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could be PT-symmetric only for a discrete set of real frequencies. For gain and loss layers with identical parameters, the PTsymmetry condition can be fulfilled at the emission frequency.

It is necessary to note that in practice it is difficult to design structures with perfectly balanced gain and loss. The aim of this paper is to explore the fundamental properties of one-dimensional (1D) layered non-Hermitian systems (with or without PT-symmetry) by taking into account the dispersion for gain and loss media. We derive the characteristic frequencies for practical realization of PT-symmetry, and we investigate the role of material dispersion in non-Hermitian scattering systems, where the spatial distributions of gain and loss are not subject to any spatial symmetry requirements. We point out the existence j 2) have the form [START_REF] Zyablovsky | PT-symmetry in optics[END_REF],

ε j ω ε 0j - α j ω 0j γ j ω 2 -ω 2 0j iωγ j ; (1) 
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where ε 0j is the background permittivity of the medium, ω 0j is 60 the emission frequency, γ j is the gain/absorption linewidth, and 61 α j is the gain/absorption coefficient.
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First, let us consider a PT-symmetric optical system. In this 63 case, we assume that two slabs have an identical thickness, 

jα 1 j α 2 ω 02 γ 2 2 ω 2 -ω 2 01 2 γ 2 1 ω 2 ω 01 γ 2 1 ω 2 -ω 2 02 2 γ 2 2 ω 2 : ( 3 
)
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The dependence of the absorption coefficient on the fre-76 quency is presented in Fig. 2 to the difference between the background permittivities of 89 the gain and loss media,

Δε ε 02 -ε 01 α 2 ω 02 γ 2 h ω 2 -ω 2 02 γ 2 γ 1 ω 2 -ω 2 01 i ω 2 -ω 2 02 2 γ 2 2 ω 2 : (4) 90 
From (4), it immediately follows that for Δε 0, the PT-91 symmetry condition for an optical system can be fulfilled only Since the layers are assumed to be homogeneous in the x-y plane, the fields can be divided to TE and TM polarized waves with their field profiles y-independent (∂∕∂y 0); therefore, they can be analyzed separately. Here, we investigate the electromagnetic scattering properties of the medium under a TM plane-wave illumination incident at angle Θ (Fig. 1). It is assumed that the stack is surrounded by air with the relative permittivity ε a 1. The field distributions are obtained as the solutions of the Helmholtz equation. To get the scattering characteristics, we use the Fresnel approach, taking into account the restrictions for the thickness of the amplifying layer [START_REF] Dorofeenko | Light propagation in composite materials with gain layers[END_REF]. The reflection and transmission coefficients are readily obtained by satisfying the continuity conditions for the tangential field components at the stack interfaces. We note that when the gain layer thickness exceeds some critical value, lasing begins to develop, and the characteristics of the system must be described in the nonlinear approximation using a field-dependent dielectric constant [START_REF] Dorofeenko | Light propagation in composite materials with gain layers[END_REF]. In this case, the solution of the problem cannot be obtained by the aforementioned Fresnel method. It can be shown that for frequency values near the emission frequency ω 01 , the critical thickness of the gain layer is much less than the wavelength of electromagnetic wave.

Wave scattering in the proposed system is modeled using the corresponding optical scattering matrix (S-matrix), which sequentially relates the fields at the system interfaces,

B C ̑S A D R L ω T ω T ω R R ω A D ; (5) 
where A and C are amplitudes of the forward, B and D are amplitudes of the backward propagating waves outside the stack, R L;R ω are stack reflection coefficients for wave incident from the left (L) and right (R), and T ω is the transmission coefficient. In the most general case, the eigenvalues of the S-matrix are given by corresponding to the loss dominated system is gray shaded. an electromagnetic field in the system with the default parameters and (c), and (d) corresponding to loss dominated system is gray shaded.

λ 1;2 R L ω R R ω ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi R L ω -R R ω 2 4T ω 2 p 2 : (6 
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In the general case of a non-Hermitian system, the analysis of 

64 d d g

  d l , and the distributed loss and gain are in perfect 65 balance. The PT-symmetry condition for such a structure is 66 defined by the condition for the dielectric permittivities of 67 the layers, Re ε 1 ω Re ε 2 ω; Im ε 1 ω -Im ε 2 ω: (2) take α 1 < 0 and γ 1 > 0, which ensures the causality of dielec-72 tric permittivity [22]. The last equation in (2) leads to the fol-73 lowing relation between the gain and absorption coefficients of 74 two layers,

92 for the frequency ω s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ω 2 02 γ 1 ω 2 01 γ 2 Fig. 2 (

 22 Fig. 2(b). It is evident that for Δε ≠ 0, we can get a maximum
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209 the eigenvalue spectrum dependence on the parameter α 2

 2 dem-210 onstrates that the EPs can be obtained for specific parameters of 211 the structure and incident wave [see Fig. 6(b)]. For the non-212 Hermitian bilayer, starting from some values of α 2 , we can get 213 a set of EPs. Moreover, at high values of the absorption coeffi-214 cient, where the loss layer has a high reflectivity, the eigenvalues 215 of the S-matrix are not sensitive to variations of α 2 . It is observed 216 that, for higher angles of wave incidence, the EPs correspond to 217 the higher frequencies and absorption coefficients. The compo-218 sition of the stack has a significant impact on the number of EPs. 219 In the case of a random stack of alternating layers with gain and 220 loss, we get just one EP at a particular frequency. 221 In summary, the basic scattering properties of dispersive 222 non-Hermitian systems, where the spatial distributions of gain and loss are not subject to any spatial symmetry requirements, are systematically examined. We demonstrate that the proper combination of the parameters of constitutive materials of the system helps to implement the PT symmetry at desirable frequencies of incident waves. It is shown that the dispersive system with nonidentical parameters of materials with gain and loss could be PT-symmetric maximum for two real frequencies. One of our main results is that, for a frequency range close to the emission frequency of the gain layer by changing the parameters of the layers and incident waves and composition of the stack, we can have amplification of a transmitted wave in an on-average lossy non-Hermitian structure. The analysis of the eigenvalue spectrum of non-PT symmetric systems demonstrates the existence of EPs associated with degenerate scattering eigenstates.
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We use positive parameters α 2 and γ 2 for the absorbing 69 medium with Im ε 2 ω > 0. To satisfy Kramers-Kronig rela- and (e) corresponding to loss dominated system is gray shaded.