
HAL Id: hal-04450280
https://hal.science/hal-04450280v1

Submitted on 10 Feb 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Modeling of stratospheric balloons and robust line-of-sight
pointing control

Ervan Kassarian, Francesco Sanfedino, Daniel Alazard, Johan Montel,
Charles-Antoine Chevrier

To cite this version:
Ervan Kassarian, Francesco Sanfedino, Daniel Alazard, Johan Montel, Charles-Antoine Chevrier. Modeling
of stratospheric balloons and robust line-of-sight pointing control. CEAS Space Journal, 2024, 16, pp.457-474.
⟨10.1007/s12567-023-00515-x⟩. ⟨hal-04450280⟩

https://hal.science/hal-04450280v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Modeling of stratospheric balloons and robust line‑of‑sight pointing 
control

Ervan Kassarian1   · Francesco Sanfedino2 · Daniel Alazard2 · Johan Montel3 · Charles‑Antoine Chevrier3

Abstract
This paper investigates state-of-the-art modeling and control techniques for the robust line-of-sight pointing control of an 
optical payload on-board a stratospheric balloon, to meet stringent pointing requirements in the context of astronomy mis-
sions. Previous experience shows that the pointing performance of such systems is essentially limited by the rejection of the 
natural pendulum-like oscillations of the flight chain. This observation justifies the need for a model that accurately predicts 
such flight conditions that cannot be replicated in laboratory, and for a systematic methodology addressing the line-of-sight 
controller design to reject these flexible dynamics excited by wind disturbances. Moreover, it is sought to ensure robust 
stability and performance to the parametric uncertainties inherent to balloon-borne systems, such as complex balloon’s 
properties or release of ballast throughout the flight, especially since experimental validation is limited. In this paper, a first 
dynamical model of the complete system is proposed, based on Lagrangian mechanics; the comparison with flight data show 
that the frequency content of the platform’s motion is accurately predicted. Then, a multibody approach is applied to derive 
a second model taking into account the parametric uncertainties with the Linear Fractional Transformation representation. 
Finally, the control of the line-of-sight is tackled as a robust, structured H

2
∕H∞ problem that improves the performance 

with regard to traditional PID controller. A �-sensitivity analysis is also proposed to identify the most sensitive parameters 
and verify the performance.

Keywords  Stratospheric balloon · Line-of-sight pointing control · Robust control

1  Introduction

Reusable and flexible in their deployment and operability, 
while also cheaper, more ecological and with faster devel-
opment times than satellites [1, chap.1.3], stratospheric bal-
loons can carry heavy scientific payloads into the near-space 
environment for short duration missions. In particular, opti-
cal instruments benefit from the low atmospheric absorption 
at such altitudes, making stratospheric balloons suited for 
astronomy missions. Such missions typically have sub-arc-
second pointing precision requirements [2–7], and current 
developments aim at further improving the precision with 
fast-steering mirrors [8, 9]. To address more and more strin-
gent precision objectives, it is necessary to develop accurate 
dynamical models and specific control strategies.

The earliest dynamical models of stratospheric balloon-
borne systems are found in 1975 in a technical report from 
NASA [10] motivated by the attitude determination for the 
LACATE experiment, and developed further by the same 
authors [11–13]. About the vertical axis, the torsion of the 
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flight chain is traditionally modeled as a mass-spring sys-
tem [14–22]. Although the stiffness is generally experimen-
tally determined by system identification, which requires 
to deploy the whole system and process in-flight data, the 
bi-filar pendulum model allows predicting analytically the 
stiffness of balloon flight chains [23, 24]. About the two 
other axes, balloon flight trains experience a dynamic behav-
ior typical of a floating multiple pendulum, which can be 
modeled with Lagrange’s mechanics [13, 18] or multibody 
approaches [25, 26]. The validation of the dynamic model of 
the stratospheric balloon is rarely presented, since it requires 
to analyze the recorded data after the flight (the system being 
too large to be deployed in laboratory prior to the mission). 
In particular, let us note that spectral analysis is discussed in 
[2] for the FIREBall system, and in [27] for another balloon 
system called Apex; these data highlight strong resonances 
caused by the natural modes of the system, but they are not 
compared to theoretical dynamical models. A comparison 
between a dynamical model and recorded flight data is pro-
posed in [26] for the BLAST system, but large discrepan-
cies are observed on these natural frequencies, attributed to 
the parametric uncertainties in the system. To address these 
modeling issues, a complete dynamical model was proposed 
by the authors in [28] based on Lagrangian mechanics, to 
take into account the torsion and pendulum dynamics as 
well as their coupling. This model was compared to flight 
data and produced satisfying predictions of the dominant 
natural frequencies of the system. The first contribution of 
this paper is to complete this previous model with an empiri-
cal model of the frequency content of the wind disturbance, 
based on flight data, to match the power spectral density of 
the platform’s motion.

Moreover, balloon systems involve uncertain or varying 
parameters. Indeed, the gondola generally carries ballast 
that initially represents a significant portion of the gon-
dola’s mass and that is released throughout the flight for 
altitude control, the balloon’s properties (position of the 
center of buoyancy, moments of inertia, etc.) are difficult 
to predict and may vary during the flight, and more gener-
ally, experimental validation is rarely available since it 
requires to deploy the whole system in flight. In addition, it 
is often useful to be able to model and robustly assess the 
performance of the system as early as possible in the pro-
ject’s life, when the mechanical design, and the associated 
parameters (mass of the gondola, moments of inertia, etc.), 
are not yet precisely defined. The second contribution of 
this paper is a complete control-oriented model of the 
system which includes parametric uncertainties with the 
Linear Fractional Transformation (LFT) representation. 
This model is based on a multibody framework developed 
in [29]. The pointing system is also modeled, including 
line-of-sight estimation, sensors and actuators dynamics, 
and frequency content of the measurement noise. Such a 

model is adequate in the objective of an end-to-end pro-
cess, allowing the control engineer to quickly take into 
account changes in the system’s mechanical design, to 
compare different system or control architectures, robustly 
assess the performance in the early design phases, and pro-
gressively refine the model as the uncertainties get reduced 
during the design.

Once the dynamical model is obtained, it is possible to 
address the pointing control of the optical instrument on-
board the gondola, generally a telescope [3, 5, 30–32] or 
siderostat [7, 33, 34]. However, in the literature, dynamical 
models of the balloon-borne system are rarely integrated in 
the control design. Instead, the control gains are generally 
tuned empirically based on ground testings [3, 30, 35–39], 
with simple control structures such as Proportional-Integral-
Derivative (PID) gains [18, 32, 33, 40–42] possibly with 
some dynamic filters [2, 43, 44]. To the authors knowl-
edge, there exists no general model-based methodology for 
controller synthesis in the literature, and, more critically, 
experimental ground-based setups are not representative of 
the dynamics of the fully deployed system in flight (which 
cannot be obtained in laboratory due to the dimensions of 
the system), whereas flight experience proves that the line-
of-sight control is essentially limited by the rejection of the 
natural pendulum-like modes of the flight chain [2], excited 
by wind disturbance. Although some more advanced control 
techniques were investigated (pole assignment [2, 15], LQR 
synthesis [14], adaptive control [16], sliding mode control 
[21, 45], Lyapunov stability theory [26]), they provide very 
few insight on the achievable performance. The third contri-
bution of this paper is a general methodology to address the 
line-of-sight pointing control of an optical instrument on-
board a stratospheric balloon as a robust structured H2∕H∞ 
problem. Based on the LFT model presented in this paper 
and a non-smooth optimization algorithm [46–49] imple-
mented in Matlab’s robust control toolbox, it is shown how 
this framework takes full advantage of the knowledge of the 
system to improve the performance with regard to a tradi-
tional PID controller. This robust control synthesis is com-
pleted with a sensitivity analysis based on �-analysis to iden-
tify the most impacting uncertain parameters, and provide 
formal lower and upper bounds of the robust performance.

Although the presented modeling and control methodol-
ogy aim to have extent to stratospheric balloons in general, 
the paper relies on the case study of the Faint Intergalac-
tic-medium Redshifted Emission Balloon (FIREBall), a 
joint NASA/CNES experiment. The modeling of the flight 
chain is described in Sect. 2. Then, Sect. 3 addresses the 
modeling of the pointing system. The robust control of the 
line-of-sight is performed in Sect. 4. Finally, the sensitiv-
ity of the pointing performance to the parametric uncer-
tainties is examined in Sect. 5.
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2 � Modeling of the flight chain

2.1 � The FIREBall flight chain

The stratospheric balloon FIREBall [7] is represented in 
Fig. 1. At the top of the flight chain, the balloon has a height 
of 120 m and is filled with helium. Just below the balloon is 
the un-deployed parachute, stored as a tube and integrated 
in the flight chain. Then, various elements such as bi-filar 
suspensions or rigid bodies are found. Finally, at the bot-
tom of the flight chain, the gondola weights 1900 kg plus 
up to 500 kg of ballast (which can be released to control 
the altitude of the system, particularly during the day/night 
shift). Inside the gondola is the pointing system, which is 
detailed in Sect. 3. After lift-off, the system rises in about 
3 h up to a relatively steady altitude around 39 km where the 
total and weight and buoyant forces compensate each other. 
The system follows the horizontal wind and undergoes some 
buoyant oscillations in altitude. A few hours are allocated for 
calibration and testing, and then ideally up to 8 h of science 
measurements. Finally, at the end of the mission, the bal-
loon is teared up and detached from the rest of the system, 
the parachute is deployed, and the gondola is recovered on 
the ground.

The control architecture is the following: a primary con-
trol of the platform in azimuth (around the vertical axis z ) is 
ensured by a motorized pivot, and reaction wheels addition-
ally provide active damping to the pendulum-like oscilla-
tions (around x and y ); the pointing system, in the platform, 
controls the line-of-sight to reject the remaining motion of 
the platform to achieve sub-arcsecond performance. This 
paper focuses on the modeling of the dynamics of the whole 
system during the pointing phase, and on the line-of-sight 
pointing control inside the platform. With this regard, the 
main challenge lies in the natural resonances of the system, 
excited by the wind disturbances and constituting the main 

contribution to the pointing error, as observed during the 
2018 flight [2].

2.2 � Nominal model with Lagrangian mechanics

A complete dynamical model of balloon-borne flight chains 
was proposed in [28] and applied to FIREBall. Generally 
speaking, the flight chain is considered to be composed 
of two types of bodies: rigid bodies (such as the platform) 
which can rotate in the three directions, and bi-filar suspen-
sions, which are modeled as one single flexible body with 
a degree of freedom corresponding to their torsion around 
z . Note that the parachute is discretized and modeled as 4 
bi-filar suspensions, and that the balloon is considered as a 
rigid body. The mechanisms between two successive bod-
ies are revolute joints that allow the rotation around x and 
y . Two types of dynamics are distinguished: (i) the pen-
dulum-like dynamics, corresponding to the oscillations of 
the elements of the flight chain around x and y , and (ii) the 
torsion dynamics, corresponding to the torsion of the bi-
filar suspensions around the vertical axis z . With the small 
angles approximation, the pendulum and torsion dynamics 
are decoupled in open-loop, and the equations of motion are 
derived with Lagrangian mechanics:

where �X contains the degrees of freedom, �T is the vector 
of input forces and torques, the mass matrix � and the stiff-
ness matrix � are obtained following the method detailed 
in [28], and the damping matrix � assumes natural dissipa-
tive effects in the rotation of the balloon and in the revolute 
joints. Since the values of the damping coefficients are not 
theoretically known, they were empirically estimated from 
flight data (see Sect. 2.3).

Remark: Despite only providing a nominal model with-
out parametric uncertainties, Lagrangian mechanics provide 
a good first approach that requires less theoretical devel-
opments than the multibody approach that is presented in 
Sect. 2.4 and has general extent to any balloon-borne flight 
chain.

2.3 � Disturbance model and validation based 
on flight data

The motion of the system is essentially caused by wind 
disturbances applied to the balloon. To reconstruct the 
frequency content of the gondola motion, given the model 
of the FIREBall system derived in Sect. 2.2, it now only 
remains to derive a model of the frequency content of the 
wind disturbance. This is done empirically based on flight 
data.

(1)�𝛿Ẍ + �𝛿Ẋ + �𝛿X = 𝛿T

Fig. 1   Sketch of the FIREBall system (not in scale)



	 E. Kassarian et al.

The wind disturbance is modeled as a colored noise acting 
on the linearized model of the flight chain. Let us note �Fy 
the force applied to the balloon’s center of pressure along y , 
and D(s) the filter representing its frequency content:

where �dy is a white noise input of unitary power spectral 
density (PSD): Φ

�dy
(j�) = 1 where the function Φx desig-

nates the PSD of a signal x. From the nominal model pre-
sented in Eq. (1), let us note G(s) the transfer function from 
�Fy to the platform’s angle �px about x . Assuming that the 
aerodynamic force is the sole contributor to the platform’s 
oscillations, the PSD of �px reads:

The function D(s) was empirically determined to fit the gen-
eral shape of the PSD Φ

�
p
x
(j�) computed from flight data, 

meaning the offset at low frequencies (below 0.002 rad s−1 ), 
the pole at 0.002 rad s−1 , and the zero at 0.15 rad s−1 with 
their associated damping coefficients:

The result is shown in Fig. 2, with the PSD Φ
�
p
x
(j�) com-

puted from in-flight measurement (in blue), the theoretical 
model |D(j�)G(j�)|2 (in red), and the PSD of the measure-
ment noise (in grey dotted line). The damping coefficients 
in the matrix � (see Sect. 2.2) were also adjusted to fit 
the amplitude of the resonances observed at 0.27 rad s−1 , 
0.76 rad s−1 , 2.5 rad s−1 and 3.5 rad s−1 respectively, cor-
responding to the first four pendulum modes of the system. 
Modal dampings between 0.001 and 0.01 are obtained for 
these modes, as it can be expected for such flexible systems. 
The model fits up to 5 rad s−1 , in particular regarding these 
four natural frequencies (which only depend on the matrices 
� and � in Eq. (1)). For higher frequencies, the signal is 
dominated by the measurement noise and no conclusion can 
be made. Nonetheless, as shown in Sect. 4, this frequency 
range is sufficient to validate the model for this application, 

(2)�Fy(s) = D(s)�dy(s)

(3)Φ
�
p
x
(j�) = |D(j�)G(j�)|2.

(4)D(s) = 4.62
s2 + 0.21s + 0.0225

s2 + 0.016s + 4 × 10−4
.

since the control performance is determined by these four 
natural modes. The same filter D(s) is used to model the 
aerodynamic force �Fx along x.

Remark: the model D(s) obtained in Eq. (4) yields distur-
bances of higher amplitude than Dryden wind gusts models 
(with a factor ∼ 10), which are widely used in aircraft design 
[50, 51]. It is suspected that the aerodynamic disturbances 
encountered during the balloon flight rather originate from 
the variations of the wind correlated with altitude oscilla-
tions [52, 53]. This is also suggested by the cutoff frequency 
of D(s) that exactly coincides with the frequency of the buoy-
ant oscillations. However, the model presented in this paper 
is purely empirical based on data of the FIREBall 2018 
flight. A general disturbance model would most likely depend 
on the altitude of the mission and on the balloon properties.

2.4 � Uncertain LFT model with a multibody 
approach

2.4.1 � Motivations

The nominal model in Sect. 2.2 along with the disturbance 
model in Sect. 2.3 yield a good prediction of the gondola’s 
motion in terms of amplitude and frequency content in nomi-
nal conditions. However, it is valuable to account for para-
metric uncertainties which may modify the system’s behav-
ior. Indeed: (i) various parametric uncertainties may explain 
the small discrepancies between the model and the flight 
data in Fig. 2; in particular, the balloon’s parameters are 
difficult to estimate and may vary during the flight (helium 
is released from the balloon’s envelop), (ii) the ballast mass 
is initially 500 kg, but decreases down to 0 during the flight, 
(iii) more generally for balloon-borne experiments, flight 
data is not always available to validate the model, and the 
system cannot be deployed in laboratory for experimental 
validation prior to the mission due to its large dimensions, 
and (iv) some parameters, such as the gondola’s mass or 
moments of inertia, might be subject to changes during the 
project’s life, whereas it is necessary to assess the perfor-
mance in the early design phases. Deriving a model which 
includes these parametric uncertainties then allows perform-
ing robust control and providing assessment of the pointing 
performance early in the design phase.

2.4.2 � The LFT representation

The Linear Fractional Transformation (LFT) is chosen in 
this work for uncertainty representation. The LFT form 
allows representing the uncertain system with one single 
continuous model instead of a discrete family of parameter-
ized models. It enables modern analysis and control tools 
such as the �-analysis or the robust H∞ control, to ensure 
robust stability and performance to parametric uncertainties.Fig. 2   Platform’s motion frequency content: model VS flight data
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For example, a mass m with ±10% of uncertainty can be 
represented as

where m0 is the nominal value, and � is an unknown real 
number verifying |𝛿| < 1 . Figure 3 shows the direct block 
diagram representation of Eq. (5) (left) and the equivalent 
LFT block diagram representation (right) where the uncer-
tainty acts as a feedback on the nominal plant.

Generating a LFT model from the Lagrangian model 
from Eq. (1) is not a viable option since it yields many 
redundant occurrences of the uncertain parameters, which 
hinders the robust controller synthesis. Even though reduc-
tion methods exist, they will generally yield a larger number 
of repetitions than a method that is directly minimal or close 
to minimality. Therefore, a general approach was developed 
in [29] to compute LFT models of multibody systems, such 
as stratospheric balloons in this paper. In this approach, each 
substructure (body, kinematic joint, etc.) has its individual 
LFT model based on Newton–Euler equations, expressing 
the relationship between the motion of the substructure and 
the wrench (force and torque) applied to it. These individual 
models are then assembled to build the complex multibody 
structure while taking care of the dependency of the trim 
conditions to the uncertain parameters. The LFT model of 
the structure is finally obtained as a continuous function of 
the uncertain parameters, with a limited (although non-min-
imal) number of occurrences, and covers all plants within 
the specified bounds in a single model, without introducing 
conservatism or gridding error.

2.4.3 � Application to FIREBall

Following the method presented in [29], the LFT model of 
a multibody structure, such as the FIREBall system, can be 
assembled as follows.

Individual model of each substructure composing the 
system:

Considering the linear dynamics around the equilibrium, 
let us call “wrench” the vector �WA∕B,P ∈ ℝ

6 containing the 
force and torque applied by a body A to a body B at point 
P, and “motion vector” the vector �mB

P
∈ ℝ

18 containing 
the linear and angular accelerations, speeds and positions 
of body B at point P. The generic linearized models of the 

(5)m = m0(1 + 0.1�)

bodies (rigid bodies, bi-filar suspensions and revolute joints) 
constituting the FIREBall system are represented in Fig. 4:

•	 In the forward dynamics model of a rigid body (Fig. 4a), 
the inputs are the wrenches �W.∕B,P1

 and �W.∕B,P2
 applied 

to B at connection points P1 and P2 . The model returns 
the motion vectors �mB

P1
 and �mB

P2
 at the connection 

points P1 and P2 . The forward dynamics model is a 12th-
order dynamical model (the wrenches are integrated 
twice to produce the motion vector).

•	 In the inverse dynamics model of a rigid body (Fig. 4b), 
the motion vector �mB

P1
 is imposed as input at one con-

nection point P1 , and a wrench �W.∕B,P2
 is applied at 

point P2 . The model returns the wrench �WB∕.,P1
 applied 

by the body in reaction at P1 and the motion vector �mB

P2
 

at P2 . The inverse dynamics model is a static model.
•	 The model of the bi-filar suspension (Fig. 4c) has the 

same inputs and outputs as the inverse dynamics model 
of a rigid body. However, the bi-filar suspension model 
has an additional degree of freedom corresponding to 
the twist around the vertical axis (see [28] for the bi-filar 
suspension model based on Lagrangian mechanics). It is 
a 2nd-order dynamic model.

•	 The revolute joint connects two given bodies noted A 
and B at connection point P with a degree of freedom in 
rotation. It is a 2nd-order dynamic model.

Each nominal model (green blocks) is augmented as an 
LFT model with parametric uncertainties, represented by 
the unknown, bounded operators �(.) (blue blocks). In par-
ticular, the blocks �J  in the revolute joints correspond to 
uncertainties in the stiffness due to uncertain masses in the 
flight chain. The reader is referred to [29] for more details on 
the derivation of these individual linearized models, based 
on Newton–Euler equations.

Assembly of the multibody structure:
The individual substructure models are assembled follow-

ing the procedure presented in [29] to build the model of the 
FIREBall system represented in Fig. 1. The linearized model 

Fig. 3   Simple LFT representing an uncertain mass

Fig. 4   Individual models constituting the balloon system
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of the flight chain, composed of 5 rigid bodies (the balloon is 
modeled with a forward dynamics model, and all other rigid 
bodies with an inverse dynamics model), 6 bi-filar suspen-
sions (including 4 to model the discretized parachute), and 
10 joints (at connection points P1 to P10 ), is represented in 
Fig. 5. The joints J1 to J9 allow the rotation around x and y . 

J10 can additionally be actuated by a torque �Tz around the 
vertical axis z to model the azimuth control, and the torques 
�Tx and �Ty can be applied to the platform using reaction 
wheels (see Sect. 2.5). The output vector ��p contains the 
3 angles of the platform, and the output scalar ��t

z
 is the 

flight train’s angle around z . The input �Wext.∕B1,O
 contains 

the aerodynamic disturbances (input), the damping terms 
(added as feedback on the rotation rates of the balloon), and 
the variations of the buoyancy force projected in the refer-
ence frame attached to the balloon (added as feedback on the 
angular position of the balloon).

Two types of parametric uncertainties are considered:

•	 the uncertainties related to the early phases of the design, 
when the mechanical design is not yet fixed, related to 
the gondola: moments of inertia (in addition to the main 
moments of inertia, the matrix of inertia has coupling 
terms between the x and z axes; each of these moments 
of inertia has ±5% of uncertainty), mass ( ±5% ), center 
of mass ( ±0.1m);

•	 the uncertainties that are inherent to the system: (i) bal-
last mass (comprised between 0 and 500 kg), (ii) bal-
loon’s parameters: main moments of inertia ( ±5% ), mass 
( ±5% ), center of pressure ( ±3 m), center of mass ( ±3 m), 
center of buoyancy ( ±3 m).

After implementation on Matlab, the total number of occur-
rences of the uncertain parameters is 89, and the model 
has order 66. It is verified that the nominal realization of 
this uncertain model exactly matches the nominal model 
obtained in Sect. 2.2. The uncertain transfer between a wind 
disturbance and the gondola’s angle is represented in Fig. 6 
with 500 samples randomly selected across the parametric 
space using Matlab’s routine usample. The impact of the Fig. 5   Multibody LFT model of the flight chain

Fig. 6   Transfer: wind to plat-
form’s angle (500 samples)
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parametric uncertainties on the response of the system to 
wind disturbance, and in particular on the natural frequen-
cies of the system, can clearly be seen.

2.5 � Primary control of the platform

The primary control ensures that the azimuth of the platform 
(angle around the vertical axis z ) follows the sideral motion 
of the target. It is only briefly summarized here, because the 
associated pointing requirements are not very demanding, 
and because the possible destabilizing effect of the azimuth 
control on the flight chain was specifically addressed in [28].

The primary control in azimuth is performed with a 
motorized pivot, which applies a torque �Tz to the gondola 
and the opposite torque −�Tz to the bottom of the flight 
chain. The torque is computed with two 2nd-order control-
lers C1(s) and C2(s) using the reference azimuth �raz , the esti-
mated platform’s angle ��pz  and the estimated flight train’s 
angle ��t

z
:

with the estimated angles

where d(s) designates a third-order Padé approximation of 
a 70 ms delay, and a low-pass filter is applied to the flight 
train’s angle ��t

z
 (to avoid low-frequency drift, and because 

only the platform should be controlled in low-frequency). 
The flight train’s angle is measured by a tachometer inside 
the motorized pivot, and the platform’s angle is provided 
by a 3-axes Inertial Measurement Unit (IMU) using accel-
erometers and fiber-optic gyroscopes; more information on 
the hardware of the FIREBall system is available in [2, 43]. 
The controllers

were tuned so as to provide a 1 rad s−1 control bandwidth 
while stabilizing the torsion modes of the flight train, using 
a similar H∞ synthesis as presented in this paper for the 
line-of-sight control.

In addition to the azimuth control, the FIREBall system 
carries two reaction wheels able to generate a torque about x 
and y respectively. Taking the rotation rates of the platform 
𝛿𝜃̇

p
x and 𝛿𝜃̇py as inputs, the controller C3(s) is tuned to provide 

active damping to the pendulum modes 3 and 4, because 
they play an important role in the pointing performance [2]. 
The torques generated by the wheel read:

(6)𝛿Tz = C1(s)(𝛿raz − 𝛿𝜃̂
p
z
) + C2(s)𝛿𝜃̂

t
z

(7)

{
𝛿𝜃̂

p
z = d(s)𝛿𝜃

p
z

𝛿𝜃̂
t
z
= d(s)

(
40s

40s+1

)2

𝛿𝜃
t
z

(8)

{
C1(s) =

3043s2+958000s+7360

s2+357s+900

C2(s) =
140s2+3259s+166

s2+357s+900

3 � Modeling of the pointing system

The purpose of the pointing system is to reject the gondola’s 
motion (up to 0.15◦ of amplitude [2]), after the primary con-
trol ensured by the reaction wheels and motorized pivot, 
to obtain a line-of-sight pointing accuracy around the arc 
second (elevation and cross-elevation axes) and arc minute 
(field rotation axis).

3.1 � Description of the pointing system

The pointing system is represented in Fig. 7. The siderostat 
mirror is mounted on a gimbal equipped with two DC 
motors which allow it to be controlled around two axes 
called elevation and cross-elevation. The light is reflected on 
the siderostat mirror, and then concentrated by a parabolic 
mirror to the instrument through a hole in the siderostat mir-
ror. The instrument is mounted on a rotating stage, allow-
ing a third axis called field rotation to be controlled. Let 
us note R1 = (x1, y1, z1) the reference frame attached to the 
platform (gondola). The line-of-sight, represented with the 
frame R4 = (x4, y4, z4) , is defined with the three successive 
rotations:

•	 A first rotation around y1 defines the frame 
R2 = (x2, y2, z2) . The angle between R1 and R2 is called 
elevation and equals 10◦ + 2�el , where �el is the angle of 
the siderostat mirror around y1 . The factor 2 is due to the 
reflection of the light on the siderostat mirror, and the term 
10◦ is due to the angular position of the parabolic mirror.

(9)

[
𝛿Tx
𝛿Ty

]
= −

0.885s

s + 1.847
�������

Actuator model

1233s + 963

s2 + 0.76s + 6.3
�������������������

C3(s)

d(s)

[
𝛿𝜃̇

p
x

𝛿𝜃̇
p
y

]
.

Fig. 7   Sketch of the pointing system
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•	 A second rotation around x2 defines the frame 
R3 = (x3, y3, z3) . The angle between R2 and R3 is called 
cross-elevation and equals 2�ce , where �ce is the angle of 
the siderostat mirror around x2 . The factor 2 is due to the 
reflection of the light on the siderostat mirror.

•	 A third rotation around z3 defines the frame 
R4 = (x4, y4, z4) attached to the line-of-sight. The angle 
between R3 and R4 is called field rotation and is noted �fr.

3.2 � Definition of the line‑of‑sight

Let us note �EUL the vector containing the Euler angles (in 
any given sequence) defining the orientation of R4 with 
regard to an inertial frame. It can be expressed as a function 
of the vector �p containing the Euler angles of the platform, 
and of the vector �a =

[
�el �ce �fr

]T containing the angles 
of the three rotations imposed by the actuators (elevation, 
cross-elevation, field rotation) to the mirror or instrument. 
To the first order, this relationship reads:

where the matrix R = diag (2, 2, 1) accounts for the reflec-
tions on the elevation and cross-elevation axes, and the 
3 × 3 matrices ��

EUL

��p
 and ��

EUL

��a
 account for the rotations. At 

equilibrium, the actuator’s elevation angle 𝜃̄el is comprised 
between 5◦ and 20◦ , corresponding to a LOS elevation angle 
comprised between 20◦ and 50◦ (as defined in Sect. 3.1), 
and the cross-elevation and field rotation angles are zero. 
It is important to account for the different values that the 
equilibrium elevation angle 𝜃̄el can have during the flight, 
since it changes the influence of the platform’s motion, and 
consequently of the wind disturbance, on the cross-elevation 
and field rotation axes. Therefore, 𝜃̄el is considered as an 
uncertain parameter in this study. As discussed in [54, p. 
191 to 195], it is necessary to define the uncertain parameter 
tel = tan

(
𝜃̄el∕2

)
 , instead of 𝜃̄el , in the LFT representation, 

because the sine and cosine functions can be expressed as 
rational expressions in the variable tel.

Provided that ��
EUL

��a
 is invertible, let us define the new vec-

tor ��LOS describing the motion of the line-of-sight in terms 
of elevation, cross-elevation and field rotation, such that

The vector ��LOS is introduced because (i) the science 
requirements and the levels of noise of the optical sensor 
are expressed with this convention, and (ii) the action of 

(10)��EUL =
��EUL

��p

||||eq��
p +

��EUL

��a

||||eqR��
a

(11)

��LOS =
��EUL

��a

||||
−1

eq

��EUL =
��EUL

��a

||||
−1

eq

��EUL

��p

||||eq
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=P(tel)=Fu(P,�tel
)

��p

+ R��a.

the actuators on the line-of-sight angles are decoupled in 
Eq. (11) (the matrix R is diagonal) which facilitates the 
controller design. The matrix P(tel) expresses the relation 
between the gondola’s motion and the LOS depending on 
tel , and is expressed as the LFT Fu(P,�tel

) , where Fu(.) des-
ignates the upper LFT operator.

3.3 � Estimation of the line‑of‑sight

Three sets of sensors are used to estimate the line-of-sight:

•	 An optical sensor is attached to the instrument and pro-
vides a direct measurement of the line-of-sight, noted 
��̂

LOS

optic
 . It has low noise (around ±0.1 arcsec in eleva-

tion and cross-elevation, ± 10 arcsec in field rotation, 
sampled at 30 Hz) but has an uncertain delay to of 
30–40 ms, due to the exposure time of the sensor and 
some processing delays, which limits the closed-loop 
performance and stability.

•	 Another estimate, noted ��̂
LOS

gyro
 , is calculated with 

Eq. (11) from the two measurements:

–	 Analogical gyrometers deliver the rotation rates of 
the platform with high noise (around ± 20 arcsec/s 
at 200 Hz) but no delay. These rotation rates are 
integrated to get an estimate ��̂

p
 of the attitude of 

the gondola.
–	 The position of each actuator is measured relatively 

to the gondola with negligible noise (with regard 
to the attitude provided by the gyrometers). The 
delay of this measurement is taken into account in 
the actuators model in Sect. 3.4. This measurement 
is noted ��̂

a
.

–	 The estimate then reads: ��̂
LOS

gyro
= P(tel)��̂

p
+ R��̂

a
.

The line-of-sight measured by the optical sensor ��̂
LOS

optic
 

provides a good estimate at low frequencies, but cannot be 
used in high frequencies due to the 40 ms delay. On the 
contrary, the gyrometers/actuators estimation ��̂

LOS

gyro
 cannot 

be used in low frequencies due to the integration of the 
rate measurement resulting in high noise levels. Therefore, 
the optical sensor and the gyrometers/actuators measure-
ments are filtered to provide an estimate ��̂

LOS
:

where the high-pass filter F(�1, �2, s) is expressed as a LFT 
with two parameters �1 and �2 ( Fl(.) designates the lower 
LFT operator):

(12)��̂
LOS

=
(
I3 − F(�1, �2, s)

)
��̂

LOS

optic
+ F(�1, �2, s)��̂

LOS

gyro
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The structure of the filter presented in Eq. (13) was fixed for 
the mission. It corresponds to a classical gyro-stellar hybrid-
ization using a complementary filter; essentially, the idea is 
to rely on the optical measurements in low frequencies, and 
on the gyrometer measurements in high frequencies. It is 
composed of two first-order filters, whose two parameters 
�1 and �2 can be tuned to address the trade-off between noise 
levels, stability and rejection of the wind disturbance. This 
trade-off is coupled with the controller synthesis. Therefore, 
the parameters �1 and �2 will be tuned simultaneously with 
the controller. The values �1 = 0.1 s and �2 = 0.5 s were used 
during FIREBall 2018 flight.

The block diagram in Fig. 8 represents the sensors model 
and the estimation described in this section and implemented 
for controller synthesis. The transfer function of the uncer-
tain optical measurement delay to is treated as 3rd-order Padé 
approximation noted Doptic(s, to):

The measurement noise of the optical sensor is treated as a 
white noise in the frequency range 0–30 Hz; the measure-
ment noise of the gyrometer is treated as a white noise in the 
frequency range 0–200 Hz, which is integrated to provide 
the position. The inputs �ngyro and �noptic are white Gauss-
ian noises with unitary power spectral density; the filters 
modeling the noise frequency contents are

(13)

F(�1, �2, s) =
�1s

�1s + 1

�2s

�2s + 1
I3

=Fl

(
F(s),

[
�1I3 0

0 �2I3

])
.

(14)
Doptic(s, to) =

−s3 + (12∕to)s
2 − (60∕t2

o
)s + (120∕t3

o
)

s3 + (12∕to)s
2 + (60∕t2

o
)s + (120∕t3

o
)

=Fu(Doptic(s),�to
).

3.4 � Actuation system

A revolute joint is used to model each rotation mechanism 
of the mirror or instrument. Contrary to the revolute joints 
used in the modeling of the flight chain (see Fig. 4d in 
Sect. 2.4), each revolute joint used in the pointing system 
is actuated. It takes the angular acceleration 𝛿𝜃̈ imposed 
by the actuator between the two bodies designated with the 
generic notations A and B . The angular configuration �� is 
returned as output. For example, the elevation mechanism 
is represented in Fig. 9. The nominal model of the joint 
is noted Jel , and the block �tel

 represents the uncertainties 
due to the elevation angle at equilibrium 𝜃̄el . Each actuator 
is represented by a first-order transfer function between the 
input voltage �Vel and the angular acceleration imposed to 
the mirror or instrument (Table 1), resulting from a low-
level control loop that is not designed here. An uncertain 

(15)

�
Wgyro

n
= 5 × 10−6

I3

s
(rad∕s∕

√
Hz)

Woptic
n

= 4.5 × 10−8 diag (1, 1, 100) (rad∕
√
Hz)

.

Fig. 8   Line-of-sight estimation

Fig. 9   Elevation actuation system
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delay of 0.5–1 ms is also modeled on each actuator with a 
3rd-order Padé’s approximation noted Fu(Da(s),�ta

).
Finally, the pointing system is represented in Fig. 10. 

The mirror is a rigid body with a matrix of inertia 
J = diag (30, 30, 50) I3  kg  m2 . Note that its mass was 
already taken into account in the mechanical model of 
the gondola, since it influences its total mass, moments of 
inertia and position of its center of mass. The inertia of 
the instrument in field rotation is negligible, and thus it is 
not represented. The interconnection signals are not named 
for readability—see Fig. 9 for the details on a single axis 
actuation system. The input voltages are noted �Vel , �Vce 
and �Vfr for the elevation, cross-elevation and field rotation 
actuators respectively. The outputs of the system are the 
angle of each actuator, respectively ��el , ��ce and ��fr , and 
the line-of-sight angles ��LOS.

3.5 � Controller

An initial controller K0(s) is proposed before the robust 
synthesis. The controller takes the estimated pointing error 
as input, and generates the voltage to be sent to the actua-
tors; it is composed of three independent controllers in 
elevation, cross-elevation, and field rotation, as justified by 
Eq. (11), and tuned with a pole placement method:

where:

•	 Kp = �
2
0 , Kd = 2��0 with � = 1 and �0 = 50 rad s−1 , and 

K�
p
= �

�2
0

 , K�
d
= 2���

0
 with ��

0
= 10 rad s−1 , allow approxi-

mately placing the closed-loop poles,

(16)K0(s) ∶

⎧⎪⎨⎪⎩

Kel
0
(s) =

1

2

1.7e−6

0.01s+1
(Kp + Kds)F(s)

Kce
0
(s) =

1

2

3.81e−6

0.01s+1
(Kp + Kds)F(s)

Kfr
0
(s) =

5e−5

0.01s+1
(K�

p
+ K�

d
s)F(s)

•	 the factors 1/2 compensate for the factor 2 due to the 
reflection on the mirror on the elevation and cross-ele-
vation axes,

•	 the factors 1.7e−6, 3.81e−6 and 5e−5 correspond to 
the inverse high-frequency gain of the actuators transfer 
functions,

•	 the low-pass filters 1

0.01s+1
 and the anti-aliasing filter F(s) 

cut high frequencies, with Ts = 0.02 s:

Although this controller is not exactly the one that was used 
in the FIREBall flight in 2018, it was tuned in a similar fash-
ion so as to provide a similar control bandwidth. Moreover, 
it yields a good order of magnitude of the pointing perfor-
mance. Figure 11 shows the pointing error in elevation and 
cross-elevation (top plot) and the actuators motion (bottom 
plot) in response to the wind disturbance, modeled as the 
colored noise presented in Sect. 2.3. This simulation can 
be compared to the flight data presented in [2], in particular 
regarding three aspects: (i) the pointing error is around the 
arcsecond, (ii) the error on the cross-elevation axis is slightly 
higher than on the elevation axis, (iii) the low-frequency 

(17)F(s) =
�
2

T2
s
s2 + 1.4�Tss + �2

.

Table 1   Transfer functions of the actuators

Elevation Cross-elevation Field rotation

A
el
(s) = 18800

s

0.032s+1
A
ce
(s) = 4200

s

0.016s+1
A
fr
(s) = 1000

s

0.050s+1

Fig. 10   3-axes pointing system

Fig. 11   Simulation: response to a colored noise wind disturbance
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motion of the gondola is very efficiently rejected by the actu-
ators (bottom plot), such that only higher frequency content 
remains on the pointing error (top plot).

Remark: This initial controller does not exploit much 
of the available model information (natural frequencies of 
the flight chain, noise models, sensors delays, parametric 
uncertainties, etc.). The goal of the methodology presented 
in this paper is to take advantage of the proposed model 
to improve the pointing performance, in particular with 
regard to the rejection of the wind disturbance, using a 
model- and optimization-based method based on the H∞ 
synthesis.

4 � Robust control of the line‑of‑sight

4.1 � Theoretical elements

In this paper, the pointing control of the line-of-sight on-
board the stratospheric balloon is formulated as a robust 
structured H2∕H∞ problem. The main theoretical elements 
are briefly recalled here.

The H2 and H∞ norms
Consider a transfer matrix G(s) such that y(s) = G(s)u(s) . 

The H∞ norm is induced by the L2 norm:

and can therefore be equivalently interpreted as the maxi-
mum amplification factor of the signal energy from input to 
output, which makes it useful for evaluating performance in 
a control problem, or as the maximum singular value (�max) 
over all frequencies (which can easily be read on a Bode 
diagram).

The H2 norm can also be defined:

to measure the variance of the output signal y when the input 
u is a white noise with unitary power spectral density.

Robust structured H∞ control
Consider the standard closed-loop model represented in 

Fig. 12 with a plant M(s) , a controller K(s) to be tuned, and 
parametric uncertainties represented by the block � ∈ � 
where � is the set of all possible parametric configurations.

The robust structured H∞ control problem [48] consists 
in computing an optimal controller K∗(s) ∈ K which stabi-
lizes the plant in all parametric configurations, and which 
minimizes the H∞ norm of the transfer between w and z 
with regard to the worst-case configuration:

(18)‖G(s)‖∞ = sup
u≠0

‖y‖2
‖u‖2 = sup

�

�max(G(j�))

(19)‖G(s)‖2
2
=

1

2� ∫
+∞

−∞

Tr(GT(−j�)G(j�))d�

where Fl(.) and Fu(.) denote respectively the lower and 
upper LFT, and K denotes the space of the controllers of 
the desired structure: e.g., of reduced order, PID, observed-
based, etc. Even in the case without parametric uncertainty 
(� = 0), this problem is non-convex (it is only convex in 
the unstructured case, i.e., if K contains all controllers of 
the same order as M(s) without any imposed structure), and 
the non-smooth optimization algorithm implemented in the 
systune routine of Matlab provides a locally optimal solu-
tion, even for large size problems [46]. This formulation 
also handles constraints based on the H2 norm, and multi-
objective problems [49]. Finally, this algorithm addresses 
the problem with parametric uncertainties (� ≠ 0) through 
a heuristic search of worst-case configurations [47].

4.2 � Closed‑loop model

Based on the modeling presented in Sects. 2 and 3, the 
closed-loop system, of order 152 with 135 repetitions of 
the uncertain parameters, is represented in Fig. 13:

•	 The green blocks represent the nominal system: M(s) 
includes the flight chain, E(s) represents the estimation 
(Sect. 3.3), and A(s) regroups the actuators dynamics 
(Sect. 3.4),

•	 The blue blocks �M , �E and �A regroup the parametric 
uncertainties discussed earlier on the mechanical sys-
tem, estimation and actuators’ models respectively,

•	 The red blocks are the tuning parameters: controller 
K(s) = diag

(
Kel(s),Kce(s),Kfr(s)

)
 composed of one 

controller for each axis (elevation, cross-elevation, field 
rotation)—the three controllers are decoupled because 
the action of the actuators on the line-of-sight angles 
are decoupled in Eq. (11); and the estimation param-
eters �1 and �2,

•	 The grey blocks are the weighting filters: Wd and Wn 
model the frequency content of the disturbances and of 
the noise respectively; Wu , Wed

 , Wer
 and Wen

 are the 
output weights used for the robust control synthesis,

(20)
minimize

K(s)∈K
max
�∈�

‖Fl(Fu(M,�),K)‖∞
such that K(s) stabilizes Fu(M,�) for all � ∈ �

Fig. 12   Standard closed-loop 
model



	 E. Kassarian et al.

•	 The inputs are: the wind disturbances �d ∈ ℝ
2 applied 

along x and y to the balloon; the sensors noises �n ∈ ℝ
6 ; 

and the reference angles �r ∈ ℝ
3,

•	 The internal signals are: the measured states �y ∈ ℝ
9 

regrouping the 3 gondola’s rotation rates, the 3 actuators 
angles, and the 3 angles of the line-of-sight; the pointing 
error �e ∈ ℝ

3 ; the actuators voltages �V ∈ ℝ
3 ; and the 

commands �u = ��a ∈ ℝ
3,

•	 The outputs are: the weighted errors 𝛿ẽd ∈ ℝ
3 , 𝛿ẽr ∈ ℝ

3 
and 𝛿ẽn ∈ ℝ

3 , and the weighted command 𝛿ũ ∈ ℝ
3.

The filter D(s) obtained in Eq. (4) characterizes the wind 
disturbance:

and the measurement noise derives from Eq. (15):

4.3 � Control requirements

One main objective of the pointing control is wind disturbance 
rejection. To improve the performance of the initial controller 
K0(s) , the filter Wed

 is defined to impose a maximum ampli-
tude of �1 = 4 × 10−5 rad in elevation/cross-elevation and 
�2 = 4 × 10−3 rad in field rotation:

(21)Wd(s) = D(s)I2

(22)Wn(s) = diag
(
Wgyro

n
,Woptic

n

)
.

(23)Wed
= diag (1∕�1, 1∕�1, 1∕�2).

The reference tracking requirement—ensure a 30 rad/s (ele-
vation and cross-elevation) or 5 rad/s (field rotation) band-
width to follow a reference line-of-sight—yields the filter 
Wer

 which penalizes low-frequency error:

and since W−1
er

 imposes an upper bound on the closed-loop 
sensitivity function S (see Eq. (27)), and since the modulus 
margin r is such that 1∕r = ‖S‖∞ , this requirement also 
ensures a modulus margin of at least 0.5. The limitation 
constraint of the actuators angles yields Wu:

which penalizes high-frequency solicitation of the actuators 
and was computed to avoid degrading the performance of the 
initial controller with this regard. The pointing error caused 
by sensor noise is limited with the filter Wen

:

with a less stringent requirement on the field rotation due to 
the higher noise on this axis. This requirement also alleviates 
the fatigue of the actuators in response to the measurement 
noise. Finally, the controller is imposed to be stable. Let us 
note � = diag (�M ,�A,�E) . The robust structured H2∕H∞ 
problem reads

(24)Wer
=

1

2
diag

(
s + 30

s + 0.03
,
s + 30

s + 0.03
,

s + 5

s + 0.005

)

(25)Wu = 5 × 105 ×
s2 + 0.56s + 0.16

s2 + 56s + 1600
diag (1, 1, 1∕20)

(26)Wen
= 4 × 105 diag (1, 1, 1∕40)

(27)

minimize
K(s),𝜏1,𝜏2

𝛾1 = max
�

�‖𝛿n → 𝛿ẽn‖2
�
< 1 (noise transmission)

subject to ∶

⎧⎪⎪⎨⎪⎪⎩

𝛾2 = max
�

�‖𝛿r → 𝛿ẽr‖∞
�
< 1 (ref. tracking, stability margin)

𝛾3 = max
�

�‖𝛿d → 𝛿ẽd‖∞
�
< 1 (disturbance rejection)

𝛾4 = max
�

�‖𝛿d → 𝛿ũ‖∞
�
< 1 (actuators solicitation)

s is a pole of K ⟹ Re(s) < 0 (stable controller).

Fig. 13   Closed-loop block 
diagram for the LOS pointing 
control
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Remark: The H∞-norm is used in the performance indices 
�3 and �4 , where the wind disturbance �d is the input, to 
minimize the resonances due to the flexible modes of the 
flight chain. The H∞-norm is also used for the index �2 for 
the classical loop-shaping of the sensitivity function. On the 
other hand, since the H2-norm is convenient to quantify the 
standard deviation of the output signal when the input signal 
is random of unitary power spectral density (PSD), it is used 
for transfer between the sensors noise and the pointing error 
(the input has unitary PSD since the filter Wn , integrated in 
the model, represents the frequency content).

4.4 � Results

The problem (27) is solved with Matlab routine systune 
to ensure the robust stability and robust performance of the 
closed-loop system. The synthesis is initialized with the ini-
tial controller K0(s) and the estimation parameters �1 = 0.1 s 
and �2 = 0.5 s. Each controller Kel(s),Kce(s),Kfr(s) is a 3rd-
order tunable controller, multiplied by the anti-aliasing fil-
ter defined in Eq. (17). Aside from the estimator, the only 

constraint regarding the structure of the controller was to 
have 3 decoupled controllers, as justified by Eq. (11); the 
order 3 was chosen as it was found to yield satisfying per-
formance for a reasonable complexity.

Initial controller
The closed-loop transfers relative to the control require-

ments are presented in Fig. 14 with the initial controller 
K0 for 500 random samples, including the worst-case con-
figurations identified by systune. The disturbance rejection 
objective (top left plot) is not met because of the natural 
resonances of the system (pendulum modes 1 and 2), and 
neither is the reference tracking/stability margin require-
ment with a critical frequency around 100 rad/s (bottom left 
plot). The two other control objectives are fulfilled: actuators 
solicitation (top right), transmission of sensor noise (bottom 
right—remark: the requirement is not represented since it is 
relative to the H2 norm).

Optimized controller and estimation parameters
The optimized controller is noted K̂(s) and the estima-

tion parameters �̂1 = 0.17 s and �̂2 = 8.0 s are obtained. 
The closed-loop transfers are presented in Fig. 15 for 500 

Fig. 14   Closed-loop transfers 
(500 samples) with K

0

Fig. 15   Closed-loop transfers 
(500 samples) with K̂
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samples, including the worst-case configurations identified 
by systune. The control requirements are (almost) fulfilled.

Comparison of the controllers
The performance indices of the two controllers are sum-

marized in Table 2. Essentially, the disturbance rejection 

�3 is improved, along with the reference tracking �2 (and 
consequently the modulus margin r), at the expense of the 
noise transmission �1 . Some requirements are still slightly 
exceeded (value superior to 1), but this is deemed acceptable.

Remark: The performance indices presented here are 
calculated after systune’s heuristic evaluation of the worst-
case configurations, which yields a lower bound of the 
actual worst-case performance. This point is addressed 
with �-analysis in Sect.  5 for the disturbance rejection 
performance. 

The improvement on the disturbance rejection perfor-
mance, represented by the index �3 , is illustrated with a 
time-domain simulation. The response of the system to the 
wind disturbance, modeled as the colored noise presented 
in Sect. 2.3, is presented in Fig. 16 for the elevation axis.

The Bode plots, in magnitude and phase, of the two con-
trollers K0 and K̂ (tunable controller with anti-aliasing fil-
ter), are shown in Fig. 17.

5 � Sensitivity analysis

This section focuses on the robust disturbance rejection per-
formance, and its sensitivity to the uncertain parameters. 
Based on the LFT representation derived in this paper, the 
�-analysis allows computing formal lower and upper bounds 
of the worst-case performance 𝛾3 = max

�

�‖𝛿d → 𝛿ẽd‖∞
�
:

For this purpose, the SMAC/SMART toolbox [55, 56] is 
used throughout this section.

(28)𝜇 < 𝛾3 < 𝜇.

Table 2   Summary of the controllers performances

Type of variable Variable 
name

Values Comment

Decision variables Controller K
0 K̂

�
1

0.1 s 0.17 s
�
2

0.5 s 8.0 s
Performance 

indices
�
1

0.75 0.95 Noise transmission
�
2

2.13 1.09 Reference tracking
�
3

3.45 1.08 Disturbance rejection
�
4

1.08 1.08 Actuators solicitation
r 0.25 0.49 Modulus margin

Fig. 16   Simulation: comparison of the controllers (elevation axis)

Fig. 17   Bode plots of the controllers K
0
 and K̂
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However, �-analysis methods are very sensitive to the 
size of the uncertain block � . Although a lower bound can 
be directly computed, at the critical frequency 0.30 rad/s 
(corresponding to the pendulum mode 1):

the computation of the upper bound did not converge. 
Indeed, the uncertain parameters exhibit a high number of 
repetitions, as shown in Table 3.

Therefore, a sensitivity analysis is proposed to reduce the 
model. The �-sensitivity of a parameter measures the degra-
dation of the worst-case performance when its uncertainty 
range varies. Let us define �̃i the parametric space such that 
the variation range of the i-th uncertain parameter around 
its nominal value is multiplied by (1 − �) ; the �-sensitivity 
[57] is defined as

(29)� = 1.0843

Lower bounds are used to compute the �-sensitivity, since 
the actual worst-case performance or an upper bound can-
not be computed. The value � = 0.1 is used. The results are 
presented in Fig. 18.

Then, a reduced system is defined by only keeping the 
seven most impacting uncertain parameters to enable the 
computation of an upper bound. The other eight parameters 
are set to their worst-case value identified in the computation 
of the lower bound in Eq. (29).

The worst-case performance of the reduced system is 
noted �̃3 . It verifies �̃3 ≤ �3 , but since the most sensitive 
parameters were retained, it can be expected that �̃3 ≈ �3 . 
We now search to compute bounds for the reduced system:

and, accordingly to the critical frequencies identified in 
the sensitivity analysis, the frequency range is limited to 
[0.25–0.4] rad/s to ease the following computations. As for 
the full system, a lower bound can be directly computed:

However, since the gondola mass and the ballast mass are 
still repeated 32 times each:

•	 the gondola mass is set to the worst-case value identified 
in the computation of the lower bound;

•	 the ballast mass is discretized across its variation range, 
to assess the impact of the release of ballast during the 
flight.

(30)

S
i
=

�
max
�

�‖𝛿d → 𝛿ẽ
d
‖∞

�
−max

��
i

�‖𝛿d → 𝛿ẽ
d
‖∞

��
∕𝜖.

(31)�𝜇 < �𝛾3 <
�
𝜇

(32)�̃ = 1.0843.

Table 3   Number of repetitions of the uncertain parameters

Element Parameter Number of 
repetitions

Balloon Center of mass 4
Center of buoyancy 2
Center of pressure 2
Mass 4
Moment of inertia (x and y) 2

Gondola Mass 32
Center of mass 6
Moment of inertia (x) 1
Moment of inertia (y) 1
Moment of inertia (z) 1
Moment of inertia (xz) 2
Ballast mass 32

Payload Sensor delay t
o

15
Actuator delay t

a
15

Elevation angle t
el

16

Fig. 18   Sensitivity to the uncertain parameters Fig. 19   Lower and upper bounds of the reduced model
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The resulting lower and upper bounds, as a function of 
the ballast mass, are presented in Fig. 19. The lower and 
upper bounds are close to each other, so they provide a 
good evaluation of the performance. Overall, the perfor-
mance is improved when the ballast mass decreases. The 
objective (value 1) is guaranteed for a ballast mass of zero 
(upper bound equal to 1), and it is necessarily exceeded 
for a ballast mass superior to 200 kg (lower bound supe-
rior to 1).

6 � Conclusion

A first dynamical model was proposed based on Lagrangian 
mechanics. This method is easy to apply for any flight chain, 
yet was shown to provide a good prediction of the frequency 
content of the platform’s motion when applied to the Faint 
Intergalactic-medium Redshifted Emission Balloon (FIRE-
Ball) experiment and validated with flight data, in particular 
regarding the flexible pendulum-like modes. Then, an LFT 
model was derived based on a general multibody approach to 
take into account parametric uncertainties such as the ballast 
mass or the balloon’s mechanical parameters.

Based on the model of the system, the structured H2∕H∞ 
control framework was chosen to address the line-of-sight 
pointing control. Indeed, it allows reducing the amplification 
of the flexible modes, which are the main source of pointing 
error according to the model and to the flight experience, 
while ensuring other constraints in the frequency domain 
such as the control bandwidth, the modulus margin, or actua-
tors limitation. Moreover, this method takes into account 
parametric uncertainties since the performance is optimized 
with regard to the worst-case parametric configurations. It 
was shown that this approach improved the performance 
with regard to an initial controller that was tuned with a 
traditional PID approach which did not fully take advantage 
of the knowledge of the system (sensors noise and delays, 
actuators dynamics, natural frequencies, etc.).
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