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COMPLEX ASSOCIATED TO SOME SYSTEMS OF PDE

PIERRE BONNEAU* AND EMMANUEL MAZZILLI**

ABSTRACT. In [WWT] and [WW2], the author constructed the Complex associated to 1-regular
functions. This complex is the equivalent of Dolbeault’s complex for holomorphic functions if
we replace the Cauchy-Riemann equations by the Cauchy-Fueter equations. In this paper, using
the Cartan theory of linear Pfaffian system, we give a direct construction for the Cauchy-Fueter
complex, at least in R®. Moreover, we give a sufficient condition in terms of Cartan’s theory, to
ensure that a complex associated to a linear PDE system with constant coefficients of order one,
contains only operators of order one. In fact, the Cauchy-Fueter equation in R® is an illuminating
example for which this condition is not satisfied.

1. INTRODUCTION

The aim of this paper is to give a complete construction of the complex associated to the
1-regular functions. This complex was first obtained by Wang Wei in [WW1] and [WW2] using
classical theory of Leray’s spectral sequences. Here we give a more elementary construction using
the Cartan theory of involution for linear Pfaffian exterior differential system. For simplicity, we
restrict ourselves to germs of l-regular functions defined in the neighborood of a point z € C8®
with value in C2. Using the notation of [WW2], the coordinates on C® will be (2¥) with 0 < i < 3
and 0 < j < 1. The 1-regular functions are the solutions of the following PDE system

0 1
00 90 _,, (1)

>0 il
for all i. Nevertheless the previous homogeneous system is overdetermined, ¢ identically equal
zero, is not the only solution (it will be clear in the following). We will explain in more details the
construction of the first step in the 1-regular complex. We have to solve the non homogeneous
system associated to the first one

0 1
000,00 g (). (2)

20 2l

The system is overdetermined and so it has no solution for all (®'). The first difficulty is to find
the constraint of integration; if we made an analogy with the Dolbeault complex for 9 and we use
the language of differential form, the equivalent of the system J in this setting is the system

of =u, 3)

with « a 1-form in C® and a function f in C® with values in C. It is well known that we have

two constraints to solve these equations : u has to be a (0, 1)-form and du = 0. In our case, it is

a little more difficult to find the constraints and the solutions. The system J can be viewed as a

linear pfaffian exterior differential system so we can apply the Cartan’s theory to find solutions
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of it. More precisely, if we introduce p®, pf; as free variables for ®*, =5, the structure forms of

the Pfaffian system associated to J are,
dp® — pf;dz",
on the manifold M defined by the equations:
pio +ph =9, (J)

with independence condition /\Z-,jdzij # 0 on M. Roughly speaking the Cartan theory implies
existence of solution of J passing through all points of M if the system is in involution. For
Pfaffian linear system the involution is equivalent of the two following things : the torsion is zero
for all points in M and the tableau associated to J, A, must be involutive for all x in M (see
[BCGGG] for the definition of A,). The torsion is the obstruction of the existence of solutions
of the first prolongation system of J, denoted by J', in sense of jets. With the variables Pk for
%, the first prolongation system J' is the linear Pfaffian system with structure forms
dp® — p§;dz",
dpj; — P?jkzdzkl,
on the manifold M"' defined by the equations:
pio +pi = ¥,
o L 0w
Piokl + Pitkl = 3
Clearly the two systems have exactly the same solutions. Finally the torsion is the compatibility
conditions for which the last two linear equations have solutions with p?j ; Symmetric by change
of pairs 75 and kl. We can define by induction the prolongation J? of J on the manifold MY for
all ¢ € N. Using the proposition 3.9 of [BCGGG], there exists ko such that for all k¥ > ko the
tableau A? associated to J? is in involution. To obtain a solution of .J, it is sufficient to compute
the torsion of all J¢, which is done precisely in the section 2 for more general system than the
Cauchy-Fueter equations with intrinsic definition of the torsion. In section 3, we calculate the
torsion of the PDE system induced by the torsion of J by means of Spencer’s cohomology. This
torsion will give the second linear operator in the complex associated to the 1-regular functions,
and so on, until we obtain a system without torsion (see section 4). Furthermore, in the section
4, we give a sufficient condition for a linear PDE system with constant coefficients of order one,
to have only first order operators in the associated complex, in terms of ”tableau”’s involutivity,
which seems new.

2. SOME SYSTEMS OF PDE

Let us consider the system of partial differential equations

Folox 0!

02300~ §zinl

where the unknown functions ¢°, ¢' are complex functions defined in an open set 2 of C**™ =

C™ x C™ with coordonates (20, 220 ... 2") € C" and (2!}, 22!, ..., ™) € C™, and the functions
7071 given in the second member are complex functions defined in €.

J is a subset of {1,...,n} x {1,...,m}, and the system [ is a system with card(J) equations.
We denote J' = {j € {1,...m} : Jjo € {1,....n} : (jo,j) € T}, I°={i e {1,..,n}: T €

= I with (jo,j1) € 3 C {1,...,n} x {1,...,m}, (4)
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{1,...,m}: (i,i1) € 3}, and 3t = {1,....,m} — 3, 30 ={1,...,n} — 3.
Suppose that (jo, j) and (j(, j) are two elements of J. Then the system [4 contains the two equations

00 | 05

— ] 7j
8Zj00 8211 =@ 0 ) (5)
and
0¢° 0o i
92000 ot P ©)
Therefore,
D! o 0gY g 0g0
i 28 g 2T (7)
0291 02300 02900’
and, consequently,
0 0
o = pivd . 99 09 (8)

02300 B Dz300"
Reporting this expression of gojé’j in [0] gives Bl We have then two times the same equation. So,
we suppose that if (jo,j) and (j3,7) are in J, then j; = jo. Consequently, to one element j of J*
corresponds one element jo of 3Y. Similarly, to one element i of J° corresponds one element i; of
J'. We have a bijection b between J' and J°. Often, we shall denote jo = b(j) when j € J'. The
number of equations in @ is card(J') = card(3°) = card(7J).
According with [BCGGG], we note

Eo_ 068k _ _9%¢F k _ (oAt jo.j . 9plord
Pio = gz Piog1 = gz00z010 Piogin T 92002920 Pio T 9z
ol = gijvj‘
Then, @ can be written

and so on. We also note

p?()o +P}1 =, jedl. 9)
We want to obtain the torsion of the system [0 by using the notations and results of [BCGGG].
If I = {i1,i9,...,3, } with i, € {1,...,n} and J = {j1, ..., js} with jx € {1,...,m} are multi-indices,
we note
I+, =10, = {i1,092, ey bpyin}y, L — i = {01,089, coy Th—1, Tkt 1y -ons ip }
8r+s¢a
Ca . A . —

10 = {i10,420, ...,3,0}, Il = {i11,i21,...,3,1}, Pro,g1 = 0211092120 95ir09 i1l 92l Gaisl’
We want to look for the torsion of any order of the system [Q by using the methods and notations
of [BCGGG].

We have, if we now note I = {i10,...,4,0,711,...,Js1} with i, € {1,...,n} and j; € {1,...,m}, by
deriving [d

1 j 0 . ~
pI,jl :QO‘?[ _pI,j()O when (,707]) €y, (10)
and obtain the structure equations

09 := dp? — p?odzio — p?ldzjl =0

040 . g0 _ 0 70 _ 0 3"l
0™ := dpjo — D4y 0d% P jndz’ " =0

0%/ .= dp?, — p?]’%dzilo — p%,ldzj’1 =0 when JCI
o' = do' — p}odzio - 10]1-1d2'j1 =0

0110 = dpjy — pilo,i'odzilo - pzlo,jfldzjll =0

oL = dp§ — p}]’i,odzilo — p}]’j,lalzj/1 =0 when J CI.

(11)
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If M is the variety in the space of the variables ¢?, ¢b, 210, ..., 2"0; 211 . ml pg, p§ (with J C
I), p(} 70 p(I) i PI1 705 p} i1 defined by the conditions [, we can consider the cotangent space
T*M which is generated by

6°, 0%, 6%7 017 (with J 1), dz'9,..,dz"°, dz'%,...,d=™, dpY, dpl,

e (12)
dp%ilo, dp%j,l, dp}%, and (when j' € 31), dp}dll.
When 5’ € 3%, according with [, dpi ;1 is replaced by d(pf; — dp%j(,)o.
From [II] we can deduce
—d6%" = dp' ;1gdz" + dp d2 with J C 1
—do™ = dpl ,0dz"0 + dpY iy dz with JC T, J#T
—dot! = dpl ) dzi’O —i—dpl , dzj’l
1,70 1,51 (13)

_ gl /0 ! 0 i1 1
= de,i’OdZZ + Ej/ejl (d(p'} — dpj(’)OJ)dZJ + Ej,eﬁdpjd-/l
= dp%i,odz’ 0 _ Ejleﬁdp%jéodz] 1y Ej,ejﬁdp}’jq + Ej/ejupjl’iodz’odz] !

' i1,7.5'1
+Ejreqrpy jpdz? dzT

We precise the summation domain under the sign X, except when the dommain of summation
concern all the indices, in this case, conformly with the Einstein convention, the indices are only
repeated.

We have to compare our notations, inspired by [WW2], with those of [BCGGG]. 6%, in [BCGGG]
page 129, is indexed by a or b so, here, we have a = (0, J) with J C I (possibly (). The variables
are indexed by i or j, and, now, we have i =0 or jl withi € {1,...,n} and j € {1,...,m}. And
the terms dp (noted 7 in page 129 of [BCGGG]) are indexed by & or § which now becomes
e=(0,J) or (0,1,ip) or (0,1,5'1) or (1,J) or (1,1,iy) or (1,1,5'1).

So, translating the formulas of [BCGGG] in page 130, we have, from [[3] if J # I,

0,J _ALJ o o -
A0 = Ad g0 =0 A = Adsmg =% (14)
0 _ 0J _ O0J _ 1J _ LJ _ 1J _
0,0 = Ci1,51 = Gio,1 = Coiro0 = G151 = Ciog1 — Vs
all the others expressions A’ being 0. And, when J = I, we have
0.1 s 0,1 L
Ao =% Aorimi =9
1,1 . i 1,1 _ i a7
Ad oo =% Adrympn =% f J€T,
1,1 R
G =1 if 7€ and 0 else,
o1 0 o1 )

i0,/0 — G151 = o1 =
1,7 1,1 1 . .~
Cib,ir0 = €11 = Giog1 =0 if jedl

J j
v 9o N e .
€01 = FLi0 — PLio and ¢ j; = 9.1 F1Lin if jeTI.

Let Z C J C T*M be a filtration of T*M like that of [BCGGG] page 129, that is to say Z is
generated by 0%/, 6%/ with J C I; J is generated by 6%/, L7 dz10 .. dz"0, dz', .. dz™;
and the generators of T*M are given before.

If p is an element of J+ ® J/Z, (see [BCGGG] page 138), i.e.
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0,J 0,J 1,J ; 1,J 1,1,i'0

p= pgo )3 0,7) ®d220+p( )3 oy ®dz 1+p( )5 ((?J) ®dzlo+p§' )5 Ty ®dz! 1+p£ ! )8 a7 ®
dZZO+ (1IZ0)8 (1,1,:/0) ®dz]1 +Ej€jl< (1 I’] l)a (1,1,51) ®dz7'0+ (1 IJ 1)8 (1,1,5'1) ®d2‘71)
we want, using the values Ag , given in [[4 and [[5 to calculate ﬂ(p) (see page 138) and obtain

_ 0,7,i0 0,7,i0)y O 0,7,5'1 0,J,0 ; %

m(p) = EJCI(pEO i) o ® 42 N0+ 2(p Y — ) e @ d2 A d

0 1,70) 0 : %
+Xjcr, J;él(p,(o ¥0) pE/O ‘ )) 9017 ® dz° A dz"°
+2(ply Y = py) 2057 & dz° N d" + (pjy ) - Pg}i‘]’jl)) o617 © dz1t N dz?
1,1,i'0 1,1,i0 1,1,j1 1,1,i0 ; ‘
+ (0l = i) gy © 420 N0+ 28 s (plg ™ — ) gy @ d20 A e
0
— 285 (P 4+ plg ) 51T © dz0 A dzi!

(1,1,5'1) (0,1,51)
+ 2] j'edt (pﬂ —Pjn ) o011

(1,1,5'1) (0 1,500)
jeat, jredt (pjl +p ’ )

0,1,500 (0,1,540)
+E]]Ejl(p§ 700) - 0 )

® d' A d"

+ 2% @ d2t A d2I'?

0911
® dzIt A d2I'

o017
(16)

Besides, always following the page 138 of [BCGGG], we have to calculate the element ¢ € 7* ®
A%(J/T) given by the values Ceo in[I4land We obtain

0
2017 ® E]ejld(p[ A dzt
(17)

0
= 511 © ¥ [QDI s0d2 O N d2t QDI 1 dZT A dzﬂ]

c=

Now, the torsion of [[0l vanishes if and only if there exists p satisfying 7(p) = c. It is easy to write
this condition because 7(p) and ¢ are expressed in the same base of Z* © A*(J /Z). We obtain the
conditions:

if JCI,
0,,i'0 0,J,i0
P i
pgoy 5] ) _p( sy ) 0 (18)
1 0,J,51
‘5‘(:)[7‘]7] ) p(ll ) ) O7
if JCIandJ#I,
1,740 1,7,40
I

1,J,5'1 1,J,51
P LD g,
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and 1,1,i’0 1,1,i0
¢ (1,1, i
O L
2 =0 if jedt
— (O +pig ) = Sl if GE€T 20
P = =0 if joand j e T (20)
pgll’l’jll) +p§9il’j00) = %sojj,jfl if jedt and j €3t
(P00 = W IID = Gl if G oand € OV,

The two first systems are easily satisfied. Also, the five first equations of the last system. The
third gives

1,1,i0 0,1,jo0) 1 Y
p§-1 W= _pgo 200 §‘PJI,1'0 if jeT, (21)
and the last but one
1,1,51 1 0,0,j00) ., . _ ~ =
p§.1 i) §‘P]I,j/1 —p§,1 4o0) if jed' and j e 3L. (22)
Now, it remains the last equation. First, if I = {ko0} with k& € J', it gives
(0,k00,500) _ j i’ (0,k00,550)
Py T = Proogn ~ Phoot TP
_J i 4ok g + (0,500,50) (23)
= Pho0,5'1 T Pho0,51 T Pj50,51 — Pjrok1 T Pri

K 35’ (0,500,740)
= ¥500,5'1 ~ o0kl T Pr1 :

After simplification between the two last lines, we have, if j, j/, k € 3%,

J J Vi ' k k _
(ho0,j1 — ‘Pj(go,m) + (Dot — Phoo) T (P01 — Pho0gr1) = 0- (24)
Conversely, if this condition is satisfied, it is possible to find p§?ij 0071:00)7 symmetric in j, k, verifying

the first line of 23] that is to say, the last line of
If, now, I = {i0} with i € 39, (i.e. there is no i; € {1,...,m} verifying (i,41) € J), then, the last
line of 20Q] says
(0,i0.4o00) _ j J (0,40,40)
Pin =l — Yo e (25)
and this does not implies constraint.
At last, if I = {j1}, we do not have any constraint, even if j € J'.
Now, we want to look at the case where I contains more than one only element. If I does not
contain any element of J°, there is no constraint. But, if I contains an element ko0 with kq € 3°,
that is to say 3k € J! such that (kg, k) € J. Then, from 20]
(07I7j00) _ ] j/ (0717.7/0)
s Rl ST TR
g 5 k j (0,1—k0,5(0,500)
= P11 = 1t Plokojgogt T Prokogpokt TP (26)
_k Vi (0,I—Fk0,540,500)
= Pl k,jo0,5'1 — PT—ko,jo0,kl T Pr1 ’ :

Simplifying the two last lines, we obtain

. . , , N N
((pjl,j’l - (p]I—ko,j(’)O,kl) + (‘le—ko,joo,m - (pff,jl) + (‘Pl—ko,j()o,jl - ‘Pl—ko,jOO,j’l) =0, (27)
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or again
9 j j i’ J' k k
m [(‘Pkoo,jfl - ‘F’j(go,kl) + (‘F’joo,kl - ‘Pkoo,ﬂ) + (‘Pj()o,ﬂ - %‘oo,jq)} = 0. (28)

In the brackets H we have the quantity which is zero. So, we have no new condition. The
condition 24l is the only condition for the system [10] having no torsion.

Here, we want to calculate the Hilbert-Poincaré series of the previous system. As [BCGGG],
we denoted by A9, the set of homogeneous solutions of degree g + 1 to the homogeneous PDE
system deduced from 4. We are able now to recall the definition of the Hilbert-Poincaré series

Definition 2.1. For a linear PDE system with constant coefficients, the Hilbert-Poincaré series
is Y, dim(A?)z? which is defined on the disk of radius 1.

Moreover, by general results, we know
Theorem 2.2. The Hilbert-Poincaré series is a rational function.

By rearranging the variables 240, 271 if card(J) = t, we may suppose that
J={(n—km—k):k=0,1,...,t —1}.
Then, the system [@ may be written

POt Py =@, Vk=0,..,t— L (29)
We have
; f af
Al — {f = (fo.f1): f; = E\I\:q—i—lA{[ZI , 32n—0k,0 n 82m_1k71 =0,k=0,..t— 1}. (30)

Sometimes, we shall note the variables

(280, 2200 om0 UL amely = (2222 2 L 2™ ) and the multi-index I will be
note I = (i1,12,...,i4+1) with i; € {(1,0), (2,0),...,(n,0),(1,1),...,(m,1)} = {1,2,...,n,n +
L.on+m}or I =, 1L 1= [l{,OvliOv ...,l;’ml] where lZ-I,O = [l is the number of i = (i,0)
in I, and l£+j = l]{l is the number of n + j = (j,1) in I.

The above-mentioned condition on f may be written

Sitmgrilh_p o AY RO gl AR =0, Wk =0,..,t -1, (31)

that is to say, for all multi-index J such that | J |= ¢, and all £k =0, ..., ¢,

-0 + DAY 0 p0) + Uiy + DAY g1y = 0, (32)
or
(o + DAY (o
A5+(m—k n == k70] Tk, (33)
’ lm—k,l +1

Therefore, if the quantities A(} are knonwn, then the quantities A} also, except when INJ' = @
where J={(m—t+1,1),(m—t+2,1),...,(m, 1)} ={n+m—-t+1,n+m—t+2,..,n+m}.
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But, the quantities A? have to verify another condition. If J' is a multi-index such that | J' |= ¢—1,
and ky,ko =0,1,...,t — 1, then, by [33]

lJ’—I—(m—k:z,l) + 1
Al _ (n—k1,0) AO
J'+(m—k1,1)+(m—ke,1) — _lJ,+(m_k2’1) 1 J'+(m—k2,1)+(n—k1,0)
(m—ki,1) T
J’—i—(m—kl,l)
lnkae) 1
lJ’-l—(m—kl,l) 1 J'+(m—k1,1)+(n—k2,0)?
(m—k2,1)

and therefore,

J'+(m—k2,1) J'+(m—k1,1) 0
<l(n—k1,0) 2+ 1) (l(n—kg,l) DY+ 1) AJ’+(m—k2,l)+(n—k1,0)
(I +(m—k1,1) J' +(m—k2,1) 0
- <l(n—k2,0) ' + 1> (l(n—kl,l) ’ + 1) AJ’+(m—k1,1)+(n—k2,0)

So, except for a multiplicative constant, in this equality, we can interchange k1 and k.

Now, if I = I)+1Ij+11+17 with I, € {(1,0),(2,0), ..., (n—¢,0)}, I} C {(n—k,0), k=0,...,t—1},
I c{1,1),...,(m—t1)}, Ifc{(m—=k,1), k=0,..,t— 1}, then, to define I} + I{, with, for
example, | I | + | I{ |= s, it suffices to give the numbers ki, ..., ks with k; € {0,...,¢ — 1}, and
then, these k; been interchangeables, we have to affect 0 to some, and 1 to the others, which we
have s 4+ 1 ways to do.

We have C’f:ll 4 ways to choose ki, ..., ks and, therefore, (s+ l)C’f:ll 4, manners to choose Iy + I7.
We then have Cﬁﬁ;ﬁi}%_s choices to define I+ I when | I} |+ | I] |[= ¢+ 1 — s.

At last, we have (s+ 1)05:11“0&%;3&_2%_3 manners to choose AYif | I |=¢+1and | I[f + 1} |= s.
In the same way, we have Cﬁﬁ;ﬁj choices for AL if | I |=¢+1and INJ' = 2.

For the following calculations, we need a numeric lemma.

(35)

Lemma 2.3.

Yim0Clss = Caly

a+q+1
Eg:ngJrs = Cg——li—_;-i-l - Cgi;
E(SI:OCab—I-s = Cgi;-i-l - CSH
(36)
S1_o(s + )08, = (a+ 1)O%2, + CtL,
S o(s+1)Ch =+ DCH2 —COP+ (b—a+ 1)[COEL, —CO if a>b+2
SicoCarsCy=d = Colyfi™" if d <.
The proofs are elementary. We only write the last one.
kGt = kG (a—s) = Se20Ch e = Ciiik (37)
SO
Sio0Cirs ot = S0y =dShm0CaTt ih = Sheo¥imkCa{ ik Gyt
= X o Co T O = S 0Ca s Oria i = o = S20C04,Catid (38)
= ZomoCaiiire = Caitori
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Using this lemma, we obtain the dimension of the space A@

; (q9) _ ‘H—l m+n—2t—1 m+4n—t—1
DzmA - ( )Ct 1+sO +m+m—2t—s Oq+m+n t
q+1 m+n—2t—1 q+ m+n—2t—1 m+n—t—1
Ct 1+SC +m+m—2t—s + E C 1+SC +m—+m—2t—s + Cq-l—m—i—n—t (39)
q+1 m+n—2t—1 m-+n—t— m+n—t—1
- tz C 1+SC +m+m—2t—s Cq—l—m—l—n + C qgt+m+n—t

_ m+n—t m+n—t—1
th—l—m—i—n t + 2Cq+m+n—t’

3. TORSION’S SYSTEM OF THE 1-CAUCHY-FUETER EQUATION

As we saw in the introduction, the second step of the 1-Cauchy-Fueter complex involved the
non-homogeneous torsion’s equations of the 1-Cauchy-Fueter equations :

0%®y, 0%dy, 0%d; 0%d; 0%d, 0%d,
92119200  §i0,01 + 92k09,01  §,k1§H,60 + 92109k1 — §oilH, k0
for all 4,0, k dans {0,1,2,3}. It is easy to see that the left hand term is antisymmetric in (i, 0, k),
S0 igr must to be C-analytic in z = (2") and antisymmetric in (7,0, k) therefore gives an element

of A3(C[[Z]])*. In the following it will be clear that this condition is not sufficient to solve the
previous system. The linear system defining the torsion is given by

= Pibk; (40)

k k i i 0 o _
Pi190 — Pioo1 T Progt — Prieo T Piok1 — Pitko = Piok )
k k 7 7 0 (7 __ 9vigk
Pitgoi0 ~ Piogrio T Pros1io — Prigoto T Piok1io ~ Pitkoio = 510 (41)

k k i i 0 (2 _ Oviok
Pitgoi1 — Piog1i1 T Proorn — Prigoit T Piokun — Pitkonn = a1 o

where pfﬂq are symmetric by interchanging the pairs ij and lg and pfjlqpr are symmetric by
interchanging the pairs ij, g and qr. The terms at the right and left hand of the equality
are antisymmetric with respect to 4,60,k so it is enough to solve the last two equations with
i < 0 < k. Consider the form f = 37, 4, %deXi A dX? A dX* and suppose that we
can find a 2-form, u, with homogeneous symmetric polynomials of degree 2 as coefficients : u =
Zi, k0.0 apin X' X?d X ANdX* such that du = f then pfwozo := a;g; solve the second line of equations
of @Il On the other hand if we have solutions of the equations, we have a solution of du = f. By
classical results, this is possible if and only if df = 0. These conditions give :

0p; 0 0pii 0pii

%lek _ Ok Opun _ Opuo (42)

0210 0210~ 9200 k0
for all 4,60, k,1 € {0,1,2,3}. We can do the same thing with the third line equations 1] and we
obtain the condition

Ovior,  Opier, ~ Opuir  Oplig
_ 9 _ —0. 4
92 ozt T pum gt Y (43)

It is easy to see that the last equations are antisymmetric in ¢, 0, k, [.

The calculus of the torsion for the prolongation system is more technical. So we need the
following lemma;

Lemma 3.1. Let J = (ji,--,51) and A = (\1,--- ,\y) two multi-index We denote by J , J,

T TGy, T/ G-ty J/{Gi—as i1, g1} respectively. If X are numbers indexed by J and
furthermore if these numbers are invariant by permutation of two elements of J, we write X(z).
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Now suppose that we have the identity between the two following forms

k vl _ k S
Z [(X(J/)jl(A) X(J')k(A)) (X(J"jl)jlfl(A) X(Jﬁjl)k(/\))

Ji<ji—1<k
Ji _ i1 A) g x i Ji-1 k
+(X k)2 (A) X Ry A))] XM axn AdXI=1 AdX )
_ k oy - k oy
o Z [(X(J”)jl—l(le) X(J")k(jzA)) (X(J” )31 (Gi-1A) X(Jﬂ)k(qu/\))
Ji<ji—1<k
Ji—1 v (A) 1y Ji—1 k
Xy ™ X @)X X A DX A X,
Then the form
k Ji—1 k Ji—2
‘ Z [(X(J")jl,l(le) o X(J”)k(le)) o (X(ijzq)jzﬂ(jlf\) B X(ijzq)k(jl/\))
Ji—2<ji—1<k (45)
Ji-1 _ yJi-2 (i) Ji—2 Ji—1 k
+(X(Jmk)jzfz(jzf\) X(Jmk)jl—l(le))] X X naX ndX

is d-closed.
Remark 3.2. The two forms in[[]] are equal if and only if the form at left hand is d-closed.

Proof. By elementary but tedious calculus, it is easy to check that the coefficients of the exterior
derivative of the form defined in 45 is exactly the coefficients of the exterior derivative of this form

k _ oy _(xk _ oyt
> & = X)) ~ K iiam — X))

N<ji—1<k (46)
Ji _ ydi-1 (J") Ji Ji—1 k
+(X(J”k)jl,1(A) X(J,,k)jl(A))} XY dXINdXI 1 N dXE.
On the other hand it is easy to see that the last form is equal to
k Y I gxi k
d Zk(Xu’ ) ™ Xy X AX N dXT] (47)
Ji—1<

and so all the previous coefficients are zero.

To compute the torsion of the prolongation of the system HIl we have essentially to solve the
following equation with the given symmetric properties respect to the pairs of index for p®:

k k ; i 0 0 _ Ovigk
Pi16071A0 — Pi0g1J1A0 T Proo171A0 — Pk160J1A0 T Piok1J1A0 — Pilk0J1 A0 = 92719,A0 (48)

where j11--- 71 and A\0--- A0 denoted by J1 and AO.

Remark 3.3. Recall that the torsion for the first prolongation system defined by 41 is exactly the
compatibility conditions to have integral element for this system. We know that the torsion for
the initial system is exactly done by[44 and[{3 and so we have just to verify that the system [{8
has solutions under these assumptions.

Going through the algebraization of the problem, we have to find numbers indexed by J and
A, with a appropriate properties of symmetry, which satisfying:

Yame = Yomame) — eymy = Yanm) + Yemr — Yaomw) = 250 (49)
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where Z(i%f( A= %ﬁ is antisymmetric in 4,0, k and the parenthesis point out the symmetry
in the multi-indices. The form

> ZE o XMdxt A dx? A dx* (50)
<0<k

is d-closed if 42l and [43] are satified (it suffices to remark that the d of this form is the derivatives
with respect to z* 0 and 27! of B2 with A, instead of 1), so for fixing .J, we can solve but

perhaps without the symmetry with respect to J. Indeed we can symmetrise with respect to J
and obtain finally:

Yime) = Yomae) — Vemiy — Yimms) + Veam — Yonioaw) = 205w (1)

We point out here that [BI] has a solution if and only if B0l is d-closed and so it is a necessary
condition to solve @@l The equation [51lis the first step of the construction now we have to obtain
one more symmetry between J and i, J and 0, J and k. All the solution of 5] are deduced by the
sum of the previous one and the following term: Y(]f])i(AG) +X(I€J)(iA0)' We want to choose X(kJ)(iAO)
such that

Yhiey T X(naae) = Yinrwe) — Xnwas) = Y7o = Yk ae)- (52)

It is enough to find X (kJi) Ag Which satisfy 52 and symmetrise with respect to Af. A necessary and
sufficient condition to get [b2]is the following:

> (s + XEnane) — Vnrwo + Xnywan) XX A dXE = d( DV ap X dX")
i<k
(53)
which is equivalent to
k i k J i J
Ynicne) = Yinrme) = Virasme ~ Y(}’wk(Ae)) + ka0 — Y(}’kﬁ(Ae)) (54)
Ji i

_ k i k _xJ
- (X(J)(iAO) a X(J)(kAG)) + (X(J’z')(jl/\e) a X(J’z’)(kAG)) o (X(J'k)(leG) X(ff’k)(me))‘
The form at left hand of the equality is antisymmetric in (4, j;, k) and the form
k i k J i J
Z ((Y(J)i(AO) o Y(J)k(AO)) o (Y(J'z')jl(AO) a Y(}’i)k(/\e))Jr(Y(J’k)jl(Ae) a Y(}’k)i(AG)))
i<ji<k (55)

XWDgxi A dx AdX*
is d-closed thanks to 42l and 43l So it is equal to

k _ oy (iA0) j k
d( 2<X(J’)jl(iA0) X(Ll]')k(iAG))X dX? ndX )’ (56)
a<

we solve for fixing J and we symmetrise with respect to. With the help of 55, we have [54] with

k . k . . . . . .
X (7' )71 (iA6) instead of X( T)(iA6)" To override this commutation failure, we correct again in the
following way: X(kj,)jl(me) + ZZ“J,)(J,”,M) such that the form
k k _(xI j ) avi kY _
d( Z ((X(J')jl(iA()) - Z(J')(jliAé))) (X((l]')k(iAé)) T Z(}’)(kiA@)))X dXh A dX ) =0 (57)

Ji<k
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Using the same argument as to obtain 54 and B3] to get 67 the following form must be d-closed:

k 1 k -t
2 (K = Xrrine) ~ X iniaaan ~ X(mionane)
Ii<ji—1<k (58)

Ji oy (iA0) 7 v 31 Ji—1 k
+(X(J,,k)jl71(m6) X(J,,k)J(AG)))X dX7 A dXT-1 A dXE.

Using lemma B with J = (J,i) and A = (A, ), we obtain without difficulties that 58 is d-closed

(it suffices to remark that the d of this form is the derivatives with respect to 27 1 and 220 of {3

. PR k .
with j; instead of [) and so we get a form Z( o1 (i) instead of Z(J )( /ing) * We can use this
Now the last

process up to obtain Z¥ and we modify again by a form Z* 1o A0

J1j2(jaja--jiiA0)
form has no commutation failure so we get the identity:

k J J
(Zjljz(j3j4~"jli/\9) + Z 1(j2- Jﬂ/\e)) (ijk(j3j4---jli/\0) T ij(kj3~~~jliA0)) (59)
- Z(j1j2)(j3j4"'jli1\9) o Z(jlk)(j3j4”'jliA9).

k k
Grjo)ia(Gar-1i00) PY Z(juja)iata- mAe>+Z(j1j2>(j3j4 Juirg) to get a form
So we can go back up to the term Y(J) (A6) that we will be change by Y(J) o)+

We can modify now Z¥

Zk
(j15273) (Ja---51iA0)"
Zé‘f])(m@) such that

Yo + ZEnans) — Ynrae) + Zinwas) = Ynwe — Yoo (60)
and finally Y(’fh.)( A0) is a solution of

Remark 3.4. Indeed all arguments above are still available in C*™, we have the torsion’s system
in the general case.

4. TORSION AND COMPLEX ASSOCIATED TO THE KERNEL OF A PARTIAL DIFFERENTIAL
SYSTEM OF ORDER ONE WITH CONSTANT COEFFICIENTS

In this section, we consider a linear homogeneous system of PDE with constant coefficients of

order one denoted by A: Ea;’;P; =0withl<m<a,1<i<g,1<j<n and the standard

notations P; = g%. We recall that AY is the set of 1-jets solutions of A and A' is the set of

2-jets such that ) a] Pl] =0 for all {.

Definition 4.1. We say that the sequence of 1-jets (Plij)th (Pzij)jzg, e ,(Péj)jzk is k-reqular
if and only if (P} ) € AY and

aji Pl + - +a "Zzlp(zl Za ‘P,
j>l

for all2 <1< k.

Remark 4.2. We can adapt easily the previous definition for A linear partial differential system
with constant coefficients for which the matriz of total symbol contains only homogeneous polyno-
mials of order ~v. The previous definition depends of the coordinates but it becomes coordinates
free if we consider only generic coordinates (see [BCGGG], pp 119), it will be more clear in the
following.
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Definition 4.3. We say that A is in involution if and only if all k-reqular sequel can be ex-
tended by a k+ 1-regular sequel. More precisely : if (Py;)j>1, (Py;)j>2, -, (Pp;)j>k s a k-regqular
sequence, there exists (P(k+1) )j>k+1 such that (P1])3>17(P2])3>2,”' 7(Pl§j)j2k’(P(k+l) )j>k+1 08
k + 1-reqular.

We will see in the next proposition that the involution in the previous sense, is exactly the
same than the involution of the tableau associated to A in the sense of Cartan (see the definition
below). So generic coordinates for this notion of involution is the same than generic coodinates
for Cartan’s tableau involution.

Proposition 4.4. A is in involution if and only if the tableau associated to A is in involution in
the sense of Cartan.

Proof. A tableau is in involution in the sense of Cartan if and only if dimA' = dimA° + dimA? +
-+ dimA%_| where A? is the set of one jets in the variables x;11,---, 2, solutions of A. If
(Plij)l,jzl a 2-jet is in A' then
CLZ‘LPM =0, aszj =0,--, ZP,% 0,
with the usual notation: if an index is repeated then we sum with respect to it. Using the last
equalities, we deduce that (Pf]) € A" implies that (Pfj) is in A° and

aji P+ - + a?&_nP&_l)z

is in the image of the endomorphism defined by > Pl] denoted by A[ }1 forall 2 <1 < n.

Now it is obvious that always
dimA' < dimA® + dimAY + - - + dimA°_,

On the other hand, the equality dimA' = dimA® + dimAY + --- + dimA%_; is obtained when
all l-regular sequences of jets, (Pfj)jzl, (P2"j)]22, e ,(Plij)th can be extended in a [ + 1-regular
sequence of jets for all 2 <1 <n — 1. O

]>l i

Remark 4.5. The last proposition says exactly that we can construct all the 2-jets in Al only
with the help of any 1-jets in A° which is completed like in the previous proposition. Clearly this
proposition can be adapted mutatis mutandis if AP is in involution with p > 0.

Let us consider, A and B two partial differential operators of order one with constant coeffi-
cients:

dapPl1<m<ao, 1<i<f, 1<j<n (A),

Qi 1<m<y,1<i<a, 1<j<n (B).

The operators A and B induce two endomorphisms on the sets of one jets which, by abuse of
notations, we denote by A and B too. Similary the operator A induces an endomorphism denoted
by A! on 2-jets which is obviously defined by

We can define A? in the same way. Suppose that the following sequence of endomorphisms is
exact:

52 —> ST —> SOn,
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where Slin are the sets of i-vectors valued jets of order [ in n-variables. We want to show that the
involution of A (the PDE system associated to .A) is a hereditary property by the previous exact
sequence. First, we etablish this lemma:

Lemma 4.6. Suppose that the tableau associated to A is in involution and
1
Sh % 55, B 57,

is an ezact sequence, then the tableau associated to B (the PDE system associated to B) is in
involution if and only if

R0 s of
dimBj = dzmSz(n_j)

Remark 4.7. In fact, the operator B is so called the torsion of the system A because by definition
of the torsion, the sequence

—dimAj V1<j<n-1

1
sp & 5p Bosy
1s exact. But in general, the associated sequence of PDE system is not exact, because the tableau
associated to A is not necessary in involution.

Proof. The tableau A is in involution so a jet in Sg, is in Im(A?) if and only if it is in B! = ker(B')
and therefore we have the following equality dimB' = dimSgn — dimA?. On the other hand, if
the tableau associated to A is in involution, dimA? = dimA! + dimAl + -+ dimAL_,. Clearly

we have dimB® = dimker(B) = dz’mSQBn — dimA! and dimB? > dimsg(n_j) — dz’mAjl- for j > 1.

If the equalities hold for all j > 1, we have

n—1 n—1
dimB' = dimSy, — dimS5, = dimSy, . +dimB®+ " dimB.
j=1 j=1

But elementary calculation gives
n—1
dimSy, — dimSh, =Y~ dimSy,_ =0,
j=1

and therefore the tableau associated to B is in involution. Conversely if there exists j such that

dz’mB;] > dimsg(n_j) — dz’mA} then
n—1
dimB' < dimB° + " dimBY.
j=1

We can now prove the hereditary property for the involution

Proposition 4.8. Under the assumptions of the previous lemma, the tableau associated to B is
in involution.

Proof. According to the lemma 4.6, we have to prove that a 1-jet (0") € B® = ker(B) = Im(A!)
with (0) = 0 for all 1 < [ < k, is the image of a 2-jet in Al P, with P = 0 for all
1<landj<k.
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- Suppose k = 2, we have > al Pl] =g foralll>2, > a” Plj = 0, and therefore
afi Py + Y al Py =0y,
Jj>2
which is the same thing, thanks to the commutating properties of 2-jets
afiPly+ Y all Py = 03",
Jj=2

Using the proposition 4.4 and the definition 4.3, we obtain the existence of a one jet (1P2ij)j22

such that
= APy + Y ali Py =05,
Jj=2 Jj=2

that is to say

Z alt (= 'Py; + Py;) = 05"
J>2

So we put (Pfj)jzg = (='P}; + Py;)j>2 and we want to construct a 1-jet (I:’?Z?’)jzg with the
appropriate commutating properties with respect to (P2m) j>2. We start with the equality
P31+ZCL ng —63,
j=2
which can be write obviously
al Pl + Pl — aBPis + Y altPL = 07
i14713 T Qi L3 — Qi 1793 ij L 3; 3
Jj>2
With the help of proposition 4.4 and the definition 4.3, we get
= " aPy; — ay'Pyy + a3 Py + > aji Py = 03",
>3 >3
and finally
opi . .. o .
BiPs + a3 Pio + Y all(— 2Py + Piy) = a3 Pys + > ajt(— 2Py, + Pi;) = 0F"
ji>3 Jjz3
. . . =7 e 2 y y
and therefore we have the commutating propert1es~needed, if we put (P?fj) j>3 = (— Py, +P§j)j23.
Suppose that we have choosen in a similar way (Fy;);>k := (—(k_l)P,ij + Py;)j>k for all k <1, we
want to construct a 1-jet ( (l +1); )j>1+1 with the required commutating properties with respect to
(15,; ;)j=k for all k < 1. We start with the equality

l

Hp
P(l+1) = aj} P} 11+1) T Z agy Ry J(l+1 Zaw J(l+1 + Zaw Pi; =01y,
Jj=2 Jj=2

we use again proposition 4.4 and the definition 4.3 and we get:

1
= D a Py, Z“m] (1) +Z%P(l+1 + Y Py =0

J>l+1 Jj=2 j>l+1
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which can be written
l
> @G (=P + Pang) + Dol (9P + Py) = 072
j>l+1 Jj=2
and so

l
> (=P + Plsny) +Z% i+ = Ot
G>1+1

therefore we choose (P(l+1) )j>i41 = (-'P} Gy T P(l+1) )j>i+1- The proof is complete for a jet
(07) satifying (67") =0

- If k is bigger than 2, we have a jet (0") € B® = ker(B) = Im(A') with (") = 0 for all
| < k and we want to show that this 1-jet is the image by A' of a 2-jet (Pi)lj with Pf] = 0 for
all 1 <l and j < k. We proceed by induction on k: the induction hypothesis implies that the
restrictions of the endomorphisms, A' and B, to the plane generated by the variables zj_1,--- ,zp
define an exact sequence. Furthermore the restriction operator A to the plane xp_1, - , T, is still
in involution: the involution property is stable by restriction on plane generated by xp_1 - - Ty;
it is a well known fact (see for example the characterization due to Matsushima of involution in
[M] and [BCGGG] pages 119 and 120) but it is a nice exercise to see this with the help of the
proposition 4.4. Therefore all the assumptions needed are satisfied to apply the previous case for
k = 2 to the endomorphisms restricted to the plane xx_1,--- , xy,.

O

In the following, we construct the complex associated to a linear operator differential of order
one, Ay with tableau in involution, using the previous result. Let Ag = a;y ‘35 with 1 < m <
a, 1 <i< B, 1<j<n. We suppose that the endomorphism induced by Ag between the space
Slﬁn and S, is surjective. The torsion Ay, which is only a representative of the class of equations
which define Im(.Ay) in S{,, with minimal number, define a differential operator of order one
denoted by A; too. Similary by induction, we define A; operators of order one for all i € N. By
the previous result, all the A; are in involution and by the Cartan-Kahler theorem we have the
exact sequence S (possibly infinite):

w ny\ 68 A w nyyo A w ny) & A;
(Cx (R™)” = (Co (R™) "5 (Co (R™)) ™o S
where (C;‘g (R”))a is an a-vector with entries germs in z¢ of real analytic functions on R".
Proposition 4.9. The exact sequence S is finite.

Remark 4.10. Although all the previous facts are elementary, we do not have an elementary

proof of this fact. The involution of the operator A; implies subtle combinatory properties on the

dimension of the tableau associated to A; which we are not able to treat with simple arguments.
With the help of theorem A in [N|, the above complex is exact on C*°(Q) with Q convex.

Proof. By classical results (see for example, [N] theorem A), the previous exact sequence give the
exact sequence below:

c[x])? Y cxpe LY e ED L

where A;(X) is the matrix symbol associated to A;. This exact sequence give a resolution of
finitely generated graded C[X]-module defined by the kernel ‘Ay(X). The Hilbert Syzygy theorem

tw)
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give a unique finite free resolution of length [ < n+1 up to complexes isomorphism (see [Ei] for the
classical facts on Hilbert Syzygy theorem). The matrix ‘A; contains only polynomials of degree
one, so the above resolution is minimal and finite by Hilbert Syzygy theorem. g

Remark 4.11. The Dolbeault complex is relevable of the previous construction: the Cauchy-
Riemann equations are in involution in sense of Cartan (See  BCGGG]| pp 155-156). The Cauchy-
Fueter complezx is particulary interesting because the Cauchy-Fueter equations do not have tableau
in involution. So we cannot apply the above proposition and indeed the compler contains an
operator of order 2. We are going to develop this example in the next section.

5. THE CAUCHY-FUETER COMPLEX

We begin with the simplest but illuminating example of PDE system with a tableau which is
not in involution and so it cannot be treated as before: the Cauchy-Fueter equations in R®. Using
the coordinates 2, z*! as in [WW2], section 2 and 3 give two operators, torg and tor; (remenber
torg is a PDE system of order 2 not of order 1), such that the following sequence is exact:

(C(R®))*  (C*(R%)* " MRS, A(C) " AR®,C* @ AY(CY)
where C*(R®) are the germs of real analytic functions with values in C, A(R®, A3(C*)) are the
3-forms in C* with coefficients in C*(R®) and A\(R®, C? ® A*(C*)) are the 2-vectors with entries

4-forms with coefficients in C*(R®). Clearly this exact sequence induced an exact sequence of
endomorphisms between spaces of jets:

k+1 k
9 CFk+3 4 toro 4 tOT’1 2
Stz = Skezs 7 Sit)s — Ske-

Now using the rank theorem, it is obvious to see that
dim(Im(tort)) = dim(S(yy1)s) = dim(S{yay) + dim(SGi s 4)5) — dim(ker(CF*%)),

where dim(ker(CF**3)) is nothing else than the dimension of the tableau of order (k + 3)
associated to the Cauchy-Fueter equations (see section 2). Now using (39) in section 2 with
m =n =t = 4, we have dim(CF*+3) = AC7 . +2C} .. On the other hand, dim(S},) = pCrt

k+n—1
and therefore the difference dim(Im(tort)) —dim(SZg) is a polynomial of degree 7 in k. Moreover
we can prove after elementary calculus that this polynomial is zero for £ = 0,1,--- , 6,7, therefore

this polynomial is 0 which gives the Cauchy-Fueter complex in R3:
(C”(R))2 L (Cv(R®))* 2P AR®, A3(Ch)) 5 AR, C% @ AY(CY)) — 0.
In R*" the complex is longer and we need some technical lemmas to construct the torsion of tor

and so on... Nevertheless, we can do it in the same spirit of the section 3 but the calculus are
tedious and there is no additional ideas, so we do not included the proof in this paper.
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