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ABSTRACT

Acoustic metamaterials are increasingly being considered as a viable technology for sound insulation. Fractal patterns
constitute a potentially groundbreaking architecture for acoustic metamaterials. We describe in this work the behaviour of
the transmission loss of Hilbert fractal metamaterials used for sound control purposes. The transmission loss of 3D printed
metamaterials with Hilbert fractal patterns related to configurations from the zeroth to the fourth order is investigated here using
impedance tube tests and Finite Element models. We evaluate, in particular, the impact of the equivalent porosity and the
relative size of the cavity of the fractal pattern versus the overall dimensions of the metamaterial unit. We also provide an
analytical formulation that relates the acoustic cavity resonances in the fractal patterns and the frequencies associated with the
maxima of the transmission losses, providing opportunities to tune the sound insulation properties through control of the fractal
architecture.

Introduction

Excessive noise can significantly impact human health and lead to serious pathology1, 2. Traditional noise transmission
mitigation strategies3, 4 have followed mass law principles5, with a resulting drawback in terms of high mass and thickness
of the materials used6. Mass-spring-mass models exploit other mechanisms, with the development of designs based on one
or multiple coupled degrees of freedom and combinations of materials7. Spring-mass models are typically used in acoustic
architecture to separate environments with rational use of the space available. Other more recent but consolidated technologies
exploit the use of porous materials as perforated8–10 and/or microperforated panels11, or through thermo-viscous acoustic energy
dissipation in the internal porous skeletons of foams with various internal geometry and materials compositions12–16. Thermo-
viscous energy dissipation technologies also theoretically allow acoustic dampening of any frequency, with the only limitation
represented by the available room for the porous liners. Because of space constraint limitations, porous materials are generally
adopted to mitigate noise within the middle and high-frequency ranges. Another technique to obtain a desired transmission
loss (TL) for a predetermined interval of frequencies is by using Helmholtz resonators17–20. However, resonators are only
efficient for narrow sets of frequency ranges and may involve the use of considerable space for the spring part of the Helmholtz
resonator for low frequencies applications21, 22. More recent techniques for noise management are promising because of their
lightweight characteristics and their use of different mechanisms to achieve sound absorption and transmission loss16, 23–30.
Metamaterials for noise control are moving from conceptual design31–34 to practical implementation35–42. Fractal geometries
have been used to design electromagnetic and mechanical metamaterials43–46. Moreover, fractal mechanical metamaterials
possess strength, shape stability under large deformations, and significant damage tolerance47. The Hilbert lattice48 is one
of the most heavily explored fractals in metamaterial design, especially for electronics/electromagnetic applications. Fractal
antennas have shown enhanced performance compared to traditional designs since they can operate at multiple frequencies
without load and are more compact than those featuring other geometries49–52. Recent studies in the field of acoustics have
improved the understanding of the Hilbert space-filling curve pattern in metamaterials, providing numerous benefits ranging
from high porosity, multiple resonances, multi-modes, and sub-wavelength scales53, 54. This work describes, for the first time, a
numerical and experimental evaluation of the acoustic transmission loss capability of Hilbert fractal metamaterials.

A point of particular novelty here is in the improved understanding of the physics behind the frequencies corresponding to
transmission loss peaks. As will be demonstrated, those frequencies correspond to the phenomenon of impedance mismatch,
with an analytical formulation that describes how to calculate those frequencies also being presented. Furthermore, we
demonstrate that the use of the Hilbert fractal pattern to design passive tools for acoustic control relies on the capability of the
metamaterials geometries to provide tunable transmission loss in the lower part of the acoustic spectrum. This is an advantage



when compared with commonly used acoustic porous materials having the same thickness55, 56 or - more significantly - to
the narrow-band effect of Helmholtz resonators57, 58 or straight slits with similar or narrower widths (see the Supplementary
Information).
The fractal topologies covered here range from the 0th (Fig.1a) to the 4th order (Fig.1e). We have used additive manufacturing
to generate samples of fractal metamaterials made using polylactic acid (PLA) because of its recyclability and good printability.
One of the design features of the fractal specimens is the presence of inlets and outlets for the impinging and exiting acoustic
waves (Fig.1a− e). The geometry of the fractal patterns is here defined in nondimensional terms, using the lateral dimension of
the metamaterial sample n (50.8 mm in our case), the gap width w (see Fig.1g), and the fractal order ξ . The parameter η = w/n
represents the ratio between gap width (w) and side dimension of the specimen (n); meanwhile, the porosity is defined as
ϕ = η(2ξ ).
An impedance tube with four microphones was used to obtain the experimental measurements of the TL (Fig.1i). Numerical
Finite Element simulations using COMSOL Multiphysics59 featuring different models representing the air inside the cavities of
the fractal metamaterials, and analytical models were also performed. The models were used here to benchmark the results and
understand some of the physical mechanisms underpinning the amplitude and frequency of the TL peaks.

Figure 1. The Hilbert fractal acoustic metamaterials and the impedance tube used in this work. (a) The 0th order with
underlined n, the side dimension of the cube - 50.8 mm, in this case. (b) 1st , (c) 2nd , (d) 3rd , and (e) 4th orders of the Hilbert
fractal. (f) Sample holder used for the samples inside the test room of the impedance tube. The holder has an external diameter
m of 100 mm and thickness n of 50.8 mm. (g) Example of the cubic specimen (d), having been partially inserted into the holder
(f), showing the gap width w. (h) Holder and sample completely assembled. (i) The impedance tube.

Results and Discussion
We performed a comparison between experimental and finite element-simulated transmission losses for the Hilbert fractal
metamaterials with a gap width of 1.0 mm (i.e., corresponding to a value of η equal to 2 %). The size of the gap is the same
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(a) (b)

(c) (d)

(e) (f)

Figure 2. Comparison of the transmission loss between experimental results (black) and FEM (red) for the various Hilbert
fractal orders. All the measurements and simulations were made taking into account the cylindrical holder of Fig.1 f . (a) Only
the holder (Fig.1 f ). (b) Zeroth (Fig.1a). (c) First (Fig.1b). (d) Second (Fig.1c). (e) Third (Fig.1d). (f) Fourth (Fig.1e) orders.
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on both sides of the sample. The finite element results here are related to narrow-acoustics models of the cavity59 inside the
fractal metamaterials. There is a good agreement between experiments and simulations, as can be seen in Fig.2. As also shown
in the Supplementary Information (Fig.S2), Hilbert geometries from the second order with w = 1mm can provide a greater
transmission loss compared to a block of bulk PLA with the same dimension n. The mechanism that generates the peaks of the
transmission loss is an impedance mismatch between the air inside the tube and the metamaterial.
The metamaterial provides an increasing number of minimum transmission coefficient (TC) values in the frequency spectrum
investigated according to the fractal order, whereas the peaks of the transmission loss correspond to frequencies related to the
minimum TC values. The transmission loss has a behaviour similar to an inverse pass filter, for which the transmission loss is
maximum and therefore the TC is at its minimum. Moreover, as shown in Fig.S4, the high values of the peak of the reflection
coefficient highlight the multi-resonance behaviour due to the Fabry–Pérot resonance. The sample made of bulk PLA has its
own Fabry–Pérot resonant frequencies. Those however lie outside the spectrum of frequencies investigated in this work.

At the same time, the metamaterial can minimise and maximise the mismatch at multiple frequencies, as shown in Fig.S4.
A dip in the reflection coefficient corresponds to a drop in the transmission loss output. The fractal acoustic metamaterial can
therefore provide multiple maximisations and minimisations of the impedance mismatch by a single fractal geometry cavity.
A description of the model, and a comparison between lossless, viscous and experimental results related to configurations from
the 0th to the 4th fractal order are presented in the Supplementary Information. Both viscous-based and lossless formulations
for the fluid are able to capture the overall transmission loss properties inside the fractal cavities, and the narrow-acoustics
simplification is adequate to follow the experimental results; moreover, as described by the work of Ward, et al60, the particle
velocity field inside the fractal channels is lower when thermoviscous losses are considered in the FEM model, as shown in
the Supplementary Information Fig.S5. The lossless model however provides large dips of transmission loss at frequencies
slightly larger than those predicted by the viscous models, and provided by the experimental results. It is interesting to note
the behaviour of the TL for the various configurations. The order zero (i.e., the topology with the cavity extending to the full
length of the cubic sample - Fig.1a). has a peak of the transmission loss equal to 37 dB at 1546 Hz (Fig.2b). A peak of 37 dB is
however observed at 785 Hz in the case of the first fractal order (Fig.2c). The second Hilbert fractal order possesses two peaks
at 390 Hz and 1212 Hz, both with TL values of 37 dB and 38 dB, respectively (Fig.2d). The third order shows the presence of
four transmission loss peaks at 195 Hz, 611 Hz, 1033 Hz, and 1455 Hz, all with a TL value of 38 dB (Fig.2e). Finally, the
fourth fractal order exhibits seven TL peaks at 310 Hz, 526 Hz, 743 Hz, 961 Hz, 1180 Hz, 1399 Hz, and 1618 Hz, with TL
values of 38 dB, 38 dB, 39 dB, 39 dB, 40 dB, 40 dB, and 41 dB, respectively (Fig.2 f ). We also include the results related to the
transmission losses of the empty holder (Fig.1 f ); as expected, the TL values here were the lowest amongst all the configurations
considered (Fig.2a). In summary, both experiments and simulations show the presence of multiple peaks and minima of the
transmission loss; the number of those peaks and dips depends on the fractal order of the pattern of the metamaterial considered.
The maxima of the transmission loss all show a nearly constant magnitude, with their position dependent on the length of
the fractal and, consequently, on a higher Hausdorff dimension61. Despite the complexity of the acoustic behaviour of these
fractal-shaped metamaterials, it is possible to identify some general trends in their TL response. Increased fractal orders feature
larger numbers of TL peaks with a very similar magnitude (see Table 2 and Fig.3c)). This behaviour can be explained by
observing that the performance of the TL magnitude of the metamaterial is mainly dependent upon the geometry of the opening
slot, rather than on the fractal order itself.

Gap Width η Fractal Order ξ Porosity ϕ TL [dB]
2% 0th, 1st , 2nd , 3rd , 4th 2%,4%,8%,16%,31% 37
4% 0th, 1st , 2nd , 3rd , 4th 4%,8%,16%,31%,63% 31
6% 0th, 1st , 2nd , 3rd , 4th 6%,12%,24%,47%,94% 27
8% 0th, 1st , 2nd , 3rd 8%,16%,31%,63% 25
10% 0th, 1st , 2nd , 3rd 10%,20%,39%,79% 23
12% 0th, 1st , 2nd , 3rd 12%,24%,47%,94% 21
14% 0th, 1st , 2nd 14%,28%,55% 19
16% 0th, 1st , 2nd 16%,31%,63% 18
18% 0th, 1st , 2nd 18%,35%,71% 17
20% 0th, 1st , 2nd 20%,39%,79% 16

Table 1. Normalized gap, fractal orders, porosity, and TL values for the classes of fractal metamaterials evaluated in this work.
The leftmost column shows the normalized gap values, while the second column displays the corresponding fractal orders,
which are proportional to the gap width. The third column contains the equivalent porosity of each fractal order in terms of
relative gap width. The fourth column shows the values of the peaks of the transmission loss calculated via FEM and related to
the first cavity mode of the fractals for a given gap width.
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Fractal Order ξ Mode Number FEM Mean [Hz] Normalised Standard Deviation Eq. 1
0th 1st 1472.2 1.6% 1548.7
1st 1st 811.2 0.3% 807.3
2nd 1st 426.6 0.8% 412.6
2nd 2nd 1295.3 1.3% 1237.7
3rd 1st 224.8 0.8% 208.6
3rd 2nd 685.3 1.1% 625.8
3rd 3rd 1148 1.5% 1043
3rd 4th 1602.5 1.3% 1460.2
4th 1st 328 0.8% 314.7
4th 2nd 553.7 0.7% 524.5
4th 3rd 781 1.1% 734.3
4th 4th 1008 1.1% 944.1
4th 5th 1235.3 1.0% 1153.9
4th 6th 1462.7 1.2% 1363.7
4th 7th 1689.3 1.3% 1573.5

Table 2. Cavity resonances predicted via Finite Element (narrow viscous model) and the analytical formulation for the various
fractal orders. The Finite Element results related to each mode are calculated by averaging the values of those modes over the
different gap widths considered in this work. The standard deviations of those frequencies are normalised against the
corresponding average value. The last column refers to the analytical resonance frequency related to an open-closed cavity.

Table 1 shows the dependence of the magnitude of the transmission loss peak values from the FEM simulations versus
the normalised gap width, the fractal orders and the porosity of the metamaterials. One can notice that the most significant
factor affecting the values of the transmission losses is the gap width, regardless of the fractal order or porosity considered (see
also Fig.3c). Of particular interest is also the effect of the fractal orders on the frequencies corresponding to the peak of the
transmission losses, which are also known to affect the acoustic absorption properties of Hilbert fractal metamaterials53. The
results suggest that while the order of the fractal pattern can impact both peak TL magnitudes and related frequencies, it is not
the dominant factor to control those frequencies in configurations with varying normalised gap widths. Furthermore, the results
indicate that variations of the porosity have a limited effect on the transmission losses (Fig.3c and Table 1).

The results from the experimental and numerical transmission losses show that the frequencies corresponding to the peak of
the TL can be approximated using equation (Eq.1), which is also adopted for the design of musical (wind) instruments62, 63.
Formula (Eq. 1) is related to open-closed one-dimensional resonating cavities and considers even harmonics only (i.e., r = m+1
with m ∈ N)62. The resonant frequency for an open-closed cavity representing the fractal path is equal to:

fn =
rc

4(L+∆L)
(1)

In Eq. 1, c is the speed of sound in air, 343 m/s and L = n(2ξ ) is the length of the fractal cavity inside the metamaterial
sample, and ∆L is the extra length of the fractal channel that needs to be considered due to thermoviscous losses60, 64. The
term ∆L is equal to 8w

3π

60. A comparison of the normalised standard deviations of the of the frequencies related to peaks of the
TL and calculated via FEM and the analytical formulas is shown in Fig.S6 of the Supplementary Information. The analytical
formulas include the terms ∆L = 0 (Fabry–Pérot model) and ∆L = 8

3π
3
2

√
nw 64.

At the frequencies corresponding to the various cavity modes of the fractal patterns, the peak of the TL is always close to a
value of 37 dB; this is true also within the low-frequency range within 250Hz - 400Hz if the percentage opening on both
sides of the metamaterial is 2%, no matter the fractal order considered (Table 1). This simplification is valid, especially for
the case of the first peaks related to the first acoustic modes in the lower frequency range (Table 1). Table 2 summarises
the numerical (narrow-acoustic approximation59) and analytical results related to the TL for different gap widths and fractal
orders. The vibrational modes corresponding to the TL peaks are also indicated. The standard deviation of the distribution of
frequencies associated with transmission loss peaks for the different gap widths is normalised against the value of 1688 Hz,
which corresponds to the average frequency of the TL peak related to the 0th order when the gap width (η) is varied from 2%
to 20% (Fig.3d-g). Notably, the frequency corresponding to the TL peaks predicted by the analytical open-closed resonator
formula is also close to the numerical FE one (Table 2, fifth column). The number of vibrational modes within the frequency
range investigated here increases with the increasing fractal order, and the frequencies related to the TL peaks shift to higher
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Figure 3. Experimental (a) and FE (b) contour plots of the TL as a function of the frequencies and normalised gap widths. (c)
Variation of the transmission loss peaks calculated via FEM for the fractal orders and their porosity when the normalised gap
changes. Example of the 2nd order Hilbert fractal with a gap width of (d) 1 mm, (e) 2 mm, (f) 4 mm, and (g) 8 mm.
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values. The magnitudes of TL peaks are again almost constant, with only slight variations attributed to the change in the length
of the fractal pattern inside the metamaterial. These findings imply that by increasing the fractal order, it is possible to achieve
more resonant peaks, resulting in more effective broadband transmission loss, and also sound absorption53. Moreover, both
numerical and analytical modelling approaches provide a good approximation of the actual behaviour of these fractal acoustic
metamaterials (Fig.2, and Fig.3a−b).

Conclusion
This work has shown the relationship between the fractal order and the transmission loss in acoustic metamaterials with Hilbert
fractal patterns. The equivalent porosity and gap widths play a crucial role in determining the values of the transmission loss
(Fig. 3c), with the gap width being the most significant factor impacting the magnitudes of the TL (Fig.3a−b and Table 1)
that create the impedance mismatch responsible for the generation of the TL maxima. Our experimental and numerical results
show that a decrease in the transmission loss is generated by the increase of the gap width, with a consequent reduction of the
performance of the acoustic metamaterial. We have also investigated the influence of fractal order on transmission loss. Our
simulations show that the fractal order plays a role in determining the number of TL peaks, but not in their magnitude. Finally,
the frequencies corresponding to the peaks of the transmission losses can be well approximated and predicted by considering
the fractal patterns as open-closed one-dimensional cavities and calculating the corresponding resonance frequencies. The
formula 1 makes it possible at the design stage to relate those frequencies to the fractal order and nondimensional gap width of
the fractal acoustic metamaterial.

Methods
All the samples were printed using the Raise3D Pro3 Plus 3D Printer. The machine was set up with a 0.1 mm layer height,
100% infill density, and an extrusion nozzle of 0.4 mm. 3DJake recycled PLA was used as the filament. The transmission loss
have been measured following the ASTM E2611-09 standard65, using a Brüel & Kjær impedance tube (Fig.1i) with a four
microphones configuration and double load measurements. The gap widths of the metamaterials samples are 1 mm, 2 mm, 4
mm and 8 mm, corresponding to 2% (Fig.3d), 4% (Fig.3e), 8% (Fig.3 f ) and 16% (Fig.3g). All the tests were performed by
mounting the fractal metamaterial sample in a cylindrical holder (Fig.1 f −h). The FEM simulations were performed using the
Comsol Multiphysics 5.6 software59 with a 3D model of the impedance tube and the metamaterials specimens53. The FEM
model does not consider the presence of the PLA material, only the fluid cavity is modelled, with loss-less, thermoviscous and
narrow-viscous domains. The part of the impedance tube model outside the test room was represented with a lossless air fluid,
with probes simulating the position of the four microphones. The frequency range investigated in both FEM and experiments
was from 200 Hz to 1600 Hz.
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Supplementary Information

S.1 Comparison between experiments and FE models

Fig.S1 shows a comparison between experimental results and Finite Element Method (FEM) simulations for three different
metamaterials configurations. The first FEM model (lossless) considers only the Helmholtz equations into account. The
second FEM model (thermoviscous) accounts for the acoustic thermoviscous dissipation caused by the linearized Navier-Stokes
equations. The third FEM model (narrow acoustics) takes into account the overall effects of the linearized Navier-Stokes
equations, but at lower fidelity in narrow geometries. The Lossless model provides a good approximation of the experimental
results in the case of the sample’s holder (Fig.S1a), order zero (Fig.S1b) and the first Hilbert fractal order (Fig.S1c). However,
the lossless modelling approach becomes less reliable in prediction of the TL values from the second fractal order onwards
(Fig.S1d-f).

Figure S1. Comparison between results from the experiments and the three FEM models related to the holder and the Hilbert
fractals. Fig.S1a, sample holder. Fig.S1b, zeroth order. Fig.S1c, first order. Fig.S1d, second order. Fig.S1e, third order. Fig.S1f,
fourth order.
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S.2 Comparison between the Hilbert fractal and a bulk block of PLA

Figure S2. Values of the Transmission Loss provided by Hilbert Fractal Acoustic Metamaterials and a PLA bulk cube. The
Hilbert fractal acoustic metamaterials considered here range from 0th order to the 4th order. The PLA bulk cube has a nominal
near-zero porosity (i.e., maximum infill ratio). Notably, the transmission losses for Hilbert fractal metamaterials from the 2nd to
the 4th order are larger than those of the PLA cube in specific frequency ranges.

S.3 Benchmark of the experimental results shown in this work against those related to other materials and
FEM data

We benchmark here our experimental results against those from melamine foam55 and polyurethane foam56 panels with the
same thickness (50.8mm), plus three different types of Helmholtz resonators. The first resonator uses an origami approach to
modulate the air volume of the resonator chamber57. The second one uses a 3mm internal porous material58, while the third is a
classic resonator58. Moreover, we also show a comparison of the FEM transmission losses between the third and fourth Hilbert
fractal order, and the transmission loss generated by a multi-slit array with a gap width of 0.2mm, 0.5mm, 1mm, and 2mm.
The design of the slits has been taken from the work of Ward, et al.60.
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(a)

(b)

Figure S3. Figure (a) displays the experimental results for Hilbert fractal acoustic metamaterials of orders three and four,
melamine foam55, polyurethane foam56, an origami Helmholtz resonator57, a Helmholtz resonator with 3mm of porous
material58, and a standard Helmholtz resonator58. All samples, including the foams and Hilbert fractals, have the same
thickness of 50.8mm. The Hilbert fractals demonstrate superior transmission loss behaviour in the low-frequency range, while
the standard Helmholtz resonator exhibits high transmission losses in a narrowband portion of the spectra. Figure (b) shows
FEM simulations related to Hilbert fractal acoustic metamaterials of orders three and four with a 1mm gap width. It also
includes the transmission loss related to five straight and parallel slits with gap widths of 2mm, 1mm, 0.5mm, and 0.2mm,
based on the geometries described in the work of Ward, et al.60.
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S.4 How the fractal acoustic metamaterial generates sound transmission loss

Hilbert fractal acoustic metamaterials operate as pass filters at specific frequencies. As illustrated in Fig.S4, from (a) to (d),
when a minimum of the reflection coefficient occurs, a reduction in transmission loss happens. A single fractal geometry cavity
can have multiple maxima and minima of the impedance mismatch, generating transmission loss peaks according to the overall
cavity length, fractal order, side dimensions n of the cube, and gap width w.
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Figure S4. FEM results related to the transmission loss and reflection coefficients for w = 1mm gap width. Subfigure (a)
presents data related to the first-order Hilbert fractal, (b) for the second, (c) for the third and (d) for the fourth Hilbert fractal
orders. Across all subplots, the minima of the reflection coefficient (R) correspond with drops of transmission loss (TL).

S.5 Particle velocity field

To better understand how thermoviscous air dissipation impacts the propagation of acoustic waves within narrow channels,
we show the particle velocity field in the lower section of the fractal pattern where the inlet and outlet are positioned (Fig.S5)
This plots demonstrate a distinct contrast between the finite element model accounting for the thermoviscous dissipations and
the lossless model. This difference becomes particularly apparent as the fractal order increases, and hence the channel length
becomes larger. The data clearly show significant discrepancy between predicted and experimented transmission loss occurs
when ignoring the effect of the thermoviscous dissipation, as underlined by Ward, et al.

4/6



Cut line and
INLET of the
first-order
Hilbert fractal

OUTLET

Cut line and
INLET of the
second-order
Hilbert fractal

OUTLET

Cut line and
INLET of the
third-order
Hilbert fractal

OUTLET

Cut line and
INLET of the
fourth-order
Hilbert fractal OUTLET

(a)
(b)

(c) (d)

Figure S5. The four subfigures (a, b, c, d) show the total root mean square acoustic velocity in mm/s along a representative
line passing through the middle of the inlet and outlet of metamaterials with w = 1mm and n = 50.8mm. Each subfigure
presents two FEM simulations: one assuming lossless behavior within the small fractal pattern channels, and the other with a
thermoviscous air model. Subfigure (a) illustrates the section line of the first-order Hilbert fractal, represented by a green
segment. The absence of a velocity representation in parts of the graph corresponds to the solid portions of the fractal, where
air is not present. This pattern is mirrored in subfigures (b), (c), and (d), which are related to the second, third, and fourth-order
Hilbert fractals, respectively.
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S.6 Normalised standard deviation

Normalised standard deviation for the three different ∆L considered in Eq.1 for every acoustic mode within the frequency range
investigated. In the case of ∆L = 0, we observe a fast degeneration of the frequency predicted for acoustic modes after the first.
∆L = 8w

3π
is the best predictor for the frequencies corresponding to the TL maxima within the gap width range considered in this

work. A possible correction for the channel length is ∆L = 8

3π
3
2

√
nw60; when using this expression, one can observe a slightly

worse prediction that the one provided by ∆L = 8w
3π

. This is true for all the fractal orders of the metamaterials, apart from the
0th one, for which we have a simple slit without any ninety-degree angles inside. The calculation to normalise the standard
deviation is the following:

NSD =
A−B

C
(2)

Where NSD is the normalised standard deviation along the several gap widths analysed. A is the average value of the
acoustic mode with Eq.1. B and C are the average FEM values for the acoustic modes and for the standard deviation.

Figure S6. Comparative analysis of the three analytical formulas predicting the frequency position of transmission loss peak
between 200Hz and 1600Hz. The normalised standard deviation is calculated as the difference between the average value of
the acoustic modes from the analytical formulas and the FEM simulations, divided by the standard deviation of the frequencies
from the FEM simulations. The three formulas differ in considering the correction of the channel length within the fractal. The
first formula does not account for any artificial length correction and maintains a reasonably low normalised standard deviation
only for the first acoustic mode of the fractals, with an increasing deviation for subsequent modes. The second formula, which
considers an artificial elongation as a function of the gap width (w), maintains a low normalised standard deviation across all
investigated acoustic modes. The third formula, which considers a length correction as a function of the fractal slit area, also
maintains a low normalised standard deviation across all modes but performs worse than the second formula, except for the first
acoustic mode of a simple slit without fractal geometry.
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