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MAXIMAL DISPLACEMENT OF A TIME-INHOMOGENEOUS N(T)-PARTICLES
BRANCHING BROWNIAN MOTION

ALEXANDRE LEGRAND AND PASCAL MAILLARD

ABSTRACT. The N-particles branching Brownian motion (N-BBM) is a branching Markov process which
describes the evolution of a population of particles undergoing reproduction and selection. It shares many
properties with the N-particles branching random walk (N-BRW), which itself is strongly related to physical
p-spin models, or to Derrida’s Random Energy Model [25] 26]. The N-BRW can also be seen as the
realization of an optimization algorithm over hierarchical data, which is often called beam search [15].
More precisely, the maximal displacement of the N-BRW (or N-BBM) can be seen as the output of the
beam search algorithm; and the population size N is the “width” of the beam, and (almost) matches the
computational complexity of the algorithm.

In this paper, we investigate the maximal displacement at time T" of an N-BBM, where N = N(T)
is picked arbitrarily depending on T' and the diffusion of the process o(-) is inhomogeneous in time. We
prove the existence of a transition in the second order of the maximal displacement when log N(T') is of
order T1/3. When log N(T) < T1/3 the maximal displacement behaves according to the Brunet-Derrida
correction [21] which has already been studied for N a large constant and for o constant. When
log N(T') > T'/3, the output of the algorithm (i.e. the maximal displacement) is subject to two phenomena:
on the one hand it begins to grow very slowly (logarithmically) in terms of the complexity N; and on
the other hand its dependency in the time-inhomogeneity o(-) becomes more intricate. The transition at
log N(T') ~ T'/3 can be interpreted as an “efficiency ceiling” in the output of the beam search algorithm,
which extends previous results from [I] regarding an algorithm hardness threshold for optimization over the
Continuous Random Energy Model.
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1. INTRODUCTION AND MAIN RESULTS

The branching Brownian motion (BBM) can be described as follows. At time ¢ = 0 we consider a
(non-empty) initial configuration of particles on the real line, which all start moving as standard Brownian
motions until some exponentially distributed random times with parameter 8y. All those movements and

2020 Mathematics Subject Classification. Primary: 60J80, 68Q17, 82C21 ; Secondary: 60J70, 92D25, 60K35.
Key words and phrases. Branching Brownian motion, branching random walk, time-inhomogeneous diffusion, algorithmic
lower bounds, selection, beam search, Airy functions.



2 A. LEGRAND AND P. MAILLARD

exponential “clocks” are taken independently from one another. When one of the exponential clocks rings, the
corresponding particle splits into a random number & > 2 of new ones at its location. Then, those particles
start evolving the same way, independently, with their own exponential clocks. Following a generalization
first introduced in [29], in this paper we will be interested in BBM’s with time-inhomogeneous motion. More
precisely, let o € C%(]0,1]) be a positive function: then for some fixed final time T > 0, we assume that, at
time ¢ € [0, T, the infinitesimal variance of all the Brownian motions involved in the construction is given by
o%(t)T).

From this process, one can construct the (time-inhomogeneous) N-particles branching Brownian motion
(N-BBM) by adding the following selection mechanism: we start from an initial configuration containing at
most N particles, N € N. At any time of a splitting event, we remove all particles which are not among the
N highest of the whole population. We denote by X~ the particle configuration of the N-BBM at time T,
seen as a (finite) counting measure on R (full formal notation and construction of the N-BBM are presented
more extensively below). We write max(X2) for the maximal displacement of the process at time 7', i.e. the
position of the highest living particle from the N-BBM. Similarly, X denotes the particle configuration of
the BBM (without selection) at time T', and max(X7) the maximal displacement of the BBM.

On the one hand, the maximum displacement of the BBM has been extensively investigated in the literature,
both for the time-homogeneous and inhomogeneous cases, see [19, 20, 29] [48] or more recently [2] [46), [47]
among other works. On the other hand, studying the maximum of the homogeneous N-BBM is a more
difficult matter: it was first done in [21I] with heuristic methods, and later in [43] (see also [6]). The goal of
this paper is to study the maximum of the N-BBM in the time-inhomogeneous case. Moreover, we will be
interested in the case where N depends on T, with N = N(T) — oo as T — oco. More precisely, we define

(1.1) L(T) := logN(T),

and we shall consider the regime where 1 <« log N(T') < T. Note that the original BBM formally corresponds
to N = +o0.

In the remainder of this section, we state the mathematical results of this paper. The most important
takeaway from this article is that the maximal displacement of the N(T')-BBM undergoes a phase transition
at a critical scale L(T) =< T3, and we fully determine the asymptotics at, below and above this scale.
We also provide results for variants of the model including the continuous random energy model (CREM).
This is related to the topic of hardness thresholds for optimization algorithms on random instances. Such
a threshold was already established in [I] for the specific case of the CREM—see Figure [I| for simulations
which illustrate this phenomenon for the N-BBM considered here. In this context our results amount to
“zooming in” at the threshold. We further discuss this in Section below. We also provide more refined
numerical experiments on a discrete-space variant in Section [2.3

1.1. Statement of results on the N-BBM.

Notations. Throughout this paper, C%(]0,1]) denotes the set of C? functions from [0,1] to (0,+o0) (in
particular they are positive). Let the infinitesimal variance of the N (T')-BBM be given by o2(¢/T), t € [0, T],
for some o € C?([0, 1]). Define

(1.2) v(s) = /OS o(s)ds, s €[0,1],

which is called the natural speed of the BBM. Recall that £ denotes the offspring distribution of particles,
and (3 denotes the branching rate: in this paper we assume E[¢?] < 400, and, using the Brownian scaling
property, one can assume without loss of generality that 8y = (2(E[¢] — 1)) 7.

Let C denote the set of all finite particle configurations, i.e. all finite counting measures on R; and for
N >1,1let Cny := {p € C; u(R) < N}. For px € C (resp. pu € Cy), the law of the BBM (resp. N-BBM)
starting from the initial configuration p will be denoted P,, (we use the same notation for both, and what
branching process is considered at any given time will always be clear from context).
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F1GURE 1. Running maximum of simulations of time-inhomogeneous N-BBM with varying .
Parameters: T = 1000, o(t) = 0.125+ 2. The dashed curve corresponds to the theoretical position
of the running maximum of the time-inhomogeneous BBM without selection (N = oo), which is
attained up to random O(1) fluctuations, see [17].

For any p € C, define

(1.3) Qr(r) = sup{g € R [T € [0,1], u(lg — so(O)L(T), +00)) > N(T)*}

= inf {g e R|Vr €[0,1], u(lg — ko (0)L(T), +o0)) < N(T)"}.
We shall see below that this term determines how the choice of the initial configuration p € Cx (1) reverberates
on the displacement of the N(T)-BBM after a long time (see Section [3.3| for more details). For instance, one

can check for y € R that Qr(d,) =y and Qr(N(T)d,) =y + o(0)L(T).
Let Ai and Bi denote respectively the Airy functions of first and second kind, and define

2/3
(1.4) U(q) = gﬁsup {N <05 Ai()BI(A + (29)?) = Ai(A + (29)*)Bi(V)} < 0,  ¢>0,
and U(—q) := q + ¥(q) for —¢ < 0; and finally ¥(0) := —%2. It is proven in [47, Lemmata 1.7, A.4] that

g+ ¥(q) is well-posed and convex (hence continuous) on R. Moreover, let a; denotes the absolute value of

- /
the largest root of Ai (i.e. a; = 2.33811...); then one has ¥(q) ~ —a;'f% as q — +oo.
Let us denote the positive and negative parts of a real number with

(1.5) ()" = alsoy (r)” == —xlgp<oy VreR,

and, for a function f : R — R, let us write similarly (f)*(z) := (f(x))" and (f)"(z) := (f(x))", = € R.
Furthermore, op(f(T")) denotes a random quantity which, when divided by f(T), converges to 0 in PP,,,-
probability as T — +oo. Finally, we say that a function o € C%([0,1]) changes its monotonicity finitely
many times if there exists up = 0 < w1 < ... < up = 1 such that ¢ is monotonic (i.e. non-increasing or
non-decreasing) on each [u;_1,u;], 1 <i < p.
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Main result: asymptotic of the maximum. We now state the main result of this paper.

Theorem 1.1. Let o € C2([0,1]), let L(T) = log N(T) — +0o as T — +o0, and denote with XéV(T) the
empirical measure on R at time T > 0 of a N(T)-BBM with infinitesimal variance o(-/T), started from
some initial configuration ur € Cy(ry, T > 0. Let max(XéV(T))
process at time T'. We have the following.

(1) (Sub-critical regime) Assume 1 < L(T) < T'/?. Then,

denote the mazximal displacement of the

™

2
N(T)y _ _ T
(1.6) max(X; ) = Qr(pr) +v(1)T (1 2L(T)2> + op (L(T)2> .
(i1) (Critical regime) Assume L(T) ~ oT*/3 for some a € (0, +00). Then,

(17) max(Xy ") = Qr(ur) +v()T + U %‘I’( B asffl((zf)))d“} TV +op(T).

(#ii) (Super-critical regime) Assume T'/3 < L(T) < T, and that o changes its monotonicity finitely
many times. Then,

1
(18) (26 7) = Qr(ur) + v(0T + | [ (0% (w) | £(T) + o0 (1(T)).

In the super-critical regime (1.8)), if o is non-increasing, Theorem [1.1] gives little information. However,
we complete it with the following result.

Proposition 1.2. Let o € C%([0,1]) be strictly decreasing, let T'/? < L(T) < 400, and consider the initial
particle configuration &g (i.e. one particle at the origin). Then as T — 400, one has,

1
(1.9) max(XN ™) = p(1)T — 2L U o(u) 3o’ (w)[/? du| TV + op(TV/?) .
0

Some assumptions in this proposition (namely, constraining the initial configuration to be dg, and assuming
o is strictly decreasing) are not as general as one would expect when compared to Theorem [1.1} we further
discuss them in the proof, see Section [8.1] below.

Remark 1.1. Let us point out that Pmposition also holds for L(T) = 400, that is for the mazimum of
the BBM without selection when o is decreasing: this has already been proven in [46]. However, when o is
not decreasing, the maximum of the BBM without selection is vmaxT + o(T) for some vmax > v(1) (this is a
well-known result, which follows e.g. from direct adaptations of [18] or [A7]). This is in line with (L8], since
one can let L(T) be arbitrarily close to T, hence it implies that the maximum of the BBM without selection
is larger than any v(1)T + o(T) for o not decreasing.

Notational convention and rephrasing of the main result. In order to write Theorem [I.I] and upcoming
statements in a more condensed form, let us denote the three regimes (i.e. T'/? < L(T) < T, L(T) ~ oT"/3
and 1 < L(T) < T/ 3) respectively with the superscripts “sup”, “crit” and “sub”. We will also occasionally
consider the regime L(T) > T'/3 in the case of non-increasing o, which we denote with the superscript
“sup-d”. In what follows, we will always assume that N depends on T according to one of the four regimes.
Furthermore, in the “sup” regime we always implicitly assume that ¢ changes its monotonicity finitely many
times (this technical restriction is further discussed below) and in the “sup-d” regime we assume that o is
decreasing. Then, we define the error scaling terms for each regime with

su ri sup-d b
(1.10) WP = L(T), b =P =73 and P = TGaLR
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for T' > 0; and the limiting terms with,

my? = v(1)T + [/Ol(ol)J“(u) du} L(T),

msit = o(1)T + [/0 >\11( 30((u>)du] T3,
mipt = v(l)T(

u)
and  miP = p(1)T - 21/3 [/ a(u)3|o’ (u))?/3 du] T3,

Theorem and Proposition can then be summarized as follows:

Theorem 1.3 (Rephrasing of Theorem and Proposition . Let the assumptions of Theorem (in
the regimes “sup”, ‘“crit” or “sub”) or of Proposition (in the regime “sup-d”) hold. Then, for every
* € {sup, crit, sub, sup-d}, we have as T — +0o0,

(1.12) max (X ") = Qr(pr) + mi + op (b5:).

Complementary result: empirical measure and diameter. We complement the main result with a statement,
in the critical and super-critical regimes, about the empirical measure of the particles below the asymptotic
maximum and the diameter of the configuration at the final time. We do not expect the very same claim to

hold in general in the subcritical regime: especially for (1.13), a random centering would be required, see
Remark We write log, (z) = log(z V 1).

Proposition 1.4. Suppose the assumptions of Theorem[I.1] hold and that we are in the critical or super-
critical regime, i.e. x € {crit,sup}. Then, as T — oo,

log, X7 ([Qr(ur) + miy —yo(1)L(T), +20))
(1.13) sup
y€10,1] L(T)
Additionally, if min(X%V(T)) denotes the position of the minimum of the N(T)-BBM at time T, then
(1.14) max(X~ ) — min(XN ) = o(1)L(T) + op(L(T)).

Remark 1.2. We can rephrase the first part of Proposition[I.4) as follows: in the critical and super-critical
regimes, one has for T large,

X2 Q1 (ur) +mi — yo(1)L(T), +o0)) = N(T)v+or®),

uniformly in y < 1 not too close to zero.

(1.11)

—y| — 0, in P, -probability.

1.2. Results on variants of the N-BBM. In this section, we introduce two variants and one extension of
the N-BBM and state results analogous to Theorem [I.1] and Propositions [[.2] and [I.4]

N-BBM with deterministic branching times. Our results also apply to a variant of the N-BBM in which
particles branch simultaneously at deterministic times on a time grid aN, for some a > 0. Let £ and o be as
above. The process is then defined as follows: Given T' > 0, particles diffuse independently according to time
inhomogeneous branching Brownian motions with infinitesimal variance o?(t/T') at time t. Furthermore, at
each time which is a multiple of a = 2log E[¢], each individual is replaced independently from the others by
a random number of particles with the same distribution as £. In the following, the BBM with deterministic
branching times will be called “BBMdb”, and its counterpart with selection will be called “N-BBMdb”.

Proposition 1.5. Let N(T') — 400 as T — 400, then the results of Theorem Proposztzonsn and-
also apply to the N(T)-BBMdb.

Remark 1.3. Note that we have chosen the value of a above for convenience, but we can handle any value
of a by a time-change and using a different function o.
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Continuous random energy model (CREM). In the same vein as Proposition the results presented in
this paper can be applied to a class of discrete-time branching random walks with Gaussian increments.
Here, we focus on the specific case of the Continuous Random Energy Model (CREM). This model was
introduced in [I8] as a generalization of Derrida’s Generalized Random Energy Model (GREM) [27], and
can be constructed as follows.

Consider a function A from [0,1] to [0, 1] which is C' and satisfies A(0) =0, A(1) =1 and A’(s) > 0 for
all s € 10,1]. Let Ty := {0} U Uz;l{O, 1} denote the rooted binary tree of depth T' € N, and for 0 <i < T,
write V; for the set of vertices u € T with depth |u| = i. Let X§*" := 0. For v € Tr_1, and ui one of its
two offspring, i € {0,1}, let XEB" — X, be a centered Gaussian random variable with variance

T(A(M) - A(F).

and assume the XCREM — X CREM 'y = T'p ) 4 € {0,1} are independent. Then the (Hamiltonian of the) CREM
with parameters A(-) and T is given by the values of the process X on the leaves of Ty, that is (XSFE"), oy

The CREM can also be constructed from a variant of the time-inhomogeneous BBMdb presented above.
Indeed, consider (X;)ico,r] @ BBMdb with infinitesimal variance o?(s) := A’(s), s € [0,1], and where
all particles branch simultaneously into & = 2 offspring each at each time of the grid aN, where we take
a := 2log2. We assume T' € aN, but the process ends at time T' before branching. Assuming X starts from
two particles at the origin (or that it branches instantly at time 0), one obtains the following equality in law:

(1.15) Xr 2 (y/2log2 XCEN)

Let N € N, and let (XS*¥), o1, be the construction of the CREM on the whole tree Tr as presented
above. We may construct an “N-CREM” with the following procedure: perform a breadth-first exploration
of the tree Tr, noting encountered values of X“*" at depth k with X} 1, X 2,... Then, remove from the
tree all vertices (as well as the sub-tree they support) from Vi which are not associated with one of the
N highest values from the sequence X ;, i« > 1. Repeat that procedure at depth & + 1, considering only
the offspring of vertices which were not removed. When that procedure ends, it yields a family which we
denote (X77;%); <y () C (X3 )uevy: this can be seen as an optimization algorithm on the CREM, with
complexity —that is, the number of queries throughout the procedure— of order O(T'N). In particular,
choosing a specific sequence N = N(T') allows for any complexity in T for that algorithm. One can also
interpret (X;%™);<y as the final values of a (discrete time) branching random walk with selection.

Recall that we defined the N-BBMdb above, i.e. the BBM with selection and deterministic branching
times. Then the BBM—CREM correspondence (1.15)) also apply to the N-particles variants: more precisely,
one has

> (d) -
(1.16) xRN = (V 2log2 XTIY/(Cgflgng)lgiSN :

Remark 1.4. The presence of a 2N in the l.h.s. of comes from the fact that, in the N-CREM, one has
to consider 2N Gaussian increments, then select the N highest before having the particles reproduce; whereas
in the N-BBMdb, the selection happens just after the reproduction event. Notice that, if N = N(T) — 400
as T — 400, one has log(2N) ~log N =: L(T): so the maximal displacement of the N-BBM and (2N)-BBM
have the same asymptotics in Theorem[1.1]

Let max (X7 ™) := max{X ;™1 <i < N(T)}, and recall (L.10) and (L.1I)). We have the following
result, which is an immediate corollary of Proposition and (1.16).

uEVr/(210g2)

Theorem 1.6. Consider the CREM with parameters A(-) and T € N. Let N = N(T) — 400 as T — +0o0,
and consider the associated N-CREM. Let % € {sup, crit, sub, sup-d} denote the regime satisfied by L(T) :=
log N(T), and o?(-) := A'(-) € C*([0,1]). Then as T — +oo, one has,

(1.17) max( Xy ) = (210g2) /2 M{210g2)T OIP’(bz} log 2)T) .
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Moreover, assume * € {crit,sup}; then one has as T — 400,

(1.18)
log, #{i < N5 X% > (2log 2)~1/2[mi, 00 — yo (D L(T)]}
sup . —y| — 0, inP,,.-probability,
ye[0,1] L(T)
and
(1.19) max (XN ) _ min( XN = (210g2) "1/ 26(1)L(T) + op(L(T)).

N-BBM with time-inhomogeneous selection. It is natural to extend the N-BBM by allowing the selection
mechanism to be time-inhomogeneous as well. That is, starting from a (time-inhomogeneous) BBM over
the time horizon T > 0, at any time s € [0,T], keep only the particles at the N(s,T') highest of the whole
population, for some function N (-, T) fixed beforehand. Let us call this model the N(-,T)-BBM. The results
presented above—namely Theorem and Proposition Can be extended to a class of N(-,T7)-BBM
in which the selection does not vary too much: more precisely, the selection remains in the “same regime’
throughout the time interval [0, 7.

Consider some growing function E(T) — +o00 as T — +o0, and a positive function £ € C1([0,1]), note
that this implies that ¢ is bounded away from 0 and 4oc0. Define for 0 < s < T,

(1.20) L(s,T) = logN(s,T) := (s/T) L(T),

the log-population size at time s € [0, 7] of the N(-,T)-BBM. We say that,
— L(T) is sub-critical if 1 < L(T) < T/3,
— L(T) is critical if L(T) ~ T/3,
— L(T) is super-critical if T'/3 < L(T) < T.

Let us adapt the notation from by defining for T > 0,

)

~ ~ . N T
1.21 b = L(T), bt = /3 and B = — ,
(1.21) wr= L), B =
as well as,
1
my? = v(1)T + { C(u)(o") T (u) du] L(T),
0
1 /
~crit o(u) _ 30" (u) 1/3
(1.22) A = o(1)T + { A (- o T Yau| 7,

o(u)

(
~sub .__ v . 71'2 1 1 w
and mp” = o(1)T (1 QE(T)Q/O ) d )

Recall also the definitions of b;‘p'd, m?‘p'd. Then we have the following.

Theorem 1.7. Let o € C2([0,1]). Let L(T) — 400 as T — +oo, let £ € CX([0,1]) and define N(-,T) as
in (1.20). Denote with XTJY("T) the empirical measure on R at time T > 0 of a N(-,T)-BBM with infinitesimal
variance o2(-/T), started from some initial configuration ur € Cno,1), T'> 0. Let max(quy("T)) denote the

mazximal displacement of the process at time T. Let x € {sub, crit,sup} denote the regime satisfied by E(T)
Then as T — 400, one has

N
(1.23) max (X

“T) = Qrlur) + M+ op (b7).
Moreover, if o is strictly decreasing, up = 6o and T3 < E(T) < 400, then

(1.24) max(XéV("T)) _ m;:lp—d_,'_op(b;?p-d).
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Finally if the regime satisfies * € {crit,sup}, one also has

log, X ([Qr () + Mg —yo(VUVL(T)., +00))

1.25 su - — 0, in P, .-probability,
(o) s (LT ’ PO
and

(1.26) max(Xp ) — min(x ) = ¢(1)6(1)L(T) + op(L(T)).

Let us stress that the result (1.24]) in the regime sup-d does not depend on E(T) and ¢(-), but matches
Proposition [I.2] for homogeneous selection.

Organization of the paper. In Section [2] we motivate the results obtained in this article and compare
them with previous works from the literature. Then, the vast majority of this paper focuses on the proof of
Theorem in particular, branching epochs of particles are assumed random (exponentially distributed),
and N(T), L(T) are defined as in . Even though Theorem is a weaker statement than Theorem |1.7
the authors believe that this organization of the paper makes the proof more understandable. Moreover,
most complementary results, notably Proposition [[.5] and Theorem [I.7} are consequences of Theorem or
direct adaptations of arguments presented in its proof.

In Section [3| we present the time-inhomogeneous BBM and N(T)-BBM. Then in Proposition we
introduce the main coupling argument that is used throughout this paper. In Section we state two
key results in Propositions 3.3 and which provide respectively a lower bound and an upper bound on
the maximal displacement of the N(7)-BBM for some specific initial configurations. Using these and the
coupling from Proposition [3:2] we deduce Theorem [I.1] for any initial configuration.

The four next sections of the paper are dedicated to the proofs of Propositions and The core idea
of the proof is to approximate the N(T)-BBM with a different selection mechanism on the BBM, namely
killing particles when they reach certain well-chosen barriers. In Section [f] we introduce the relevant barriers
depending on the regime: super-critical, sub-critical and critical; as well as some preliminary results. Then
in Section [] we compute moment estimates on some functions of the BBM between barriers in each of those
regimes.

With these moment estimates, the proofs of Propositions and are finally displayed in Sections [f]
and [7| respectively. The comparison between N(T')-BBM and BBM with barriers passes through couplings
with some intermediary processes, the N~-BBM and NT-BBM respectively, which have already been
introduced in [43] for the time-homogeneous N-BBM with constant N. Let us mention that the proofs
presented in these sections rely almost solely on the moment estimates proven in Section [5] in particular
most arguments apply simultaneously to all three regimes. Nevertheless, the sub-critical regime requires
more work than the other two, both for the lower and upper bound, because the moment estimates from
Section [p| are slightly weaker in that case. These sections complete the proof of Theorem

Afterwards, Section [§] presents the proofs of all remaining statements from Section [I], that is Proposi-

tions (from which one deduces Theorem , and Theorem All of these rely on Theorem

or arguments from its proof presented in previous sections.

2. MOTIVATIONS AND COMMENTS

2.1. Motivation: algorithmic hardness threshold for the CREM. The initial motivation for this
work stems from a large body of literature on algorithmic hardness thresholds for combinatorial optimization
problems on random instances. This has been a very active research area in the last two decades, drawing
extensively on results and methods from the theory of spin glasses in statistical mechanics. See e.g. [30, [33]
and the references therein. A stylized model of a spin glass is the continuous random energy model (CREM),
defined in Section|l} The algorithmic hardness of optimizing the Hamiltonian of the CREM has been studied
by Addario-Berry and Maillard [I]. We recall their main result:
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Theorem 2.1 (from [I]). Consider the CREM with parameters A(-) and T € N, let o2(-) := A’(-) € C2([0,1))
and v, = /2log2v(1) = \/210g2f01 o(s)ds. Let e > 0, then the following holds

(i) There exists a linear-time algorithm that finds a vertex u € Vi such that XS > (v, — &)T with high
probability.

(it) There exists v = y(A,e) > 0 such that for T sufficiently large, for any algorithm, the number of
queries performed before finding a vertex u € Vr such that XS > (v. + )T is stochastically bounded from
below by a geometric random variable with parameter exp(—~T).

In other words, Theorem [2.1] proves the existence of an algorithmic hardness threshold for the CREM:
finding a vertex with a value greater than (v. + &)T for a given € > 0 typically requires a number of queries
exponential in T', whereas values smaller than (v, — €)T can be obtained in linear time.

In light of Theorem it is natural to ask about the complexity of finding vertices in the CREM with
value near the threshold value v.T. The present paper aims to provide a partial answer to this question.
Indeed, we study in detail the efficiency of a particular algorithm—the N-CREM-—which has complexity
(i.e. number of queries) O(TN). The interesting regime is when the complexity is stretched exponential
in T, ie. N = N(T) = exp(O(T")) for some x € (0,1). Our results can then be summarized as follows
(see Theorem [1.6)): when x < 1/3, then with high probability, the value found by the algorithm is far
below the threshold, more precisely, at v.T' — O(T*=2%). On the other hand, if x > 1/3, then the value
found by the algorithm is with high probability above the threshold and of order v.T + O(T*)—unless o
is non-increasing, in which case the value found by the algorithm is O(Tl/ 3) close to the maximum value,
which is of order v, T — O(T*/?) with high probability. Furthermore, we precisely describe the transition
between the subcritical regime k < 1/3 and the super-critical regime k > 1/3.

The N-CREM considered in this article can be viewed as a particular greedy-type algorithm, in a similar
spirit as the algorithm studied in [I]. More precisely, it may be regarded as a beam search algorithm [15],
with the parameter N being the width of the beam. Our main result (Theorem then precisely describes
how the output of the algorithm depends on the width of the beam N, with a phase transition happening
at log N ~ T'/3. A practical takeaway might be the following: for the beam search algorithm, increasing
the width N of the beam substantially improves the output in the subcritical regime log N < T'/3, due to
the singular second order term T'/(log N)? in the value of the output; whereas in the super-critical regime
log N > T'/3, increasing the width of the beam comes with little improvement of the output, which only
grows logarithmically in V.

The efficiency of beam search algorithms is still an active research area, see e.g. [41] and the references
therein. The beam search algorithm considered here is quite special, due to the nature of the CREM. For
example, the output of the algorithm is a non-decreasing function of the width of the beam, which is in
general not the case [41]. Nevertheless, we hope that our results shed light on the behavior of general beam
search algorithms for hard optimization problems on random instances, as the width of the beam grows to
infinity.

The efficiency of more general optimization algorithms for the CREM is an interesting open problem.
We believe that the N-CREM considered here is close to optimal within the class of algorithms of a given
complexity. Indeed, due to the particular structure of the CREM (in particular, the branching property),
it is always favorable (on average) to explore subtrees of vertices of large values as opposed to subtrees of
vertices of smaller values. The N-CREM is therefore a very natural candidate for an asymptotically optimal
algorithm for this model.

2.2. Comparison with previous results.

The Brunet-Derrida behavior in the sub-critical regime. Results similar to have already been obtained
for some (time-homogeneous) branching processes with selection, see e.g. [0l [43] respectively for the N-
particles branching random walk (N-BRW) and the N-BBM. In those papers, the authors prove for fixed
N € N the existence of an asymptotic speed vy = limp_, 1 o max(X})/T, where (X) denotes either the
N-BRW or N-BBM. Then, when N — o0, this asymptotic speed converges very slowly —like (log N)~2—
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t0 Voo = limy_, 4 oo max(X7) /T, the asymptotic speed of the corresponding (time-homogeneous) branching
process without selection. This slow convergence has been called Brunet-Derrida behavior: it was first
observed in [2I] with heuristic methods and numerical simulations, and it is expected to hold for many
models that fall under the universality class of the FKPP equation (see [23]). The phrasing of Theorem
above differs from previous results on N-particles branching processes such as [6], where the authors first
take the limit T"— 400 for N finite, then N — +oco. In fact, equation in Theorem can be seen as
an expansion of the Brunet-Derrida behavior to all diverging sequences (T, N) such that T'/3 > log N > 1.
To emphasize this, we claim the following.

Corollary 2.2. Let (XY)r>o an N-BBM (or N-BBMdb) with infinitesimal variance o2(-/T). For any
e > 0 and sequence (ur)r>0 in C, one has,

log N)? 72
% ax(Xp') — Qr(ur) — v(1)T (1 - W)’ > 5) = 0.

This corollary follows naturally from and a diagonal argument: if does not hold, then one
can construct a sequence (Ng,T))r>1 for which the probability above remains large. However, one can
freely choose (Tk)xk>1 such that Tj, > (log Ny)?* for large k, and this directly contradicts the sub-critical
result from Theorem (we leave the details of the proof to the reader). Nevertheless, let us mention that
Corollary does not directly imply the almost-sure existence of an asymptotic speed for finite N, i.e.
vn = limg_ 4 oo max(XY) /T (e.g., compare with [6, Proposition 2]), which would require a little more work.

As a side note, let us point out that one could consider an N-BBM with fixed N € N, choose a time-
horizon T := T(N), then let N — 4o00. Our result can directly be adapted to that convention, where
the three regimes (sub-critical, critical and super-critical), respectively match a time-horizon which is long
(T > (log N)?3), critical (T = (log N)?) or short (T < (log N)3). Moreover, let us mention that this critical
time scale T ~ (log N)? already appeared in the study of the (time homogeneous) N-BRW [6], [47] and
N-BBM [43].

(2.1) limsup limsup P, (
N—+oco T—+oo

1:3 space-time scaling in branching Brownian motion and branching random walks. The 1:3 space-time
scaling has appeared many times in the study of branching Brownian motion and branching random walks.
For the time-homogeneous versions of these processes, it appears in the N-particle process mentioned above
as well as in the process with absorption at a linear space-time barrier, with the earliest appearance being,
to our knowledge, in Kesten [39] and later developments by many authors [28] 50} 34} [7, [9], [8 [0} 1T}, 44| [45].
Pemantle [50] is motivated by algorithmic aspects, inspired by Aldous [3, 4]. The 1:3 scaling also appears
in the study of the particles in BBM or BRW without selection remaining close to the running maximum
throughout their trajectory, which is usually called a “consistent(ly) maximal displacement” [31], 37, 32} [51].

A heuristic explanation of the appearance of the 1:3 space-time scaling is the following: Suppose we
consider particles whose trajectory is confined to a region in space whose size is of order L < T"/2. Forcing
a particle to stay within such a region incurs a probability cost of order exp(—O(T/L?))— this comes
from a calculation involving a single Brownian motion. On the other hand, the density of particles decays
exponentially fast when moving away from the bulk, since we enter a large deviation regime. Hence, when
calculating the number of particles staying in this space-time region, we can gain a factor exp(O(L)) by
shifting the reference frame towards the bulk by an amount of order L, which we can do without leaving
the region we are considering. We can make the two factors match if L =< T3, Of course, determining the
precise constants is a non-trivial task and amounts to finding the optimal shape of the space-time region.

In the context of time-inhomogeneous BBM or BRW, the 1:3 scaling has been considered to our knowledge
only in the study of extremal particles, in the regimes where their trajectories stay close to the running
maximum during a macroscopic time [47, [46]. Relatedly, it appears in the time-inhomogeneous Fisher-KPP
equation [49], due to a duality relation with the time-inhomogeneous BBM.

2.3. Generic branching random walk and numerical simulations. In Theorem we provided an
asymptotic of max(X ) as T — +oo for the N-CREM, N = N(T'), and we commented in Section
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that it may be seen as an optimization algorithm on realizations of the CREM. We conjecture that such
results adapt to more general (i.e. non-Gaussian) branching random walks (BRW). In this section we present
the conjectured formulae that would extend Theorem to a generic BRW, and then we display numerical
simulations in the case of a Bernoulli BRW.

Congecture for the general BRW. We introduce some notation in the vein of [47], which we only use in this
section. Let (Ls)seo,1] be a family of laws of point processes. Then, the BRW with offspring distributions
(Ls)sefo,1] is constructed until time 7" € N, starting from some initial configuration pr € C, by induction: at
generation t < T, an individual v € NV, located in x € R generates |L7;/T| children located respectively in
z+Y forY € Lt“/T7 where the point processes L;‘/T ~ L7 are independent in u, t. We write §; 1 ~ |L7j/T|

for the law of the number of children at generation ¢, and we assume E[¢?] < 400 and m := E[£,] > 1 for
all s € [0,1]. We write,

(2:2) ks(0) := logE l > e”] . 0>0,s¢€l0,1],

YEL,
for the log-Laplace transform of the offspring point processes. Consider its Fenchel-Legendre transform, that
is

(2.3) Ki(v) = sup [v0 — s (0)], veER,se€0,1].

Morally, if a = (as)se[o,1) denotes a “speed profile”, the number of particles from the BRW that remain close
to a;/rT at all time ¢ € [0,T], is roughly exp(— Zthl Ky r(ay/)), see e.g. [12, [] or more recently [47]. In
particular, letting vmax be the first order of the speed of the maximum of the BRW (without selection), it
satisfies,

1 s
Umax = SUP {/ asds ; (as)seo,1) cadlag s.t. Vs <1, / K (ay,)du < 0} .
0 0
Assume that for all s € [0, 1], there exists a greatest root v, of k¥(v) = 0, and that s is finite in a

neighborhood of vg; then the “natural speed” of the process is defined by

1 1
(2.4) Unat = Sup {/ asds; (as)seqo,1) cadlag s.t. Vs <1, ki(as) < 0} = / vsds < Vmax -
0 0

Finally, one defines (6)se0,1], (0s)sefo,1] With,

(2.5) Vs <1, 0s:=0,6%vs) = (0grs) (vs), and o2 =03ks(0s) = 1/02k%(vy).

Remark 2.1. In the case of a centered Gaussian BRW (i.e. the variables Y € Ly are independent with law
N(0,0%(s))), then one has k() = logms + 6%02(s)/2. In particular one has vs == o(s)y/2logms, s € [0,1];
and vs, o(s) do satisfy (2.5) with 05 := /2logmgs/o(s). In particular for mgs = m constant for all s € [0, 1],
Unat = v(1)+/2logm matches the definition of v(1) from Section (up to a scaling factor coming from our
initial choice of branching rate Bg ).

Conjecture 2.3. With the notation above, let N(T) = e™T) and consider Xév(T) the configuration at
generation T of an N(T)-BRW started from a single particle at the origin (i.e. pr = do) and with offspring
distributions (Lyyp), t <T. Assume that (vs)sepo,1) s well-defined. Then, if L(T) ~ aT'3 for some o € R,

one has as T — +o0,
1 2 30
0507 a0,
/0 02 v <920§ ) ds
If1 < L(T) < T3, then

2 1
N(T)y _ (T 2 T T
(2.7) max (Xp ) = vgatT ( 5 /o 0502 ds> L(T)? + op <L(T)2> )

(2.6) max (X:,JY(T)) = Vpat T + TYV3 4 OP(T1/3) .
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15 \—
(05)
/0 72 ds

where (-)~ denotes the negative part; and if additionally 65 > 0 for all s € [0,1], then

1 p \2/3
N(T ay (0s05)
(29) max (XT ( )) = UnatT — m / Tds
0 s

If T3 < L(T) < T, then

(2.8) max (Xp 7)) = v T + L(T) + op(L(T)),

T 4 op(TV/3).

On different matter, recall that we left the case L(T) < T (that is N(T) = T for some v > 0) completely
open. Considering the definitions above, we may write the following conjecture, which matches [Il (5.1)] in
particular.

Conjecture 2.4. For the N-BRW with N(T) = T, v > 0, one has maX(X:,]y(T)) = v)
T — +oo, where

1 s
v i= sup {/ asds ; (as)sepo,1) cadlag s.t. Vs <1, —y < / Ko (ay)du < 0} .
0 0

T+ op(T) as

Ezample: Bernoulli BRW. We now turn to the case of Bernoulli increments: for p € [0,1], we write
Y ~ Ber(p) if P(Y = +1) = 1 - P(Y = 0) = p. In particular E[Y] = p and Var(Y) = p(1 — p). Let
p:[0,1] — (0,1) a C? function (we write ps := p(s)), and assume that L, s € [0, 1] is such that, for Ly ~ L,
then the variables Y € L, are independent with law Ber(p;). Then the log-Laplace and Fenchel-Legendre
transforms from (2.2H2.3|) can be written,
ks(0) = logms +log(1+ ps(e? — 1)),
and )
ki(v) = —logms + Dk (Ber(a)||Ber(ps)) = —logms + (1 —v)log 1 :; +vlog pﬂ ,

where D, (-||-) denotes the Kullback-Leibler divergence. Moreover, the speed profile (vs),ejo,1] and the
natural speed vy, in (2.4) are well defined if msps < 1 for all s € [0, 1].

In the following, we take £ = 2 = my for all s € [0,1] (i.e. branching is binary), and ps < 1/2. Then, the
functions vy, 05 and oy, s € [0,1] are well defined and can be explicitly expressed in terms of each other.
One can numerically calculate vs as the greatest root of x%(v) = 0, and express 05 and o, in terms of vs as

follows:

(1 —ps)vs>
2.10 0s = Oykis(vs) =log | ————— |,
(210 R (=
(2.11) 02 =1/02k% (vs) = vs(1 — vy).

We conducted extensive numerical simulations of maximal (and minimal) displacements of this particular
Bernoulli N-BRW. These simulations were made for two different choices of pg, s € [0,1] and various values
of T and N = N(T, ), the latter being chosen such that (log N)/T'/? takes a predetermined value o > 0,
with a € {0.5,1,2,4}. For every simulation, we start with N particles in 0, and we plot

(2.12) S N(T)_ ThAX (XTJY(T)) — Unat T’ N min (XT{V(T)) — Unat T’
T T1/3 ’ T T1/3

the position of the maximum and minimum, recentered by the first-order term provided by Conjecture [2.3
and rescaled by T/, as a function of a. We further compare the output with the theoretical result as
T — oo, with fixed a. The results of the simulations are presented in Figure

The simulations use a trick from Brunet and Derrida [22], which consists of storing the number of particles
at each site, instead of the position of every particle individually. This allows for an algorithm with a
complexity of O(aL(T)T) arithmetical operations, since only O(aL(T)) sites are occupied at every time,
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theoretical max.
theoretical min.
-4 } T= 10‘; (max.)
T=10" (min.)
T=10" (max.)
T=10! (min.)
T=10. (max.)
T=10" (min.)
7-10° (max.)
T=10° (min.)
T=10. (max.)
T=10" (min.)

recentered max. /min.
T

O000DOOO>D>

2
log N
1/3

T
(A) ps = 0.4 —0.3s (05 decreasing in s)

theoretical max.
theoretical min.
T= 10i (max.)
T=10" (min.)
T=10" (max.)
T=10! (min.)
T=10_ (max.)
T=10" (min.)
T=10° (max.)
7=10" (min.)
T=10. (max.)
T=10" (min.)

recentered max. /min.
T

O0O0DOOO>D> ‘ |

2
log N
1/3

T
(B) ps = 0.1 4 0.3s (05 increasing in s)

FIGURE 2. Numerical simulations of the recentered, rescaled maximum and minimum positions
maxg ™) and ming ™ (see (2.12)) of the binary, Bernoulli N-BRW and comparison with the

theoretical values. See text for details.

with very high probability. The code, written in Julia, took several hours to run on a 2020 MacBook Pro
with M1 chip.

2.4. Perspectives. Let us discuss several ways in which our work could be expanded.

Technical restrictions. There are a few technical assumptions in Theorem [I.I] which we do not expect to be
optimal. On the one hand we take an offspring distribution per individual & > 2 a.s. for the sake of simplicity,
but we also expect our results to hold for £ > 0, E[¢] > 1 and E[¢?] < +o0. Notice that if P(¢ = 0) > 0, then
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the BRW/BBM has a positive probability of extinction, hence such results should hold conditionally to the
survival of the process.

On the other hand, we take o(-) in C?([0, 1]), and in the super-critical regime we assume that it changes
its monotonicity finitely many times. We expect the results to hold for all C' function, however proving
this is not a trivial endeavor (for example, the term [(¢/)"(u)du in (1.8), or equivalently the total variation
of o, may be arbitrarily large even for o in C*(]0,1]) and close to a constant for the uniform norm). Most
importantly, our results also assume that o is bounded from above and below: this assumption is largely
needed throughout our proof, but it does rule out many functions of physical relevance (see e.g. [40]).

Empirical distribution in the sub-critical regime. Estimates on the empirical distribution of the process in
Proposition are expected to hold in the sub-critical regime, however it is expected that m5*® should be
replaced with a random centering (see Remark for more details). We also expect to hold in that
case, but it is not an immediate consequence of our results so we leave it to further work.

Very large population. In the super-critical regime we left out the case L(T) ~ ¢T', ¢ > 0. As stated in
Conjecture we expect the first order of max(X2) to transition from v(1)T to vmaxT as ¢ increases, when
o is not decreasing. Even though our methodology is still expected to yield the correct estimates with an
appropriate choice of barriers in Section |4 removing the assumption L(T) < T from our proofs requires
several additional arguments and technical estimations, that we leave to further work.

Genealogy of the N-BBM. In [9], the authors study the genealogy of a sample of particles in a (time
homogeneous) BBM with drift and adsorption, and prove that it converges to the genealogy of the Bolthausen-
Sznitman coalescent. More specifically, they choose a near critical drift depending on some constant L > 0,
such that the process contains roughly e’ particles throughout a time interval of length L3, and they remain
in a space interval of length L; moreover the adsorption only kills the bottom-most particles of the process.
Comparing these properties with those of the N(T')-BBM, we therefore expect the same convergence to
hold for the genealogy of the N(T)-BBM in the critical regime log N =~ T3 up to a time-change of the
coalescent due to the inhomogeneity in time. Regarding the sub-critical (resp. super-critical) regime, a
similar convergence should hold towards the (time-changed) law of the Bolthausen-Sznitman coalescent,
running on a very long (resp. very short) time interval.

Comparison between “beam search” N-BBM/BRW and other algorithms. As mentioned at the end of
Section for the CREM, we conjecture that other optimization algorithms on BRW trajectories do not
fare much better than the beam search/N-BRW for the same complexity. Moreover, we believe that the
phenomenon of “algorithmic hardness threshold” that we observed at log N ~ T'/3 for the N-BRW, may
extend beyond the sole case of beam search to more general optimization algorithms on random instances.

General time-inhomogeneous BRW. Our current results only apply to the N-BBM and Gaussian N-BRW,
but we conjecture that they can be extended to more general BRW laws, as presented in Conjecture [2.3
Moreover, let us stress that the largest part of Sections [6] and [7] does not rely on the Gaussian distribution
(nor the random branching times, see Section . Therefore, most of the required work should come from
obtaining moment estimates as in Section [5} which we expect to be technically involved.

3. CONSTRUCTION AND COUPLINGS OF THE N-BBM

3.1. Definition of the time-inhomogeneous BBM and N-BBM. Let us start this section by recalling
elementary facts on time-inhomogeneous Brownian motions, and introducing some notation. Throughout
this paper, the standard, time-homogeneous Brownian motion on R will be denoted with (W;)¢>o. Let T > 0
and o € C%([0,7)): then the time-inhomogeneous Brownian motion on [0,T], with infinitesimal variance
0?(-/T) and started from 0, is the centered Gaussian process (By)iepo,7] such that,

sAL
EO[BSBt]:/ o*(u/T)du, Vs, tecl0,T].
0
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It satisfies

t
d
(3.1) (Brcor) 2 (Wyw))iepr)»  where  J(t) = / o2(s/T)ds
0

and J(-) is a time-change C'-diffeomorphism. Notice that the later identity also holds for W,B started
from some z € R, i.e. Wy = By = 2 P-a.s.. In this paper, the law and expectation of a (non-branching)
Brownian motion started from x € R will always be denoted with P, and E, respectively. Similarly, the law
of the Brownian motion started from time-space location (s,z) € [0,7] x R (i.e. shifted in time by s) will be
denoted Py ;. It will always be clear from context whether the process considered is the time-homogeneous
(W) or inhomogeneous (B) variant.

The branching Brownian motion (BBM). We now turn to the branching Brownian motion. In this paper
we do not expand to much on precise definitions of branching Markov processes, but the reader can refer
to [35], B6] for a very complete and general construction, or e.g. [5] for a more accessible presentation.

The (time-inhomogeneous) branching Brownian motion (BBM) on [0,T] can be described with some
random families, (Ny)iepo,r) and (Xy(t))uen; tcjo,r], Where the (finite) set V; denotes the labels of particles
alive at time ¢ € [0, 7], and X, (t) denotes the position at time ¢ € [0,T] of a particle u € Ny; which satisfies
the following properties:

— each individual u € M, ¢ € [0,T] dies at rate Sy > 0, and is immediately replaced by a random number
of descendants with law & > 2 at the same position,

— for u € Ni, t € [0, T], the function (Xy(s))seo, denotes the positions of u and its ancestors throughout
[0,]: it has same law as a time-inhomogeneous Brownian motion (Bj).¢[o, 7] started from X, (0),

— the evolution of particles (lifespan, number of descendants and infinitesimal displacement) are indepen-
dent.

Remark 3.1. Throughout the remainder of this paper, unless stated otherwise, the branching processes
we consider have offspring distribution & > 2 with E[¢?] < +o00, and branching rate By = (2(E[¢] — 1))71;
in particular, if the process is started from a single particle at x € R, a standard computation yields
Es, [N:]] = et/2 for allt € [0,T] (see e.g. [5]). We do not write those assumptions again.

Recall that C denotes the set of all finite counting measures on R. Then, letting &; := ) . N, 0x., (1), the
family (X}).ep0,r) defines a Markov process on C, which completely describes the particle configurations of
the BBM —in the following, we only write the sets of labels (N;)¢c[o,) explicitly if they are needed. Since
we assumed E[¢2] < 400, the total population of the process does not blow up on [0, 7] with probability 1
(see e.g. [52] for a proof). For p € C, the law and expectation of the (time-inhomogeneous) BBM started
from the initial configuration Xy = p will be denoted P, and E,, respectively throughout this paper. When
it is started from a single particle at the origin (i.e. u = dy), we shall sometimes omit the subscript and
write P, [E.

With a slight abuse of notation, any finite counting measure 1 € C can be written as a finite subset of
R, with possible repetition of its elements. In particular, for p, v € C, one may write p C v if all atoms in
the counting measure 4 are also present in v. Regarding the BBM, one has max(&X;) = maxyen, Xy (t) with
that notation. Finally, let us mention that one can consider a time-homogeneous BBM very similarly by
replacing (Bs)sejo,r] With (Ws)sepo, 7 in the definition above; but unless specified otherwise, we shall only
consider time-inhomogeneous BBM’s throughout this paper.

The N-BBM. Recall that Cy denotes the set of counting measures on R with total mass at most N. The
N -particles branching Brownian motion (N-BBM) started from p € Cy can be defined from the original
BBM (X})sepo,) by only keeping its N highest particles at all time, killing (i.e. removing from the process)
the others as well as their offspring. For convenience, we allow the N-BBM to start with fewer than N
particles. Its particle configuration and set of (living) particles at time ¢ € [0, T] are respectively denoted with
XN and N}V (the positions of particles are still denoted X, (t), u € N{¥, t € [0,T]). A rigorous construction
of the N-BBM is presented in Proposition below.
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3.2. Monotonous couplings. For yu,v € C, we write u < v if u([z, +00)) < v([z,+00)) for all z € R; in
particular this implies p(R) < v(R) and max () < max(v). Moreover, for two random counting measures X,
Y on R, we say that “X is stochastically dominated by ) if there exists a coupling between X and ) such
that P(X <)) = 1. In this section, we are interested in couplings between BBM’s and/or N-BBM’s which
preserve the comparison < through time. Those are quite standard properties, which we reproduce here for
the sake of completeness. Recall that, with an abuse of notation, any counting measure p € C can be seen as
a finite subset of R (with possible repetition of its elements).

Proposition 3.1. For N € N, u € Cy, there exists a coupling between a BBM and an N-BBM both
started from u, such that, with probability 1, one has XN C X; for all t € [0,T). In particular, one has
P,(Vte[0,T], XN < X)) =1.

Proof. Consider a BBM without selection (&X});c(o,7] started from p, and recall that the trajectory of an
individual u € Ay throughout [0,¢] in the BBM is written (X,(s)), s € [0,¢]. Let us construct an N-BBM
which satisfies XY C X, for all t € [0,T]. First we let X = p; then, let (tg)i1<k<i, t1 < ta < ... < tg
denote the (random) epochs of branching events in the BBM X, and let ¢y := 0, tx4+1 := T (since the
branching process does not explode in finite time, that sequence is a.s. well-defined and finite). For s < ¢1,
let NV := N and XN = X,.

Assume that NV, X}V are defined for t € [0,t;), 1 < k < K, and satisfy XN C &, for all t € [0,tx);
and let us extend their definition to [tg,tx11). Let Mr_; < N denote the number of living particles in the
N-BBM between times t_1 and ti. Let us assume (without loss of generality) that for s € [tx—_1,%), the set

of particle labels can be written NV = {u}™", ... uf; " } C N
At time tj, one individual wy € Ny, branches and is immediately replaced with &, ~ & descendants,
which we label w1, ..., we,. If wog ¢ N, then we let NV := NV and XY := Z?i"’l’l 0x ., (s) for all

$ € [tk, tg41). Otherwise, we consider the set

L= {wy,...,we, } NN\ {wo}.

For u € L, define Y,, := limyyy, X, (t) if u € NV, and Yy, := limyy, X, (¢) if u € {w1, ..., we, }. Let us order
the family Y = (Y, )uer, and for all s € [tg,tx11), let NV C L denote the N labels associated with the
highest values of Y (if |£| < N, let N := £). Finally, let X := > uenn 0x,(s) for all s € [k, tps1).
Therefore, we have extended the definition of (NN, XN) to the interval [ty,t411); and one can check that
it has the same law as an N-BBM, and that XN C X, for all s < t;,; with probability 1. By iterating
this construction up to time T' (upon which there is no reproduction event with probability 1), we obtain a
coupling between the BBM and N-BBM such that, with probability 1, X C X, throughout [0, 7). (]

Furthermore, we claim that for N3 < N, it is possible to couple an N;- and an No-BBM such that, if
their respective initial configurations w1, uo satisfy g1 < o, then the stochastic domination between the
processes is maintained throughout [0, 7] with probability 1. We also provide a similar result for the BBM
without selection.

Proposition 3.2. (i) Let ju1, o € C such that py < p. There exists (N1, X1¢)reo,r), Nat, Xoit)ieio,n)
two BBM’s on the same probability space such that X1 = p, Xo g =v and X1 4 < Xoy for all t € [0,T] with
probability 1.

(it) Let N;,Noy € N, Ny < Ny. Let u1 € Cy, and pe € Cn, which satisfy pu1 < pe: then there also
exists (J\/;Nl,XtNl)te[o,T] and (N2, XtNQ)te[O,T] respectively an Ny- and an No-BBM, such that X" = p1,
XY = pg and XN < XN for all t € [0,T) with probability 1.

(iii) Under the assumptions of (i), let 0 < 31 < Bo; then the processes XN, XN2 above may be taken
with respective branching rates 51 and (o instead of By, and the monotonous coupling also holds.

Proposition (m) is the only statement in this paper where we consider branching rates different from
Bo. It will only be applied with 31 =0 and B2 = y > 0: since a branching rate equal to 0 means that there
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is no reproduction event (hence no selection) throughout [0, 7], in that case the process (XtNl)te[O,T] is a
collection of independent, non-branching Brownian motions, started from the atoms of pu;.

Proof. (i) The construction of a coupling for processes without selection is very straightforward. Let
k=pm(R), K = pu(R) (so k < K), and let (M}, Z})ico11, - - - » (M ZE ) e0,r) be K 1.i.d. copies of a
(time-inhomogeneous) BBM, all starting from the initial configuration dy € C —more precisely, the M}
denote the sets of particle labels, and Z{ € C the counting measure describing the particles’ positions from
the i-th BBM at time ¢t € [0,T]. For any « € R and fixed i < K, we write

x—l—Zf = Z 6$+Xu(t)7
ueM;?

for t € [0,T]: then (M}, 2 + Z{)ic(0,1) defines a BBM started from 6, € C. Writing p; = Zf:l dz, for some
1 >...> 1 €R, we let
k
Ny = |_| M, and A= Z(mz + 27, t e 0,17,

i<k i=1

so (N1 ¢, Xl,t)te[o,T] is a BBM started from p;. Moreover, there exists y; > ... > yx such that us = Zfil Oy, s

thus, we define
K

Now = | | M;, and Xpu:=> (ui+2), tel0,T],
i<K i=1
< y; for all

and (Na, Xot)iefo,r) is a BBM started from po. Finally, the assumption p; < p2 implies z;
1<i<k;soforanyte[0,7] and z € R,

k k K
Xl 4+00) =D Y Laixuwz=y € 00 Y Lyxam=a <2 O Laxuwss)

i=1 yeMi i=1 ye M} i=1 ye M}
= XQ,t([zv +OO))7

which concludes the proof.

(i) In order to couple two processes undergoing selection, one needs a little more caution than in the
proof of (7).

Let N := Ny > Nj: for the convenience of the proof, we extend the counting measures p1, ps to
R := RU {—00} by setting u;({—0c0}) := N — u;(R), i € {1,2}. Then, pu1(R) = pu2(R) = N, and in the
following any counting measure on R with mass at most N will be extended similarly to a counting measure
on R with mass exactly N. Moreover, we may write w1 = Zf:le 5_%% for some :E(f > ... > x(j)\, > —o0, and
Lo = Zgil 6y2 for some y? > ... > y?\, > —o0. Since we assumed p1 < 2, one has m% < 92 for1<n<N.

We consider the following, which we take independently from each other:

— (Bf’k)tzo, 1<n <N, k>0, aniid. family of (time-inhomogeneous) Brownian motions,

— {tr,1 < k < K} the atoms of a homogeneous Poisson point process on [0, T] with intensity SoN (in
particular K ~ Pois(BoNT)); we also write tg := 0 and tx41 :=T.

— (Ug)k>1 an iid. family of uniform random variables on {1,..., N},
— (&k)k>1 an ii.d. family of random variables with same law as &.
Let us introduce some notation. For 0 < s < t1, let NV := {uf,...,u%} a set of N arbitrary labels; and
for 1<n <N, s€0,t),
Xig(s) = ap + B, and X3 (s) =y + B,

Then, we may define

N N
1._ E 2. _ E
ZS = (inO (s) » and ZS = 5X30 (s)>
n=1 " n=1 "
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which are counting measures on R with total mass N. From these, we construct the N;-BBM for ¢ € {1, 2},
by letting XN be the restriction of Z! to R, and NNi := {u; ( ) € R}: since we assumed that pu;
contains at most N; real points, so does the counting measure Z¢ (or equivalently XN¢) for all s € [0,t1).

Let us assume that the processes (LY, Z! )SE[O +,) and (NN xN Dsefo,tr)s € 11, 2} are defined for some
1 <k < K, and that they satisfy the follovvlng

(a) for s € [t)_1,t1), the set of labels is given by £V := {u¥=1 .. k1Y

(b) for i € {1,2}, the number of real particles in the i-th process at time tj,_; is M~ := =Z |
and for s € [t 1,tk), the labels of real particles are given by N'Ni = {uf=1;n < MF7'}

(c) one has Z}, = 25:1 6,x-1 for some 2> >kt > —o0, and Z = 25:1 6,1 for some

(R) < Ny

Yyt > ... >y > —oo. Moreover, one has Z! < ZS2 for all s € [t_1,tx), in particular xF~1 < yk=1 for
1<n< N.

(d) one has Z¢! = ZTIY 10xi, (s fori € {1,2} and s € [ty—1,t;), where
Xhoi(s) = a4+ B;“H Bt and X2 (s) = yh Tt BN - BRETY

in particular, XNi is the restriction of Z! to R. Moreover, one has XM < X2 for all s < .
Let us show that those objects can be extended to the interval [ty,tr41) in a way that satisfies the same
properties.

First, let us reorder the labels depending on their position when s 1 ;. For i € {1,2}, and 1 <n < N,
define V! = limgyr, X:Lﬁ,l(t). Hence for i € {1,2}, there exists a permutation m; € Gy such that
(Yﬁi (n))1S"§ ~ is non-increasing in n. Moreover, the assumption (c) above ensures us that Y,} <Y,2 for all
1<n<N.

Then, recall the definitions of Uy and . At time g, let us have the processes Z(i.), i € {1,2} realize a
branching event, such that in both processes the Uj-th particle counting from the top at time ¢ (it has
label u* _11 (U )) dies and is replaced with & descendants. Notice that there a three possibilities:

— the reproducing particle is at —oo in both Z!, i € {1,2}, s € [ty_1,tx), in particular it is in neither
XSN L or XSN 2,

— the reproducing particle is at —oo in Z!, but is real in Z2, s € [tx_1,tk),

— the reproducing particle is real in both processes.
Let £) = {ul; 1 < n < N} a new set of labels. For i € {1,2}, if the “reproducing” particle in Z} is at
—00, we simply forgo the reproduction and write MF = Mik_l, t]}:[" = {u¥; n < M;}. If a real particle

reproduces at time ¢ (so it has label u® ,1 it is removed from the process Zi) and replaced with &

),
(U )
offspring: hence we let MF := max(Nz,Mk L+ & —1) and VY, := {ul; n < M;}. In both cases, we let

X0 (ty) = Yig forl<n<N (recall that the Y’s have been reordered), and,
N My
=D Oxiany and A=) v ),
n=1 n=1 "

the latter being the restriction of Z{, to R by construction. Moreover, one notices that Z} < Z2, and
similarly Xt],jl =< X;Z?

This completely defines the particle configurations at time t5: for i € {1,2}, s € (g, tg+1), we naturally
extend the definitions of ZZ, X" above by letting
i i , ok

k
uﬂ.

and since one has Y,! < Y2 for all 1 < n < N, the comparison XN < X2 still holds for all s < #j41.
Iterating this construction until time tx+1 = 7" (upon which there is no reproduction), this defines processes
NN XN scom)s i € {1,2}, with XM < XN for all s € [0,T]. Moreover, it follows naturally from the
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construction that each process has the same law as a time-inhomogeneous N;-BBM, finishing the proof of
the proposition.

(#41) The proof is very similar to that of (ii). Recall that, when the branching rates were both assumed
equal to By, the sequence of branching epochs of the coupled processes can be described with a Poisson
point process (PPP) {tx,k > 1} with intensity SoN on [0,7]. Thus, let us define A; := {t},k > 1},
Ay = {t3,k > 1} two independent PPP on [0, 7] with respective intensities 51 N and (32 — 81)N; and let
{t2,k > 1} := A; U As: this defines a PPP with intensity 2N on [0,T]. Then, one can reproduce the
construction from (i¢) with the following modification: construct the two N-BBM’s X(I_\gl, X(JX2 by induction
on the intervals [t2_,,¢%), k > 1. Then:

— if t € Ay, define the two N-BBM’s on [t7,t7 ) exactly as in Proposition (zz),

— if t2 € Aj, only apply the reproduction and selection procedure to the N>-BBM, and let the configuration
of the N'-BBM be unchanged at ¢2. Since the reproduction and selection mechanism only “increases” the
measure XthQ at time t2, one still has thl < Xt%'Z.

Applying these changes to the proof of (ii), one deduces (iii) straightforwardly. For the sake of conciseness,
we do not reproduce all the details here but leave them to the reader. O

3.3. Main propositions and proof of Theorem Let N = N(T) — 400 as T — +00, and define
L(T) =1log N(T). Using the coupling propositions presented above, notably Proposition (u)7 we claim
that it is sufficient to prove Theorem [I.I] for some specific initial configurations, and the main result follows.
In order to condense all upcoming statements, let us recall the following notation: the three regimes
(L(T) < TY3, L(T) > TY3 and T ~ aT'/3) are respectively denoted with the abbreviations sub,sup
and crit. Recall the definitions of the scaling and limiting terms in all regimes from and . In
the remainder of this paper, we shall write “let * € {sup, sub, crit}” instead of “let 1 < L(T) < T which
satisfies either L(T) < T3, L(T) > T'/3 or L(T) ~ oT'/? for some o > 0 as T — +00”; and the symbol
 shall denote the regime corresponding to the choice of L(T). In particular, many upcoming statements are
formulated in terms of b}, m7. instead of b°"P, psub m$Ht, (and similarly for any upcoming notation).

Let us introduce two specific families of initial configurations. We will estimate the maximal displacement of
the N(T)-BBM when started from one of those, then we shall deduce the general case with the coupling result
from Proposition On the one hand, for x € [0, 1] we shall consider the measure |N*]d_,.;0)r(1) € CN-
On the other hand we define for ¢ € (0, 1),

e 4
(3.2) He = Z ’7Nk6+%—‘5—kaa(O)L(T) € C.

k=0
Notice that p. contains more than N particles: when starting an N-BBM from p., we instantaneously kill
all particles which are not in the N highest. This measure can be seen as an almost-exponential distribution
of (roughly) N particles over the interval [~o(0)L(T),0]. Furthermore, recall (I.3): then one can show that,
for k € [0,1] and € € (0,1),

Qr(IN*J5 o) = o(0)log (IN*IN%) = o(1),  and  0< Qr(u.) < o(0)L(T).

In particular, assuming ¢ is arbitrarily small, these quantities are of order o(L(T')) when T is large.

Furthermore, it will be convenient in the remainder of this paper to formulate statements which hold
uniformly on some class of variance functions o(s/T), s € [0,T], o € C*([0,1]). Therefore, we define for
7 > 0 small,

(3.3) S, == {oec?([0,1]); Vue0,1], |0’ ()| <n~ ", 0" (w)| <n~ ' and n < o(u) <n 7'},

in particular C%([0,1]) = U, ., Sy, and o € S,, implies

n>0

(3.4) VO<uv<1,

1‘ < 72 u—vl.



20 A. LEGRAND AND P. MAILLARD

For the convenience of the notation, we also define
(35) S = {o€8,;; Jup=0<wuy <...<up-11=1; 0 is monotonic on [u;_1,u;],1 <i < m 1},
rit ub . __
S =87 =S,
With those definitions, we have the following results.
Proposition 3.3. Let x € {sup, crit,sub}, and A\,n > 0. Then,
. 1 N(T) ¥
(3.6) o Sup :gg PN®6_oyzim) <bT (maX(XT )—mT> <-A) =0.
Proposition 3.4. Let x € {sup, crit,sub}, and A,n > 0. Then,
1
(3.7) lim limsup sup P, (b* (max(ijy(T)) — m;) > A) = 0.
T

€70 Tto0 0€S;

Propositions and may be seen as particular cases of Theorem [1.1] (with some added uniformity
in o(-)). Their proofs are contained in Sections [6] and [7] respectively, and rely on moment estimates from
Section |5} In the remainder of this section, we deduce Theorem from these propositions.

Proof of Theorem[1.1] subject to Propositions[3.3 and[3.4 Let ur € Cy(r). Recall the definition of Qr(-)
from (|1.3) and notice that, for any = € R,
(3.8) Qr(pr(-—z)) = .+ Qr(ur)) -

Hence, by shifting the process and initial configuration by —Qr(ur), T > 0, we may assume without loss of
generality that Qr(ur) = 0. Let A > 0, and let us write with an union bound,

1
Pur (g5 [max(eY ™) i | > 2)
bT
1 1
(3.9) < P,, <bT (max(x' ™) = mz) < —A) +P,, (bT (max(x' ™) = mz) > )\) .

Then we treat both terms separately.
Let € > 0. Since Qr(ur) = 0, there exists k = k(e,T) € [0, 1] such that

([ — ko (0)L(T), +00)) = N(T)".
In particular, this implies 7 = N"6(_._.s(0)r(1))- Therefore, Proposition and a shift by e yield,
1 N(T . 1 N(T X
P, (bT (max(x ™) —mz) < —A) < PN o) (bT (max(2 ) — e = mz) < —)\) :

and since /b5 < /2 for T sufficiently large, we deduce from Proposition that the first term in (3.9)
vanishes as 1" — +o00.
On the other hand, for € > 0 the definition of Qr(u7) implies

Vke|0,1], pr(fe — ko (0)L(T), +o0)) < N*.
Recall the definition of p. from (3.2)). In particular, one notices for all x € [0, 1],
pe ([0 (0)L(T), +00)) > Nilwel+2)e > N

Recalling that p7(R) < N(T) by assumption, one obtains that pur < p.(- — ¢). Therefore, Proposition
and a shift by —¢ yield,

1 1
o o)) ) <, 3 o))

Assuming ¢ was taken sufficiently small and letting T' be large, we deduce from Proposition that the
second term in (3.9) can be arbitrarily small, which concludes the proof of the theorem. ]
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4. PRELIMINARIES ON THE BBM WITH BARRIERS

Let us put aside the N-BBM for now, and consider the branching Brownian motion between barriers, a
variant of the BBM which is the cornerstone of the proof of Theorem This section assembles all our
notation on the BBM killed at certain barriers, as well as preliminary results. We first introduce some
notation which are used in Sections [f] through [7] then we present the main ideas and tools for the proofs of

Propositions and

4.1. Preliminaries and notation. Recall (3.3}{3.4), where we fix > 0 sufficiently small so that o € S,,. In
the following, for any function # : Ry — R such that §(7") — 0 as T' — +o0, we write for f,g: Ry — R,
and T > 0,

(4.1) f(T) <o 9(T) it f(T) <0(T)g(T),

and, symmetrically, g(T) >¢ f(T) if g(T) > 0(T)~1 f(T). In particular, having for some 6(-) and all T'
large implies f(T) < g(T); and, conversely, having f(T) < ¢g(T') implies that there exists some 6(-) such
that f(T) <g g(T) for T sufficiently large.

In the following we fix 1 < L(T) < T such that L(T) < T3, L(T) > T'/3 or L(T) ~ aT"?, a > 0 as
T — 400 ; and let * € {sup, sub, crit} denote the matching regime. Then, let (-) be an (arbitrary) vanishing
function, which may depend on L(T'), such that, for T sufficiently large, one has

1<y L(T) <g T'/3, if % =sub,
(4.2)

TV3 <y L(T)<¢ T, if x=sup.

A pair of barriers, which we usually write (7}.(+), 74 (-)) in the remainder of this paper, is a pair of (smooth)
functions from [0, 7] to R, depending on L(T'), which satisfy the following for some h > x > 0:

(4.3) ¥5(0) == —zo(0)L(T) < 0, and  n(r) —v5(r) == ho(r/T)L(T), Vrel0,T].

We refer to v5.(+) (resp. 77 () as the lower (resp. upper) barrier. Therefore, throughout the article and all
regimes, the parameter h denotes (up to a scaling term) the gap in-between the two barriers, and = denotes
the distance from the origin to the lower barrier at time ¢ = 0. When we want to explicit the parameters
h > x > 0 for which the barriers satisfy , we shall add them as superscripts by writing 'y;’h’x, W*T’h’i
(when they are clear from context we shall not write them, to lighten formulae).

Recall that E,,, P, denote the expectation and law of a BBM started from some configuration p € C. For

yyw R 0<s<t<T, welet

denote the expected number of descendants in the BBM of a single particle at time-space location (s, v5(s) +
yo(s/T)L(T')), whose path remain between the barriers v;.(-), 75(-) until time ¢, at which point it reaches an
infinitesimal neighborhood of v4.(t) + wo (t/T)L(T) (notice that it is zero unless y, w € [0, h]). Furthermore,
for t € [0,T], we denote the set of particles which remained between the barriers throughout [0,¢] and ended
at time ¢ in some interval v5.(¢) + o(t/T)L(T) - I, I C [0, h], with

(44) G*(y,w,s,t)dy

* —x X (t) =7
= Eserz1tvotermney “{u € Ny s Xu(r) € [vp(r), 70 (r)], Vr € [s,1], 70(,5(%)2{%) € dw}

(4.5) 10(t) = {u e M| Xu(s) € (), 75(5)] , Vs € [0.8); Zepias) e 1}

In particular, one has Es, [|A% ;(t)[] = [; G*(2,w,0,t)dw. To lighten notation, we shall also write A7.(t) :=
Al o) and A7 (1) := A%, ,1(t) respectively for the specific cases I = [0,h] (no constraint on the
final height within the barriers) and I = [z, h], for some z € [0,h) (lower constraint only). Finally, for
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0<s<t<T,let R¥(s,t) € N denote the number of particles which remain above ~3. until they get killed
by 77 at some time r € [s,t]: more preciselyﬂ

(4.6) R (s,t) = U {ue/\fr

reEls,t]

Xu(v) € (47(0), T5(0) Yo < 75 Xu(r) = 7).

With the above notation at hand, we may present the main ideas of the remainder of the proof. Recall
the definitions of v(-) and ¥(-) from (1.2)) and (1.4)) respectively, and let wy, 1 € C*([0,1]) be defined byﬂ

(4.7) wnr(r) = f/r olu) 4 <a3h30/(u)) du >0, relo1].

o a3h? o(u)

Let h > x > 0. Then, depending on L(T") and its regime * € {sup, sub, crit}, we define a pair of barriers by
setting, for ¢ € [0, 7],

T
(4.8) VP (t) = v(t/T)T + hL(T)/0 (6")" (u)du — za(0)L(T) ,
(4.9) Wb(t) = v(t/T)Ty|1~ hQI7/T(2T)2 —z0o(0)L(T) ,

(4.10) () = o(t/T) T —wnr(t/T) L(T) — 2 0 (0)L(T) |

and we let 75.(t) := v5.(t) + ho(t/T)L(T) in each regime, so that holds for A > x > 0 fixed. One of
the core ideas used in Sections [f] through [7] is that, when started from a single particle, the N-BBM is
quite similar to a BBM whose particles are killed when reaching the barriers v5.(-), 75(-), as soon as their
parameters h > x > 0 are both close to 1. In particular, recall , and let us point out the following
convergence.

Lemma 4.1. Let * € {sup, sub, crit}. Then,

1 w, b,z
(4.11) limsup limsup — m?—ﬁT’h’ (T)‘ =0.
()= (1,1), T—+o0 bF
h>x>0

Proof. The proof is straightforward in all three regimes. In the super-critical case, one has

1
T (TY = o(1)T 4 hL(T) /0 [(¢")" = o'](u) du — 20(0)L(T) + ho (1) L(T)

— ()T + hL(T) /O (0')* (u) du + (h — 2)o(0)L(T),

SO ﬁhn;?p - ﬁ;lp’h’w(Tﬂ <n7Y(|1 = h| + |h — |) for all T > 0, which yields the expected result. In the
sub-critical regime, one has

7sTub,h,ac(T) = o(1)T /1 — }L2L7T(2T)2 +O(L(T)) ,

where O(L(T)) is locally uniform in h > x > 0. Letting h close to 1 and writing the Taylor expansion
VI—y=1-%+o0(y) asy — 0, this yields (4.11). Regarding the critical regime, recall that ¥ satisfies

1One can check with standard branching processes theory that R%.(s,t) is a measurable, almost surely finite random variable;
and that, with probability 1, two particles do not reach the upper barrier at the same time. For the sake of conciseness we do
not develop on that in this paper.

2Let us point out that, compared to , we added an « in the denominator: this is because it will be more convenient in
upcoming computations to express the second order of the critical regime in terms of L(T) ~ aT1/3 instead of T1/3.
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U(—q) = q+ ¥(q) for all ¢ € R. Therefore, wy, r satisfies

anr(®) = = [ 2w (@207 o
= [ 2w (T v o) - ot0).

o(u)

Plugging this into (#.10) and recalling that L(T) ~ oT'/? in this regime, this straightforwardly concludes
the proof. O

* =k

In Section [5 below, we prove that the BBM between the barriers v7., 77 satisfies the following moment
estimates:
(4.12)

Es, [|A7, 1 ()] = "7 DED By [|AT L (5)7] S O 1 and - B, [R(0,8)] S em TR

for T sufficiently large, where precise assumptions on ¢, z, I and statements are formulated in Section
Thereafter, Sections [f] and [7] make use of these estimates to state rigorous comparisons between the N-BBM
and the BBM between the barriers v}, ¥, from which we finally deduce Propositions and

4.2. Toolbox for moment estimates. In order to prove the moment estimates from (4.12)), we introduce
some technical tools which are useful throughout Section |5| and for similar computations below (e.g.

Lemma .

Most of the first moment estimates below rely on the first moment formula for branching Markov
processes [36, Theorem 4.1], often called “Many-to-one lemma”, as well as Girsanov’s theorem: we condense
them in the following statement.

Lemma 4.2. Let * € {sup,sub,crit}. Let t <T, &, 75 € C3([0,T]) which satisfy [4.3) for some h >z > 0,
and I € Bor([0,h]). Then, one has

Frmrery El0h V<t crr it €1}
7' (H)Be | v7'(0) O (' (w) " (v (s))?
X exXp <— T ¢ + T J?L(T) + o b T B BS dS — A mds .

a?(t/T) a(0) ou \ o2(u/T)
Moreover, letting Ho(Y) := inf{t > 0,Y; = 0} for (Y2)1>0 € C°(R4), one has

(413)  Es, [|AT(8)]] = et E.s0)n(T) [1{

Ho(B)/2
o™/ Limy(y<ty l{ﬁme[o,h]vsgﬁro(m}

7/(0) HB) 9 53w HoB) (73/(5))?
Xexp( sopo- e [ S ()| e [ )|

Let us mention that (4.14) has an analogous formulation in terms of ;. instead of 7., which involves the
hitting time of the curve (ho(s/T)L(T))scjo,r)- We decided to stick with the expression (4.14) in the lemma,
since it is used more often in this paper.

(4.14) Es, [R7(0,1)] = Ev—ayo(0)L(7)
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Proof. Let us start with (4.13)). The Many-to-one lemma [36, Theorem 4.1] and Girsanov’s theorem yield,

s, [|A7(1)]] =

E 1y xu()—vao) X () =2 ()
u 7 c10,h] ws<t ; w70 o p
wen, LGy €l }

B 1) < Pl gy € 0 vs <0 e <)

(4.15) = Es, [[M]] x E—z(0) ll{

0 o2(s/T) 202(s/T)

O gp g OF 2
Bs . By N
sy <0<t Srrrmory €I}

Recall that Es, [|M|] = e2 under our assumptions, and write with an integration by parts, for ¢ € [0, T,

(4.16) / L) g o 3O 35 (0B / )
o 26T T Ty T T2 0) Sy 9u \o2w/T)
Since (4.3]) implies v4(0) = —zo(0)L(T), plugging this into (4.15]) yields (4.13).
Regarding (4.14)), the Many-to-one lemma gives

B, ds.

UuU=s

s/ <hs VS<Ho(vTB)}]
Then, applying Girsanov’s theorem and recalling that (Bs)s<; under P, as the same law as (—Bs)s<; under
P_,, x € R, one obtains

E50 [R;(O,t)] = Ey |:€HO(’Y;B)/zl{HO(W;_B)St}l{ 5% (s)— Bs

“Ho(B) 71'(s) dB. jHO(B) (Fh'())? ds
Es [R5-(0,t)] = E=+ Ho(B)/2q 1 Jo o2(s/T) 202 (s/ T)
%0 [ T( ’ )] 7 (0) |:6 {Ho(B)<t} {a(s/?fL(T) <h, VSSHO(B)}S

Recalling that 7;.(0) = (h — x)o(0)L(T) by (4.3), and replacing v with 7} in (4.16]), this yields (4.14]) and
finishes the proof of the lemma. O

Remark 4.1. The reader may notice that, in the super-critical regime, Lemma[{.9 requires to differentiate
(o')T or (/)™ : since we assume o € S;™ C C*((0,1]) in that regime, there is only finitely many points where
those derivatives are ill-defined —and even at those points, (¢/)t and (0')~ admit left- and right-derivatives,
which are bounded (in absolute value) by n~t. Therefore, all estimations involving these can be rendered
rigorous by splitting the interval [0,T], and we may write with an abuse of notation ||((c")) |lee < 771,
(")) |loe < n~ L. In order not to overburden the presentation of the proofs, we omit those details in the
remainder of this paper.

Let us also quote the “Many-to-two lemma” [36, Theorem 4.15] below, which will be used in all second
moment computations.

Lemma 4.3 (Many-to-two lemma). Let x € {sup,sub,crit}. Lett < T, v, 75 € C*([0,T]) which sat-
isfy (4.3)), and z € [0,h). Then, one has

t h h 2
(417) B, 1470 (O] = B 145,00 + oslete - 1] [ as [ @09 [ @ nwsinaw) ay.

Then we quote a sharp result on the survival probability of the standard Brownian motion between
barriers, see e.g. [10, Part II.1, Eq. 1.15.8] or more recently [43 (7.8-7.10)]. Recall that the standard,
time-homogeneous Brownian motion is denoted (Wy)s>o0.

Lemma 4.4 (Brownian motion in an interval). Fort >0, h > 0, and z, z € [0, h], one has,
™mz
— ) d
( h ) :
2

= %exp ( — 2Lh2t> sin (th) sin (7; ) (1+o0(1)) dz,

P,(W, €[0,h],Vs<t; W, edz) = Zexp ( — Wn t) sin (%) sin
(4.18)
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where o(1) is a term vanishing as t/h? — 400, uniformly in z,z (see [43}, (7.9)] for an explicit expression,).

Finally, we provide a technical lemma on our choice of barriers 5., 7., for * € {sup, sub, crit}. Recall their

definition from 1 , and the notation v} = 7;,11,;1; and ¥ = W*T’h’w. We claim that we may “tighten”
the barriers on a short time interval (i.e. shorter than L(T)?), by modifying the parameters h > x > 0.
Recall from (4.1)) that 6(-) denotes a function vanishing at +oo.

Lemma 4.5. Let * € {sup,sub, crit}, and let t = t(T) such that 0 < t(T) <¢ L(T)> AT for T sufficiently
large. Let h > x >0 and h' > 2’ > 0 such that

(4.19) ¥ <, and W -1 < h—z.

Then, there exists Ty such that, for T > Ty and s € [0,t(T)], one has

(4.20) Y (s) < AF T (s) < AFTT () < AE(s).

Moreover, Ty is uniform in o € S, and locally uniform in h > x >0, ' > &’ > 0 which satisfy (4.19)).

Proof. Notice that the assumptions also imply A’ < h. We prove this claim separately for each x €
{sup, sub, crit}.
In the super-critical case, since (h' — h) < 0, one has for all s € [0, 7],

- t)T
B ) =) = (= L) [ (o) ) du = @ =)o OLT)
> (W = )i (T)L(T) + (2 — 2" nL(T) 2 0,

where the last inequality holds for T larger than some Ty locally uniform in z,z’, h, h’. Moreover, one can
easily check that

)T
(1.21) TEPH(s) = o/ TT+BLT) [ (@) () dut (b= ) oOLT).
for all s € [0,T], h >z > 0. Hence, one has for all s € [0,T].
, t)T
TR (6) T 6) = (=)L) [ @ du [ 0) = (0~ o OLT) 2 0,

which concludes the proof.
Regarding the sub-critical case, on the one hand we have for s € [0, T,

) w2 ) 2
W2L(T)2 h2L(T)?
and a direct Taylor expansion gives as L(T) — 400,

423 T S G i Uit L OV SR
(4.23) Cr2n(m)?  \ T R2L(T)2  2(hWL(T))? +OL@™).

Recall that ¢(T') < 6(T)L(T)? < T in the sub-critical regime: thus, one has for s € [0,¢(T)],

(4.22) AP (s) — PR (s) = (2 — 2')o(0)L(T) + v(s/T)T,

s/T
v(s/TT = T/o o(u)du < n~'(T) < 5 '0(T)L(T)3.

Since z > 2/, we deduce that for T sufficiently large, the second term in the r.h.s. of (4.22) is larger than
—1(z — 2/)nL(T), uniformly in o € S, and s € [0,¢(T)], locally uniformly in @, ', h, h'; which is one of the
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expected results. On the other hand we have for all s € [0, 77,

\/1 - R2L(T)? \/1 -~ W2L(T)?

= [(h =) = (W = 2")]o(s/T)L(T) + (v — 2")[o(s/T) — o (0)|L(T) — O(O(T)L(T)) ,

where we used (£.23). Recalling and that ¢(T) < 6(T)T, the second term above is larger than
—O(6(T)L(T)) for T large. Therefore, the r.h.s. above is larger than 1[(h — ) — (' — &/)]nL(T) for T
sufficiently large: this concludes the proof in the sub-critical regime.

We finally turn to the critical case. Recall and that ¥ is continuous, hence

HT) n~t
(1) 1 sup{l‘I’(Q)l;qE [—a3h'3n’2,a3h3n’2]}-

TP () = 77 ()

(h—h)o(s/T)L(T) + (2’ — x)o(0)L(T) +

v(s/T)T

sup sup |w.7(s/T)| < —
re[h’,h] se[o,t(T)]| T( / )‘ T o3h'?
Since we assumed ¢(T) < 0(T)(L(T)3 AT) for T large, there exists C' > 0, uniform in o € S, and locally
uniform in h, k', such that for T sufficiently large, one has |w, r(s/T)| < CO(T) for all r € [h',h] and
s € [0,¢(T)]. In particular, this implies

,y;rit,h’,x' (S) _ /_Y;rit,h,af(s)

v

(x —2)o(0)L(T) — 2CH(T)L(T) ,
and U (g) _FLRT (o) S (b W)o(s/T)L(T) + (2' — 2)o(0)L(T) — 2CO(T)L(T) ,

for all s € [0,¢(T)]. Assuming T is sufficiently large and reproducing the arguments from the sub-critical
case (we do not write them again), this completes the proof of the lemma. ([l

V

4.3. Two auxiliary particle systems. In order to compare the N-BBM and the BBM between barriers,
we use in Sections |§| and [7] the following variants of the N-BBM, which were already introduced in [43] for
the time-homogeneous N-BBM. For some v € C*([0,7]), the N~-BBM and the N*-BBM are constructed as
two systems of BBM undergoing selection with respective mechanisms:

— In the N™-BBM, a particle w is killed at time ¢ if either it reaches the lower barrier v (i.e. X, (t) < ~(t))
or there are at least N other particles v € N; with larger displacement X, (t);

— In the NT-BBM, a particle v is killed at time ¢ if it is simultaneously located below the lower barrier
(X, (t) < v(t)) and below at least N other particles v € N; with larger displacement Xv(t)ﬂ

Let (XY )i>o0 (resp. (XtN+)t20) denote the empirical measure of an N™-BBM (resp. N*T-BBM). Then
we have the following result.

Lemma 4.6 (Lemma 2.9 in [43]). Let v € C*([0,T)]). Let v, , v} and vy denote (possibly random) finite
counting measures on R with M) < N and vy < v)' < vf. Then there exists a coupling between
the N™-BBM, N-BBM and N*-BBM started respectively from v , v} and ua' such that (XtN_)tZO =<
(XN)i>0 = (XtNJr)tZO with probability 1.

Remark 4.2. The results in Maillard [43] concern the time-homogeneous N-BBM, but the proofs can be
extended verbatim to the time-inhomogeneous N-BBM. Since we already presented a complete construction
of a coupling of time-inhomogeneous processes in Proposition[3.4, we decided not to reproduce that proof in
this paper. However, let us mention that there are two simple improvements to [43, Lemma 2.9] which can be
made with a direct check of the proof therein (see [A3, Section 2.3]):

(i) The proof of the coupling between NT- and N-BBM in [43), Section 2.3] relies on the fact that the lower
barrier can only kill the bottommost particles of the process NT. However this assumption can be relazed for
the coupling between the N~ -BBM and N-BBM, since killing any other particle than the bottommost in the
N~-BBM only lowers its empirical measure by that much. Therefore, in the N~ -BBM one can additionally
kill at some upper barrier 5 and the coupling of Lemma[].6 still holds.

3In both cases, whenever the N-th lowest particle is above v and branches, we arbitrarily kill only one of its two descendants.
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(i1) One can also consider a multi-type NT-BBM (or N~ -BBM): let I denote a (finite) set of particle
types and define some barriers v; € CH([0,T)), i € I; then, define a multi-type N*-BBM by killing a particle
of type i € I at time t € [0,T] if it is below ;(t) and there are N particles with higher displacements. Then
the proof of [43, Lemma 2.9] can directly be adapted to this multi-type NT-BBM, yielding a monotonic
coupling with a (typeless) N-BBM.

5. MOMENT ESTIMATES ON THE BBM WITH BARRIERS

In this section we state and prove precise versions of in the three regimes: super-critical, sub-critical
and critical. Let us warn the reader that the upcoming proofs contain a lot of bookkeeping (especially for
the first moment estimates), mainly due to the fact that we need to obtain bounds which are uniform in
certain ranges of values for ¢, o(-) and other parameters.

5.1. Super-critical case. In this section we assume T/ < L(T) < T, and ¢ € S,'"P for some n > 0
(recall ); in particular, there exists ug =0 < wu; <... < uy,-1 such that ¢ is monotonic on [wi—1,uil,
1 <i<n ' (weassume w.lo.g. that n~! € N to lighten notation). Recall that v; is defined in (4.8)),
and that 77" is such that holds. Recall also : we begin this section by computing first
moment estimates for A7.7(t), t € [0,T], I C [0,T]. Finally, recall (@3), and that we fixed some arbitrary
0 : R, — R7 that vanishes at +oo.

Proposition 5.1 (First moment, Super-critical). Let h > 0. As T — 400, one has

(5.1) E[JARE(t)]] < elominf DL +oL)

uniformly in o € S;"P, x € [0,h] and I C [0, h] a non-trivial sub-interval (i.e. which contains at least two
points). Moreover for any h > 0, Ty > 0 fized, one has as T — 400,
(52) E“A;:ul)(t)‘] > e(zfian)L(TH»o(L(T))7

locally uniformly in x € (0,h), inf I € [0, h] with sup I —inf I > 0, uniformly in o € S, and uniformly in
t =¢(T) € [0, T] which satisfies L(T) <¢ t(T) < T for T > Ty.
Remark 5.1. (i) Here, “locally uniformly” means that for any € > 0, there exists o(L(T)) € R such that
lo(L(T))| < L(T) as T — 400, and the lower bound holds uniformly in x € [e,h —¢|, inf I € [0, h — 4e] and
sup I —inf I > 4e. Moreover, let us stress that “uniformly” in o(-) and t(T) means that this error term does
not depend on those, as long as n, 0(-) and Ty are fized. In the remainder of the paper we will not write Tj
in similar statements, but rather “L(T) <¢ t(T) <T for T sufficiently large”, to lighten the phrasing.

(1) Finally, let us mention that, in , the assumption t >g L(T) is necessary (but maybe not optimal),
since a branching process (without selection) started from one individual needs a time =~ L(T') to grow to a
population of size e9L (M),

The core of the proof of Proposition [5.1] is contained in the following lemma. Its proof is displayed
afterwards.

Lemma 5.2. Assume T3 < L(T) < T, and let h,n >0, € € (0,h/2). Define,
Y1 :={(z,t,0,1) |t € [0~ (T)L(T),T], 0 €S,, I =[a,b] C[0,h], b—a>2e x€e,h—e]},
and
Ty :={(z,t,0,1)|[t €[0,T], 0 €S, I =[a,b] C[0,h],b—a>2e x€e,h—elN [a+e2_"7l,b—62_"71]},
and T :="T1UYy. Then, as T — 400, one has
by
(5:3) ﬁ (;c,t,iﬂ)erlog Eeoo1r) [eXp <_;/0 mBS ds) 1{%6[&’1]&%[0’%%6[}

— 0.
T—~+oco
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Let us comment briefly on this statement: this proves that the expectation in is larger than e?(Z(T))
uniformly in x,¢, 0, I, under one of the following assumptions: either ¢ is not too small (see the definition of
T1), or the starting point of the process x is not too far from the target interval I (see Ts: for the sake
of simplicity we restrict ourselves to z € I°). These assumptions are necessary (but maybe not optimal):
indeed, the reader can check with and standard Gaussian estimates on B; that, if ¢ is too small and
d(z,T) too large, the expectation in may be much smaller than e~ =(7),

Proof of Proposition[5.1} Let o € S;"P; in particular, there exists ug =0 < u; <... < wu,-1 =1 such that
o, for each 1 <i <=1 o is either non-increasing or non-decreasing on [u;_1,u;]. Let us assume h > z > 0,
otherwise the Lh.s. of is zero and the proof is immediate. Recall Lemma in particular .
Notice that implies,

3(s) = ot E D sy se ),

so one has for t € [0, 7],

E[|AFR(1)]] = e? B,y 1
[| T’I( )H - (O)L(T)|: {o(s/?fL(T)E[Oah]vvse[o’t] ; a(t/f)tL(T)EI}

(A WB 250 ' ()
. p( 2/T) T ol0) s [ g (o2<u/T>>

(5.4) _ emL(T)+O(L(T)2/T) E,

t * / 2
B.ds — / %(s))ds”
u—s o 202(s/T)
1
7O [ {srPsmery €101,V s€l0t]: sarpirry el }

< exp (‘ ke ;/ %B o= h 50 / (a;(<ss//?>)_ ds) } '

Upper bound. One has —% < —(inf I)L(T) in (5.4), and for u € [0,1], ¢'(u) = (/)" (u) — (/) (u).
Thus, (5.4]) yields

E[[A7}(0)] < el UDEHDIOuT/ g,

|1 .
O)L( ){ { serBrory €011,V €0 5 srritrory el §

1 [ (o) (s/T)
—— | T2 Boas) |,
e ( P, oy B
and the latter expectation is bounded by 1, which proves the upper bound.

Lower bound. Let € > 0 such that inf(I) 4+ 4e < sup({), and define,
(5.5) I+ := [inf(1),inf(I) +4¢] C I.
By constraining (By/o(s/T)L(T))s>0 to end in I, -1 at time ¢, one deduces from (5.4)) that,

. E[AS®(#)[] > (zfinfI+46)L(T)+O(L(T)2/T)E 1
(56) (477 (0] > e 2o OB | o Biror €041,V 5€00.8) 5 e72izory €1,-1 )

Let us prove that the expectation in the r.h.s. is larger than exp(—n~'eL(T)) for T large, uniformly in
o€ & and L(T) <gt <T. Then, letting € — 0 this gives the expected result.

Recall the definition of (u;)o<i<,-1: let Ji (resp. Jo) denote the indices of the intervals on which o(-) is
non-decreasing (resp. decreasing), more precisely,

Jo={1<i<n b0/ (u) >0, Vu € [ui_1,u)}, and  Jy:i={1,...,n7 }\ Ji.
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Then, a direct computation yields,

(o'(s/T))~ A (t/T)) )
5.7 —— log| ————————+—
(1) P o= 2 b 2 (s /)

Let imax = imax(t) := max{i < n~%; ¢t > u;T}. Finally, define (I, i)1<i<y-1 a sequence of intervals such that
I; has length at least 2¢, and

(e279)

V2§i§7771, I 1 c I; and I, 4 C [5,}1*6],

where I, -1 C I was defined in (5.5) and A denotes the closed (e27%)-neighborhood of a set A C R. We
also write Iy = [e, h — €], and assume ¢ small enough so that = € Iy. Constraining the process to be in I; at
time u; T, 1 <i <n~! and applying Markov’s property at times (u;T);<;,..., one obtains,

(5.8)  Euorm|lf s 5 exp (—1/t /D) ds” > hE
{ ey €l0n), Vsel0.t] s st el, -1 } T Jo o2(s/T) o

where E; := 1 for ¢ > iyax, and else

(59) Ei = inf E wi 1 Ty:o(w; (T 1 u; TAL
i€l 1 (i1 Toyio (ui-1) L(T)) {U(S/T)L(T*)G[O b,V s€lui 1 Tyui AL sy o A(t/T))L(T)EI}

w; TNt _y
X exp (— l/ MBS ds)
T Ju, v 0*(s/T)

We treat those factors differently depending on i. Recall Lemma and that ¢t >y L(T). If i € Jy, then
o'(u) >0 for all w € [u;—1T,w;T At]. Moreover, one notices for y; € I,_; and T sufficiently large that,

— if i =1, then (yl,t/\ (UlT)7O'(-),Il) €Ty,

—ifi>1and t > wu;—1T, then (y;, t A (u;T) — uj—1T,0(- —ui—1),I;) € Ta.

Therefore, we deduce from Lemma that, for T larger than some T} > 0, one has E; > e LT,
Moreover, that T does not depend on ¢ € J; or ¢ € S;“P.

Let us now consider ¢ € Js: in order to lighten notation, let us assume ¢ = 1 without loss of generality. Then
we apply Girsanov’s theorem to the shifted process (Bs —ho(s/T)L(T))s<u, - Letting p(s) := ho(s/T)L(T),
one notices that, on the event {|Bs| < hn~'L(T),Vs < uyT}, one has

ur TNt p’(s) ur TNt (pl(s))Q .
/o o2(s/T) 15 / 20%(s/T)

2,,—4 2
B e A
T

2,,—4 2
< Mo LT
=T

(5.10) and

(this follows from an integration by parts and computations similar to those of (4.13)) and (5.4)), we do not
detail them again). Both those terms are o(L(7')) uniformly in o € S;"P; therefore, Girsanov’s theorem
yields for y; € [0, h],

) 1 /ulT/\t U/(S/T) B.d
ex —_ = —_— S
{ s Brory €l0.h], Y s€l0un TAY ; 70<u1£?t1/TT))§E<T> n} P T Jo o%(s/T)""

E,—noorr |1
=MoL Y By €l=h0), Va0 TA s st iemy +he I |

B l ur TNt O'I(S/T) (s .
xexp< T/o 702(3/T)[Bs+h ( /T)L(T)]d)],

Ey00)L)

— o)
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and, by symmetry of the Brownian motion, we obtain

Er =) inf By 1 ,
L= yirello (h=y1)a(0)L(T) {WE[O,h],VsE[O,ulT/\t] ; %e(h—h)}
1 [TA o/ (s)T) o(uy A (t/T))
- 9/2) B ds — hL(T)log [ D22 |
X P (T/ ey Pk D o (7T )
Recall that we assumed i =1 € Ja, so o/(u) = —|o’(u)]| for all u € [0, u1]; moreover for any y; € Iy, one has

(y1,t A(uiT), (), I1) € T1. Therefore, we may apply Lemma [5.2] to deduce that, for T" larger than some Tp,

one has B, > oxp (—EL(T) —hL(T)log <W)> .

Moreover the same lower bound holds for all ¢ € J, i > 1, where we use that (y;,t A (u;T) — u;—1T,0(- —
ui—1),1;) € To for t > u;—1T, y; € I;—1. Plugging this into (5.8]), we finally obtain

1 [t o'(s/T)
E 1 —— ——~-B.d
2e{O)L(T) [ {7y elon), v selo s srrpirmyel, 1 } P ( T /0 o%(s/T) " ’

> exp (-n_lgL(T) - Z hL(T)log (Cm>> .

1€ J2
Recollecting ((5.6H5.7)) and taking ¢ — 0, this concludes the proof of the lower bound. O

Proof of Lemma[5.3 Since the expectation is lower than 1, we only have to prove that the infimum is
bounded from below by some o(L(T)). Let € [e,h—¢], t :=t(T) € [0,T], 0 € S,, and I C [0, h] with length
at least 2e: for convenience we restrict ourselves to [z — ¢,z 4 €| C I for some z € [¢, h — ¢]. Moreover, if
(x,t,0,1) € To, then one can always choose z such that

(5.11) lm—z| <& =e(1-27"").

Recall from (3.1)) the definition of the time-change C!-diffeomorphism J(-): in particular, (W,.),>o denotes
the standard, time-homogeneous Brownian motion, and (W (s))seo, 7] has the same law as (Bs)seqo, 7). Hence,
for t € [0, T, one has

1 [*]o'(s/T)|
E —— ————B,ds |1
#o (OET) [exp ( T Jo o%(s/T) ° { s clon Yselo ) srrpipory Ele—e e tel |

1 7O o (JY(s)/T
:EM(O)L(T)[QXP <_ Ji RN PO
0

T oi(J1(s)/T) s €l0,hVs€[0, (1) me[z_s,m]}]

—5 (D)
> _1
2 Beooynm) [eXp ( T J, W ds) 1{W76[0,h],Vse[O,J(t)] ; [,@V/V;;;}T)e[z—e,zﬁ]}]’

o (J—1(s)/T)L(T)

where we used that o € ).
Recall that T'/? < L(T) < t < T by assumption. Let (77)7s0, which satisfies, as T — 400,

(5.12) max (L(T), g(zy) < 7r < min(T, L(T)?).

For ¢, T such that J(t) > 27, we constrain the trajectory (W)sejo,s(¢)] to be valued in [/77,2,/77] at times
77 and J(t) — 77, and to remain below 3,/7r in-between; then we apply Markov’s property at times 77 and
J(t) — 7r. Therefore, for any t,T such that J(t) > 27, one has

(5.13)

-5 pJ(t)
77
E.., exp | — Wsds | 1 . > B; x By X Bg,
“WT)[ p( T /0 ) { s o CORLYSEI0,T (0] sty €l =+el } X b o
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where
1775 T
By :=E —— sds |1 )
1 xa(o)L(T)[exp< T/o 144 8) {Mme[o,h],vqu;WTTe[\/ﬁQ\/ﬁ]}]
—5 J() 2T
Bs = f - sds |1 )
2= i y[exp T /O Wsds {Wse[o,sm,vsw(t)2TT;WJ<t)27Te[ﬁ,2m}]

_5 T
. Ui
B3 = inf E,|exp| ——— Wyds | 1 - ,
5T yelyrr 2y u[ p( T/o E ) {Ug(s/V;s)“T)e[o,h],ngTT;U(t/WT)TL(T)e[Z_E,ZJFE]}}

and where we wrote o3(s/T) := o(J Y (s+ J(t) —7)/T), s € [0, 7r] to lighten notation in Bs. Let us bound
from below the three factors By Bz and Bjs separately, and then detail how the case J(t) < 2TT is handled.

Case J(t) > 27p. Let us start with By. On the event {W; € [0, 3,/7r],Vs € [0, J(t) — 277]}, and (5.12)
imply that,

1 [/®=2mr 3VTr(J(t) — 2
T/ Wyds < i (T) ) < 3/ < L(T),
0

as T'— +o0, uniformly in ¢t and o € S,,. Hence one has,

514) By, > M) ipf P (Ws 0,3y/77], Vs < J(t) — 2703 W, N 2,ﬁ)
( ) 2 2 € ye[\/%lz\/ﬁ] y € [0,3y/mr], Vs < J(t) Tr; Wiw)—2rmr € V1T, 2¢/77]
as T — 4o00. Recalling Lemma |4.4] notice that there exists a constant K > 0 such that,

. 2 2

sin”(7/3) b
"> K f P,(W, <t . Wgell2]) > —~ ——t').
vt > K, y€1?12] y(Ws€[0,3], Vs <t'; Wy €[1,2]) > 3 exp( 18t)

In particular, if ¢(T) satisfies J(IS)T# > K, then (5.14) and the Brownian scaling property yield

2
(5.15) By > o) SO/3) I =2 )
3 18 7
where the last inequality follows the observation that 7‘](0;2” = O(T/7r) = o(L(T)) by (3.1) and (5.12),

which does not depend on ¢. On the other hand, if ¢ satisfies %:QTT < K, then the Brownian scaling
property gives

1 . < —
L. (Wé € 0,377, Vs < J(t) — 2073 Wty—ary € [,FT,ZFT])

= B Py (W € s 0,80 S 1 Wh € i 1,2)

> < il

T (We € /o (0319 < 15 W1 €y [ [ +1/2])
> Po(IW.l < /7 Vs < 1: Wi €\ /35 [0.1/2))

(5.16) > P0<|W|< Vs <1; W, € [0, WD >0,

where the first inequality is obtained by splitting the interval [1, 2] into [1,3/2] and [3/2,2] in the infimum,
then applying the Brownian symmetry property to the second term. Recollecting and taking the
largest lower bound from , this finally proves that By > e®E(T) uniformly in ¢.

Let us turn to B;. Since 7r < T, one has on the event {W; < ho(0)L(T),¥s < 7} that,

1 [ (T
(5.17) f/ W,ds < ML o popy
T J, T
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as T' — +oo, uniformly in ¢ and o € S,,. Hence,
(5.18) By > ®ETP, o (WS € 0, ha(0)L(t)],¥s < 7p; Wy, € [WT,zFT}),
for T large. Let us provide the following standard estimates, which are obtained with the Brownian reflection

principle (see e.g. [I6 Part 1, Ch. 4]) and some direct computations with the Gaussian distribution (details
are left to the reader):

Pxo’(O)L(T) (WTT S [ﬁ,Q\/TT) >

1 (m(O)L(T)—ﬁV)
exp | ————F———) ,
/271_ p < 2TT

. 1 (m(o)L(T)JrFT)?)
W W. < < —
an(O)L(T)( r € [V 7T, 2\/ Tr ’slgnfT s > O) = Jon exp ( 2 y

1 —x)o —2/T
an(O)L(T)(WTT € [v7r,2y/7r], sup W, > hU(O)L(T)) < exp <f((2h 2) (0)2&?) 2ﬁ)2) .
s<tr V 21

Therefore, a union bound and (5.12)) yield as T' — +o0,

Pootoyscr) (W € 0,ha(O)L(®) Vs < 703 Wey € [V, 2v/71] )

(5.19) > \/TeXp (_W) (1—o(1)) > eo@L®)
T

so By > e°L(T) a5 T — 400, uniformly in ¢t and 0 € S,,.

Regarding Bs, it is handled very similarly to By by reproducing the estimates (5.17H5.19)): more precisely,
one can additionally constrain % to be lower than z+¢/2 < h — /2, then use the reflection principle
(we leave the details to the reader). Recollecting (5.13), this finally gives a lower bound of order e®(*(T))
whose expression does not depend on ¢ and o, and holds as soon as J(t) > 27p.

Case J(t) < 27r. For t, T satisfying J(t) < 277, one obtains on the event {W, € [0, hL(T)o(J1(s)/T)],Vs €
0, J(t)]} that,

1 70 27r X hiy " L(T)
= Weds < ——M———= L(T) ,
TS 0" T < LT
so one may bound the Lh.s. of (5.13) from below with
w. Wi
5.20 o(L(M)p 2 0,h],Vs < J(t); ——cF—— — .
( ) € zo(0)L(T) O'(Jfl(s)/T)L(T) S [ ’ ]7 EEAS ( )7 O'(t/T)L(T) S [Z g,z + 6]

Notice that , and the fact that J(t) < 27p imply,

(5.21) t<n2JEt) <2t < T,

for T sufficiently large; in particular yields that the probability in is larger than

(5.22) Py (Ws € [0,h(1 = £2)a(0)L(T)], Vs < J(1) ; Wy € 0(O)L(T)[z — &', 2 +€']) .

for T sufficiently large, where ¢’ < ¢ is defined in (5.11). Here again we provide standard estimates on

the Brownian motion, which are obtained with the reflection principle and direct computations with the
Gaussian distribution. However in the following we have to distinguish whether (z,¢,0,I) is in T7 or To. In
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general, one has

W) o / 2¢' (7(\zfz|+6')202(0)L(T)2)
Puo(o)L(m) (o(O)L(T) €lz—€,z+e ]> 2 277 () €xp 270 )
W0 L N 2¢/ (_<w+z>%2<o>L(T>2)
Paccr(O)L(T) (g(o)L(T) € [Z €,z+te ]7 SSH}f(.t) W, < 0) < QWJ(t) exp 2J(1) )
Wi
and Pwa(O)L(T) (Wi&-‘) € [Z — 6/, z+ 5/], il}}()) % > h(]. - 512))
s<J(t
2¢! 2h(1-c"?)—w—z—<')?0* (O)L(T)?
< ex (7( € z—z—¢' )0 ) )
() " 2700
Let us first assume (z,t,0,1) € Yy, that is t(T) > 0(T) 1 L(T): since (5.12) and (5.21) imply L}ZBZ =
LQ(QQ — 400, we have with a union bound that,

Puoo)(r) (Ws €[0,h(1 —&?)o(0)L(T)],Vs < J(t) ; Wy € o(0)L(T)[z — &',z + s’])

2 (lz—z|+€)?0? () L(T)?
= Ve L ( 270 )=o)
(5.23) > & _exp (—h2n_49(T)L(T)) = oH(T)
= 4w 2 ’
. -1 . L(T)? 2
for T sufficiently large, where we used that ¢(7") > 6(T)~'L(T) and (5.21)) imply T <N O(T)L(T). Let

us now assume (x,t,0,1) € To. Then,

W Wi e'o(0)L(T
P”””(())L(T)(a(O)]L(()IU cl—¢z +6/}) Z PO(WL(()T) € [0,5’]) > Po(W1 € {0, £oOILT) Q)TT()D
, (e'a(0)L(T))>
c(OL(T) ~—frm
(5.24) > % pe ,

where the first inequality follows from and the symmetry property of the Brownian motion, the second
from the Brownian scaling and , and the third from a standard Gaussian estimation. By , this is
larger than e®(X(T)),

To conclude, consider the minimum between the lower bounds computed in (5.13}[5.19), (5.20}[5.23)
and . This yields a term of order e?“(T) which is uniform in L(T) <¢ t < T; and it bounds from
below the Lh.s. of regardless of the sign of J(t) — 27p and whether (x,¢,0,1) is in Ty or Tg; therefore,
this concludes the proof of the lower bound. O

We now provide an upper bound on the second moment of |A7}(t)| when I = [z, ] for some z € [0,h)
and ¢ € [0, 7.

Proposition 5.3 (Second moment, Super-critical). Let h > 0. One has as T — +o0,
(525) E[|A?§(t)\2] < e(m+hf2z)L(T)+o(L(T)) 7
uniformly in t € [0,T], 0 € S, x € [0,h] and z € [0, h)].

Remark 5.2. The proof of Proposition relies mostly on the Many-to-two lemma (Lemma and
the upper bound (5.1) from Proposition 5.1, Noticeably, the second moment estimates in the sub-critical
and critical cases will be obtained very similarly, by using respectively the first moment upper bounds from

Propositions and below.
Proof. The Many-to-two lemma (Lemma states that

t h h 2
E[JAZR(5)]2] — E[JARP()[] = AoElE(€ — 1) / ds / GS“P(x,y,o,s>( / GS“P(y,w,s,wdw) dy .
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Notice that fzh G="P(y,w, s,t)dw = E[|/T?‘§(t —5)|], where A;IIZJ is defined similarly to A%% by replacing
the diffusion coefficient o by o(- — s/T). Recall also the upper bound (5.1) from Proposition which is
uniform in x € [0,h], I C [0,h], 0 € S, and t € [0, T]. Therefore, we have for any s € [0, 1],

h h 2 h
/ Gsup('r7 y? 07 S) dy ( / Gsup(y7 w7 S? t) dw) S eO(L(T)) / Gsup(x7 y7 0’ S) 62(yiz)L(T) dy 9
0 z 0

where we used that the error term from (5.1)) is uniform in y, 2, s,¢. Let K > 0 a large constant, and split
[0, k] into K intervals of length % For any 0 < i < K, one deduces from Proposition

(i+1) %

/ " GS™P (7,0, s) W= gy < 2((+1) F=2)L(T) o (w—ig)L(T)+o(L(T))

i
< (@240 +2—22)L(T)+o(L(T))

Therefore, summing over 0 < i < K and integrating over s € [0,¢], one obtains
BASR()7] — EAR0] < M) x PRED x f x K x oeh220L0D),

Taking K — +00, and recalling that ¢t < T < L(T)? and E[|A7(#)[] < eE=2) L(T)+o(L(T) ' this yields the
expected upper bound uniformly in ¢, o(-),  and z. a

We conclude this section with an estimate on the number of particles killed at the upper barrier. Recall
the definition of R7%(s,t), 0 < s <t <T from (4.6).
Proposition 5.4 (Killed particles, Super-critical). Let h > 0. Then as T — +00, one has
(5.26) E[R:P(0,T)] < e~ (h=2)L(T)+o(L(T))

uniformly in x € [0,h] and o0 € S,,.
Proof. Recall that we may write 7% as in (4.21): in particular, one has for s € [0, T,

—su L(T
TV (5) = o(s/T) + b’y (5/T) 1)
Recollect (4.14)) from Lemma[4.2] On the one hand, one has for T sufficiently large, uniformly in s € [0, 7]
10'(s/T) by "L(T)

and o € §,,, that
9 (A" (u) B
ou\o2(w/T) )|,y — To%s/T) T2 ’

so, on the event {By < ho(s/T)L(T),¥s < Ho(B)}, one obtains
H()(B) —supy 1 H()(B) / T L T 2
_/ ﬁ (W) B,ds < f/ %Bsds—i—fﬂn_gﬁ.
0 ou \o?(u/T T Jo o?(s/T) T
On the other hand, one has

W08 (5P Hy(B) | L) [0 (o) (/1)
/O 202(s)T) * = T2 ”LT/O ols/T) 8

Therefore, (4.14) eventually yields

u=s

S —(h—z)L(T)4o(L(T
E[RFP(0,T)] < e Mo INE, 00y per) {1{Ho(B)ST,C,&/?fL(T)E[O,h]VSSHo(B)}
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Recall that ¢’(u) = (¢/)T(u) — (¢/)~ (u) for all u € [0,1]. Thus, on the event {Bs < ho(s/T)L(T),Vs <
Hy(B)}, one obtains

E[RFP(0,T)] < e~ (oD INE ooy rr) {1{1%

(B)<T, We[o,h] Vs<Ho(B)}
1 1) (o)~ (s/T) )}
xexp| — = —————B,ds ||,
g ( T / o>(s/T)
and the latter expectation is bounded by 1, which concludes the proof. (I

5.2. Sub-critical case. In this section we assume % = sub, that is 1 < L(T') < T"/3, and recall from (4.9)
and (4.3]) that we defined the lower and upper barriers, for ¢ € [0, 7], by

72

W) = g1 WL(T)? x o

t/TYT —xo(0)L(T) ,

and 5P () := ¥ (¢) + ho(t/T)L(T) for some h > x > 0. Recall (4.44.5): in particular, the set of
descendants remaining between the barriers and reaching an interval I C [0, h] at time ¢ is denoted

__ ~sub
(5.27) ARt = {u eN, ‘ Xu(s) € [V (s), 73 (9)] , ¥s € [0,4]; PaE W e 1}.
Recall also (3.3) and (4.1, where we fixed some n > 0 and 6 : R, — R such that (T) — 0 as T — +o0
and (4.2]) holds.
Proposition 5.5 (First moment, Sub-critical). Let h > 0. As T — 400, one has
(528) EHA%P,]ID(t)” < e(mfian)L(T)Jro(L(T))’
uniformly in « € [0,h], I C [0,h] a non-trivial sub-interval, o € S, and t = t(T) such that 0 < t(T') <
VTL(T)3 for T sufficiently large. Moreover, as T — +oco one also has
(5-29) EHA?EI)(t)'] > e(oc—ian)L(T)+o(L(T))’
locally uniformly in « € (0,h), inf I € [0,h) and sup I —inf I > 0; and uniformly in o € S, and t = t(T')
such that L(T) <g t(T) <o \/TL(T)3 for T sufficiently large.

This proposition should be compared with Proposition [5.1] for the super-critical regime. The definitions of
“uniformly” and “locally uniformly” are the same as in Remark Conversely to the super-critical and
critical regimes, we are not able to derive sharp moment estimates throughout the whole time interval [0, T7,
but only up to times smaller than /T L(T)3 <« T. This inconvenience actually has some consequences on
our strategy for the proof: to obtain in Theorem we have to decompose the full interval [0, 7] into
blocks of length o(y/TL(T)3), on which the comparison between N-BBM and BBM with barriers holds.

Proof. Recall Lemma in particular (4.13)). Notice that (4.9) implies that for all s € [0,T], T > 0,

W) _
a(s/T) h2L(T)2’

which does not depend on s. On the one hand, this yields for all s € [0, 77,

(’}/SUb/(S))2 B 1 71_2
(5:30) 252(5/T) T2 2n2L(T)?°

On the other hand, on the event {W € [0, h],Vs < t}, one has

Byds < ’%3 x hp ' L(T) x 6(T)\/TL(T)3 = o(L(T)),

u=
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uniformly in ¢ <g \/TL(T)? and o € S,,. Therefore, (4.13]) becomes

6&)HM@$WH=MPG;LéP+WMHOE%mMnFm(7£ZU%M@0

x 1 Bg B .
{sarmizom €l0R s <t; sorrtrory EI}]

We now focus on the latter expectation. It can be bounded from above with

. B
5.33 (@=inf HL(T) p — ¢ [0,h],Vs<t];
( ) € $O‘(O)L(T) U(S/T)L(T) E [ ’ ]7 S — ’

and, letting any e — 0 as T'— 400 and adding the constraint W <inf I 4+ &7, it can be bounded
from below with

B,

5.34 (x—ep—inf I)L(T) P .
(534 e S /TYL(T)

€[0,h]Vs <t G(ian,ian+5T)>.

B;
zo(0)L(T) W

Therefore, writing z := inf I to lighten notation, both statements of the proposition are obtained by showing
2

that 1 | are of order exp((z — 2)L(T) — ;?ﬁ + o(L(T))). Once again, we achieve this via
a comparison with the standard, time-homogeneous Brownian motion (W;)s>0. In the following, recall
Lemma [£.4]

Upper bound. Using (3.4)), the Brownian scaling property and a time change, we have
Pio0)L(m) (Bs € [0,ho(s/T)L(T)], Vs < t)

< Puooyucr) (Ba €10, (o(0) + 072/ T)L(D)], Vs < t)

-P L (Bs € [0,h], Vs <

t
o (0)+n—2¢/T L(T)2(0(0)+n*2t/T)2)

t
— t 2
=P, _w__ (W, € 10,1, ¥s < rorptm—my [o (u/T)du)

O
<P e (W € 0.1, ¥s < b (A=t ) -

Then, (3.4) implies that, for T sufficiently large, % > 1 uniformly in 0 € S, and ¢ <g \/TL(T)3.

Moreover Lemma [£.4] implies that there exists a constant K > 0 such that,

8 2
vt > K, sup P,(W, € [0,h],¥s<t) < —exp (—”Qt') :
y€[x/2,x] ™ 2h

where we also used that foh sin(mz/h)dz = 2h/7. For any t such that ¢ > 2K L(T)?, this yields

8 T2t o0V —r—2t/T)2
P&Menmmmwmmwswunﬂsﬂm{—%wﬂyﬁﬁﬁJ@J

8 72t 2min=3 2
5.35 <2 _ T
(5:35) =5 P ( LT T e L(T)2T> ’

and, by assumption, we have % < O(T)?L(T) = o(L(T)) for T large. On the other hand if t < 2K L(T')?,

then one may write |%ﬁ| < Kh—f in (5.32), and the probability in (5.33)) is bounded by 1. Finally,
taking the maximum of this and (5.35]), we obtain the expected upper bound uniformly in ¢ € S, and ¢(T)

such that 0 <t <y /TL(T)3.
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Lower bound. Similarly to the upper bound, we have to distinguish the cases ¢ smaller or larger than K L(T)?
for some constant K which is determined below. We begin with the case ¢ large.

Let e such that 1 > er > max(0(T)\/L(T)3T-1,L(T)~') as T — +o0, and recall (5.34). For T
sufficiently large, this and imply z+ep < h and [z +e7/3, 2+ 2e7/3|0(0) C [z, 2+ er]|o(t/T) uniformly
in 0 € §;, and locally uniformly in z. Thus we have the lower bound

P.oo)n(r) (Bs €[0,ho(s/T)L(T)],Vs <t; By € [z,2z+ €T}U(t/T)L(T)>

(5.36)

> PCEU’(O)L(T) (Bs S [0, hO’(O)L(T)], Vs < t; Bt S [Z + ET/3, z+ 2€T/3]O'(O)L(T)>
Define
(5.37) T=1(t):= m/o o?(u/T) du,

in particular (3.4)) and ¢ <y /T L(T)3 imply that

() e

uniformly in o € S, and ¢. Using the Brownian scaling property and a time change, we have

(5.38) =0 (WL(T)> = o(L(T)).

t T
‘T_ L(T)Q‘ - L(T)2 T

PID’(O)L(T) (BS S [O, hU(O)L(T)], Vs <t; By € [Z + ET/Q, z+ ET]O'(())L(T))

(5.39) - Pl.(Ws c[0,h],Vs<T; W, €[z +5T/3,z+25T/3]>.

By Lemma there exists a large constant K > 0 such that, for T sufficiently large, if t > K L(T)? then
T > K/2, and,

PI(WS cl0,h,Vs<T;W, e [z+€T/3,z+25T/3]>

(5.40) > %exp ( - %7‘) sin (L}f) /2_2;22/3 sin (%g)dy
T

Recalling e7 > L(T)~! and that sin(rw) > 1(w A1 —w), Yw € [0, 1], we have as soon as T is sufficiently
large,
Z+2€T/3 T 2
. Yy er (z+er/3 z+2er1/3 et
5.41 (7)01 > &7 7/\(1—7) > o L(T))),.
sy [ e (= (S 1Y) > ST eplo(L(T))
Plugging this and (5.38)) into ([5.40), this finally yields the lower bound uniformly in ¢ > KL(T)? and 0 € S,,.
For t < KL(T)?, we have to reproduce the computation (5.36H5.39)) with a different choice of e7 satisfying
L(T)™' < ep < L(T)" 2, then we only need to prove that (5.39) is larger than exp(o(L(T))) (since one has
%ﬁ >01in (5.32)). Using standard computations on the Gaussian density, one has

5 z— x| +er)?
(5.42) P,(W; € [z+er/3,2+2ep/3]) > ?T\/% exp <—(|27_+T)> > exp(o(L(T))),

where the second inequality follows from the observation that (3.4), (5.37) and ¢ >4 L(T) imply 71 <
20(T)L(T) = o(L(T)) for T sufficiently large. Moreover, we claim that

(5.43) liminf P, (Ws c[0,h],Vs<T ] W, €[z +er/3,2+ 2sT/3]) >0,
T—~+oco

locally uniformly in x, z. Thus, one only needs to take the minimum between (5.40) and (5.42}H5.43)), then
plug it into ([5.34)), to obtain the announced lower bound uniformly in ¢(7") and o(-).
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To prove ([5.43)), we write that ¢t < K L(T)? implies 7 < 2K for T large, and
(5.44)

Pz(Ws €[0,h],¥s<T ’ W, e [z+€T/3,z+2€T/3])

> P, (T_% (Ww —uz—(1— u)x) IS [—\%\TZ(, h\;%z], Vu<1 T_%(WT —z2) € T_%[ST/3,2€T/3]) .
Moreover, (5.37) implies 7 > (20(T)L(T))~! for T large, so 7-2ep — 0 as T — +oo. Therefore, the
Gaussian process (772 (W, — uz — (1 — u)7))yuejo,1) conditioned to Wy —x = 0, W, — 2 € [e7/3,2¢e7/3]
converges in law to a standard Brownian bridge (X$°),e(0,1] as T' — 400 (see [14, Sect. 9]); more precisely,

the r.h.s of (5.44) converges to P(X° € [~ j/\i h\/ﬂz] Vu <1) >0 as T — 400, and this convergence is

uniform in L(T') <¢ t < KL(T)?. Since the latter probability is positive, this concludes the proof. O

We now provide an upper bound on the second moment of [A3%(¢)| when I = [z, h] for some z € [0, h).
Let us point out that, conversely to the super-critical case (recall Proposition , the statement below
involves an error factor O(t): in general one cannot guarantee that ¢ < e®“(*)) in the sub-critical regime,
especially when t is close to /T L(T)? and L(T') grows very slowly in T. However this will not be an issue in
this paper, since in Sections [6}{7] we shall consider interval lengths ¢(T') that are at most polynomial in L(T).

Proposition 5.6 (Second moment, Sub-critical). Let h > 0. As T — 400, one has

(545) EHA%EHZ)(t)'Z} < e(;c+h—2z)L(T)+o(L(T)) > O(t),
uniformly in x € [0,h], z € [0,h], 0 € S, and t = t(T) such that 0 < t(T') <¢g /TL(T)3 for T sufficiently
large.

Proof. ThlS proposition is very similar to Proposition [5.3] Reproducing all arguments from its proof but
using instead of (5.1] -, one obtains for K € N and T sufficiently large,

B[ AR (0F] — E[ARR(0]] < AEMLm) g x K x eleth-2LT),
uniformly in x,z € [0,h], 0 € S, and 0 < t <y /T L(T)3. Taking K large, this yields the expected result. O

We conclude this section with an estimate on the number of particles killed at the upper barrier. Recall
the definition of R§W"(s,t), 0 < s <t < T from (4.6).

Proposition 5.7 (Killed particles, Sub-critical). Let h > 0. Then as T — 400, one has
(5.46) E [RP(0,1)] < em (=) LDHolLT) » O(+L(T) 2 v 1),
uniformly in x € [0,h], 0 € S,), and t = t(T) such that 0 <t <o /TL(T)? for T sufficiently large.

Notice that, similarly to Proposition we have an additional error term O(tL(T)~2V 1), which vanishes
as soon as t(7T) is at most polynomial in L(T).

Proof. This proof relies on a comparison With the time-homogeneous case, which has already been studied

in [42] 43]. Recollect (4.14) from Lemma Notice that (F5%P)"(s) = (7}‘*’) (s) + O(L(T)/T) uniformly in
s € (0,7, o € S,. Combining this with 1- 5.31), we deduce from (4.14) that,

2 Hy(B

b —(h—x)L(T L(T
[Rsu (O,t)] —e (h—=z)L(T)+o(L( ))E(hz)a(())L(T)[e <2h2 L( )2)1{H0(3)<t}1{6(s/?m<h,Vs<H0(B)} .
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Therefore, it only remains to bound from above the latter expectation. Using the Brownian scaling property,
we have

E 7'('2 Ho(B) 1 1
(h—x)o(0)L(T) | €XP 2n2 I(T)? {Ho(B)<t} {2 5€[0,h] Vs<Ho(B)}

7.‘_2
= B [exp (WUQ(O)Ho(B)) 1{HO(B><t/<L<T>202<o>>}1{Bse[o,ha(s/T)/a(O)],v«Ho(B)}] :

Let (Ws)s>0 denote the standard, time-homogeneous Brownian motion, recall the definition of J(s) from (3.1)),
and recall (3.4]). In particular, we have for s € [0, T],

s02(0) (1—n22)° < J(s) < s02(0) (1+7722)%.

Thus, applying the time change (3.1)) gives,
2
E(n—z) | exp | 57507 (0)Ho(B) | 1ro(m)<t/(L(1)202(0)} 1 {B.€0h o (s/T) /0 (0)], Vs <Ho ()}

71—2 _
= E(—o) [GXP (WUQ(O)J 1(H0(W))> 1{Ho(W)SJ(t/[L(T)QUQ(O)])}1{W56[07h0(5/T)/0(0)]VSSHo(W)}]

2
™ oy -2
E(ha) [GXP (2h2 (1-n"%) Ho(W)) L toow)< . (Lan-20/7y2 } HWLEl0h (n=24/T)) Vs < Ho (W)

IN

Moreover, on the event Ho(W) < %, one has (1 — n’z%)szo(W) =(1+ 77*2%)72H0(W) +o(L(T))
(recall that t <y \/TL(T)3). Then, the expectation above has already been estimated in [42, Lemma 2.2.1]

(see also [43, Lemma 7.1]): therefore, we have for some universal C' > 0,

2
™ o2
E () lexp (W (L+n7"7) Ho(W)> Y o (W) <ty (m-20/y2 } HVS €000 (bn=24/T)] VSSHO(W)}]

. e 91 e _g 1 _
< by sin (T2 (1472 0) ) + OB (172 8) T = O(L(T) 2 v 1),
uniformly in 0 € §,, and 0 < ¢(T") < \/T'L(T)3, which concludes the proof. O

5.3. Critical case. In this section we assume there exists o > 0 such that L(T) ~ oL(T)'/3 as T — +ooc.
Recall the definition and properties of ¥ from (1.4). We recollect the following result from [47].

Lemma 5.8 ([47, Lemma 2.4]). Let W a standard time-homogeneous Brownian motion, g € R, 0 <a<b <1
and 0 < a’ <b < 1. Then,

| o
tIEEOE zt[gpl] log E, [e aJo Wsdsl{Wse[o,l]vsq}]
z ’

(5.47)

1 [t .
= tliglofméﬁfb]long [e aJo Wsdél{wse[o,l]v$<t,Wte[a’,b/]}:| = Y(q) .

In that regime, recall from (4.10]) and (4.3) that the lower and upper barriers are defined, for ¢ € [0,T7], by
FFE ) = v(t/T)T — wpr(t)T) L(T) — 2 0(0) L(T) ,
and F$I(t) = A$1(t) + ho(t/T)L(T) for some h > z > 0, and where wy, 7 € C1([0,1]) is defined in (4.7)).
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Remark 5.3. Let us point out that wpr(u) ~ %v(u) as o« — 0, so that choice of upper barrier
matches the sub-critical asymptotics of the N-BBM when « is small (recall (1.11)), Lemma and that
L(T) = o(T/L(T)?) in that case). Moreover, the relation ¥(—q) = q+ ¥(q), ¢ € R yields

a(whz(u)—h /0u<o’>—<8>ds) s o) P ) e

a—+oo 21/3 0

for all w € (0,1]. Thus, multiplying these terms by T3 ~ o L(T), we see that the upper barrier matches
the super-critical asymptotics of the N-BBM when « is large; and when o is decreasing, one also recovers
the asymptotics of Proposition|1.2

Recalling (4.5)), the set of descendants remaining between the barriers and ending in a (rescaled) interval
I C [0,h] at time t is denoted

(5.48) A (1) = {u eN,

cri =cri Xo(t)—yF™
Xuls) € [157(s), 78 ()] , Vs € [0,1]5 “ppti? e 1}
Proposition 5.9 (First moment, Critical). Let h > 0. One has, as T — +o0,
(5.49) E[JAFH ()] < et DED (T,

uniformly int € [0,T], 0 € S,, v € [0,h], and I C [0, h] a non-trivial sub-interval. Moreover, one also has,
as T — 400,

(5.50) E[|A(5)]] > o=l DD 4T

locally uniformly in « € (0,h), inf I € [0,h) and sup I —inf I > 0; and uniformly in o € S, and t = t(T')
such that L(T) <g t(T) < T for T sufficiently large.

Here again, this proposition should be compared with Propositions[5.1]and [5.5|for the super- and sub-critical
regimes; and the definitions of “locally uniformly” and “uniformly” are the same as in Remark

Proof. Recall ([#.13) from Lemma [4.2] Notice that (4.10) implies
: L(T _
(5.51) () = o(s/T) + 0l p(s/T) AT = o(s/T) + O,

uniformly in s € [0,7] and o € S,; more precisely, one can check that the function ¥(-) is bounded on
[—a®h3n=2, a3h3n~2], as well as wy, () and wy, p(-) on [0,1], uniformly in o € S, In the following, we let

U = sup{|¥(q)|,q € [-a®h®*n~2, a3y}, T .= sup{|¥'(q)],q € [-a®h3n~2, ®n3n 2]},

which are well defined since ¥ is convex on R. Therefore, on the event {W € [0,h],Vs < t}, one
deduces from (4.13) and a straightforward computation that,

L(T) /t wy, p(s/T)
0

E[|A%“}(t)|] = exp (:vL(T) + ds + O(T1/3)>

(5.52) T o(s/T)
' B, 1 [t o'(s)T)
X Bao)nm) [exp <‘7(t/T) - T/o mBSdS 1{‘(,(5/%2@)6[0&] Vostizmrriromy €1} |

Upper bound. Let z := inf I. Let t € [0, 7], and assume first that (¢, T) satisfies ¢t < 7°/%. Then, (5.52) gives

ri —2)L(T)+O0(T'/6 B, . By
E[JAF(1)]] < e DEDOT Py (st € 00, Vs < ¢ Bty € 1)

(553) < e(m—z)L(T)+O(T1/G) ,

uniformly in o € S,, and ¢ € [0,7°/9)].
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For (t,T) such that ¢ > T°/6 let us split [0,¢] into intervals of length K L(T)?, where K is a large constant
which is determined below. Writing imax := [t/(KL(T)?)], we let t; := iKL(T)? for 0 < i < ipax, and
=t (notice that (¢;,.. — ti,..—1) € [KL(T)? 2KL(T)?]). Define for 1 < i < imax,

tmax Tmax

g,:= sup o, g;:= inf o,
5 54 [ti_l,t,‘,] [t1 1,64 }
(5:54) and 7, := sup o, o= inf o,
[ti—1,ti] [ti—1,t:]

and 7y = g, := ¢(0). Using the Markov property at times ¢;, 1 < i < imax, one has

a'(s/T)
E.o0)L(T) {GXP( / Bs——— (s/T)

o2(s/T) ) l{us/?s“me[ovh]vsﬁt%au/fhmef}]
(5.55) < e L) H S0 iEpL(T)] Eq,_,y [exp <—/ B, = d5> LiB.e(0,h7; L(T)] Vse[til,ti]}] )
i=1 T4 tie

To lighten notation, let us focus on the factor i = 1, but the following proof holds for other blocks as Well
(including [ti,,.—1,tin.))- Let € > 0. Recalling the time-change J(s) := [; o*(r/T)dr, s < T from (3.1),
and using the Brownian scaling property, we have for y € [0, h01L(T)]

10, B
(5.56) E, [exp <_T;/ Bsds) l{BSE[O,hnlL(T)]ngh}]
g1 Jo
121 J(t2) 1¢ 7—1 -1
= Ey |exp T3, Wy (J'(J77(8))) " ds | Liw, elo,he: L(T)] Vs<J(t1)}
< E, eXP( TU1/ Wdé’) Liw, e, holL(T)]Vs<02t1}]
1o olt1/(he1 L(T))?
< By L)) |eXP —f?(hfflL(T)) /0 Wds | Liw,efo,1) vs<o3t /(ho L(T))?}

IA

o 55 ait1/(ho1 L(T))
E,/(hs,L(T)) |€XP —aa h (1_5)/0 Wids 1{Wse[0,1]VsSg?tl/(hﬁlL(T))z} )

where the last inequality holds for T sufficiently large, by recalling (3.4) and that L(T) ~ oT"/3. Let ¢ > 0,
and recall that t; —t;_1 > KL(T)? for all i. Assume w.l.o.g that L(T) > 0 for all T: then t; — 400 as
K — 400 uniformly in 7 applying Lemma[5.8] there exists K. > 0 such that for K > K., one has

sup E,

o - oit1/(he1 L(T))?
exp | ——a”h’(1 —6)/ Weds | Liw,(0,1]vs<o2ts/(ha: L(T))?}
ye[0,1] 01 0

< exp (hQLt(l s f; [\If (Zia?’lﬁ(l - 5)) + ED ,

for all T > 0. Then, for T sufficiently large, (3.4)) and the definitions of W, 7 yield,

2 / o _KL(T 2
ZL [\1/ (‘“a?’hi”(l - s)> + 5] < <01a3h3) NP ZAECD LT
01 o1 T
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for some constant ¢; > 0. Therefore, there exists To(K,e) > 0 such that, for K sufficiently large and
T >Ty(K,e), (5.55) becomes

»

. B 1 [ o),
2 OLD) | FPA\ TGy T T, S02(3/T) {serfry €lon) vsstisarriroy €1}

7
B max L KL(T>2
< e #UT) oy ti [\I/ <Ua ) ¥V ———2 tec \I/’—i-l} )
= P ; h2L i atTr 1 )

Using a Riemann sum approximation, there exists Ty (K, &) > 0 such that, for K very large and T > Ty(K, €),
and for t > T°/% one has

= (t; —tiz1) a; 1 t o'(r/T) !
(5.57) Z G LY (ma?ahs) < L(T)? /0 N4 (g(r/T) a3h3> dr + EL(T)Q .

i=1

Moreover, one has

9 (t; —tig) [ KL(T)? ) .
5.58 § 7 v +1) =001 o(TY3).
(5.58) 2. HEL(T)? T +e(P'+1) (1) +e0( )
Recollect (5.52)) and that L(T) ~ aT"'/3. Recalling the definition of wy, 7 from (£.7)) and that 7L(%")2 ~ of3—L(TT )

we finally obtain that there exist some C,C” > 0 (depending only on 7, and «) such that for T' large enough,
one has

(5.59) E[JAZY(1)]] < exp ((x — 2)L(T) +C + O/6T1/3> ,

for all t > T°/6, Taking the maximum of (5.53) and (5.59)), and letting ¢ — 0, this finally yields the expected
upper bound uniformly in o(-) and ¢ € [0, 7.

Lower bound. Similarly to the upper bound, we distinguish the cases ¢ smaller or larger than 7°/6. We
first consider the case t > T°/6 using the same time split with intervals of length K L(T')? and notation as
above (recall (5.54)). Let 0 < a < b < h such that € (a,b), and £ > 0 such that z + ¢ < h. We bound the
expectation in from below by constraining the trajectory to pass through the intervals [a,b] - o, L(T)
at times t;, 1 <17 < imax — 1. Hence, the Markov property gives

By 1 [ ol(s/T)
E,. o7/ exp(——/Bds LB ciohol (
o) [ ot/T) T Jo "o2(s/T) ) {PGle DT ==t
(5.60)

Imax—1 ] Yoi i

/ t;
> e—(z E)L(’l) | | lli E . exXp - 22 / Bst 1 Bs€[0,ha, L(T)|VsE[t;—1,t;
- J y [a,b]-ai IL(T) (tl—lwy) l —Ji t 1 { s [,h q ( )] ['L 171]7}

=1 Bt,ie[aliL(T)’bQiL(T)]

17 timax
X inf Bt e -1.) lexp< e / Bsd5> Lf Biclohe,,  LOT) Vs€ltipum—1.1], ]
Ve[l i1 LT) T} i {Bfe[zo(tmff(T) <z+e)a(t/T)L(T>]}

7'lmax imax —1

Let us focus on the factor ¢ = 1 here again (others are handled similarly, including the last one). Reproducing
the time-change argument from (5.56)), one has for y € [a,b] - 0(0)L(T),

13 [
exp (-é/ Bsds) L( B.e(0,ho, L(T)] Vs<t,,
To
a1 Jo {Btle[agluT),bglL(T)J}

1ay [/
exp _T?/ Wsds | 1w, e(0,ho, L(T) Vs<I(t1),) | -
a1 Jo {Wml)e[aglL(T),bglL(T)]}
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Recall (3.4). Applying Lemma and the Brownian scaling property, one obtains similarly to the upper
bound (we do not write the details again),

1g, [/t
exp _T?/ Wds 1{Wse[O,hglL(T)]ngJ(tl),}
=1 0 WJ(tl)e[aglL(T)7b£1L(T)]
t1 71 3,3 2
for some K. > 0, K > K. and Ty(K,e) > 0, T > Ty(K,€). Reproducing this lower bound for all factors
of (5.60), using a Riemann sum approximation similar to (5.57) and recollecting (5.52)), we may conclude

similarly to the upper bound in the case ¢t > T5/6,
Let us now consider the case t < T°/6. Recall the proof of the first moment lower bound in the sub-critical

case (Proposition [5.5)), that is (5.34] 5.39). We define as in (5.37)),

1 t
AR J, 7T

and (er)r>o such that T V3 <«ep T V0 as T — +00. Then, the Brownian scaling property and a time
change yield, similarly to the sub-critical regime,

(5.61)  E[JAFH(1)]] > elr—==n)LD+e(T") p (WS €[0,h),Vs<7;W;€[z+er/3, 2+ st/s}) .

inf E

yelab]-o(0)L(T) 7

T=7(T) :=

It remains to prove that the probability above is larger than ™) Recall Lemma proceeding similarly
to (5.40H5.41)), there exists R > 0 such that,

, , 1 €2T . (TT 2
Vt' > R, Pw(WS €0,h],Vs<t'; Wy €z+er/3,2+ 25T/3]) > ——_gin (T) exp (_Qh?t) .
If t, T satisfy 2RL(T)? <t < T5/6 then implies R < 7 < 2a 2T/ for T sufficiently large, uniformly
in 0 € §,. In particular the r.h.s. above, evaluated at ¢ = 7, is larger than OT") uniformly in o € S,
and locally uniformly in z, z. On the other hand, if ¢, T satisfy t < 2RL(T)?, then 7 < 4R for T sufficiently
large, uniformly in o € S,;. Moreover, one notices that t >y L(T) and er < T~/6 imply that 7=1/2er — 0
as T — +oo. Recalling from the sub-critical case, we have already proven by introducing a
Brownian bridge that, under this assumption, the probability in is larger than e®“(T) for T large: we
do not replicate the details of the proof here.

Therefore, we derived three lower bounds which hold respectively in the cases t > T%/6, 2RL(T)? < t <
T5/6 and L(T) <¢ t < 2RL(T)?: taking the minimum of these, we obtain a lower bound that holds uniformly
in L(T) <ot <T and ¢ € S,,, which fully concludes the proof of the proposition. O

Proposition 5.10 (Second moment, Critical). Let h > 0. As T — 400, one has
(562) EHA%HZt(t)F] < e(w+h72z)L(T)+o(T1/3) )
uniformly in x € [0,h], z € [0,h], 0 € S, and t € [0,T].

This statement is analogous to Propositions and in the super- and sub-critical cases respectively.
Since its proof is identical (using the upper bound , and observing that t < T = (T in the critical
regime), we do not reproduce it here.

We now state the analogue of Proposition [5.7] regarding the number of particles killed by the upper barrier.
Recall from that RS (s,t), 0 < s <t < T denotes the expected number of particles killed by the upper
barrier on the time interval [s, t].

Proposition 5.11 (Killed particles, Critical). Let h > 0. Then as T — +00, one has
(5.63) E[R{™(0,T)] < e~ (hmmET+e(T)
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uniformly in x € [0,h] and o € S,,.

Proof. Recollect (4.14]) from Lemmau Notice that (F&i0)(-) = (v1)/(-) + ha’(-/T)#, and recall that
¥31(0) = (h — 2)o(0)L(T). Combining this with (5.51)), we deduce from ([{£.14) with a straightforward
computation that

cri —(h—z —1/3
E[RF*(0,T)] = e~ "= ?HD+OT0E o)) Linom)smy I _ 2o elonvs<mo(B)}

L(T) (7o) whp(s/T) —ho'(s/T) , 1 [ o'(s/T)
“XP<T/O T, </T>Bd>]

and it remains to show that the latter expectation is of order exp(o(T"/3)). Let us apply Girsanov’s theorem
and the Brownian symmetry property to the process (ho(s/T)L(T) — Bs)s>o0: recalling estimates from ([5.10)

and setting H(B) := Hy(B — ho(-/T)L(T)) to lighten notation, this yields,

L(T) Ho(B) Wh,r(s/T)=ho'(s/T) Ho(B) ’( /T)
E 1 1 B e Jo oG/T) dst 7 Jo oZ(s/1) Bsds
(h=2)a (O L(T) | H{Ho(B)<T}H{ ——Bsrs€[0,h] Vs<Ho(B) }
_ o) H(B) “h, r(s/T) o 1 (H(B) o/(s/T)
_ eO(T 1/3) E 1, ~ 1 B - e f o(s/T) S—T fo 2 (s /T)B ds
2o (0)L(T) | {H(B)<T} {5755y €[0.h] Vs<H(B) }

Notice that the latter formula is equivalent to rewriting (4 in terms of v instead of 77 (details are left to
the reader). Then we split [0, 7] into intervals of length T5/6, setting t; := iT%/% for 0 S i < imax = [TV

and ¢;, . :=T. Thus we have,
L) JH®) Who /T oy (HB) ol 2/ By

E 1 - 1 ~ e o (s/T) T Jo o2(s/T)

2o (0)L(T) | {H(B)<T} " { 5725577y €[0.h] Vs<H(B) }

imax—1 T)
L) fH(B) wh s/ ds— L H(B) o (s/T>B ds
< E 0VL(T 1 77 1 B. - a(s/T) 0 o2(s/T)
;0 o (OVL(T) | Mt <HB)<tign}{ o Ber s efo,n), vs<H(B) }©

Tmax —

- Z (779 E.o(0)L(T) [1{

uniformly in o € S,,. Recalling (5.55({5.57)) from the proof of Proposition we have already proven that

the latter expectation is of order T ) as T 5 400 uniformly in 1 <7 < ipax = O(Tl/ﬁ) (we do not
reproduce the details). This concludes the proof of the proposition. O

L(T) ir5/6 whor(s/T) | 75/6 o/ (s/T)
I =S ds=1 Jo 2y Beds |

e
me[O,h],ngiTW‘i}

6. LOWER BOUND ON THE MAXIMUM OF THE N-BBM

In this section we prove Proposition by considering a BBM between well chosen barriers and showing
that it is equal to an N~-BBM with large probability. Then, the lower bound is obtained by showing that
the maximum of the BBM between barriers is close to the upper barrier via a moment method. The following
results hold for all three regimes * € {sub, sup, crit}, where we use our notation from Section

6.1. Estimates for the BBM between barriers. We first focus on the case k € (0,1), and consider
a BBM between barriers starting with N* particles. In order to lighten upcoming formulae, we assume
that they are initially located at the origin: then, results on the process started from the initial measure
N"™6_,.0(0)L(T) are obtained through a direct shift of upcoming estimates.
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Since the moment estimates from Section do not hold on the whole interval [0, 7] in the sub-critical
case, let us define

(6.1) o min (L(T)*, L(T)2T1/3) if *=sub,

' 4 T if x € {sup,crit},
which is the time horizon we consider below: we compute a lower bound on the N-BBM at time t,,
% € {sub, sup, crit}; then, in the subcritical regime, we extend the lower bound at time T" with additional
arguments.

Let n > 0, and consider a vanishing function 6(T") — 0 as T — 400 (depending on L(T)), such that for T
sufficiently large, one has (4.2)), as well as

(6.2) L(T)? <g 5 < (L(T)*)*3T'3 <4 \/TL(T)3®,  if = sub.
Let 0 < e < 1 be small, and fix
(6.3) h=1-¢, z=(1-r)(1—-¢) € (0,h).

Then, define the barriers v, 74 for each regime * € {sup, sub, crit} according to (4.8)), (4.9) and (4.10)
respectively, with these parameters h > x > 0; in particular they satisfy (4.3)).

Recall the definitions of A% ;, RY%.(s,t) from (4.5), (4.6), and that N = N(T') = eX(T) . Then, moment
estimates from Propositions and yield for all regimes * € {sup, sub, crit},

(6.4) Es, [|A7,(2)[] < N#TmElre)
(6.5) Es, [| A5 (t)]] = N7t te@if additionally, ¢ >4 L(T),
(6.6) s, [| AT, ()[7] < N#Hh=2etol))

for some vanishing terms o(1) as T' — +o0: in , these error terms are uniform in o € S;;, 0<t <ty
and z,z € [0, ], I C [0,h] a non-trivial sub-interval; and in (6.5)), it is uniform in o € Sy L(T) <p t <t}
and locally uniform in x, I. Let us point out that the additional error factors from Propositions and
in the sub-critical case are absorbed into the N°() | since 54> < L(T)* = e?((T)),

With those parameters and initial condition, let us first prove that the BBM between the barriers v7, ¥
does not contain more than N particles at any time in [0, t%] with high probability.

Proposition 6.1. Lete, h, x as in (6.3), and k € (0,1). Then there exist constants c1,ca > 0 such that,
for T sufficiently large, one has

(6.7) Prrs, (s < ths [A7(s)| > N) < ey N—°,
where ¢y, ca are uniform in o € Sy, and locally uniform in €,k € (0,1).

Proof. Define A :=1— 5(1 — k) € (x4 &,1). With a union bound, we write

th—1
Pyesy (35 < 55 |A7(s)] > N) < > Puws, (3s € [k, k+1]; [A7(s)] > N)
k=0
th—1
(6.8) < Y Prns, (IA3 (k)| > N*) + Pyws, (|A7 (k)| < N*5 3s € [k, k + 1], |A7(s)] > N) |
k=0

where we wrote t — 1 instead of [t} — 1] to lighten notation. On the one hand, the additivity of |A%.(k)| in
the initial measure implies that
Enwso[lAT(s)]] = N™Eg, [|A7(s)]]-
One deduces from Markov’s inequality and (6.4)) that for all 0 <k <t} —1,
(6.9) Pavesy (JA5(0)] > N) € NNV Eg, [[Ap(k)[] = N—O-o=0+o0)

for T' large, where o(1) does not depend on k or o € S;.
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On the other hand, let (Z;);>0 denote the population size of a BBM without selection (in particular its
population size is non-decreasing in time), and let .4 denote the set of counting measures on R with mass at
most N*. Using Markov’s property and a straightforward coupling argument, one has for 0 < k < tr —1,

Py, (|45 (k)| < N*; 3s € [k, k+ 1], |[A5(s)| > N) < sup P,(Z1 > N).
peA

Since E,,[Z1] = e'/?u(R) for any p € A, one has by Markov’s inequality,
P.(Zy > N) < N~0=Vel/2,
Recollecting and , we finally obtain in all regimes,
Prnsy (35 < th5 |Af(s)| > N) < L(T)* x N—2(=m)Fe@) = y=5(=m)toll)e

which concludes the proof. O

We now bound from below the number of particles located at a given height, at a time ¢ not too small.
Proposition 6.2. There exist c1,co > 0 such that, for T sufficiently large, one has
(6.10) Prwsy ([ AT [z oge ()| 2 NTT572) > 1=y N72,

where cy,cy are uniform in o € S, t € [0(T)"'L(T),t;] and z € [0,1 — 2¢], and locally uniform in
e,k €(0,1).

Notice that, taking z = 1 — 2¢, this proposition implies that, with large probability, there are at least N¢
particles located in the vicinity of the upper barrier 7 at time ¢7.

Proof. Applying Paley-Zygmund’s inequality, we have

l—e—z 2 En« AZ t 2
(6:11)  Pyesy (|47 2 2 (D)] = N'7577) > <1 - (t)|]) v nerd
]

— X .
EN”50[|A* EN”50[‘A;“’[Z,Z+E] (t)|2]

T,[z,z+€
For all M € N, I C [0,h] and ¢ > 0, recall that Ens, [|AT ;(¢)]] = MEs,[|AT (t)]]. Regarding the second
moment, by splitting the sum over pairs of particles u,v € N; depending on whether they come from the
same ancestor or two distinct ancestors at time 0, we obtain for any I C [0,h], t > 0,

(6.12) Enrs, [| A7, (D] = MEs, [| A7 1 ()] + M(M — 1)Es,[| A7, (1)]]*.
Recalling (6.4H6.6) and the definitions of z, h from (6.3)), we obtain
2 -1
PN“50(‘A§“7[Z7Z+5] (t)l > 1) > (1 _ N(l—s—z)—n—(z—z)+o(l)) (1 + Nm+h—22—rc—2(m—z)+o(l))

= <1 _ N*5n+0(1))2 <1 + Nfen+o(1))_1 >1-— NfanJro(l)

as T — +o0, uniformly in o € S} and ¢ € [0(T) "' L(T), 7], which concludes the proof. O

6.2. Proof of Proposition We finally prove Proposition [3.3] This is achieved by coupling the BBM
between barriers with an N-BBM, through the introduction of an N~-BBM and the application of Lemma
Recall that the point measure of the N-BBM throughout time is denoted (X;);>o. We first claim the
following, which is a consequence of Propositions and

Lemma 6.3. Let * € {sub,sup, crit}. There exists ¢1,co > 0 such that for T sufficiently large, one has

(6.13) Pyes, (XtN [ () + (1 — 26)a(t/T) L(T) , +00) <N€) < e N—e,
and
(6.14) PN ooy (max(xg ) < y(te) + (1= 28)a(t5/T)L(T) — m(O)L(T)) < e N—e,

where ¢y, ¢y are uniform in o € Sy, t € [0(T) "' L(T), t}], and locally uniform in e, € (0,1).
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Proof of Lemma[6.3 Let us first prove (6.13). Denote with (XtN_)tZO the point process of an BBM which
undergoes two selection mechanism: particles which are not in the N highest or that hit one of the barriers
~vi, Fi are killed. Recalling Section and Remark (z), notice that (X ~);>0 is an N~-BBM; so
Lemma [£.6] gives for any y € R,

(6.15) Prvnsy (X5 ([y,+00)) < N¥) < Prveg, (XX ([y, +00)) < N¥).

Let denote (X;?);>0 the point process of a BBM killed at the barriers v, 74 but without any other selection
mechanism. By Proposition it has a large probability under Py«s, to contain fewer than N particles at
all time on [0, t%], in which case its trajectory is equal to that of the process (Xth)te[()’t;]. Therefore, for T'
sufficiently large and y € R,

(6.16) Prrs, (XtJlT[_([y, +00)) < N°) < Preg, (X2 ([y, +00)) < N¥) + 1N~

Finally, letting ¢t € [0(T) "' L(T), %] and y = v4(t) + (1 — 2¢)o(t/T)L(T), and applying Proposition [6.2| with
z =1 — 2¢, this yields

Preg, (XtN [7}(t) +(1—2e)o(t/T)L(T), +oo) < NE) < Pueg, (|A*T’172€(t§«)| < NE) + e N72 < 2¢; N7,

uniformly in o, ¢, from which (6.13)) follows.
Regarding (6.14), one deduces straightforwardly from (6.13]) that
Brveg, ((max(X) < v (tn) + (1 - 2)o(t5/TILT)) < N7,
and shifting this estimate by —ko(0)L(T) concludes the proof. O

With this at hand, we resume the proof of Proposition 3.3] To that end, we first claim that it suffices
to prove the following, slightly weaker statement in which the uniformity in & € [0, 1] is replaced by local

uniformity in x € (0,1). Recall (1.10} [1.11).

Lemma 6.4. Let * € {sup,sub,crit}. Let A >0, k € (0,1) and n > 0. Then as T — 400, one has
1 *

(617) PNN(S—KU(O)L(T) (b* (max(quy) — mT) < —A) — 0,
T

and the convergence is uniform in o € Sy, and locally uniform in x € (0,1).

Proof of Proposition[3.3 subject to Lemma[6.J} Recall Proposition We start with the case & close to 1.
Let x € {sup,sub, crit} and A > 0. Notice that there exists € > 0 such that

(6.18) limsupM < i

T—4o0 b;“ 3
Indeed, in the sub-critical regime this follows from the fact that L(T) < b$'", and in the other cases
this holds as soon as € < (An/3)limp_, 4 (L(T)/b%) (the latter limit being equal to 1, resp. «, in the
super-critical, resp. critical regime). Moreover, one has N"_,0)r(1) = N1’55_U(0)L(T) for k € [1 —g,1],
so Proposition [3.2] implies that,

| *
PN"Lm(o)L(T) (b; (maX(XTJ‘V) - mT) < _>‘>

IN

1 .
PNi-<5_0)0m (b; (max(ijy) — mT) < —)\)

IN

1 . A
PN1755,(1,E)0(0)L(T> <b* (ma‘X(XTJy) - mT) S _3> )
T

where the last inequality is obtained for T sufficiently large by shifting the process upward by o (0)L(T),
and by recalling (6.18). Applying Lemma with Kk = 1 — ¢, this proves that (6.17)) holds uniformly in
k€[l —el].

Regarding the case x small, let € > 0, and recall that (N;):>o denotes the set of particles in the BBM
throughout time; and let Z; := |[Np|, t > 0. We claim the following.
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Lemma 6.5. Let e, > 0. One has for T sufficiently large:
(i) Ps, (ZsL(T) < NE/4) <,
(i1) Ps,(Is <eL(T), Zs > N) < ¢,
(#ii) Ps,(u € Nep(ry s Xu(eL(T)) < —2en~'L(T)) < €.

Those statements follow from classical results on the BBM and birth processes, we postpone their proof for
now. For e > 0 and & € [0,¢], notice that N*0_,.,0)r(1) = 0—co(0)L(1); 50 We deduce from Proposition
and a shift that, for e > 0 and « € [0, ¢],

1 . 1 ¥

PNes_,ooynry <b* (maX(X%V) — mT) < )\) < Ps, (b* (max(?(qjﬂv) —eo(0)L(T) — mT) < )\> .
T T

Let &’ > 0. We apply the Markov property at time eL(T'), noticing that Lemma implies for T sufficiently

large,

Xg(T) (( — 00, 72577*1L(T)]) =0,

Ps,
X!im([ —2en ' L(T), +oo)) > Ne/4

> 1-3¢,

(indeed, on the event {Vs < eL(T), Z; < N}, the particle configurations of the BBM and N-BBM at time
eL(T) are the same). In particular, on that event we have Xej\i(T) - N5/45*2€77*1 n(r)- Applying Markov’s
property at time eL(T), then Proposition again and a shift, we obtain

1 *
]P)N”fs—m(o)L(T) < (maX(XTI“V> - mT) < _)‘)

b
1 . x
< 3 PNy o (b* (max(7) = £(30(0) /4 + 207 1) L(T) = mi) < A) ~
4 T
Recall that (30(0)/4 + 2n~')L(T) = O(b%); hence, choosing &’ and € = £()\, ) small enough, we conclude
the proof of Proposition by applying Lemma at time T — e L(T") with N¢/4 initial particles. (]

We now prove Lemma Let us first recall the following classical result on pure birth processes (see
e.g. [0, Ch. III}). In the following we consider a pure birth process (Z;);>o with same rate Sy and offspring
distribution £ as our time-inhomogeneous BBM (X}):eq0,77, and with Zg := 1; in particular, when restricted
to [0,T7, it has the same distribution as the BBM’s population size (|N3|)¢c[o,r) under Ps,.

Proposition 6.6. [5, Theorems I11.7.1-2] Let F; := o(Zs,s < t), t > 0. Then, under Ps,, the process
(eft/QZt)tZO is a (Fi)t>0-martingale, is non-negative and converges a.s. and in L' to some random variable

W. Moreover, E[W] =1 and Ps, (W > 0) = 1.

Proof of Lemma[6.5 Let us start with Lemma(ifii). We prove them for a birth process (Z;)¢>0 by using
Proposition then these statements also hold for (|./\ft\)t€[0,;p], assuming 1" was taken sufficiently large.
On the one hand, for any x > 0, one has for ¢ sufficiently large

P(Z; < et/*) <P(e™¥2Z; < ) <P(W < 2z) + o(1),

where the second inequality comes from the L' convergence of the martingale, i.e. P(|W — e %/2Z;| > x) =0
as t — +0o. Assuming z was chosen sufficiently small and replacing ¢ with eL(T’), this proves Lemma [6.5] (i)
for T sufficiently large. On the other hand, we have by Doob’s martingale inequality that, for ¢t > 0,

P(3s <t; e 527, > et/2) < e t2,

Again, letting t = eL(T') and assuming T large enough, this implies Lemma (ii)E|

4Actually this proves a much stronger result, but we do not need it in this paper.
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We now turn to Lemma (iii), where we let Z; := [Ny| for ¢ € [0,T]. Let (Y);ef0,7), i € N denote a
sequence of i.i.d. time-inhomogeneous Brownian motions with infinitesimal variance o(-/T). As a consequence
of Slepian’s lemma [53], one has for ¢ € [0,7] and k € N,

Ps,(Fu € Nis Xu(t) < 207"t | Zy=k) < Po(Fi <k; VP >2n7't) = 1-[1-Po(V}' > 277*115)]’“,

where we also used the Brownian symmetry property. Recall that for ¢ € N,

B[] = [ o*s/T)as <

and recall the standard Gaussian tail estimate, Po(W; > z) < L o=2/2 for o > 1. Thus, for t sufficiently

V21

large, one has
1
Po(Y,' >2n7't) < Po(W1 >2Vt) < ——e ™
oYy = 2n7°t) < Po(Wy > )_2%
Let t = eL(T) in the above, and recall from Proposition [6.6| that Ps,(Z.r,(r) > N(T)3/?) — 0 as T — 400
(this is similar to Lemma we do not write the details again). Therefore, we deduce for T large,
N(T)35/2

Ps,(Fu € Nep(ry; Xu(eL(T)) < —2en™'L(T)) < o(1) +1— |1— )2 = o(1),

1
2./27=L(T) NI

which concludes the proof. O

It only remains to prove Lemma [6.4] which is a consequence of Lemmata [6.3] and [{.I] We proceed
differently depending on the regime satisfied by L(T).

Proof of Lemma N(T) super-critical or critical. In the super-critical and critical regimes, the proof
is instantaneous. Indeed, in both cases one has % = T; recalling (6.3) and the notation ~i™(-) from
Section [I.1] one has

7;,175,(176)(1*“)(1“) + (1 —2¢)o(1)L(T) — ko (0)L(T)

(6.19) = gt T =T () o (1) L(T) .
Letting € be arbitrarily small and applying Lemmata and (more precisely ([6.14))), this gives exactly
Lemma [6.4] in both regimes. O

We now turn to the proof of Lemma in the sub-critical regime (L(T) < T/?), which requires a little
more care. Since our estimates do not directly hold at time 7" in that regime, we split the interval [0, 7] into
blocks whose lengths are of order #3*P, apply our estimates on each of those, then use them to reconstruct a
process on [0, T] which is dominated by the N-BBM.

First, we may always bound the N-BBM from below by having it start with fewer particles, recall
Proposition hence, in and in the following, we assume that e is small and that k£ = ¢ without loss
of generality. Moreover, it will be very convenient to work with quantiles instead of the maximal displacement.
For some particle configuration p € C, define

(6.20) qx(p) = inf{qg € R; p([g, +o0)) < N"}.
Notice that ¢, is non-decreasing, i.e. for u < v, one has g.(u) < gx(v). Moreover, we clearly have
max(XF) > q.(XF), so it suffices to prove the lemma with max(X2) replaced by g, (X).

We now introduce an auxiliary process (Tiv)ogtST. Let us define K := [27/t5%%|, and for 0 < k < K — 1,

let t;, := gt%‘b, and tg =T (so tx —tx—1 € [%t%‘b,t%b]). The process (fiv)ogtST is defined as follows:

starting from | N* |y (we omit the integer part in the following), it evolves between times t;, and t511 as the
process XV. Then, at every time t, 1 < k < K, all but the N* top-most particles are removed, and the
remaining particles are all set to the lowest among their positions. In other words, a configuration p € Cpy is
replaced by the configuration N*J, (). By a coupling argument (recall Proposition and an induction,
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one obtains straightforwardly a coupling such that XQJY < XF with probability 1. In particular, the law of
x (T? ) stochastically bounds from below the law of g, (X2), which is lower than max(X2); hence it suffices

to prove (6.17) with max(X2) replaced by qm(fg ).
For 1 <k < K, write

Xi = 00 (Fh) — a: (X1 ),

so that ¢, (?ﬁ) = X; + -+ Xk (recall that ?év = N"§p). By the definition of the process " and the
fact that a translation of the N-BBM is again an N-BBM started from a translated initial configuration, the
random variables X, ..., Xk are independent.

Using that notation, we may finally prove Lemma in the sub-critical regime. However, the proof relies
on two different methods, depending on the speed at which N(T") diverges.

Proof of Lemma N(T) sub-critical and super-polynomial. Assume that N(T') is super-polynomial, i.e.
L(T) > log(T). Recall (6.13)), which implies for 1 < k < K that

(6.21) B(Xk > 73" (t) — 3 (tem) — 17 L(T)) > 1— N2,

for some ¢q, ¢o locally uniform in € = x € (0,1). Recalling the definition of the process (Xiv)ogtST, that the
X, 1 <k < K are independent and that ¢, (Iﬁ) = X3+ -+ Xk, one deduces through a direct induction
that

Prves,, (4:(F7) 2 7(T) = Kn ' L(T)) = (1— e N~)K.
Notice that KN~ < %e*””ﬂ; so, under the assumption L(T) > log(T), the latter probability goes
to 1 as T — +00, locally uniformly in x € (0,1). Recalling that g, (fg ) stochastically bounds from below
max(XF), this finally implies

Pawsa, (maX(X%V) < ysub(Ty Kn—lL(T)) — 0

as T — +oo, locally uniformly in k. Moreover, Kn~'L(T) < n~! ‘QL((?; = o(T/L(T)?) and L(T) =
o(T/L(T)?). Hence, applying a shift —ko(0)L(T) to the estimate above, we deduce from Lemma and
the same computation as (6.19)) that, with € arbitrarily small, the lower bound (6.17) holds in the case N(T)

sub-critical, super-polynomial. O

If L(T) is too small, the decomposition above involves so many blocks that, with large probability, the

o N . .
auxiliary process X does not satisfy the event (6.21)) on some of them. However, having a small L(T) allows
us to derive sharp moment estimates on X, 1 < k < K, then to estimate the final maximal displacement
with a second moment method.

Proof of Lemma N(T) sub-critical, L(T) very small. In the following, we assume that L(T) < T*/® for
T sufficiently large. In particular, we are still in the sub-critical regime, and (6.1)) yields t5%* = L(T)*. We

claim the following: there exist ¢, co > 0 such that for T sufficiently large, for every k € {1,..., K}, we have
(6.22) E[Xi] > (7 (t) =5 (tk-1)) - (1 = ealN %) — et L(T),
(6.23) Var(Xy) < cr(£3)%

Let us see how equations (6.22)) and (6.23]) imply the lemma. First note that using (6.22)), we have
E[X) 4+ ...+ Xg] > ¥(T)(1 —etN~2) — e, L(T) x K,
and, using that K < 27/t5%P = 2T/ L(T)*, we get that

Elgn(¥7)] = E[X1 + ...+ Xg] > 43#(T) + o0 (L(TT)2> '
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Furthermore, by the independence of the random variables X7, ..., X, we get using (6.23) that

K 2
Var(ge(¥p)) = Y_ Var(Xy) < 26637 = o <<L(TT>2> > |

k=1
where for the last equality we used that " = L(T)* and L(T) < T'/%. Using the Bienaymé-Chebychev
inequality, this yields that

Go(T) > 4(T) + 0p (L(TT)Q> ,

with large probability, where we recall the notation op(-) from Theorem [1.1}. Here again, applying a shift
—ka(0)L(T) = o(T/L(T)?) to the estimate above and letting k, e be small, we deduce from Lemma and

the same computation as (6.19) that the lower bound (6.17) holds in the case L(T) < T'/8.
It remains to prove (6.22)) and (6.23). We start with (6.22]). Noting that the process evolves between

times ¢y and tx41 as a N-BBM with variance profile o(tx/T + -), it is enough to show that
(6.24) Envesy [au(AY)] > 78°(t) (1 — e N~0).

where c1, ¢z are uniform in o € 5 and ¢ € [1t54P, #52P]. Most hard work has been done in Lemma which
yields that, with the same notation,

(6.25) Prrese (0:(X) < A5 ()) < eca N ™.

Assuming from now on that 7' is large enough, so that 75'P(t) > ct5%® > 0 for some ¢ > 0 and all
t € [3t5°, t54%], we deduce from (6.25) that

(6.26)  Ewves, [ae(XY) gy (x| > 2800 Baves (06(4Y) 2 2 (1) > 23(0) (1= exN—°2),

uniformly in ¢ € [$¢5°, #5¥]. On the other hand, recalling from Proposition that we can couple XV and
X in such a way that the particles of XV form a subset of the particles of X', we have

En-s, {%(XtN) 1{qN(XtN)go}] > —Enexs, [(min(z’\’t)), 1{qn(XtN)§0}:|7

and, using the Cauchy-Schwarz inequality and the symmetry of the Gaussian distribution, we get

(627) EN“&Q |:qK(XtN) 1{q~(XtN)SO}} 2 —\/ENN(SU [(max(Xt))i} X IPNN&) (qN(XtN) S 0)

Let us recall the following standard result on Gaussian random variables. Let us mention that we are not
aiming for optimal constants or bounds in this statement. The proof is postponed to the end of this section.

Lemma 6.7. Lett € (0,T], M > 1 and (9;)1<i<m a centered Gaussian vector, such that each g; has variance
p2 > 0. Then, for M > 2, one has

(6.28) E[(max{g;, 1 <i < M})i] < 4p®log M .

We wish to apply Lemma to bound Ep«s, [(max(é\ft))ﬂ. To do this, condition on the branching

times and denote by Z; the number of particles at time ¢. Then apply the lemma with M = Z; and p? =
02(t/T) x t and recall that o € S,,. This gives

En«s, [(max(Xt))ﬂ < 4n2 x t x Eneg, [log Zy].

But we have Enxg,[Z¢] = N*et/? and Z; # 0 almost surely, so that by Jensen’s inequality,

\/IENM;O [(max()(t))ﬂ < \/477*2 xtx (klog N +t/2) < Ct%lb,
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for some C > 0, using that ¢t < 3% and log N = L(T) = o(t5*?). Plugging this into ([6.27) and using (6.25)),
we get, possibly modifying the values of ¢; and cs,

(6.29) Enes, [qH(XtN) 1{qN(XtN)§O}} > () el N2

Combining (6.26)) and (6.29) yields (6.24)) and therefore ((6.22]).
The proof of (6.23) is much simpler: it suffices to prove E[X?] < ¢1(£P)? for some ¢; > 0, which

is obtained via the embedding of the N-BBM into a BBM without selection used above, together with
Lemma Details are omitted. O

Proof of Lemma[6.7. This result is standard, but we provide a proof for completeness. For uy > 0, bound

“+o0
E[(max{gi, 1<i< M})i] = /0 2uP(max{g;, 1 <i< M} >u)du

+oo
§u3+/ 2uP(max{g;, 1 <i< M} >u)du.
uo

A union bound and a standard estimation on the Gaussian tail imply that, for u > p,

2 2
(6.30) P(max{g;, 1 <i< M} >u) < M4/ ;5 exp(—u?/2p?) < M - exp(—u?/2p?).
Using ([6.30)), one has for ug > p,

2
E[max{g;, 1 <i < M}Q] < ul + 2\/>Mp2 exp(—ug/2p?).
T
Letting ug = pv/2log M, and M > 2, this concludes the proof. O

Remark 6.1. With this, the proof of Lemma is finally completed in every regime for L(T). Indeed, the
only case we have not treated is when the sub-critical regime alternates between the sub-cases N(T') super-
polynomial and L(T) smaller than T'/8. This situation can be handled e.g. by letting L1(T) := L(T)A(log T)?,
Lo(T) := L(T) V (log T)?, then applying to both cases (for which we have displayed complete proofs).
Then the l.h.s. in for the “oscillating” L(T) is bounded from above by the mazimum of two vanishing
sequences: we leave the details to the reader.

7. UPPER BOUND ON THE MAXIMUM OF THE N-BBM

Let x € {sub,sup,crit}. In this section, we prove Proposition in a similar manner to Section |§|
and the proof of Proposition we show that the trajectory of a BBM between well-chosen barriers is
similar to that of an NT-BBM with large probability, and deduce an upper bound on the N-BBM with the
coupling argument from Lemma [£.6] and the definition of the upper barrier. However in this section we face a
noticeable complication: since we are considering a quite long time interval [0, t%] (especially for the critical
and sub-critical cases: for x € {sub,crit}, one has i > L(T)?) the total population between the barriers
may grow significantly over time, and some individuals may eventually realize very large displacements
with positive probability. Thus, one cannot simultaneously guarantee that, with large probability, at least
N particles of the process remain between the barriers throughout [0,t%] , and that our choice of upper
barrier does not kill any particle —which is necessary for the coupling with the N*-BBM, as opposed to the
N~-BBM (recall Lemma and Remark . This observation is made more precise in Remark below.

To circumvent that issue, we choose the parameters of the barriers so that the number of particles
in-between is at least IV at all time with large probability, and we apply some additional “control” on the
population to prevent it from growing too much. The key idea for this purpose is the following: particles
that contribute the most to the growth of the population are those which realize “peaking” events in their
trajectory; that is, they rise close to the upper barrier at some time, then generate a large offspring in the
time span before they fall near the lower barrier. This was observed in particular in [9] when studying a
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(homogeneous) BBM with adsorption and near-critical drift: the authors introduce a killing barrier at height
L > 0, and choose a drift such that the first moment of the population size remains roughly e’ for a time
L?; and in that regime, they observe that removing “peaking” particles that reach a fixed height strongly
affects the survival probability of the process on the time interval [0, L3]. Therefore in our setting, we mark
particles that rise close to the upper barrier; and, in order to control the population, we apply a slightly
stronger selection to their offspring: more precisely, we kill their children at a shifted-upward version of the
lower barrier. In this way, our choice of barriers is still lax enough to keep N surviving particles in-between
at all time, but the offspring of any peaking particle is kept in check. Overall, this ensures us a better control
on the population of the BBM between barriers, which prevents with large probability the birth of particles
that outreach the upper barrier: in turn, this finally enables the comparison with a multi-type NT-BBM,
which itself can be coupled to the N-BBM.

Let € € (0,1) a small parameter, and fix

2
(7.1) h=1+¢, x:1+§5.

Then, define once again the barriers v, 77 for each regime % € {sup,sub, crit} according to (4.8)), (4.9)
and (4.10]) respectively, with those h,x; in particular they satisfy (4.3]).
We define the “red” barriers for s € [0, T] with

(7.2) Y (s) =7 (s) + o(s/TIL(T) ,  and T (s) =75 (s) + o (s/T)L(T) ,

which are slightly shifted versions of i, 7, so that v (s) < v5¢4d(s) < Fin(s) < F52d(s) for all s € [0,T]. We
also define the sets of “white” and “red” particles with

(7.3) N = {u € No | Xu(r) € (v (). (1), Vr < s},
and
Jv < s, s.t. Xy(v) =75 (v),
(7.4) Ned = Qe Ny | Xu(r) € (vp(r),773(r)), Vi < v,
Xu(r) € (v (r), 754 ()], Vo < < s

In other words, we start the process with only white particles, which are killed at 7. When they reach 77,
they are “colored” red (instead of being killed) and keep evolving; however, red particles and their offspring

are thereafter killed at the barriers Vred and *yred.

Recall t% and 6(-) from 1- 6.2). Recall the definitions of A% ;, R7(s,t) from ([@.5), (4.6), which are
expressed in terms of 3 and 7. Let us rewrite all estimates from Propositions [5.1] . . 5.5, 6.6, b7
(.9 [p.10 and [5.11] for an initial condition (or, equivalently, both barriers) shifted by —yo(0)L(T), y € [0, z)

(respectively shifted by +yo(0)L(T)): this formulation is more convenient to handle all atoms from the
initial distribution p. (recall (3.2). For all regimes * € {sup, sub, crit}, one has

(7.5) E‘Lya(o)L(T) [|AT (0] ] < N@—y—infI+o(1) ,
(7.6) E‘S—w(o)L(T) [|AT (8] ] = Ne—y—infIto(l) if, additionally, t > L(T),
(7'7) E‘Lyo(o)L(T) [|AT z ‘2] < Nz th—y—2z+o0(1) ,
(7.8) Bs_yooer) [RT (0,7 ] < N~ (hty=2)to(l)

for some vanishing terms o(1) as T" — +o0: more precisely, in , these error terms are uniform in
c€S;,0<t<tpandw z€l0,h], I CI0,h]anon-trivial sub-interval; and in (7.6)), it is uniform in o € Sy,
L(T) <p t <tk and locally uniform in z, I.



54 A. LEGRAND AND P. MAILLARD

For € > 0, s € [0, 7], let us generalize the counting measure p. defined in , by letting
e 41
(7.9) Pe,s 1= Z ’7Nk5+%—‘5—keo(s/T)L(T) ; and  pe == fico
k=0
which is supported on [—a(0)L(T), 0] C (744(0),74(0)), and notice that &y < pe and pe([—a(0)L(T),0]) >
N't3 . In the remainder of this section we will assume that e~ € N and omit all integer parts, in order to
lighten all formulae.

7.1. Estimates for the BBM between barriers. We start the branching-selection process with only
white particles distributed according to p., and prove that, with large probability, the following three claims
hold:

(C-1) there are at least N (white) particles above 759 at all time ¢ € [0, %],

(C-2) no particle reaches 74 throughout [0, 4],

(C-3) the distribution of particles between the barriers at time t < ¢4, is close to p. .

Let us mention that the third claim (C-3) is actually not needed to prove Theorem however it is
needed for Proposition and it relies on moment methods similar to (C-1) and (C-2), so we included its
proof in this section.

Lower bound on the number of living particles. Let us first prove (C-1), which ensures us that no particle
from (NWhite y N §Ed)se[o7t}} killed either by v or 54 is among the N highest of the process at any time.

Proposition 7.1. Let € € (0,1) and h,  as in (7.1). Then there exist constants c1,ca > 0 such that, for T
sufficiently large, one has

(7.10) Py (3s < th; |A7 2 (s)] < N) < eeN~—*,
where ¢y, ca are uniform in o € Sy, and locally uniform in € € (0,1).

The proof uses the following lemma, which bounds from below the survival probability, for a time shorter
than L(T)3, of a single particle between 74* and 7. Recall that 6(T) is defined in (6.1H6.2).

Lemma 7.2. Let t'(T) := 0(T)(L(T)3> AT). Then

Ps (FueNs¥s < ¥, Xuls) € [ (s), 75 (s)]) = e,

—o(0)L(T)
as T'— +oo, uniformly in o € 8 and locally uniformly in & € (0,1).

interval. More precisely let K > 3 a large constant, and recall Lemma [4.5{ and the notation 'y;’h/’x/, W*T’h/’x/

for b’ > 2’ > 0. Then, the lemma and a vertical shift of the process yield
Ps Ju € Ns Vs <, Xu(s) € [5(s), 77(5)] )

Proof of Lemma[7.3. Recall Lemma [£5] which ensures us that we may hten the barriers on a short time

—U(O)L(T)(
> Py, (JueNoi Vs < ¥, Xu(s) € |1 F % () 7757 (s)] ),

Recall the definition of A%.(-) from (4.5), and let us extend it to a generic pair of barriers 'y;’h,’x/, W;}’h,’x/,
for ' > 2/ > 0, by writing for s € [0, T,

AR (s) = {u eN,
Then, Paley-Zygmund’s inequality gives

’

Xu(s) € [ (935" (8)] Vs € 10,41}

*

Ps, (Elu eENy; Vs <t Xu(s) € {WT’%’QL(S),JT’%’QL(S)D

i dt 1 Es, [|A
= Bo, (47T F ()] 2 1) (1‘ e ) ML
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Recalling the moment estimates ([7.5({7.7) for the triplet of parameters (2, 2",y) = (&, 5%, 0), one obtains
as T' — —|—ooE|

Es, [|AZ T (¢(T))|] = N=toW | and By, [|ARF 3 (¢(T)))"] < N#R+oW),
Therefore, one finally deduces that

Ps Su €Ny Vs < ¥, Xuls) € 5 (s), 7 ()] ) = NTRFW,

— o (0)L(T) (
as T — 4o00; letting K — 400, this finishes the proof of the lemma. O

Proof of Proposition[7.1} Since one has . > NHE(LJ(O)L(T), we only have to prove for the latter
initial measure; then the proposition follows from a direct monotonic coupling argument.

We prove this proposition with a union bound, splitting the time interval [0, ¢4 into a first part of length
t(T) := 0(T)(L(T)® AT), and the remainder into intervals of length 1. Thus,

PN”%(LU(O)L(T) (Els <trs |A*§(S)‘ < N) = PNH%&a(O)L(T) (38 <t(T); ‘Ai}ﬁ(s)' < N>
th—1
(7.11) + Z(: )PNH%MO)L(T) (3s € [k, k+ 1] [A7 < ()| < N,
k=t'(T

where, again, we respectively wrote t'(T'), t4. — 1 instead of [¢/(T)], [t5 — 1] to lighten notation. Notice that
the sum may be empty in the super-critical regime.

We start with the first term in . Let M denote the number of individuals from the initial population
which have at least one descendant surviving between 754 and 74 until time ' := ¢/(T'). For a single initial

particle in —o(0)L(T), we write,
Pr = P g (3u € N3 Vs < ¥, Xuls) € 5F(s), Tr(s)]) 2 e o),
where the last inequality is the content of Lemma In particular, one has,
pr = Ps_ oy (M =1) =1-Ps__ 0 (M=0).

Starting from an initial population of N'*3 particles, recall that they have independent offspring. Therefore,

under P15 o , one has that M is a binomial random variable with parameters (N'*2, pr). Moreover,
— o (0)L(T)

bounding the first term in ([7.11)) from above by killing particles at 'y§fd, we have,

P Elsgt’(T);|A*,%(s)|<N) <P M < N).

£ £
NH”—a(O)L(T)( N1+25—a<o>L<T>(

Then, Paley-Zygmund’s inequality yields,

2 2
N ENH%—a(o)Lm [M]
E

P B M>N) > 1-—
NHz(La(U)L(T)( =N = ( E N'tES_ (0)L(T>[ 2]

NYE5_ o oLer) M]
N1+%pT

—pr+ N'"app’

NYES o oyzem (M < N) < N~3t°(1) ag T — 400, uniformly in o € S, which is the announced

upper bound for the first term in (7.11)).
We now turn to the second term in ((7.11)). Recall (4.5): in particular, let D(s) denotes the set of white
particles that end in the interval [vi*%(s) 4+ So(s/T)L(T),¥5(s) — 50(s/T)L(T)] at time s, that is,

D(s) := A;[%ﬁ_%](s).

= (1-N"3p;")? -

This implies P

S5Recall that we can ensure L(T) <g (T (which is required to apply (7.6)), by choosing 6(-) decaying arbitrarily slowly

in (6.146.2), so that L(T") <o t/(T) <o T.
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Then, we bound each term of the sum with an union bound, for k > ¢/(7T),
(7.12)

P (3s € [k, k+1]; |A*T’%(s)|<N)

(ID(k)| < N*T%) + P

£
N'36_ 0L

<P (ID(k)| = N**5; 3s € [k, k +1]; [A% £ (s)] < N)

£ £
N 26 0ynim) N'™36_,0)n(r)

We handle those two terms separately. Applying Paley-Zygmund’s inequality, we have

= 2 2
Nl—‘—z > ]ENH—%(S—U(U)L(T) [|D(k‘)|]

£ 2 ’

Eniss o [|D(k)|?]

(7.13) Pasg (|D(k)|zN1+%> > (1_
N'Y56_,0)Lcr) ENH%&,(,(())L(T)“D(IC)H

Then, since k > t/(T) >¢ L(T), (7.6 implies that
Eé-o(O)L(T) HD(]C)H = N_%-H)(l)a
as T'— +oo. Moreover, (7.7)) yields

]Eé, [|D(l€)|2} < N1+o(1)’

& (0)L(T)
as T — 4o0o. Noticing that the first moment of |D(k)| is additive in the initial measure, applying the
development ([6.12)) to its second moment and plugging these estimates into ((7.13)), we finally obtain

(7.14) P (|D(k)| > N1+%) > (1 _ ‘]\ffﬁJrO(l))2 (1 +Nf§+o(1))_1 _ 1 _ N-fto1) ’

AR e
where o(1) denotes a term vanishing as 7' — +oo uniformly in ¢(T') < k <t} and 0 € S;.

Regarding the second term in (7.12)), let A denote the set of counting measures supported on [vy:¢4(k) +
£o(k/T)L(T),7i(k) — S0(k/T)L(T)] with total mass at least N'T3. Using the Markov property at time Fk,
we have

Pritss o rem <|D(k)| > N'E 3s € kk+ 1], |47 2 (s)] < N) < zgam(as <1, A (s)] < N),

with gi}%() being defined similarly to the event A*{F%() for barriers 7., 7 shifted in time by k. Since
adding particles to the initial measure p only decreases the probability in the r.h.s. above (this is follows
from a direct coupling argument), on can restrict the supremum to measures x with total mass exactly N1T%.
If the total population decreases from N'T7 to N at some time s < 1, this implies that, among the initial
particles, at least N'*7 — N of them have no living descendant at time 1. Hence, a union bound yields

e NtIoN
A* N1+Z A*
(7.15) EIEJEPH(HSS 1, [A7 = (s)] <N) < (NHZ N) X (sgpP(;y(AT’g(l) :0)) )
where the supremum is taken over y € [vi*(k) + So(k/T)L(T), ¥y (k) — £0(k/T)L(T)]. For any such y, we
may couple the N-BBM starting from y with a Brownian motion (Bs)s>¢ without reproduction, by looking
at an arbitrary descendant of y. If the N-BBM starting from d, goes extinct, the coupled Brownian motion

crosses one of the barriers v5¢4, 7% on the time interval [0, 1]. To do so, it must travel a distance at least

g

$0(0)L(T), uniformly in y: therefore, there exists ¢, C' > 0 such that,

supPs, (|45, - (1)) =0) < supPy (Is <1, By —y| > £0(0)L(T)) < Ce oMD",
Yy h Yy

where the last inequality follows from standard computations on the Brownian motion. Plugging this
into ([7.15)) and using that (‘;) < a®? for any a,b € N, the second term in (7.12) is bounded from above by

N-OEMN)  Recollecting (7.14) and summing over O(t%) terms in (7.11)), we finally obtain the announced
upper bound. O
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Number of particles killed by the upper barrier. Let us now turn to the second claim (C-2). We provide an
estimate on the number of particles reaching the upper barriers before time t%.: first we bound from above
the number of white particles that reach 7% (i.e. white particles which are colored red); and then, for each
particle reaching 7% for the first time, the number of (red) particles from its offspring that reach 754, Recall
the definition of R (0,t%) from as well as (7.8).

Claim 7.3. One has, as T — 400,
(7.16) Ey,. [|R3(0,t7)]] < N&+e),
uniformly in o € Sy and locally uniformly in € € (0,1).

Claim 7.4. Let ty € [0,t%), and consider a BBM starting from one (red) particle in time-space location
(to, 74 (to)). Then one has, as T — 400,

. < N—§te()
Xu(s) =77(s)

where o(1) vanishes as T' — +o00 uniformly in to € [0,t}) and o € Sy, and locally uniformly in e € (0,1).

Xu(r) € (7 (), 75 (r) Vi <7 < s,
(7.17) Esto w0 U {u €N

to<s<t

Proof of Claims[7.3, [74 The first result is a direct corollary of (7.8)) and the additivity in the initial measure:

indeed, one has for any 0 < k < &1,

E (R (0,7)] = N*F 55, 00 [R7(0, 87)] < NUEFD =Rt oll) = Ngtolt),

£
NFeT3 0_keo(0)L(T)

so Claim follows by summing over k. Regarding Claim it also follows from ([7.8]) applied to a time-
and space-shifted BBM on the time interval [to, %], killed at the barriers 424, 7524 and starting from a

~red

single particle at distance o (to/7)L(T) from the upper barrier 3¢ (we do not write the details again). [

Remark 7.1. Let us point out that the upper bound in Claim[7.3 is larger than 1, and it is expected that
there exist white particles which reach 7} before time t with positive probability. The reader can check
that, in the sub-critical and critical regimes, there does not exist a choice of barrier parameters (h,z) and
initial configuration p. which yields simultaneously Proposition and a moment estimate lower than 1 in
Claim[7.3 Nonetheless let us mention that, in the super-critical regime, The proof of Proposition [7.1] can be
simplified (especially because the time interval length is “short” t7° =T < L(T)3; and this allows
for a proof of Proposition which does not use a multi-type NT-BBM.

Following these observations, we may finally prove that 7§9d does not kill any particle with high probability.

Let R;?d(o, t) denote the number of particles killed by TTed. In particular, they remained above ~7. until some

time 7, < t% upon which they reached 74 and were colored red; then they remained above 744 throughout

[Tu, t4] and reached 7524 at some time r € [7,,¢] (upon which they are killed).
Proposition 7.5. One has, as T — +oo,
(7.18) E,. [RE40,87)] < N8+,
uniformly in o € Sy and locally uniformly in € € (0,1).
With this proposition at hand, claim (C-2) is obtained by applying Markov’s inequality to Rg?d(O, ).

Proof. This result is a consequence of Claims and a bit of stopping lines theoryE], which extends
Markov stopping time theory to branching Markov processes. In our setting, define

L= {(u,s): Xu(r) € (v7(r), 77(r)) V7 < s and Xu(s) = 77(s)},

6For conciseness we do not write every detail here, but the reader can refer to [I3] 24} [38] to learn more about this.
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which is a (random) stopping line. Let

VT‘ S SaXU(T) > FY’;(T)a

Fri=o0 | {Vr<s,Xu(r)<7p(r), 3; 5> 0,ucN,Ac Bor(R)

Xu(s) e A
Informally, F is the sigma-algebra containing all information about white particles. Then the strong
branching property [38, Theorem 4.14] states that, conditionally on F., the sub-trees of the process rooted
at the pairs (u, s) € £ are independent with respective distributions Ps, ., =Ps . .-

s, X (s sy (s
Notice that Claim implies |£| = R%(0,t5) < 400, P, -almost surely. Moreover, any particle in

R}4(0,t%) almost surely has a single ancestor (u,7) € £ —in particular this ancestor u was colored red at
time 7. Therefore, we obtain by conditioning with respect to F, and applying the strong branching property,

By [RE40,17)]

[ X.,(s) € (’yred(s),ﬁre‘i(s Vselrr),
“5 (5| T | U freanruf g SO OTEONEODY)
L (u,r)el | T<r<t% XU(T) =T (T)
Xo(s) € (vF(s), 754 (s)) Vs € [, 7),
- E“E Z Eé('fﬁ%&’b(ﬂ) U ve NT X _ —red )
| (u,T)EL T<t<th (1) =757%(r)

where v %= « means that v € N, is a descendant of u € N, 7 < r. Plugging Claims into this, we
finally obtain

E,. [RE9(0,65)] < E,, {N*%Jro(l) % |£|] — N5t ¢ NEto(l) — y—§to(l)
which concludes the proof. (]

Particle distribution at the final time. Finally, we prove the third statement (C-3). We first provide the
following two estimates, respectively for white and red particles.

Lemma 7.6. The following statements hold uniformly in o € S, and locally uniformly in ¢ € (0,1).
(i) For 0 < j,k <e~', one has, as T — +o0,

(7.19) (NUH)E S ‘A*T,[h—(j+1)s,h—j€](s)

(1) Let toy € [0,t%), and consider a BBM starting from one (red) particle in time-space location (to, 75 (to)).
Then for 0 < j <e~ ', one has, as T — 400,

Xu(r) € (FF4(r), 754(r) Vo < 7 < S}H

inf P oere < N(H?)E) >1-— N-6to()
sEO(T) (T tn] N 20-keo()L(m)

-« < NG+Deto(1)
Xul)297() ¢ (p— (j + 1)e, b — je]

sE[to,th] o()L(T)

(7.20) sup E‘;(tow;uo)) H{u eN;

From these results, the claim (C-3) follows naturally: let (X;Vhite_red)se[o,t;] denote the empirical mass
measure on R of the process defined by white and red particles, that is

(7.21) Jyhite—red . _ Y bxue,  se0t7].
wENyhite \/red
Recall (7.9)). In order to have a condensed statement, let us write ,ugys) for the counting measure . s shifted
upward by y, that is ,ugys?() = pe,s(-—y), for s € [0,T], y € R.
Proposition 7.7. Let ¢ > 0. Then one has as T — +o0,

(722) (A1 (s)—ea(s)L(T)) =< ‘)(swhitefred < N%sug’z}(s))) > 17N7%+O(1),

£,8

inf L. (
sE[O(T)~1L(T),t%]

uniformly in o € Sy and locally uniformly in € € (0,1).
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Proof of Lemma[7.6. (i) Recall (7.1)) and (7.5H{7.7). On the one hand, Markov’s inequality gives
. * (3+2)
Prscssssepneny (AR (9] > NOT2)
< Nks+§N_(j+2)EE6—kEU(O)L(T) HA},[h—(j-l-l)a,h—je] (S)H
< Nka—i—%N—(j+2)£Nx—k:5—h+(j+1)6+o(1) — N—%E-‘ro(l)’

for 0 < k,j < e !, s <th and T large. On the other hand, Paley-Zygmund’s inequality and (7.5)), (7.7)
yield for s € [0(T)~'L(T), 4], (we leave the details to the reader),

R * (7+1)e
PNk5+§5—ksa(0)L(T) (’AT’[h_(j+1)E’h_jg](s)‘ z NV )
2 -1
> (1 - N—%+0<1>) (1 - N—%+0<1>> > 11— N-§te)

for some c1, ¢y > 0 and T sufficiently large, which concludes the proof of (|7.19).
(#t) Similarly to Claim this follows from ((7.5) applied to a time- and space-shifted BBM on the

time interval [to,t%], killed at the barriers ¢4, Fed and starting from a single particle at distance
(h = £)o(to/T)L(T) from the lower barrier v4%4 (we leave the details to the reader). O

Proof of Proposition[7.7]. Recall Claim and ([7.20). Using the strong branching property [38, Theo-
rem 4.14], one deduces uniformly in 0 < j < e~ !, s € [0(T)"1L(T), ],

red . Xu(s)—7r(s . . £4(s °
E,. H{u e N Rt e [~ G+ 1)e, —15]}H < NEHEEDE),
Hence, a union bound and Markov’s inequality yield,

P {u c Nsred; M c [_(.7 + 1)€7_]€]}‘ > N(j+2)6) S N—%E+O(1) .

a(s)L(T)

B (aogjgs—l;

Moreover, a union bound and (7.19) yield that, uniformly in s € [0(T) "1 L(T), t%],
. - ite . Xu(t7)—71(t7 . : - j € j €
Pu, (30 <j <&t |[{ueapghite; XulRoTel) € [— (4 Ve, —je] }| ¢ (71 + D[NUTDE, NOHD<])
et e?t
* j+1)e j+2)e —£+40(1
<Y s Prsy (A e ()] # [NUFDE NUTDE)) < N,
=0 k=0 s€[3t5,t7]
for T' large. Therefore, there exists 7. > 0 such that for T' > T, with large IP,_-probability, for all
0 < j < e, there are between NUTDe and NU+3)e particles (white or red) ending in the interval
Fi(s) + a(s)L(T)[—(j + 1)e, —je] at time s, uniformly in s € [§(T) 1 L(T), t%]. Recalling (7.9)), this directly
implies the proposition. (Il

7.2. Proof of Proposition [3.4, We may finally display the proof of Proposition [3.4] It shares several
similarities to that of Lemma notably with the sub-critical case needing additional work (since our
moment estimates do not hold until time 7). Recall that the point measure of the N-BBM throughout time
is denoted (X/V);>o. Let € € (0,1), * € {sub,sup, crit}, and recall (6.1)), and the definitions of ., 77

from (4.8H4.10).

Lemma 7.8. Let e € (0,1) and * € {sub, sup, crit}. There exists c¢1,ca > 0 such that for T sufficiently large,
one has

(723) inf PNE (maX(XtN) S Vg?d(t)) Z 1— ClN_CQ ,
tel0,t7]

and

7.24 inf P (XN < (7*T<t>+3w<t/T>L(T>>> > 1N

(724 tE[@(T)I*I}L(T)ﬂ‘,’:H pe \7 Het > a1

where c1,cz are uniform in o € Sy and locally uniform n € € (0,1).
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Let us mention that the proof of Theorem only requires ([7.23)); however (7.24) is obtained with the
same method and is needed to prove Proposition [1.4]in Section

Proof of Lemma[7.8. Let us start with (7.23). Recall from (7.3H7.4) and (7.21)) that (x}hite=red) o5 denotes

the empirical mass measure of the process containing both white and red particles. Notice that Proposition[7.5]
and Markov’s inequality imply that, as T' — +oo,

(7.25) P, (as € [0,43], Ju e NPhite g ATed s X (5) = Wg?d(s)) < N~

for some ¢y, ¢z > 0, uniform in o € §; and locally uniform in € € (0,1). Furthermore, Proposition
implies that, with probability larger than 1 — ¢; N ™2, there are N particles above vrTed(~) at all time ¢ < ¢7.
Recalling Lemma and Remark [4.2] on the intersection of these two events, (A hite=red) - matches the

trajectory of a (multi-type) NT-BBM with large P,_-probability. This implies that, for some ¢1, ¢ > 0,
P,,. (max(XN) > 754(t)) < P, (max (A7) > FA(4)) 420, N7 = 2¢, N~
for T sufficiently large, uniformly in ¢ < t%.; this proves ([7.23]).
Furthermore, the same coupling argument and Proposition yield
inf P, (X;V < N%mﬁ(s))) > 1-3c;,N~°,
sE[Stn k]
for large T, uniformly in o € S and locally uniformly in € € (0,1). Moreover, XN contains at most N

particles by definition, whereas p. s contains strictly more. Hence, recalling the definition of . s (7.9) and
shifting it upward by 3eo(s/T")L(T), this finally implies ([7.24]). O

Proof of Proposition N(T) super-critical or critical. In the super-critical and critical regimes, Proposi-

tion [3.4] follows directly from Lemma [7.8] (more precisely (7.23)) and Lemma Indeed, recall (7.1H7.2)

and that ¢% = T in those regimes (see (6.1))). Recalling the notation W*T’h’x, h >z > 0, one has
_ _*,1+4e, 142 €
FAT) = 7 (@) 1 o).
Letting € arbitrarily small and applying Lemmata[7.8]and [£.1] this implies Proposition [3.4]in both regimes. [

We now turn to the sub-critical regime. In a similar manner to Section we split the interval [0, T]
into blocks of length 1#5%P: more precisely, let K := [2T/t5%|, and for 0 < k < K — 1, let t), := E5v0,
and tg =T (s0 tg —tr_1 € [L58P,#5%P]). However, conversely to Section a first moment method is
sufficient to prove Proposition (no second moment estimate is required), and this proof holds throughout
the sub-critical regime (so there is no need to handle the super-polynomial case separately).

o~

Proof of Proposition N(T) sub-critical. We define an auxiliary process (XY )teo, 1) as follows: it starts
from Ny and evolves as the process XN between times t; and ¢4;. Then at each time #;, all particles are
displaced to the highest among their positions: in other words, a configuration p is replaced with N6 ax(,.)
(notice that N always contains exactly N particles). By a coupling argument (recall Proposition and
an induction, one may construct a coupling such that XY < /'?%V with probability 1. In particular, it is
sufficient to prove the proposition with max()?%v ) instead of max(X7).

For 1 <k < K, let us define

~

Y = max(/XA’tJZ) — max(Xt]:ﬂ) ,
so that max(é?%v) =Y, + -+ Yg. Let us prove that, for 1 < k < K, one has
(7.26) E[Yi] < 73°(t) = 77" (tk-1) + 1 L(T),
for some ¢; > 0, and we claim that the Proposition follows. Indeed, this implies
E[max(XN)] < F32(T) + e, L(T) x K .



MAXIMAL DISPLACEMENT OF A TIME-INHOMOGENEOUS N(T)-BBM 61

Recalling that K < 27/t%" and that 5% > L(T)? (see (6.2)), Markov’s inequality yields that

~

max(BY) < T2(T) + op <L(TT)2> .

Recall (4.9) and that max(i’\%v ) dominates stochastically max(X): hence, letting ¢ — 0 and applying
Lemma this finally yields .

Let us prove . Notice that the process XN evolves between times tr and tx41 as the N-BBM with
variance profile o(t;/T + -), and that /'EJX = N§ for all 0 < k < K. Thus it is enough to show that

max(.f\f'\tJZ)
(7.27) Ens, max XN] < B, [max XN +n ' L(T) < F8P(t) + et L(T),

for some ¢; > 0 uniform in 0 € S, and ¢ € [%tsTub, t54P]. The first inequality in is obtained by writing
pe = N_y 1) and translating the N-BBM by n~1L(T), so we only have to prove the second one. Recall
from Proposition that there exists a coupling between XV and a BBM (X%t)tefo, ) Without selection, such
that XY C X, as. for all ¢ € [0,7]. Thus for ¢ € [3£54°, £5%%], one has

(728) ]Elts [max XtN} S ]EILE [max XtN 1{maxXtN§7r7?d(t)}j| + EHE [max Xt 1{maxXtN>7§?d(t)}j| .

The first term from (7.28) is clearly bounded by 74 () < 758 (t) + 7~ L(T), so it remains to bound the
second term. Let C' > 0 a large constant: then one has

EME [max Xt 1{max XtN>7§?d(t)}} < C(t%llb)2 PHE ( max XtN > 759(1 (t)) + Elts [max Xt; 1{max Xf,>C(t§1l‘b)2}:| .

Recalling Lemma|7.8] more precisely , the first term in the r.h.s. above is bounded by C (t?"o)2 xXcgN~°
uniformly in ¢ € [3£5, t5*"]. Moreover, implies that #%* < L(T)%, so this term vanishes when T
becomes large.

Finally, let us prove that E,_[maxX; 1y, Xt>c(t;ub)2}] also vanishes as T — +o0, uniformly in ¢t €

[3¢54P, t5¥P] and locally uniformly in €. Recalling Proposition it is sufficient to prove this for a BBM
starting from the configuration N28y > .. Moreover, we claim that for any M > 2, A > 1, and (gi)1<i<m a
centered Gaussian vector such that each g; has variance p? > 0, one has

‘ M _
(7.29) E[max(gi, 1 <i < M) Limax(g1<i<m>A}] < =L (14 p2/A?) e A2/2"

V2T
This result is standard, and can be proven similarly to Lemma by writing for A > 0 and any real random

variable Y,
+oo
A
For the sake of conciseness we leave the details to the reader. Therefore, conditioning X with respect to its

branching epochs and letting Z; denote its population size at time ¢ € [%tﬁ?b, t54], we obtain
EN250 [max Xt l{max Xt>C(t§F“b)2}] S EN250 [max Xt l{max Xt>C(t§F“b)2}]

_ suby2
c1 X EN250 [Zt] X t?ﬁlbe e2(t7”) s

IN

for some c1,cy > 0, where the first inequality follows from Proposition Moreover, one has Epn24,[Z;] =
N2et/2 < N2et™" 5o this concludes the proof of (7.27). O

8. PROOFS OF COMPLEMENTARY RESULTS

In this section we complete the proofs of all remaining statements from Section [I} by showing Propo-
sitions (the latter and implying Theorem , and finally Theorem All of these
are either obtained through refinements of arguments from the proof of Theorem [T.1] presented before; or
they are direct applications of Theorem coupling propositions or other results from previous sections.
Therefore, let us warn the reader that most of the upcoming proofs are not presented in full details. Indeed,
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the authors believe that understanding the pivotal arguments from the proof of Theorem specifically
Proposition [3.2] and the main ideas from Sections [6H7} is vital before moving to other results. Hence, the
focus of this section is put on additional, new arguments which are to be combined with those presented
before.

8.1. Super-critical L(T), decreasing variance (Proposition [1.2). Let o € C2([0,1]) be strictly decreas-
ing, let L(T) = log N(T) > T"/? (so the regime is super-critical), and consider the initial configuration dy.
In [46], the authors study the speed of a time-inhomogeneous BBM (&} )¢[0,7], without selection and with
strictly decreasing variance. Recall that a; denotes the absolute value of the largest zero of Ai. Starting
from a single particle in 0 (so Q7 (dp) = 0), they prove in [46, Theorem 1.1] that, under those assumptions,
1
(8.1) (maX(XT) — ()T + %Tl/:’ / o(u)3)o’ (w))?/? du + (1) 1og(T)> is tight.
0 T>0

Thus, Proposition [1.2| can be deduced from the couplings from Propositions and by comparing
the super-critical N-BBM with a critical BBM on the one hand, and with a BBM without selection on the
other hand. For a € R, recall the definitions of m§™* = m$t(a) and m5™™* from (T.11). Then, recalling the
asymptotic properties of U(-) (see (1.4])) and that o’(-) is negative, one notices that,

sup-d

1/3‘m§5it(a)—mT ‘ =0.

lim limsup T~
a—+00 T 5400
Define M,,(T) := exp(aT'/?): for T sufficiently large, one has M, (T) < N(T). By Propositions for
T large, one can construct two couplings with an M, (T)-BBM and a BBM without selection (all started
from dp), such that
Mo < NI < x Vs el0,T].
Recall that, for A > 0, Proposition [3.3] yields

TETOO Ps, (T_l/g (max (X:,M“(T)) — m%it(a)) < —)\) = 0.

Moreover, the result (8.1) directly implies,

: - -d
(8.2) Llim B, (T V3 (max(Xp) — mird) > ,\) — 0.
Combining these estimates with the coupling above, and assuming that a was chosen sufficiently large
(depending on \), we conclude that T_l/?’(max(X;y(T)) - msT"p'd) converges to 0 in Ps -probability as
T — 4o0. ]

Remark 8.1. Let us mention that [46] makes strong assumptions (o strictly decreasing and initial con-
figuration 6y ) in order to obtain a sharp result in . If the convergence were to be proven with o
non-increasing and a generic initial configuration, then Proposition and its proof would immediately
extend to those more general assumptions. This is further discussed in the proof of Proposition[1.5 below.

8.2. Final-time distribution for the critical and super-critical regimes (Proposition [1.4]). Let
* € {crit,sup} (in particular t%. = T') and n > 0 throughout this section. We first prove (1.13]), then we use
it to deduce (|1.14)).

Let A > 0, recall the couplings from Propositions and recall from Section how they imply
Theorem subject to Propositions The same coupling method can be used to deduce (|1.13)) from
the following lemma.

Lemma 8.1. Let x € {crit,sup}, and A,n > 0. Then, one has
(8.3) lim limsup sup P, (E|y €1[0,1]; X;,IY(T)([m} —yo(1)L(T), +o0)) > N(T)yJ“\) =0,

€20 Ttoo 0€S;
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and, for any fized r € (0,1),

(8.4) lim sup sup Pwws_,_ o ner (Ely € [r1]; XIJY(T)([m*T —ya(l)L(T),—l—oo)) < N(T)y_)‘> — 0.
T—+oo k€[0,1] 0€S) re @B

Proof of (1.13)) subject to Lemma . Using arguments very similar to the ones from the proof of Theo-

rem [1.1]in Section we obtain from Lemma [8.1] that for every fixed r € (0,1), as T — oo

log X' " ([Qr (ur) + miy — yo(1)L(T), +00))

(8.5) sup (T

y€(r1]

— 0, in IP,,,.-probability.

In particular, we have XQJY(T)([QT(uT) +mk —ro(1)L(T),+o0)) > 1 with high probability, so that we can
replace log by log, . It remains to consider y € [0,7]. We have

log, X" ([Qr(pr) +mi — yo(DL(T), +00)
L(T) g
N(T) *
< logy X ([Qr(ur) +mi —ro(1)L(T), +00))
- L(T)
so that (8.5)) implies that the latter goes to 2r in P, -probability. Letting » — 0, we obtain the result. O

sup
y€[0,r]

+r,

Proof of Lemma[8.1. We first prove (8.3)), i.e. the upper bound on the final-time distribution of the process.
Let € € (0,1), A > 0 and recall the definition of . s, s € [0,7] from (7.9), and of m} from (1.11). By
Lemma one has for ¢ sufficiently small and T large that,

1« 1+e,1+2¢ % A
. —— |7y ’ T) — < —
(56) @) i < 3

where we wrote the parameters of the barrier 774 explicitly. Then, recall Proposition and that we showed
in (7.24) that it implies for T sufficiently large,

inf B, ( X < pTEOT U gy,
o ; ’

where ¢1, co are constants depending locally uniformly on ¢; and 775.(+) is defined in (4.8]) and (4.10) (with
parameters h=14¢, x =1+ %5) In particular, for A > 0,

80 sup B (G € 0.1 4 ([mf — o (DL(T). +00)) = N(T)H)

< sup P, <3y €[0,1]; ui?];:(T)+3€o‘(1)L(T))(|:m; _ ya(l)L(T);l—OO)) > N(T)y-H\) +e N~

gESy
Finally, for y € [0, 1], one has
PGPSO (1 g5 (1)L(T), +0))

E_l

k £
= ZN e L7 (s)+820 (s/T) L(T) ~keo (1) L(T) = mj —yo (1) L(T)}
k=0
y€’1+3n’2+571%
<Y NTFE S L) s N e
k=0
where we used (8.6). Assuming ¢ is sufficiently small above (depending on A and 7), this implies that the
r.hs. of (8.7) is equal to ¢y N~ for T sufficiently large: this completes the proof of (8.3) in the super-critical
and critical regimes.
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We now turn to . Quite similarly to Proposition [3.3| m let us first prove that the convergence holds
locally uniformly in x € (0 1), then extend it to k € [0, 1] via coupling arguments (recall Lemmam 4] from
Section[6.2). Let € € (0,1), h =1—¢, x = (1—¢)(1— k), and recall Proposition[6.2] Replicating the coupling
arguments from Section [6.2] E more precisely ( --, one obtains for 1 < j < 5_1 and T sufficiently large,

Prvesy (X ([T(T) = jer(DL(T), +o0)) = NF) > 1— N~

where c1, ca > 0 are constants uniform in 0 € §7, 1 < j < e~1, and locally uniform in €, s € (0,1) (we do
not reproduce the details). Writing a union bound, this yields

(8.8) Pws (v1 <j<et, XN ([Fp(T) - jea(1)L(T), +0)) > NJ'E) > 1-—elegN=e.

Let € > 0: recalling and Lemma one has for € sufficiently small and T large that,

(8.9) i 7 — ko OLT) i | <

where we used that 7, 1 s (1=e)(1= R)( T) — ko (0)L(T) = 77 1 el-e- H)( T). Moreover, for y € [e + &'n, 1],

there exists 1 < j <e S such that (y —e'n 1) “le [jy,]y + 1); thus we deduce that,
{Elye[€+5’77’1,1];X7]1V([m*T—y0(1 +00)) < NY~ ’\}

carsise (e “>< T) = ko (0)L(T) = jeo()L(T), +00)) < NUFDetn =2 L,

Assume that ¢, ¢ are sufficiently small so that € +&’n~1 < min(r, \). Then, shifting the initial distribution
in (8.8)) by —ko(0)L(T), this implies

(8.10) PN«6_ o021 (aye [r,1]; X7 ([ — yo(1)L(T), +0)) < Ny—A) < el N—¢ |

uniformly in o € §; and locally umformly in k € (0,1), which is the expected result.

To finish the proof of Lemma it remains to extend - to Kk close to 0 or 1, which is achieved very
similarly to the proof of Proposmon 3.3 subject to Lemma [6.4]in Section For the case k large, assume
without loss of generality that 0 < r < e < A, then recall Proposmon H and that for any x € [1 —en=2,1],

one has N1=en 25—0(0)L(T) < N"0_y0(0)(T)- Hence,
IPN"&_NU(O)L(T) (Hy €[r1]; XYZ“V([m; —yo(L)L(T), +OO)) < Ny_A)

<P

e— (3u € 1r115 X ([mi — yo(VL(T) + e 20 (O)L(T), +0)) < N* )

—(1—en~2)o(0)L(T)

<P

N(—en=2)5 (3 ye[r—e1]; XY ([my — yo(1)L(T), +00)) < Ny,@,g))’

—(1—en~2)o(0)L(T)

where we also shifted the process upward by en=20(0)L(T) in the first inequality. Applying to the
latter (with k = 1 — en~2), this proves that the convergence also holds uniformly in x close to 1.

Finally, it only remains to treat the case x small. Recall Lemma which implies that, for an N-BBM
started from §p, one has Xﬁ(T) — N5/45_2E,7—1L(T) with P, -probability close to 1. Letting s € [0, ], writing
0 _co()n(r) < N"0_.o(0)r(r) and applying the Markov property at time L(T'), one can again extend the
convergence uniformly to £ € [0,¢] through Proposition since this is a carbon copy of arguments
presented in Section we leave the details to the reader. (Il

Remark 8.2. Let us mention that the proof above can be applied to the sub-critical regime, yielding an
estimate on the distribution of the process at any time t € [0(T)"1L(T), t5¥"]. Unfortunately, the error term
o(T/L(T)?) in our mazimal displacement result renders this obsolete at time T. If one manages to compute
sharper estimates on the mazimal displacement of the N-BBM with sub-critical population (with an error at
most o(L(T)) ), the arguments above can be adapted straightforwardly. However, it seems very unlikely that
such a sharp limit estimate would be non-random: instead we expect it to be obtained through martingale
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methods or similar arguments, with a non-trivial dependency on the realization of the process near time t = 0
and on the “peaking” events throughout the trajectory (i.e. when a particle rises and reproduces significantly:
see [43] for a study of those in the case of an N-BBM with constant N, time-homogeneous variance and in a
meta-stable regime).

Proof of (1.14). We start with the lower bound on the diameter. Let § > 0, and notice that Theorem
implies for % € {crit,sup},

P, (max(X) ™) — min(x) M) < (1 - 6)0 (1) L(T))
< Py (min(xy ) = mi — (1= 6/2)0(1)L(T)) +o(1)
= P, () (Imy — (1= §/2)0(1) L(T), +00)) > N) +o(1),

and by (|1.13), the latter goes to 0 as T' goes to 400, for any ¢ > 0.
Regarding the upper bound on the diameter, it suffices to prove that

(8.11) P,, (min(quy(T)) > mh — (1 + 5)0(1)L(T)) = o(1)

as T — +oo for any § > 0, and the result follows similarly from Theorem [I.I] Recall the couplings from
Propositions [3.1] and [3.2]
Lemma 8.2. Let x € {crit,sup}, and consider X, (63‘)L(T) the particle configuration of the N-BBM at time
T —83L(T). If 6 is sufficiently small, then with probability close to 1, no particle below m% — (1+6)o(1)L(T)
at time T — 63L(T) has a living descendant in XT{V(T).

With this lemma at hand, the proof of is straightforward. Write

(8.12) A= 20 o 0 ms = (14 8)a (1) L(T), +00) .
Applying the Markov property at time T' — §3L(T) and Lemma one has
. N(T * N(T
P, (mln(XT ™y > mp — (1+26)0 T)| Xy (53)L(T )

= P(T—63L(T) x N )(min(XT ¢ )) >mp—(1+ 25)0(1)L(T)>

T 83 L(T)
_ IP’A(mm(XégL(T)) >mh— (1 +26)o(1)L(T)) +o(1),

where XV(T) is an N-BBM with diffusion o(s/T + 1 — 83L(T)/T), s € [0, 83L(T)].

In Proposition (m)7 we proved that the N-BBM started from .4 dominates stochastically a collection
(Bi)i>0, 1 < i < #A of (non-branching) independent Brownian motions started from Bf = m% — (1 +
8)o(1)L(T) with the same diffusion function. Notice that in general, having p < v, u, v € C does not allow
for a comparison between min(u) and min(r); however, with a direct adaptation of the coupling therein,
one can prove that min(X 53&%)) started from A dominates stochastically min (B, (1)t < N) started from
NJm}_(H(g)”(l)L(T) (we leave the details to the reader). By standard Gaussian estimates, one has

(8.13) P(3i < N(T), Bjspir) — By < —0L(T)) < N(T) P(Bja () — By < —0L(T))

< T x e\/5/L(T) g8 L(T)
for some ¢ > 0 uniform in o € S, and this vanishes as " — +o00 as soon as § > 0 is small enough. This
concludes the proof of (8:11]), and thus of (I.14) subject to Lemma [8.2} O

Proof of Lemma[8.2 Let us define, similarly to (8.12),
N *
Ay = 220 oy 0 [mi — (14 6/3)0 (V) L(T), +00) |
and Ay = Xy G o) 0 (= c0,mi — (14 6) (1) L(T)]
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and let us consider two BBMs X L X2 without selection started respectively from A; and As. Then we
prove that the following claims hold with large probability:

(i) Throughout [0, 83L(T)] the line m3 — (1 +26/3)a(1)L(T) is crossed by no particle from X! or X2.

(i7) At time 63L(T), X! contains more than N particles.

Then Lemma follows naturally. Indeed, recall the coupling between the N-BBM and BBM from
Proposition [3.1} reproducing that construction procedure, it is clear from (i) and (ii) that, when the process
X, reaches a population of N particles, all descendants from X have been selected out of the N-BBM in
the procedure.

Let us first prove (i) for X2 (and the proof for X1 is obtained by symmetry). Recalling Proposition (z)7
it is sufficient to prove it for an initial configuration N 5m;,(1+5)g(1) (1) = Az. To lighten notation, let us
shift the initial configuration by m% — (1+20/3)(1)L(T'), and let Ry denote the number of particles from the
BBM X2 that reach 0 before §3L(T). Then, using a union bound, Markov’s property and the Many-to-one
lemma [36, Theorem 4.1], one has

PNé—éa(l)L(T)/S(ES < 63L(T)’ max(‘j(?) > 0) < NEfzSa(l)L(T)/S[RO]
< N HD/2 P_so()L(r)/3(3s < 6°L(T), B, > 0)
= N ED2Py(|Byay )| > 60(1)L(T)/3),

where B is a time-inhomogeneous Brownian motion with diffusion o(s/T + 1 — §L(T)/T), s € [0, 53L(T)].
Reproducing standard Gaussian estimates as in (8.13) (we do not write the details again), the latter
probability is smaller than N (7T')~2 for T large, provided 6 was chosen small enough. This finishes the proof
of (7).

Regarding (i¢), notice that there exists ¢ > 0 such that, for T" sufficiently large and all o € S,),

imp —my sy < cPL(T), and o(1) —o(1 —6°L(T)/T) < ¢5°L(T)/T.

Therefore, Lemma (more specifically (8.4])) implies that, with large probability, .4; contains at least NV 1ot
particles. Recalling Proposition one deduces from standard arguments on birth processes that, with
large probability, X 513 L(T) contains much more than N particles: this yields (i¢) and finishes the proof. O

8.3. Adaptation of the proof to deterministic branching times (Proposition . In this section we
do not present a full proof of Proposition[[.5} instead we detail how all our previous results and proofs can be
adapted to the time-inhomogeneous BBMdb. Throughout this section, we let ()?t)te[o,T] (resp. (/’?tN)te[O,T )
denote the particle configurations of the BBMdb (resp. N-BBMdb). We first focus on adapting Theorem ﬂ
more precisely Sections [3] through [7]

Section[3 We start with the N-BBMdb construction and the coupling statements. Recall Section as
well as Proposition [3.2] and its proof. The two main differences which appear with deterministic branching
times are:

— one has to replace the exponential variables in the definitions of the BBMdb and N-BBMdb, as well
as the Poisson point process (tx)r>1 on [0,1] in the proof of Proposition [3.2] (ii), with a fixed sequence of
branching epochs (2klog E{)x>1.

— at each branching epoch, all individuals have to branch simultaneously. This only affects which particles
are kept in the N-BBMdb after the branching epoch, and the selection procedure is still well-posed (breaking
ties arbitrarily, as we did with the standard N-BBM).

From this, we may construct the N-BBMdb rigorously, and we conclude that Propositions and
also hold for the BBMdb and N-BBMdb. Thus, it remains to prove that Propositions [3.3] and [3:4] also hold
for the deterministic-branching variants, then the same arguments as in Section |3.3| show that Theorem
also holds for the N-BBMdb.
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Sections[4) and[3l All definitions and notation from Section [4.1] are unchanged. The main differences are in
Section [4.2] more precisely in the statements of the Many-to-one and Many-to-two lemmas. On the one hand,
recall that |A;| denotes the population size of the BBM at time ¢ € [0, 7], and let |A;| denote that of the
BBMdb. Then the Many-to-one lemma still holds for the BBMdb, subject to replacing Es, [|N;|] = e*/? with,

IE:50H-/\7t|] = (]Eg) Lt/zlog]EEJ’

in Lemma (the equality above is proven by induction). Notice that this is of order e*/2t9(1) 5o that
change does not affect the resulting first moment estimates up to constant factors. On the other hand, we
provide a new version of the Many-to-two lemma for deterministic branching (it is obtained by decomposing
pairs of individuals according to their most recent common ancestor). Let G(-), /T} ,(+) be defined similarly
to G(-), At () respectively in , where we replace the BBM with a BBMdb.

Lemma 8.3 (Many-to-two lemma, deterministic branching). Let * € {sup,sub,crit}. Let t < T, 5,75 €
CH([0,T)) which satisfy (.3), and z € [0,h). Then, one has,

(8.14)

Es, [| A7 (t)[]
[t/(2logEE) -1 . 2

~ ~ h ~
— By, (1450 +EECE -] Y G (2,0, (2 logﬂaok)( / G (y,w, (2 logﬂag)k,t)dw) dy.

k=0 0

This lemma follows naturally from the Markov property (we leave the details to the reader). Replacing
Lemma with Lemma in the proofs of Propositions and and using the adaptation of
Lemma discussed above in all the other propositions from Section [p| we obtain exactly the same moment
estimates for the BBMdb and BBM between barriers, in all regimes.

Finally, it remains to adapt Lemma from Section An N~-BBMdb (resp. N*-BBMdb) can be
defined very similarly to the N~-BBM (resp. NT-BBM), by applying its selection mechanism to a BBMdb
instead of a BBM. Then, we can reproduce the adaptations discussed above for Section [3] to the proof of the
coupling in Lemma (from [43]). In order not to overburden this paper, we do not further detail it.

Sections[f and[7] All statements in these sections immediately hold for the N-BBMdb: indeed, the proofs in
these sections are entirely based on the moment estimates from Section [} as well as some technical results
on the barriers (such as Lemma which are not affected by the choice of branching mechanism. Therefore,
this finishes the adaptation of Propositions and to the N(T")-BBMdb, proving that the results of
Theorem also hold for that process.

Super-critical regime, decreasing variance. Recall the proof of Proposition [I.2] from Section To the
authors knowledge, there is currently no equivalent to for the BBMdb (or BRW) in the literature,
however [47] has proven that holds for a large class of discrete-time, time-inhomogeneous BRW'’s,
among which Gaussian BRW’s, see [47, Theorem 1.3]. Therefore, replacing Propositions and with the
coupling arguments discussed above for the (N-)BBMdb, and applying [47, Theorem 1.3] to the BBMdb at
its final time, the adaptation of Proposition to deterministic branching times is straightforward (we do
not replicate the proof).

Remark 8.3. Let us mention that [47, Theorem 1.3] also holds for o non-increasing, hence so does for
the superscript sup-d in the N-BBMdb. This provides a slightly more complete statement for the N-BBMdb
and N-CREM than Pmposition (where we assumed o strictly decreasing), however one still requires an
ingtial configuration 69 when quoting [47).

Final-time distribution Regarding ([L.13)), it is sufficient to prove that Lemmaalso holds for the N-BBMdb
XN, A thorough inspection of the proof shows that all arguments therein can be adjusted to deterministic
branching times, with no more work than what has already been presented for the adaptation Theorem
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above. In order not to overburden this paper, we do not repeat those arguments here. In the proof of (|1.14)),
there is one occurrence of the Many-to-one lemma which has to be replaced with the N-BBMdb version as
above, and the rest of the proof is unchanged. This fully concludes the proof of Proposition [1.5 |

8.4. N-BBM with time-inhomogeneous selection (Theorem . Let ¢ € C1(]0,1]), L(T) — +o0
as T'— +oo and L(-,T) defined as in . In this section we first consider the super-critical and critical
regimes (E(T) > T3 or E(T) = T'/3): we prove and simultaneously, then and (1.26).
Finally, we prove in the sub-critical regime (L(T) < T/3).

Before that, let us comment on the definition and construction of the branching Brownian motion with
time-inhomogeneous selection (N(-,7)-BBM). In this system, a particle is killed at time ¢ € [0, 7] if it is not
in the N(¢,T) highest ones. This may happen in one of two ways:

— t is the epoch of a branching event,

— the integer part of N(t,T) realizes a negative jump at ¢.

On the one hand, the #’s corresponding to branching events are described by the very same point process on
[0, T] that is involved in the construction of the N(7T)-BBM in Section On the other hand, the t’s for
which |N(¢,T)| changes are deterministic for 7" fixed; and since we assumed that £ is C!, there are finitely
many of them for almost all T' > 0. Therefore, the construction of the N(T)-BBM from Section can be
adapted very directly to the process with time-inhomogeneous selection.

Moreover, recall Propositions and these couplings may also be constructed for processes with
inhomogeneous selection. More precisely, in the proof of Proposition (u) it suffices to augment the
Poisson point process with the (finite) sequence of deterministic epochs when | N(¢,T")| decreases: then the
the rest of the proof follows from arguments that we discussed above, so we do not write the details here.

Proposition 8.4. Let T > 0 fized. Let N1(-,T), Nao(-,T) two positive functions on [0,T] such that
Ni(t,T) < Na(t,T) for all 0 < t < T. Assume that their integer parts change finitely many times in
t €1[0,T]. Let puy € Cy,(0,1) and pia € Cn,o,1) which satisfy p1 < pa: then there exists (XtNl("T))te[o,T] and
(XtN2("T))t€[07T], respectively an Ni(-,T)- and an Ny(-,T)-BBM, such that Xévl("T) = w1, XéVZ("T) = o
and XtNl("T) =< XtNQ("T) for all t € [0,T) with probability 1.

Moreover, there also exists a coupling with a time-inhomogeneous BBM without selection started from uq,
such that XtNl("T) < X; for all t € [0,T] with probability 1.

Let us now return to the proof of Theorem starting with (1.23)) and (1.25) in the critical and

super-critical regimes.

Proof of (1.23)) and (1.25)), super-critical and critical regimes. Recall the definition of Qr(-) from (1.3]), and
let us extend it into

(815)  Q4(n) == sup{g € R|In € 0,1, u(lq — so(s/TIL(T), +00)) > N(T)*}, s e[0T,
Recall Proposition then we have the following.

Lemma 8.5. Let * € {crit,sup} and n > 0. Let ur € Cy, and denote with XNT) an N(T)-BBM (with
time-homogeneous selection) started from pur, T > 0, with infinitesimal variance o*(-/T), o € S;. Then as
T — 400, one has

1
(8.16) sup ——— ’Q%(XJJY(T)) — Qr(pr) — m}‘ — 0, in Py, -probability.
oESS L(T)

Proof of Lemma[8.5 This is a direct corollary of Proposition —more precisely Lemma, and the
definition . Indeed, the upper bound on Q%(X:,{V (T)) follows from the fact that provides an upper
bound on XI{V(T) ([m% — yo(1)L(T), +o0)) holding for all y € [0,1] with large probability; the lower bound
is obtained through a direct application of . Finally, as stated in Lemma the result is uniform in
o€S,. ]
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With Proposition [8.4f and Lemma at hand, Theorem [I.7] is obtained quite naturally in the critical
and super-critical regimes, by ertlng a block decomposition of the process Indeed let us first consider
the critical regime, i.e. L(T) = T'/3. Recall the definition of Mt from . Let ¢ > 0 small (assume

~1 € N for the sake of simplicity), and part [0,7] into e~ intervals of length 6T Define for 1 < i< e !,

L, = inf{l(u); u € [(i — 1), ie]}, and {; := sup{l(u); u € [(i — 1)e,ig]},
and define similarly ¢;, 7;, o} and ;. Define also,
N,(T) = exp(ﬁiTl/g)7 and N,(T) := eXp(ZiTlm).
Finally, we let for 1 <i < e !

)

ieT /
=7 [ UWMU+6T”%M{ZW<—WZ>;a€bawLMGbﬁ%hhﬂ%&@,
(

i—1)eT

el /
My e 1= T/( o(u)du + 5T1/3sup{2\11<€?’z>;06 l0;,7i],0" € [0}, T,], L € [¢;, E]}

i—1)eT

-1
€

Mgt — = lim 7/%

e—0

Using a Riemann sum approximation and that o € S, £ € C'([0,1]), one observes that
m'l €

1
~ crit —
W =Y e
i=1 i=1

Let (Fs)seqo, 1) denote the natural filtration of the N(-,T)-BBM. Following from Proposition there exists

an N,(T)- and a N;(T)-BBM, both starting from the initial measure X, Ne.T ’) at time (i — 1)eT, such that,

(8.17) lim 771/3

e—0

N, (T) ) N (T N ,(T) N(-,T Ny (T
(818) HDHT (XzaT = X ( = XzET( ) "Fl DeT 5 X(z DeT — X(i—(l)szl" = X(z—(l)s)T) = 1.

Moreover, Lemma states that, for A > 0, there exists Tp > 0 (depending only on 7,¢, A) such that for
T Z TO7

1 i N.(T i—1)eT [ N1y (T)
ur (o7 (87 (27) - QT (")~ ) < e | Fior ) < 2

1 ; N. i—1)e N1y (T _
and P, (T1/3 ( T (Xigf(T)) - QEF K T(X(i—(n?:r( )) - mm) > EA’f(il)sT) < ¢

Recalling Theorem [I.1] one obtains similarly for T' > Ty,

(8.19)

1 N,(T) i—1)eT [ N —1)(T)
Pur (s (e (2257) = @407 (A7) - ) < e

1 N, i No-n(T)y  —
and P <Tl/3<max (ATUT) - QU (4 1) —mm) >s)\‘]-'(i_1)€;p> <o

Apply the Markov property at times (i — 1)5T 1 <i<e ! —1, one deduces with a union bound and ({8.18)),

1 .
P.. m(max()(%v( T — Qr(ur) Zm ) —

f(i—l)aT) <€,
(8.20)

e -1
L (T (N(D) (i=D)eT [ N1y (T) N,(T) N(.T)
< Z ]P/LT <T1/3< (Xst ) 73 ) (X(z—(l)s)T )7mi,8 < —eA X(z eT — X(z 1)eT
=1

1 N __1(T) (1—e)T 1 pNe—1_1y(T) N_—1(T) N(-,T)
+ Py <T1/3<max (XT )* T (X(1£5)T : )*me*l,s —€A X(l T *X(ps)T J

for T > To(n, A, €); and by (8.19 , the latter sum is bounded by e. Recalling (8.17)) and letting ¢ — 0,
this finally proves the lower bound in (1.23)); and the upper bound is obtained similarly. Moreover, (1.25]) is
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obtained with an analogous computation, by applying Proposition instead of (8.20]) to the last block
(i = e=1) of the decomposition above. This concludes the proof of Theorem in the critical regime.

Regarding the super-critical case, it is proven by replicating the proof above mutatis mutandis: that
is, replacing T/3 with L(T) > T'/3, m$t with m>\P, and adapting the definitions of m; ., M; . above
accordingly. This is very straightforward, so we leave the details to the reader. O

Proof of . This is immediate: recall that, in the super-critical regime with decreasing variance, the
convergence does not depend on the specifics of £(-), L(T). Hence the super-critical N (-, T)-BBM can
still be coupled with, on the one hand a critical M, (T)-BBM with population size M (T) := exp(aT'/3) <
inf{N(s,T),0 < s < T}, a > 0; and on the other hand a BBM without selection (see Proposition [8.4)).
Therefore, the proof of Proposition [I.2] above fully accommodates to super-critical, time-inhomogeneous
selection. We leave the details to the reader. |

Proof of (1.26]). This is also straightforward: recalling the proof of (|1.23 , it suffices to estimate
min(XY 7)) in the last block of the decomposition. One can estimate both min(XéVf*l) and min(é\,’%fl)
by using (1.14)) and Theorem and reproducing the coupling arguments from the proof of (1.14) (we
do not write the details again, but let us recall that they do not immediately follow from the definition of
stochastic domination), this gives the expected estimate on min(XY{V ("T)). O

Proof of (1.23)), sub-critical regime. In that regime there is no equivalent to Proposition or Lemma
so one cannot split the interval [0, 7| into blocks of length £T'; however, the proofs of Lemma (for the lower

bound) and Proposition (upper bound), in the sub-critical regime, already rely on a block decomposition:
so Theorem can be obtained by approximating the N(-,T7)-BBM by a process with piecewise-constant
selection, and reproducing the arguments from the proof of Theorem [1.1

More precisely, let us first discuss the lower bound. Let K = [2T/t*®"| and for 0 < k < K — 1, t}, = gt%ﬂﬂ

=N
and tg =T. Let N = inf{N(s,T),tx—1 < s < tr}, and recall the construction of the auxiliary process X
from Section let us tweak it such that (1) at times t;, 1 < k < K, all particles but the | Ny ]| top-most
ones are removed, and the remaining particles are set to the lowest among their positions; and (2) on the

interval [tg—_1,tx], the process ?N evolves like an Np-BBM, where N is constant. Therefore, this process is
still stochastically dominated by the N-BBM, and the remainder of the proof from Section [6.2] still holds for
this process (since the selection is constant on each interval [t;_1,tx]), both for the super-polynomial N(T')
and small L(T) cases. We deduce from this a lower bound on the maximal displacement of the N(-,T)-BBM,
and a Riemann sum approximation (analogous to (8.17)) finally shows that it is of order m$*® — o(T/L(T)?)
for T large. Since all these adaptations are very straightforward, and rely on arguments that were already
applied in other parts of the paper, we leave the remaining details to the reader. Finally, the upper bound is

obtained with analogous arguments. (I
Remark 8.4. Let us point out that Theorem assumes that the “regime” for the selection (i.e. A(T )
remains the same throughout [0, T]. If the regime changes finitely many times, e.g. at some ty, 1 <k < K,

one can derive similar results by induction: indeed, (1.25)) and Lemmaprom’de an estimate on QtT’“ (XtIZ("T)

if the regime is critical or super-critical on [tg_1,tx]; and in the sub-critical case Ly (T) < T3, one has,

BNy = Qi (8 nim) + O(Li(T)).

tr h
k
Then, one can apply Theorem on each interval [ti—1,tx] iteratively. We do not write any statement or
proof for this fact, since this is a direct replication of arguments presented above.
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