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Multivariate point processes (MPPs) are widely applied to model the occurrences of events, e.g., natural disas-
ters, online message exchanges, financial transactions or neuronal spike trains. In the Hawkes process model, the
probability of occurrences of future events depend on the past of the process. This model is particularly popular
for modelling interactive phenomena such as disease expansion. In this work we consider the nonlinear multivari-
ate Hawkes model, which allows to account for excitation and inhibition between interacting entities. We provide
theoretical guarantees for applying nonparametric Bayesian estimation methods in this context. In particular, we
obtain concentration rates of the posterior distribution on the parameters, under mild assumptions on the prior
distribution and the model. These results also lead to convergence rates of Bayesian estimators. Another object
of interest in event-data modelling is to infer the graph of interaction - or Granger causal graph. In this case, we
provide consistency guarantees; in particular, we prove that the posterior distribution is consistent on the graph
adjacency matrix of the process, as well as a Bayesian estimator based on an adequate loss function.

MSC2020 subject classifications: Primary 62G20, 62G05; secondary 60G65
Keywords: nonlinear Hawkes processes; nonparametric Bayesian inference; Granger-causal Graph

1. Introduction

1.1. Nonlinear Hawkes processes

The Hawkes model is a popular temporal point process (PP) for modelling the occurrences of event-
type phenomena. Extending the Poisson cluster process (Mgller and Rasmussen, 2005), this model
allows the probability of occurrence of a new event to depend on the history of the process. The first
construction by Hawkes (1971) aimed at modelling the self-excitatory behaviour of earthquakes’ strikes
with aftershocks, and is called the linear Hawkes process. Since then, it has been extensively used,
partly due to its interpretable parameters and branching structure representation (Reynaud-Bouret and
Roy, 2007). This notably leads to tractable inference and simulation methods (Bacry et al., 2020; Chen,
Witten and Shojaie, 2017; Hansen, Reynaud-Bouret and Rivoirard, 2015).

Hawkes processes have been largely and successfully applied in various contexts of correlated event-
data, including online social popularity (Farajtabar et al., 2015), stock prices moves (Embrechts, Lin-
iger and Lin, 2011), topic modelling (Du et al., 2015), DNA motifs occurrences (Carstensen et al.,
2010; Gusto and Schbath, 2005; Reynaud-Bouret and Schbath, 2010), and neuronal activity modelling
(Chornoboy, Schramm and Karr, 1988; Lambert et al., 2017; Reynaud-Bouret et al., 2014). They are
used to infer both diffusion phenomena on networks and the structure of time-dependent networks
(Miscouridou, Caron and Teh, 2018). Related and extended models include the mutually-regressive
PP (Apostolopoulou et al., 2019), the age-dependent (Raad, Ditlevsen and Locherbach, 2020) and
marked (Karabash and Zhu, 2015) Hawkes processes, the dynamic contagion process (Dassios and
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Zhao, 2011), the reactive PP (Ertekin, Rudin and McCormick, 2015), the self-correcting PP (Isham
and Westcott, 1979) and the Dirichlet-Hawkes process (Du et al., 2015). More recently, neural point
processes inspired by the Hawkes model have also been proposed, e.g., by Du et al. (2016); Mei and
Eisner (2017).

In a multivariate temporal PP, each dimension represents an entity, a location or a type of event - it
is equivalent to a marked point process with finite mark space. For K € IN\{0}, the PP can be described
as a counting process N = (N;); = (N, L ,NtK )r=0, Where Ntk denotes the number of events that have
occurred until time ¢ at location k. Its dynamics are characterised by a conditional intensity function
(), = (/l,l, . ,/ltK )10, Which is informally the infinitesimal rate of event conditionally on the past of
the process, i.e, for k=1,...,K, /lfdt = ]P[N,k has a jump in [t,7 + dt]lgt], where G; is the history of
the process up to time 7. In the nonlinear Hawkes model, only one dimension N* of the process can
jump at each time ¢ and the intensity process has the following form

K l‘7
/lf=¢k(Vk+Zf h;k(t—s)dNé], k=1,...,K. (1)
=1 Y7

In (1), the parameter v > 0 denotes the background - or spontaneous - rate of events, and models ex-
ogeneous influences. The endogenous effects on the process are parametrised by interaction functions
(h[k)lKk:1 - or triggering kernels. More precisely, for (I,k) € [K]?, the function hy : R — R models the

influence of component N’ onto component N*. It can be decomposed into an excitating contribution
(h;;{ = max(hy,0)) and an inhibiting contribution (hl‘k = max(—hy,0)). Finally, the link or activation
function ¢y : R — R™* ensures that the intensity is a non-negative process, and is generally chosen to be
monotone non-decreasing. If all the interaction functions /j; are non-negative and all the link functions
equal the identity functions, (1) corresponds to the linear Hawkes model.

The dependence on past events in the intensity (1) leads to a notion of causality. For Hawkes pro-
cesses, a Granger-causal relationship between two components of the process corresponds to a non-
null interaction function (Eichler, Dahlhaus and Dueck, 2017). We can define the connectivity graph
parameter 6 € {0, I}K2 such that for each (I, k), 65 = 1 if the function Ay in (1) is non null and é; =0
otherwise. We note that this parameter is redundant with (h,k)l{(kzl.

To the best of our knowledge, the estimation of the parameters of nonlinear Hawkes processes
V=W h = (hlk)szl, 6= (5lk)ll,(k=1 - as well as additional parameters of the link functions (¢)x
has not been theoretically analysed, neither in the frequentist nor in the Bayesian frameworks. In the
nonparametric setting, the existing results apply to linear Hawkes processes for the estimation of (v, k)
(Donnet, Rivoirard and Rousseau, 2020) and for the estimation of the connectivity graph ¢ (Hansen,
Reynaud-Bouret and Rivoirard, 2015; Chen, Witten and Shojaie, 2017). In the nonlinear model, Chen
et al. (2017) study the estimation of the cross-covariances of the process, and Wang et al. (2016) esti-
mate a piecewise-constant link function assuming a parametric form on the interaction functions.

In this work, we analyse the theoretical properties of Bayesian methods for estimating v, A, 6 and
additional parameters of the nonlinear functions (¢y)r. We consider a prior distribution on the param-
eters, say I1, and our aim is to study posterior concentration rates in such models. More precisely, we
wish to determine e7 = o(1) and conditions on the model and on IT such that

E 4, [TI(d(f, fo) > erIN)] 7:? 1,

where f = (v,h), d(.,.) is some loss function on the parameter space, and I1(.|N) denotes the posterior
distribution given an observation of the process on [0, 7']. In the last equation, we assume that the data N
is generated by a Hawkes process with true parameter fy, and we denote P, its generating distribution
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and [Ey, the associated expectation. In particular, a consequence of such result is the construction of
estimators on v,# which converge in the frequentist sense at the rate er. We also obtain posterior
consistency results on the graph parameter ¢, and construct a consistent risk-minimising estimator.

1.2. Related works

There is a rich literature on Hawkes processes in probability, statistics, and more recently in machine
learning and deep learning. The stability properties of the nonlinear Hawkes model have been stud-
ied under several assumptions (Brémaud and Massoulié, 1996; Karabash, 2012), together with the
rate of convergence to the stationary solution (Brémaud, Nappo and Torrisi, 2002) and the Bartlett
spectrum (Massoulié, 1998). Regenerative properties of Hawkes processes were investigated for the
models with finite (Costa et al., 2020) and infinite (Graham, 2021; Raad, 2019) memory. Recently
Bacry et al. (2013); Gao and Zhu (2018a,b) derived functional central limit theorems and large devia-
tions principles for ergodic processes. Malliavin-Stein calculus was applied by Torrisi (2016, 2017) to
establish Gaussian and Poisson approximations of functionals of the linear Hawkes process, and later
by Hillairet et al. (2021) to obtain Berry-Esséen bounds. Stationary distributions of high dimensional
Hawkes processes were also studied, notably in the mean-field limit (Delattre and Fournier, 2016;
Delattre, Fournier and Hoffmann, 2016; Raad, Ditlevsen and Locherbach, 2020).

Many statistical works have been dedicated to designing robust and efficient estimation procedures
in the linear Hawkes model. In the seminal work of Ogata (1988), the interaction functions are given
in a parametric form and estimated by maximising the likelihood function. In parametric models, an
Expectation-Maximisation algorithm was proposed in Veen and Schoenberg (2008) to compute the
maximum likelihood estimator while MCMC methods were designed for sampling from the posterior
distribution (Rasmussen, 2013). The EM algorithm was extended by Lewis and Mohler (2011) to
nonparametric Hawkes models using a penalised likelihood objective. Another nonparametric approach
was introduced by Reynaud-Bouret and Schbath (2010) for the linear univariate model by using a
model selection strategy. In the multivariate Hawkes model, Lasso-type estimates were designed by
Hansen, Reynaud-Bouret and Rivoirard (2015). Still for linear models, Bayesian approaches have also
been implemented for nonparametric Hawkes models, see for instance Du et al. (2015). In Donnet,
Rivoirard and Rousseau (2020) the authors study asymptotic properties of the posterior distribution in
the linear model.

Causality graphs for discrete-time events were introduced by Granger (1969) and extended to marked
point processes by Didelez (2008), with an explicit definition in the case of multivariate Hawkes pro-
cesses by Eichler, Dahlhaus and Dueck (2017). In linear parametric models, some approaches optimise
a least-square objective based on the intensity process (Bacry et al., 2020, 2013). For nonparametric
Hawkes processes, Xu, Farajtabar and Zha (2016) apply an EM algorithm based on a penalized likeli-
hood objective leading to temporal and group sparsity. Still in the linear model, Lasso-type estimates
proposed by Hansen, Reynaud-Bouret and Rivoirard (2015) for nonparametric Hawkes processes nat-
urally lead to sparse connectivity graphs. This procedure has been generalised to high-dimensional
processes by Chen, Witten and Shojaie (2017) by adding an edge screening step.

1.3. Our contributions

This paper considers a general multivariate Hawkes model with a nonlinear and nonparametric form of
the intensity function, and provides theoretical guarantees on Bayesian estimation methods. We cover
a large range of link functions ¢y, which covers most of the nonlinear Hawkes models considered in
the literature (Costa et al., 2020; Hansen, Reynaud-Bouret and Rivoirard, 2015; Gerhard, Deger and



4

Truccolo, 2017; Carstensen et al., 2010; Chen et al., 2017; Menon and Lee, 2018; Mei and Eisner,
2017; Deutsch and Ross, 2022; Truccolo et al., 2005), such as the ReLU ¢(x) = (x)+ = max(x,0),
clipped exponentials ¢(x) = min(e*, A), the sigmoid ¢x(x) = (1 + ¢!, and the softplus ¢y (x) =
log(1 + €¥). These models have been notably introduced for neuronal spike-train data modelling, where
intense-activity periods alternate with resting states called refractory periods'. The ReLU function
directly extends the original linear Hawkes model to handle negative interaction functions. In Hansen,
Reynaud-Bouret and Rivoirard (2015); Costa et al. (2020) it is called the standard nonlinear Hawkes
model, as it is the closest to the linear Hawkes process. Exponential and sigmoidal functions appear in
several applied works (Gerhard, Deger and Truccolo, 2017; Carstensen et al., 2010), where smoothness,
saturation and thresholding effects are desirable properties. The softplus function is often preferred in
machine learning algorithms as a soft approximation of ReLU (Mei and Eisner, 2017).

The first question to answer is the identifiability of f = (v, h), which is treated in Section 2.2. Building
on these results, we study posterior concentration rates in terms of the L;-norm on f in Section 3.1.
Our aim is to describe the posterior concentration rates in terms of conditions on the prior IT and on
the true parameter fy = (vo = (Vik,ho = (h?k)l,k) which are simple to verify and under rather weak
assumptions on the link functions. Interestingly, we eventually reduce the problem to conditions on the
prior and the fy similar to those found in the literature on density and nonlinear regression estimation
(see Theorem 3.2), which makes them easy to verify in a wide range of prior models. From this we
derive convergence rates of Bayesian estimators of fy (Corollary 3.8) and posterior consistency on dy
(Theorem 3.9), with d¢ the true graph parameter associated to Ag.

We also extend our results to the case where the link functions are partially unknown, in the special
case of shifted ReL.U link functions. More precisely we consider models in the form ¢ (x) = 0 + (x)4,
with 8 > 0 unknown. For such models we show identifiability of the parameters (f,0), 6 = (6x)1<k<k
and derive a general posterior concentration rate result similar to Theorem 3.2 on both f and 6.

To the best of our knowledge, these results are the first theoretical properties on the nonparametric
estimation of both f and ¢ in the frequentist and Bayesian literature of nonlinear Hawkes processes.
Besides, for partially known link functions, in the particular setting of the shifted ReLU model, we also
provide the first result on the estimation of the additional parameter 6. We note that recently, compu-
tational methods for a related setting have been developed in Zhou et al. (2021a,b); Malem-Shinitski,
Ojeda and Opper (2022); Zhou et al. (2022). In the latter works, a sigmoidal nonlinear Hawkes model
is defined with ¢y (x) = 6x(1 + ¢=)~! and unknown parameter 6 = (6 ). However, although the theoret-
ical analysis of the latter model is beyond the scope of this paper, it is similar in spirit to our models. In
fact, our techniques could potentially be applied to this multiplicative parametrisation, which we leave
for future work.

Our results are related to those of Donnet, Rivoirard and Rousseau (2020), obtained in the case of
linear Hawkes processes. However, the analysis of the process and our proofs for estimating the pa-
rameter rely on renewal properties, newly introduced by Costa et al. (2020) in the univariate ReLU
nonlinear Hawkes model. One key novelty of our work is to leverage the concept of excursions in
the context of statistical analysis. This concept allows to decompose the trajectory of the process into
independent, observable subintervals, and also to analyse the process on specific events where the pa-
rameter estimation is simplified. Developing these tools for nonlinear processes is fundamental since
classical technical arguments used for linear Hawkes processes and based on Poisson branching struc-
tures cannot be applied in this case. We believe that these new proof techniques have an interest in
themselves, in addition to weakening some of the assumptions on the prior distribution considered in
Donnet, Rivoirard and Rousseau (2020).

TA refractory period is a time interval during which a neuron is unlikely to emit a spike train.
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The rest of the paper is organised as follows. In Section 2, we define the multivariate stationary
nonlinear Hawkes process, present the identifiability results and describe the Bayesian framework.
Section 3 presents the posterior concentration results on f and 6 and consistency on ¢ results. Section 4
is dedicated to the construction of prior distributions that satisfy the assumptions of the theorems.
The most novel aspects of the proofs are reported in Section 5. Appendix A contains some technical
lemmas. Finally, supplementary proofs and results can be found in the Supplementary Material (Sulem,
Rivoirard and Rousseau, 2023).

Notations. For a function A, we denote ||h||; = f]R |h(x)|dx the Li-norm, ||Ally = 4/ fR h2(x)dx the

Ly-norm, ||Alle, = sup |A(x)| the supremum norm, and i+ = max(h,0), h~ = max(—h,0) its positive and
xeR
negative parts. For a K X K matrix A, we denote r(A) its spectral radius and ||A|| its spectral norm. For a

vector u € RX, [l = Zszl |ug|. The notation k € [K] is used for k€ {1,---,K}. For a set B and k € [K],
we denote N¥(B) the number of events of N* in B and N¥|p the point process measure restricted to

the set B. For random processes, the notation L corresponds to equality in distribution. We also denote
N(u, Hy,d) the covering number of a set H( by balls of radius u w.r.t. a metric d. For any k € [K], let
,ug =E [/lﬂ‘( fo)] be the mean of /l]t‘( fo) under the stationary distribution IPy. For a set €2, its complement
is denoted Q°. We also use the notations uy < vy if |urp /vr| is bounded when T — oo, up = vy if vy /ur|
is bounded and uy =< vy if |ur/vr| and |vr /ur| are bounded.

2. Problem setup

2.1. Definition and stationary distribution

In this section, we first recall the formal definition of a multivariate Hawkes process. We consider a
probability space (X, G,P) and a MPP N = (Ny)er = (V, 1., N,K )ter- Let {G+}rer be the filtration such
that G; = 0 (Ny, s <) and for T > 0, we assume that Gr C G. We say that (V;); is a multivariate Hawkes
process with parameter f = ((vi)f_;, (hlk)fk:l L(0F ) adapted to G if

i) almost surely, Vk,! € [K], (Ntk), and (N[l), never jump simultaneously;
ii) for all k € [K], the G;-predictable intensity process of N* at r € R is given by

K
/lf(f)=¢k[vk+2f h,k(t—s)ng], k=1,...,K.
=1 Y~

We consider finite-memory Hawkes processes for which interaction functions have a bounded support
included in [0, A] with A > 0 known - chosen arbitrarily large in practice. We recall that in (1), if for all
k, ¢ is the identity function and for all /, i is non-negative, this PP model corresponds to the classical
linear Hawkes process with parameter v = (vk)f:1 and h = (hlk)f’ ,—; and intensity process:

K t_
Bonhy=ve+ Y f e = s)dN". )
=1 v

With this notation, the nonlinear intensity can be written as /lf( f) = ¢k(7lf(v, h)). For a nonlinear
Hawkes process, the existence and uniqueness of a stationary distribution is proved under some as-
sumptions on the parameters f and the link functions ¢ = (¢ ). In the following lemma, we provide
two sufficient conditions, which are variants of existing work. We recall that a function ¢ is L-Lipschitz,
if for any (x, x') € R?, |¢(x) — p(x)| < Lix — x'|.
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Lemma 2.1. Let N be a Hawkes process with parameter [ and link functions (¢y)i such that for any
k€ [K], ¢r: R - R* is monotone non-decreasing and L-Lipschitz, with L > 0. If one of the following
conditions is satisfied:

(C1) The matrix S™ with entries S = L ”h;;{“l satisfies r(S*) < 1;
(C2) Forany k € [K], ¢ is bounded, i.e., AN, > 0,Vx € R, ¢p(x) < Ay.

then there exists a unique stationary version of the process N with finite average.

In the previous lemma, the second stationarity condition (C2) directly comes from Theorem 7 by
Brémaud and Massoulié (1996) and is applied to our (less general) context of Lipschitz and non-
decreasing link functions. The first condition (C1) is obtained in Theorem 1 of Deutsch and Ross
(2022), in a more restricted Hawkes model where ¢;(x) = (x); and the interaction functions are of
the form hy, = Kig(f) with g > 0 and Ky, € R, but the same arguments can be applied to prove the
stationarity of the process in our more general nonlinear model. However, in the context of inference,
we will consider a slightly stronger condition:

(Clbis) The matrix S * with entries S} = L ||hz;{”] satisfies ||S+|| <1

From now on, we will assume that we observe on a window [—A, 7] a stationary Hawkes process
with link functions (¢);r and true parameters fy = ((vg),’le,(h?k)l’flczl). We denote Py the stationary
distribution of N and Py(.|Go) its conditional distribution given Go. We note that Py is a well-defined
transformation of the probability distribution P (through its alternative definition in Lemma S10.2
of the Supplementary Material (Sulem, Rivoirard and Rousseau, 2023)). For f = ((Vk)le,(hlk)ﬁzl)
satisfying the assumptions of Lemma 2.1, the log-likelihood of the processs on [0, T'] conditionally on
Go (i.e., conditionally on N|[_40)) is given by

K

Lr(f):= ),

k=1

T T
fo log(Af (f)dNf — fo Af(f)dr].

Then, for any parameter f, we define the conditional distribution IP; from the likelihood function
dP(1Go) = TP LTI Py (|Gy). 3)

We denote Eg (resp. E) the expectation associated with Py (resp. Py).

2.2. Identifiability of the parameters

In this section, we provide some conditions on the model which ensure that the parameters of the
nonlinear Hawkes model defined in (1) are identifiable. To do so we consider the following weak
assumption.

Assumption 2.2. For f = (v,h), there exists & > 0 such that for any k € [K], ¢ restricted to [ =
vi —max ||h || —e&,vi + max||hl||  + &) is injective.
Ok le[K]“ lk”oo kTR “ Ik”oo ) is inj

Proposition 2.3. Let N be a nonlinear Hawkes process as defined in (1) with link functions (¢y)r and
parameter f = (v,h) satisfying the conditions of Lemma 2.1 and Assumption 2.2. If N’ is a Hawkes
processes with the same link functions (¢r)r and parameter ' = (V' ,h’), then if N and N’ have the

same distribution, i.e., N £ N, thenv=v and h="H.
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Note that if the ¢;’s are injective on R, which holds in particular for the sigmoid and the softplus
functions, then Assumption 2.2 is verified for all f. However our result is more general and also covers
link functions which are only injective on a sub-interval of R such as ReLU or shifted ReLU (¢x(x) =
0 + max(x,0)) and clipped exponentials (¢x(x) = min(e*, Ag) ). In this case, Assumption 2.2 holds
over a restricted parameter space for f. More precisely, ¢; needs to be injective over an interval which
includes all the possible values of vy + hy(s), for any / € [K] and s € [0, A].

Remark 2.4. One consequence of Assumption 2.2 is that for any ¢ > 0 such that N[r — A, 1) < 1, then
/lf( f) > 0 (since ¢ is non-negative and monotone non-decreasing) for all k£ € [K]. However, Assump-
tion 2.2 still allows to model the refractory periods of biological neurons, i.e., when the neurons cannot
or are very unlikely to fire again during a period after firing. Indeed, one can have /lf( f) very small for
t such that N¥[r — A, 1) = 1, depending on f and ¢.

Proposition 2.3 supports the feasibility of the parameter estimation when the nonlinear functions
¢r’s are fully known. It can however be extended to the setup where the link functions are partially
known. In the next proposition, we consider the case of ¢x(x) = 6 + Y (x) where i is a function such
that xgmoo Yr(x) =0 and 6 > 0 is an unknown parameter, for each k € [K]. In this case, we denote

A:(f,0) the intensity process.

Proposition 2.5. Let N be a Hawkes process with parameter f = (v, h) and link function ¢i(x;6) =
Ok + Wi (x) with 6, > 0 for any k € [K] satisfying the conditions of Lemma 2.1 and Assumption 2.2. We
also assume that for all k € [K], lim y(x) =0 and

X——00

A€ [K], x1 <x2, suchthat hy(x)>0, Vxe€[xy,x] @

Then if N" is a Hawkes processes with link functions ¢r(x;6,) = 6, + Y (x), 6, > 0 and parameter
fr=00),
NEN = v=v, h=k, and 0=0, 0=00K, ¢=@6)K,.

Besides, in this case we have ]Pf[ing X(f,0)=6]=1.
1>

The proofs of Propositions 2.3 and 2.5 are reported in Section S8 in the Supplementary Material
(Sulem, Rivoirard and Rousseau, 2023). In Proposition 2.5, the condition (4) implies that each compo-
nent k receives some inhibition (i.e., A/, hl‘k # 0). In particular, we will use this condition in the shifted
ReLU model where ¥ (x) = (x)+. We note that 6 is not identifiable when no inhibition is received by
N (i.e., when VI, hy, = 0). More precisely, the following lemma - proved in Section S8 in the Sup-
plementary Material (Sulem, Rivoirard and Rousseau, 2023) - states that in a mutually-exciting ReLU
model, the parametrisation of the process is not unique. Informally, our models present a singularity at
the parameter “A~ = 0.

Lemma 2.6. Let N be a Hawkes process with parameter f = (v,h) and link functions ¢(x;6y) = 0 +
(X)4, 6k =0, k € [K] satisfying Assumption 2.2, and let k € [K]. If VI € [K], hy, > 0, then for any «9]’( >0
such that Oy + vy — 9,’( > 0, let N’ be the Hawkes process driven by the same underlying Poisson process Q
as N (see Lemma Lemma S10.2 in the Supplementaty Material (Sulem, Rivoirard and Rousseau, 2023))
with parameter ' = (V',h") and link functions ¢(x;6;) = 0, + (x)+,k € [K] with V' = (v1,..., vk + 6 —
O.....vK) £ v, W =h, and ¢ = (01,...,6,,....0k) # 0. Then for any t > 0,A%(f,0) = 25(f",¢), and

therefore N L.
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2.3. Bayesian inference

We can now present our Bayesian estimation framework. We assume that the observed Hawkes process
N satisfies the conditions of Lemma 2.1, i.e., the link functions ¢;’s are monotone non-decreasing, L-
Lipschitz with L > 0 and either we consider a bounded model ¢y (x) < A, ¥k, A > 0 (condition (C2)) or
we assume ||S b H < 1 (condition (Clbis)) with S & = (L||h?k+||1)l,ke[ kp2- We define the parameter space

for f = ((vk)kK: 1 (hlk)l{(k: l) and the functional space as follows. Let

H' ={h:[0,A] 5 R; ||hllw < oo}, H = {h = (hi)fey € H'K*; (h, ¢) satisfy (Clbis) or (C2) }
F = {f =, h) e R\OHE x H: f satisfies Assumption 2.2 }

We recall that for an unbounded link function, condition (C1bis) corresponds to ||S *“ <1lwithS*t=
(L “h;}”l)l,ke[ k12 We also recall that A > 0 is fixed. In the graph estimation problem (see Section 3.2),

the parameter of interest is dg € {0, 1}K2 where h?k =0 &= 6?k = 0. With a slight abuse of notations,
we sometimes write £ = (i), (hi)i)k» (Gn)ix) with 6 € {0, 1)K,

Remark 2.7. With ReLU-type link functions, we have H = {h = (hyx) € (H)X; [|$*] < 1) and F =
{f € RANODE X H; |||, < ves (1K) € [K1?}. With clipped exponential links ¢(x) = min(e*, Ag), we
have H = H'K* and F = {f € RO x H'K" s vy + ||| <logAr. (k) € KT},

We now define our metric on the parameter space ¥ . For any f = (v,h), f' = (V',h’) € F, we define
the following L-distances:

K

K
=l =D e =vihe e=wlly = D7 > = Aglies 117 = £l = [y = v/l + [l = 1) -
k=1

=1 k=1
Finally, we consider a prior distribution IT on ¥ and define the posterior distribution on B C ¥ as
JpexpLr (AN [rexpLr(f) ~ Lr(fo)dI(f)  Nyp(B)
Jrexp(Lr (AN [-exp(Lr(f) = Lr(fo)dll(f) ~ Dr

denoting N7(B) and D7 our numerator and denominator of the posterior with the form above.

II(BIN) =

(&)

3. Main results
In this section, we state our most important results on the posterior distribution on the parameter f and

the restriction on the connectivity graph 9, leading respectively to convergence rates and consistency
of some Bayesian nonparametric estimators.

3.1. Posterior concentration rates

We first prove that under mild assumptions on the link functions and the true parameter, we can describe
the posterior concentration rate ey with respect to the Lj-distance on # defined in Section 2.3, in terms
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of standard conditions on the prior. We then consider the case where the link functions ¢; depend
on an unknown parameter, in the special case of shifted ReLU: ¢(x; 92) = 92 + (x)4, for which we
prove posterior concentration on both f and 6y. To do so, we use the following assumption on the true
parameter, which is a strengthening of the identifiability condition in Assumption 2.2.

Assumption 3.1. For fy = (vo,hp), we assume that there exists € > 0 such that for any k € [K], ¢
restricted to I = (v - max “h H -¢&, v + max ||h0+|| + &) is bijective from I; to Jx = ¢r(I) and its

inverse is L'- L1psch1tz on Jk, with L' > 0. We also assume that one of the two following conditions is
satisfied:

i) For any k € [K], in}£¢k(x) > 0.
xXe
ii) For any k € [K], ¢ >0 and /@y and log ¢ are L;-Lipschitz with L; >0 .

The first part of Assumption 3.1, which is a slight strengthening of Assumption 2.2, holds in all
cases described previously. The second part considers two cases: (i) the ¢;’s are lower bounded by
a positive constant, which holds for instance when ¢ (x; 6x) = 0 + Yi(x) with 8 > 0 and ¥ > 0 and
(i) the ¢y’s can approach O but satisfy an additional smoothness condition which holds in particular
if the derivatives ¢; are bounded and the functions log ¢;’s are Lipschitz. It is notably the case for the
commonly used Hawkes models (Costa et al., 2020; Hansen, Reynaud-Bouret and Rivoirard, 2015;
Gerhard, Deger and Truccolo, 2017; Carstensen et al., 2010; Chen et al., 2017; Menon and Lee, 2018;
Mei and Eisner, 2017), see Example 1 below. Note that this assumption excludes the standard ReLU
function ¢ (x) = (x)+, which we will treat separately in Proposition 3.5.

Example 1. The following nonlinear models verify Assumption 3.1. Let 5,7, A > 0.

o Positive or shifted ReLU-type functions: ¢(x) = max(sx,7) > ¢ > 0, which is injective on
[t/s, +00), s-Lipschitz and its inverse on [t, +0), ¢>I1(x) =slxis s’l—LipschitZ.

e Clipped exponential functions: ¢>(x) = min(e**, A), which is injective on (—co, s~ log A] and
sA-Lispchitz. Its inverse on (0,A], ¢; '(x) = s7'logx is Lipschitz on any compact of (0,A]
and Vs (x) = Vmin(e’¥, A) = min(e**/2, YA) and log ¢, = min(sx,log A) are respectively sA—
Lispchitz and s-Lipchitz;

o Sigmoid functions: ¢3(x) = (1 + e**)~1 which is injective on R and s-Lipschitz. Its inverse
¢§1(x) =t+ lv log 1% is Lipschitz on any compact of (0, 1), V@3 is s-Lipschitz and ¢’E ; s thus
log ¢3 is s-Lipschitz;

o Softplus functions: ¢4(x) = log(1 + ¢**?), which is injective on R, s-Lipschitz and its inverse
qﬁ;l(x) = %log(ex — 1) + ¢ is Lipschitz on any compact of R% . Finally /¢4 and log ¢4 are s-
Lipschitz.

To state our first result, we also define the following neighbourhoods in fy in supremum and L;-
norms respectively, for B > 0:

Boo(er) = {f € F5 v) <vi <V + e, b, <y <hY, + er, (1K) € [K]?).

. 0
By(er,B)={f€F; max vk = vil <er, maXllhzk —hyll <er. maX”hlk”oo <B}.

In particular, B (€er) is chosen so that for any f € Bo(er), k € [K] and ¢ > 0, the intensities verify
/lﬂ‘(v, h) > /lf(vo, hp). Finally we define

kr = 10(log T)" (6)
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with r = 0 if (¢ )k satisfies Assumption 3.1 (i), r = 1 if (¢ )¢ satisfies Assumption 3.1 (ii).

Theorem 3.2. Let N be a Hawkes process with known link functions ¢ = (¢y)x and parameter fy =
(o, ho) such that (¢, fo) satisfy Assumption 3.1. Let ey = o(1/ A/kr) be a positive sequence verifying
log’ T = O(TE%) and 11 be a prior distribution on ¥. We assume that the following conditions are
satisfied for T large enough.

(A0) There exists ci > 0 such that TI(B(e7)) > eTe,

(A1) There exist subsets Hy C H and ¢y > 0 such that, with Y7 = {v = (v, 0 < v < eCZTf%, vk},
TI(HE) + TI(TS) = o(e~*r+enTer),
(A2) There exist y > 0 and xo > 0 such that log N ({oer, Hr, ||.111) < xoTe%.
Then, for M > 0 large enough, we have
Eo [T1(1f = foll: > M vkrer|N)] = o(1). (7)

The proof of Theorem 3.2 is provided in Section 5.2.

Remark 3.3. In Theorem 3.2, if we replace Bo(€r) by Ba(er, B) for some B > 0 in (A0), then the
concentration rate in (7) is +/loglog T«rer instead of /krer. Replacing Bw(e7) by Ba(er, B) can be
useful for some families of priors, as seen in the case of mixtures of Beta distributions in Section S5.1
in the Supplementary Material (Sulem, Rivoirard and Rousseau, 2023).

Remark 3.4. Our concentration rate in (7) holds under the stationary distribution Py, implying in
this case that the “initial condition” N|_4,0] C Go also comes from the stationary law. However, in
practice, one might observe a process on [—A, T] with an arbitrary distribution on [-A, 0]. Under the
conditions of Lemma 2.1, the dynamics of the resulting process are stable (in the sense of Definition 1
of Brémaud and Massoulié (1996)), using the results in Brémaud and Massoulié (1996). In particular,
its distribution Po(.|Go) converges exponentially fast to the stationary distribution Py. Therefore, we
expect that (7) would still hold under IPy(.|Gp), i.e., under a more general initial distribution on [—-A, 0].

An interesting aspect of Theorem 3.2 is that the assumptions on the prior (A0), (A1) and (A2), are
similar to those of simpler estimation problems like density estimation, regression or linear Hawkes
processes. This allows to directly derive explicit forms of the posterior concentration rates in the nonlin-
ear Hawkes model under common families of priors, such as Gaussian processes, hierarchical Gaussian
processes, basis expansions or mixture models (see van der Vaart and van Zanten (2009, 2008); Arbel,
Gayraud and Rousseau (2013); Rousseau (2010) or Section 2.3.2 of Donnet, Rivoirard and Rousseau
(2020) ). In Section 4, we illustrate this using splines and mixture models. Additionally, our Theorem
3.2 avoids the unpleasant assumption on the prior in Theorem 3 of Donnet, Rivoirard and Rousseau
(2020) which requires that for some ug > 0, II(||S|| > 1 — up(log T)I/GG;/S) < ¢29T€ This is thanks to
our novel proof techniques using regeneration times under the true model Py (see Section 5.1).

Theorem 3.2 provides posterior concentration rates for a large class of link functions, as discussed
earlier. In particular, it covers the case of shifted ReLU link functions, i.e, ¢x(x) = 0 + (x); where 6 >0
is a baseline rate, which can be arbitrarily small. This link function can be seen as an alternative to the
exponential function with positive baseline rate in Gerhard, Deger and Truccolo (2017) In Gerhard,
Deger and Truccolo (2017), neurons firing rates are modelled using nonlinear Hawkes processes with
a positive link function, which still allows to account for the refractory periods of neurons (for which
the firing rate is small). Moreover, while in the case of the shifted ReLU model, Theorem 3.2 assumes
that the baseline rates 8 = (6 ) are known, we show in the next proposition that we can also estimate
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0. Besides, we additionally provide a posterior concentration result when using the standard ReLU
function ¢y (x) = (x)4+, under a stronger assumption on the model. We note that for this latter choice
of link function, the intensity function is only non-negative and the likelihood function is equal to O
in parts of neighbourhoods of hg, which causes several issues in the control of the Kullback-Leibler
divergence.

Before stating our results, we define neighbourhoods in 6y, also in supremum and L,-norms, respec-
tively B (er) = {0 € ©; 110 — 6llo < €r} and BS(er, B) = {6 € ©; |0 — 6l < er}, and in this case we
define k7 = 10(log T)" with r = 0 in the shifted ReL.U model (Case 2 of the following proposition) and
r =2 in the standard ReLLU model (Case 1).

Proposition 3.5. Let N be a nonlinear Hawkes process with link functions (¢y); and parameter fy =
(vo, ho) satisfying Assumption 2.2. Let ey = o(1/ \[kr) be a positive sequence verifying log3 T = O(TE%)
and 11 be a prior distribution on F .

e Case 1 (Standard ReLU): ¢(x) = (x)4, for all k € [K]. Under the Assumptions (A0), (Al) and
(A2) of Theorem 3.2, if fy verifies the following additional assumption

1 T 1 0
lim sup ~Eg ( f /l;((—ﬁ)»dl)<+oo, ke [K], )
T—oo T /lt (f())

then for M > 0 large enough, (7) holds.

o Case 2 (Shifted ReLU with 6y unknown): ¢(x; 02) = 92 + (%), 62 >0, for all k € [K]. Let Ty
be a prior distribution on © = {6 = (Or)i; O > 0}. If the Assumptions (A0), (A1) and (A2) of
Theorem 3.2 are satisfied when replacing Beo(er) by Boo(er) N B (er) for T large enough, and
if (4) is verified, then for M > Q large enough,

o [TICIF = foll +116 = 6ol > M \Jeer| V)| = o(D)

Remark 3.6. In Case 1 of Proposition 3.5 only, B (er) cannot be replaced by Ba(er) in assumption
(A0). This is due to the fact that we need to consider parameters f such that the likelihood at f is
positive (i.e., exp(Lr(f)) > 0) in order to control the Kullback-Leibler divergence (see Lemma A2
and Lemmas S7.1 and S7.3 in the Supplementary Material(Sulem, Rivoirard and Rousseau, 2023)).
In this argument, we also need the additional assumption (8). The latter is a non trivial condition on
the intensity of the true model, which we do not expect to hold in many situations. For instance it
does not hold if A,(fy) is Lipschitz in a neighbourhood of ¢ such that A,(fy) = 0. We expect that this
can happen with significant probability as soon as one interaction functions h?k is Lipschitz and h?k’ is
non-null. It is however not clear if this condition is sharp, i.e., if Bayesian or other likelihood-based
methods would be suboptimal without this assumption (from our construction of tests, it is easy to
construct frequentist estimates of f which converge at the rate +/er defined by the testing condition
in Ghosal and van der Vaart (2007)). This also motivates the study of the shifted ReLU model, as
an alternative of interest for modelling positive intensity functions. Nonetheless, in Lemma 4.3, we
provide sufficient conditions in a finite-histogram model so that (8) holds. Finally, we note that using
Theorem 1.2 of Costa et al. (2020) and notation 71, 7, for the regeneration times defined in Lemma 5.1,

. . T 1/lk(f >0
(8) is equivalent to Eq le /{T;)dl < 400,
(fo
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Remark 3.7. In Theorem 3.2, we in fact obtain the posterior concentration rate on ((¢x(vi))k, h), i.e.,

Ey

H{Z (Vi) = ¢V + Ik = holly > M x/EeTlN]l =o(1),
k

for M alarge enough constant. Moreover, if the ¢;’s are partially known of the form ¢y (x; 6y) = 6y +¥(x)
where ) > 0 and ¢ is given, then we obtain

Eo lH( = holly + Y 16k + w0 — 6 = O] > Mx/ﬁeﬂzv)} =o(1).

k . .
In the next corollary, we deduce from the previous results the convergence rate of the posterior means

@, h) =E"[fIN] = f FdII(fIN), and O=E"[(6)N] when ) is unknown (in the shifted ReLU model).
7:’

Corollary 3.8. Under the assumptions of Theorem 3.2 or Case 1 of Proposition 3.5, if f7__ If1ly dIICf) <
+o00, then for M > 0 large enough, it holds that

Po (117 = volli + Il = holly > M Virer| = o(1).
Under the assumptions of Case 2 of Proposition 3.5, we have
Po [[I9 = volly + 112 = holly + 118 = 6olly > M Virer| = o(1).

The proof of Theorem 3.2 can be found in Section 5.2, and the proofs of Proposition 3.5 and
Corollary 3.8 are reported in Section S1 and S4 in the Supplementary Material (Sulem, Rivoirard
and Rousseau, 2023).

3.2. Consistency on the connectivity graph

In this section, we state our consistency results on the connectivity or Granger causality graph ¢ €
{0, l}Kz, which characterises the fact that interaction functions between pairs of dimensions are null or
not, i.e., 6 =0 & hy =0, (I,k) € [K]®. We note that the definition of Granger causality graph for
the linear Hawkes model (see for instance Definition 3.3 in Eichler, Dahlhaus and Dueck (2017)) also
holds for the nonlinear model. This leads us to consider the following hierarchical spike-and-slab prior
structure. Writing hy = Sphy = 05S jwhix, with S = ||hgll; and hy such that Hl_uk”l =1, we define a
family of priors:

S~ns,  I(6)={(Lk) € [KI*; o = 1},
(higs (1) € TS ~ Tys(16)  and V(L k) & I(6), hy =0, )

with 75 a probability distribution on {0, l}Kz. We can either determine Ily5 as a distribution on the set
of (hi, (I,k) € 7(9)) and obtain the marginal distribution of S = (S )i, or construct it as in Donnet,
Rivoirard and Rousseau (2020) - see also the prior construction in Section 4. Adapting (A0) to the
above structure, we recall that dg corresponds to the true connectivity parameter and we consider the
following assumption

(A0) TI(Bos(en)ld =060) > e 1 TG12, (6 =60) > e 1TT/2.



Bayesian estimation of nonlinear Hawkes processes 13

For instance, one can choose 715 = B(p)K2 with 0 < p < 1, implying that the 6y’s are i.i.d. Bernoulli
random variables. Then for any fixed p, (A0’) is verified as soon as ITys(Bw(er)I6 = 60) > T2
holds. This formalism allows us to consider the posterior distribution of 6 which is a key object to infer
the connectivity graph. The next theorem is our posterior consistency result, which is a consequence of

Theorem 3.2 and Proposition 3.5 and holds for all previously considered link functions ¢.

Theorem 3.9. Let N be a Hawkes process with function ¢ = (¢p)r and parameter fo = (vo,hg), €r =
o(1/ +/kr) be a positive sequence and 11 be a prior distribution on F satisfying the conditions of
Theorem 3.2 or Proposition 3.5 (replacing (A0) by (A0’)). Then,

E [H(&,k # 00, V(l,k) e 1(50)|N)] =o(l), 1) = {(L,k) € [K]*; 65, = 1. (10)

If in addition the following holds
V8 €0, 11K*, VC > 0, (I, k) € I(8) N I(60)°, Ty (S < Cer |6) =0 (e—@‘T“’l)Tf%), (11)
with c¢1 > 0 defined in (A0’), then Eq [T1(6 # 6p|N)] = o(1).

The first part of Theorem 3.9 in (10) is directly obtained from Theorem 3.2 or Proposition 3.5 (Cases
1 and 2) and says that the posterior probability of 6, = 1 converges to 1, if the edge [ — k is in 1(dp),
ie., 6?k = 1. The second and more difficult part of Theorem 3.9 is to infer a non-edge 6?k = 0. The
condition (11) forces the conditional prior distribution Il5 to be exponentially small around O for all
hy, such that d;; = 1. We note that it also implies that if h?k # 0 and is small, then it may not be detected
nor estimated properly. In Section 4, we present two common families of priors on the S j’s that verify
(11).

Interestingly, if the model is more constrained, a much weaker condition on the prior distribution on
S i is required which avoids this issue on the estimation of small “signals” h?k. We now consider two
restricted Hawkes models, where the interaction functions are either all the same, or only depend on
the “receiver” node. For simplicity of exposition, we consider the case of fully known link functions
satisfying the assumptions of Theorem 3.2, however our next proposition remains valid for the ReLU
and shifted ReLU models under the assumptions of Proposition 3.5.

e All-equal model: we assume that Y(/,k) € [K]?, hy = 6ih, with h € H’ so that F = {f =
0,6,h1) € R0} x {0, 1)K x H’; (f,$) satisfy (C1bis) or (C2) and Assumption 3.1}. When
6 # 0, then & ~ I1; is a probability distribution on H’ N {A # 0}.

e Receiver node dependent model: we assume that (I, k) € [K]?, hy = 6y with by, € H’, so
that ¥ = {f = (v, 6, (lu)x); hy € H', Yk, (f,¢) satisfy (Clbis) or (C2) and Assumption 3.1}. We
also assume that the prior distribution IT can be written as a product of priors (Ilx); where for
each k, Iy is a distribution on (v, g, oy, L € [K]), restricted to . We denote 6., = (O, [ € [K]).

Proposition 3.10. We consider a restricted Hawkes model either defined above as the All-equal
model or as the Receiver node dependent model. Let N be a Hawkes process with function ¢ = ()
and parameter fo = (vo, ho) and let 11 be a prior distribution on ¥ such that the prior on v has positive
and continuous density wrt the Lebesgue measure. We also assume that there exists 0 < p; < 1/2 such
that for any (I,k) € [K1?, py <II(6x = 1)< 1 - py.

o [n the All-equal model:

1. If there exists (I,k) € [K1* such that &, # 0, then if Tl (hg <h < ho + er) > e TG2 gud if
(A1), (A2) hold, then Eq [TI(S # 6o|N)] = o(1).
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2. If 60 =0, then if there exists Hr C H such that for all 5 # 0, Tlys(HZ|6) = o(T~K12), if (A2)
holds with er = \JlogT /T, and if

vC >0, IT; (o <|IAll; € C +/log T/T) = o((log T)~X/?), (12)

then Eq [11(6 # O|N)] = o(1).
o [n the Receiver node dependent model: under (A0°), (A1), (A2), for any k € [K],
1. Ifthere exists | € [K] such that 62( # 0, then Eg [H((Sk]k * (521k|N)] =o(1), Yk; € [K].

2. If(Sf)k =0, if there exists Hy C H, such that Hk(ﬁTc) = o(T~X12), and if for M > 0 large
enough and xo >0, {yp >0,

N (éoM log T/T, Hr. LIl ) < T*M,
and if (12) holds with hy. instead of T, then By [T1(64 # 65IN)| = o(1).

Consequently, in those restricted Hawkes models, the above proposition states that the posterior
distribution is consistent at o9 under the much weaker assumption(12) on the prior compared to (11)
of Theorem 3.9. In fact, in the All-equal model (resp. the Receiver node dependent model), if the
true graph has no edge (resp. no edge arriving on node k), then the posterior distribution on A (resp. hy)
concentrates at the paranetric rate /log7/T. This gives a sharp lower bound on the marginal density
of N, i.e., on the denominator D7 in (5). We note that (12) is a mild condition which is verified in
particular when the prior distribution on S =1l (resp. Sk = ||hkll1) conditionally on S0 (resp.
Sk # 0) has a density wrt the Lebesgue measure bounded by S~ (resp. S ) with @ > 0 near 0.

We now study the consistency of Bayesian estimators of the connectivity graph. From Theorem 3.9
or Proposition 3.10, we can directly obtain that the graph estimator based on the 0 — 1 loss function
defined as &I/(N) = 1 &= (6 = 1IN) > TI(6 = OIN), is consistent, i.e., Po[8"(N) # 6| = o(1).
This result is obtained with the prior condition (11) in the non-restricted model, which as previously
explained can deteriorate the inference of small and non-null interaction functions. We thus propose an
alternative graph estimator based on a loss function penalising small signals, which therefore allows us
to use prior distributions which do not verify (11). For any graph estimator 5= (Slk)l,k € {0, 1}K2 and
parameter f = (v,h,8) € F, we define

K

LG, = > Mg, plaget + 1,y (Loy=o + Laye=1 FAlAl),
Lk=1

with F : R* — [0, 1] a monotone non-increasing function, with F(0) = 1. For a prior II, the risk of the
estimator ¢ is defined as

r(8,TIIN) = L LG, HATI(fINY = > g, o1 = TIN) + 15,y [T = OIN) + EN (g1 F(lagll)IN) .
Lk

Then the associated risk-minimising estimator, 6'"/(N) = arg min | 1(@.TIN), verifies
0€{0,1}K
St Ny =1 & E"[(1 = F(lhgll))Ls,=1INT > TSy = OIN). (13)

In the next theorem, we prove that our estimator SLL(N) is consistent under the true model Py if the
penalisation function F satisfies an exponential condition.
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Theorem 3.11. Let N be a Hawkes process with function ¢ = (¢)r and parameter fy = (vo, ho),
er = o(1/ +/kr) be a positive sequence and I1 be a prior distribution on F satisfying the conditions of
Theorem 3.2 or Proposition 3.5 (replacing (A0) by (A0’)). Then, if there exists a > 0 such that

0< 1~ F(Mkrer) < e~Cr+arenTer, (14)

for T large enough and with M > 0 defined in Theorem 3.2, then for any (I,k) € I(6¢) such that 1 —
F([RY,) > 2¢™*7+0TeE e have Po[8T-L(N) # 60| = o(1).

Remark 3.12. The assumption on the penalisation function (14) is verified in particular if (i) F is
truncated, i.e., F'(x) = 1 ¢ (x) for some (arbitrarily small) € > 0, or if (ii) F is exponentially decreasing
around 0, i.e., F(x)=1— exp{—#} with p> 1/Bif er = T‘ﬂ/m“(log T)? for some g > 0 (see Corollary
4.2 for instance). We note that the choice of penalisation function F determines the detection level of

our risk-minimising graph estimator for “small signals”. With (i), we will detect “signals” ||h?k||1 > €

et s -1 . .
and with (ii), we can detect ||h?k||1 > T~(P@A+1)™" We also note that this assumption is related to (11),
however, since it applies on the penalisation function ¥ and not on the prior distribution, it does not
alter the posterior distribution, thus the estimation of vy and Ag.

The proofs of Theorem 3.9, Proposition 3.10 and Theorem 3.11 can be found in Section S3 in the
Supplementary material (Sulem, Rivoirard and Rousseau, 2023).

4. Prior models

In this section, we construct prior distributions I that satisfy the assumptions of our main results stated
in Section 3 and obtain explicit posterior concentration rates for Holder-smooth classes of interaction
functions. For ease of exposition, we consider link functions ¢y ’s injective on (my, My), with my, My, €
R U {—00, +00}.

First, we consider a prior on v = (vg); of the form: vy iid. Ty (Vil(hiie k) o 1 (Vi) Ly ) (Vi) With
my, a positive and continuous probability density on (0, +o0). To verify (A1), we can for instance choose
m, such that m,(v¢ > x) < x™* with a > 1. Then it is enough to choose ¢, such that ¢ > (k7 + ¢1)/a.
Moreover in Case 2 of Proposition 3.5 (i.e., shifted ReLU with unknown shift 6y), we consider a prior

on @ such that 6; iid. mg with my a density wrt the Lebesgue measure on (0, +00).

For the prior on /2, we consider the hierarchical structure (9) introduced in Section 3.2 and for the sake
of simplicity we assume that oy iid. B(p), Y, k) e [K]z, p € (0, 1), although as previously mentioned,
more general priors on § could be considered. We recall that 1(6) = {([,k) € [K1?; 6 = 1}. We then
consider two parametrisation setups. In the first one, 4 = (hy, (I,k) € 1(9)) is drawn from a truncated
distribution of the form

1 (A16) o dTIZ O ()15 <1 (), (15)

or simply dI1j(h|0) o dﬂfll(é)l(h) in the case of a bounded link function (condition (C2)), where IIj, is
a prior distribution on one function. In the second parametrisation setup,

7 7 7 j.i.d.
hie=Suhu,  |hu|, = 1. [hul(.k) € 16)] "= T, 16 ~ g5, (16)

with ITj is a prior distribution on one L;-normalised function and Ilgs is a prior distribution on matrices
with non-zero entries § and, under (C1bis), satisfying ”S +|| <1.
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Examples of the parametrisation setup (15) are Gaussian processes (or hierarchical Gaussian pro-
cesses) priors, and prior distributions based on an expansion on some basis, such as Legendre, Fourier,
wavelets, splines, etc. As mentioned earlier, the prior assumptions (A0)-(A2) are very common in the
literature, which allows to directly apply existing results, as we illustrate on spline priors in Section
4.1. In Donnet, Rivoirard and Rousseau (2020), a similar construction is provided using a mixture of
Betas distributions in the linear Hawkes model, which leads to the minimax rate of assumption up to
a logarithmic factor. We report this construction in the nonlinear model in Section S5.1 in the Supple-
mentary Material (Sulem, Rivoirard and Rousseau, 2023) and obtain the same estimation rate up to
logarithmic terms. The difficulty in this parametrisation might be to prove condition (11) in Theorem
3.9 for estimating the connectivity graph. In Section 4.2, we illustrate the second parametrisation setup
(16) with random histogram priors, which is a setup where condition (11) can be more easily verified.
We also consider a prior based on mixtures of Beta distributions in the Supplementary Material (Sulem,
Rivoirard and Rousseau, 2023). We denote H (8, Lg) the class of S-smooth functions with radius L.

4.1. Spline priors for I},

A nonparametric prior I, satisfying the assumptions of Theorem 3.2 can be constructed using the
family of splines or free knot splines. Without loss of generality, we assume that A = 1. For J > 1, let
to=0<1t <--- <ty =1 define a partition of [0,1] and I; = (¢j-1,¢;), j € [J]. We consider splines of
order ¢ > 0, i.e., piecewise polynomial functions (on the partition) of degree ¢ and for g > 2, g —2 times
continuously differentiable. For a given partition, this defines a vector space of dimension V=g +J -1
(see for instance Stone (1994); Ghosal, Ghosh and van der Vaart (2000)).

For the sake of simplicity, we present the construction of regular partitions, where ¢; = j/J, however
random partitions can be dealt with following the computations of Section 2.3.1 of Donnet, Rivoirard
and Rousseau (2020). Let B = (By,--- ,By) be the B-spline basis of order ¢, as defined in Ghosal,
Ghosh and van der Vaart (2000). Recall that for any j € [V], B} has support included in an interval of
length g/J, Bj > 0 and Zj Bj(x) =1 for all x € [0, 1]. We can then define

hps(x)=w!B(x), weRY, J~P),

where P(2) is the Poisson distribution with mean A, and consider the following hierarchical construc-
tion of 11,

wi" o, 1<j<V=q+i-1, (17)

with 7,, a positive and continuous density on R satisfying 7,,(x) < e~ for some ay,a», 1> 0.

Using Lemma 4.1 of Ghosal, Ghosh and van der Vaart (2000), if hq is H(B, L) for some B < ¢
and Lo > 0, then setting J7 = Jo(T/1og T)"/@B*D e = (T /1og T)P/@B+D  there exist wy € RV, V =
g+ Jr —1 and C > 0 such that ||y — Ay, j;llc < Cer. Moreover using Lemma 4.2 and Lemma 4.3
of Ghosal, Ghosh and van der Vaart (2000), we have |lwg|lc < Cp, for some Cyp, and obtain that {w €
RY7, |lw — wolleo < €7} € Bo(er), which leads to (A0). Similarly, from Lemma 4.2 of Ghosal, Ghosh
and van der Vaart (2000), |[y.7 — huw Jlli S llw — |l and with Hr = {hy, 75 |[wlle < T50, J < JJr) for
some By > 0 and J; > 0, (A1) and (A2) are also verified. We finally obtain the following result.

Corollary 4.1. Let N be a Hawkes process with link functions ¢ = (¢y)x and parameter fy = (vo, hg)
such that (@, fo) verify the conditions of Lemma 2.1, and Assumption 3.1. Under the above spline prior,
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if for any (1,k) € [K1*, h) € H(B, L) with B € (0,q + 1] and Lo > 0, then for M > 0 large enough, we
have

Eo [T1(If = folli > M (T/10g T)P/#*D (log TY|N)| = o(1),
where qo = 0 if ¢ verifies Assumption 3.1(i) and qo = 1/2 if ¢ verifies Assumption 3.1(ii).

To estimate the connectivity graph dg, one can either use the penalised estimator (13), which from
the above computations and Corollary 3.11 is consistent, or use the estimator based on the 0-1 loss
function if (11) can be verified. In the next section, we consider a prior based on random histograms
and illustrate how the latter condition (11) can be satisfied.

4.2. Random histograms prior

Random histograms are a special case of splines with ¢ = 0. These piecewise constant functions are of
particular interest in the modelling of spike trains emitted by biological neurons, which only interact
on certain time periods. We use a similar construction as in Section 2.3.1. of Donnet, Rivoirard and
Rousseau (2020), however here the interaction functions are no longer restricted to be non-negative.
Using parametrisation (16), the interaction function Ay for (1, k) € I(8) has the form hy, = S il and the
hy’s are independent and distributed as a random histogram /¢ defined as follows. Given a partition
t:0=ty<t;<---<ty=1, we define

J-1 J-1

- wi
Fu@)= ) A D A= T~P(D), 1>0.
=0 J+1 J j=0
Similarly to Donnet, Rivoirard and Rousseau (2020), the prior on (Jw1],-- - ,|wy|) is constructed by first

selecting the non-zero coeflicients w;’s, then defining a Dirichlet prior on the vector of non-zero |w;|’s,
and finally sampling the sign of the w;’s. Hence,

M-

VielJl, wj=Zuj, Zje{-1,0,1}, u;>0, uj=1,

J=1

and u; = 0if Z; = 0. We can consider Z; iid. Multinomial(p_1, po, p1), with p_1 + po+ p1 = 1, and given

(Z1, - Zy)s (uiys e sui )~ DNas,, -+ ,as),  s;=2j1Zjl, where iy, - - iy are the indices of the non
zero Zj’s and a—1,@p,a1,as, > 0. Finally if the partition t is random, we consider a Dirichlet prior
D(a, - ,a)on (t;,tp —t1, -+, 1 —t;_1). We note that this construction is very similar to Section 2.3.1

of Donnet, Rivoirard and Rousseau (2020), and we therefore obtain the same results as in Corollaries
2 and 3 of Donnet, Rivoirard and Rousseau (2020).

Besides, to estimate the connectivity graph using the 0-1 loss (and to establish our posterior consis-
tency result), we can now verify (11). This condition holds if, with dllgis = [T ers) dl1s (S w)Ljs+|<1
(under (C1bis)), [1g has a positive and continuous density s on either [, 1] if S ?k > €, or if the density
near 0 verifies

75 (sP) oc sP@D exp(—a/s?)Lo11(s), p>B, a>0.

We now present a corollary of Theorem 3.2 in the case of random histograms with random partitions,
which is proved as in Donnet, Rivoirard and Rousseau (2020).
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Corollary 4.2. Let N be a Hawkes process with link functions ¢ = (¢y)x and parameter fy = (vo, hg)
such that (¢, fy) verify Assumption 3.1. Under the above random histogram prior, if for any (I,k) €
[K]?, h?k e H(B, Ly) with B € (0,1] and Ly > O, then for M large enough, we have

Eo [T1(1f = foll: > M(T/1og Ty #/**D(log TY?|N)| = o(1),
where q = 0 if ¢ verifies Assumption 3.1(i), and q = 1/2 if ¢ verifies Assumption 3.1(ii).
q ¢ p q

Finally, in the case of the ReLU model (Proposition 3.5), we can also verify (8), in special case of
the true parameter fy = (vg, hp) where each h?k lie in the space of finite histograms.

Lemma 4.3. Let N be a nonlinear Hawkes process with parameter fy = (vo, hg) and ReLU link func-
tions ¢r(x) = (x)4, Yk, satisfying Assumption 2.2 (and condition (C1bis)). If for all (L,k) € [K1?, there
exists Jo € N* such that h?k(t) = jil w%]llj(t), with {Ij};zl a partition of [0, 1] and V' j € [Jo], w% €qQ,
then (8) holds.

Remark 4.4. In the previous lemma, the condition that the weights w%, (I,k) € [K]?, j € [J] are ra-

tional numbers is a technical argument that allows to find a lower bound on ;lﬂ‘( fo) when /lﬂ‘( fo) > 0.
This results from a density argument of the linear combinations of the weights, which, under these
conditions, constrains /l’;( fo) to take values on a lattice. Besides, we note that our result is in fact more
general and applies to any model with Lipschitz link functions such that min,cr ¢x(x) = 0.

Lemma 4.3 is proved in Section S5.2 in the Supplementary material (Sulem, Rivoirard and Rousseau,
2023).

5. Proofs

In this section, we report the proofs of our main theorems on the posterior concentration properties
(Theorems 3.2 and Proposition 3.5), and on the estimation of the connectivity graph (Theorems 3.9 and
3.11). Instead of using the clustering structure of linear Hawkes processes like in Donnet, Rivoirard and
Rousseau (2020) or a coupling technique like in Chen et al. (2017), these proofs leverage the renewal
properties of nonlinear Hawkes processes notably studied by Costa et al. in Costa et al. (2020). The
novelty of our proofs lies in the selection of parts or special “excursions”, that allow us to estimate the
parameter at a rate equivalent to the one for a linear Hawkes process. In the following section, we first
recall the definitions of the concept of excursions and some properties of the process’ renewal times.

5.1. Renewal times and excursions

In the following lemma, we introduce the concept of excursions for stationary nonlinear Hawkes pro-
cesses verifying the conditions of Lemma 2.1. This result extends the ones of Costa et al. in Costa
et al. (2020) to the multivariate case under condition (Clbis) of Lemma 2.1 and to bounded models
(condition (C2)).

Lemma 5.1. Let N be a Hawkes process with monotone non-decreasing and Lipschitz link functions
¢ = (dr)r and parameter f = (v,h) such that (¢, f) verify (Clbis) or (C2). Then the point process
measure X(.) defined as

X:(.) = Nlg-a> (18)
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is a strong Markov process with positive recurrent state 0. Let {7 j} j>0 be the sequence of random times
defined as

)0 ifj=0;
P inf{> 705 X # 0, X, =0 =inf{r> 705 Nijgoan #0, Ng-ag =0} ifj>1.

Then, {7} ;>0 are stopping times for the process N. For T > 0, we also define
Jr=max{j>0; 7;<T}. (19)

The intervals {[Tj,Tj+1)}JJ.£61 U [1y;,T] form a partition of [0,T]. The point process measures
(Nlizjz)1<j<tr—1 are i. i.d. and independent of N|or,) and N[ TS they are called excursions and
the stopping times {7} j>1 are called regenerative or renewal times.

The proof of the previous lemma is omitted since it is a fairly direct multivariate extension of some
elements of Proposition 3.1, Proposition 3.4, Theorem 3.5 and Theorem 3.6 in Costa et al. (2020),
recalled in Section S.10 in the Supplementary Material (Sulem et al. (2023)). For the extension to
bounded models, we use a direct consequence of the results in Costa et al. Costa et al. (2020) that if N
is dominated by a homogeneous Poisson point process, then it also have the regenerative properties of
Lemma 5.1. We also note that since A is known, the renewal times 7;’s are observable. In the rest of
this article, we denote

AT] =T72—-71, (20)

the length of a generic excursion. For any link functions ¢;’s and parameter f = (v, 1), we denote rf the
value of the intensity process at the beginning of each excursion, defined as

rp=( ol =), ke[K] Q1)

In the next two lemmas, we prove some useful results on the distributions of A7y, on the number of
points in a generic excursion N[71,72) and on the number of excursions in the observation window
[-A,T], Jr, defined in (19).

Lemma 5.2. Under the assumptions of Lemma 5.1, the random variables Aty and N[t1,72) admit
exponential moments. More precisely, under condition (C1bis), with m = ||S +|| <1, we have

Vs <min(lrgll, y/4) By et [ < oo, and Ep[eMT] < roo, y = 12_71}? 10g( 12+mm)

. Al?
Under condition (C2), we have Vs < ming Ay), Ey [emﬁ] < ﬁ

particular, this implies that Er [N[T] ,T2) + N[71, 72)2] < +00.

and Ey [eSN[Tl’Q)] < +oo. In

Remark 5.3. The previous lemma provides exponential moments of Ar; and N[7y,73), under the
assumption that HS +|| < 1 (C1bis), but we conjecture that results of Lemma 5.2 still holds under the
more general conditions r(S*) < 1 (C1) of Lemma 2.1.
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Lemma 54. Under the assumptions of Lemma 5.1, for any 8> 0, there exists a constant cg > 0 such
that Py |Jr ¢ Urp. Jrp2)| < TP, with Jr defined in (19) and

J B T I—c logT J B T L4c logT
U E A PN T ) T T Efana PN T )

The proofs of Lemmas 5.2 and 5.4 are reported in Section S8 in the Supplementary Material (Sulem,
Rivoirard and Rousseau, 2023).

5.2. Proof of Theorem 3.2 and Case 1 of Proposition 3.5

In this section, we prove our main posterior concentration theorem, Theorem 3.2, as well as Case 1
of Proposition 3.5, which deals with the specific case of the standard ReLU model. The first step of
this proof borrows some ideas from the one of Theorem 3 in Donnet, Rivoirard and Rousseau (2020),
but also introduces novel elements built from the renewal properties of the process. In particular, the
posterior concentration is first proved in terms of a particular distance on the intensity process (see
Proposition 5.5 below), which in fact corresponds to a stochastic (pseudo) distance on the parameter
space ¥ . This stochastic distance d,r resembles the L; stochastic distance used in Donnet, Rivoirard
and Rousseau (2020), except that it is restricted to a subset of the observation window [—A, T'] which
only contains the beginning of each excursion. More precisely for any excursion index j € [Jr — 1], we
denote (U;.l), U;Z)) the times of the first two events after the j-th renewal time 7; (as defined in Lemma

5.1). We note that by definition, U;l) €[, 7)), UE.Z) €lrj,tjr2]land 7j4q 2 U;.l) + A. We then define
our restricted observation window A,(T') as

Jr—1

Ax(T) = [7),&)] (22)
j=1

with&; := U;z) if Uj.z) € [1j,7j+1) and &} := 741 otherwise. We note that the interval [, &;] corresponds
either to the beginning of the j-th excursion or to the whole excursion [7}, 7 ;1) when the latter contains
only one event, implying that UE.Z) > 74+1. Moreover, since the renewal times (and Jr) are observable,
so is Ax(T).

The construction of A»(7) is a novel and essential element of our proof. Informally, it corresponds
to a set of intervals where the parameters can be inferred in a similar way as in the linear Hawkes
model and which Lebesgue measure is of order 7. More precisely, using the renewal properties from
Section 5.1, we will prove, using Lemma A.1, that with probability going to 1, |A>(T)| = T under Py.
We can now define our auxiliary stochastic distance as

N R
Q=7 [ Lot - 4 e 23)
k=1

and state our intermediate posterior concentration rate result, which holds for all models satisfying the
conditions of Theorem 3.2 and the ReLU-type models considered in Proposition 3.5.

Proposition 5.5.  Under the assumptions of Theorem 3.2 or Proposition 3.5, for M. = M’ \fkr with
M’ >0 a large enough constant,

Eo [T1di7(f, fo) > MyerIN)| = o(1).
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The proof of the previous proposition follows the strategy of Donnet, Rivoirard and Rousseau (2020)
in Theorem 1, which is based on the now well-known argument by Ghosal and van der Vaart (2007).
However, we note that in our setting, this strategy can be applied thanks to the definition of the stochas-
tic distance which restricts the observation window to the set A>(7). We recall here its main steps.
First, we restrict the space of probability events to a subset Q7 that has high probability (see below and
Lemma A.1). Secondly, we prove a lower bound of the denominator D7 defined in (5), derived from the
technical Lemma A.2. Thirdly, we consider a ball centered at the true parameter fj of radius M7.er w.r.t.
dir, denoted by Ag,(M7er) C F. Finally, to find an upper bound of the numerator Nr(Ag (M7.€r)°)
defined in (5), we partition Ay, (M/TeT)c into slices {S;}; on which we can design tests that have expo-
nentially decreasing type I and type II errors (see Lemma S6.1 in the Supplementary Material (Sulem,
Rivoirard and Rousseau, 2023) ). We then define ¢ as the maximum of the tests on the individual slices
S;. Due to the space constraints, this proof is reported in Section S2 of the Supplementary Material
(Sulem, Rivoirard and Rousseau, 2023).

From Proposition 5.5, we prove Theorem 3.2 and Case 1 of Proposition 3.5 using the following
classical decomposition (see for instance the proof of Theorem 1 in Donnet, Rivoirard and Rousseau
(2020)). Let A, Be Fr C ¥, with B possibly data dependent, ¢ € [0, 1] be a measurable test, x7 defined
in (6), and Q7 c Q. Then,

Eo [TI(A N BIN)] < Pg | (D < e~ ®T+e0TeRy QT] +E [¢1L - ] +Py[Q5]
+ e(KT+c1>Te;H(¢;) L kT HeNTE f Eo []Ef [(1 - lp(H)lg, (N)‘QO”dH( . b
ANFr

We first introduce the set Qr, which from Lemma A.1, has probability P [Q‘T] going to O at any
polynomial rate. For T > 0, we denote

J-1 1 logT
={JeN; |[— - < ,
Ir { = B <oV T }
with ¢g > 0 (and 8 > 0) chosen in Lemma A.1, and, with ry :=rg, = (r(l), .. K) where r gbk(vk) and
u{ = Eo [Af(fo)]. for any k.
K | sk
N [ -A,T] 0
Qn ={max sup Nk[t—A HN<CglogT ;N — | <01y,
{kEIKlte[o T] p ; k
Jr—1
logT
Q;={UreJr}, Qu Wi -1 -2¢
T {Z ]EO[ATI]”VOHI g

log T

with 87 = & , 60 > 0 and Cg > 0 chosen in Lemma A.1 and define

Qr=0yNQ;NQy. (25)

The sets Qu, Q; and Qg control respectively the number of events, the number of excursions and
the length of excursions. First, Qy corresponds to realisations of N such that the number of events in
any interval of length A is upper bounded by cglog T, and the number of events on [-A,T] is close
to its expectation under the stationary distribution Pg. Secondly, €2 corresponds to the realisations
such that the number of excursions in the observation interval [0, 7] divided by T, J7 /T, is close to
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its limit 1/Eg[A71]. Thirdly, on Q, the measure of the subset corresponding to the collections of the
beginnings of excursions (from 7; to the first event U;.l)) is of order T.

Next, we bound the denominator of the posterior Dr from (5). From Lemma A.2, together with the
lower bound technique of Ghosal and van der Vaart (2007), we have that

Po[L -L —kyTE2)2
IPo[Dr<H<Bm<er))e‘”“%]<2 f olLr(f) = Lrlfo) < krTep/2l oo oy (26

Boo(er) II(B(€r))

which leads to 1Py [DT < e’(KT“‘)TE%] = o(1) using asssumption (A0).

Then, we find a lower bound on |A>(T)| on Qr. We recall that the point process measures
(NI[TJ.,TI.H))KKJT,l are i.i.d. and a fortiori that the random variables {U;l) - 7;}; are i.i.d. More-
over, for any je€ [Jr — 1], t € [1}, U;l)) and k € [K], the intensity process is by construction equal
to Af (fo) = r]? = q)k(vg). Therefore, conditionally on 7, UAE.I) has the same distribution as an event from
a Poisson point process beginning at 7, with intensity [|ro||;, since the process is the superposition of

K univariate Poisson process with intensity N ke [K]. Thus, under [Py, each variable U;l) -1 follows
an exponential distribution with mean 1/ ||rgl|{, and on Qy;, for T large enough, we have that

Jr—1 Jr—1

1
|A2(T)|: ( '—T')> (U(.l)—T')>COT, cpi=—.
jz_; S ; ;o 2 [Ar1 1110l

Finally, for R > 0, we define the balls in L and stochastic distances

ALR):={f€F5 If = follh <R),  Agy(R) = {dir(f, fo) <R).

We now apply the decomposition (24) with ¢ =1, A := Ay (Mrer)® and B := Ay, (M’TeT), with
My = M ~fkr, M}, = M’ \Jxr, M > M’ and M’ defined in Theorem 5.5. As in the proof of Theorem 3
of Donnet, Rivoirard and Rousseau (2020), we are thus left to prove that

~ , i 2
sup  Pr[Qr N Ay, (Myer)IGo| = op, (™17, 27)
Ar (Mrer)‘nFr

with ¢y defined in assumption (A0). We recall that P is the process distribution associated to parameter
f defined in (3). To prove (27), we consider f € Ay, (Mrer)° such thatdi7(f, fo) < M’TET and for / € [K]
and j € [Jr — 1], we define

Zji = f " = A foldt. (28)

We note that using Lemma 5.1, the random variables {Z;} je[j,-1; are i.i.d., and from (23) we also have
_ Jr—1

that T'd 7 (f, fo) > ?][E}()j 2. Zj;. In order to derive a Bernstein-type inequality on the sum of the Z;’s,
S j=1

we first find an upper bound of Z;; and its moments. Using that the link functions ¢;’s are L-Lipschitz,
we have

Zj= f " 0e L 1)) = (v, ho)lde < L f "1, by — Avo. ho)ldr
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o ! = B U

<SLE - —I+L)
k

<SLA+UL =i =1+ L) g =Wl LA+ 1+ UL =plif = foll; . (29)
k

Moreover, under P, for any j € [J], U D _z | follows an exponential distribution with mean 1/ ||rf||1,
therefore, for any n € N, Ey [(U;l) - -rj)"] =

y"), we thus obtain that

”’f” . Using the standard inequality (x + y)" < 2"~ 1(x" +
1

By|zpy| <272 (A + 1" + B [0 =2 |)If = foll;

n-2 2
2n1[2Lmax(A+1 Jllf f0||1] xLzmax[A+1 ! ] If - foll§ < —n B2,
Il Irll,
(30)

with b := 2L max (A +1, ||r§|| )||f foll; and v := Lmax (A +1, 2 ||rou )||f—f0||1. In the last inequality,
we have used the fact that [|ry — roll; < le(f,fo) < M’TeT on Qr. This is because (Uil) -7+ +
(UJT = Tjr-1) 2 coT/2, which leads to

TSl 10|

Tdir(f, fo) > va SR =0 UL ) 2 g e 6D

It also implies that ||r¢ll; > [Iroll; — ||rf - r()”1 > ||roll1 /2 for T large enough.

Our final argument consists in using the lower bound on [E [Z};] obtained in Lemma A.4. In this
technical lemma, we show that there exists / € [K] and C(fp) > 0 such that E¢ [Z;] > C(fo) llf — foll; -
Therefore, for this /,

Py [QT N{dir(f. fo) < Myer) |Q0] <Py

'

Jr—1
Qrn Z [SM}TET

j=1

Jr-1
Qw{Z( 11— Er|Zp]) < MyTer - (U - DEf[Z; ]}Qo]
o T ||f - flly

;(Zﬂ “Erlzih<- 4Eg[ATy]

Go

<Z]Pf

JEJT

Qo],

CUT||f - 1ol
Y {Z( il < Ggmnr

JEJT J=

where we have used, for the third inequality, that on Q7, Jr — 1 > m, Ilf = folly = Mrer and
M7, < Mr. For each J € Jr, we can now apply the Bernstein’s inequality:

J-1 x2
Pr| [z ‘P{ T
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with x = —%. We first upper bound the term v* + bx:

)(Lmax(A+1, 2 )+ C(fo) )Ilf—foll%

CUIf = foll;
2, SV = Jolly
v Irolls) " 210l Bo [A1]

4FEo[ATq]

< Lmax (A +1,
lIrollt

=Ci(fo)llf - fol?,

: ._ 2 2 C(fo) : :
with C1(fp) := Lmax (A +1, W) (Lmax (A +1, W) + W:))[An])‘ Finally, we obtain that

ol cool_COPT I -nlE | f ot
0| sexp - I A I TSI Y
8(J - D1 |If - foll;

T |lf - Al

J-1
Py j;(zﬂ i [Z.il]) < 4Eo[AT]

and since KTE% =o0(1), we can conclude that

27 _CHPT _ et
]Eo [AT]] exp{ 16C1(f0)}_0(e T)’

which corresponds to (27) and terminates the proof of Theorem 3.2 and Case 1 of Proposition 3.5.

Py [QT n{dir(f, fo) < M}eT}|go] <

6. Conclusion

In this paper we have established concentration and consistency properties of the posterior distribution
and of Bayesian estimators of the parameter and connectivity graph, in a general class of nonlinear
Hawkes processes. These results validate the common use of these models in different applied contexts.
In particular, our results include the commonly used sigmoid and softplus models, as well as the more
challenging ReLU model, under some additional restrictions on the parameter space. Moreover, we
provide the first theoretical results for estimating an additional parameter of the link functions, in
the case of shifted ReLU with unknown shift. To prove those results, we have built a new technique
for obtaining model identifiability and concentration inequalities based on the decomposition of the
process into excursions, recently introduced by Costa et al. Costa et al. (2020). Finally, our results hold
under reasonable assumptions on the prior distribution and the true model, and we provide practical
examples for which those conditions are verified.

Although rather weak assumptions have been used to prove our results, it is likely that the latter
hold in more general contexts. In particular, we believe that one could relax the condition on processes
with bounded memory (A < +o0) since the regenerative properties of the nonlinear Hawkes processes
also hold for processes with unbounded memory. One major improvement of our results would be to
consider high dimensional processes (K — o0), possibly in restricted models such as sparse models
Bacry et al. (2020) or clustering models Raad, Ditlevsen and Locherbach (2020). Another perspective
would be to prove the frequentist minimax rate of estimation, since it would be of great interest to
evaluate the optimality of Bayesian procedures in nonlinear Hawkes processes. Some practitioners
might also be interested in additional results on the estimation of the link function, through a different
parametric or even nonparametric form, like in Wang et al. (2016).

Appendix A: Main lemmas

In this section, we state some important lemmas to prove our main results in Section 5. The proofs
of Lemmas A.1, A.2, A.4 and A.5 are provided in Sections S2 and S9 in the Supplementary Material
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(Sulem, Rivoirard and Rousseau, 2023). The first two lemmas are controls respectively of the comple-
ment of the main event Q7 under the true distribution Py, and of the deviations of the log likelihood
ratio Ly (fo) — L (f).

Lemma A.l. Let Q > 0. We consider Qr defined in (25) in Section 5.2. For any B >0, we can
choose Cg and cg in the definition of Qr such that ]PO[Q 1< T7B. Moreover, for any 1 < ¢ < Q,

Eo

]ch max; sup (Nl[t —A, t)) ] <2772, Finally, the previous results hold when replacing Qr by
1€[0,T]

QT = Qr N Q4 with Q4 defined in Section S1 of the Supplementary Material (Sulem, Rivoirard and
Rousseau, 2023) for the model with shifted ReLU link and unknown shift.

Lemma A.2. Under the assumptions of Theorem 3.2 or Proposition 3.5, for any f € Bo(er) and T
large enough, we have

[Lr(fo) Lr(f)> KTTGT =o(D).

with 10 (under Assumption 3.1(i))
kr =:10(ogT)  (under Assumption 3.1(ii) )
10(log T)?  (under Case 1 and condition (8))

Remark A.3. Contrary to the typical approach, the proof of Lemma A.2 is not based on the control
of the variance of L7 (fy) — L7(f), which is intractable due to the nonlinear form of the log-likelihood
function, but on a decomposition of Ly (fy) — Lr(f) — KL(fy, f) into a sum of i.i.d. terms T'; defined as:

T (o) T
Tj;zzk:ij log(/{f(f))de—j;j (A (fo) = A5 (f)adt.

The next lemma is a notably used in the proof of Theorem 3.2 in Section 5.2 and bridges the gap
between the posterior concentration rate in stochastic distance (see Theorem 5.5) and the rate in L;-
distance (Theorem 3.2).

Lemma A4. For feFrandlel[K], let

Zy = f () = AL fo)ldt,

where &1 is defined in (22) in Section 5.2. Under the assumptions of Theorem 3.2 and Case 1 of
Proposition 3.5, for My — oo such that Mt > M ~fkr with M > 0 and for any f € Fr such that
v = voll; <max(|voll; , €) with C > 0, there exists 1 € [K] such that on Qr,

Er[Zul = CUo)If = foll

with C(fy) > 0 a constant that depends only on fy and ¢ = (¢ )x.

Similarly, under the assumptions of Case 2 of Proposition 3.5, for f € Fr and 0 € O, let ry =
ks rp = (D with 10 = g9 = 60 +02, = ge(vi) = 6 + vie, Yk If || = ro||, < max(liroll, €*)
with C' > 0, then there exists | € [K] such that on Qr,

Ef[Z11> C'(fo)llry = rolly + Ik = holly),  C'(fo) > 0. (32)
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Finally, this last lemma provides upper bounds on type I and type II errors for the tests used in the
proof of Case 2 of Proposition 3.5 in Section S1 of the Supplementary Material (Sulem, Rivoirard and
Rousseau, 2023)for estimating the parameter of the link functions 6.

Lemma A.S. Using the notations of Section SI of the Supplementary Material (Sulem, Rivoirard and
Rousseau, 2023), for 61 € A(Mrer), fi € AL, (Mrer) N Fr, we define

v1
<ol |

__Po?
2Eg[At]

9(f1.61) = max mm(ILNkaS(fl ON-AU o )<—vr ¥ 1|5|<2Eg<[);1] AN 01,600 -A2U0 1 00, fo)>or

with I]?(fl,el) and & defined in (S1.3) and (S1.3) in the Supplementary Material (Sulem, Rivoirard
and Rousseau, 2023), po =Py [j € E], ANIE(f1,0))) = fOT Lo, gl)ﬂ’;( fo,60)dt and vy = wrTer with
V(i

wr =2 \/maxy 92(KT +c1) + 2x0 and xo > 0. Then there exists uy > 2xo such that

’ - 2 _ . 2
[Eo [¢(f1,01)11g~27] <eTe, sup Eo [IEf [(1 - ¢(f1,91))]1§/T] ‘go] = o(e~krrenTepy
lo=6111+11f = fill<Zer

Supplementary Material

The supplementary material contains ten sections and includes proofs and additional results, notably
the proofs of Proposition 2.3, Proposition 2.5, Proposition 3.5, Corollary 3.8, Proposition 3.10, The-
orem 5.5 and Theorem 3.11 (second case). It also includes an alternative construction of the prior
distribution and the proofs of the technical lemmas in Section 5 and Appendix A, and Lemma 2.6.
Finally, the last section contains some useful results, in particular some extensions of the results from
Costa et al. (2020) related to the regenerative properties of nonlinear Hawkes processes.
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