than the set of (sub)-gradients of F. Nevertheless, from
the variational stratification property of Dr we immediately obtain that Dp(x) = 0F(z) =
{VF(x)} on an open dense set. In the vocabulary of smoothing methods this means that
the gradient consistency property holds almost everywhere (see [13]). Second, even for



points where Dp(x) # 0F(z), the variational stratification gives a pleasant geometric de-
scription of Dp. Finally, due to the remarkable stability of definable functions, most of the
smoothing techniques produce a family (f,)q~0 which is indeed definable in the same as F' o-
minimal structure. Thus, for such methods, the guarantee that 0 € Dp(z*) (or more precisely
0 € conv Dp(z*)) is a meaningful and necessary condition of optimality.

Let us also mention that our result is established in a slightly more general setting. In
fact, in the construction of Dp in (1) the Clarke’s subgradients df, can be replaced by an
arbitrary (definable) conservative field D, of f,. Furthermore, similar conclusions hold when
the functions are vector-valued, with df, being replaced by an arbitrary definable conservative

mapping.

Paper organization. In Section 2 we introduce the necessary definitions of o-minimal
structures, subgradients and conservative mappings. In Section 3 we present our main the-
orem. Implications of the latter for smoothing methods are discussed in Section 4. Finally,
Section 5 is devoted to the proof of our main result.

2 Preliminaries

Notations. We say that D : R? = R™ is a set-valued map if for all x € R? D(z) < R™.
For such map, Graph D := {(z,y) : y € G(x)}, and we say that D is closed if Graph D is a
closed subset of R¥*™. Tt is said to have nonempty (respectively compact, convex) values if
for all z € R, D(x) is nonempty (respectively compact, convex). Finally, it is locally bounded
if every z € R? admits a neighborhood ¢ < R? and C' > 0 such that SUPgetveD(e) V]l < C.
For A < RY, we denote conv A its convex hull, A its closure. Similarly, R = R U {—c0, +-00}.

2.1 Functions definable in an o-minimal structure

We collect here few elementary facts about functions and sets definable in an o-minimal
structure. For more details, we refer to Appendix A and the monographs [15, 40, 42]. A nice
review of their importance in optimization is [26].

The definition of an o-minimal structure is inspired by properties that are satisfied by
semialgebraic sets.

Definition 2.1. We say that O := (O,,), where for each n € N, O, is a collection of sets in
R"™, is an o-minimal structure if the following holds.

1. If Q : R™ — R is a polynomial, then {z € R" : Q(x) = 0} € O,.

2. For each n e N, O, is a boolean algebra: if A,B € O,, then Au B,An B and A€ are
m Op.

3. If Ae O, and B € O,,, then A x B€ Opym.
4. If Ae Ony1, then the projection of A onto its first n coordinates is in Oy.
5. Every element of Oy is exactly a finite union of intervals and points of R.

Sets contained in O are called definable. We call a map f : R? — R™ definable if its graph
is definable.



Definable sets and maps have remarkable stability properties. For instance, if f and A
are definable, then f(A) and f~!(A) are definable and definability is stable by most of the
common operators such as {+, —, x,0,071}.

Let us look at some examples of o-minimal structures.

Semialgebraic. Semialgebraic sets form an o-minimal structure. This follows from the
celebrated result of Tarski [39]. A set A < R" is semialgebraic if it is a finite union of
intersections of sets of the form {Q(z) < 0}, where @ : R™ — R is some polynomial. A
function is semialgebraic if its graph is a semialgebraic set. Examples of such functions
include any piecewise polynomial and rational functions but also functions such as x — x9,
where ¢ is any rational number. In fact, any o-minimal structure contains every semialgebraic
set.

Globally subanalytic. There is an o-minimal structure that contains, for every n € N,
sets of the form {(x,t) : t = f(z)}, where f : [-1,1]" — R is an analytic function. This
comes from the fact that subanalytic sets are stable by projection, which was established by
Gabrielov [21, 22]. The sets belonging to this structure are called globally subanalytic (see
[5] for more details).

Log-exp. There is an o-minimal structure that contains, semialgebraic sets, globally sub-
analytic sets as well as the graph of the exponential and the logarithm (see [41, 43]).

With these examples in mind it is usually easy to verify that a function is definable. This
will be the case as soon as the function is constructed by a finite number of definable operations
on definable functions. From this, we see that most of the functions used in optimization are
definable in the structure Log-exp.

2.2 Conservative set-valued fields

Conservative set-valued fields were introduced by Bolte and Pauwels in [7] as an elegant de-
scription of the output of automatic differentiation provided by numerical libraries such as
TensorFlow of PyTorch ([1, 34]). Since then, several works have worked out some geometrical
properties of conservative set-valued mappings of definable functions ([17, 30, 35]). They con-
stitute an important tool for establishing the convergence of first-order methods in nonsmooth
optimization ([7-9, 18, 28, 44]).

Definition 2.2 ([7]). We say that a locally bounded, closed set-valued map D : R = R?
with nonempty values is a conservative field for a potential function f : R® — R if for any
absolutely continuous curve x : [0,1] — R? and any measurable function v : [0,1] — R?, such
that for all t € [0,1], v(t) € D(x(t)), it holds that

1
fx(1)) = f(x(0)) + L (), x(t))dt . (2)

Functions that are potentials of some conservative field are called path differentiable.

Remark 2.3. Fiz an o-minimal structure O. If f and D are definable in O, then, as shown
in [35, Theorem 2] and [17, Theorem 3.2], it is sufficient to verify Equation (2) only for C!
definable curves x and definable selections v (in O).

Definable functions always admit a conservative field. The most important example of
one is the Clarke’s subgradient (this was proven in [19] but see also [18]). Recall that for a
set A, conv A denotes its convex hull.



Definition 2.4 (Clarke’s subgradient [14]). Let f : R* — R be a locally Lipschitz function.
The Clarke’s subgradient of f at x is defined as

Of (z) := conv{v e RY : there is x, — x, with f differentiable at x,, and V f(z,) — v}.

From the optimization perspective, note that the Clarke’s subgradient provides a necessary
condition of optimality: if z is a local minimum of f, then 0 € df(z) ([14]).
As shown in [7], the Clarke’s subgradient is the smallest convex-valued conservative field.

Proposition 2.5 ([7, Corollary 1]). Let f : R* — R be a definable locally Lipschitz continuous
function. Then df : R* =3 R% is a conservative set-valued field for f. Moreover, if D is any
other conservative field of f, then so is ¥ = conv D(z) and

of (x) < conv D(z).

In particular, a point « € R? is a local minimum only if 0 € conv D(z).

From a geometric perspective, it turns out that in the definable setting conservative fields
are exactly those maps that admit the so-called variational stratification (see [7, Section 4.2]).
We refer to [10] for the necessary definitions of manifolds and Riemannian gradients.

Proposition 2.6 ([30, Theorem 2.2] and [17, 35]). Let f : RY — R be definable and let
D : R? =3 R? be a definable conservative field of f. For any p = 1, there is (M;), a finite
partition of R? into CP manifolds such that f restricted to any M; is CP and for any x € M;,
it holds that

D(z) € Van /() + NoM;. 3)

where V pm, f(x) is the Riemannian gradient of fx, at x and NoM; is the normal plane of
M; at x.

Conversely, if there exists a closed, locally bounded mapping D : RY =3 R? and a finite
partition of R into CP manifolds (M;) such that (3) holds, then D is a conservative set-valued

field of f.

Let U be the union of full-dimensional manifolds from the partition given by Proposi-
tion 2.6. Then, f is differentiable on U and for all z € U, D(z) = {Vf(z)}. Note also that
U is an open and dense subset of R%. Therefore, in the definable setting, any conservative
field is equal to the gradient on an open and dense set. Actually, as shown in [7, Theorem 1],
even if f is not definable it is true that its conservative field is equal to the gradient almost
everywhere.

Remark 2.7. One could convince himself on why Equation (3) implies Definition 2.2 in the
following way. Consider x : [0,1] — R% an absolutely continuous curve. Then, informally,
we can partition [0,1] into intervals on each of which x stays on the same manifold M.
Since fipq is smooth, we immediately obtain that (f ox)'(t) = (V. f(x(t)),x(t)), which under
Equation (3) implies Equation (2). This is almost a complete proof of the implication, since
we can not always find such partition for an arbitrary absolutely continuous curve (for a full
proof see [18, Theorem 5.8] or [7, Section 4]).



2.3 Conservative mappings

Definitions of the previous section readily extend to the case where the potential function is
vector-valued.

Definition 2.8 ([7]). Let f : R — R™ be a locally Lipschitz continuous function. We say
that D : R4 =3 R™*? is a conservative mapping for f, if for any absolutely continuous curve
x: [0,1] — RY,

1
f(x(1)) = f(x(0)) +L D(x(t))x(t) dt .

Of course, when m = 1, this definition is exactly the one of a conservative set-valued
field. Not surprisingly, rows of a conservative mapping are actually conservative fields for the
corresponding coordinate of f.

Proposition 2.9. [7, Section 3.3] Let f : R* — R™ be locally Lipschitz continuous and
D :R* 3 R™*4 be o conservative mapping for f. For 1 <i < m, denote

Di(z) :={v; € R?: Juq,. .., 0i1,Vig1, ... Um € RY, [vl,...vm]T € D(x)}.

Then, © = D;(x) is a conservative field of f;.
Conversely, if D; is a conservative field for f;, then

3 [v,...,om]" wvieDi(z),i=1,...,m

is a conservative mapping of f.

3 Definable limits of conservative fields

3.1 Main result

In the following, we fix an o-minimal structure O. Definable will always mean definable in O.

Consider a function f : RY x R* — R. Denoting, for a > 0, f,(-) := f(-,a), we think of
(fa)a>0 as a parametrized family of functions. Consider a set-valued map D : R x R¥ = R4
such that for each a > 0, D, := D(-,a) is a conservative field for f,. Note that by definability
there is F : R? — R such that f, — F pointwise (see Lemma A.2).

Assumption 1.
1. The function f and the set-valued map D are definable.
2. For any compact set K < R?,
alliglosup{HvH :vEDy(x),a<a,xe K} <+0w.
Let us emphasize that if for every a, D, = 0f,, then the set-valued map D is definable as
soon as f is. Therefore, Assumption 1 encompasses the setting presented in the introduction.

Note, moreover, that Assumption 1 implies that F' is locally Lipschitz continuous.
Define the set-valued map Dp : R? 3 R? as

Dp(x) := {veR?: there is (n, Vn, an) — (x,v,0), with v, € D(z,,a,)}.

Finally, denote conv Dy : R? = R? the set-valued map = = conv Dp(x).



Theorem 3.1. Let Assumption 1 hold. The maps Dr and conv Dp are definable and are
conservative fields for F.

Remark 3.2. Conservative set-valued fields being a local object, conclusions of Theorem 3.1
continue to hold when the functions fq, F (as well as Dy, D) are defined only on some
definable open set U < R,

Remark 3.3. Observe that it is not sufficient to have f, definable for every a > 0. Indeed,
recall the example from the introduction: fq(x) = asin(xz/a), f.(z) = sin(z/a), F = 0 and
D = [-1,1]. If we restrict the functions to [—1,1], then for all a, f, is definable in the
structure of subanalytic sets. Nevertheless, the assumption of the theorem do mot hold since

Graph f = {(z,a,y) : fo(z) = y} is not definable.

If for each a, D, = df,, one might wonder if conv Dp is equal to 0F'7 Unfortunately, the
following semialgebraic example (given to the author by Edouard Pauwels) shows that this
is generally not true. Nonetheless, note that by Theorem 3.1 we always have 0F < conv Dp.
Furthermore, since D is a conservative field it holds that Dp = {VF'} almost everywhere.

Example 3.4. Consider f,(x) = a — |z| if |x| < a and f,(x) = 0 otherwise. A direct
computation shows that fl(a/2) = —1 and as a consequence —1 € Dp(0). Thus, Dp has
elements that are different from the Clarke’s subgradient of F = 0. Note that by smoothing
the corners it is easy to construct a similar example where each f, is smooth.

Theorem 3.1 has an easy generalization to the case where the functions are vector-valued.
Assumption 2.

1. There is f : R% x R — R™ and D : R? x R¥ =3 R™*4 such that for each a € R%,
D(-,a) is a conservative mapping of f(-,a).

2. The function f and the set-valued map D are definable in the same o-minimal structure.

3. For any compact set K R?,

limosup{HvH cveDg(r),a<a,zre K} <+w.
a1 —

As previously, let Dp be defined as
Dp(x) := {B € R™*%: there is (2, By, an) — (2, B,0), with B, € D(z,,a,)}.

Theorem 3.5. Let Assumption 2 hold. The map D and conv D are conservative mappings
for F.

Proof. Tt is sufficient to prove the claim on Dp. For each 1 < i < m, the map = =3 D;(z,a)
is a conservative field of f; by Proposition 2.9. Denote Dp, the corresponding limit. By
Theorem 3.1, Dp, is a conservative field for F;. Thus, by Proposition 2.9 the mapping Dp :
r 3 [Dp,(x),...,Dg, (x)]" is a conservative mapping for F. The proof is completed by
noticing that Dp ﬁF. O



To finish this section, let us mention that, from a technical point of view, the proof of
Theorems 3.1 and 3.5 uses very little of Lipschitz properties of f,, F'. Mainly, this assumption
is used to ensure the fact that D is nonempty. In particular, we conjecture that a similar
statement should hold, when we no longer assume local Lipschitz continuity of (f,) and F'.

However, the notion of conservative set-valued fields (or mappings) being for now defined
only for Lipschitz functions, this would require a proper definition of conservativity for non
Lipschitz mappings. Whence, we leave such considerations for future works.

4 Applications to smoothing methods
Assume that we are interested in the optimization problem

min F'(x
zeRd ()’

where F': R? — R is continuous but is neither convex nor smooth. A large body of work (see
for example [10, 11, 11-13, 20, 23, 25, 31, 32, 37, 45, 46]) suggests tackling this problem by
designing a smooth function f : R? x R% — R such that for each a > 0, f, is continuously
differentiable and f, — F. The general optimization procedure then find, for decreasing

a—

values of ay, e > 0, an approximately stationary point zy, : |V fq, (zx)]| < k.

Notice that when ag,er — 0, any accumulation point z* of (xj) satisfies 0 € Dp(z*).
Therefore, as soon as f is definable, Theorem 3.1 establishes that Dp is a conservative set-
valued field of F. Since 0 € conv Dp(z*) is a necessary condition for z* to be a local minimum
(see Section 2.2), Theorem 3.1 gives theoretical guarantees of convergence for a large class of
smoothing methods.

Let us also notice, that here the non-intrinsic properties of conservative fields are becom-
ing apparent. Indeed, Dp is implicitly defined by the design of the smoothing function f.
Depending on the latter, D might be just the Clarke’s subgradient or might be larger (or
smaller). Thus, the guarantees provided by Theorem 3.1 will be dependent on the design of
the smoothing function by the practitioner.

Let us look at some common examples of smoothing functions. In the first two, conv D
turns out to be simply the Clarke’s subgradient. In the third-one, conv Dr might contain
other elements.

Example 4.1 (Lasry-Lions regularization ([27])). Let F': R? — R be a continuous definable
F(z)
1+ e)®

function such that s bounded from below. Then, for every a > 0,

_ 1 , 1 )
x)=sup inf (Fly)+ —|ly—z2|"——|z—=
folw) = sup,int, (F) + o = 1P = 4ol = ol

is the Lasry-Lions regularization (with parameters (a,a/2)). For a small enough, f, is con-
tinuously differentiable, with Lipschitz continuous gradients (see [3, 27]). As shown in [2/],
in this case conv Dp = 0F, without any requirement on definability.

Note that an implementation of a method using the Lasry-Lions regqularization would re-
quire to solve an optimization problem at every point of interest.

Example 4.2 (Mollifiers). Perhaps the most common construction of smoothing approrima-
tions given by convolution of F with smooth kernels. Let (Yq)a>0 be a sequence of bounded,



measurable functions 1, : R* — R, with SRd Yo(z)dx = 1 such that for every a > 0, 1, is
equal to zero outside a ball of radius r(a), with lim,_,or(a) = 0. Then, the family of function

(fa), defined as

fa@) = | Fla—yovaly) dy = f Fly)ba(z —y) dy,

R4 B(z,r(a))

converges uniformly to F' on every compact of RY, with moreover conv Dy = 0F (38, Example
7.19 and Theorem 9.67] and [20]). Note that no assumption on definability is needed here.

The typical choice here is 1, being the indicator of the open ball of radius a. From the
computational perspective, the limitation of a method using a mollifying sequence would be in
the evaluation of a d-dimensional integral.

Example 4.3 (Max structure [12, 13]). Many interesting optimization problems include a
nonsmooth function F' that can be represented as a composition of smooth functions with the
function (t); = max(0,t). Ezamples include nonlinear complementarity problems, mized
complementarity problems or regularized minimization problems (see [13] for more details).
Replacing (t+) by a smoothing function ¢(t,a) we obtain a smoothing function for F. In this
case, conv Dp might be larger than OF. Nevertheless, Theorem 3.1 ensures the fact that Dp
is a conservative set-valued field of F'.

Gradient consistency. A desirable property of a smoothing method is the gradient con-
sistency (see [13]): Dp(z) < 0F (). Indeed, in this case Dp does not produce any additional
critical points. As we have seen in Example 3.4, such a property does not hold in full general-
ity. However, using the fact that D is a conservative field, by Proposition 2.6 we immediately
obtain gradient consistency almost everywhere. Interestingly, we note in the following propo-
sition that the failure of gradient consistency is intimately related to the failure of the chain
rule of the Clarke’s subgradient.

Proposition 4.4. Extend f: R? x R% to a = 0, by putting f(z,0) = F(z). Assume that this
extended function is locally Lipschitz continuous and that for every a >0, Dy = 0f,. Then,

conv Dp(x) € Py(df(x,0)),
where Py : R - R denotes the orthogonal projection onto the first d coordinates.

Note that F' can be written as f o ¢, with ¢(x) = (z,0). Since ¢ is differentiable, this
implies that 0F J; 0f (x,0), where the inclusion could be strict, depending on the regularity
properties of f ([14, Chapter 2]). Noting that J;,r = Py, we see that the gradient consistency
is determined by the strictness of this inclusion.

Proof. Consider x,, vy, a, — x,v,0, with v, € df,, (z,,). Denoting ¢, (z) = (z,a,), it holds
that f,, = f o¢,. Thus, since the transpose of the Jacobian of ¢, is equal to P, from the
chain rule for the Clarke subgradient ([14, Theorem 2.5]) we obtain that v, € df,, (zn) <
Piof(xn,ay). By the continuity of the Clarke subgradient we obtain that v € P;df(x,0). O

Remark 4.5. The proof of Proposition 4.4 indicates a potentially alternative proof of The-
orem 3.1. Indeed, if f extended to a = 0 by f(x,0) = F(x) is locally Lipschitz continuous
and D is a conservative field of f, then by the chain rule for conservative fields ([7, Lemma



6]), © = PyD(x,a) is conservative for fo. Thus, if we are able to construct D such that
PyD(z,a) = D,(x), then from the fact that D is closed the statement of Theorem 3.1 is im-
mediate. We believe that, relying on stratification properties of definable sets and maps, such
construction should be possible but is not immediate. Note, furthermore, that f is not even
assumed to be continuous in Assumption 1. Hence, one should be careful with the meaning
and definitions of conservativity for potentially discontinuous maps.

5 Proof of Theorem 3.1

The fact that Dp (and thus conv D) is closed and locally bounded is immediate from its
definition and Assumption 1. To show that Dg (and thus conv Df) is definable note that

Graph Dp = {(z,v) : Ve > 0, there is (2/,v',d’) € R? x R? x R* | such that
v' € Dy(2') and |2/ — | + ||[v' —v|| + ' < e}

The right-hand side is defined through a definable first-order formula and thus is definable
(see Proposition A.1).

Before going further, let us first describe the idea of the proof. Consider definable functions

v : [0,1] — R? such that x is C! and for all t € [0,1], v(t) € Dp(x(t)). By Remark 2.3 it is
sufficient to show that

P(x(1)) - f (), v(E)ydt = 0.

This will imply that Dp is conservative and will imply this property for conv Dp (see [7,
Remark 3]).

The key idea is then to note that if one can construct a definable (and sufficiently regular)
family of curves x4, v, — X, v such that, v,(t) € D,(x(t)) and, furthermore, x, — X, then,

a—

up to some careful 1nterchange of limit and expectation, one will obtain

1
F((1) = F((0)) = im fula(1) = falxa(0) = lim | a(t) va(0) t = j<x ()t

completing the proof. While such a family of curves does not necessarily exist, we prove
that it always exists on a subset of [0, 1] of measure arbitrary close to 1. The is sufficient to
complete the proof.

Let us describe the organization of this section.

e First, Lemmas 5.1-5.4 establish that if a family of curves (x,)q~0 converges to a curve
x, then almost surely x, — x. In some sense, it can be viewed as a one-dimensional
version of the theorem.

e In Lemma 5.5 we show the existence of x4, v, € Dg(Xq) such that x,, v, — %V
a—

e Combining the two previous result, we complete the proof of Theorem 3.1 by showing
that for almost every t, (X, Vvq) — %F(x(t)).
a—

To simplify the notations, until the end of the proof we will use the following convention.
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Whenever ty < ... <ty is a partition of some open interval I =|tg,tx[, we will denote
I :=1t;, tis1] and for 6 > 0 small enough, I; 5 :=|t; + §,ti11 — 6.

Lemma 5.1. Let I be an open interval, d > 0 be an integer and x : I xR¥ — R? be a definable
function. There is a finite collection of points to < t1 < ... <ty such that I =]tg,tx[ and for
any 0 > 0, there is 0 < a5 such that for 0 < i < k — 1, every coordinate 1 < j < d and I; 5,
one of the following holds.

i) For allte I; 5, x(t,-); increases on 10, as].
ii) For allte I; 5, x(t,-); decreases on 0, as].
iii) For allt e I; 5, x(t,-); is constant on )0, as].

Proof. It is sufficient to prove the lemma in the case where d = 1, since the general case will
follow by finding a common refinement for all coordinates.

Assume that d = 1. By the monotonicity lemma and the definable choice (see Appendix A)
we can find a definable function ¢ — a; such that x(t,-) is decreasing (respectively increasing,
constant) on ]0,a;]. Therefore, we can find typ < ... < t; such that ¢ — a; is continuous
on each I; =|t;,t;+1[ and on each I;, the function x(¢,-) is either increasing, decreasing, or
constant (in the same manner for all ¢ € I;) on ]0,a;]. Since t — a; is continuous on I; and
since for any ¢ > 0, I; 5 is compact, it holds that a; 5 := infiey, ; ar > 0. Denoting a5 = min; a; 5
completes the proof. O

Lemma 5.2. Let I be an open interval, d > 0 be an integer and x : I x R} — R? be a
definable function. For any p > 0, there is a finite collection of points tg < t1 < ... <ty such
that I =|to,tx| and for any § > 0, there is 0 < as such that for 0 < i < k—1, x is CP on
Ii,(g X]O,ag[.

Proof. By standard stratification properties of definable functions I x R% can be partitioned
into cells C1, ..., Ck, such that x is CP on each of the cells. For every i € {1,...,ko}, consider
the sets

Ai={(t,a)e I xR :Vd' <a,(t,d)eC;} and [;={t:JaecR% (t,a)€ A;}.

Claim: I = |JI;. Indeed, by definability, for every t € I, the function a — ¢ + a, for small
enough a, will be contained in one of A;. End of the proof of the claim.

Hence, we can find ¢ty < t; < ... < t; such that |to,tx[= I and such that for each
j€{0,...,k—1}, there is i € {1,..., ko} such that |t;,¢;41[c I;. For such j and I;, consider
the definable function aj :]t;,t;1[— Ai:

1
aj(t) = 3 supf{a : (t,a) € A;}.
Refining, if needed, the subdivision, we can assume that a is continuous on |¢;,¢;11[. There-
fore, for every § > 0, there is 0 < a; < inf{a;(t) : t €]t; +6,t;11 — [}. Choosing as = min; a;,
completes the proof.
O

In the statement of the following lemma, for a function y : I — R, we say that the integral
§;y is well-defined if either {, |y(¢)|dt < +o0, or y (respectively —y) is lower bounded by an
integrable function z and {, y(t) —z(t) dt = +o0 (respectively §, —y(t) —z(t) dt = +c0). In the
latter case, {;y(t)dt = +oo (respectively {,y(t)dt = —o0).
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Lemma 5.3 (Fuzzy integral convergence). Consider an open interval I and a definable family
of function x : I x R — R. Denotey: 1 — R the definable function that satisfies, for all
tel,

lim [x(t,a) —y(t)] =0.

a—0

Then, there is tg < ... < t such that I =]ty,tx| and such that for any 6 > 0 and any
0<i1<k—-1, SI, Y is well-defined. Moreover, there is as such that for a < asg, S[- 5 x(-,a) is
well-defined and 7 ’

J Xq(t) dt —— y(t)dt.
Lis =0 Jr; s
Proof. Consider ty < ... <t given by a common refinement of Lemmas 5.1 and 5.2 applied
to x. Since y is definable, refining if needed the subdivision, we can also assume that, on each
I;, y is either real-valued and continuous or is constant and is equal to +co. Hence, SIZ_ Y is
well-defined. ’
Moreover, for any ¢ > 0, there is as such that the sequence (x(-,a))q<q; is monotone
and such that x is CP on mx]O,a(g]. In particular, when a < a5 and a — 0, either 0 <
X(-,a) —x(-,a5) /" y(-) —x(-yas) or 0 < —x(-,a) + x(-,as) / —y(-) + x(-,as). Since x(-,as)
is continuous, it is integrable on I; 5 and thus SIZ_ 5 x(-,a) is well-defined for a < as. Finally,
applying the monotone convergence theorem, we obtain one of the following

L' x(t,a) — x(t,as) dt — y(t) — x(t, ag) dt,

=0 Jr; 5
f —x(t,a) + x(t, as) dt — —y(t) + x(t,as) dt.
Iis a=t I,

O

Lemma 5.4. Consider d > 0 an integer, an open interval I and a definable family of functions
x: I x R* — R such that for a > 0, x4 := x(-,a) is C'. Assume that there is a definable
functiony : I — R% such that for every t e I,

lim [ly(¢) —x(t,a)|| = 0.
a—0

Then, there is ty < ... < tx, such that I =]tg,tx[ and for any t € I\{to,...,tx}, y is differen-
tiable at t and x(t,a) — y().
a—

Proof. It is sufficient to prove the lemma in the case where d = 1, since the general case will
follow by finding a common refinement for all the coordinates.

Assume that d = 1. Since y is definable we can find ¢y < ... < t}, such that y is C' on
each I;. For every t € I, lim, ,ox(t,a) = g; exists and is in R. By Lemma 5.3 we can refine
the partition such that for any ¢ > 0, and any t',t" € I; 5,

t// t”
f x(t,a)dt — | gedt.
v a—0  Ju

Since the left-hand side is equal to x(t”,a) — x(t', a), we obtain
t//

L ") at =yt - y(t) = f gedt.

/ /
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Since ¢ and t',t" € I, 5 were arbitrary, this shows that g; = y almost everywhere. The latter,
by definability, implies that g = y everywhere except a finite number of points. O

We return to the proof of Theorem 3.1. Consider the definable functions x,v : [0,1] — R?
such that x is C! and for all ¢ € [0,1], v(t) € Dgr(x(t)). The purpose of the next lemma is to
show that we can always partition I into subintervals such that, up to an arbitrary precision,
there are curves Xg, Vg —7 NV with vg(t) € Dy (x4(2)).

Lemma 5.5. There is tg < ... < ty such that for any § > 0, there is as > 0 and two
definable functions X,V : I; 5x10, as] — R?, (defined for each 0 <i < k — 1) such that for any
(t,a) € I“; X]O, a(g],

Vo(t) € Do(xq(t))  and  xq(t),vq(t) — x(t),v(t),

a—0
where we denoted x,(t) = X(t,a) and vq(t) = V(t,a).

Proof. Denote S the definable set
S = {(t,e.,9,0) : (a,t,¢) €]0, 1%, |7 = v(t)]| + |7 = x(1)]| + a < &, 5 € Dy(2)}.

Notice that for any (t,¢) €]0,1]?, Si. # &, where S;. = {(Z,7,a) : (t,&,%,0,a) € S}.
Thus, there is a definable selection (X1,V1,a) :]0,1]?> — R24*! such that for all (¢,¢) €]0,1]?,
(x1(t,€),v1(t,€),a(t,€)) € Ste. Notice that vi(t,¢) € Dy ey (X1(t,€)) and that

X1 (t,e),v1(t,e) — x(t),v(t).

We will complete the proof if we show that there is a definable function e(¢, ) such that
a(t,e(t,a)) = a.

For every t € [0, 1], there is €; such that a(¢, ) is continuous and increasing on |0, &;], with
lim.,pa(t,e) = 0. Denote a; = a(t,e¢) > 0. The function ¢ — a; being definable, there is
0=ty <ty <...<tp =1such that a; is continuous on any interval I;. Therefore, for any
i,0, aj§ = mingey, ; ar > 0.

Denote as := min; a; s and note that the set

{(t,a,e) :tels, €€l|0,e], a(t,e) = a}
is definable and that by the mean-value theorem, for any (¢,a) € I; 5x]0, as], the set
{e €]0,e¢] : a(t,e) = a}

is non-empty. Hence, by Definable Choice, there is e : I; %10, a5] —]0, 1] such that e(¢,a) < &
and a(t,e(t,a)) = a.

Claim: for any t € I; 5, lim,—,9e(t,a) = 0. Indeed, by definability lim,_,ge(t,a) = &4
exists. If e, # 0, then from the continuity of a(¢,-) on ]0,e¢] we obtain a(t,e(t,a)) = a —
a(t,eq) = 0. Since a(t, ) takes only positive values, this shows that necessarily ¢, = 0.

Thus, denoting X(t,a),V(t,a) = x1(t,e(t,a)),v1(t,e(t,a)), we obtain the statements of the
lemma. O
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End of the proof of Theorem 3.1. Consider tg < ... < tj given by Lemma 5.5, and for any
91 > 0 the associated functions X,V : I; 5, x]0, a5, | — R,

By Lemma 5.2, for any 0 < i < k — 1, we can partition I; 5, by t; + 6 =t < ... < t}'ﬂ_ =
ti+1 — 01 such that, denoting, for 0 < j < k; —1 and d2 > 0, I; ; 5, :=]t§- + 09, t; — d2/, there is
as, < ag, such that x and foxis C! on I, j 45, x]0, as,].

By Lemma 5.4, for all ¢ € I; ; 5, except a finite number of points, we obtain that

. . d .
Xa(t) —ox(t) and = (faoxa)(t) —>y(t),
where y(t) is the limit of (f, 0x4)(¢). Note that by Assumption 1 and Arzela-Ascoli theorem,
there is a, — 0, such that f,, — F' uniformly on compact sets. Thus, y(t) = F'(x(¢)) and

d d
Koll) o %(1) and (o)) — TF o). @

Now, consider any sequence (ay,)nen, upper bounded by as,, such that a, \, 0. For every
n € N, by path differentiability of f,, there is a set 7T}, of full measure in I; ; 5, such that for
all t € Ty, & (fan ©%an)(t) = (a, (£),Va,, (t)). In particular, for all ¢ € ()T}, it holds that

%(fan © Xa, )(t) = Kay (£), Va, (£)) —— (), (1)) - ()

n—0o0

Combining Equations (4) and (5), we obtain for almost all ¢t € I; ; 5,

d .
3 (o) = (@), v(2))- (6)

Since d2 was arbitrary, Equation (6) also holds for almost every ¢ € I, ; :]t§,t§» +1[ and thus
for almost every t € I; 5,. Similarly, since J; was arbitrary, this implies that it holds for almost
every t € I; and thus for almost every ¢ € [0,1]. Finally,
1 d 1
F(x(1)) = Fx0)) = | (Fox)®dt = | &(o).v(e)dr,
0

0

which completes the proof. O
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A O-minimal structures

In the following we fix some o-minimal structure O. Definable will always mean definable in
0.

An attractive property of definable sets is that they can be constructed by means of first
order formulas. A first order formula is constructed according to the following rules.

i) If @ : R™ — R is a polynomial, then Q(z) = 0 and Q(z) > 0 are first order formulas.
ii) If A < R™ is definable, then x € A is a first order formula.

iii) If ®(x) and ¥(x) are first order formulas, “¥(z) and ®(z)”, “¥(z) or ®(z)”, “not ®(z)”
and “U(x) = ®(z)” are first order formulas.

iv) If ®(x,7) is a first order formula, where (z,y) € R” x R}, and A c R” is definable, then
“re A V(x,y)” and Yre A ¥(z,y)” are first order formulas.

Proposition A.1 ([15, Theorem 1.13]). If ®(x) is a first order formula, then the set of
that satisfies ®(x) is a definable set.

The following two lemmas will be used throughout the proof of Theorem 3.1.

Lemma A.2 (Monotonicity lemma [42, Theorem 4.1 |). Let f: Ja,b[— R, with —o0 < a <
b < 400, be a definable function and p = 0. There is a finite subdivisiona = ag < -+ < ap = b
such that on each interval |a;,a; 1| f is CP and either constant or strictly monotone.

In particular, that shows that any one-dimensional function admits right and left limits
(that can be infinite) near every point.
The following lemma shows that we can construct definable selections from definable sets.

Lemma A.3 (Definable choice [15, Theorem 3.1]). Let A < R™ x R! be a definable set.
Let m, denote the projection on the first n coordinates. Then there is a definable function
p:ma(A) = R st for any x € m,(A), (z,p(z)) € A.
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