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Interpolation and linear prediction of data - three kernel
selection criteria

Azzouz Dermound} Mohammed Es.Sebaiyf| and Jabrane Moustaaid|
Lille University and Cadi Ayyad University

Abstract

Interpolation and prediction have been useful approaches in modeling data in many
areas of applications. The aim of this paper is the prediction of the next value of a time
series (time series forecasting) using the techniques in interpolation of the spatial data, for
the two approaches kernel interpolation and kriging. We are interested in finding some
sufficient conditions for the kernels and provide a detailed analyse of the prediction using
kernel interpolation. Finally, we provide a natural idea to select a good kernel among a
given family of kernels using only the data. We illustrate our results by application to the
data set on the mean annual temperature of France and Morocco recorded for a period of
115 years (1901 to 2015).

Keyword: Kernel interpolation, stochastic interpolation, linear algebra interpolation, cubic
spline interpolation, climate change detection.

1 Introduction

Interpolation and prediction have been useful approaches in modelling data in many areas of
applications such as the prediction of the meteorological variables, surface reconstruction and
Interpolation of spatial data [[1]] among many more. For more details see [S], [6], [7] and [8].
In this work we extend the results of Scheuerer [1]] to the linear prediction approach of time
series. We also cite the work of Dermoune et all [2] where the parametrizations and the cubic
spline were used as a model of prediction and we extend this results to the kernel interpolation
framework.

Interpolation of spatial data is a very general mathematical problem and it’s precise math-
ematical formulation as defined in [1]] is to reconstruct a function f : 7" — R with T is is
a domain in R?, based on its values at a finite set of data points X = {zy,...,z,} C T,
the values f(z1),..., f(x,) assumed to be known. But, in our case we are interested in the
time series forecasting problem we have T = {z1,...,x,, x,.1} represent the time and the
time series is f(z1),..., f(x,) with the unknown value is f(z,1). In other words, we want
to predict effectively the value f(z,1) using the known values f(z1), ..., f(z,). From []
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we have that both approaches kernel interpolation and kriging have the same approximant for
the interpolation of spatial data problem, even with the different model assumption, a general
overview in both approaches can be fond in [9].

2 Linear prediction and kernel interpolation

(R{Il ----- $n+1}>* — ((53;1, . ,5

Tn+1 ) .

Moreover, the dual norm N* is defined by

(N*(w))* = sup{|u(N)I* = N(f) <1},

with the error
Errn(f) = |f(zns1) Zw, f(z)]

and the worst error in the unit ball w.r.t. the norm N{(.)
Werr(f) := sup{|f(zn+1) Zw, z;)|*: N(f) <1} = (N"(0g,., Zwl o

In the rest oh this paper, we endow the vector space R{#1-#+1} with the scalar inner
product

n+1 n+1
o) =P = D) Flaafla)htD (@, z))
i=1 j=1
= f'K'f,
with f = (f(z1),..., f(xns1)) " and K = [k(z;,2;) © 4,5 = 1,...,n + 1] is a fixed

(n + 1) x (n + 1) symmetric positive definite matrix, with k( ) (4, 2;) denotes the (i, j)
entry of K~!. The norm defined by K is given by N(f) = |[K~/2f||, with || - || denotes the
Euclidean norm.



2.1 Min-max prediction and kernel interpolation

Definition 2.1 (Min-max prediction). A linear prediction f*(x,.1) of f(x,41) is called min-
max if

“(Tna1) Zw f(xy), 2)

where (w7, ..., w}) are given by the minimization of the Werr(f)

The following result give us the optimal weights associate to the min-max prediction w.r.t.
to the norm ||[K~1/2 . ||.

Proposition 2.2. The the worst error in the unit ball, Werr(f), w.r.t. to the norm |[K=/2 - ||
is equals

WGTT(f) = H(SZ,LH - széxl) %(1/2 3)
i=1
where || - ||k1/2 denotes the dual norm defined by the dual scalar inner product

(51275:EJ>K:I€(:UZ?'T])7 27]:177n+1

Proof. From the general theory of reproducing kernel Hilbert spaces,see [9, [1]], we have

sup  {|f(2ni1) Zw,f (x;)]

K172 <1

= sup {[K~ 1/2]"] [KI/Q(—wl, o —wn, )T (—wy, L —wy, DK Y2 [KTY2F])
IK-1/2f||<1

= the largest eigenvalue of [K'/?(—w  —wy, DT (—wy, ..., —w,, 1)K?]

= |KY2(—wy, ..., —w,, 1)T||* = ( wy, ..., —wy, VK (=wy, ..., —w,,1)"

2
Kl/2-

= ”(Sl‘n+1 - széxz)
=1

]

Corollary 2.3. The optimal weights of the min-max linear prediction of f(x,.1) are given by

*

w* = (wy,...,w;) = k(Tps1,21), -, k(@ppr, ) |[k(2i,25) © 4,5 =1,... ,n]_l. 4)

Proof. The optimal weights are given by the minimization

argmin{||d,, , — Zwiéxi Sl Wi, w, € RY, (5)

=1



which is the solution of the system
ijk(xi, z;) =k(Tpi1, ), i=1,...,n, (6)

it follows easily that w* is given by [4] O

Remarks 2.4. 1) The worst case linear prediction error in the ball with the radius r > 0
w.r.t. to the norm |[K=/2 - || is equal to

sup {|f xn-i—l Z wz :I;z

IK=1/2f||<r

= r*(—wi, ..., —Wn, 1)K(—w1, e —wy, )T
as a result the optimal weights ({)) do not depend on the radius of the ball.

2) The prediction using the spline interpolating w.r.t. the norm |[K=/% .|| (see, e.g., [9])
defined by the minimizer :

S(f) = argmin{||[K~Y2f| - f(z1),..., f(z,)are fixed},
coincide with the prediction (2)).

3) The min-max prediction ((2)) is equal to
(@) Za k(@nt1,7;), ™)

where a3, j = 1, ...,n is the solution of the system

j=1
Now, we turn to the interpolation of the function f atthe set {x1, ..., z,} using span(ky, . ..

where k; denotes the j-th column of the matrices K. Then the interpolation of the function
f equals

n
J— * .
= g ajkj
=1

with the weights o* are given by (). The following Proposition gives the error of interpola-
tion.

Proposition 2.5 (Interpolation error ). The error of interpolation, ZErr, is given by

ZErr(f) o= f(tns1) = [ (@ns1) = (KD AR @ner, 2osr) = > wik(zi, 2ag1)]. ()



Proof. First, observe that we can write the coordinates of f in the basis K as

n+1

£=> KV flk;.

j=1

with k§_1) denotes the j-th row of K—!. Therefore

n+1
16) = k" Alik)
j=1
= DK fIk kA (R,
j=1
because the interpolation of k; is exact for j = 1,...,n. Thus,

f=I1(f) = K fl(kno — (ki)

= [k F100, 0, k(g1 Togr) — > wik(zi, e
i=1
which completes the proof. ]

2.2 Min-max linear prediction with constraint

In this section, we consider the optimization @) under the constraint

szpk(mz) :pk(xn-l-l)a k= 17"'7Q7 (10)
i=1
where p,...,p, € Riz1@nt1} are given.

Solve the minimization (5]) under the constraint (10} is equivalent to solve the system

Z;‘lzl k(xux])w] +ZZ:1 A.’clok(x’b> = k(Ii7$n+1)7 1= ]_,...7717 (11)
2?21 wipy(7;) = Pp(Tny1), k=1,...,¢,
where A, ..., A\, are the Lagrange multiplier. The solution is unique if the homogeneous

system

n q
Z k(x;, z;)w; + Z Mepe(z) =0, i=1,...,n,
j=1 k=1

ijpk(azj) =0, k=1,...,q,
=1



has a unique solution w; = ... = w, = 0, Ay = ... = A\, = 0. This is equivalent to say
that the columns (py(z1),...,pe(2,)) ", k = 1,..., ¢, are linearly independent and that K is

conditionally positive w.r.t. p,, ..., Dy e the system
n n n
sz(mi,xj)iji =0, Zwipk(l"i) =0, k=1....¢q
j=1 j=1 i=1
has a unique solution w; = ... = w,, = 0. Observe that this is true if K is definite positive,

but it is not necessary.
Let wi, ..., w), A}, ..., )\Z be the solution of the system li Then the optimal prediction
under the constraint (10) is

F (@) = Zw?f(x». (12)

Constraint’s parametrization

Now, let z(1) = (zgl), - qul))r be a particular solution of the system andz; = (211, .., 2n1)
oo Zneg = (Z1n—qy - - -, znn_q)T, n — q independent solutions of the corresponding homoge-
neous system. Then the general solution of the system (10) has the form

n—q
w=zW 4 Zﬁ)lzl.
=1
Let us consider the basis

B=[p,....P; Y zunki.. .Y Zin—gki, buyi] (13)
=1 =1
=: [by,. .., bnti]

such that the expansion of f in the basis B is given by

q n—q
f= Z 0.fp + Z Oq+1fbgr1 + 01 fbyia,
I=1 I=1

with 0,1 = (—(2M)T,1).
The unknows are the rows 64, . . ., ,,, and the column b,, ;. They are solution of the system

q n—q
0(i=3) =Y p(@)0 + D> besi(x:)0g10)j + buy1 (2:)0n 1),
=1 =1

ij=1,...,n+1 (14)



The interpolation of any function g at the set {z1, ..., x,} using span(by, ..., b,) is given by
the map

I(9) = B;b;,
j=1

with (3 is the solution of the system
Zﬁj ) =g(xy), i=1,...,n.

Using similar arguments as in proposition [2.5] we can deduce the following result.

Proposition 2.6. The value

n n

sz(-l)k(iﬂjamn-i-l) + ](f — Zz](-l)kj)(an)

j=1 j=1

coincides with f*(x,1) given by . In addition, the error is equal to

n n

Fanin) = £ @n1) = F@npn) = Y 2 k(g on) = 10 =D 25 k) (w041)

j=1 j=1

= [0 (F = D22 )l lbwa (wnin) = (b))

If K is invertible and p, = k; withl = 1,...,n, then 6, = k( forl =1,...,n,and the
basis isgivenby b, = k; with [ =1,... n, and b1 = ki1

k(znt1,2n41)—I(knt1)(@nt1)

Constraint’s effect on the kernel

From the notations above the general solution of the system (10 has the form

As a consequence the quadratic form

xn+1 E W;0y,

with 11 = >0 | Zi10gss oo fneq = P iy zm_qéﬁ, Pnt1—g = Oppy — D oiyg zi(l)éxi, and the
entries of the (n + 1 — ¢) x (n + 1 — ¢) kernel K are given by

K - ‘|Nn+1 q ZwlﬂlHKv

zj(ll)b) :(Mlmﬂlg)Ka l17l2:]—7"'7n+1_Q‘
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Observe that K is positive definite if and only if the columns (pg(z1), ..., pe(z,))T, k =
1,...,q, are linearly independent and K is conditionally positive w.r.t. py, ..., p,.
It follows that

Sup{'f xn-‘rl sz xz 2: ]ETK_lfS 1}

= |lttnr1—q — ZUN)ZMIH%{:
=1

(1),..., f(n+1—¢))T € R™'7 are defined by

5

where f = (

n n

FO) = zaf(@),....f(n—q) = zinqf (@),

=1 =1

f(n+1_Q) f(@ni1) Zz

R
That being the case, the optimal weights w* are given by

n—q

w* = arg min{||pn41-q — ZwlulH%{ D Wy, .., Wh_q € R},
=1

and then predict f(z,1) is equal to

n

n n—q
doa fw) + D@ (O zuf ()
i=1 =1 i=1

The latter predictor coincides with (I2)). Moreover, the spline

S(fy=arg min {fTK'f: f(1),...,f(n—q)are fixed}

f(n+1—q)

is such that

n

S(H+1—q) = f(anp) = > 2V f(a2)

=1

with f*(z,41) is the optimal prediction under the constraint (12).
From the expansion of f in the basis B = [by, ..., b, 1] (13), we can conclude the following
result.



Proposition 2.7. [f the weights w satisfy the constraint (10), then

n+1l—q

55n+1 sz ﬂfz = | Z ﬁ{bq+l($n+1) - Zwibqﬂ(ﬂfi)}
=1 i=1

It follows that

Sup{‘f xn+1 Zwl xz : fhﬂTK?lfh’S 1}

= q+1 xn—‘rl E w;b g+1 3:7, cee n+1 zn—i—l E wz n+l—q -Tz K
bl+q xn—i—l E wzbl+q xz s n+1 xn-ﬁ-l E W bn+1 xz
T T
= (—wy,...,—wp, HVREKRT (—wy, ..., —wy, 1)
(L . Sl . T
= (—Wy,...,—Wypgq, 1)K (=01, ..., —Wp_g, 1)

n—q
= [|pnt1-q — Zwlﬂl”%(?
=1

with the (n + 1) x (n + 1 — q) matrix
R = [qurla s 7bn+1]-

2.3 Semi-kernel and constraint

Now, conversely we consider a semi-kernel @ on R{#1#n+1} with the null space spanned by
¢ functions py, .. ., p, and let

S(f) =argmin{Q(f, f): f(z1),..., f(x,) are fixed}

be the spline defined by the semi-norm (), and

(Tna1) Zw f(x;).

We consider abasis B = [by, ..., b, 1] suchthatb, = p,withl =1,... gandlet (6;,...,0,, ui,
., Unt+1—4) be the coordinates of f, i.e.

n+1l—q

f= Zezpz‘i‘ Z (1R

It follows that

n+l—qn+1l—gq

Q(fa f) = Z Z ul1u12Q(bQ+l17bQ+lz) = HQ1/2UH2>

=1 I[x=1



and the kernel Q =: [y, 1, ©  li,lo =1,...,n+1—¢lisinvertible. If the weights w satisfy
the constraint (10)), then

n+1l—q

f(xna1) Zwl zi)]? = | Z uz{bl($n+1)—Zwibl(%‘)H?»
=1 =1

therefore,

sup{|f(xn+1) sz )" Qf, f) <1}

= sup{|f(zn+1) Zwl z)?: w'Qu < 1}

§ § : 1
q+1 xn—i—l W bq+1 :L'z s n+1 xn—‘rl wz n+l—q xz Q
b1+q xn—o—l E wzbl—l-q xz s n+1 xn—i—l § wz n+1 xz

IpT T
= (—wl,...,—wn, HDRQR (—wl,...,—wn,l) :

where the (n 4+ 1) x (n 4+ 1 — ¢) matrix
R == [bq_;’_l, e ,bn_;’_l].

3 Stochastic approach

The statistical counterpart to the kernel interpolation is known as kriging (see e.g. [1]]). It is

based on the modeling assumption that (f(x1), ..., f(z,), f(z,y1)) is arealization of random

vector Yy, ..., Y, , over the same probability space (2, 7, P). To predict Y, ., known Y,
., Yz, we need the mean and the covariance matrix of the random vector (Y,,,...,Y, . ).

We assume that the mean (m(z1),...,m(z,41)) (also called the trend) and the covariance
function

k(xi7 xj) = COU(}/%., }/27])

of the random vector (Y,,...,Y,, ) exist.
IfY,,, ... Y, are assumed to be known, then the best linear unbiased predictor (BLUP) of
Y., is given by

2 : *
$n+1 w; S/;EZ7

where the weights w; are the solution of the followmg optimization problem

min{var(Y,

oni sz 2) L Wiy ... w, € R, Zw,m(xz) =m(zpe1)}- (15)
i=1

10



If the mean function m is modeled as
q
() = Zﬁkpk(xz) coi=1,...,n+1,
k=1
and if we consider the weights such that

szpl xz =P xn-{—l) [ = 17"'7Q7

then the optimal predictor

of f(x,+1) in stochastic sense coincides with the interpolation (12)).

4 Three kernel selection criteria

Kernel interpolation and prediction approaches are based on the knowledge of a symmetric
positive definite matrix K and the trend py, ..., p,. To apply kernel interpolation it amounts
to the assumption that one knows the degree of smoothness of the function f. In the context
of partial differential equations, the function f belongs to some Sobolev space. In stochas-
tic approach the covariance matrix and the trend are chosen using the maximum likelihood
method or the Bayesian method.
Here we propose three natural criteria to compare two kernels K(") and K?). Known f(z,),
o flz,), we predlct f(z,41) using the kernel [k (i,5) : 4,5 = 1,...,r], and we obtain
the predictor f )(2,41), withl = 1,2,andr = 2, ..., n — 1. We propose the following three
criteria to measure the performance of the Kernel K(’):

n—1 T _F) (. 2
1) MSPE(l) =: 2z Jtlljlf SEASDIRENTA say that K is better than K® w.r.t. the
MSPE criterion if

MSPE(1) < MSPE(2).

2) MAXPE(l) = max{|f(zj41) — fO(z;s1)|: j=1,...,n—1}. We say that K()
is better than K®? w.r.t. the MAXPE criterion if

MAXPE(1) < MAXPE(2).

3) We say that K is statistically better than K? if

n—1
Zj:l 1[\f(rj+1)—f<”(wj+1)\<\f(xj+1)—f2)(%H)H
n—1

> 1/2.
These criteria were also used in [?].

11



5 Application

In the climate change problem we are interested in the mean temperature f(t) at the time ¢.
The data are the years taken into account ¢; < ... < ¢, and the mean temperature f(¢,),
.., f(t), and we are interested in the prediction of f (¢, ). We recall that

tos1
arg min{/t lg"(O)Pdt - g(t)) = f(t1),...,g(tns1) = f(tny1) are fixed}

is the natural C? cubic spline s which interpolates the points (¢;, f(¢;)),7=1,...,n+ 1. See
(10, 11]]. We assume that f(t1), ..., f(t..1) are the values of a natural C* cubic spline. We
are going to predict f(¢,1) using three kernels, and we need some notations.

5.1 Kernel and semikernels using cubic splines

Let S = S3(t1,...,t,11) be the set of C? cubic splines having the knots t; < -+ < t,4.
Note that every element s € S is a C? map on [t1,t,,1] and is a polynomial of degree three
on each interval [t;,t;1 ) fori = 1,..., n.

More precisely, let

pr=st), i = 5(tas1), @ =8(t), - Gur = ' (fag),
uy =58"(t1), .y tupg1 = 8" (tnr1), vi=8"(t1+),...,v, =" (t,+)

be respectively the values of s and its derivatives up to order three at the knots. We have for
everyi=1,...,n,

s(t) = pi +qi(t —t;) + (t — t;)%u; /2 + (t — ;)30 /6, t € [ts,ti1).

The following constraint for h; = ¢;.1 — t;, 2 = 1,...,n ensures the hypothesis that s is
C?:

i + Gihi + uihi /2 + il /6 = piia, (16)

@i + uih; +v;h7 2 = gy, (I7)

It is well known (see [?]) that .S has the dimension n 4 3, and the set of natural spline S,,,; has
the dimension n + 1. Hence an element s € S (respectively s € S,,,:) is completely defined
by n + 3 (respectively n 4 1 parameters) independent parameters.

Now we need to parametrize the set .S in order to define properly an element s € S. A
parametrization of S is a one-to-one linear map

O:s5€8 —=0eR"™3.

12



Defining a parametrization © is equivalent to the existence of the basis B = (by,...,b,13)
of S such that, forall s € S,

n+3

i=1

The parametrization Ogpy = (py, P2, U1, . . . , Uny1) defines the basis Bopy = ("2, . .. ,bg(fg).
The subscript notation 002 is justified by the fact that

m = s(t) = sO(t1), p2 = s(ta) = sO(ty),

up = 5"(t1) = O (1), ..t = " (tns1) = sP (tanr).

See [2, 13, 4] for more details.
It follows for s € S,,,; that

s = p1b)” + paby” + Z by,
=2
and then s = (s(t1),...,s(t,.1)" is given by

n

s = [b(l)02(t)> bgoz(t)](plaPQ)T + Z R(UQv ce >un)Ta

1=2

Here the column bY%(t) = (b22(ty),...,0%%(t,s1))", withi = 4,... n + 2, and the n +
1 x n + 1 matrix

R = [bi"(t), ... bys(t)].

Observe that span(b?*?, b3"?) = span(1,t) withthecolumnl = (1,..., 1), t = (t1,...,top1)".

We can show that
tn+1
JREORE

t1

n tit1
1Vt

1=
n

= Z(uf + U;Ujy1 + U?Jrl)hz/?)

=1

= (uQ,...,un)Q(uQ,...,un)T, (19)

with Q is a known n — 1 x n — 1 invertible matrix see [2]]. We also recall that

(UQ, e ,T,Ln)T = U(ph e ,anrl)T,

13



with U is a known n — 1 x n + 1 matrix see [2]]. Therefore

(ugy ...y up)Qua, . .. ,un)T = (p1,... ,an)UTQU(pl, . ,an)T (20)
=: (plv'-‘7pn+1)P(p17'-'7pn+1)T (21)
(22)

Now we propose the following predictors for f(t,1).
0) We assume that s is Gaussian centred with the covariance matrix K(*) = (Q(®)~! with
Q) is defined by

tnt1
/ s(0)2dt = sTQWs.

t1

1) We consider the spline

S(f) =argmin{(f(t1), ..., ftas) )P(f(t), ..o  ftas) T = f(t1), ..., f(t,) are fixed},(23)

defined by the kernel P and the predictor f*(t,41) = S(f)(tns1) of f(tni1). We assume
that s is Gaussian with the mean p; b°%(¢) + p,b5°%(t) = 5,1+ B;t and the covariance matrix
K® = RQ 'R with the kernel Q is given by . The predictor fO (t,41) of f(tns1) (12)
using the kernel K" coincides with S(f)(t,11).

2) We assume that s is Gaussian with the mean p;b"*(¢) 4 poby % (t) = 511 + Byt and
the covariance matrix K® = RQRT.

Let £ (t,.1) be the predictor of f(£,1) (12) using the kernel K with i = 0, 1,2. Using
real data, we are going to compare these three predictors.

5.2 Real data Application

As application in the climate change area we are interested in the annual mean temperature
observed in France and Morocco from 1901 to 2015, the data are presented in Figure [I| We
illustrate the importance of the kernel choice by considering the kernels K(©, K, K®) The
three kernel selection criteria are presented in Table[I] The mean annual temperature of the
year 2015 and 2016 (i.e. f(t,) and f@(t,,1), n = 114) are given in Tables , as for
Figure [2|it shows the splines of the predictors f ©), f M), f (2) and the true temperature. The
wi, ..., w’ of for the kernels K(©), K", K®) are presented in Figure

14



Mean annual temperature

Mean annual temperature

Mean annual temperature from 1901 to 2015 in France
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Figure 1: Mean annual temperatures in France and Morocco from 1901 to 2015.

Country France Morocco

Kernel KO KD K® KO KD KO

MSPE 0.3301302 | 2.090779 | 5.21788 | 0.7727975 | 5.110724 | 11.70042

MAXPE | 1.3961 3.344106 | 5.312125 | 2.251341 | 6.171007 | 9.438383

Statistically | K© with 0.8198198 for K!) K© with 0.8288288 for K"
and 0.8288288 for K(?) and 0.8468468 for K(?)

Table 1: The three kernel selection criteria for the kernels K(© K® K@ using Morroco
and France data.
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Figure 2: The splines of the predictors f(©, f(, 2 and the true temperature.

Country France Morocco

Kernel KO KM K® KO K® K®
Prediction 13.17656 | 15.48813 | 15.61992 | 18.06526 | 21.18307 | 20.41619
True temperature 13.5 18.9008

Table 2: The predictors f @(t,), n = 114 (the mean annual temperature of the year 2015).

Country France Morocco
Kernel KO KO K® KO KD K®
Prediction | 12.91553 | 12.54049 | 11.40698 | 17.86737 | 18.99740 | 18.49113

Table 3: The predictors f @ (tn41), n = 114 (the mean annual temperature of the year 2016).
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Remark 5.1. Tuble|l|shows that the kernel K wins against K and K® with respect to
the three kernel selection criteria.
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Figure 3: The wj, ..., w’ of for the kernels K@, KM, K@,

5.3 Concluding remarks

The numerical results shows the three kernel selection criteria are stable, form Table [T] we
have that the best kernel among the three kernels is K(*) w.r.t. all the three criteria for both
France and Morocco data. Moreover, the representation of the splines (Figure [2)) shows that
too.

From Table (1| and Figure [2| we have that the kernel K(!) wins against K(?). Considering
the second derivative (us,...,u,) as Gaussian with the covariance matrix Q' is a good
stochastic modelization, at least is better than the assumption that (us, ..., u,) as Gaussian
with the covariance matrix (). Equivalently measuring the worst error in the unit ball using
the norm ||Q'/?u|| is better than the norm ||Q~/?u||.

17



References

[1] M. Scheuerer, R. Schaback, M. Schlather, Interpolation of spatial data-a stochastic or a
deterministic problem, European Journal of Applied Mathematics 24 (4) (2013) 601-629.

[2] Azzouz Dermoune, Khalifa Es-Sebaiy, Mohammed Es.Sebaiy, Jabrane Moustaaid.
Parametrizations, weights, and optimal prediction (2021). Communication in Statistics-
Theory and Methods, 50(4), 815-836. https://www.tandfonline.com/doi/full/
10.1080/03610926.2019.1642489

[3] A.Dermoune, C. Preda, Parametrizations, fixed and random effects, Journal of Multivari-
ate Analysis 154 (2017) 162—176.

[4] A.Dermoune, C. Preda, Estimation of noisy cubic spline using a natural basis, Annals of
the University 265 of Craiova, Mathematics and Computer Science Series 43 (1) (2016)
33-52.

[5] J.P. Chiles, How to adapt kriging to non-classical problems: three case studies, In: M.
Guarascio, M. David and C. Huijbregts (editors), Advanced Geostatistics in the Mining
Industry, D. Reidel, Dordrecht, Holland (1976) 69—-89.

[6] J.P. Chiles, P. Delfiner, Geostatistics, Modeling Spatial Uncertainty, John Wiley, New
York (2009).

[7] H. Wendland, Scattered data approximation, Cambridge Monographs on Applied and
Computational Mathematics, Cambridge University Press, Cambridge, UK (2005).

[8] M. G. Mardikis, D. P. Kalivas, V. J. Kollias, Comparison of interpolation methods for the
prediction of reference evapotranspiration—an application in greece, Water Resources
Management 19 (3) (2018) 250 251-278.

[9] A. Berlinet, C. Thomas-Agnan, Reproducing Kernel Hilbert Spaces in Probability and
Statistics, Kluwer, Berlin, Germany, (2004).

[10] L. J. Schoenberg, Contributions to the problem of approximation of equidistant data by
analytic functions, quart, Appl. Math. 4 (1946) 44-99 and 112-141.

[11] C. H. Reinsch, Smoothing by spline functions, Numerische Mathematik 10 (1967) 177-
183.

[12] C. de Boor, A practical guide to splines, Applied Mathematical Sciences. 27 (1978)
xXiv+392.

18


https://www.tandfonline.com/doi/full/10.1080/03610926.2019.1642489
https://www.tandfonline.com/doi/full/10.1080/03610926.2019.1642489

	1 Introduction
	2 Linear prediction and kernel interpolation
	2.1 Min-max prediction and kernel interpolation
	2.2 Min-max linear prediction with constraint
	2.3 Semi-kernel and constraint

	3 Stochastic approach
	4 Three kernel selection criteria
	5 Application
	5.1 Kernel and semikernels using cubic splines
	5.2 Real data Application
	5.3 Concluding remarks


