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Optimized Grobner basis algorithms for maximal determinantal
ideals and critical point computations

Sriram Gopalakrishnan*
Sorbonne Université, CNRS, LIP6
F-75005 Paris, France

ABSTRACT

Given polynomials g and fi, ..., fp, all in k[x1,...,xn] for some
field k, we consider the problem of computing the critical points

of the restriction of g to the variety defined by fi =--- = f, = 0.
These are defined by the simultaneous vanishing of the f;’s and all
maximal minors of the Jacobian matrix associated to (g, fi, ..., ﬁ,)

We use the Eagon-Northcott complex associated to the ideal gen-
erated by these maximal minors to gain insight into the syzygy
module of the system defining these critical points. We devise new
Fs-type criteria to predict and avoid more reductions to zero when
computing a Grobner basis for the defining system of this critical
locus. We give a bound for the arithmetic complexity of this en-
hanced F5 algorithm and compare it to the best previously known
bound for computing critical points using Grébner bases.

KEYWORDS

Grobner bases, critical points, optimization, real algebraic geometry

1 INTRODUCTION

Motivation and problem. Let n € Z-, k be a field with algebraic
closure k, and R,, = k[x1,...,xn] be the ring of polynomials in
X1, ..., xn with coefficients ink. Consider a sequence F = (fi, ... ,ﬁ))
of polynomials and another polynomial g, all of them in R}, and the
Jacobian matrix jac(g, F) associated to g and F. We denote by (F)
the ideal of R, generated by F, and by Ip+1 (jac(g, F)) the ideal gen-
erated by the maximal minors of jac(g, F). We consider the problem
of computing a Grébner basis of the ideal

I(g,F) = (F) + Ip+1 (jac(g, F)) .

When (F) is radical, is equidimensional of codimension p, and de-
fines a smooth algebraic set V (F) in k”, the algebraic set V(I (g, F))
in k" defined by 7 (g, F) is the set of critical points of the restriction
of the polynomial map defined by g to V(F). Such sets arise in
many areas such as polynomial optimization [21, 22], real algebraic
geometry [28, 29, 31, 32] and their applications in sciences such as
robotics [5-7, 35] and biology [24, 36].

Grobner bases. Throughout the paper, we assume that the set
of critical points under consideration is finite. To compute these
critical points, we solve the system consisting of (f1, ..., fp) and the
maximal minors of jac(g, F). While several recently developed algo-
rithms for solving such systems use symbolic homotopies (see e.g.
[23, 25]), we focus here on algebraic algorithms, based on Grobner
bases. These are central in the area of polynomial system solving
through computer algebra. We refer to [9] for a reference text-
book on Grobner bases. The classical two-step solving strategy
consists in first computing a Grébner basis for 7 (g, F) with respect
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to the graded reverse lexicographic (grevlex) order, and then using
a change of order algorithm to obtain a lexicographic Grobner basis
for 7 (g, F), from which the solutions can be read off.

Our focus in this paper is on the first of these two steps, which
is nowadays frequently the most expensive of the two [2, 16].

Evolutions of Buchberger’s original Grébner basis algorithm
[4] have led to linear algebra-based algorithms, which go back to
Lazard’s algorithm [27] and include the now standard F4 and Fs
algorithms [14, 15] which have shown their practical efficiency.

These algorithms work by row echelonization of Macaulay ma-
trices, whose columns are indexed by the monomials of R, up to
some degree d and sorted by grevlex, and whose rows store the
coefficients of the input polynomials multiplied by the monomials
required to reach the degree d. If d is large enough, the obtained
echelon form yields a Grobner basis [27]. This large enough degree
is often called degree of regularity. Successive enhancements of
this approach have culminated with the Fs algorithm [15] (see also
[11]), which manages to a priori discard rows that would otherwise
reduce to 0 upon echelonization. It has been shown that for se-
quences of polynomials that are generic (in the sense of the Zariski
topology), the so-called Fs-criterion detects all reductions to 0 a
priori, and F5 thus saves all computations related to them. A key
observation behind this criterion is that these reductions to 0 come
from the Koszul syzygies, induced by the commutativity of the
multiplication in Rj,. This yields faster Grobner basis computations
for ideals generated by such generic sequences [1].

However, it is not the case that the Fs-criterion eliminates all
reductions to 0 on classes of structured systems, including the ones
defining critical points. For these systems, it has been established
[33, Thm. 3.4] [17] that under genericity assumptions on (g, F), a
grevlex Grébner basis of 7 (g, F) can be computed using

olle+f L))

operations in k; this is done by determining the degree of regularity
of the ideal. (Here, w > 2 is a feasible exponent for square matrix
multiplication over k.) The goal of this paper is to introduce a crite-
rion, for critical point systems, that complements the Fs-criterion
so as to avoid more reductions to 0 and thus gain in efficiency.

Contributions. It is known that the Fs algorithm can be enhanced
with some insight into the syzygy modules associated to the gener-
ators of the ideal under study [11]. This is exploited in [20, Algo. 3],
where a free resolution is used to obtain generators for each syzygy
module, allowing then to call the F5 algorithm to compute Grobner
bases without reductions to 0 for the syzygy modules and finally
for the ideal itself. The latter reference studies the case of square
matrices with rank deficiency, which leads to considering free reso-
lutions of a fixed length, whose boundary homomorphisms admit
transparent enough descriptions that computing syzygy modules
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from them is a straightforward process. In contrast, here we have
to deal with a more involved complex, namely the Eagon-Northcott
one [10], whose length depends on the size of the matrix under
consideration. It is thus not clear that computing Grobner bases for
the syzygy modules could lead to an efficient algorithm. Still, the
specific nature of syzygies between maximal minors allows us to
take a more sophisticated approach for the detection of reductions
to 0.

We actually analyze the first syzygy module of the Eagon-North-
cott complex and exhibit a submodule of its leading terms (w.r.t.
some module ordering induced by grevlex). This has a simple algo-
rithmic consequence: by incrementally computing Grébner bases
of ideals generated by the leftmost entries of the considered matrix
(which fits perfectly with the incremental nature of Fs), one ob-
tains enough information to easily identify a submodule of the one
generated by the leading terms of the first syzygy module. When
combined with the syzygy criterion of F5 (see [11, Lemma 6.4]), this
allows us to discard a significant number of rows in the Macaulay
matrices that arise when computing critical points. This technique
can also be used for pure determinantal ideals, i.e. ideals generated
maximal minors of a given matrix with entries in R,,. Hence, all
in all, we obtain a new Fs-type algorithm dedicated to systems
involving the maximal minors of a matrix with entries in R;, that
avoids some reductions to 0 that the Fs-criterion alone does not
avoid.

Quantifying the resulting complexity gain is challenging. As
usual for analyzing Grobner basis algorithms, one needs genericity
assumptions. Here, genericity regards the coefficients of F and g,
and we assume a variant of Froberg’s conjecture. We show that the
extra computations performed to identify some of the leading terms
of the first syzygy module is negligible compared to the cost of
the whole computation. To obtain a complexity estimate, we count
those leading terms, which provides a lower bound on the number
of rows of the Macaulay matrices which our approach discards. The
obtained formula is rather involved, but much more precise than
an analysis based on the degree of regularity alone.

Our complexity analysis does not take into account all rows
removed by the full syzygy criterion. Hence, it is plausible that
our complexity bound may be improved in the future. Since the
complexity bound that we give is rather involved, we evaluate
the number of rows in the Macaulay matrices that we build for
certain parameters. Comparing this count to the upper bound on
the number of rows built by Lazard’s algorithm obtained in [33,
Theorem 3.4], we see that the complexity bound improvement that
we obtain is at least polynomial in n and that, if we were able to
take into account the full syzygy criterion, it may be exponential
in n.

Outline. Basic notions from algebra and signature Grobner bases
are recalled in Sections 2 and 3, respectively. In Section 4, we present
constructions on which the Eagon-Northcott complex relies and
show how to use them to obtain a new F5-type criterion. In Sec-
tion 5, we apply this criterion to design a Grobner basis algorithm
dedicated to critical points. Finally, Section 6 carries out a complex-
ity analysis of that algorithm under genericity assumptions.
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2 PRELIMINARIES

In this section, we recall the basic constructions and establish the
notation upon which we rely throughout the paper.

Polynomials and matrices. We denote by R, = k[x1, ..., x,] the
ring of polynomials in n indeterminates over k. For a module M
over a ring R and a subset F C M, we denote by (F)) the R-
submodule of M generated by F. In particular, if M = R, so that
F C R is a collection of elements of R, the R-submodule (F) of R
is the ideal (F) of R generated by F.

For a € Zgo, we take x% = xf” < xg" € Ry Ford € Zs, we
denote by Mony (Ry) the set of monomials of R, of degree d.

For a ring R, we will denote by RP*9 the set of matrices with
p rows and g columns with entries in R; this is a free R-module
of rank p - q. Let A € RP*9, and let r € {1,...,min(p,q)}. Let
1<ip<--<i <pandl < j; < -+ < j < gqbetwo
strictly increasing sequences of integers. We denote by [i1 - - - i, |
J1 -+ Jr]a the r xr submatrix of A with rows indexed by (i1, ..., i)
and columns indexed by (j1, . . ., j-). We denote by F; (A) the subset
of R consisting of the minors of A of size r X r, and by I, (A) =
(Fy (A)) the ideal of R generated by F, (A).

Modules and bases. In order to introduce the portions of the
Eagon-Northcott complex which are relevant to us, we will need to
briefly use the language of tensor, symmetric, and exterior algebras
(we refer to [26, Chap. 16,19] as a reference book on these topics).
As such, we introduce their notation and canonical bases.

A ring R is called graded if, for each integer d > 0, there ex-
ist additive abelian groups R[4 such that R = P R[q) and
Ria1R[e] € R[d+e]- The elements of R[] are called the homoge-
neous elements of degree d. Our prototypical example of a graded
ring will be the ring R,,. Here, k[x1, ..., xn][4] consists of the ho-
mogeneous polynomials of degree d (together with 0, which is, by
definition, homogeneous of every degree).

A module M over a graded ring R is called graded if, for each
d > 0, there exist abelian groups M) such that M = @?:0 My
and R g)M[e] S M[d+e]- For anintegers > 1, R® naturally carries
the structure of a free R-module of rank s. We take as a basis for R®
the standard basis vectors {e; : 1 < i < s}. If R is graded, it induces
a natural grading on all free modules R°. For a graded module M
and e € Z, we denote by M(e) the module M with the grading
such that M(e)[q] = M[dse]-

For s € Zs¢, we call an element of R} a monomial if it takes the
form x%e; for some a € Z; pand1 < i < s. Note that R, is naturally
graded by degree and thus so is RS. We denote by Mony (RS,) the
set of all monomials of R}, of degree d.

The tensor algebra of a module M over aring R is denoted T(M)
and is defined by T(M) = @20:0 M®@_Explicitly, for pure tensors
fi®--®fe M®@andg ® - ® go € M®® of ranks d and e
respectively, we have

(8 -8f) (918 -8ge) = fi®---8f38g18---Bge € MP(+).

The algebra T (M) carries a natural grading as a ring, wherein its
homogeneous part of degree d is precisely the R-module M®¢.

PRropPOSITION 2.1. [12, Cor. A2.3] Let R be a ring and let M be a
finite free R-module with basis e1, . . ., es. Then for any integerd > 1,

175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231

232



233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289

290

Optimized Grébner basis algorithms for maximal determinantal ideals and critical point computations

M® s a free module of rank s® and the set {e;, ® - ®ejy: 1<
i1,...,ig < s} is an R-basis for M

The symmetric algebra Sym(M) of a module M over a ring R
is simply the quotient T(M)/{u ® v —v ® u : u,v € M). The grad-
ing on T(M) naturally induces a grading on Sym(M), wherein
the homogeneous part of degree d of Sym(M) is called the d-th
symmetric power of M and is denoted Sym (M).

The exterior algebra of a module M over a ring R is denoted
A (M) and is defined by A(M) = T(M)/{(x ® x : x € M). We
denote by fi A --- A f; the image of the pure tensor fi ® --- ® f; in
A\ (M). The grading on T (M) described above naturally induces a
grading on A\ (M). In this case, the homogeneous part of degree d of
A\ (M) is called the d-th exterior power of M and is denoted ALM).
As in the case of M®, the abelian group /\d(M) naturally carries
the structure of an R-module.

PROPOSITION 2.2. [12, Cor. A2.3] Let R be a ring and let M be a
finite free R-module with basis e1, . . ., es. Then for any integerd > 1,
A4 (M) is a free module of rank (5) and the set {e; ® ---®ej, : 1 <
i1 <+ <ig < s} is an R-basis for /\d(M).

For amodule M over aring R, we denote by (M)* = Hom(M, R)
the dual module of M. A sequence (fi,...,f;) € R is said to be
M-regular if f; is not a zero-divisor in M and, forall 2 < i <,
f; is not a zero-divisor in M/(fi,..., fi—1). If 7 is an ideal of R,
the grade of I with respect to M, denoted grade(Z, M) is the
length of a maximal M-regular sequence of elements of 7. We
take grade(J) = grade(Z,R).

Hilbert functions. For a graded module M over R, equipped
with its natural grading by degree, the Hilbert function of M is
defined by HF p((d) = dimy(My). The Hilbert series Hp((t) =
Sas0 HE p((d)t? € Z[[t] of M is the generating function of HF 5 (d).

THEOREM 2.3. [12, Thm. 1.1] If M is a finitely generated graded
module over Ry, then HF y,(d) is, for sufficiently larged, a polynomial
Ppq(d) of degree at mostn — 1.

Pursuant to Theorem 2.3, the polynomial P (d) is called the
Hilbert polynomial of d. The Hilbert regularity of M, is the smallest
integer d such that for all d’ > d, HF p((d") = Ppq(d’).

Syzygies and free resolutions. Free resolutions are a fundamental
construction, with many general properties [12, PartIII] [9, Ch. 6].
Again, we recall below only what we need for our purposes.

Let R be a ring and M a finite R-module. An exact sequence

3’—“—>8le81$603/\4—>0
is a left resolution of M. The maps 0; are boundary homomorphisms,
and the map € is an augmentation homomorphism. If for each i, the
module &; is free, then the resolution is a free resolution. For the
sake of brevity, we will often refer to a resolution as above simply
by (Ee = M, ds). We call sup{i € Z : & # 0} the length of the
resolution (&, — M, d,). The length of (E« — M, d.) could be

infinite and free resolutions of finite length are finite free resolutions.

THEOREM 2.4 (HILBERT’S SYZYGY THEOREM, [12, COR. 19.7]). Let
M be a finitely generated k[x1, . .., xn]-module. There exists a free

resolution (Ee 5M, de) Of length at most n.

When R is graded and M is a graded R-module, M possesses

a free resolution (&, 5M, de) Where each &; is graded so that
the boundary maps 9; and the augmentation map € are graded
R-module homomorphisms. Such free resolutions are called graded

free resolutions. Graded free resolutions (E. S5M, de) such that
the ranks of each of the &; are minimal are minimal free resolutions.

Let Rbearing and F = (fi,..., fs) € R a sequence of elements
of R. We define the syzygy module of F to be the R-module

Syz(F) ={(g1.....9s) € R* : g1fi + -+ +gsfs = 0}.
If (Ee 5 M, ) is a free resolution of length ¢, with rank(&;) = r;
then Syz(e(ey),...,€e(er,)) = ker(e) =im(d;) and foreach 1 < i <
t, Syz(9i(e1),.. ., di(er;)) = ker(d;) = im(djs1).
The following consequence of Hilbert’s syzygy theorem eluci-
dates the connection between free resolutions and Hilbert series.
COROLLARY 2.5. [8, Thm.4.4] Let R be a graded ring, let M be

a finitely generated graded R-module, and let (Ee 5 M., d.) bea
finite graded free resolution of M of length {. For any 1 < i < ¢, let

si = rank(&;) and write &; = DL, R(-d)). Then

iws;  k+d—dY) -
HF p(d) = S (-1 55, (0%

Genericity. Several of our results rely on genericity assumptions.
Let Mony (Rp,) be the set of monomials in R, of degree d. For
n,d € Zso, and a set ¢ = {¢; : 7 € Mong (R)} of indeterminates,
we call the polynomial

fzn,d) = ZreMond(Rn) &t € Rnlc]
the generic homogeneous polynomial in n variables of degree d. A
n+d—
point ¢ = (¢; : 7 € Mong (Ry)) € ACED) defines a map
P : Rule]l > Rns cr o cr
which maps fEn’ d) to a homogeneous polynomial of degree d.

Let (dy,...,ds) € ZS>0 and let c(l), el ¢(%) be sets of indetermi-

nates, with ¢(!) = {cﬁi) : T € Mong, (Rp)} foreach 1 <i <s.Fora
n+d;—
point ¢ = (c(l), . .,,c(s)) €[5, A( i 1), the map

de i Ru[cD, ¢ 5 Ry oD s D

o) )
En,dl))’ e d’C(f:n,ds)

¢C(TE:,)di)) homogeneous of degree d;, for each 1 < i < s. Given

defines a sequence of polynomials (¢ (f )), with

such a point ¢, we will simply denote by ¢C(f(l’l,d1,...,d§)) the se-
quence of polynomials defined by c in this way.

Similarly, let p,q € Zso withq > pandfor1 <i<p,1<j<gq,
let dj j € Z>o and let ) = {c;i’j) ITE Mond(m (Rn)} be a set

of indeterminates. For a sequence of points ¢ = (D, )
d; j-1

with ¢(BJ) ¢ A(n n-1 7 the map

fe : Ralc B, PD] 5 Ry 1) s o)
(&)
(nd; )
quence of points ¢ = (¢(1V, ..., ¢(P9)), we will simply denote by
¢C(f(n,d,- j)) € RE™ the p x g matrix defined by ¢ in this way.

defines a matrix (¢, (f ))ij € Rﬁxq. Again, given such a se-
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The following important fact is what will allow us to use the
Eagon-Northcott complex to compute syzygies amongst maximal
minors of polynomial matrices.

PRrOPOSITION 2.6 ([3, THM. 2.5]). Letn,p,q,dy € Z>o withq > p.
n+dy—
Then there exists a Zariski open subset U C AP0 such that for
allce U, grade(lp(¢c(f(n)d0)))) =q-p+1

3 SIGNATURE GROBNER BASES

From here on, we take > to be the graded reverse lexicographic (or
grevlex) order on Ry, and >OT to be the corresponding position
over term (or POT) order on R} (see e.g. [8, Def. 2.4, p211]).

Grobner bases and modules. By Proposition 2.2, if M is a free
Rp-module of rank s, then /\d(M) is also a free Ry;-module of rank
(2) Since the basis we fix on /\d(M) is not indexed by the integers
1..., (2) we slightly generalize the definition of the POT order: for
a, € ZL ) and two strictly increasing sequences 1 < iy < --- <
ig < 5,1 <) <0 <i) <5, we take x%(ej, ® - ® ej,) >POT
X‘B(ei; ® -+ ® ey ) if and only if (i1,....iq) >lex (if,...,1) or
(it,. o ig) = (i],..., 1)) and x* > xP.

The set of all monomials of R, (resp. R;;) forms a basis for R,
(resp. R;,) as an infinite-dimensional k-vector space. The leading
monomial of an element f € Ry, (resp. f € R}), denoted LM (f)
(resp. LMEOT (f)) is the largest monomial, with respect to > (resp.
>POT) which appears in the unique representation of f in this
k-basis. We naturally extend the leading monomial notation to sets:
for a set F € RS, LMYOT(F) = (LMEOT () : f € F}.

For some s € Zs, a > OT-Grobner basis of a submodule M C R
is a set G € M such that {LMPOT(G)) = (LMEOT(M)). When
s = 1 so that =FOT coincides with > and M is an ideal of Rn, we
call a >POT_Grébner basis of M a >-Grébner basis.

Macaulay matrices. For integers s,n € Zsoandaset F = {fi,.
R;, of homogeneous elements, the Macaulay matrix of F in degree
d with respect to >POT denoted M 4(F), is constructed as follows:
its rows are indexed by the set [J;_;{re; : T € Mong_geg 1, (Rn)},
its columns are indexed by Mon, (R5), ordered decreasingly by
>POT "and for some 1 < i,j < sand 7 € Mong_geg f; (Rn), 0 €
Mony (RS), the entry of the row indexed by re; in the column in-
dexed by oe; is the coefficient of oe; in 7f;. The monomial re; is
the signature of the row of ./#;(F) which it indexes.

For 1 < i < t, we abbreviate /M ;(F) = My({f1,. ... fi})-

A valid elementary row operation on a Macaulay matrix .#;(F)
consists in adding to a row of .#;(F) with signature re; a k-multiple

of a row with some signature cej, where re; >POT

oej. Finally,
we denote by /%}(F ) a row-echelon form of .#; computed via a
sequence of valid elementary row operations.

Each row of #4(F) can be interpreted as an element of R}, by
multiplying the entry in a given column by the monomial which
indexes that column and taking the sum over all columns. We refer
to rows of M4 (F) (resp. %(F)) as elements of R;;, denoting them
by rows(#4(F)) (resp. rows(%(F))).

For some D € Zs¢, we call (D, >POT) -Grobner basis of (F) the
union of the sets rows(%(F)) for d = {min; <;<;{deg f;},...,D}.
This is justified by the following.

- ftr €
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ProPOSITION 3.1. [27, Sec. 3] Lets,n € Zso andletF = {f1,..., f;}
Ry, be homogeneous elements with respect to the standard grading on
Ry, Then there exists D € Zs¢ such that a (D, >POT\_Grébner basis
of (F) is a >POT-Grébner basis of (F).

Moreover, it is shown in [27, Sec. 3] that generically (in the sense
of Section 2), the integer D in Proposition 3.1 satisfies the bound
D <1+3!_ (deg(f;) —1).

The matrix-Fs algorithm. Proposition 3.1 leads to an algorithm
to compute Grébner bases using linear algebra. This algorithm,
known as Lazard’s algorithm, is described in [27]. Informally, given
apolynomial system F C R, and a degree bound D € Z, it works
by building the matrices .#;(F) and computing from them %(F ),
for each degree minj<;<;{deg(f;)} <d < D.

The following proposition, known as the syzygy criterion, lies at
the core of the MatrixFs algorithm, which improves upon Lazard’s
algorithm by building Macaulay matrices with fewer rows.

PROPOSITION 3.2 (SYzYGY CRITERION, [11, LEM. 6.4]). Let s €
Zso, F = (fi,....ft) € R;, be homogeneous elements and let h =
(hi, ..., he) be a homogeneous syzygy of F with LMEOT(h) = re;.
(1) The row of Myeg r+a; With signature te; is a linear combination
of rows of Maeg r1deg f; of smaller signature.

(2) Forany monomialo € Ry, therow of M aeg rvdeg o+deg f; With sig-
nature ote; is a linear combination of rows of Mgeg r+deg o+deg f;
of smaller signature.

Suppose now that F = (fi,..., fy) C Ry is a polynomial system.
Then for each 1 < i,j < t, fiej — fje; € Syz(F). Syzygies of this
form are called Koszul syzygies and the MatrixF5 algorithm exploits
precisely these syzygies to improve upon Lazard’s algorithm.

THEOREM 3.3 (F5 CRITERION, [15, THM. 1]). LetF = (fi,..., f¢)
be a polynomial system in Ry,. Then for any d € Z>g, any1 < i < ¢,
any v € LMy (rows(%’i(F))), and any i < j < {, the row of
Mrdeg(f;) (F) with signature tej is a linear combination of rows of
Mdrdeg(f;) (F) with smaller signature.

We recall here [20, Algorithm 1], which is a slightly modified
version of the standard MatrixF5 algorithm [1] (see also [11, Sec. 3])
permitting the input of precomputed syzygies.

4 THE FIRST SYZYGIES OF MAXIMAL MINORS

First defined in [10], the Eagon-Northcott complex is a complex
of free modules associated to a matrix with entries in any com-
mutative ring with unity. We are specifically concerned with the
first syzygies of maximal minors of some polynomial matrix. The
Eagon-Northcott complex provides access to them.

4.1 The Eagon-Northcott complex

THEOREM 4.1 ([10, TEM. 1], [13, THM. A2.60]). Let R be a com-
mutative ring with unity and let A be a p X q matrix with entries in
R, withp < q. Foreach0 <i < q—p, let

& = (sym;®P)" & N\ (R9).
Then there are graded morphismsd; : &; — &i-1,1 < i < q—p, such

that the complex EN(A) = (E. 5 R/Ip (A), ) is a free resolution
if and only if grade(Ip (A)) =q—-p+1.
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Algorithm 1 MatrixFs(F, D, S)

Input: A sequence F = (fi,..., f;) of homogeneous elements of
degrees dy < --- < d; ink[xy,...,x,]%; a degree bound D; a
set S of syzygies of F.
Output: A (D, >POT)_Grobner basis for (F).
1: forifrom1totdoG; < 0
2: for d from dq to D do
3 Mgy — 0; Crit — LMPOT(S)
4 for i from 1to ¢t do
5: ifd <dthen My; — Mg;_,
6 else if d = d; then .4 ;; < concatenate the row f; to
/’Zl,ifl with signature e;

7: else .

8: Mg — Mg

9: if s =1 then

10: for r € LM, (rows(Mg4_g,;-1)) do

11 Crit « Crit U {re; }

12: for f € rows(%_l,i) N rows(%_l’i_l) do

13: Te; « signature of f

14: if f =0 then

15: for j from 1 to k do

16: Crit « Crit U {rx;e;}

17: for f € rows(Mg_1,;) \ rows(Mg_1,;—1) do

18: Te; « signature of f

19: for j € {max{;" : xj | z},...,k} do

20: if 7xje; ¢ Crit then . ; < concatenate
the row x; f to /4 ; with signature rxje;

21: /%:i,i « reduced row echelon form of .#;; obtained
via a sequence of valid elementary row operations

22: Gi « G U{f € rows(My;) : f ¢ (LMEOT(G)))}

23: return Gq,...,G;

We make explicit the first boundary morphism d;, whose image
is precisely the first syzygy module of I, (A). First, by the definition
of the free modules &;, the map 9; is a map

ar: (R?) ® \P(RY) — \F(R),

We take as a basis for (RP)* the standard basis functionals e; for
1 <i < q. It follows immediately from Propositions 2.1 and 2.2 that
a basis for the R-module (R?)* ® AP+ (RY) is given by

{ei® (e Ao Aei,)  1<i<pl<ip<--<ip<q}
Subsequently, 91 (e; ® (e;; A -+ Aei,,,)) equals

p+l
z}(—l)t_1 (eitATei) (ei;, A-vo A E; Ao A eip+1)~
t=1

The map € : AP(RY) — R/I, (A) is given by
e(ei, A---Aej,) =det([1---p|ir---ipla).

The image of 9; (and thus Syz(F, (A)) then admits an explicit
description. For each p X (p+1) submatrix A’ of A, the determinant
of the square matrix formed by duplicating any row of A’, computed
via Laplace expansion around the duplicated row, is zero.

Example 4.2. Let p = 2, q = 4, and suppose

_(f1 fiz fis fa 2x4
A= f1 f2 fis foa <R

We have
01(e1 ® (e2 Ae3 Neyg)) = fia(es Aeg) — fiz(ez Aeq) + fra(ez Aes).

Note that the fact that 91 (e1 ® (e2 A e3 A e4)) € ker € is precisely
the statement that the determinant

fiz fis fia
det f12 f13 fl4
f2 fo3 foa

is zero. More explicitly, €(d1(e1 ® (e2 A e3 A e4))) is simply the
determinant of this matrix, computed via Laplace expansion along
its first row. Analogously, €(d; (e2 ® (e1 A e3 A e4))) is simply the
determinant of the singular matrix

1 f3 fua
fir fis fua
21 fo3 fa

computed via Laplace expansion along its first row.

4.2 Leading terms of syzygies
We start with a consequence of the description of the first syzygy
module provided by the Eagon-Northcott complex.

PROPOSITION 4.3. Let A = (a; j) be an p X q matrix with entries
ink[x1,...,xp], withp < q. Foreach1 < k < q —p, let Ji.(A) be
the ideal {a;j : 1 < i < p,j < k) ofk[x1,...,xn]. Let # be the set

q-p
U U [IM@erine,ane,)ge T},
k=1 k+1<ip<---<ip<q

Then the module I¢) is a submodule of LMEOT (Syz(F, (A))).

Proor. Fix1 <k < q—p.Letiy,...,ip € Zsq be integers such
thatk+1 <ip <--- <ip < g,and let g € Ji (A). Then there exist
polynomials h; j € Ry, such that g = }; ; hi jai ;. Let

G= Z hijo1(e; ® (ej Aegyy Aeiy Ave- A e,-p)).
Lj
We claim that
LMEOT(G) = LM (9) (efsr Aeiy A+ Aei).
Now taking ¢ = ((ek+1 A A eip))*, we have
$(G) = > p(hijo1(ei ® (€] Aeyr Aeiy A+ Aeiy))
Lj
= D hijh(01(ei ® (e A Aeiy Ao Aei,))

L]
= Z hijaij =g
ij

By the definition of 9, only those basis vectors of AP (R} of the
forme; A---Aej, A A ei, appear with nonzero coeflicient in G.
The largest of these basis vectors with respect to the lexicographic
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order is clearly egy; Aej, A Aei,, so our claim is proven. Hav-

ing constructed an element of LMEOT (Syz(Fp (A))) whose leading
term is precisely LM (g) (ex41 A €iy A~ -+ Aej,), we are done. O

Remark 4.4. We have seen, in Section 4.1, that the syzygies de-
scribed by the Eagon-Northcott complex between the maximal mi-
nors of a p X g matrix A over R;, are given by choosinga p X (p+1)
submatrix A’ of A, duplicating any row of A’, and computing the
determinant of this matrix by Laplace expansion over the dupli-
cated row (see Example 4.2 for an example). The >POT-leading term
of such a syzygy is simply the leading term of the leftmost entry of
the duplicated row.

Upon fixing a maximal minor of A, the leading monomials of
a >-Grobner basis of the polynomial system formed by the set of
columns to the left of the leftmost column of this minor are leading
monomials of syzygies amongst the maximal minors of A.

Proposition 4.3 leads directly to the following algorithm.
Algorithm 2 MaxDetMatrixFs (A, D)

Input: A matrix A = (a; ;) € k[x1,...,x,]?*? of homogeneous
polynomials, with p < g and an integer D.
Output: A (D, >)-Grébner basis of I, (A).
1: C « {algl, . apgl, . al’q_p, ey ap,q_p}
2 Gi,...,Gp(g—p) < MatrixF5(C,0,D — mingep, (4) {deg(H})
: H «— 0
:forie{1,...,p(q—p)} do
forfer([1.-.p | (m +1)-~~q]A) do
6: Jj < index of f in F, (A)
7: H «— HU{LMs(g)ej : g € G;}
8: return MatrixFs(Fy (A),H, D)

3
4

5

THEOREM 4.5. Algorithm MaxDetMatrixFs is correct.

Proor. This follows from the correctness of MatrixFs [1, Thm. 9],
and from Proposition 4.3 which establishes that the set H input to
MatrixFs5 on Line 8 is a subset of LMEOT(SYZ(FP (A))). O

5 CRITICAL POINTS

Recall that for a set of homogeneous polynomials F = (fi, ..., fp) C
Rn, and a homogeneous polynomial g € R, our goal is to compute
a Grobner basis for 7 (g, F) = I, (jac(g, F)) + (F). Note that if g
and the f;’s are affine, by [9, Ch. 8, Sec. 4, Thm. 4], one can simply
homogenize them with respect to a variable h which is smaller than
all of the x;, apply the algorithms in this paper, then set h = 1.

Via a minor modification of Algorithm 2, we obtain an algorithm
which computes a Grébner basis for the ideal 7 (g, F).

ProposITION 5.1. Algorithm CritGB is correct.

Proor. The only modification made to Algorithm 2 to obtain
Algorithm 3 is to add the set F to the polynomial system upon
which we run MatrixFs. Thus, the correctness follows immediately
from that of Algorithm 2, proven in Theorem 4.5. O

For a system of homogeneous polynomials F = (fi,..., fp) € Rn
and a polynomial g € R,, there may exist, a priori, nontrivial
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Algorithm 3 CritGB(F, g, D)

Input: A system of homogeneous polynomials F = (fi,.... fp) €
Rn, a homogeneous polynomial g € R, and an integer D.
Output: A (D, >)-Grobner basis of I (g, F).
1: J « jac(g, F)
2 C {]1,1, .. ->]p+1,1, .. -,fl,n—p—l, cee a]p,nfp—l}
3: G, ..., G(p41) (n—p-1) < MatrixFs (C,D —min {deg (5_{;)})
4 He 0
5: forie{1,...,(p+)(n—-p—-1)}do

6: forfer+1([1...p+1|(L%J+1)...n]])do
7 j « index of f in Fp41 (J)
8: H < HU{LMs (g9)ej : g € Gi}

9: return MatrixFs(F U Fp41 (J),H, D)

syzygies between the polynomials in F and the maximal minors of
jac(g, F). Generically, this does not occur.

PROPOSITION 5.2. Let n,p,dy € Z>o. There exists a nonempty
n+dy—1

Zariski open subset U C AP sych that for allc € U,
taking (g’fls s ;fi)) = ¢C(f(n,(d0,...,d0)))’

Syz(F U Fp41 (jac(g, F))) = Syz(F) @ Syz(F, (jac(g, F)))
where F = (f,.... fp).

Proor. By [33, Lem. 2.2], there exists a nonempty Zariski open
n+dy—1
subset U C A(PH)( ) such that for all ¢ € U, taking

9 fis- - ’fb) = ¢“(f(n,(d0 do)))'

,,,,,

and F = (fi,.. ﬁ,) the sequence (fi, . .. ,ﬁ,) is aﬂn/lp (jac(g, F))-
regular sequence. Since for such c, F is also a regular sequence in
Rn, the two Ry-modules Ry, /I, (jac(g, F)) and R, /(F) are Tor-
independent. That is, for all i > 1,

Tor " (Ru/Ip (jac(F)), Rn/(F)) = 0.

It follows that EN(jac(F))®g,, K (F) is a free resolution of the tensor
product R, /(F)®g,, Rn/I, (jac(F)) = Rn/((F) + I (jac(F))). O

6 COMPLEXITY ANALYSIS

The complexity of linear-algebra based Grobner basis algorithms
is governed by the cost of echelonizing Macaulay matrices. The
work that we have done thus far allows us to estimate these costs,
since the sizes and ranks of the Macaulay matrices computed can
be deduced from the Eagon-Northcott complex.

6.1 New complexity bound

Recall that given a polynomial system F C R, the columns of
M 4(F), are indexed by the monomials of degree d in R,,. We are
left to compute the rank of .#;(F) and the number of rows of
M 4(F) taken into account by our algorithm. We first count the
number of syzygies from Proposition 4.3.

PROPOSITION 6.1. Let A = (a; j) be a p X q matrix with entries
homogeneous polynomials of degree dy in Ry, with q > p. For each
1<k <q-plet (A = (aij:1<i<p1<j<k) C Rn
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Then for any D € Zso and any d € {dop,...,D}, the number of
elements of degree d — pdy of the set H computed in Algorithm 2 is

q-p
k-
ZHFﬁ(A)(d Pdo)(q 1 )
k=1

Proor. Let Hy_pq, € H be the subset of the set H in Line 8 of
Algorithm 2 consisting of elements of degree d — pdp. This set H is
precisely the set 7 defined in the statement of Proposition 4.3. We
can therefore write

#Hy_ —pdy = Z Z

=1 k+1<ip<---<ip<q

{LM> (9)(exs1 Neiy AverAeiy)
g € Ji(A),deg(g) = d — pdo}

5oy

k=1 k+1<ip<---<ip<q

HFﬂ(A) (d—pd()).

The last equality follows from the fact that the number of mono-
mials of of LM (Ji(A)) of degree d — pdp is HF g (4)(d — pdo).
The result follows from the fact that for 1 < k < q — p, there are
(q;IiII) sequences of the formk+1 <ip <--- <ip < gq. ]

Using Proposition 6.1, we are left to compute the Hilbert func-
tions of the ideals J;.(A) of flattened columns, of course under
certain genericity assumptions. To do this, we rely on Froberg’s
conjecture [19, Sec. 1], which we reformulate below.

In what follows, for polynomials P(t), Q(t) € Z[t], we denote

by [%L the power series expansion of %, truncated at its

first non-positive coefficient.

CONJECTURE 6.2 ([19, SEC. 1],[30, Cony. 1]). Consider (fi, ..., fm)
be a sequence of homogeneous polynomials in Ry, whose coefficients

are algebraically independent. For each 1 < i < m, let d; = deg(f;).
Then
m d;
_TE (=)
AR [ et B = | =
PROPOSITION 6.3. Let m,n € Zso and let F = (fi,...,fm) €
k[x1,...,xn] be asequence of homogeneous polynomials, all of degree

do. Let D be the Hilbert regularity of (F). If F is a semi-regular
sequence, and Conjecture 6.2 is true, then for anyd > 0,

Z{nm 1J( 1)1("+d doj— 1)(])

HER [ fireofimy () = { =0 ifd<D
ifd > D
Proor. By Conjecture 6.2, the Hilbert series of R, /(F) is
(1—doym
AR o) D) = | =y

The numerator (1 — t9)™ can be expanded as Z Lo (= 1)1( )tfd"
while the reciprocal of the denominator has the class1ca1 expansion

1 n+j—1)-
— = t/
(1-15)n ]ZO( n-1

The result follows by taking the product of these expansions. 0O

PROPOSITION 6.4. Letn € Z¢. For any p < n and any dy € Z>,
there exists a Zariski open set U C A(pﬂ)(ntzdgl_l) such that for all
c €U, taking (g, fi,.... fp) = ¢C(f(n,d0,...,d0))’ the sequence

%9 ofi % % o e
axi’ ax1’ U axt” T Oxn—p-1 Pn-p-1 OXn—p—1

fp) is semi-

formed by the leftmost n — p — 1 columns of jac(g, fi, ...,
regular.

Proor. Letc(D, ... ¢(®*D be sets of indeterminates, with ¢ () =

{cii) : 7 € Mong, (Rp). Forany 1 < i < p+1andfor1 <
()
Jj < n—p—1,the coefficients of the partial derivative 59+j°) are

polynomials in the indeterminate coefficients ¢,

Forany d > dy, (upon fixing bases for the domain and codomain),
(1)

T . (n,dy)
the multiplication map by Tj"
Rn Rn
D D D D
NMindy) Nimdy) = [ My NMimdy)
oxp Tt odxjo dxp Tt dxjg
d-d, d

is represented by a matrix whose entries are rational functions in
the indeterminate coefficients ¢(?).
. (p+1)(n+d071) . .
The points ¢ € A n-1 /) such that this map is full-rank
form a Zariski open subset. By intersecting all such subsets for all
1<i<p+landl < j < n-p-1,weobtain the set U we seek. O

COROLLARY 6.5. Let n € Zx( and assume Conjecture 6.2 is true.
For any p < n and any dy € Zso, there exists a Zariski open set
n+dp—1
U c AP such that for all c € U, taking (g, f1,..., fp) =
¢C(f(n,d0’m,d0)),for anyl <k <n—p—1,HF g jac(g,r)) (d) is

n+d 1
(52 —Z,{ By NP id<p
(") ifd > D

where i (jac(g, F)) is the ideal generated by the first k columns of
jac(g, F), and D is its Hilbert regularity.

Proor. Let U be the set defined in Proposition 6.4 and take any
¢ € U. Then for any 1 < k < n— p — 1, the set of generators
for Ji (jac(g, F)) given by the first k columns of jac(g, F) forms a
semi-regular sequence. We can therefore apply Proposition 6.3 to
obtain the Hilbert function of R,/ J (jac(g, F)). Since the Hilbert

function of Ry, itself is HFg (d) = (n+d 1) the result follows. O

CONJECTURE 6.6. The set U defined in Proposition 6.3 is nonempty.
Remark 6.7. Such a conjecture is a variation of Froberg’s.

Finally, we compute the ranks of the Macaulay matrices asso-
ciated to the maximal minors of a polynomial matrix from the
Eagon-Northcott complex.

PROPOSITION 6.8. Let A be a p X q matrix with entries homo-
geneous polynomials of degree dy in k[x1,...,xn], withq > p. If
grade(I, (A)) = q—p+1, then

L n+d—(p+j)do— =
HE ) @) = ) (-4 PRI PRI ),

Jj=0
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Proor. Since grade(Ip (A)) = g — p + 1, by Theorem 4.1, the
Eagon-Northcott complex is a free resolution of I, (A). In order
to turn the Eagon-Northcott complex into a graded resolution, we
need to shift the grading on the component free modules to ensure
that the boundary homomorphisms are graded.

First, the degree of the maximal minors of A is pdy. As such,
in order to make the augmentation homomorphism € of EN(A)
graded, we need only replace &g by Eo(—pdp).

Now, by the description of the boundary homomorphisms in [13,
AZ2H] (see also [13, Exa. A2.69]), each boundary homomorphism
(except for the augmentation homomorphism) can be represented
by a matrix with entries linear in the entries of A. Thus, in order to
make these boundary homomorphisms graded, we need to replace
&;j by Ej(—pdo — idy) foreach 1 < j < g - p.

Finally, we have rank(&Eo(—pdp)) = (g) and

rank(&;(~do(p + j))) = rank ((Symj(RP))* ® A””(Rq))

_(pri-1f ¢
p=1 J\p+j)
The result then follows from Corollary 2.5. O

PROPOSITION 6.9. Let F = (fi,...,fp) S k[x1,...,xn] be a regu-
lar sequence of homogeneous polynomials, all of degree dy, and let
g € k[x1,...,xn] be a homogeneous polynomial of degree dy. Then
the Hilbert function of the ideal I (g, F) = (F) + Ip4+1 (jac(g, F)) is
given byHFg 7 (4,F)(d) which is

p .
P\ [(n+d—idy—1
2o )

& (rrd= it D=1+ n
> )( n-1 )( P )(p+f+1)

j=0
Proor. By [33,Lem. 2.2], the sequence Fis a Ry, /Ip+1 (jac(g, F))-
regular sequence. It follows (see e.g. [12, Exe. 10.13(a)]) that

HR, / 7(F) (D) = HR, /1,1 Gac(g,1)) (D (1 = 10)P. ey

By Proposition 6.8, HFf _, (jac(g.F)) (d) equals

n-p-1 _ . _ .
Z (—l)j(n+d (p+j+1do 1)(p+])( n ) @
= n—1 p p+j+1

Since the Hilbert series HR,, /141 (jac(g.F)) () is the generating series
of the difference between the Hilbert function of R, (which is
simply HFg_(d) = (";‘i;l)) and this Hilbert function, the result
follows by combining Eq. (2) with Eq. (1) and expanding. ]

We use the Hilbert functions to estimate the cost of echelonizing
each of the Macaulay matrices encountered in Algorithm 3.

THEOREM 6.10. Let F = (fi,..., fp) S k[x1,...,xn] be a regular
sequence of homogeneous polynomials, all of degree dy, and let g €
k[x1,...,xn] be a homogeneous polynomial of degree dy. Finally,
foreach1 < k < n—p -1, let Ji(jac(g, F)) be the ideal of R,
generated by the first k columns of jac(g, F). Then assuming that
Conjecture 6.2 and Conjecture 6.6 are true, the number of arithmetic
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operations in k required to compute a grevlex Grobner basis for the
ideal I (g, F) = (F) + Ip+1 (jac(g, F)) is in

D _ w—2 _
of 3o (" 47 ) - 1rrsrami@)  r@("r )

—1
d=do n
with

R(d) =P(

&t n—-k-1
—(Z HFmac@,F))(d—(p+1)do>( ' ))

k=1
where the Hilbert function HFy [y, x,1/1(gF)(d) is given in Propo-
sition 6.9, the Hilbert functions HF g, (jac(q,F)) (d) are those given in
Corollary 6.5,D = (n+p)do+1, and2 < w < 3 is a suitable exponent
of matrix multiplication.

n+d—-dy-1 . n+d—-(p+1)dy—1 n
n—1 n—1 p+1

Proor. By [33, Cor.2.3], the largest degree of an element of
the reduced grevlex Grobner basis of 7 (g, F) is D = (n+ p)dp +
1. Therefore, the output of CritGB(F, g, D) (see Algorithm 3) is a
grevlex Grobner basis of 7 (g, F).

The arithmetic complexity of Algorithm 3 is clearly bounded by
that of its final step. MatrixFs only performs arithmetic operations
when computing row-echelon forms for the Macaulay matrices it
builds. We can therefore bound the number of arithmetic operations
performed by MatrixF5 on any given input by the cost of echeloniz-
ing the Macaulay matrices it encounters. For a givendy < d < D,
the Macaulay matrix .#4(Z (g, F)) is of rank HF 7, r) (d)and has

#Mony (R) = (";‘i;l) The rows of M (I (g, F)) are indexed by
a subset of

#Fpi1(jac(g.F))

(Mond—dg (Rle) U Mong_ (p+1)d, (Rn i )) N Hypdys

which has cardinality precisely R(d) by Proposition 6.1. By [34,

Sec. 2.2], an s X t matrix of rank r over k can be echelonized using

O(r®~2st) operations, so the result follows. o

6.2 Comparison with Lazard’s algorithm
We conclude with a comparison of the upper bound
do(p—1)+(dy—1)n+1
R(d)
d=pd,
from Theorem 6.10 on the total number of rows in all of the Macaulay
matrices built by Algorithm 2 to the upper bound

(‘z)(do(p— D+ (dy—Dn+1 +n)

n

on the number of rows in the Macaulay matrices built by Lazard’s
algorithm obtained in [18, Theorem 20].

This comparison does not take into account the fact that in
Algorithm 1, Macaulay matrices are computed degree-by-degree,
so that reductions to zero in lower degrees can be used to eliminate
reductions to zero in subsequent degrees.

This comparison also does not take into account the F5 criterion
[15, Thm. 1], which allows for several more reductions to zero to
be avoided. However, the complexity of F5 has only been analyzed
in the case of a regular sequence, in [1].
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Remark 6.11. By computing a >FOT-Grébner basis for Syz(Fp (A)),
we can estimate the number of extra reductions to zero avoided
by Algorithm 2 thanks to Proposition 3.2 (ii). For p = 3,qg = 6,n =
4,doy = 3, the ratio of the number of rows estimated by taking into
account this criterion to the number of rows computed by Lazard’s
algorithm is 29.397, while not taking into account this criterion
yields a ratio of 26.786. Similarly, for p = 3,q = 7,n = 5,dp = 3,
taking into account this criterion gives a ratio of 41.006, while
not taking into account this criterion gives a ratio of 34.946. This
suggests that a careful complexity analysis of Algorithm 3 might
provide a theoretical complexity improvement that is better than
the one suggested by the graphs we give here.

6.2.1 p,nfixed, dy grows. First, we fix the number of polynomials p
and the number of variables n, and allow the degree dj to grow. We
take ¢ = n+p—1, so that the ideal of maximal minors has dimension
zero. Figure 1 shows that for a fixed p and n, the theoretical gain
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Figure 1: Speedup of Algorithm 2. Top: p = 3; bottom: p = 4

which we obtain appears to grow logarithmically in dp.

Finally, we compare Lazard’s algorithm to a (nonexistent) algo-
rithm which would compute full-rank Macaulay matrices. ?? shows
that such an algorithm appears to also only provide a theoretical
gain which grows logarithmically in dp.

6.2.2 p,dy fixed, n grows. Next, we fix the number of polynomials
p and the degree dj and allow the number of variables n to grow.
Again, we take ¢ = n + p — 1 so that the ideal of maximal minors
has dimension zero. Figure 3 shows that for a fixed p and dp, the
theoretical gain which we obtain appears to grow linearly in n.
We conclude by again comparing Lazard’s algorithm to a (nonex-
istent) algorithm which would compute full-rank Macaulay matri-
ces. Figure 4 shows that such an algorithm appears to provide a
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Figure 2: Speedup of an algorithm which computes full-rank
Macaulay matrices. Top: p = 3; bottom: p = 4.

theoretical gain which grows exponentially in n, demonstrating
that there is still potentially much to be gained by devising new
criteria which predict more reductions to zero.

4x10°

3.5% 100 B
3x10° g
2.5%10° g

2x10° g

Speedup

1.5x10° g
1x10° | g

500000

0 | | —

Number of variables n
p=9 p=11
p=10

- w

=7
=8

5 I3
6 P

sl

2.5x10°

2x10° g

1.5% 100 - g

Speedup

1x10° - i

500000 - A

35
Number of variables n

p=9
p=10

p=11
p=12

p=13
p=14

]
i

W

=7
=8

oo
-l

Figure 3: Speedup of Algorithm 2. Top: dy = 3; bottom: dy = 4.

987

988

989

990

991

992

993

994

995

996

997

998

999

1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043

1044



1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079
1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101

1102

4.5x 101

4x10' | B
3.5x 101 B
3x10' B

2.5x 10! | B

Speedup

2x10' | 4
15x 101 1 -
1x 101 B

5x101 B

13
14

3
4

P
P

45 x 10" T T T T T T

4x 10 e
3.5x 10" |- e
3x10! .
2.5x 101 B

2x10M - B

Speedup

1.5x10' 4
1x 10" e

5% 1010 e

0 1 1 1 1 T
0 5 10 15 20 25 30 35

Number of variables n
pP=9 p=11
p=10 p=12

p=13
p=14

Figure 4: Speedup of an algorithm which computes full-rank
Macaulay matrices. Top: dy = 3; bottom: dy = 4.

REFERENCES

(1]

M. Bardet, J.-C. Faugére, and B. Salvy. 2015. On the complexity of the F5 Grobner
basis algorithm. J. Symb. Comput. 70 (2015), 49-70.

J. Berthomieu, V. Neiger, and M. Safey El Din. 2022. Faster change of order algo-
rithm for Grébner bases under shape and stability assumptions. In Proceedings
of ISSAC’2022.

W. Bruns and U. Vetter. 1988. Determinantal Rings. Springer.

B. Buchberger. 1965. Ein Algorithmus zum Auffinden der Basiselemente des Restk-
lassenringes nach einem nulldimensionalen Polynomideal. Ph.D. Dissertation.
University of Innsbruck.

J. Capco, M. Safey El Din, and J. Schicho. 2020. Robots, computer algebra and
eight connected components. In Proceedings of ISSAC’20. pp. 62-69.

J. Capco, M. Safey El Din, and J. Schicho. 2023. Positive dimensional parametric
polynomial systems, connectivity queries and applications in robotics. J. Symb.
Comput. 115 (2023), 320-345.

D. Chablat, R. Prébet, M. Safey El Din, D. Salunkhe, and P. Wenger. 2022. Deciding
Cuspidality of Manipulators through Computer Algebra and Algorithms in Real
Algebraic Geometry. In Proceedings of ISSAC 2022.

D. A. Cox, J. Little, and D. O’Shea. 2005. Using Algebraic Geometry. Springer.
D. A. Cox, ]. Little, and D. O’Shea. 2015. Ideals, Varieties, and Algorithms. Springer.

] J. A. Eagon and D. G. Northcott. 1962. Ideals Defined by Matrices and a Certain

Complex Associated with Them. Proc. of the Royal Society of London 269, 1337

10

'S
S

(33]
(34]

(35]

(36]

S. Gopalakrishnan, V. Neiger, and M. Safey EI Din

(1962), 188-204.

C. Eder and J.-C. Faugére. 2016. A survey on signature-based algorithms for
computing Grobner basis computations. J. Symb. Comput. (2016), 1-75.

D. Eisenbud. 1995. Commutative Algebra: with a View Toward Algebraic Geometry.
Springer.

D. Eisenbud. 2005. The geometry of syzygies: A second course in commutative
algebra and algebraic geometry. Vol. 229. Springer.

J.-C. Faugere. 1999. A New Efficient Algorithm for Computing Grébner bases
(F4). . Pure Appl. Algebra 139, 1 (1999), 61-88.

J.-C. Faugere. 2002. A New Efficient Algorithm for Computing Grébner Bases
without Reduction to Zero (F5). In Proceedings ISSAC 2002. ACM, 75-83.

J.-C. Faugére and C. Mou. 2017. Sparse FGLM algorithms. . Symb. Comput. 80, 3
(2017), 538-569. https://doi.org/10/gfz47c

J.-C. Faugére, M. Safey El Din, and P.-J. Spaenlehauer. 2012. Critical points and
Grébner bases: the unmixed case. In Proceedings of ISSAC’12. 162-169.

J.-C. Faugére, M. Safey El Din, and P.-J. Spaenlehauer. 2013. On the complexity

of the generalized MinRank problem. J. Symb. Comput. 55 (2013), 30-58.
R. Froberg. 1985. An inequality for Hilbert series of graded algebras. Mathematica

Sandinavica 56 (Dec. 1985), 117-144.

S. Gopalakrishnan, V. Neiger, and M. Safey El Din. 2023. Refined F5 Algorithms
for Ideals of Minors of Square Matrices. In Proceedings of ISSAC’ 2023. 270-279.
A. Greuet and M. Safey El Din. 2011. Deciding reachability of the infimum of a
multivariate polynomial. In Proceedings of ISSAC’11. 131-138.

A. Greuet and M. Safey El Din. 2014. Probabilistic Algorithm for Polynomial
Optimization over a Real Algebraic Set. SIAM 7. on Optimization 24, 3 (2014),
1313-1343.

J. D. Hauenstein, M. Safey El Din, E. Schost, and T. X. Vu. 2021. Solving de-
terminantal systems using homotopy techniques. j. Symb. Comput. 104 (2021),
754-804.

N. Kaihnsa, Y. Ren, M. Safey El Din, and J. Martini. 2020. Cooperativity, absolute
interaction, and algebraic optimization. Journal of Mathematical Biology (2020).
G. Labahn, M. Safey El Din, E. Schost, and T. X. Vu. 2021. Homotopy tech-
niques for solving sparse column support determinantal polynomial systems. 7.
Complexity 66 (2021), 101557.

S. Lang. 2002. Algebra. Springer, New York, NY.

D. Lazard. 1983. Grobner bases, Gaussian elimination and resolution of systems
of algebraic equations. In Proceedings EUROSAM 83. Springer, 146—156.

H. P. Le and M. Safey El Din. 2021. Faster one block quantifier elimination for
regular polynomial systems of equations. In Proceedings ISSAC 2021. 265-272.
H. P. Le and M. Safey El Din. 2022. Solving parametric systems of polynomial
equations over the reals through Hermite matrices. J. Symb. Comput. 112 (2022),
25-61.

L. Nicklasson. 2017. On the Hilbert series of ideals generated by generic forms.
Communications in Algebra 45, 8 (2017), 3390-3395.

M. Safey El Din and E. Schost. 2003. Polar varieties and computation of one
point in each connected component of a smooth real algebraic set. In Proceedings
ISSAC 2003. ACM, 224-231.

M. Safey El Din and E. Schost. 2017. A Nearly Optimal Algorithm for Deciding
Connectivity Queries in Smooth and Bounded Real Algebraic Sets. J. ACM 63, 6
(2017).

P.-]. Spaenlehauer. 2014. On the Complexity of Computing Critical Points with
Grobner Bases. SIAM 7. Optim. 24, 3 (2014), 1382-1401.

A. Storjohann. 2000. Algorithms for Matrix Canonical Forms. Ph.D. Dissertation.
Swiss Federal Institute of Technology — ETH.

P. Trutman, M. Safey El Din, D. Henrion, and T. Pajdla. 2022. Globally Optimal
Solution to Inverse Kinematics of 7DOF Serial Manipulator. IEEE Robotics and
Automation Letters 7, 3 (July 2022), 6012 — 6019.

A. Yabo, M. Safey El Din, ].-B. Caillau, and J.-L. Gouzé. 2023. Stability analysis of
a bacterial growth model through computer algebra. MathematicS In Action 12,
1(2023), 175-189.

1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133
1134
1135
1136
1137
1138
1139
1140
1141
1142
1143
1144
1145
1146
1147
1148

1149


https://doi.org/10/gfz47c

	Abstract
	1 Introduction
	2 Preliminaries
	3 Signature Gröbner bases
	4 The first syzygies of maximal minors
	4.1 The Eagon-Northcott complex
	4.2 Leading terms of syzygies

	5 Critical points
	6 Complexity analysis
	6.1 New complexity bound
	6.2 Comparison with Lazard's algorithm

	References

