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1IMT Nord Europe, Institut Mines-Télécom, Univ. Lille, F-59000 Lille, France;
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avenue de l’Université, BP 12, Technopôle du Madrillet, 76801
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Abstract

In this work, percolation properties of device-to-device (D2D) networks in urban en-
vironments are investigated. The street system is modeled by a Poisson-Delaunay trian-
gulation (PDT). Users are of two types: given either by a Cox process supported by the
edges of the PDT or by a Bernoulli process on the vertices of the PDT (i.e. on streets
and at crossroads). Percolation of the resulting connectivity graph Gp,λ,r is interpreted
as long-range connection in the D2D network. According to the parameters p, λ, r of the
model, we state several percolation regimes in Theorem 1 (see also Fig. 3). This work
completes and specifies results of Le Gall et al [23]. To do it, we take advantage of a
percolation tool, inspired by enhancement techniques, used to our knowledge for the first
time in the context of communication networks.
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1 Introduction

1.1 State of the art

Due to the recent explosion of the number of connected devices and the emergence of new and
high data rate services (as for instance video sharing, online gaming and internet browsing),
cellular networks, i.e. telecommunication networks where the link between devices is wireless,
have to be reconsidered. For this purpose, one of the main technologies investigated in the
literature for about twenty years is device-to-device (D2D): see [1] for a survey. D2D
communication in cellular networks is defined as a direct and short-range communication
between two mobile users without the need for the signal to be rooted through extra network
structure (as a base station). Hence, a D2D communication between two devices far away
from each other remains possible via a chain of consecutive D2D links where some devices
located between the transmitter and the receiver intervene and relay the signal. This is why
long-range connection in D2D networks can be naturally interpreted as a percolation problem.

The basic model to study D2D networks is the Poisson Boolean model or Gilbert’s model
in which random discs are scattered uniformly and independently in the plane R2. See [12]
for the seminal article of Gilbert and [25] for a modern reference on continuum percolation
theory. Later, more realistic approaches for D2D networks have been developed. Let us men-
tion the SINR graph [8] taking into account the interferences creating by devices located at
proximity to the transmitter-receiver pair. Besides, in real-world networks in urban areas,
devices– we will also talk about users –cannot be located anywhere but rather on a street
system. Let us notice that the use of random tesselations to model street systems has already
been considered and validated [13, 27]. A doubly stochastic Poisson Boolean model whose
centers of discs are supported by a random tesselation is a Cox process. Percolation of such
Cox processes have been recently investigated in [18, 20] and especially in the context of D2D
networks [22, 23].

These last references, corresponding to the Le Gall thesis work, constitutes the starting
point of the present study. Our goal is to complete and specify the percolation regimes stated
in [23].

1.2 Our model: the connectivity graph Gp,λ,r

Urban media. Let us consider a marked Poisson Point Process (PPP) X̄ on R2 with intensity
dx and independent marks in [0, 1] × RN

+ with distribution U([0, 1])⊗(Exp(1))⊗N, where dx,
U([0, 1]) and Exp(1) resp. denote the Lebesgue measure on R2, the uniform distribution on
[0, 1] and the exponential distribution with rate 1. We refer to the book by Last and Penrose
[21] for background on Poisson point processes. Let X be the projection of X̄ onto its first
ordinate R2. We can thus write

X̄ =
{(

x, Vx, (Ex,k)k≥1

)
: x ∈ X

}
where (Vx, (Ex,k)k≥1)x is a family of elements of [0, 1]×RN

+. The process X is a homogeneous
PPP on R2 with intensity 1 (w.r.t. the Lebesgue measure dx).

Let T be the Poisson Delaunay Triangulation (PDT) built from the process X. Precisely,
T is the (undirected) graph whose vertex set is given by the points of X and whose edge set
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is defined as follows: for x, x′ ∈ X, {x, x′} is an edge of T if there exists a circle going through
x and x′ and having no points of X in its interior. With an abuse of notation, we also denote
by T the subset of R2 defined as the union of segments [x, x′] where {x, x′} are edges of the
PDT.

The Delaunay triangulation T modelizes the urban media (or the random environment)
on which lies the D2D network. Edges and vertices (i.e. elements of X) of T are resp. inter-
preted as streets and crossroads.

Users. There are two kinds of users. For p ∈ [0, 1], we set

Xp := {x ∈ X : Vx < p}

which can be viewed as a Bernoulli site percolation process with parameter p performed on
X. When Vx < p, we say that there is a user at crossroad x or that the vertex x ∈ X is open
(and closed in the alternative case).

Let Ȳ be a marked Cox process on R2 with intensity measure λΛ and independent marks
in R+ with distribution Exp(1), where λ is a positive parameter and Λ denotes the one-
dimensional Hausdorff (random) measure associated to the Delaunay triangulation T. Let Y
be the projection of Ȳ onto its first ordinate R2:

Ȳ =
{

(y, Ey) : y ∈ Y
}
.

This means that conditionally on X, the point process Y is a marked PPP with intensity λ
on T. I.e. the number of points of Y in a given segment of T with length ℓ is a Poisson r.v.
with mean λℓ. The process Y represents users on streets.

Furthermore we assume that, conditionally on X, the process Ȳ is independent from the
collection (Vx, (Ex,k)k≥1)x∈X.

Random connection radii. Let ∥·∥ be the Euclidean distance. In order to take into account
physical obstacles in the urban media (as buildings), we forbid connections between users on
different streets, i.e. only line-of-sight (LOS) connections are considered here. Hence, two
users (on streets) y, y′ ∈ Y are connected iff they belong to the same street and

∥y − y′∥ ≤ r

2

(
Ey + Ey′

)
,

where r is a positive parameter called the connection radius.
Due to the LOS constraint, users at crossroads (i.e. elements of Xp) then appear to be

crucial to ensure the signal propagation from street to street. This is why we also think about
them as relays. Their presence can also be interpreted as scattering and reflection effects
occurring in LOS communications. Let x ∈ Xp be one of them. It deploys independent
connection ranges

r′

2
Ex,1, . . . ,

r′

2
Ex,deg(x)

along its incident edges, where deg(x) is the degree of x in T and r′ > 0 is a constant
parameter. See the top side of Fig. 1. Precisely, we label edges incident to x from 1 to deg(x)
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in the counterclockwise sense and starting from the semi-line [x, x + (1, 0)). Any user y ∈ Y
located on the i-th incident edge to x, with i ≤ deg(x), is connected to x iff

∥x− y∥ ≤ r′

2
Ex,i +

r

2
Ey ,

Let x′ ∈ X be the neighbor of x in T linked by the i-th incident edge to x. Assume that
x′ ∈ Xp and say that {x, x′} is the j-th incident edge to x′, with j ≤ deg(x′). In this case,
x, x′ are connected iff

∥x− x′∥ ≤ r′

2

(
Ex,i + Ex′,j

)
.

In order to simplify the exposition, we fix from now on

r′ = 2r

but we claim that all our results hold for any parameter r′ ≥ 2r. See discussion in Section 5.

When two users u, u′ ∈ Xp ∪ Y are connected (whatever their types), we write u ∼ u′.
This necessarily means that they are on the same street (including both crossroads). The
connectivity graph Gp,λ,r is the undirected graph (Xp ∪Y, E) whose edge set E is made up
with pairs {u, u′} of connected users. As before, we still use the symbol Gp,λ,r to refer to the
subset of T defined as the union of segments [u, u′] where u ∼ u′. See the bottom side of Fig.
1 for a simulation.

1.3 Percolation in Gp,λ,r

We say that percolation occurs in Gp,λ,r or that the connectivity graph Gp,λ,r percolates when
it contains an unbounded cluster. To describe this phenomenon, we need some notations. For
any x, y ∈ Gp,λ,r, we write x ↔ y in Gp,λ,r (or merely x ↔ y if there is no ambiguity) if there
exists a continuous path γ : [0, 1] → R2 satisfying γ([0, 1]) ⊂ Gp,λ,r, starting from γ(0) = x
and going to γ(1) = y. This notion is naturally extended to subsets A,B of R2: we write
A ↔ B in Gp,λ,r if there exists (x, y) ∈ A× B such that x ↔ y in Gp,λ,r. For any real α > 0
and z ∈ R2, let us set Bα(z) := z + [−α/2, α/2]2 and Sα(z) := ∂Bα(z) its frontier. When
z = 0, let us merely write Bα := Bα(0) and Sα := Sα(0). Hence, Gp,λ,r percolates if the event

Perco :=
⋃

u∈Xp∪Y
{u ↔ ∞}

occurs where {u ↔ ∞} := ∩α>0{u ↔ Sα(u)}.
Because our model is ergodic w.r.t. translations of R2, the event Perco satisfies a 0-1

law whatever the parameters p, λ, r: P
(
Perco in Gp,λ,r

)
∈ {0, 1}. See Chapter 2.1 of [25] for

details. Let us now introduce the percolation threshold λc(p, r) defined as

λc(p, r) := inf
{
λ ≥ 0 : P

(
Perco in Gp,λ,r

)
= 1
}
∈ [0,∞] (1)

indicating from which intensity of the Cox process Y, the graph Gp,λ,r percolates. Precisely,
λ < λc(p, r) implies that Gp,λ,r a.s. admits only finite clusters while λ > λc(p, r) implies the
a.s. existence of an unbounded cluster in Gp,λ,r.
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Figure 1: On top is depicted a user at crossroad x ∈ Xp (the black point) and its four

neighbors in the Delaunay triangulation T. The four connection ranges r′

2 Ex,1, . . . ,
r′

2 Ex,4 are

represented with bold lines. On this example, r′

2 Ex,4 is larger than the distance ∥x− x′∥, but
the corresponding excess does not matter in our model: this is why the bold line is stopped
at x′. Hence, x′– if it is open –will be automatically connected to x, as well as all users on
the street [x, x′]. Below, a simulation of the connectivity graph (in blue) Gp,λ,r in the box
[−60, 60] × [−30, 30] with r′ = 2r = 1.8, λ = 1 and p = 0.7.

Let us point out that, by standard coupling arguments, the probability P
(
Perco in Gp,λ,r

)
is a non-decreasing function w.r.t. to each of parameters p, λ, r. As a consequence, the per-
colation threshold λc(p, r) is a non-increasing function w.r.t. p and r.

Our goal here is to identify whether the connectivity graph Gp,λ,r percolates or not ac-
cording to parameters p, λ, r. The current work has been initially motivated by Le Gall et al
[23] that we describe in the next section.
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1.4 The starting point of our work: Le Gall et al [23]

Their model. In [23], Le Gall and his co-authors introduced a model for D2D networks
which is very similar to our connectivity graph Gp,λ,r. Actually there are only two differences
between their model and ours.

The first difference consists in the fact that their D2D network is based on a Voronoi
tesselation instead of a Delaunay triangulation. Precisely, a Voronoi tesselation, built
from a PPP with intensity 1, provides the urban media in which the streets are the edges
delimiting the Voronoi cells and the crossroads are the locations where streets meet.

Users are defined in the same way. Users at crossroads are generated by a Bernoulli site
percolation process with parameter p, that we still denote by Xp. Users on streets are given
by a Cox process on R2, with intensity measure λΛ where Λ is still the one-dimensional
Hausdorff measure associated to the Voronoi tesselation. The process of users on streets is
again denoted by Y.

The second difference between the model of [23] and ours lies in the connection rule
which is deterministic for Le Gall et al while it is random for our model (see Section
1.2). In [23], two users u, u′ ∈ Xp ∪Y are connected iff they belong to the same street (LOS
constraint) and ∥u− u′∥ ≤ r.

Finally, we keep the same notations for the connectivity graph Gp,λ,r, the percolation event
Perco and the critical intensity λc(p, r).

Their results. Results of [23] can be described using a phase diagram– see Fig. 2 –in which,
for any values of parameters r (in abscissa) and p (in ordinate), the critical intensity λc(p, r)
is determined; null, infinite or non-trivial (i.e. in R∗

+).

Figure 2: Between the two dotted lines is the non-trivial regime corresponding to a non-trivial
critical intensity. In this regime, the intensity λ of users on streets really matters to determine
if percolation occurs or not. This phase diagram presents three uncertain regions marked by
the roman symbols I, II and III.

Le Gall et al exhibit a threshold p∗ ∈ (0, 1) such that, for any p < p∗, the graph Gp,0,∞ a.s.

6



does not percolate. Remark that, in this graph, if both extremities of a street are in Xp, they
are automatically connected since r = ∞. Henceforth, adding users on streets cannot help to
percolate: for any λ > 0, Gp,λ,∞ does not percolate either meaning that λc(p,∞) = ∞. By
monotonicity, λc(p, r) = ∞ for any p < p∗ and any r. Roughly speaking, below the horizontal
line p = p∗, there is never percolation.

In [23], the authors mention an hypothetical region– denoted by the symbol I in Fig. 2
–that they conjecture not to exist and corresponding to the overlapping of the permanantly
subcritical regime {(r, p) : λc(r, p) = ∞} above the line p = p∗. This suspicious region I
corresponds to couples (r, p) for which Gp,0,∞ percolates but not Gp,λ,r whatever the value of
λ (even large).

Now let us introduce the following percolation threshold: for any r,

pc(r) := inf
{
p ≥ 0 : P

(
Perco in Gp,0,r

)
= 1
}
∧ 1 . (2)

The curve r 7→ pc(r) is represented in bold in Fig. 2. It is non-increasing by monotonicity and
may admit discontinuity points. It is proved in [23] that this curve leaves the horizontal line
p = 1 at some non-trivial r∗. By definition, given r and p > pc(r), the graph Gp,0,r percolates
a.s. meaning that λc(r, p) = 0. For such couple (r, p), the graph Gp,λ,r always percolate (for
any value of λ). Again, an hypothetical region appears corresponding to the overlapping of
the permanently supercritical regime {(r, p) : λc(r, p) = 0} below the curve {(r, p) : p = pc(r)}
and denoted by the symbol II in Fig. 2. This suspicious region II, conjectured in [23] to not
exist, corresponds to couples (r, p) for which Gp,0,r does not percolate a.s. but, for any (small)
λ > 0, the graph Gp,λ,r percolates.

Finally, let us quote a third uncertain region in the phase diagram depicted in Fig. 2 by
the symbol III and corresponding to the limit of pc(r) when r → ∞: it is necessarily larger
than p∗ but possibly equal to it.

In the current paper, about our connectivity graph Gp,λ,r defined in Section 1.2, we specify
the phase diagram obtained in [23] and represented in Fig. 2 in the three following directions.
We prove that

(i) the region I does not exist;

(ii) the region II is reduced (at most) to the curve {(r, p) : p = pc(r)};

(iii) the region III is cleaned; when r → ∞, pc(r) tends to 1/2 (which will be our p∗).

These three improvements are presented in the next section (Theorem 1).
However, the price to pay to get these results is to modify the original model studied in

[23] by Le Gall and his co-authors. We justify these modifications in Section 1.6

1.5 Our results: a precise phase diagram

Theorem 1. Using the notations of Section 1.2, the following statements hold.

1. If r ∈ [0,∞] and p ∈ [0, 1/2] then λc(p, r) = ∞. If r ∈ (0,∞] and p ∈ (1/2, 1] then
λc(p, r) < ∞. In particular, the permanently subcritical regime is identified:

{(r, p) : λc(r, p) = ∞} = [0,∞] × [0, 1/2] .

7



2. Let us set r∗ := sup{r ≥ 0 : pc(r) = 1}. Then 0 < r∗ < ∞.

3. The sequence (pc(r))r≥0 is non-increasing and tends to 1/2 as r → ∞.

4. The permanently supercritical regime {(r, p) : λc(p, r) = 0} is equal to

{(r, p) : r∗ < r < ∞ and p > pc(r)}

up to possible additional points lying on the curve {(r, p) : p = pc(r)}.

Let us comment Theorem 1 and explain how the phase diagram represented in Fig. 3 is
obtained.

Let us first focus on the connectivity graph Gp,0,∞ with an infinite connection radius
r = ∞ (in this case, users on streets are irrelevant and we take λ = 0). This graph exactly
corresponds to the Voronoi percolation model on X since two open crossroads which are
both extremities of the same edge of T, are automatically linked in Gp,0,∞ regardless of the
distance between them. This model has been widely studied [3, 9]: the critical probability for
this model is known to be 1/2 with no percolation at the critical point. This justifies the first
part of Item 1: there is no percolation when p ≤ 1/2 because of the lack of users at crossroads
(or relays), whatever the parameters r, λ. In other words λc(p, r) = ∞. The second part of
Item 1, that is λc(p, r) < ∞ whenever p > 1/2 and r > 0, means that for such values of p, r,
the connectivity graph Gp,λ,r percolates for sufficiently large intensity λ. W.r.t. results of [23]
recalled in Section 1.4, we prove the conjecture, namely the hypothetical region I does not
exist in our context.

The threshold pc(r) is defined in our context as in [23], see (2). Thanks to the monotonicity
property of P

(
Perco in Gp,0,r

)
w.r.t. r, the application r 7→ pc(r) is non-increasing and starts

at pc(0) = 1 since P
(
Perco in G1,0,0

)
= 0. It forks from the horizontal line p = 1 at r∗ =

sup{r ≥ 0 : pc(r) = 1} ∈ (0,∞) by Item 2 and tends (from above) to 1/2 as r tends to
infinity by Item 3. Also, Items 2 and 3 allow proving that the permanently supercritical
regime {(r, p) : λc(p, r) = 0} is non-empty. This regime will be specified by Item 4.

Item 4 asserts that the permanently supercritical regime does not overflow below the
curve {(r, p) : p = pc(r)}. In particular, we prove that the hypothetical region II mentioned
in [23] and recalled in Section 1.4, made up with couples (r, p) for which the graph Gp,λ,r does
not percolate at λ = 0 but percolates whenever λ > 0, is necessarily included in the curve
{(r, p) : p = pc(r)} and then has an empty interior.

To complete the previous results, we state crucial information describing the connectivity
of the network: when percolation occurs, the unbounded cluster is a.s. unique.

Theorem 2. For any set of parameters (p, λ, r), there is at most one unbounded cluster in
the connectivity graph Gp,λ,r with probability 1.

1.6 Why do we change the model?

In order to clean the blurred regions present in the phase diagram of [23] and recalled in Fig.
2, we have made two modifications. The first one concerns the urban media. In [23], the street
system is given by the edges delimiting the Voronoi cells and the set of relays is provided by
a Bernoulli site percolation process performed on crossroads of such street system. However,
this model behaves badly w.r.t. percolation properties: in a (say large) box, the absence of
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Figure 3: Here is the phase diagram corresponding to Theorem 1. W.r.t. the phase diagram of
[23] and recalled in Fig. 2, three blurred regions have been removed: the hypothetical region I
does not exist, the hypothetical region II– if it exists –is reduced to the curve {(r, p) : p = pc(r)}
and pc(r) tends to 1/2 as r tends to ∞. Remark that both opposite regimes, namely the
permanently subcritical and supercritical ones, become very close from each other as r → ∞.

horizontally crossing open paths does not imply the presence of a vertically crossing closed
one. See the left hand side of Fig. 4. Mainly for this reason, this percolation model has not
been intensively studied and very few percolation results are known about it.

Conversely, the Bernoulli site percolation model performed on the vertices of the Delaunay
triangulation T is much more understood (especially in dimension 2); see [3, 9]. It is self-
dual (the critical probability is 1/2), it satisfies the FKG inequality and its phase transition is
sharp. This last (and deep) property is used to prove that the probability for the graph Gp,0,∞
of containing a cycle in B3n surrounding Bn (event denoted by the event Cn,0,∞ in Section
2.2) tends to 1 as n → ∞ whenever p > 1/2. This important feature allows us to prove that
region I does not exist in our context, and lead to Item 1. In comparison, the same fact also
holds for the site percolation on crossroads of the street system used in [23] but only for p
close to 1.

Stating that pc(r) tends to 1/2 (Item 3.) and then clarifying what happens when r → ∞,
is based on similar arguments.

Dealing with the hypothetical region II has required much more investigations. The start-
ing point is to assume by absurd that the region II is fat. Hence, one could find some r and
p < pc(r) such that Gp,0,r does not percolate while Gp,λ,r percolates for any (small) λ > 0.
If we were able to prove that G·,0,r admits a sharp transition at pc(r) then we could prove
that P(Sα ↔ S10α in Gp,λ,r) ≤ ε for λ > 0 small enough. Thus a multi-scale argument due to
Gouéré [14] then allows to show that Gp,λ,r does not percolate which is in contradiction with
our initial (absurd) assumption. Our first attempt to get sharp transition has consisted in
applying the powerful method of Duminil-Copin et al. [9, 10] based on the OSSS inequality.
However, the event {S1 ↔ Sn in Gp,0,r) being not FKG-increasing (i.e. w.r.t. the partial order
corresponding to the FKG inequality, see the right hand side of Fig. 4 for an explanation of
this annoying fact), we could not carry out this strategy. To be complete, let us point out
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Figure 4: To the left: for the site percolation model on crossroads of a Voronoi tesselation, it
is possible that no horizontally crossing open paths nor vertically crossing closed ones occur.
To the right: focus only on x, y, z ∈ X, z′ will be added further. Initially, there is no Poisson
points in the circumscribed circle C to x, y, z so the triangle defined by these three vertices
is present in the Delaunay triangulation T. x, y (black points) are open, i.e. in Xp, while z
(white point) is closed. In Gp,0,r, x and y are connected since ∥x − y∥ ≤ r. Now, let us add
a black point (namely z′ ∈ Xp) inside C but at distance from y larger than r. The Delaunay
triangulation changes (new edges are red): the adding of z′ destroyes the edge {x, y} and new
triangles appear (xz′z and zz′y). If x and y were linked in Gp,0,r only through their common
edge, they are no longer linked in Gp,0,r after adding z′ ∈ Xp.

here that a recent approach [19] for Cox percolation asserts that the strategy of [9, 10] may
apply without using the FKG inequality, but under Conditions (a)-(b) in Section 2.2 of [19]
which are both false in our context. A second attempt was to use an alternative approach
for sharp transition [11], thus applied by Ziesche [29] in a continuum context, but the spatial
dependencies generated by the Delaunay triangulation makes this strategy inapplicable in our
context.

Let us modify our absurd assumption as follows: assume that there exists (r, p) and ε > 0
(small) such that Gp,0,r+ε does not percolate while Gp,λ,r percolates for any (small) λ > 0.
Our strategy consists now in proving that, in terms of percolation, a small increase of the user
intensity (from 0 to λ) can be compensated by a small increase of the connection radius (from
r to r + ε), then leading to a contradiction. Such ideas have been developed in the context of
enhancement (see for instance [16, 26, 7]). To do it, let us set θn(r, λ) := P(S1 ↔ Sn in Gp,0,r).
Introducing notion of pivotal edges, it is possible to give a rigorous sense to partial derivatives
∂rθn(r, 0) and ∂λθn(r, 0). When the connection rule between two users is deterministic as
in [23] (i.e. u ∼ u′ iff LOS and ∥u − u′∥ ≤ r), computations give ∂rθn(r, 0) = 0 while
∂λθn(r, 0) > 0 so that it is impossible to compensate a small increase of parameter λ by a
small increase of parameter r.

The fact that ∂rθn(r, 0) = 0 is due to the rigid character of the deterministic connection
rule of [23]. This is the reason why we replace this deterministic rule with a random one
involving a distribution with an unbounded support: see Section 1.2 for details. Thanks
to this new connection rule, we are able in Section 3 to compute and compare the partial
derivatives ∂rθn(r, λ) and ∂λθn(r, λ) and then to carry out this strategy in order to state that
the region II cannot be fat.

The choice of an exponential distribution is certainly not the only one that works. This
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will be discussed in Section 5. Besides, the fact to use independent exponential r.v.’s along
different incident edges at a given vertex x ∈ Xp allows to directly apply Russo’s formula and
then to give sense to partial derivatives ∂rθn and ∂λθn. However, with more work, it is could
be possible to use the same r.v. along all incident edges ( see the discussion in Section 5).

Finally we think that this strategy of comparing partial derivatives to establish compen-
sations between small variations of certain parameters of the model should turn out to be
promising for many models (with several parameters) of telecommunication networks.

The rest of paper is organized as follows. Section 2 is devoted to the first three items of
Theorem 1. The fourth one which needs to introduce pivotal edges (Definition 1), is proved
in Section 3. Section 4 states the uniqueness of the unbounded cluster when it exits, i.e. the
proof of Theorem 2. The paper ends with a discussion on possible improvements.

2 Proof of Theorem 1, Items 1-3

2.1 Stabilization

Recall that T is the Delaunay triangulation generated by the PPP X. A key point about
Delaunay triangulation is the following: any triangle T of T is not sensitive to process re-
sampling X outside its circumscribed circle C. One sometimes says that the circle C (or its
associated disk) stabilizes the triangle T . This basic remark drives the next definition.

For any bounded Borel set A, we define the stabilization radius of A, denoted by R(A), as
the infimum ρ > 0 such that A⊕B(0, ρ) contains all the circumscribed circles to the triangles
of T overlapping A. Hence, the Delaunay triangulation restricted to A and its one-dimensional
Hausdorff random measure, i.e. ΛA(·) := Λ(A ∩ ·), only depend on the PPP X restricted to
A ⊕ B(0, ρ) whenever R(A) < ρ. For more details about stabilization, the reader may refer
to [18], Definition 2.3 and Example 3.1 (applied to a Poisson Voronoi tesselation).

In the current work, we only use both elementary properties of stabilization radii stated
in Lemmas 1 and 2 below.

Lemma 1. There exist constants C, c > 0 such that, for any n,

P(R(Bn) > n) ≤ Ce−cn . (3)

Proof. The event R(Bn) > n means that there exists a (random) disk with radius n overlap-
ping the set Bn and empty of Poisson points. This forces at least one the Qi’s to be empty of
Poisson points where Q1, . . . , Q82 are congruent squares with size n/4 covering B2n (i.e. each
Qi is a translated of Bn/4). Henceforth,

P(R(Bn) > n) ≤
82∑
i=1

P(X ∩Qi = ∅) ≤ 82e−(n/4)2

from which (3) follows.

This next result is an independence property satisfied by the connectivity graph Gp,λ,r on
subsets far enough from each other and provided their stabilization radii are well controlled.
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Lemma 2. Let m > 0 be an integer and ρ > 0 be a real number. Let us consider some
Borel sets A1, . . . , Am such that d(Ai, Aj) ≥ 2ρ, for 1 ≤ i ̸= j ≤ m, and any family of
positive, bounded r.v.’s χ1, . . . , χm where each χi is measurable w.r.t. Gp,λ,r ∩ Ai, i.e. w.r.t.
(ΛAi ,Xp ∩Ai,Y ∩Ai). Then, the following equality holds:

E
[ m∏
i=1

χi1R(Ai)<ρ

]
=

m∏
i=1

E
[
χi1R(Ai)<ρ

]
.

Proof. First, we use that conditionally to X the processes Xp and Y restricted to disjoint
sets– the Ai’s –provides independent r.v.’s:

E
[ m∏
i=1

χi

∣∣X] =
m∏
i=1

E
[
χi

∣∣X] .
By construction of R(Ai), the r.v. 1R(Ai)<ρ E

[
χi

∣∣X] only depends on the PPP X through the
set Ai⊕B(0, ρ). Since the Ai’s are at distance 2ρ (at least) from each other, the independence
property of the PPP X allows us to write:

E
[ m∏
i=1

χi1R(Ai)<ρ

]
= E

[
1R(Ai)<ρ E

[ m∏
i=1

χi

∣∣X]]
= E

[ m∏
i=1

1R(Ai)<ρ E
[
χi

∣∣X]]
=

m∏
i=1

E
[
1R(Ai)<ρ E

[
χi

∣∣X]]
=

m∏
i=1

E
[
χi1R(Ai)<ρ

]
.

2.2 Proof of Item 1

In the previous section, we have explained that the connectivity graph Gp,0,∞ coincides with
the (independent) site percolation process on the Delaunay triangulation T, also known in
the literature as the Voronoi percolation model (in which any Voronoi cell is colored black
when its center is open). Since [3, 9], it is known that this model does not percolate with
probability 1 for any p ∈ [0, 1/2]. Hence, this prevents Gp,λ,r to percolate whatever the values
of λ, r (while p ∈ [0, 1/2]), i.e. λc(p, r) = ∞.

In the following, our goal is to prove that λc(p, r) < ∞ for any given p > 1/2 and r ∈ (0,∞].
Hence, let us pick such parameters p > 1/2 and r ∈ (0,∞]: it suffices to prove that percolation
occurs for Gp,λ,r when λ is large enough. Our strategy consists in discretizing our model and
comparing it to a supercritical site percolation process. Such a renormalization argument is
classic in Percolation theory and used in particular in [22].

To do it, let us consider for any z ∈ Z2 the events

12



• Dn(z) := {R(B3n(nz)) < n} where the stabilization radii are defined in Section 2.1;

• Cn,λ,r(z) interpreted as ’Gp,λ,r contains a cycle included in B3n(nz) and surrounding
Bn(nz)’. See Fig. 5.

By planarity of the PDT T, Cn,λ,r(z) is also characterized by its complementary event, i.e.
there is a continuous path joining Sn(nz) to S3n(nz) in T\Gp,λ,r.

n

3n

0

Figure 5: The event Cn,λ,r(0), merely denoted by Cn,λ,r, relative to B3n is depicted.

A site z ∈ Z2 is said n-good if the event Dn(z) ∩ Cn,λ,r(z) occurs. Thus, we consider the
site percolation process {ζn,z : z ∈ Z2} defined by

ζn,z := 1z is n-good .

The discrete random field {ζn,z : z ∈ Z2} is stationary w.r.t. translations of Z2 and its
percolation (on Z2, for the supremum metric ∥ · ∥∞) clearly implies that of the connectivity
graph Gp,λ,r. Indeed, given two n-good sites z, z′ ∈ Z2 with ∥z − z′∥∞ = 1, their circles
in Gp,λ,r whose existence is ensured by Cn,λ,r(z) and Cn,λ,r(z′), necessarily overlap. In other
words, an unbounded connected component of n-good sites provides an unbounded connected
component in Gp,λ,r.

Henceforth, it is enough to prove that {ζn,z : z ∈ Z2} percolates for p > 1/2, r ∈ (0,∞]
and λ is large enough. In this objective, the two following ingredients, namely Lemmas 3 and
4, will allow us to compare {ζn,z : z ∈ Z2} to a supercritical site percolation process.

Lemma 3. W.r.t. the supremum metric ∥ · ∥∞, the discrete random field {ζn,z : z ∈ Z2} is
4-dependent.

The role of the event Dn(z) is to make local the notion of n-goodness.

Proof. Let us prove that for any finite collection of sites z1, . . . , zm ∈ Z2 with ∥zi − zj∥∞ > 4,
∀i ̸= j, the r.v.’s ζn,z1 , . . . , ζn,zm are mutually independent. Set Ai := B3n(nzi). The inequality
∥zi − zj∥∞ ≥ 5 means that d(Ai, Aj) ≥ 2n. We can then apply Lemma 2 with the r.v.

χi := 1Dn(zi)∩Cn,λ,r(zi) ,

measurable w.r.t. Gp,λ,r ∩Ai, to conclude.
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Lemma 4. The following limit holds:

lim
n→∞

lim
λ→∞

P(0 is n-good) = 1 .

Before proving Lemma 4, we first conclude the proof of Theorem 1, Item 1. The stochastic
domination result of Liggett et al [24, Theorem 0.0] asserts that the 4-dependent random field
{ζn,z : z ∈ Z2} is stochastically dominated from below by an independent Bernoulli site
percolation process Θp0 , for any p0 ∈ (0, 1), provided n, λ are large enough (depending on p0).
If the parameter p0 < 1 is chosen (large enough) so that Θp0 a.s. percolates then the same
holds for {ζn,z : z ∈ Z2} by stochastic domination. This finally implies the percolation of the
connectivity graph Gp,λ,r.

Proof. (of Lemma 4) Recall that p > 1/2 and r ∈ (0,∞]. Since P(R(Bn) < n) → 1 as n → ∞
by (3) then the same holds for P(Dn) = P(R(B3n) < n). In addition, according to [3, Section
8], P(Cn,0,∞) also tends to 1 as n → ∞– it is crucially used here that p > 1/2. We then get:

lim
n→∞

P(Dn ∩ Cn,0,∞) = 1 . (4)

Let us now introduce the event Un,λ according to which any edge {x, y} of the PDT T
with x, y ∈ Xp ∩B3n is covered by users:

Un,λ :=
{

for any edge {x, y} of T with x, y ∈ Xp ∩B3n then [x, y] ⊂ Gp,λ,r

}
.

Lemma 5 below says that, for any given n, the conditional probability P(Un,λ|X,Xp) a.s.
converges to 1 as λ → ∞. Thus the Lebesgue theorem gives

P(Un,λ) = E
[
P(Un,λ|X,Xp)

]
→ 1 as λ → ∞ .

Combining with (4), we then obtain that

lim
n→∞

lim
λ→∞

P(Dn ∩ Cn,0,∞ ∩ Un,λ) = 1 .

Under the event Un,λ, any path of Gp,0,∞ included in B3n is still a path of Gp,λ,r. This means
that Cn,0,∞ ∩ Un,λ ⊂ Cn,λ,r and

P(Dn ∩ Cn,0,∞ ∩ Un,λ) ≤ P(Dn ∩ Cn,λ,r) = P(0 is n-good)

from which the searched result follows.

Lemma 5. For any p, r, n > 0,

a.s. lim
λ→∞

P(Un,λ |X,Xp) = 1 .

Proof. We work conditionally to the urban media and the process of users at crossroads, i.e.
X and Xp. Let us first write

P
(
U∁
n,λ |X,Xp

)
≤

∑
{x,y}∈E

P([x, y] ̸⊂ Gp,λ,r |X,Xp)
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where E denotes the set of edges {x, y} of the Delaunay triangulation T such that x, y ∈
Xp ∩B3n. Since E is a.s. finite it suffices to show that each term of the above sum a.s. tends
to 0 as λ → ∞. Let {x, y} be one of them: only its length, say ℓ, really matters (where
ℓ ≤ 3

√
2n since x, y ∈ B3n).

Let us consider a sequence (Uk)k≥1 of i.i.d. r.v.’s uniformly distributed on [0, ℓ] and a
second sequence (Ek)k≥1 of i.i.d. r.v.’s with law the exponential distribution with rate 1, also
independent with the (Uk). With probability 1, at least one of the (Ek), say Ek0 , satisfies
r
2Ek0 ≥ ℓ. This implies that a.s.

[0, ℓ] ⊂
[
Uk0 ±

r

2
Ek0
]
⊂
⋃
k≥1

[
Uk ±

r

2
Ek
]
.

We can then conclude that, a.s. on X,Xp,

1 = lim
K→∞

P
(

[0, ℓ] ⊂
⋃
k≤K

[
Uk ±

r

2
Ek
])

= lim
λ→∞

P([x, y] ⊂ Gp,λ,r |X,Xp)

from which the searched result follows.

2.3 Proof of Item 3

In this section, we prove that (pc(r))r≥0 tends to 1/2 as r → ∞. By definition of the critical
threshold pc(r), it is sufficient to state that for any p > 1

2 , but thought as close to 1/2, there
exists r large enough such that the connectivity graph Gp,0,r percolates (i.e. without the help
of users on streets), implying that λc(p, r) = 0.

The proof mainly follows the same lines as the one of Item 1 in Section 2.2 with the only
difference that Lemma 4 has to be replaced with

lim
n→∞

lim
r→∞

P(0 is n-good) = 1 (5)

where the definition of n-goodness is almost the same; z ∈ Z2 is n-good iff the event
Dn(z)∩Cn,0,r(z) holds. Combining (5) with Lemma 3, we can once again apply the stochastic
domination result of Liggett et al [24, Theorem 0.0] stating that the 4-dependent random field
{ζn,z : z ∈ Z2}, with ζn,z = 1z is n-good, percolates a.s. which implies that Gp,0,r percolates
too.

In order to prove (5), we introduce the event

Vn,r :=
{

for any edge {x, y} of T with x, y ∈ Xp ∩B3n then [x, y] ⊂ Gp,0,r

}
.

On Vn,r, for any edge {x, y} of T included in B3n, both users x, y ∈ Xp at the extremities are
connected without the help of any other user. Thus we will prove a similar result to Lemma
5: for any n, a.s.

lim
r→∞

P(Vn,r |X,Xp) = 1 . (6)

On the one hand, (6) implies that P(Vn,r) → 1 as r → ∞ by the Lebesgue theorem and, on
the other hand, we still have that P(Dn ∩ Cn,0,∞) → 1 as n → ∞ (see Section 2.2). We can
then conclude:

P(0 is n-good) = P(Dn ∩ Cn,0,r) ≥ P(Dn ∩ Cn,0,∞ ∩ Vn,r)
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which tends to 1 as n, r → ∞.
It then remains to prove (6). We proceed as in the proof of Lemma 5:

P
(
V∁
n,r |X,Xp

)
≤

∑
{x,y}∈E

P([x, y] ̸⊂ Gp,0,r |X,Xp)

where E still denotes the set of edges {x, y} of the Delaunay triangulation T such that
x, y ∈ Xp ∩ B3n. Since E is a.s. finite it suffices to show that each conditional probability
P([x, y] ̸⊂ Gp,0,r|X,Xp) tends to 0 as r → ∞. Let {x, y} be an edge of E: only its length ℓ
(smaller than 3

√
2n) really matters. Now, using an exponential r.v. E with rate 1,

P([x, y] ̸⊂ Gp,0,r |X,Xp) ≤ P
(r

2
E ≤ 3

√
2n
)
→ 0

as r → ∞ (for a fixed n). This proves (6).

2.4 Proof of Item 2

Recall that (pc(r))r≥0 is a non-increasing sequence and r∗ is defined as the value at which it
forks from the horizontal line p = 1:

r∗ = sup{r ≥ 0 : pc(r) = 1} ∈ [0,∞] .

The finiteness of r∗ is given by Theorem 1, Item 3 since (pc(r))r≥0 tends to 1/2 as r → ∞.

It then remains to prove that r∗ > 0. To do it, let us prove the existence of a small r > 0
such that the connectivity graph G1,0,r– in which there is no users on streets but all cross-
roads are open –does not percolate with probability 1, meaning that pc(r) = 1 and then r∗ ≥ r.

Comparison to the random set of grains Σ1/n. Given x ∈ X, we define the grain
Star(x, r) as follows. Let y1, . . . , ydeg(x) be the neighbors of x in the Delaunay triangulation,
numbered in the counterclockwise sense and from the semi-line [x, x + (1, 0)). Recall that
r
2Ex,k is the range of connection from x along the segment [x, yk]. Hence, we set

yk(x) :=

{
x + r

2Ex,k
(yk−x)
|yk−x| if r

2Ex,k < |yk − x|
yk otherwise.

Thus the linear piecewise closed curve joining the extremities y1(x), y2(x), . . . , ydeg(x)(x) and
at last y1(x) delimits a compact set, denoted by Star(x, r). Remark that the grains Star(·, r)
are dependent from each other (through the Delaunay triangulation) and are decreasing with
r (in the sense of inclusion). Besides, the connectivity graph G1,0,r is included in the random
set

Σr :=
⋃
x∈X

Star(x, r)

so that it is sufficient to prove that Σ1/n does not percolate for n large enough.
In this goal, we are going to apply the same strategy as in Sections 2.2 and 2.3. For any

z ∈ Z2, let us define the event Cn(z) as follows: there exists a continuous path in the plane
included in B3n(nz) but surrounding Bn(nz), and avoiding the set Σ1/n. As before, we say
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that z is n-good if Dn(z)∩Cn(z) occurs where Dn(z) still denotes the event {R(B3n(nz)) < n}
and we set ζn,z = 1z is n-good. Because the percolation of the stationary, discrete random

field {ζn,z : z ∈ Z2} (w.r.t. the supremum metric ∥ · ∥∞) implies the absence of percolation
for Σ1/n, we are now studying the process {ζn,z : z ∈ Z2}.

Percolation of the process {ζn,z : z ∈ Z2}. Let z ∈ Z2. Assume that the grain Star(x, 1/n),
with x ∈ X, overlaps B3n(nz) and then is possibly relevant for the occurrence of the event
Cn(z). Precisely we assume that the subset S of Star(x, 1/n), delimited by x, yi(x), yi+1(x),
with i < deg(x), overlaps B3n(nz). By construction, S is included in the Delaunay triangle
made up with Poisson points x, yi, yi+1, say T . The triangle T overlaps B3n(nz) and, under
the event Dn(z) = {R(B3n(nz)) < n}, it only depends on the PPP X inside B3n(nz)⊕B(0, n).
So, using the same proof as that of Lemma 3 (itself using Lemma 2), we get that the random
field {ζn,z : z ∈ Z2} is 4-dependent w.r.t. the supremum metric ∥ · ∥∞.

It is worth pointing out here that, under Dn(z), the subset S of Star(x, 1/n) is stabilized by
the PPP inside B3n(nz)⊕B(0, n), but not the whole grain Star(x, 1/n). Indeed, it is possible
that Star(x, 1/n) contains a very large subset, say delimited by x, yj(x), yj+1(x), avoiding
B3n(nz) and exceeding from B3n(nz) ⊕ B(0, n). This justifies the use of grains Star(x, 1/n)
instead of (larger) balls B(x, 1

2nLx) where Lx := max1≤k≤deg(x) Ex,k.
Henceforth, {ζn,z : z ∈ Z2} being 4-dependent, it is sufficient to prove that

lim
n→∞

P(0 is n-good) = 1 (7)

and to apply once again the stochastic domination result of Liggett et al [24, Theorem 0.0]
to establish that the site percolation process {ζn,z : z ∈ Z2} percolates, which concludes the
proof of Theorem 1, Item 2.

Since P(Dn) tends to 1 by Lemma 1, we have to show that the probability of Cn := Cn(0)
also tends to 1 in order to get (7):

Lemma 6. The probability of the event Cn tends to 1 as n tends to infinity.

Proof. The event C∁
n means the existence of a path in Σ1/n joining Sn to S3n. By translation

invariance, this gives
P
(
C∁
n

)
≤ 4n× P

(
S1 ↔ Sn in Σ1/n

)
so that it suffices to prove that P(S1 ↔ Sn in Σ1/n) is a o(1/n). Let us restrict the random
set Σ1/n to grains centered at Poisson points in Λn := Bn ⊕B(0, n):

Σ1/n[Λn] :=
⋃

x∈X∩Λn

Star(x, 1/n)

(in which grains Star(x, 1/n) are still constructed from the whole Delaunay triangulation T).
Then, by Lemma 1,

P
(
S1 ↔ Sn in Σ1/n

)
≤ P(R(Bn) > n) + P

(
S1 ↔ Sn in Σ1/n[Λn]

)
= P

(
S1 ↔ Sn in Σ1/n[Λn]

)
+ o(1/n) .

It is well known that the maximal degree in the Delaunay triangulation T among vertices
inside Λn is smaller than C log(n) with probability tending to 1 exponentially fast. See for
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instance Bonnet and Chenavier [4]. We then get that the probability P(S1 ↔ Sn in Σ1/n) is
smaller than

P
(
{S1 ↔ Sn in Σ1/n[Λn]} ∩

⋂
x∈X∩Λn

{deg(x) ≤ C log(n)}
)

(8)

up to a term o(1/n). When deg(x) ≤ C log(n), the grain Star(x, 1/n) is included in the ball
B(x, Ln) where

Ln :=
1

2n
max

1≤k≤C log(n)
Ex,k .

and whose distribution satisfies Lemma 6 stated below. Henceforth the probability (8) is
smaller than P(S1 ↔ Sn in Bool(n)) where Bool(n) denotes the Poisson Boolean model defined
by

Bool(n) :=
⋃
x∈X

B(x, Ln,x)

in which the r.v.’s (Ln,x)x∈X are i.i.d. copies of Ln.
To sum up,

P
(
S1 ↔ Sn in Σ1/n

)
= P

(
S1 ↔ Sn in Bool(n)

)
+ o(1/n) .

The expected volume of each ball in Bool(n) is πE[L2
n]. It is well known (since Hall

[17]) that the cluster of B1 in Bool(n) (and the number of balls that this cluster contains)
is stochastically dominated by a Galton-Watson tree whose the mean number of children is
of order E[L2

n]. Since this expectation can be made as small as we want as n → ∞ (Lemma
7), the dominating Galton-Watson tree will be subcritical for n large enough. In this case,
its total progeny (i.e. its total number of elements) admits an exponential tail decay (see the
end of the first chapter in [2]). So the same holds for the number of elements belonging to the
cluster of S1 in Bool(n). Combining with the fact that the r.v. Ln admits also an exponential
tail decay (Lemma 7), we conclude that P(S1 ↔ Sn in Bool(n)) converges to 0 exponentially
fast. This achieves the proof of Lemma 6.

It then remains to show:

Lemma 7. For any integer n > 0 and any real number t > 0,

P(Ln > t) ≤ C log(n)e−2nt and lim
n→∞

E[L2
n] = 0 .

Proof. By definition of the r.v. Ln, we can write

P(Ln > t) = 1 − P
(

max
k≤C log(n)

Ek ≤ 2nt
)

= 1 −
(
1 − e−2nt

)⌊C log(n)⌋

where ⌊·⌋ denotes the integer part and (Ek)k≥1 is a sequence of i.i.d. exponential r.v.’s with
rate 1. Thus, using the inequality log(1 − u) ≤ −u valid for any u ∈ [0, 1), we obtain the
searched inequality for P(Ln > t). Moreover,

E[L2
n] = 2

∫ ∞

0
tP(Ln > t) dt ≤ 2C log(n)

∫ ∞

0
te−2nt dt ≤ C log(n)

2n2

which tends to 0 as n → ∞.
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Let us notice that the proof of Theorem 1, Item 2 should be significantly simpler if two
given users x, y ∈ X1∪Y (recall that p = 1 here) on the same edge were connected iff |x−y| ≤
r as in [22, 23]. Indeed, in this case, the connectivity graph G1,0,r could be immediately
compared to a Poisson Boolean model with deterministic radius r that it suffices to choose
small enough to conclude.

3 Proof of Theorem 1, Item 4

In this section, we prove Item 4 claiming that the hypothetical region II does not exist outside
the curve r 7→ pc(r), what is equivalent to say that its interior is empty. As sketched in the
introduction, such result is obtained by comparing in some sense the partial derivatives w.r.t.
parameters r and λ of the probability P(S1 ↔ ∞ in Gp,λ,r) that an infinite component in Gp,λ,r

exists and intersects the ball S1. In fact, for the sake of simplicity, we deal in this section with
a slightly modified model, namely the graph only made of the streets of the PDT T which are
entirely contained in Gp,λ,r. We denote it by G̃p,λ,r. The operation performed to get G̃p,λ,r

from Gp,λ,r is a pruning, unable to break—if it exists—an infinite component. So the exact
values of P(S1 ↔ ∞ in G̃p,λ,r) may differ from P(S1 ↔ ∞ in Gp,λ,r), but both are either null
or strictly positive at once. Otherwise said:

P(S1 ↔ ∞ in G̃p,λ,r) = 0 if and only if P(S1 ↔ ∞ in Gp,λ,r) = 0.

Our strategy now essentially rests on the following lemma, stating the heralded comparison,
for finite approximations of the event {S1 ↔ ∞}:

Proposition 1. Let (p, λ, r) ∈ (1/2, 1] × [0,+∞) × (0,+∞) and n ≥ 1 an integer. We
set Θn(λ, r) = P(S1 ↔ Sn in G̃p,λ,r). The partial derivatives ∂λΘn and ∂rΘn exists and are
positive. For some continuous map C : (0,+∞) 7→ (0,+∞) independent of n, as well as of p
and λ, it holds that:

∂λΘn ≤ C(r)e
λr
2 ∂rΘn. (9)

Directional differentiability of Θn and the positivity assertion will be the subject of a
specific proposition below. The inequality (9) is enough to get Item 4.

Proof of Item 4. A nonempty interior means that for some r1 < r2 and p < pc(r), we
have P(S1 ↔ ∞ in G̃p,ϵ,r1) > 0 for any ϵ > 0, while P(S1 ↔ ∞ in G̃p,0,r2) = 0. The finite-
increments formula however ensures that

Θn(0, r2) − Θn(ϵ, r1) = (r2 − r1) · ∂rΘn(λ∗, r∗) − ϵ · ∂λΘn(λ∗, r∗),

for some couple (λ∗, r∗) ∈ [0, ϵ] × [r1, r2]. Proposition 1 then implies that:

Θn(0, r2) − Θn(ϵ, r1) ≥

(
r2 − r1 − ϵeϵr2 sup

r∈[r1,r2]
C(r)

)
· ∂rΘn(λ∗, r∗).

Since ∂rΘn ≥ 0, we obtain Θn(0, r2)−Θn(ϵ, r1) ≥ 0 as ϵ is small enough. By letting n → +∞,
it leads to a contradiction:

0 = P(S1 ↔ ∞ in G̃p,0,r2) = lim
n→+∞

Θn(0, r2) ≥ lim
n→+∞

Θn(ϵ, r1) = P(S1 ↔ ∞ in G̃p,ϵ,r1) > 0,

which completes the proof.
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3.1 Proof of Proposition 1

Proving Proposition 1 requires two ingredients. First, a thorough study of a finite one-
dimensional Boolean model, in which we show that the partial derivatives of the probability
to fully cover the segment satisfy an inequality akin to (9). The second piece is made of
Russo’s type formulas which relate ∂λΘn and ∂rΘn to the set of edges in the PDT, being
pivotal for the occurrence of the event {S1 ↔ Sn}. We detail the arguments in the two para-
graphs below and explain how the whole yields Proposition 1.

A finite one-dimensional Boolean model. Let ℓ > 0 and N a natural number. We
set (Uk)0≤k≤N+1 a finite sequence of points such that:

• the first one U0 is the left extremity of the segment [0, ℓ], that is 0;

• the N next ones U1, . . . ,UN are uniformly and independently drawn on the same seg-
ment;

• finally, the last one UN+1 is the right extremity, that is ℓ.

Attach to them N +2 i.i.d. random variables E0, . . . ,EN+1 with common distribution Exp(1).
Our Boolean model is then defined as follows.

• Every internal point 1 ≤ k ≤ N is assumed to cover the area centered at it and of
radius Rr

j := r
2Ej , that is the segment [Irj ,S

r
j ] := [Uj −Rr

j ,Uj + Rr
j ];

• the expected range of boundary points is doubled, so that we respectively have

[Ir0,S
r
0] = [−rE0, rE0] = [−Rr

0,R
r
0]

and
[IrN+1,S

r
N+1] = [ℓ− rEN+1, ℓ + rEN+1] = [ℓ−Rr

N+1, ℓ + Rr
N+1].

We are interested in the probability

p(ℓ, λ, r) := P
(

[0, ℓ] ⊆ ∪N+1
j=0 [Irj ,S

r
j ]
)
, (10)

that the surface covered by points includes the segment [0, ℓ], in the case where N is a Poisson
random variable of parameter λℓ, independently drawn from the locations of points and their
range. It is indeed equal, conditionally on the realization of Xp, to the probability that G̃p,λ,r

entirely contains a given street of length ℓ, a quantity that will appear as critical in the next
paragraph. We present now a crucial result on the way taking us to Proposition 1:

Proposition 2. The partial derivative ∂λp and ∂rp both exist and are positive. Also, for
any r > 0 and λ ≥ 0:

max

{
sup
ℓ>0

∂λp(ℓ, λ, r), sup
ℓ>0

∂rp(ℓ, λ, r)

}
< +∞ (11)

Finally, for some continuous map C : (0,+∞) 7→ (0,+∞) independent of ℓ and λ, it holds
that:

∂λp ≤ C(r)e
λr
2 ∂rp. (12)
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The proof merely consists of an in-depth but elementary analysis of the function p, that
we postpone to Section 3.2. Developments outlined there are not helpful to derive Proposi-
tion 1, statements (11) and (12) being all we need at this stage for such purpose. They are
rather aimed at readers eager to fully grasp the underlying reasons of some hypothesis made
in our model—random and exponentially-distributed ranges, with a higher mean for users at
crossroads—and how the latter could be relaxed. Recall for instance, as said in the introduc-
tion, that all our results remain true by setting the connection radius of relays at more than
twice that of users on streets; in this section, by more than doubling the mean area that cover
boundary points, compared to the internal ones. See Section 5 about the other conjectures.

Russo’s formulas. In this paragraph, we work with a more convenient representation of the
graph G̃p,λ,r. Let (Uy,y′)y,y′∈R be a sequence of i.i.d. random variables, uniformly distributed
on [0, 1]. Label as open the edges {x, x′} of the PDT T which obey two conditions:

1. the crossroads x, x′ flanking it both belong to Xp;

2. the companion random variable Ux,x′ satisfies the inequality Ux,x′ ≤ p(∥x− x′∥, r, λ).

We claim that the graph built from the open edges of T, denoted by Gp,λ,r, is distributed
as G̃p,λ,r:

Gp,λ,r
(d)
= G̃p,λ,r. (13)

Such alternative representation allows us to make rigorous the key notion of pivotal edge:

Definition 1. An edge {x, x′} of T is said to be pivotal for the event {S1 ↔ Sn} if the latter
occurs in Gp,λ,r ∪ (x, x′), but does not in Gp,λ,r\(x, x′).

Note that a pivotal edge necessarily intersects the box Bn. Their total number is hence
almost surely finite, and even integrable given the exponential decay of the stabilization
radius R(Bn) in PDT. See Lemma 1.

A Russo-type formula affirms that the local growth rate of an event’s probability is all
the more greater as the number of edges being pivotal for it is high. This is exactly what we
observe for Θn:

Proposition 3. For any triplet (p, λ, r), we have:

∂λΘn = E

[ ∑
{x,x′} pivotal

(∂λp)(∥x− x′∥, λ, r)

]
and ∂rΘn = E

[ ∑
{x,x′} pivotal

(∂rp)(∥x− x′∥, λ, r)

]
.

Proof of Proposition 3. The demonstration is quite standard and is the same for both equal-
ities. We focus on the first one. It essentially stems from a quenched version of the Russo’s
formula. For any h > 0, set

∆hΘ
|X,Xp
n (λ, r) := P(S1 ↔ Sn in Gp,λ+h,r|X,Xp) − P(S1 ↔ Sn in Gp,λ,r|X,Xp).

Then, almost surely:

lim
h→0+

∆hΘ
|X,Xp
n (λ, r)

h
=

∑
{x,x′} pivotal

(∂λp)(∥x− x′∥, λ, r). (14)
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The difference ∆hΘ
|X,Xp
n (λ, r) is indeed equal to the probability that the event {S1 ↔ Sn}

occurs in Gp,λ+h,r, but does not in Gp,λ,r, conditionally on X and Xp. This happens only if
at least one edge {x, x′} of the PDT has been opened by increasing the parameter λ to λ+h,
meaning that

p(∥x− x′∥, λ, r) < Ux,x′ ≤ p(∥x− x′∥, λ + h, r).

As h → 0+, because of the mutual independence between the random variables Uy,y′ , there
cannot be more than one such edge. So there is exactly one, which is furthermore pivotal
since its opening goes with the occurrence of {S1 ↔ Sn}. Rephrased in mathematical terms:

∆hΘ
|X,Xp
n (λ, r) =

∑
{x,x′} pivotal

P
(
p(∥x− x′∥, λ, r) < Ux,x′ ≤ p(∥x− x′∥, λ + h, r)

)
+ o(h)

=
∑

{x,x′} pivotal

[
p(∥x− x′∥, λ + h, r) − p(∥x− x′∥, λ, r)

]
+ o(h).

Thus the pointwise limit (14). Finally, we use Lebesgue’s theorem for upgrading the latter
to the expected Russo’s formula, thanks to the following domination, which is true for some
constant K = Kλ,r > 0 provided by (11):∑

{x,x′} pivotal

(∂λp)(∥x− x′∥, λ, r) ≤ K × # pivotal edges,

where # pivotal edges is an integrable random variable as explained earlier.

Proof of Proposition 1. Once we have in hand Propositions 2 and 3, the proof of Propo-
sition 1 is immediate. Indeed:

∂λΘn =
Prop. 3

E

[ ∑
{x,x′} pivotal

(∂λp)(∥x− x′∥, λ, r)

]

≤
Prop. 2

E

[ ∑
{x,x′} pivotal

C(r)e
λr
2 (∂rp)(∥x− x′∥, λ, r)

]
,

for some continuous map C : (0,+∞) 7→ (0,+∞). Hence:

∂λΘn ≤ C(r)e
λr
2 × E

[ ∑
{x,x′} pivotal

(∂rp)(∥x− x′∥, λ, r)

]
=

Prop. 3
C(r)e

λr
2 ∂rΘn,

as it has been heralded.

3.2 Proof of Proposition 2

This section is devoted to prove Proposition 2, which enumerates several properties of the
function p defined by (10). We focus, more specifically, on its partial derivatives w.r.t. vari-
ables λ and r. All the arguments used in the demonstration are nothing but basic analysis.
We start by merely establishing the existence of ∂λp and ∂rp. Amenable expressions are
derived at once, as well as their positivity.
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Existence, positivity and expression of ∂λp. Let h > 0. Given the superposition
property of the Poisson distribution, the difference p(ℓ, λ + h, r) − p(ℓ, λ, r) can be rewritten
as follows:

p(ℓ, λ+h, r)−p(ℓ, λ, r) = P
(

[0, ℓ] ̸⊆ ∪N+1
j=0 [Irj ,S

r
j ]; [0, ℓ] ⊆

(
∪N+1
j=0 [Irj ,S

r
j ]
)
∪
(
∪Ñ
j=1[Ĩ

r
j , S̃

r
j ]
))

,

where Ñ is a Poisson random variable of parameter hℓ, independent of N, while ∪Ñ
j=1[Ĩ

r
j , S̃

r
j ]

is the surface spanned by Ñ additional points, drawn on the segment [0, ℓ] in the same way as
the N former ones, and independently of them. Otherwise said, by increasing the intensity λ,
we give birth to new points, what provides a chance to get rid of existing blank zones. As h →
0, the probability to see arising more than two is however of order o(h), so that:

p(ℓ, λ + h, r) − p(ℓ, λ, r)

= hℓe−hℓ︸ ︷︷ ︸
=P(Ñ=1)

× P
(

[0, ℓ] ̸⊆ ∪N+1
j=0 [Irj ,S

r
j ]; [0, ℓ] ⊆

(
∪N+1
j=0 [Irj ,S

r
j ]
)
∪ [Ĩr1, S̃

r
1]
)

+ o(h).

The partial derivative ∂λp thus exists for any triplet (ℓ, λ, r) and:

∂λp(ℓ, λ, r) = ℓ× P
(

[0, ℓ] ̸⊆ ∪N+1
j=0 [Irj ,S

r
j ]; [0, ℓ] ⊆

(
∪N+1
j=0 [Irj ,S

r
j ]
)
∪ [Ir,Sr]

)
, (15)

with [Ir,Sr] := [U−R,U+R] the interval that a point U, uniformly drawn on [0, ℓ], typically
covers as its range R := r

2E is exponentially distributed with mean r/2. Positivity of (15) is
trivial.

Existence, positivity and expression of ∂rp. By increasing r, we do not act this time
on the number N of points drawn on the segment. We rather enlarge the area that they
respectively span. The expression of the increment p(ℓ, λ, r+h)−p(ℓ, λ, r) as the probability
of some event is then for any h > 0:

p(ℓ, λ, r + h) − p(ℓ, λ, r) = P
(

[0, ℓ] ̸⊆ ∪N+1
j=0 [Irj ,S

r
j ]; [0, ℓ] ⊆ ∪N+1

j=0 [Ir+h
j ,Sr+h

j ]
)
. (16)

A hole in the coverage is necessarily of the form
(
Sr
i , I

r
j

)
, where 0 ≤ i ̸= j ≤ N + 1 are such

that Sr
i < Irj and

(
Sr
i , I

r
j

)
∩ [Irk,S

r
k] = ∅ for any k /∈ {i, j}. Filling it by stretching extremities

of intervals entails the existence of some other 0 ≤ m ̸= q ≤ N + 1 satisfying both Sr
m ≤

Sr
i < Irj ≤ Irq and Ir+h

q ≤ Sr
i < Irj ≤ Sr+h

m . In particular, we have
∣∣Irq − Sr

m

∣∣ ≤ h
2 (Em + Eq), or

equivalently:

Em + Eq ∈
[
2
Uq −Um

r + h
, 2

Uq −Um

r − h

]
.

The probability of such event is of order h as h → 0. That of the whole picture just described
is a O(h2) as m ̸= i or q ̸= j, because the random variables U0, . . . ,UN+1,E0, . . . ,EN+1 are
mutually independent, conditionally on N. This is all the more true as several distinct holes
coexist.

Return now to a framework where the number of points spread over [0, ℓ] is a deterministic
integer N ≥ 0. We introduce two key functions. For any 0 ≤ i ̸= j ≤ N + 1 and any 0 ≤ x ≤
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y ≤ ℓ, we set

ΦN,r
i,j (x, y) = P

(
∀k /∈ {i, j}, [Irk,S

r
k] ∩ [Sr

i , I
r
j ] = ∅

)
=

N+1∏
k=0
k ̸=i,j

P
(
[Irk,S

r
k] ∩ [x, y] = ∅

)
. (17)

We also define:

RN,r
i,j (h) = P

(
∀k /∈ {i, j}, [Irk,S

r
k] ∩ [Sr

i , I
r
j ] = ∅; Sr

i < Irj , Ir+h
j ≤ Sr+h

i

)
= E

[
Φ(Sr

i , I
r
j)1Sr

i<Irj
1Sr+h

i ≥Ir+h
j

]
. (18)

Therefore, given (16) and what has been said about holes, we derive that:

p(ℓ, λ, r + h) − p(ℓ, λ, r) = E

 ∑
0≤i ̸=j≤N+1

RN,r
i,j (h) + o(h)

 . (19)

The existence of ∂rp then results from successive applications of Lebesgue’s theorems. Fix 1 ≤
i ̸= j ≤ N , two internal points. Let sri and irj be the joint density of (Sr

i ,R
r
i ) and (Irj ,R

r
j)

respectively. It holds that:

RN,r
i,j (h) =

∫
[0,ℓ]4

Φ(u, x)sri (u, v)irj(x, y)1u≤x1u+ ε
r
v≥x− ε

r
y1v+y≤ℓ du dv dx dy

=

∫
[0,ℓ]3

du dv dy sri (u, v)1v+y≤ℓ

(∫ u+ ε
r
(v+y)

u
Φ(u, x)irj(x, y) dx

)
.

Since ΦN,r
i,j is bounded, the Lebesgue’s dominated convergence theorem, coupled with the

Lebesgue differentiation theorem, implies that RN,r
i,j (h) has a finite limit as h → 0:

RN,r
i,j := lim

h→0
h−1RN,r

i,j (h) =
1

r

∫
[0,ℓ]3

(v + y)Φ(u, u)sri (u, v)irj(u, y)1v+y≤ℓ du dv dy. (20)

Note that the value of the above quantity does not vary with the pair i ̸= j, so is constantly
equal to RN,r

1,2 . In cases where either i or j is a boundary point, the associated joint density
degenerates, because Sr

0 = Rr
0 and IrN+1 = ℓ−Rr

N+1. This a however a false problem. Based
on similar arguments, the limit (20) still exists. The integral representation must be modified,
though. For i = 0 and 1 ≤ j ≤ N—that is a mixed situation with one boundary point and
one internal point, we get in the same vein that:

RN,r
0,j =

1

r

∫
[0,ℓ]2

Φ(u, u)(u + y)sr(u)irj(u, y)1u+y≤ℓ du dy, (21)

with sr the density of Sr
0. Like (20), the latter formula does not depend on j, meaning

that RN,r
0,j = RN,r

0,1 for every j. Furthermore, given the model is invariant in distribution
after reflecting points over the vertical line x = 1/2, it does not change anything by taking
instead i = N + 1 and 1 ≤ j ≤ N . Finally, when i = 0 and j = N + 1—both are an extremity
of the segment [0, ℓ], we obtain that

RN,r
0,N+1 =

ℓ

r

∫
[0,ℓ]

Φ(u, u)sr(u)ir(u) du, (22)
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with ir the density of IrN+1. From now on, considering the observations just made, we simply

write RN,r
b for b ∈ {0, 1, 2}, rather than RN,r

i,j as b boundary points are among i and j. From
all the foregoing, we deduce the almost sure convergence:

lim
h→0

1

h

∑
0≤i ̸=j≤N+1

RN,r
i,j =

∑
0≤i ̸=j≤N+1

RN,r
i,j = 2RN,r

2 + 4NRN,r
1 + N(N− 1)RN,r

0 . (23)

To complete the proof, we need a suitable domination of the limit, by some integrable ran-
dom variable. For this purpose, we remark that the function Φ is the only term involved
in the integrals (20), (21) or (22), which does depend on N . It can trivially be upper
bounded by one, as the probability of an event—see (17). Hence, for any N ≥ 0, we

have max
{
RN,r

0 , RN,r
1 , RN,r

2

}
≤ K, where K = Kℓ,r is the largest element among:{

ℓ

r

∫ ℓ

0
sr(u)ir(u)du,

1

r

∫
(u + y)sr(u)ir1(u, y)1u+y≤ℓ du dy,

1

r

∫
[0,ℓ]3

(v + y)sr1(u, v)ir2(u, y)1v+y≤ℓ du dv dy

}
.

It follows that almost surely:

2RN,r
2 + 4NRN,r

1 + N(N− 1)RN,r
0 ≤ K × (N(N− 1) + 4N + 2) ,

namely the kind of domination that we were hoping for. By invoking the Lebesgue’s dominated
convergence theorem, we conclude from (19) and (23) that

∂rp(ℓ, λ, r) = E
[
2RN,r

2 + 4NRN,r
1 + N(N− 1)RN,r

0

]
, (24)

which puts an end to the demonstration of the existence and positivity of ∂rp.

Boundedness and comparison of the partial derivatives. We eventually deal with the
proof of (11) and (12). The formula (15) relates ∂λp to the probability of observing blank
zones, vanishing after they are absorbed by the range of a newborn point. We aim to get
a more tractable expression that mimicks (24)—here it will be an upper bound actually—
by using again our analysis of discontinuities in the coverage. As argued in the first lines

of the previous paragraph, we know indeed that a hole is an interval of the form
(
Sr
i , I

r
j

)
with 0 ≤ i ̸= j ≤ N + 1, such that Sr

i < Irj and
(
Sr
i , I

r
j

)
∩ [Irk,S

r
k] = ∅ for every k /∈ {i, j}.

Then, set for any 0 ≤ x ≤ y ≤ ℓ:

Ψ(x, y) = P ([x, y] ⊆ [Ir,Sr]) . (25)

Recall that [Ir,Sr] is the interval that covers a point which is uniformly drawn and whose
the range is exponentially distributed with mean r/2. The function Ψ measures the chance
that it fully contains some given area. Let now N ≥ 0 be the deterministic number of points
spread on the segment [0, ℓ]. On the model of (18), we define for any 0 ≤ i ̸= j ≤ N + 1:

LN,r
i,j = P

(
∀k /∈ {i, j}, [Irk,S

r
k] ∩ [Sr

i , I
r
j ] = ∅; Sr

i < Irj ;
(
Sr
i , I

r
j

)
⊆ [Ir,Sr]

)
= E

[
Φ
(
Sr
i , I

r
j

)
Ψ
(
Sr
i , I

r
j

)
1Sr

i<Irj

]
, (26)
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namely the probability that the hole
(
Sr
i , I

r
j

)
is filled after a new point has arisen. As it has

already been remarked earlier for the RN,r
i,j —see (20), the latter only depends in fact on how

many boundary points we count, say b ∈ {0, 1, 2}, among i and j. So we likewise choose to
abbreviate LN,r

i,j as LN,r
b in such case. Since there exists at least one hole in a sparse coverage,

an union bound argument applied to (15) implies that:

∂λp(ℓ, λ, r) ≤ ℓ× E

 ∑
0≤i ̸=j≤N+1

LN,r
i,j

 = ℓ× E
[
2LN,r

2 + 4NLN,r
1 + N(N− 1)LN,r

0

]
, (27)

which is the upper bound that we were looking for. Statements (11) and (12) then result from
a comparison between LN,r

b and RN,r
b that we detail in the following proposition:

Proposition 4. Set Wℓ,r = 1 − r
2ℓ

(
1 − e−

2ℓ
r

)
. Let b ∈ {0, 1, 2}. There exists three func-

tions (Gr
b, H

r
b ,K

r
b), all positive, continuous and bounded on (0,+∞), such that:

ℓ · LN,r
b ≤ WN−2+b

ℓ,r Gr
b(ℓ) ≤ WN−2+b

ℓ,2r Hr
b (ℓ) ≤ RN,r

b ≤ Kr
b(ℓ), (28)

for any N ≥ 0. Furthermore, the first two satisfy:

Gr
b(ℓ) ≤ Cb(r)Hr

b (ℓ), (29)

for some continuous map Cb : (0,+∞) 7→ (0,+∞) independent of ℓ.

The proof of Proposition 4 is postponed to the next paragraph. We first show how to
complete that of Proposition 2, and start with (12). The leftmost inequality in (28), coupled
with (27), ensures that:

∂λp(ℓ, λ, r) ≤ 2Gr
2(ℓ)E

[
WN

ℓ,r

]
+ 4Gr

1(ℓ)E
[
NWN−1

ℓ,r

]
+ Gr

0(ℓ)E
[
N (N− 1)NWN−2

ℓ,r

]
= 2Gr

2(ℓ)e
λℓ(Wℓ,r−1) + 4Gr

1(ℓ)λℓe
λℓ(Wℓ,r−1) + Gr

0(ℓ)λ
2ℓ2eλℓ(Wℓ,r−1). (30)

We use in the last line that the generating function of a Poisson distribution of parameter λℓ
is t 7→ eλℓ(t−1). In exactly the same way, we derive this time from (24) and from the second
rightmost inequality that:

2Hr
2(ℓ)eλℓ(Wℓ,2r−1) + 4Hr

1(ℓ)λℓeλℓ(Wℓ,2r−1) + Hr
0(ℓ)λ2ℓ2eλℓ(Wℓ,2r−1) ≤ ∂rp(ℓ, λ, r). (31)

It directly follows from (30), (31) and (29) that:

eλℓ(Wℓ,2r−Wℓ,r) × ∂λp(ℓ, λ, r) ≤ C(r)∂rp(ℓ, λ, r),

for C := max {C0, C1, C2}. The map C is continuous given that the Cb all are. This is enough
to get (12) since Wℓ,2r − Wℓ,r ≥ −r/2ℓ. Finally, we deduce the boundedness assertion (11)
from (24) and the rightmost inequality in (28). Indeed, we have:

∂rp(ℓ, λ, r) ≤
(

max
b

sup
ℓ

Kr
b(ℓ)

)
× (E [2 + 4N + N (N− 1)]) .

The right hand side above is finite because the functions Kr
b are said to be bounded. So is

then ℓ 7→ ∂rp(ℓ, λ, r). The comparison (12) allows us to extend the result to ℓ 7→ ∂λp(ℓ, λ, r)
at once, which yields the expected conclusion.
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3.3 Proof of Proposition 4: cases investigation.

Three situations arise in Proposition 4, depending on the number of boundary points which are
involved in the definition of the quantities LN,r

i,j and RN,r
i,j , those that we aim to compare. We

start the demonstration with some preliminary observations. They will constitute a common
guideline for the analysis of each case.

First, we provide an exact formula for the probability that the surface covered by a point
uniformly drawn on [0, ℓ] does not interset some given interval:

Lemma 8 (Blank zone). Set for any 0 ≤ x ≤ y ≤ ℓ:

φ(x, y) = P ([Ir,Sr] ∩ [x, y] = ∅) .

Then:

φ(x, y) =
1

ℓ

(
ℓ− (y − x) − r

2

(
2 − e−2 ℓ−y

r − e−
2x
r

))
. (32)

When the point is rather stuck at an extremity of the segment, endowed with a doubled
expected range, the above formula is simpler:

P ([−R,R] ∩ [x, y] = ∅) = 1 − e−
x
r and P ([ℓ−R, ℓ + R] ∩ [x, y] = ∅) = 1 − e−

ℓ−y
r . (33)

Distributions of Ir and Sr being explicit, the proof of Lemma 8 consists of the easy
computation of an integral, whose details are left to the reader. Since not overlapping an
interval is harder than a single point, it is always true that φ(x, y) ≤ φ(x, x). Furthermore,
on the main diagonal, the function φ admits both lower and upper bounds:

Corollary 1. Let Wℓ,r be defined as in Proposition (4). For any 0 ≤ x ≤ ℓ, we have Wℓ,2r ≤
φ(x, x) ≤ Wℓ,r.

Here also we do not write the details of the elementary demonstration. Note that Wℓ,r is
even a global upper bound for φ, given the remark made just above. As ℓ → 0, it turns out
that:

Wℓ,r ∼ ℓ/r. (34)

It implies that φ is of linear order w.r.t. ℓ in the small length regime. Corollary 1 will be
useful to control the function Φ, which appears in the definitions of LN,r

b and RN,r
b . There is

indeed an obvious connection with φ. See (17). For any N ≥ 0 and 0 ≤ i ̸= j ≤ N + 1:

ΦN,r
i,j (x, y) =

(
1 − e−

x
r

)10/∈{i,j}
×
(

1 − e−
ℓ−y
r

)1N+1/∈{i,j}
× φ(x, y)N−2+b, (35)

where b is as usual the number of boundary points among i and j. The first two terms in the
above product come from (33). They correspond to the (potential) contribution of boundary
points.

We continue with a second lemma. This time is computed the probability to fully cover
some fixed interval:

Lemma 9 (Filling a hole). Recall the definition (25) of Ψ. For any 0 ≤ x ≤ y ≤ ℓ:

Ψ(x, y) =
r

2ℓ

(
2e−

y−x
r − e−2 ℓ−x

r − e−
2y
r

)
. (36)

27



The proof is once again skipped as it rests on basic analysis. We are now in good position
to define the maps (Gr

b, H
r
b ,K

r
b) of Proposition 4. From (26) and (36), we deduce an upper

bound on ℓ · LN,r
i,j , valid for any 0 ≤ i ̸= j ≤ N + 1:

ℓ · LN,r
i,j =

r

2
· E
[
Φ(Sr

i , I
r
j)

(
2e−

Irj−Sr
i

r − e−2
ℓ−Sr

i
r − e−

2Irj
r

)
1Sr

i<Irj

]
≤ r · E

[
Φ(Sr

i , I
r
j)e

−
Irj−Sr

i
r 1Sr

i<Irj

]
.

When 1 ≤ j ≤ N (and 0 ≤ b ≤ 1), it holds that Irj is distributed as ℓ−Sr
j , due to the reflection

symmetry over the vertical line x = 1/2. The last inequality can then be rephrased in the
more convenient way:

ℓ · LN,r
i,j ≤ re−

ℓ
rE
[
Φ(Sr

i , I
r
j)e

Sr
i+Sr

j
r 1Sr

i+Sr
j<ℓ

]
.

We get from (35) that:

ℓ · LN,r
i,j ≤ WN−2+b

ℓ,r

(
1 − e−

ℓ
r

)2−b
re−

ℓ
rE
[
e

Sr
i+Sr

j
r 1Sr

i+Sr
j<ℓ

]
, (37)

by using that 1−e−
x
r ≤ 1−e−

ℓ
r for x ∈ [0, ℓ] and also that Wℓ,r globally dominates φ according

to Corollary 1. It invites us to set:

Gr
b(ℓ) := re−

ℓ
r

(
1 − e−

ℓ
r

)2−b
E
[
e

Sr
i+Sr

j
r 1Sr

i+Sr
j<ℓ

]
, (38)

for 0 ≤ b ≤ 1. When j = N + 1, given IrN+1 = ℓ−Rr
N+1, the same exact reasoning leads to:

Gr
2(ℓ) := re−

ℓ
rE
[
e

Rr
0+Rr

N+1
r 1Rr

0+Rr
N+1<ℓ

]
. (39)

Such work can equally be done with Hr
b and Kr

b , which respectively minorizes and ma-
jorizes Rr

b. On a case-by-case basis because the integral representation of the latter depends
on the value of b. See (20), (21) and (22). We rely on the following inequalities:(

1 − e−
x
r

)10/∈{i,j}
×
(

1 − e−
ℓ−x
r

)1N+1/∈{i,j}
×WN−2+b

ℓ,2r ≤ ΦN,r
i,j (x, y) ≤ 1,

the first being a consequence of Corollary 1. Hence, we define for b = 2:

Hr
2(ℓ) = Kr

2(ℓ) =
ℓ

r

∫
[0,ℓ]

sr(u)ir(u) du. (40)

It must be reminded that sr and ir denote the densities of Sr
0 and IrN+1 respectively. For b = 1:

Hr
1(ℓ) =

1

r

∫
[0,ℓ]2

(
1 − e−

ℓ−u
r

)
(u + y)sr(u)ir1(u, y)1u+y≤ℓ du dy (41)
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and

Kr
1(ℓ) =

1

r

∫
[0,ℓ]2

(u + y)sr(u)ir1(u, y)1u+y≤ℓ du dy, (42)

with ir1 the joint density of (Ir1,R
r
1). Finally, for b = 0:

Hr
0(ℓ) =

1

r

∫
[0,ℓ]3

(v + y)
(

1 − e−
ℓ−u
r

)(
1 − e−

u
r

)
sr1(u, v)ir2(u, y)1v+y≤ℓ du dv dy (43)

and

Kr
0(ℓ) =

1

r

∫
[0,ℓ]3

(v + y)sr1(u, v)ir2(u, y)1v+y≤ℓ du dv dy, (44)

where sr1 designates the joint density of (Sr
1,R

r
1) and ir2 that of (Ir2,R

r
2). The maps involved in

Proposition 4 are now explicit. We have to establish their continuity, their boundedness and
the inequality (29) in every case. A common strategy is employed. Continuity either results
from a direct computation of the integrals, or from a standard application of the Lebesgue’s
dominated convergence theorem. A separate asymptotic analysis shows afterwards that all
the functions vanish as ℓ → 0 and as ℓ → +∞, so they are bounded. We also prove at once

that Gr
b/H

r
b converges in both regimes, locally uniformly in r. It implies that supℓ>0

Gr
b(ℓ)

Hr
b (ℓ)

exists and is continuous w.r.t. r. It can therefore play the role of the map Cb in (29). All of
this is then enough to conclude.

The case b = 2. Here the involved points i and j are the extremities of the segment [0, ℓ].
Recall that Sr

0 = Rr
0 and IrN+1 = ℓ−Rr

N+1, where Rr
0 and Rr

N+1 are exponentially-distributed

random variables with mean r. Their density is x 7→ 1
re

−x
r . We can compute (39):

Gr
2(ℓ) = re−

ℓ
r

∫
[0,ℓ]2

e
x+y
r 1x+y<ℓ

1

r
e−

x
r

1

r
e−

y
r dx dy =

ℓ2

2r
e−

ℓ
r ,

and (40):

Hr
2(ℓ) = Kr

2(ℓ) =
ℓ

r

∫ ℓ

0

1

r
e−

u
r

1

r
e−

ℓ−u
r du =

ℓ2

r3
e−

ℓ
r ,

by using that ir(·) = sr(ℓ − ·). The three maps are thus bounded and continuous, as

is supℓ>0
Gr

2(ℓ)
Hr

2 (ℓ)
, equal to r2

2 , which then suits to be C2. We got everything that we expected.

The case b = 0. In this paragraph, both points i and j are internal. Without loss of
generality, we assume that i = 1 and j = 2. Since Sr

1 = U1 + r
2E1 with U1 ∼ Unif[0, ℓ]

and E1 ∼ Exp(1) independent of each other, the associated density, restricted to the seg-

29



ment [0, ℓ], is x 7→ 1
ℓ (1 − e−

2x
r ). So is the density of Sr

2. It allows us to develop (38):

Gr
0(ℓ)

=
r

ℓ2
e−

ℓ
r

(
1 − e−

ℓ
r

)2 ∫
0≤x+y<ℓ

e
x+y
r (1 − e−

2x
r )(1 − e−

2y
r )dx dy

=
r

ℓ2
e−

ℓ
r

(
1 − e−

ℓ
r

)2(∫
0≤x+y≤ℓ

e
x+y
r dxdy − 2

∫
0≤x+y≤ℓ

e
y−x
r dxdy +

∫
0≤x+y≤ℓ

e−
x+y
r dxdy

)
=

r

ℓ2
e−

ℓ
r

(
1 − e−

ℓ
r

)2 (
rℓe

ℓ
r − r2e

ℓ
r + r2 − r2e

ℓ
r + 2r2 − r2e

−ℓ
r + r2 − rℓe−

ℓ
r − r2e−

ℓ
r

)
=

r

ℓ2
e−

ℓ
r

(
1 − e−

ℓ
r

)2(
4r2 − 4r2 cosh

(
ℓ

r

)
+ 2rℓ sinh

(
ℓ

r

))
. (45)

The latter expression is clearly continuous w.r.t ℓ. In the vicinity of 0, we check that

4r2 − 4r2 cosh

(
ℓ

r

)
+ 2rℓ sinh

(
ℓ

r

)
∼ ℓ4

6r2
,

so that:

Gr
0(ℓ) ∼

ℓ→0

ℓ4

6r3
. (46)

At the same time, as ℓ → +∞:

Gr
0(ℓ) ∼

r

ℓ2
e−

ℓ
r × 2rℓ× sinh

(
ℓ

r

)
∼ 2r2ℓ−1. (47)

We deal now with (43). The joint density sr1 of (Sr
1,R

r
1) is

(u, v) 7→ 2

rℓ
e−

2v
r 1u∈[v,v+ℓ]1v≥0,

while that of (Ir2,R
r
2) is

ir2 : (u, v) 7→ 2

rℓ
e−

2y
r 1u∈[−y,−y+ℓ]1y≥0.

We inject into (43):

Hr
0(ℓ) =

4

r3ℓ2

∫
R3
+

(v + y)e−
2(v+y)

r

(
1 − e−

u
r

)(
1 − e−

ℓ−u
r

)
1u∈[v,ℓ−y] 1v+y≤ℓ du dv dy.

The integrand above is a piecewise continuous function on R4
+. For any fixed ℓ > 0, its

restriction to {ℓ}×R3
+ has a compact support. The continuity of Hr

0 is then a straightforward
consequence of the Lebesgue’s dominated convergence theorem. We clarify the expression
of Hr

0 thanks to the substitution z = v + y, after first integrating w.r.t u:

Hr
0(ℓ) =

4
(

1 + e−
ℓ
r

)
r3ℓ2

∫ ℓ

0
z2(ℓ− z)e−

2z
r dz − 8

rℓ2

∫ ℓ

0
ze−

2z
r (1 − e−

ℓ−z
r )(1 − e−

z
r ) dz. (48)
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In the small length regime ℓ → 0:∫ ℓ

0
z2(ℓ− z)e−

2z
r dz =

∫ ℓ

0
z2
(

1 − 2z

r
+

2z2

r2

)
(ℓ− z) dz + o

(
ℓ6
)

= ℓ

∫ ℓ

0

[
z2 − 2z3

r
+

2z4

r2
+ o

(
z4
)]

dz −
∫ ℓ

0

[
z3 − 2z4

r
+

2z5

r2
+ o

(
z5
)]

dz

=
ℓ4

3
− ℓ5

2r
+

2ℓ6

5r2
− ℓ4

4
+

2ℓ5

5r
− ℓ6

3r2
+ o

(
ℓ6
)

=
ℓ4

12
− ℓ5

10r
+

ℓ6

15r2
+ o

(
ℓ6
)
.

and:∫ ℓ

0
ze−

2z
r (1 − e−

ℓ−z
r )(1 − e−

z
r ) dz

=
(

1 + e−
ℓ
r

)∫ ℓ

0
ze−

2z
r dz −

∫ ℓ

0
ze−

3z
r dz − e−

ℓ
r

∫ ℓ

0
ze−

z
r dz

=
(

1 + e−
ℓ
r

)(∫ ℓ

0
z
(
e−

2z
r − e−

z
r

)
dz

)
+

∫ ℓ

0
z
(
e−

z
r − e−

3z
r

)
dz

=
(

1 + e−
ℓ
r

)(
− ℓ3

3r
+

3ℓ4

8r2
− 7ℓ5

30r3
+

5ℓ6

48r4
+ o

(
ℓ6
))

+

(
2ℓ3

3r
− ℓ4

r2
+

13ℓ5

15r3
− 5ℓ6

9r4
+ o

(
ℓ6
))

.

Consequently:

Hr
0(ℓ)

=
1 + e−

ℓ
r

r3ℓ2

(
8r

3
ℓ3 − 8

3
ℓ4 +

22

15r
ℓ5 − 17

30r2
ℓ6
)
− 8

rℓ2

(
2ℓ3

3r
− ℓ4

r2
+

13ℓ5

15r3
− 5ℓ6

9r4

)
+ o

(
ℓ6
)

=
1

r3ℓ2

(
16r

3
ℓ3 − 8ℓ4 +

104

15r
ℓ5 − 197

45r2
ℓ6
)
−
(

16

3r2
ℓ− 8

r3
ℓ2 +

104

15r4
ℓ3 − 40

9r5
ℓ4
)

+ o
(
ℓ6
)

∼
ℓ→0

ℓ4

15r5
. (49)

In the large length regime ℓ → +∞, we have∫ ℓ

0
z2(ℓ− z)e−

2z
r dz ∼ ℓ

∫ +∞

0
z2e−

2z
r dz,

and

lim
ℓ→+∞

∫ ℓ

0
ze−

2z
r (1 − e−

ℓ−z
r )(1 − e−

z
r ) dz =

∫ +∞

0
ze−

2z
r (1 − e−

z
r ) dz < +∞,

thanks to the Lebesgue’s dominated convergence theorem. We deduce from (48) that:

Hr
0(ℓ) ∼

ℓ→+∞

(
4

r3

∫ +∞

0
z2e−

2z
r dz

)
× ℓ−1 = ℓ−1. (50)

The asymptotics (46), (47), (49) and (50) show that Gr
0 and Hr

0 vanish and are of exact
same order as ℓ → 0, as well as ℓ → +∞, so that Gr

0/H
r
0 converges to some limit in both
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regimes. The maps being continuous, they are bounded and supℓ>0
Gr

0(ℓ)
Hr

0 (ℓ)
< +∞. Set C0(r) :=

supℓ>0
Gr

0(ℓ)
Hr

0 (ℓ)
. Continuity w.r.t. r of C0 results from several facts put together. The first is

that G0/H0 is continuous on (0,+∞)2 as a function of r and ℓ, and continuously extendable
at (0,+∞) × [0,+∞). Indeed, given (46) and (49), the limit at 0 of Gr

0(ℓ)/H
r
0(ℓ) is 5r2/2 for

any r > 0, that is a continuous function w.r.t r on (0,+∞). Besides, by investigating even
more thoroughly the behaviour of Gr

0 and Hr
0 in the vicinity of zero, we could demonstrate

that the latter convergence is locally uniform in r, meaning that on any segment I ⊂ (0,+∞):

sup
r∈I

∣∣∣∣Gr
0(ℓ)

Hr
0(ℓ)

− 5r2

2

∣∣∣∣ < cℓ

for some constant c = cI > 0 and ℓ small enough. This ensures that the map is continuously

extendable as claimed above. We derive from it that
Gr

0(ℓ)
Hr

0 (ℓ)
is locally uniformly continuous

on (0,+∞) × [0,+∞). Therefore, for any r > 0 and any L > 0:

sup
0≤ℓ≤L

sup
r′∈(r−δ,r+δ)

∣∣∣∣∣Gr′
0 (ℓ)

Hr′
0 (ℓ)

− Gr
0(ℓ)

Hr
0(ℓ)

∣∣∣∣∣ −−−→δ→0
0. (51)

The second fact to mention is an equivalent of the former at infinity. Given (47) and (50),
the limit of Gr

0(ℓ)/H
r
0(ℓ) as ℓ → +∞ is 2r2 for any r > 0, that is here again a continuous

function w.r.t r on (0,+∞). Some basic analysis manipulations on the expressions (45)
and (48) show that the rate of convergence is locally uniform in r, in the sense that on any
segment I ⊂ (0,+∞):

sup
r∈I

∣∣∣∣Gr
0(ℓ)

Hr
0(ℓ)

− 2r2
∣∣∣∣ < cℓ−1.

for some constant c = cI > 0 and ℓ large enough. Thus:

lim sup
δ→0

sup
ℓ>L

sup
r′∈(r−δ,r+δ)

∣∣∣∣∣Gr′
0 (ℓ)

Hr′
0 (ℓ)

− Gr
0(ℓ)

Hr
0(ℓ)

∣∣∣∣∣ ≤ cL−1,

for some c > 0 and any L > 0 large enough. Combined with (51), it entails that:

sup
ℓ>0

sup
r′∈(r−δ,r+δ)

∣∣∣∣∣Gr′
0 (ℓ)

Hr′
0 (ℓ)

− Gr
0(ℓ)

Hr
0(ℓ)

∣∣∣∣∣ −−−→δ→0
0.

The continuity of C0 directly follows. The final word in this paragraph is about the map Kr
0 .

We remark that its definition (44) is very close to that of Hr
0 (43). On the model of what we

did for it, we prove continuity of Kr
0 from the Lebesgue’s dominated convergence theorem. We

compute afterwards that Kr
0(ℓ) = 4

r3ℓ2

∫ ℓ
0 z2 (ℓ− z) e−

2z
r dz, which implies that Kr

0(ℓ) = O
(
ℓ2
)

as ℓ → 0 and Kr
0(ℓ) ∼ ℓ−1 as ℓ → +∞. The function is hence bounded.

The case b = 1. We finally deal with the mixed situation where i is a boundary point and j
an internal one, say for instance i = 0 and j = 1. Recall that the density sr of Sr

0 is x 7→ 1
re

−x
r .
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That of Sr
1 is x 7→ 1

ℓ

(
1 − e−

2x
r

)
. We derive an explicit expression of Gr

1 from (38):

Gr
1(ℓ) = ℓ−1e−

ℓ
r

(
1 − e−

ℓ
r

)∫
0≤x+y<ℓ

e
x+y
r e−

x
r (1 − e−

2y
r ) dx dy

= 2ℓ−1e−
ℓ
r

(
1 − e−

ℓ
r

)(∫ ℓ

0
(ℓ− y) sinh

(y
r

)
dx dy

)
= 2ℓ−1e−

ℓ
r

(
1 − e−

ℓ
r

)(
r2 sinh

(
ℓ

r

)
− rℓ

)
.

The map is unequivocally continuous. Since r2 sinh
(
ℓ
r

)
− rℓ ∼ ℓ3

6r in the vicinity of 0, we get

Gr
1(ℓ) ∼

ℓ→0

ℓ3

3r2
. (52)

As ℓ → +∞, it holds this time that:

Gr
1(ℓ) ∼ r2ℓ−1. (53)

We turn now our attention to Hr
1 , defined by (41). The joint density ir1 of (Ir1,R

r
1) is

(u, y) 7→ 2

rℓ
e−

2y
r 1u∈[−y,−y+ℓ]1y≥0,

so that:

Hr
1(ℓ) =

2

r3ℓ

∫
R2
+

(
1 − e−

ℓ−u
r

)
(u + y)e−

u
r e−

2y
r 1u+y≤ℓ du dy.

Continuity of Hr
1 again results from a simple application of the Lebesgue’s dominated con-

vergence theorem, whose details are left to the reader. The substitution z = u + y allows us
to rewrite the above integral:

Hr
1(ℓ) =

2

r3ℓ

∫ ℓ

0
ze−

2z
r

(∫ z

0
e

u
r

(
1 − e−

ℓ−u
r

)
du

)
dz. (54)

Given e
u
r

(
1 − e−

ℓ−u
r

)
= 1 − e−

ℓ
r + o (1) around 0, we deduce that

Hr
1(ℓ) =

2

r3ℓ

∫ ℓ

0
ze−

2z
r

(∫ z

0

[
1 − e−

ℓ
r + o (1)

]
du

)
dz

=
2
(

1 − e−
ℓ
r

)
r3ℓ

∫ ℓ

0

[
z2 + o

(
z2
)]

dz ∼
ℓ→0

2ℓ3

3r4
, (55)

In the large length regime, according to the Lebesgue’s dominated convergence theorem:

lim
ℓ→+∞

∫ ℓ

0
ze−

2z
r

(∫ z

0
e

u
r

(
1 − e−

ℓ−u
r

)
du

)
dz

=

∫ +∞

0
ze−

2z
r

(∫ z

0
e

u
r du

)
dz = r

∫ +∞

0
z
(
e−

z
r − e−

2z
r

)
dz =

3r3

4
.
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Thus:

Hr
1(ℓ) ∼

ℓ→+∞

3

2ℓ
. (56)

We conclude exactly like in the previous case. Given (52), (53), (55) and (56), the maps Gr
1

and Hr
1 are asymptotically equivalent in the vicinity of zero and at infinity, so that Gr

1/H
r
1

converges in both regimes. Since the maps are continuous, it implies that supℓ>0
Gr

1(ℓ)
Hr

1 (ℓ)
< +∞.

We then set C1 := supℓ>0
Gr

1(ℓ)
Hr

1 (ℓ)
and prove that C1 is continuous w.r.t. r on (0,+∞) in the

same way we did for C0. Lastly, we compute that

Kr
1(ℓ) =

2

r2ℓ

∫ ℓ

0
z
(
e−

z
r − e−

2z
r

)
dz.

The expression is continuous w.r.t ℓ. It tends to zero as ℓ → 0, as well as ℓ → +∞. Hence,
the function is bounded. The proof of Proposition 4 is now complete.

4 Uniqueness of the infinite cluster

The purpose of this section is to show the uniqueness of the infinite cluster as stated in
Theorem 2. In this whole section, we assume that p > 0 and r < ∞. If p = 0, there is no
percolation anyway, and for r = ∞ the models boils down to the well-known Poisson-Voronöı
percolation model.

We start with a geometric lemma on the trace of the Delaunay triangulation in any
Euclidean ball. For a locally finite set of points γ of R2 with associated Delaunay triangulation
Tγ and a convex subset C of R2, we define the trace TrC(Tγ) of Tγ in C as the subset of T
made of the segments [x, y] of Tγ such that x ∈ γ ∩ C or y ∈ γ ∩ C, so

TrC(Tγ) =
⋃

x∈γ∩C
y∈γ

[x, y] ∩Tγ .

In other words, this is the subgraph made of the point in C in addition to the outer edges (see
Figure 6).

We can now state our main tool, whose proof is postponed to the end of the section.

Lemma 10. Let γ be a locally finite subset of R2. Then, the trace TrC(Tγ) of Tγ on any
Euclidean ball C is connected.

Note that, as shown in Figure 6, this does not hold for any convex set.
We can now start the proof of the uniqueness of the infinite connected component. Let K

denotes the number of infinite connected components in Gp,λ,r. Let us also denotes by Bα the
Euclidean ball centered at 0 with radius α. Now, KBα denotes the number of infinite connected
components intersecting TrBα(T) which are disjoint in the closure of Gp,λ,r \ TrBα(T). This
in particular entails that we ask these components to penetrate TrBα(T) though different
vertices. Note that infinite connected components intersecting Bα but without vertices in
TrBα(T) are not taken into account here.

For a ball Bα we also denote Full(Bα) the event that the trace of the Delaunay tri-
angulation T in Bα is fully connected (all vertices are open, and all edges are completely
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A Delaunay triangulation The subgraph of the points in the square

The Trace in the square

Figure 6: Trace graph can be not connected on square
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covered). Because edges can be covered by the exponential random variables associated to
their endpoints, we have

Lemma 11. Almost surely
P(Full(Bα)| X, T) > 0.

Proof. We work by contradiction by assuming that P(Full(Bα)| X, T) has a positive proba-
bility of being equal to 0. In any case, we have

P(Full(Bα)| X, T) ≥ p|X∩TrBα (T)| exp (−2rΛ(T ∩ TrBα(T))) .

In particular, this implies that

P

(
|X ∩ TrBα(T)| = ∞ or Λ(T ∩ TrBα(T)) = ∞

)
> 0.

This in turns, because X and T are a.s. locally finite, implies that

P (TrBα(T) is unbounded) > 0.

Fix β > α. Let us denote by B+
x,y the “upper” half-ball with diameter [x, y] defined by

B+
x,y = {z ∈ B((x+y)/2, ∥x−y∥)| det(x−y, x−z) ≥ 0}. B−

x,y stands for the “lower” half-ball,
defined accordingly.

Because the event {TrBα(T) ⊈ Bβ} implies the existence of an edge of length at least β−α.
If such an edge has endpoints, say, x and y, it is known that this implies that B−

x,y ∩X = ∅
or B+

x,y ∩X = ∅. Hence,

P (TrBα(T) ⊈ Bβ) ≤ P
(
∃x ∈ X ∩Bα, ∃y ∈ X ∩Bc

β s.t. B+
x,y ∩X = ∅ or B−

x,y ∩X = ∅
)

≤ E

 ∑
x∈X∩Bα, y∈X∩Bc

β

1B+
x,y∩X=∅ or B−

x,y∩X=∅

 .

Applying two times Mecke’s formula gives

E

 ∑
x∈X∩Bα, y∈X∩Bc

β

1B+
x,y∩X=∅ or B−

x,y∩X=∅


=

∫
Bα×Bc

β

P
(
B+(x, y) ∩X = ∅ or B−

x,y ∩X = ∅
)
dx dy

≤
∫
Bα×Bc

β

2e−π∥x−y∥2/4 dx dy ≤ α2

4
e−π(α−β)2/8,

where the last inequality was obtained using that ∥x− y∥ > (α− β).

This gives a contradiction and that P(Full(Bα)| X, T) > 0 almost surely.

It is classical in such situation, because of ergodicity of the model, that K must be trivial
as events of the form {K = K} are translation invariant. Hence, there exists K ∈ N ∪ {∞}
such that P(K = K) = 1.

We begin by disqualifying all finite values greater than 1.
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Lemma 12. If, for some integer K > 1, P(K = K) > 0 then P(K = 1) > 0. In particular,
this implies that P(K = K) = 0 for all K ∈ N \ {0, 1}.

Proof. Let assume that, for some K > 1, P(K = K) > 0. In particular, we also must have
P(K = K| X, T) > 0 on an event A (measurable with respect to X) of positive probability.
Let Nα be the number of infinite connected components strictly included in T \ TrBα(T).
There exists α > 0 such that P(Nα = 0, K = K| X, T) > 0 on A (which means that
for α large enough, all connected component intersect TrBα(T)). Moreover, we have that
P(Nα = 0, KBα ≥ K| X, T) ≥ P(Nα = 0, K = K| X, T).

We have that (conditionally on X) KBα and Nα only depends on T\TrBα(T) and Full(Bα)
on TrBα(T), but these are independent conditionally on X (because all edges are independent
conditionally on X). Hence,

P(K = 1| X, T) ≥ P(Nα = 0, KBα ≥ K, Full(Bα)| X, T)

= P(Nα = 0, KBα ≥ K| X, T)P(Full(Bα)| X, T) > 0 a.s. on A.

The first inequality is a consequence of Lemma 10 while the last inequality is a consequence
of Lemma 11. Integrating with respect to X gives the result.

So, it remains to remove the case K = ∞. We use an adaptation of Burton-Keane method.
To do so, we say that a point x ∈ X is a trifurcation if

• x belongs to an infinite connected component C in Gp,λ,r

• C \ {x} consists of three disjoint infinite connected components.

Conditionally on X and Gp,λ,r \ TrBα(T), on the event {KBα ≥ 3}, there exists (at least)
three distinct points x, y, z ∈ TrBα(T) ∩ X such that three infinite connected components
penetrate TrBα(T) through these points. We denote by E the event that

• all vertices in TrBα(T) \Bα except x, y and z are closed,

• for any points among x, y or z, there exists one and only one open edge going from the
considered point into Bα which is open,

• there exists a unique open path in TrBα(T) connecting x, y and z,

• all other edges in TrBα(T) are closed.

It is important at this point to remark that the existence of such connecting paths is guaran-
teed by Lemma 10. Moreover, the paths from x to y and from x to z pass through Bα and
these paths bifurcate at some point t of X ∩Bα. This point t must then be a trifurcation.

In particular, on the event {KBα ≥ 3}, we have the rough bound

P(E | X, T, Gp,λ,r \ TrBα(T)) ≥ P(Full(Bα)| X, T)Hα > 0 a.s., (57)

with
Hα = (1 − p)|X∩TrBα (T)|e−λΛ(T∩TrBα (T))(1 − e−r inf{x,y}⊂X∩Bα ∥x−y∥).
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The fact that Hα > 0 a.s. is obtained similarly as Lemma 11. It is important to note that the
choice of x, y, z depends on Gp,λ,r \TrBα(T) but that the lower bound in the above inequality
does not.

In the following, we also need the Palm distribution of, X denoted Px. Under Px, X has
the law of a Poisson process with an additional deterministic point at x.

We then have the lemma.

Lemma 13. If P(K = ∞) = 1, then

P0(0 is a trifurcation) > 0.

In addition, if Tα denotes the number of trifurcation in the ball Bα (for α > 0), we have

E [Tα] = |Bα|P0(0 is a trifurcation) = πα2P0 (0 is a trifucation) . (58)

Proof. As in the proof of Lemma 12, under the hypothesis that P(K = ∞) = 1, there exists
α > 0 such that P(KBα ≥ 3| X, T) > 0 on an event A of positive probability (measurable
with respect to X). Now,

P (Tα > 0| X, T) ≥ E
[
1KBα≥3 P (E| X, T,Gp,λ,r \ TrBα(T)) | X, T

]
≥ P (KBα ≥ 3| X, T)Hα > 0 a.s. on A,

where the last inequality follows from (57). Integrating with respect to X then gives P(Tα >
0) > 0, and E[Tα] > 0. But according to Mecke formula

E [Tα] = E

[ ∑
x∈X∩Bα

1x is a trifurcation

]
=

∫
Bα

dx Px (x is a trifucation) .

But, stationarity gives∫
Bα

dx Px (x is a trifucation) = |Bα|P0 (0 is a trifucation) ,

hence the Lemma.

We can now conclude.

Theorem 2. There exists a unique infinite connected component in the supercritical phase,
that is

P(#C ≤ 1) = 1.

Proof. We work by contradiction by assuming that P(#C = ∞) > 0. To simplify calculation,
we work on the square box Bα for α > 0. Let Tα be the number of trifurcation in Bα.
According to the peeling strategy of Burton-Keane argument (which can be applied here for
its nature is purely geometric. See [6] or [15, Section 8.2].), there exists a subgraph T of
Gp,λ,r ∩ Bα which is a forest whose branching points are trifurcations in Bα. In particular,
#T∩∂Bα ≥ Tα where #T∩∂Bα corresponds to the number of edges of the forest intersecting
the boundary of the ball. But,

E [#T ∩ ∂Bα] ≤ E

 ∑
x∈X∩Bα, y∈X∩Bc

α

1x∼y

 ≤ 2E

 ∑
x∈X∩Bα, y∈X∩Bc

α

1X∩B+
x,y=0

 ,
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where B+
x,y is defined in the proof of Lemma 9. The last inequality above follows, once again,

from the fact that one of the two half-ball of diameter [x, y] being empty of point of X is a
necessary condition for x ∼ y. Now, using two times Mecke formula entails

E

 ∑
x∈X∩Bα, y∈X∩Bc

α

1X∩B+
x,y=0

 =

∫
Bα

dx Ex

 ∑
y∈X∩Bc

α

1X∩B+
x,y=0


=

∫
Bα

dx

∫
Bc

α

dy P
(
X ∩B+

x,y = 0
)

=

∫
Bα×Bc

α

e−π∥x−y∥2/2 dxdy.

Some computations now gives∫
Bα×Bc

α

e−π∥x−y∥2/2 dxdy ≤ 4α

∫
[−α/2,α/2]×[α/2,∞)

exp(−π(x− y)2/2) dxdy

= 4α

∫ α

0

∫ ∞

x
e−πy2/2 dydx ≤ 8α

π
.

Hence, we finally obtain in conjunction with Lemma 13 that,

α2P
(
0 is a trifucation in G0

p,λ,r

)
= E [Tα] ≤ E [#T ∩ ∂Bα] ≤ 16α

π
,

which gives a contradiction.

We end the section with the proof of Lemma 10. The proof start with a geometric result.

Lemma 14. Let C be an open Euclidean ball. Let x, y ∈ C, and a, b ∈ R \ C such that
[A,B] ∩ C ≠ ∅. Assume that, [A,B] separates C into two open subsets C1 and C2 such that
x ∈ C1 and y ∈ C2. Then, for any closed ball B such that {A,B} ⊂ ∂B, x ∈ B or y ∈ B.

Proof of Lemma 14. Let B be any closed ball such that {A,B} ⊂ ∂B. Let also be C and D
such that {C,D} = [A,B] ∩ ∂C. Let E be the center of B. The perpendicular bisector of
the segment [C,D] separates the plane in two half-planes. We can assume without loss of
generality that E is in the same half-plane as D, so that the segment [E,C] intersects the
perpendicular bisector of [C,D] at some point H (see Figure 7).

Let some point z such that d(z,H) ≤ d(H,C). Then, d(z, E) ≤ d(z,H) + d(H,E) ≤
d(H,C) + d(H,E), but, because H ∈ [E,C], d(H,C) + d(H,E) = d(E,C). Hence, since
C ∈ B, we have d(z, E) ≤ d(E,C) ≤ d(E,B). This says that the ball B̃ of radius d(H,C)
with center H is included in B.

Now, since {A,B} ⊂ ∂C ∩∂B̃, it follows that the center O of C and H both belongs to the
perpendicular bisector of the segment [C,D]. Let U and V be the intersection points of the
perpendicular bisector of [C,D] with ∂C (see Figure 8). If H /∈ [U, V ] then either V ∈ B̃ or
U ∈ B̃ because (C+D)/2 ∈ B̃∩ [U, V ]. If H ∈ [U, V ], then either d(H,U) = d(O,U)−d(H,O)
or d(H,V ) = d(O, V )−d(H,O). Assume the latter, then, since d(O,C) ≤ d(H,C) +d(H,O),
we have d(H,V ) ≤ d(O, V ) + d(H,C) − d(O,C) = d(H,C). Thus, V ∈ B̃.
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Figure 7: Contruction of B̃

It follows that either V or U belongs to B̃. Because, two distinct circles have at most
two intersection points, it follows that the corresponding circular arc ((CV D) or (CUD)) is
a subset of B̃. From this, it follows that either x or y lies in B̃ ⊂ B. This ends the proof.

With this in hands, we can now prove Lemma 10.

Proof of Proposition 10. We show that the subgraph induced by the points of γ in C is con-
nected. By construction, this would directly imply that the trace is connected. The proof
is based on Bowyer–Watson algorithm [5, 28], which gives an iterative construction of the
Delaunay triangulation. Thus, we need to recall some facts on this algorithm. It is based on
the sequential construction of the triangulation. Let ν a finite subset of γ and x ∈ ν. Assume
that the triangulation is already constructed for γ \ν. Then, adding point x to Tγ\ν proceeds
as follows (Note that the triangulation Tγ\ν already covers R2 with triangles).

Add point algorithm

1. For each triangle T in Tγ\ν check if the circumcircle of T contains x. If it does:

• Then, for each edge e of T , check if the neighboring triangle of T , having also edge
e, has x in its circumcircle.

• If so, remove e from the triangulation.

2. Step 1. creates, in the triangulation, a polygonal convex hole containing x.
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Figure 8: Proof that B̃ contains x or y.

3. For each vertex y of the polygonal boundary of the convex hole, add the edge [y, x] to
the triangulation.

With this tool in hand, we can now prove the lemma. The proof works by induction on
the cardinal of γ ∩ C which is finite by the locally finite hypothesis.

Case #γ ∩ C = 2:
Assume that γ ∩ C = {x, y}. To prove the lemma in the case #γ ∩ C = 2, we only need to
construct a circle passing through x and y containing no point of γ. We build a circle passing
through x and y and included in C (so because #γ ∩ C = 2 there won’t be any other point of
γ inside the circle, and x and y would be connected in the triangulation). To do so, take the
perpendicular bisector of [x, y]: this separates R2 into two half-planes containing either x or
y. Assume that the center Ω of C is in the half-plane of y. Then, the segment [Ω, x] intersects
the bisector of [x, y] at some point (say F ). Then, it can be shown that the circle of center
F and passing through x and y is included in C. Hence, there exists an edge between x and
y in Tγ , so that the trace is connected (see Figure 9).

Induction:
Assume that the result is true for any γ such that #γ ∩ C = n (for n ≥ 2). Now take
x ∈ C \ γ and let us show that the trace Delaunay triangulation of γ ∪ {x} is connected. By
contradiction, we make the hypothesis that the trace of Tγ∪{x} is not connected.

First, note that, according to Lemma 14, the polygonal convex hole (created by the al-
gorithm) surrounding x cannot contain edges which separate the ball C into two subsets
containing points of γ ∩C. Hence, the boundary of the hole contains at least one point, say u,
of γ ∩ C. Thus, x must be connected to u at least. But, u was connected to all other vertices
in the trace of Tγ but not in the trace of Tγ∪{x}. Hence, there exists a and b in γ such that
[a, b] ⊂ Tγ but a and b are not connected after the addition of x.

So, all this implies that the edge [a, b] has been removed by the “add point algorithm”,
and so lied inside the convex hole created by the algorithm. This implies that a and b are
both vertices of the polygon surrounding x. But if so, by construction, x is connected to a
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Figure 9: Construction of an inner circle

and b, so a and b must be connected. This gives a contradiction.
By induction, the lemma follows.

5 Discussion

In this final section, we discuss several hypothesis made to build our D2D model and evaluate
the impact of relaxing them on the scale of results stated in Theorem 1.

The distribution in the random connection rule. A crucial difference between our model
and that of [23] is the choice of a random connection rule, instead of a deterministic one. As
explained in the introduction—see Section 1.6—it was necessary to implement the strategy,
outlined in Section 3, that we have adopted to exclude the possibility of a fat region II. We
have defined the range of a user as r′

2 E, where r′ is the mean diameter of the area that it
covers. We have set r′ = r for users on streets and r′ = 2r for the relays at crossroads, while
the normalized range E is an exponentially distributed random variable of mean one. It seems
quite natural to consider replacing the latter by some other positive and unit mean random
variable. We do not see any problem raised in such new setting, except, significantly, for
Item 4. As the attentive reader may have noticed, doubling the connection radius of relays
was indeed not innocuous. Recall that a key step in our reasoning consists of comparing the
probabilistic cost to fill a hole in the sparse coverage of a street, either with the help of an
additional user uniformly drawn on the latter, or by slightly increasing the ranges of those
already present. The inequality (29) formalizes it. It turns out that in the case b = 2, when
the hole is delimited by the extremities of the intervals covered by the two relays standing
around the street, the inequality collapses as their connection radius r′ is strictly less than 2r.
We observe a similar phenomenon in the case where normalized ranges all have a half-normal

density 2
πr′ e

− x2

πr′2 1x≥0: the domination (29) only holds if the expected range of relays exceeds
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enough that of users on streets. On the contrary, as the density of E is heavy-tailed—is for
instance 3 (1 + x)−3

1x≥0—the inequality becomes systematically false, no matter how much
larger is the connection radius of relays. Here, in contrast to the previous cases, we remark
that by acting on the value of r′, we do not change the heaviness of the range’s tail distribution.
It leads to identify the latter as a more critical feature to make the statement true than a gap
between connection radii. More precisely, we can show that our proof of Item 4 still works as
some asymptotic holds, involving the range’s tail distribution of both kind of users. Let g be
the density of the normalized range of relays and g̃ := g ∗ g the convolution with itself. Let
also H be some positive differentiable function, vanishing at infinity, satisfying H′ = −H

( ·
2

)′
,

where H is the tail distribution of the normalized range of users on streets. We claim that
the inequality (29) remains valid in the case b = 2 as

H ∗ g̃ (u) = O
u→+∞

(u× g̃ (u)) .

In particular, in the heavy-tailed situation described above, it implies that the range density
associated to users on streets has to decrease quicker than x−4 for preserving the statement.
The reader may now wonder if extra conditions to obey go with the two other cases b = 0
and b = 1. We do not believe so. Indeed, as the asymptotics (47), (50), (53) and (56) suggest,
the hole to fill is typically far narrower, limited by the uniform drawing of the user on street
that covers the area immediately bordering it. The role of ranges (and their tail distribution)
then gets less decisive.

The directional independence. In our model, we associate to any relay at a crossroad
as many independent (random) ranges as there are streets converging to it. Introduce more
dependencies, or even a unique range in every direction like [23], can be viewed as more re-
alistic. Again, it would not pose any difficulty to generalize the Items 1 to 3 of Theorem 1.
The independence assumption is mostly used to ease the proof of Item 4. More specifically to
get the Russo’s formulas—see Proposition 3, which usually hold under the condition of state
independence of the pivotal elements, here the edges of the mosaic. Yet, we tend to consider
it as nothing more than a technical hurdle to overcome, so that Item 4 should remain true
even by relaxing the directional independence hypothesis.

The urban media. As argued in Section 1.6, changing the street system of [23] was ut-
terly intentional. Poisson-Delaunay triangulations benefit indeed from far better percolation
properties than Poisson-Voronoi mosaics. Thanks to them, we have cleared the phase dia-
gram characterizing the model of the blurred region I and III. See Figure 2 and 3. There is
then little doubt that nothing in our work could help to make equal progress in the original
Poisson-Voronoi set-up. This times however, it seems different for the region II and the Item
4 of Theorem 1, which deals with it. In the proof of the latter, detailed in Section 3, we
show that the comparison between the partial derivatives of the probability of a long-range
connection event is derived from an analytical study of the model at the smallest possible
scale, on one single edge of given length, without regard to the specific geometry of the urban
media. We thus strongly believe that the statement could be extended to a large class of
mosaics, at least those of finite intensity, that is containing almost surely a finite number of
edges in any finite region.
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