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WEAK AND STRONG LAW OF LARGE NUMBERS FOR STRICTLY
STATIONARY BANACH-VALUED RANDOM FIELDS

Institut de Recherche Mathématique Avancée UMR 7501, Université de Strasbourg and
CNRS 7 rue René Descartes 67000 Strasbourg, France

DAVIDE GIRAUDO

ABSTRACT. In this paper, we investigate the law of large numbers for strictly stationary random fields,
that is, we provide sufficient conditions on the moments and the dependence of the random field in order
to guarantee the almost sure convergence to 0 and the convergence in L? of partials sums over squares or
rectangles of Z¢. Approximation by multi-indexed martingales as well as by m-dependent random fields
are investigated. Applications to functions of d-independent Bernoulli shifts and to functionals of i.i.d.
random fields are also provided.

1. INTRODUCTION

The law of large numbers is one of the most fundamental theorems in probability theory and statistics.
It states that if (X;),, is an i.i.d. sequence such that E [| X;]] < co, then n™' Y7 | X; converges to E [X]
in the almost sure sense. A more general version, called Marcinkiewicz strong law of large numbers,
states that if 1 < p < 2 and E[|X1]”] < oo, then n= /P37 (X; — E[X;]) converges to 0 almost surely.
Several authors investigated then the case of dependent sequences, see for instance [29, 6, 22, 25, 5].

We are interested in analoguous results for collections of random variables indexed by Z¢. Throughtout
the paper, we will denote for a positive integer d the set {1,...,d} by [1,d], for ¢ = (i€)£e[[17d]] and
J = (Je)eeqr,ap < J means that for each £ € [1,d], iy < j,. We will write 1 for the element of Z% whose
coordinates are all equal to one and for n = (ny) e[l d] In| = ngl ny. We are looking for conditions
on the dependence and the moments of the centered random field (Xj),;.,q4 taking values in a Banach
space (B, ||-||) in order to guarantee the convergence of

1
(1.1) =1 > X
|n| 1in
to 0 in the almost sure sense or in ILP for some p in a range that depends on the Banach space B, as

one of the coordinates of n goes to infinity. We will also consider the almost sure convergence to 0 of
the sum of squares, namely

1
(1.2) ~7r > X =0

1ignl B

as n goes to infinity.
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In the i.i.d. and B = R case, [14] provided a necessary and sufficient condition for the convergence
the term involved in (1.1) as all the coordinates of n go to infinity when B = R, namely, that

(1.3) E [yXO\P (log (1 + \Xoy))d—l} < .

Still for independent random variables, a necessary and sufficient condition has been found in [24],
Theorem 2.2, when the summation is done over sets that are not necessarily rectangles.

Under the assumption that the random field (X;);czq is ii.d. and satisfies a condition which is
stronger than E [|X|] < oo but weaker than E [\Xl\ (log (1 + \Xl\))d_l], a strong law of large numbers
for weighted sums over rectangle have been established in [19].

Under the independence but without the identical distribution assumption, a law of large number
and convergence rates have been obtained in [15]. A result of the same spirit for pairwise independent
random fields has been obtained in [4].

Assymetric law of large numbers, that is, with the normalization [ CeL.d] n?‘ with potentially different
exponents «ay, for negatively associated random fields has been investigated in [17]. In Theorem 3.2 of
[8], a strong law of large numbers for martingale random fields has been established. On one hand,
there condition on the martingale property is more restrictive than orthomartingales (see Definition 2.3).
On the other hand, we put restriction on the filtration, namely commutativity, while Dung and Duy
Tien do not. When applied to identically distributed random fields, convergence (2.11) holds under
|ﬁ+6

a slightly stronger moment assumption since they need E [HD0| to be finite for some positive

. This result was improved in [31], Theorem 3.3, where a similar result under the same martingale
assumption as in [8], but with the optimal moment assumption E [HDOHﬁ (log (1 4+ HDO”B))d_l] < o0
. An other type of martingale difference random fields were investigated in [16], which does not seem
to be directly comparable with orthomartingales. The case of real-valued orthomartingales have been
treated in [18], but it is not easy to compare with our conditions because of the condition (4.2) in
the aforementioned paper where some convergence rates on a conditional maximum are required. An
other result concerning orthomartingale difference random fields which are not necessarily identically
distributed or stochastically dominated has been studied in [30]. When p = 1, the convergence (2.11)
has been shown in [23] in the context of pairwise independent and identically distributed random fields.

In this paper, we are interested in the strong law of large for random fields, that is, collections
of random variables indexed by d-uples of integers and the summation over {1,...,n} is replaced by
rectangles of Z?. We will assume that the involved random variables take their values in a separable
Banach space (B, ||-||5)-

We will use essentially two approaches: a first one by approximating via multi-indexed martingales
and a second one by approximation by m-dependent random fields, giving different ranges of application.

The paper is organized as follows. In Section 2, we establish results on the Marcinkiewicz law of
large numbers for stationary random fields using an approximation by multi-indexed martingales. We
first complement the already obtained statement for the strong law of large numbers on rectangles
by providing sufficient conditions for the strong law of large numbers on squares and the convergence
in LP. Then we provide results for stationary random fields by approximating by such martingale
differences random fields. This method was performed in order to derive weak invariance principles
[9, 34, 33, 20, 21, 27], quenched invariance principles [26, 37, 28] and the bounded law of the iterated
logarithms [11].

In Section 3, the results obtained by orthomartingale approximation are used in order to derive
a Marcinkiewicz strong law of large numbers for random fields that can be expressed as a Holder
continuous function of d mutually independent sequences expressable as functions of i.i.d. sequences.



LAW OF LARGE NUMBERS FOR STRICTLY STATIONARY BANACH-VALUED RANDOM FIELDS 3

The condition involves the exponent of Holder regularity, the dimension d and the dependence coefficient
of each involved sequence.

In Section 4, we investigate the aforementioned laws of large numbers for random fields expressable
as a functional of an i.i.d. random field. We propose an application to a Holder continuous funtional
of a Banach valued linear random field. The condition is written in terms of the exponent of Holder
regularity, the moments of the innovations and the operator norm of the coefficients.

Section 5 is devoted to the proofs of the results of Sections 2, 3 and 4. The needed auxiliary results
are grouped in the Appendix.

2. WEAK AND STRONG LAW OF LARGE NUMBERS VIA ORTHOMARTINGALE APPROXIMATION

2.1. The orthormartingale case. The notion of multi-indexed martingale requires the notion of
multi-indexed filtration. We will also require the filtration to be commuting in the following sense.

Definition 2.1. We say that a collection of o-algebras (F;);cza is a completely commuting filtration if
(1) for each i,j € Z such that i < j, F; C Fj and
(2) for each Y € L' and each i,j € 7,

(2.1) EEY |F] F=E[Y | Fuinfig
where min {4, j} is the element of Z¢ defined as the coordinatewise minimum of i and j, that is,
min {i, j} = (min {i¢, je})f;
Let us give two examples of commuting filtrations.

Proposition 2.2. (1) If (eu)yega i i-i.d., then defining F; = o (au,u € 7% u < i), the filtration
(Fi)ieza s completely commuting.

(2) Suppose that (fi(f))‘ 7 1 < ¢ < d, are filtrations on a probability space (2, F,P). Suppose that
S

for each i1,...,iq € Z, the o-algebras ]:Z-(f), 1 < ¢ < d, are independent. Let F; = \/g:1 ]:if).
Then (F;);eza 15 completely commuting.
Both examples where introduced in Section 1 of [2], but without proof. The first item is a direct
consequence of Proposition 2 p. 1693 of [34].
We are now in position to define orthomartingale martingale difference random field, which allows to
exploit the martingale property in every direction. To formize this, we need to denote by eg, £ € [[1,d],
the element of Z? whose ¢-th coordinate is 1 and all the others are zero.

Definition 2.3. Let (X;);czq4 be a random field taking values in a separable Banach space (B, ||-||g). We
say that (X;);cza 18 an orthomartingale martingale difference random field with respect to the completely
commuting filtration (F;);cza if for each i € ze, | X5 is integrable, X; is F;-measurable and for each
le [[1,d]], E [Xz | ]:i—ee] =0.

Such a definition is very convenient because summation on a rectangular region of Z¢ can be treated
with martingale properties when summing on a fixed coordinate.

The proof of the law of large number usually rest on satisfactory moment inequalities for martingales.
Therefore, we will work will smooth Banach spaces in the following sense.

Definition 2.4. Let (B, ||-||z) be a separable Banach space. We say that B is r-smooth for 1 <r < 2 if
there exists an equivalent norm |||z on B such that

tyllg — tyl|p — 2
>0 3 yeB, |alls=|yla=1, ¢
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For example, if 11 is o-finite on the Borel o-algebra of R, then P (R, 1) is min {p, 2}-smooth. Moreover,
a separable Hilbert space is 2-smooth.

Given a random variable X taking values in a separable Banach space (B, ||-||z) and p > 1, ¢ > 0, we
define

1
(23) X, = (E [1X15])"7" and
(2.4) 1X s g = 11X I3,
where, for a real valued random variable Y,
Y
(2.5) [Y]],, = inf {)\ >0, ¢p.q <%> < 1} v opg (B) =t (14 14> Int)?.

Note that || X||p , o = [ X[l ,- Denote by L, 4 the space of random variables Y such that E [¢;, ¢ (||Y[|5)] <
oo. Conditions of the form

(2.6) E [|| Doll (log (1 + [ Dollp))] < o0

for some p and q are usual in the context of random fields. For instance, the quenched functional central
limit theorem on rectangles for a strictly stationary orthomartingale difference random field requires
(2.6) for p =2 and ¢ = d — 1 (see [26]) and for the bounded law of the iterated logarithms, (2.6) for
p =2 and ¢ = 2d — 2 (see [11]). Therefore, the condition on the moments can be expressed with the
help of the norm ||-[[,, ,-

We also define

—141
(2.7) IX[l5p0 = sup P(A)HPR]|X]514].
A:P(A)>0
When B = R, we shall simply write || X|,, [|X]|,, and [|X],,, respectively. Note that there exists
constants ¢, and ¢, such that for each random variable X,

1/p 1/p
(2.8) %(?ywmxm>w) <wwMW<%(?mexm>w>
> >

For n = (ng)}_, € N we define 2" = (2)%, and maxn = maxj<ycgny and we recall that
d
In| =T ne

The following result has been obtained for the convergence of normalized partial sums on rectangles
of an orthomartingale difference random field.

Theorem 2.5 (Theorem 2.2 in [13], law of large numbers on rectangles). Let (B, ||-||) be a separable
r-smooth Banach space for some r € (1,2], 1 < p <r and d € N. There exists a constant K, 45 such
that the following holds: if (D;);cza is an identically distributed orthomartingale difference random field
such that ||D0||]B,p,d—1 < 00, then for all positive t, the following inequality holds

—1/p | Dol
2.9 P( |2V m Spllw >t ) < Ky B |@pa_y (2B )|
( ) Z‘ZfeNd <‘ | lﬁni}Z(N H TLHIB > p.d |:‘;0p,d ! ( t
where Sy, =) 1<i<n Di- In particular, for some constant Cp 4, depending only on B, d and p,

15n g

n=1 ‘n‘l/p

(2.10) < Og,dp HDOHB,p,d—l

B,p,w
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and the following convergence holds:

(2.11) lim sup [ HB

N—0c0pe1,maxn>N ’TL’

= 0 almost surely.

Such a result was know for d =1 (see [35] and Proposition 2.1 in [3]).

When we consider the summation over squares, that is, sets of the form [1, n]]d, where n is an integer
bigger than one, it turns out that we can embed the orthomartingale into an one-dimensional martingale.
As a consequence, only finite moments of order p are required.

Theorem 2.6 (Law of large numbers on squares). Let (B, ||-||g) be a separable r-smooth Banach space
for some r € (1,2], 1 <p <r and d € N. There exists a constant Cg q, such that the following holds:
if (D4)icga is an identically distributed orthomartingale difference random field such that ||Dollp € Ly,
then the following inequality holds:

HSnl”B
2.12 9] < C]B d DO .
(212) sup 2| < Coap D0l
Moreover, the following convergence holds:
[Sn1llg

(2.13) lim

=0 al ly.
T 0 almost surely

For convergence in ILP, we have the following result.

Theorem 2.7 (Convergence in LP). Let (B, |-||z) be a separable r-smooth Banach space for some
re (1,2, 1 <p<randdc N. If (D;);cpa is an identically distributed orthomartingale difference
random field such that || Dollg € LP, then

(2.14) X 5nllg

1< <N

p

maxN—)oo ’N‘l/p

We point out that the convergence in (2.14) is as max N — oo, in other words, we require that only
one of the coordinates of N goes to infinity. Moreover, unlike in the case of almost sure convergence,
the consideration of squares instead of rectangles would not give a less restrictive condition.

2.2. Orthomartingale approximation. In this section, we assume that the random field (Xj;);czq is
of the form

(2.15) X;=XooT! Fi=T *Fo

where T%: Q — Q is such that 7% o T9 = T*J for each 1,5 € Z.

For example, one can consider the case where 2 = RZ endowed with the product measure of a
probability measure y and T is the shift operator given by T% (k) czd) = (Thti) ez

An other example is the following: take probability spaces (¢, Ay, i) and let Q = H?:l Q, endowed
with the product o-algebra and the product measure p. Let Ty: €y — p be a bijective bi-measure
preserving map and let ]:é ) be a sub-o- algebra of Ay such that T,F; © - ]:éz). Then define F; :=
\/é 1T”]: 0

For i € Z?, we define the map U® by U*(f)(w) = f(T'w). In order to extend the results of
Subsection 2.1 to a larger class of stationary random fields, we define the projection operator

(2.16) Pe(Y)= > (-DIE[Y | Fire,],
IC[1,d]
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where |I| denotes the cardinality of I and k — 17 = (ky — 1361)?:1. Whend =1, P, (Y)=E[Y | Fi] —
E[Y | Fx—1] and when d = 2,

(2'17) Pkl,kz (Y) =K [Y ’ fkl,kQ] —E [Y ’ ‘Fk1—1,k2] —E [Y ’ fkl,kQ—l] +E [Y ’ fkl—l,kQ—l] :

The norm of such projectors is used in order to measure how far a random field from an orthomartin-
gale difference random field is. Indeed, if (D;);.za is an orthomartingale difference random field, then
P (Do) = 0 if k # 0. Moreover, the fact that the filtration is defined with the help of the action T
gives, for i, k € 74,

(2.18) [ Pivre (Xl = 1Pk (Xo) L, -

It is tempting to express X; as a sum of of projetors, namely, X; = > .74 P (X;), where the sum is
understood as limm o0 Y geza k|| <m Dk (Xi) and the limit in the sense of the ||-[|p , , for some p and
g. Since for fixed m, the sum 3 pcza g < Pr (X;) is telescopic, only 2™ terms are remaining: one
of them is E [X; | Fin1] and the other one of the form E [Xi | Fin1 1= (m+1)1pap 1] for some proper subset
I of [1,d], where 17 = >..; €;. In order to make their contribution negligible, we need the following

assumptions:
(2.19) im [ Xo —E[Xo | Fnalllgp,e =0,
(2.20) V@o € [[17d]]7mli_1>noo HE [XO ’ ’Flee[[Ld]]\{Zo} ee—meeo} ‘B,p,q =0

The following results give a strong law and convergence in ILP for stationary random fields.

Theorem 2.8 (Law of large numbers on rectangles). Let (X;);cza be a strictly stationary random field
taking values in a separable r-smooth Banach space (B, ||-||g). and let (F);cza be a commuting filtration
such that (2.15) is satisfied. Suppose that (2.19) and (2.20) hold with ¢ = d — 1 and that

(2.21) D 1P (Xo0) g a1 < 0.
kezd
Then
. 1
(2.22) lim sup — Z X;l| =0 almost surely.

N—00 ne1,maxn>N \n\l/p 1<i<n
SIS B

The corresponding result for sums over squares reads as follows.

Theorem 2.9 (Law of large numbers on squares). Let (X;);cza be a strictly stationary random field
taking values in a separable r-smooth Banach space (B, ||-||g). and let (F;);cza be a commuting filtration
such that (2.15) is satisfied. Suppose that (2.19) and (2.20) hold with ¢ = 0 and that

(2.23) > 1P (Xo) |z, < oo
kezd
Then
. 1
(2.24) nh_)ngom Z Xil| =0 almost surely.
1<i<nl B

A similar result can be formulated for the convergence in ILP.
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Theorem 2.10 (Convergence in LP). Let (X;);cza be a strictly stationary random field taking values
in a separable r-smooth Banach space (B, ||-[|g), 1 < p <7, and let (F;);czq be a commuting filtration
such that (2.15) is satisfied. Suppose that (2.19) and (2.20) hold with ¢ = 0 and that

(2.25) > 1P (Xo) g, < oo
kezd
Then
(2.26) li ! Yox 0
. im sup ; =0.
N—>°On>1 ;maxn>N ]n]l/p ’

1<in B,p

3. WEAK AND STRONG LAW OF LARGE NUMBERS FOR FUNCTIONS OF INDEPENDENT BERNOUILLI
SHIFTS

In this section, we will provide a Marcinkiewicz strong law of large numbers and convergence in Lp (B)
of normalized partials sums of random fields having the form

o ((€2),) o ((2)..)

where ¢g: R* — B is Holder continuous with exponent «, that is, there exists a constant C' such that for

each z1,...,24,Y1,---,Yq € R,

(3.2) lg @1, 2a) = 9 s )l < OZm—yd

(6&?) are mutually independent i.i.d. sequences and f1,..., fq are measurable functions defined on
Ug €

RZ* and taking values in R.
The random fields defined via (3.1) are strictly stationary and the filtration (F;);czq given by

(3.3) Fi = ( W)y inyenn s ey < z'd)

) Uqg )
is commuting. We would like to apply the results of Subsection 2.2. However, the assumption that for
each ¢ € [1,d] and ji, k € [1,d]\{¢}, E [X,- | Nj,ez fj] = 0 may not be satisfied in most cases. Indeed,
let B =R, g(x1,22) = 21 + x2 , the maps f1, fo are projections on the coordinate of index zero and
<z—:(ull)) 7 <g(u22)) are centered independent i.i.d. sequences, then E [XZMQ | Njpez Firga| = 6(1).
u1EZL U2EZ

To overcome this problem, we define for a non-empty subset J of [1,d] the o-algebra

(3.4) Gyi=oc (aﬁjj,uj €Z,je J) ,

and Gy is the trivial o-algebra. We then define

(3.5) x} = ()R | g)].
JCI

Notice that for each J C I, E[X; | G;] = E [XZzefiéet’ | QJ} hence the coordinates of ¢ which do not
belong to I do not play any role. For this reason, we write

(3.6) XL =S ()YIRIXG 1G], i = e

JCI lel

Moreover, if Xo is such that || Xo| , , < 0o, then the random field <X{I> ) satisfies (2.19) and (2.20)

11 EL

with the filtration (F;);czq replaced by (F,); czr- Finally, notice that X; = 37/ g X}. Therefore,
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it is possible to apply Theorems 2.8, 2.9 and 2.10 to each random field <X{I) g in order to derive a
7€
law of large numbers.
The appropriated normalization depends on an integer dy defined as follows: for some subset I

of cardinality d, HX(I,O .- # 0 and for each set I of cardinality strictly smaller than dp, one has

HXéHB’l — 0. We then define for n € (N\ {0})%,

1/p
(3.7) Tdo.p (1) = IIC[[ld]] Card Hn H e

el ve[1,d\I

When all the coordinates of n are equal, say to N, one has 7, , (n) = 74, , (N1) = N/p+d=do,

In the previous example, if H H #0,one has dy = 1 and if X, ;, = E( ) (2) then dy = 2. In higher
dimension, for a prescribed D, one can construct similar examples with products over D coordinates in
order to get dy = D.

It turns out that we can formulate a condition in terms of the measure of physical dependence
introduced in [36]. We define for i € Z,

(35) G (0 Hf< ) e ) f£<(2“5>ueez>

where 6(6) = ggz) if up # ¢ and z—:((f)’* is a random variable independent of the sequence (6&Z)> . and
ue

Zug
has the same distribution as 6((]6).

)

B,p,q

We are now in position to state a strong law of large numbers for random fields of the form (3.1).

Theorem 3.1 (Law of large numbers on rectangles). Let (X;);czq be a strictly stationary random field
having the form (3.1) and let o € (0,1] satisfying (3.2). Let 1/a < p < r. Suppose that

(3.9) S (0t () < 00,

€L
Then

1
(3.10) lim sup _ Z X;l| =0 almost surely.

N—00 o1 maxn>N 7Tclg,]u( ) 1<i<n
S B

Theorem 3.2 (Law of large numbers on squares). Let (X;);cza be a strictly stationary random field

having the form (3.1) and let o € (0,1] satisfying (3.2). Let 1/a < p < r. Suppose that for each
e [1,d],

S d— L A\
(3.11) 3 i 1(5]&;& (z)) < .
iE€EZ
Then

. 1
(3.12) nh_)ngom Z Xi|| =0 almost surely.

1<i<nl B

Theorem 3.3 (Convergence in ILP). Let (X;);c74 be a strictly stationary random field having the form
(3.1) and let a € (0,1] satisfying (3.2). Let 1/a < p < r. Suppose that for each ¢ € [1,d],

(3.13) S <5§LQ (z’))a < oo

1€ZL
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Then

1
(3.14) lim sup —_— Z X; = 0.

N=%0 iz tmaxn=N Tdo.p (1) || 52
O IB,I)

4. WEAK AND STRONG LAW OF LARGE NUMBERS FOR FUNCTIONS OF INDEPENDENT RANDOM FIELDS
In this Section, we study the case where (Xj;);.zq has the form

(4.1) Xi = f ((ei-k)neza)

where f: RZ' — B is measurable, (B, |||lg) is a separable r-smooth Banach space and (eg)pczq is an
ii.d. random field. An approach via approximation by m-dependent random fields can be done. In order
to quantify this dependence, we will use the natural extension of the physical dependence measure to
random fields, which is defined as

(4.2) OB,p,q (2) == Hf ((5Z—k)kezd> —f ((5i—k)kezd)

where €}, = 4 if u # 0 and f = &3, where f is independent of (e4,), 7« and has the same distribution

‘ . 1eZ
B

W

as 9.
For i € Z%, we denote by |i||,, the quantity maxcy g |i¢|. We are now in position to state a strong
law of large numbers for random fields of the form (4.1).

Theorem 4.1 (Law of large numbers on rectangles). Let (B, ||-|lz) be a separable r-smooth Banach
space and let 1 < p < r. Let (X;);cza be a centered random field admitting the representation (4.1).
Suppose that

1/p
(4.3) S RIOURL N (Gp g (3) < 0.
k=1 idlli]| =k
Then
. 1
(4.4) lim sup 7 Z Xill =0 a.s..

N—>°0n>;1,maxn2N ’TL’ 1<i<n
LA B

Theorem 4.2 (Law of large numbers on squares). Let (B, ||-||g) be a separable r-smooth Banach space
and let 1 < p <r. Let (X;);cza be a centered random field admitting the representation (4.1). Suppose
that

1/p
(4.5) S RIATVRL N (8p, (3) < o0,
k=1 iclJil| =k
Then
) 1
(4.6) nh_IgOW Z Xil|l =0 as..
1<2<nl

B

Theorem 4.3 (Convergence in LP). Let (B, ||-||g) be a separable r-smooth Banach space and let 1 <
p <. Let (X;);cza be a centered random field admitting the representation (4.1). Suppose that

1/p

(4.7) ikd(l‘l/f”) > (G (3)P < 0.
k=1

&:||d|| o, =k



10 LAW OF LARGE NUMBERS FOR STRICTLY STATIONARY BANACH-VALUED RANDOM FIELDS

Then

. 1
(4.8) lim sup _— Z Xi = 0.

N "0 =1 maxn>N |n| 1<i<n B
N
7p

We provide an application of the previous result to Holderian functions of a linear random field,
which are represented as

(4.9) Xi=g| > Axleizr) |,
kezd

where g: B — B is a-Hdélder continuous for some « € (0, 1], that is, there exists a constant K (g) such
that for each z, 2’ € B,
(4.10) lg @) =g () |lg < K (9) [l =[5

(B, ||-||g) is a separable r-smooth Banach space, (€y),czq is i.i.d. and B-valued, g belongs to LL” for
some 1 < p <r, Ag: B — B is a linear bounded operator, ;a4 ||Ak||ll)3°(‘B) < oo, where |[Agl|zE) =

SuPyep,uzo | Ak (w)llg / [lulg-

Corollary 4.4. Let B be a separable r-smooth Banach space and 1 < p <. Let (X;);cza be a random
field defined as in (4.9). Suppose that pa > 1 and that

1/p
o
(4.11) de(l—l/p) Z HaiHZ%B) < .
k=1 i:|d] oo =k
b If||€0H]B7pa < 00, then
1
4.12 lim sup - X' _ E X' _ 07
( ) N—=00 n1 maxn>N |n|1/p I;n( 2 [ ’L])
NEN ]B7p
and
1
4.13 li . X _EIX: _0as.
(4.13) Jim sup o R;nl( i —E[X;]) 0.5
S B
b If||50H]B7pa,d_1 < 00, then
1
4.14 hm sup - X:. —EIX. -0 a.s..
( ) N—>00n>,—17maxn2N |n|1/p I;n( 2 [ 'L])
NEN IB
5. PROOFS

5.1. Proof of Theorem 2.6. It suffices to prove that there exists a constant C' (B, d, p) such that for
each identically distributed orthomartingale difference random field (D;);c74 and each positive ¢,

dN/ - p
(5.1) ng (1&%1 1Sn1llg > 2 pt) < C (B, d,p)t ™" || Dollf,

Replacing D; by tD;, it suffices to prove (5.1) for t = 1. Define for £ > 1 the set

(5.2) I = {z €74 % 1, maxi = e}.
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and
(5.3) dg=> D
iely
For N > 1, let
(5.4) o= > (-DYE [D Lp,y<anvare | Fi- 1J] ;

i€ly, JC[1,d]

(5.5) Ro= 2 > (COYIE [ Dityp ovan | Fica, ]

iel, JC[1,d]

The orthomartingale property of (D;);.z« guarantees that dy = d/N,z + dﬁ(ﬂg. Therefore, it suffices to
prove that

0.6 P
.9 2 (m

N>1

n
!
E dy e
(=1

dN, [0/ LO D
B

5.7 P d’\
(57) > (1;1;2@ 2 i

N>1

S 2dN/p> < C(B,d,p)||Dollp,,

B
2N

Observe that for a fixed N > 1, the sequence (dﬁ\, g)z is a martingale difference sequence, Doob’s
b :1

inequality combined with Proposition A.1 gives that

Zd’ B>2dN/p> <o (2 o ZE[Hd ).

Moreover, using the orthomartingale property of (ZJC[[l ] (_1)|J\ E {DilnD,”BQNd/p | fi_1]]> i fol-
b K2 ~ - Z'E

(5.8) ( max

1<n<2N

lowed by the triangle inequality and the fact that (D;);zq is identically distributed, one gets

dN/p
(5.9) <1<mni}2(1\f Zd > 2 >
B
r 2N "
—rdN, r T T || . :
< 9—rdN/p <T_1> c®y ey Y Y E Y (-1 E[DJ”DZ,”BQWP |fz_1J}

(=1i€el, JC[1,d] B
.

dy ZHIB% and Markov’s inequality gives

r2d \"
< oNd(1—r/p) <E> C(B,1)" C (B,d)" [HDoluz)on <aNd/r

Then (5.6) follows from inequality (B.1).
Let us show (5.7). Using max;c,<on HZ?Zl d’](,ZHB < Z?Zl ‘

n 2N
1" dN/p —dN/p ‘|
(s By > o) cr e |5 52 o el 1)
=1 B (=1 i€l JC[1,d] B

Then using the triangle inequality and the fact that (Dj;);c;q is identically distributed gives

(5.10) < max

1<n<2N

> 2dN/P> < 20 dN(=1/pNE [HDOHB 1||Do||m>2dN/p] ‘

Zd

and (5.7) follows from inequality (B.2). This ends the proof of Theorem 2.6.



12 LAW OF LARGE NUMBERS FOR STRICTLY STATIONARY BANACH-VALUED RANDOM FIELDS

5.2. Proof of Theorem 2.7. The proof will be done via a truncation argument. Let C (B, d, p) be like
in Corollary A.2. Fix a positive € and choose R such that

(5.11) |Povipelsrl, <27 e/ @.dp).
Define
(512) Dj:= Y (-DE [Di1||Di||B<R | Jri—l]} D= > (-)'E [Di1||Di||B>R | fi—lz] :
IC[Ld] Ic[1.d]

By the orthomartingale property of D;, one has D) + D} = D;. Consequently, for each n = 1,

(5.13) IN|™7 max [|Sallp < [N|7Y% max || Y Di| +|NITY” max || Y Df
1<n<NN 1xnN - 1xnN -
1<ign B 1<i<n B

For the first term of the right hand side of (5.13), we use |||, < |||l and Proposition A.1 in order
to derive that

1/r
(5.14) IN|7Y7 )| max || > D] <C@B.dp) N S ||D;

I3
1<n<N - * - t1B,r
1<i<n Bllp 1<i<N

Moreover, by definition of D, one has

(5.15) [z HDilnDinB@

d
=2 HDolnDonB@

‘B,T’ ‘B,T’

where we used the fact that the random field (D;);c4 is identically distributed. We thus infer the
bound

—1 d 1/r—1
(5.16) NP | max Z Di|| || <€ (B,d.p) 2" INIY""7|| Doy, <
<tn

‘B,T’ '
Bllp

Consequently, we can find Ny such that if max N > Ny, then

—1/p '
(5.17) |IN| | max Z D; <e/2.
1<in Bllp

For the second term of the right hand side of (5.13), we apply Corollary A.2 and get that

1/p
(5.18) IN|~Y? || max ZDQ < C(B,d,p)|N|7'/P Z HD'::/H;f];,p

1nN - -
1xi<n Bllp 1xi<N

The triangle inequality combined with the identical distribution of (Di1|| Dills> R> - and (5.11) shows
(A4S
that

—-1/p "
(5.19) |IN| jnax, Z D; <e/2.
1i<n Bllp

The combination of (5.13), (5.17) and (5.19) concludes the proof of Theorem 2.7.
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5.3. Proof of Theorem 2.8. It suffices to prove that for each positive ¢,

1
5.20 lim P sup _— Xil| >¢] =0.
( ) N—oo n>1maxn>N‘n’1/p 1_«‘2;7" ¢
S B
Let us define
(5.21) XM= 3 Puk(X).
k:|k—i| <K

By assumption, the following convergence holds;

5.22 li X; — P; X; =0
( ) Kl—I>noo i dz ik (Xi) )
keZd:||k| <K Bp.d_1
where |||, , is defined as in (2.4). By (2.8), one obtains
1 1
(5.23) P sup —= Z Xil| >e| <P sup —= Z ngK) >e/2
nx=1,maxn>N ‘TL’ /p 1<i<n nx=1,maxn>N ’TL’ /p 1<i<n
<i<n g <is B
P
_ 1
+ (cpe/2)7P sup — Z Z Py (X5
n-tmaxnzn [n|'/? keZd:|k| > K 1<i<n
oo BIR,p,w
and the triangle inequality for the norm ||-[|g , ,, implies
1 1
(5.24) P sup — Z Xil| >e| <P sup _— Z XZ.(K) >e/2
n=1,maxn>N |n| p 1<i<n n=1,maxn>N |n| p 1<i<n
LA B LA B
p
+ (cpe/2)7" Z sup 1/p Z Piig (X
keZd:|| k|| >K nx=1 maxn>N ‘TL’ 1<i<n B.pw

Since (P4 (X3));ez4 is an identically distributed orthomartingale difference random field, Theorem 2.5
gives

1 1 K
(5.25) P sup — Z Xil| >e| <P sup —7 Z Xi( ) >¢e/2
nx=1,maxn>N |’I’L| 1<i<n B nx=1,maxn>N |’I’L| 1<i<n B
P
+ (cpe/2)7" Z [Pk (X0) g p.a—1

keZd:| k||, >K

and since we can choose K such that the last term can be made as small as we wish, it suffices to show
that for each K,

1
(5.26) lim P sup — | S X[ e =0,

i
N—oo n=1,maxn>N |n|1/p 1<i<n
N B

which reduces, in view of the Borel-Cantelli lemma, to prove that

1
(527) Z P W 1_<n_<2N Z X > € < Q.
NeNd 1<i<n B
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K)

By the results of Section 4 in [32], we can express X, (K) as

(5.28) x =5 J] ad-ve)D,
IC[1,d] e[1,d]\I

where for I C [1,d], <D£I))‘ el is a strictly stationary orthomartingale difference random field,
INISY/RAS

D(()I) €L, q—1. In view of (5.27) and (5.28), it suffices to prove that for each I C [1,d],

1 i e (D
(5.29) >op SN o A Ut [ @-ve)Dg’| >e| <o
NeNd ‘ ’ 1sign  Le[1,d]\I B

For I = [1,d], this follows from Theorem 2.5 and for I = (), one derives from
i 0 0
(5.30) max | S U [ @-v)p|| < max U™ <HD((, >HB>

<n=<2N <n=<2N
Isn<2T 1 Sixn 0€[.q] B Isn<27+1

that

1 i eey (@
(531) Z P W 1<n<2N Z U H Id—U 2) DO > €

NeNd 1gisn  4e[l,d] B
d N (®) N (/P
<2t 3 e[, >
NeNd
and using
d
(5.32) Card <{N e N?. ZNZ = k;}) < gkt
(=1

one finds that

1 (0)
(5.33) > P W1<n<21\’ Y Ut I @d-vue)py’| >e

NeNd 1gisn  £e[l,d] B
[e.e]
<uS2ute ([l - ).
k=1

which is finite using D(()@) €L, 41 and (B.3).
Since the role played by the measure preserving maps is symmetric, it suffices to show that for each
by € [[1, d— 1]],

1 7 ey ([1,¢0])
(5'34) Z P W lglzi}ziN Z U H (Id—U )DO >e | <o00.
NeNd e 15ixn Lelo+1,d] B
In order to ease the notations, we write for n = (ng)yep g, n' € Nfo .= (120) e g and " =

(120)pefeo+1,a): @nd similar notations for ¢/,4"”. We start from

(5.35) max Z Ut H (Id—U”)D(()[[l’ZO]])

1xn=<2N
1gign Lelo+1,d] B
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< max Un” max Z U’il D(()[[l,ﬁo]])

"o ’
1/I<nll<2N +1 llﬁnl<2N

174/ <n/ B
and we are therefore reduced to show that
44 ., 1
(5.36) 3y ‘zN P max || S 0¥DID| > 2V ZA N
NeNd Vsn/<2N g my B

for each positive €. To do so, define for each N € N? the orthomartingale difference random fields

2’ / i’
<DN70 oT )i'ezfo and <DN’0 oT )i'ero by
B Card(J) 12 [ 1y ([L6o]) '
(5.37) Dy = JC%:E | (—1) E _DO 1HD(()[[1,ZO]])H]B<|2N‘1/73 Ifo_lJ_ ;
»£0
Card(J) | ([L¢ ]
(5.38) D§V70 = JC%:Z | (—1) g _D(()[[ OE)IHD(()[[MO]])”B>‘2N‘1/p ‘ ./70_1(]_ .
sX0

The equality D(()[[l’eoﬂ) = Do + D)y o reduces the proof of (5.36) to

N’ i’ N|/p
(5.39) S 2Vp | max |3 U'Dwe|| >e[2N]7) < oo and
NeNd Vsn!S2 lv<i<m B
(5.40) Z ‘2N” P max Z UYDlyoll > E|2N‘1/p < 0.
1/gn’/<2N’ , ’
NeNd IN' 1/<i'<n’ B

In order to show (5.39), we use Corollary A.2 with p = r combined with the identical distribution of
<U iIDNp) ] and derive that
e

Z%o

(5.41) [2Y|P( max | S U7Dyo| >ef2N]Y”

’
1/<nl<2N

1/<gi'<n! B

<e7CB.dr) 2N |2V | Dol

<Ee7C (B,d,r) 2% [2N|07T) ‘Déﬂl’%ﬂ)ll

1,6 1
’D(()[[ o]])H]B<|2N| /p .

Then by (5.32), we reduce the proof of (5.39) to

r
< 00,
B,r

(5.42) D ohmr/p)gd
k=1

D(()[[l,foﬂ)l‘

([1.£01) :
o
which follows from (B.4). In order to show (5.40), we start by Markov’s inequality, which gives

‘2N//

P max Z UilD?v,o > € |2N‘ <2%! |2N| E [HD‘()[[MOE)HB 1’

([[1’50]])” ~Ni|l/p |
1/<ni<2N' ’DO ]B%>‘2 ‘

1/gi'<n! B

then we sum over N € N?, use (5.32) in order to reduce the proof of (5.40) to that of

00
(543) kzzo Zkk,d—lE |:HDE)[[L£0]]) H]B ]_HD(()[[L[O]])HB>2WP:| < 00.
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Then we use (B.5) to get (5.40) and conclude the proof of Theorem 2.8.

5.4. Proof of Theorem 2.9. The proof follows essentially the lines of that of Theorem 2.8 hence we
will mention only the crucial steps. The reduction to the case where the random field (X;); ;4 admits
the representation (5.28) works in an analoguous way, replacing each occurence of sup,,._1 maxn>n by 2
supremum over the n having identical coordinates. The analogue of (5.29) reads as

[e.e]

1 i e ()
(5.44) Z P SN 1<mnz}2{N Z U H (Id—-U*®) Dy >e | <oo.
N=1 1<ixnl  te[L,d]\] B

For I = [1,d], this follows from Theorem 2.6 and for I = (), we use the bound

S PR RESCCE ) TR S

from which it follows that
(5:46) P |sgm max | > U' [ aa-ue) DP|| > e <2Nip (HDE,”’H > e2Nilr)
tens2Pllh Zisn1 ee[id)\g B i

and the convergence of the series in (5.44) is a consequence of the fact that HD((,@)HB belongs to LP.

For ) € I C [1,d], we use the same symmetry argument to deal with the case I = [1,4y] for some
ly € [1,d — 1]. Denoting as before ¢’ = (1) geqn 0] for & = (ie)geq qp» We have
(5.47)

i 1 ” v
max Z U* H (Id-U**) D(() ) <Ut max max nls Z D(()[[ Lol)
<n< ma

1<n<2 1<i<nl L€lo+1,d] B JC[lo+1,d] 1<n<2 Ny ]

hence

) _17€2 (I) Nd/p
(5.48) P  max Z vt [ (d-Ue)Dg’| >e2
1xisnl  Le[1,d]\I B

<2ONp [ max gmts || ST Dbl s coNd/p

1<n<2N -
STS 1/<i/<nl’ B

The control of the tail is done in a similar way, this time with 2V /P as a truncation level, which leads to
show the convergence of analogous series as in (5.42) and (5.43) but without the term k4~' and where
k is a multiple of d, which follows from the fact that HD(()[H’ZOE) H belongs to IL?. This ends the proof
Theorem 2.9. ’

5.5. Proof of Theorem 2.10. Define Xi(K) asin (5.21). Observe that X; = Xi(K)—i-Zk:‘k_“wﬂ( P (X3),
hence

1
N Bllp

L m (K) 1
< — X, E - E ) .
NP 152N Z : - , |N|Y/P 15man || £ Fivk (X3)
1isn B k:|k—i| >K 1<i<n B

p p
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Moreover, using Corollary A.2 then (2.18), one has

1/p
1 C (B,d,p)
: < 2\ GD) , NI
650 o | lénmk (X3) N[ H;N 1Pir (Xo)lE,
B P N
(5.51) < C(B,d,p) || Pr (Xo)llg,
hence in view of assumption (2.25), it suffices to prove that for each K,
1 i x ()
5.52 lim sup —— || max U'X, =0.
( ) R—00 N»-1,max N>R ‘N‘l/p 1snN 1<Z1Z;n 0
N B P
In view of the decomposition (5.28), this reduces to check that for each I C [1,d],
1 (1)
(5.53) lim sup — Z H (Id —-U®) U Dy =0.
R—%0 N'»1,max N>R [N |*/P 15n<N 1<i<n Le[1,d]\] Bllp

The case I = [1,d] corresponds to Theorem 2.7. Moreover, for I = (), using HmanEJHYjHBHp <

Card (J)/? max;e [|Y;llg ,, one has

_r7eey p® < od H i (@)
(5.54) A Z [] aa-ve)D; <2'|| max |U'D
1xi<n Le[1,d] Bllp
(5.55) <2+ |N+1V7||D >1HD(@)H >T‘
0 B p

hence (5.53) holds for I = (). Since the role played by the coordinates is symmetric, it suffices to treat
the case I = [1, {o] for each £y € [1,d—1]. For such an £y, denote for ¢ = (i¢)epy q) € N4, 4/ .= (i0) e 0]
and " := (i¢) yepgy41,4 2nd similarly for n’,n”, 1" and 1”. One has

<17 i’ I
(556) max | Y J] @d-vuDl’| < = max U max > v'Dy’
1xnN 17 <3< N’ +1 1/<n’<xN’ -
1sisn le[1,d]\] B 1/g4'gn’ B

and by Theorem 2.7, the family
P
S u'D{’| N enb},

1/x4’n’ B

My == —— max
|N7| 17<n/< N’

is uniformly integrable and limp_,co maxnN/.max N’>R || M N7 H]&p = 0. With the observation that

1 (1)
. Ay = (1 -U%) U D
(5.57) NN max > I w-veu
1<i<n ee[1,d]\I Bllp
1 1/
. <—— My
(5 58) ’N//‘l/P 1”451’131}\(7”-1-1U N
one get
) < 2P mi Up” T H .
(5.59) An <2 mm{HMN, B |N”|1/p MLy Mg > B

This ends the proof of Theorem 2.7.
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5.6. Proof of the results of Section 3. As pointed out before the statements of theorems, we can
decompose the random field (X;);cz4 as a sum indexed by subsets I of [1,d] of random fields whose
coordinates are the restriction of those of 2 to the set I, namely,

(5.60) X; = > X/,
IC[1,d],Card(I)>do

where XiII is defined as in (3.6). Consequently, for each n = 1,

(5.61) > Xl < > _ X,

1/p
™
do,p 1gikn g IC[l.d],Card(I)>do HZEI n; 1rxir<ny B

We are thus reduced to show that conditions (3.13) and (3.9) imply that for each I C [1,d] having doy

or more elements, the random field <X ZII> N satisfies the assumptions of Theorems 2.8, 2.9 and 2.10.
7€

By the symmetric role played by the coordinates, it suffices to show that (3.13) (respectively (3.9))
implies that for each ¢y € [dy, d],

(5.62) 3 HP (X[“ foﬂ) H <
kezto B
(respectively
(5.63) Z HPk <X£[’M0H> H]de—l < o).
kezto ”

To do so, we shall first prove that for ¢ > 0,

(5.64) vee [L,d), Y fi4 (5I<praq('))“ <0
1€EZ
implies that
(5.65) > 1P (Xo)llg g < 20
kezd

then that (5.65) implies that for each ¢y € [dy, d],

. P (X501 | .
(5.66) > P (X >B7p7q<oo

kezto

e Proof that (5.64) implies (5.65).
First, observe that by commutativity of the operators Pye, and the fact that || Pr_g,e, (Xo)
2d—1 | Xollp 4> We get that for each k € ze,

(5.67) [Pk (Xo)

”B,p,q S

< i P, X
< élélgdﬂ e, (Xo0)

HB,p,q HB,p,q ’

Define the random variable X(()k’g) by

(569 W= (1 ((E0),0) ot ((9),,00))

where 52’(6/) =@ if¢ £ 0, EZ’(Z) = gy for u # ky and EZ’Z(Z) = 5;54(6)' In other words, only

the random variable E,(:;) is replaced by a copy independent of the sequences (ESE)) S Since
S

Pye, <X(()k’£)> =0, we get that

X(kvg)

(5.69) | Pr (Xo) 0

<2 mi H .
”B,p,q\ llgglg B.pgq
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. Using Holder regularity of g and inequality (A.8), we derive that

. (0 ’
: S a
(5.70) [P (Xo)llp,, <2C e fe <<€’W W) ZeZ) fe ((Ekf_“)ugeZ) B,p,q
(5.71) 2C/£a7pq mlll fo << Che— W)uﬁl) Je <(€ke W)WEZ> B,pa,q
B (0) “
(5.72) = 2C%a,p,q Wi, <5W’q (kg))

(6%
B por.q (k;)) , we are thus reduced to prove that ), ;¢ mini<o<q ar, <

Defining ay := maxj<s<q <5(€)
c0. To do so, take a bijective map 7: N — Z such that the sequence (b;),cy = (aT(i))ieN is
non-increasing. We have to show that Zi17...’id€N Ciy,...ig < 00, Where ¢;, ;. = minj<p<qbi,.

By invariance of ¢;, . ;, under permutation of the indexes iy, ...,174, it suffices to prove that

7id
Zil’ .01 g1 iy Citynia < 00. Since (bi);>1 is non-increasing, we derive that for each iy > 0,
D0y g a<iy S bldzg !, Summing over iq and using (5.64) allows us to derive (5.65).

e Proof that (5.65) implies (5.66)

From the definition of Xgl’éoﬂ given in (3.6), the following equality holds for each k € Z:

(5.73) P (x8ON) = 3 ()0 N ()RR (X | 6] | Faoal
KC[[LZ()H JCHI,ZQH
Observe that if J is such [1, 4] \ J contains some jo, then for each K C [1, {] such that jo ¢ K,
(5.74) E[E[Xo | 6] | Fitidl = E [E[Xo | 9] | Frotyeugsy |

As a consequence, only the term for J = [1, 4] in the right hand side of (5.73) remains and
using commutativity of (F;);cza gives

(.19 Pe(XPT) = (-0 Y ()OO B B (X, || Fuay] | G
KC[1,60]

and it follows that

(5.76) [ P (8" ZOH)HBM [E——— (Xo)HMq,

from which (5.66) can be easily derived.

This ends the proof of the results of Section 3.

5.7. Proof of the results of Section 4. The proof of the results of Section 4 will first require some
preliminary notations and intermediate results. Define for m > 0 and 7 € Z% the random variables

(577) Y; sm = =K [X | o (ek ||k - ILH )] 3 X’i,m = }/i,m - Yi,m—l

and Y; 1 =0. Then X; =Y  X;,, and the convergence holds in the almost sure sense. For a fixed
m, define m’ := 2m + 1 and for a € 7% such that 1 < a < m/1, let I, be set of elements 7 € 7% such
that there exists j € Z¢ for which ¢ = m’j + a. Notice that (Xim)
is an i.i.d. random field.

. is an i.i.d. random field, or
i€lq )

equivalently, that ( m'j+a> M ) : 74
Also, observe that for each 1nteger m > 0 and each n = 1, it is possible to bound the partial sums of

(X3);cza over rectangles via partial sums of the i.i.d. random fields (Xm/j+a, m) namely,

jezd’

(5.78) Z X; < Z Z Z Xm’j+a,m 5

1gisn B 1sasm/lgsefo1}¢ 0_<‘7_<|_7n J -5 B
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where for @ = (z¢) g q € RY, |x] = (|a¢] Jeeq1,qp @nd for a real number ¢, [t] is the unique integer
satisfying [t] <t < [t| + 1. Indeed, since the sets I, 1 < @ < m'1 are pairwise disjoint, the following
inequality takes place

(5.79) Yxl< Y| Y x

1<i<n B 1<a<xm/1 ||1gign,i€], B

Then we express © € I, as ¢ = m’'j + a and translate the inequalities 1 < 2 < n as 0 < J <
lm™' (n—a)|. The sum over & € {0,1}¢ comes from the fact that for each ¢, [m™ (ng — ag)| €
{Lm_lngj , Lm_lngJ — 1}.

We will express bounds on norm of maximal functions in terms of some norm of Xg ,,. For this
reason, we need the following intermediate result.

Lemma 5.1. Let 1 < p <r and q = 0. There exists a constant C depending only on B, p and q such
that

1/p
(5.80) 1 Xomllg,e <C{ D (Opq (@)’
i:||i||oo_m

Proof. This follows the idea of proof of Corollary 1 in [10] and Corollary 1.5 in [12], which is to express
Xo,m as a sum of a martingale difference sequence and apply a Burkholder type inequality, namely,
Proposition A.3 in the case d = 1. O

Proof of Theorem j.1. We have to show that (4.8) implies that for each positive ¢,

1
5.81 lim P sup — E X;ll >e] =0.
( ) N—o0 n=1,maxn>N \n[l/p 1<i<n ’
N B

Using the decomposition X; = Y; pr—1 + Y oo ys Xim, we derive that

1
(5.82) P sup Xl >
n=1maxn>N |’I’L| 1<i<n B

1 € €
<P sup 7 Z Yiv—1|| >z | +P sup 1/ Z Z Xim| > =
n=1maxn>N |’I’L| p 1<i<n B 2 n=1maxn>N |n| p m=M 1<i<n B 2

1 € €

<P sup 77 Z Yiv—|| >z | +P Z su 1/ Z Xim|| >3

n=1maxn>N ”I’l‘ p 1<i<n B 2 n>—1 "I’l‘ p 1<i<n B 2

Observe that if ||k|| ., > M, then Py (Yo,m—1) = 0 hence by Theorem 2.8, one has

. 1 €
(5.83) lim P sup > Yim >5 | =0

N—oo n=1,maxn>N |n| 1<i<n
S
B

Using (2.8) and the triangle inequality for the norm |||, ,, it suffices to show that

o0
(5.84) Z sup —— Z Xim < 00.
m=1 n>1 |’I’L| /p 1<i<n

Blipw
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To do so, we use (5.78) and replacing n by m'n’ + b, where 0 < b < (m’ — 1) 1, we derive that for each
fixed m,

1
SUII) 7 Z Xim < Z Z sup sup [PSVRPRIY Z Xm/j+a,m
n=1 |n| 1o sl 1xasmseqoy || #0 0<b<(m'—1)1 |mn/ + b O<j=m’—6 sl
and by Theorem 2.5, that
(5.85) sup — > Xim < Cm™ P X0l i -
n=1 ]n\ 1<i<n Bl
We conclude by Lemma 5.1. O

Proof of Theorem /.2. We have to show that (4.5) implies that for each positive ¢,

1
(5.86) 11_I>noo]P’ ngf\)/ i Z X;l| >e] =0.
1<ignl B

By replacing in the beginning of proof of Theorem 4.1 the suprema sup,,. 1 maxn>n by sup,>y and n
by nl we reduce the proof to

1
(5.87) Z igli) s Z Xim < 0.
m=1 1ignl

Bllp,w
By (5.78) applied with n = n1, and by decomposing the supremum over n according to the remainder
of n for the Euclidean division by m’, we derive that

d/p
(5.88) Sup# Z Xim < Z Z sup <ﬁ> Z Xovjtam

n>1 . N>1 .
1<i<nl Bllpw 1<a<m’1l 56{0,1}d 0<j<N1+4d

A minor modification of the proof of Theorem 2.6 shows that (2.12) holds with S,1 replaced by
> 0<j<N1+6 Xm'j+am- Therefore, by (5.88),

Bllp,w

(5.89) sup ——— Z Xim < Cmd(=1/p) HXO,mHBp

1<2<nl Bllpw

and (5.87) follows from Lemma 5.1.

Proof of Theorem /.3. Using similar arguments as at the beginning of the proof of Theorem 4.1, it
suffices to prove that

(5.90) Z su

n>1 |n|

l/p Z Xi,m < 0.

1<i<n B,p

By (5.78), it is possible to bound HEHNn XivaBp by the sum of m? terms, each of them being the

||| ,-norm of an independent random field on a rectangle having at most 1%, (ng/m’ +1) elements
hence by Corollary A.2; we infer that

(5.91) sup ———

) d(1-1/p)
| 3 Xam| < OmO ol

1<i<n B,p
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We conclude by Lemma 5.1. O

Proof of Corollary 4.4. In view of Theorems 4.1, 4.2 and 4.3, it suffices to prove that there exists a
constant C' such that for each 3 € Z,

(5.92) 0B,p,a—1 (¢) < C [ Az, -

To do so, observe that by (4.10) and linearity of A;, the following inequalities hold almost surely

«

(5.93) 1X: = X5 llg S K (9) || Y Ak (cik) — Y Ak (ej-p)| =K (9) || A (c0) — Ai (<o) |5 -
kezd kezd B

Since A; is bounded, we infer that
(5.94) 1X: — X}l < K (9) 1 4:l3m) (l=ollS + [1<0]12)
and we conclude by (A.8). O

A. MOMENT INEQUALITIES FOR ORTHOMARTINGALES

First recall the following, rewritten in terms of norm |||y,

Proposition A.1 (Proposition A.1 in [13]). Let (B, |||z) be a separable r-smooth Banach space. For
each d > 1, there exists a constant C (B) such that for each orthomartingale difference random field
(Di)iEZd}

1/r
(A.1) YD <c®ad)| > D,

1xi<n B,r 1<i<n

Keeping in mind that an r-smooth Banach space is also p-smooth for 1 < p < r, we derive the
following consequence of Proposition A.1 and iterations of Doob’s inequality.
Corollary A.2. Let (B, |-||) be a separable r-smooth Banach space and let 1 < p < r. For each d > 1,
there exists a constant C (B, d, p) such that for each orthomartingale difference random field (D;);cza,

1/p
, 1P
(A2 max | 37 il | <c@dp)| X IDi,
1<i<n BlIR 1<i<N
7p

We will also need to control the Orlicz-norm associated to the function ¢, , defined in (2.5) of sums

of an martingale difference sequence.

Proposition A.3. Let (B, ||-||5) be a separable r-smooth Banach space. For each 1 <p <1 and q > 0,
there exists a constant C (B, p,q) such that for each martingale difference sequence (D;);s 1,

n n 1/p
ZDZ <0 (Z ”DiHB,p,q> :
=1

i=1
Proof. By Lemma 2.2 in [7], we can find a constant K depending only on B and p such that for each
x>0,8>1and € (0,8 —1),
. )
B

ZDZ- > Bx <<w> P| max
— 5 B—0-1 1<n<N

(A.3)

B,p,q

n

>p,

1=1

(A4) P ( max

1<n<N
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N 1/p
+ P | max 1111&X 1 Dillg , (ZE | Di ” ’}—i—l]) > ox

=1

Proceeding as in the proof of Theorem 21.1 in [1], we find that there exists a constant K (B, p, q) such
that for each A,

15) & [y (L2 )

n /p
max { maxi<icn | Dl » (7 E [I1Dillf | Fica])!
< K(Bupa q)E Spp,q { }

A

Using the fact that there exists a constant r, 4 such that for each x,y > 0, vp 4 (2Yy) < Kp g0p.q () Pp.q (Y),
we get that for each positive A\, R,

15251 Dill
(A6) E [@p,q (%
n P 1/117
1 max{maX1<i<n 1Dill » (i E[IDillg | Fiea]) }
<K (vav Q) Kp,q¥Pp,q (E) E Pp,q b\

Take Ry such that K (B, p, q) kp, qCqu

>

i=1

< 1 in order to get that

;
R0
1/p
< Ro|[max § mas |ID; HB,<ZE il |fz-_1]>

(A7)

1=1
B7p7q ]B7p7q

We derive (A.3) using

n l/p n l/p n 1/117
max fglagHDI|B,<;EU|D¢H§;IE_1]) <<;||Diuﬁ) +<;E[||Diug|fi_1]> ,

the triangle inequality and the fact that there exists a constant «, , , such that for each non-negative

Pyq
random variable Y,

(A.8) 1Y lpq < Fapg 1Y VPl <&

a,p,q pOc,Q’ quY||a7p7Q'

B. BOUNDS ON SERIES OF TRUNCATED RANDOM VARIABLES

The truncation arguments we will use throughout the proofs lead to consideration of bounds of series
having the form Y 72, apP (Y > bi), > poq arE [Y1y<y, | or > 22 axE Y1y, ] for some non-negative
random variable Y and some sequences (ay);~; and (bg);>;-

Proposition B.1. For a non-negative random variable Y, d > 1, 1 < p < r, the following inequalities

take place:

(B.1) Z 2Nd(l_r/p)1Y<2Nd/p < Kdp,r (1y<1 + Yp_rly>1) ,
N>1

(B.Q) Z 2—dN(1—1/p) 1y>2dN/p < ”d,pr_ly

N>1



24 LAW OF LARGE NUMBERS FOR STRICTLY STATIONARY BANACH-VALUED RANDOM FIELDS
[o.¢]
(B.3) SR (Y > e27) < eq ippa (V)]
k=1
o
(B.4) Z F(1=r/P) =1, [YT1Y<2’€/P] < Fiprdl [‘Pp,d—l )],
k=1
o
(B.5) > 2HUPETIR [Yy ok ] < paB [pa— (V)]
k=1

Proof. All these inequalities follow from the decompositions

o0

(BG) 1Y>2ak = Z 12aj<y<2a(j+1) and

j=k

k
(B?) 1Y§2ak = 1Y<1 + Z 12a(j—1)<yg2aj7
j=1
and the fact that
J
(B.8) D 25T g a2
k=1
O
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