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Abstract

In this article we reconsider the proof of subelliptic estimates for Geometric Kramers-Fokker-
Planck operators, a class which includes Bismut’s hypoelliptic Laplacian, when the base manifold
is closed (no boundary). The method is significantly different from the ones proposed by Bismut-
Lebeau in [BiLe]l and Lebeau in [Leb1] and [Leb2]. As a new result we are able to prove maximal
subelliptic estimates with some control of the constants in the two asymptotic regimes of high
(b — 0) and low (b — +o0) friction. After a dyadic partition in the momentum variable, the analy-
sis is essentially local in the position variable, contrary to the microlocal reduction techniques of
the previous works. In particular this method will be easier to adapt on manifolds with bound-
aries. A byproduct of our analysis is the introduction of a very convenient double exponent Sobolev
scale associated with globally defined differential operators. Applications of this convenient pa-
rameter dependent functional analysis to accurate spectral problems, in particular for Bismut’s
hypoelliptic Laplacian with all its specific geometry, is deferred to subsequent works.
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1 Introduction

1.1 Background and Motivations

In [Bis041][Bis042][Bis05[] .M. Bismut introduced the hypoelliptic Laplacian which can be viewed
alternatively as a deformation of Hodge theory on the cotangent bundle or as a generalization to the
case of arbitrary degree differential forms of the Fokker-Planck equation (often specified as Kramers-
Fokker-Planck equation in this case) associated with the Langevin process. Very rapidly J.M. Bismut
and G. Lebeau made in [BiLe| a careful analysis of families of such hypoelliptic Laplacians indexed
by a parameteer b > 0, proving in particular the spectral convergence as b — 0% of the hypoelliptic
Laplacian to the Hodge Laplacian on the base manifold. It was in the mood of those times to develop
the accurate spectral analysis of parameter dependent non self-adjoint hypoelliptic operators and we
refer the reader to [Davl][DSZI[HerNil[HHSI for works in this direction which still have many devel-
opments. In [BiLe] J. M. Bismut and G. Lebeau combined such involved microlocal and semiclassical
spectral analysis with the heavy geometrical construction of the hypoelliptic Laplacian and this was
continued by S. Shen in [Shell, for the double parameter asymptotics where the first limit &6 — 0
allows to recover a semiclassical Witten Laplacian on the base manifold let say with a parameter
h — 0% which leads to Morse theory as in [Witl[HeSj4][[Zhall. In [LebIl[Leb2], G. Lebeau introduced
a general class of non self-adjoint hypoelliptic operators for which accurate subelliptic estimates, a
corner stone of the spectral asymptotic analysis, can be proven.

About the Witten Laplacian on the base manifold, it was realized in [LNVI1][LNVZ2] that the in-
troduction of artificial boundary value problems, associated with a suitable cutting and gluing of
the manifold, was a very convenient and robust way for the generalization of the accurate spectral
asymptotic analysis with a potential which can be more general than a Morse function. Such accu-
rate spectral analysis was motivated by various questions related with molecular dynamics. This
raised the question of understanding similar problems for the Langevin process, where the arbitrary
degree form formulation, involves boundary value problems for the hypoelliptic Laplacian. The func-
tional analysis was started in [Niel[NiSh] for fixed hypoelliptic Laplacians, which means with no
parameter. The asymptotic spectral analysis with respect to one parameter b > 0 or two parameters
(b,h) € (0, +00)? remains to be done.

In this direction, the microlocal reduction approach proposed by in [BiLellLeb1l[Leb2] appears to be
not well adapted for a similar asymptotic analysis of boundary value problems. The present article
proposes an alternative approach which relies on some local approximation of the hypoelliptic Lapla-
cian on the cotangent T*@Q of a general compact Riemannian manifold @, by the euclidean version.
This euclidean approximation relies on the use of normal coordinates around a point gy € @ while
the Taylor expansion of the metric leads to controlled error terms in balls B(qo,7p ) parametrized
by the parameter b >0 and the size of momentum variable p € T @ .

While doing so we are able to provide a control of constants in the global subelliptic estimates not
only as b — 0" but also as b — +oo which can be of interest for further developments. The spectral
analysis as b — 0* proving the spectral convergence to the Hodge or Witten Laplacian on the base
manifold, will be carried out in another text. Compared to the works of [BiLellShel, the approach
proposed here makes possible an easier extension to boundary value problems and a more direct
connexion with standard tools of spectral analysis like Grushin problems (seelSjZw]) and other re-
lated works with similar spectral problems studied in [ReTal[Drol[Smill. In particular, global Sobolev
scales #5152(T*Q), s1,s2 € R, are associated with a pair of commuting self-adjoint operators which
make use of the scalar horizontal Laplacian associated with a Sasaki type metric. This synthetic



formulation, of which the properties nevertheless rely on some global pseudodifferential techniques,
was inspired by [ReTal and [BeBol. Again, it will allow a rather direct adaptation of techniques de-
veloped for simpler spectral problems, namely scalar operators on a compact total space within the
framework of standard Sobolev spaces, to the more involved framework of the hypoelliptic Laplacian
(and possibly other global analysis problems on the total space of the cotangent bundle X = T* Q).

1.2 General Framework

In this text we shall consider geometric Kramers-Fokker-Planck operators on X = T*@, where (®, g)
is a smooth compact d-dimensional Riemannian manifold without boundary. Points in X will be
denoted by x, and nx : X — @ will denote the natural projection 7;Q 3 x— g € @ . Local coordinates
on @ will be denoted by (¢1,...,¢%). We shall use Einstein’s convention of summing over repeated up
and down indices. If g € @ and (U, ¢, ... qd) is a local coordinate system for @, then an element of the
fiber p € T;Q will be written p = p;d qj , and (ql, e, qd, Pi,...,pq) will denote canonical coordinates
inUxR? ~T*U < T*@ . If local canonical coordinates (ql,...,qd,pl,...,pd) have been fixed in a
neighborhood T*U of a point x € X , then we shall write x = (q,p).

The metric g on @, i.e. on the tangent bundle n7g : TQ — @, will be denoted by g(g) ='g(q) =
(g ir(q ))1S ik<d OT8=8& ir(@)d g’ dq* . The corresponding dual metric on the cotangent bundle TT+Q:
T*Q — @ will be denoted by g~1(q) = (gjk(q))]_gj’ksd . Let VL€ be the Levi-Civita connection on the
tangent bundle 77 : TQ — @ associated with the metric g. By abuse of notation, we shall also
denote by VE€ the connection on the tensor bundle

TEOTQ=TQo - 9TQRT*Q®--0T*Q (1.1)

k times ¢ times

induced by the Levi-Civita connection on T'Q for every k,¢ e N. If ¢ = (¢1,...,¢%) are local coordinates
for @, then the Christoffel symbols associated the Levi-Civita connection VZC are given by

1 .
rjk - nga (04i8ak +0448aj—0gagjr), 1<j,k,l<d. (1.2)

The connection VZC gives rise to a global decomposition
TX =THXeT"X, (1.3)

where TV X =ker(dnx) is the vertical subbundle of TX associated with the projection nx and T7X
is the horizontal subbundle of TX defined at each point x € X by

THX = {y'(0): there exists ¢ > 0 and a smooth path y : (—¢,¢) — X such that 14
v(0) = x and Vfi‘gx(y,(t))y(t) =0 for all —e<t<e}. '

In terms of local coordinates for X, the subbundles 72X and TV X may be described as follows. If
(ql, . qd,pl, ...,pq) are local canonical coordinates for X, let

o, 0 .
ej_@+rjk(q)p2617k, 1<j=d, (1.5)



and let

. 0
e/=— 1<j<=d. (1.6)
op;

Together these vector fields form a local frame (eq,...,eq, e, ..., ¢?) for TX and locally we have
THX = span(eq,...,eq) 1.7
and

TVX = span (81,...,€d) . (1.8)

Since for every x = (q,p) € X the differential drx|, restricts to a linear isomorphism TfX - T,Q
while TV X = T,Q , the decomposition (L3) yields the identifications

TX =75 (TQe T*Q). (1.9)

The total tangent space TX = THX & TV X is equiped with the metric n;((gé g~ 1), simply written
g ® g !, by using the above identification. Clearly horizontal (resp. vertical) vector fields on X
are given as sections in €°(X;THX) (resp. €°(X;T"VX)). Specific subspaces of horizontal (resp.
vertical) sections are provided by the fact that induces a natural imbedding

Ig:67°@Q;TReT Q) — € X;n1x(TQ e T*Q)) = €7 (X;TX)
and we introduce
€20 T X) = i g(6™(Q; TQ) = €™(X; T X),
resp. cgg’(X;TVX) = ig(<€°°(Q;T*Q))C<€°°(X;TVX).

These spaces ng’(X;THX) and <ée‘S‘D(X;TVQ) are €°°(Q;R) modules. Additionally on €*°(Q;TQ &

T*Q) a €*-norm can be fixed once and for all by using a finite partition of unity subordinate to an
open chart covering @ = U}.Izl 2; while changing the atlas and the partition of unity gives an equiv-

alent norm. We therefore can speak of |1+ for T € ‘650(X :THX) and T € ng’(X : TV X) without
specifying its expression.

It will be convenient to use the following families of vector fields.
Definition 1.1. For any N e N and any k €N, the set 3—1\% (resp. 3—]\‘]’,3) is defined by
T, = {(TH,...,T]{,I)ECKg’(X;THX)N, Vjell,..., N} ITH g < 1} ,
resp. Ty = {(TV,...,T}G)e%g(X;TVX)N, Vi€, N ITY llgh < 1} .

By duality, we also have the identifications

T"X=zT"'QeTQ. (1.10)



If (¢1,... ,qd,pl, ...,pq) are local canonical coordinates for X, we let
e/ =dq’, 1<j<d, (1.11)
and
¢j=dp;-Ti(pedq", 1=j=d. (1.12)
It is clear that (el,...,e%,&1,...,64) is a local coframe for T* X, and locally it is true that
(TP X)* = span (el,...,ed) (1.13)
and
(TVX)* =span(ey,...,e4). (1.14)

We also note that X is naturally a symplectic manifold with respect to the usual symplectic form
o given in local canonical coordinates (g, p) by

dpj/\dqj. (1.15)

d
o=

Jj=1

Since 0% # 0, the manifold X is orientable, and we orient X so that every local canonical coordinate
system (g, p) is positively oriented. The volume form on X for the metric g® g~ ! is denoted by dvolx
and given locally by

dvoly =dg ' A---Adg® AdpiA--Adpy. (1.16)

The volume form dvoly is related to o by

dd+1)

1
dvoly = E(_l)TUAd' (1.17)

In particular, if H € C°(X;R) and % is the Hamilton vector field of H with respect to the symplectic
form o, i.e. % is the unique smooth vector field on X such that 150 = —dH, then the flow ® =
exp(t?%) on X generated by % preserves dvoly . In this text, we will be primarily concerned with the
situation in which H is the kinetic energy

1 1 .
H(q,p)=§lp|2=§ *(@)p;pr. (1.18)
In this case, the Hamilton vector field % of H is given locally by
Y =g'*(q)pjer, (1.19)

where e, is as in (1.5), and the projections of the integral curves of % to @ by nx are precisely the
smooth geodesic curves of the metric g. We will use also the metric-dependent Japanese bracket

(Plg=A+Ip2)2 =1 +g"(@pip)"?, (1.20)



while the notation

.. d
(Py=A+IpH2=1+6Yp;p M1+ Y pHY2, (1.21)
i=1

will be used for the euclidean version.
Let E 25 @ be a smooth complex vector bundle over @ of complex dimension N that is equipped with
an affine connection V& and a Hermitian metric g€ . Let & := nyE 24, X denote the pullback bundle

of E 5 @ by the map nx : X — @ . Locally, smooth sections u of & Z¢, X have the form

N
u@) =Y u)f'(q), x=(g,p)eX, (1.22)
=1
where (f Lo fN ) is a smooth local frame for E 2, @ and us,...,us are smooth locally defined

complex-valued functions on X . We equip & 26, X with the pullback connection V¢, which is de-
fined using the decomposition (1.9) of TX by the relations

N
(V6 u)@= Y. |ejun@f (@)+u Vs (g,
/=1 g/

(1.23)
N N
(VEu)w =¥ @uo@ri@= Y 0puo@f@, x=(gpeX, 1<j=d,

/=1 /=1

whenever u € C°(X ;&) is of the form (1.22). Because the connection V%’ is trivial for Ty € TXV ,
the covariant derivative with respect to a vertical vector field will be identified with the associated
scalar first order differential operator. Accordingly the vertical Laplacian and the vertical harmonic
oscillator, written locally as,

1 5 s 1
A, = Z §gjk(q)VeAjVeNk = Z Egjk(q)dpjapk (1.24)
1<jk=d 1<jk<d
1.1
0 = —EAP+§|p|q. (125)

are globally defined operators, which happen to be scalar differential operators in the sense that in
any local frame FL,..., N ofEiLE»Q,

N N N N
Ap(Y urf (@)=Y (Apun)®)fi(@) and O(Y uf (@)=Y (@uf (.
0=1 0=1 /=1 /=1
We also equip the bundle & with the pulled back Hermitian metric g defined by

gow,u)= ) un@uy,@e"(F (e, f ), x=(g,p)eX, (1.26)
01,03

where u =Y u,(x)f‘(g) and v’ =¥ ul,()f ‘(q). Using the Hermitian metric g on & and the volume
form dvoly on X , we may introduce the Hilbert space L2(X;&) of square integrable sections of & as
follows. The space L2(X;&) is the set of measurable sections u such that

(w, Wrex.e) = / gf (u(x),u(x)) dvolx(x) < +o0, a.27)
X



and it is a Hilbert space for the scalar product
(w1, u2dre(x.6) = / gf(ul(x),ug(x)) dvolx(x), (1.28)
X

in which 67°(X;&) is dense.

By recalling dvolxy = dqdp, the operator @ is clearly self-adjoint with its maximal domain D(C) =
{u eL%X,8),0u €L2(X;é§’)}, in which €°(X;&) is dense with the graph norm. It is also bounded
from below by % and V0 is well defined.

Let us now introduce some Sobolev type spaces, taking into account the different homogeneities of
e;, pi and api .

Definition 1.2. For k € N and u a sufficiently regular section of &, we define

Il = sup Y Vou .. Vo Voy . Vo, u , (1.29)
Ni+ N2+2—N3 <k 1 N 1 Ng LZ(X;é")
(re,..., Tﬁl)eﬂ‘l{ﬂl ®
(T, TY T
and we take
- sl
WEX;6)=CPX;8) . (1.30)

The space W*5(X;&) is then defined for all s = 0 by interpolation and for s < 0 by setting W5(X;&) =
W =3(X;8))*.
Finally the space W 3(X;&) is the space

P1X:8) = {ue W (X;6), Vouew (X;6)}

endowed with the norm |V© ullyps .

Remark 1.3. The supremum norm over the families of vector fields ensure the geometrical global
meaning of the functional spaces Wk(X;8)and therefore of W*(X;&) and W1(X;&). It is not the most
convenient definition and in particular their Hilbert nature is not obvious here. A more convenient
presentation in terms of local coordinates and then the use of a specific pseudo-differential calculus
presented in Appendix|Elis detailed in Section

Although those spaces are modelled on Lebeau’s spaces in [Leb1ll[Leb2| they slightly differ, e.g. the
case s =1 allows Ny = 2 with two vertical derivatives bounded in L2.

We shall define geometric Kramers-Fokker-Planck operators as second order differential opera-
tors acting on sections of the pullback bundle & that depend on a parameter b € (0,00). Our definition
will be slightly more general than that of Lebeau [Leb1][Leb2] but in the same spirit.

Definition 1.4 (Geometric Kramers-Fokker-Planck Operator). A Geometric Kramers-Fokker-Planck
(abbreviated as GKFP) operator is a b-dependent operator P. p + M(b) acting on C(X;&) or #(X;&)
with
1 1
Pip= ﬁﬁ’i —Vs,
and ~ VseR, M(b)e LW (X;8);W°(X;8))

where % is Hamilton vector field of the kinetic energy (1.18) with respect to the symplectic form o and
O is the vertical harmonic oscillator.



Actually the term M(b) will appear as a perturbative term for which the norm estimates of
1M LAV ) with respect to the parameter b > 0 can be discussed afterwards. Actually all the
analysis focuses on the case M(b) =0. The Héormander Theorem about sum of squares and type II op-
erators (see [Hor67]) provides the local hypoelliptic nature of the geometric Kramers-Fokker-Planck
operator P, ; for every b € (0,00). By following the method of Lebeau in [Leb1][Leb2] our aim is to
provide accurate subelliptic estimates with the best regularity exponents, that will also account for
the behavior of P, j, as either b — 0" (the large friction limit) or & — oo (the low friction limit).

1.3 Statement of the Main Result

Remember the following notion.

Definition 1.5. In a Hilbert space $ and densely defined operator A : D — $) is called essentially
maximal accretive, if it is accretive, therefore closable, and if it admits a unique maximal accretive

extension equal to its closure A :D(A)— $ with D(A) = l_)” la , IIuIIi = ||u||§J + IIAuII%.

The main result of this paper is the following subelliptic estimate for geometric Kramers-Fokker-
Planck operators.

Theorem 1.6. Let P, j = b—lzﬁ + %Vg. There exists a constant Cg = 1 determined by the geometric
data (g,E, g% VE) such that the operator % + P, p is essentially maximal accretive on 65°(X;&) (or
on F(X;8&)), when xp = Cg(1+ b2). Ifﬁiyb denotes its closure, the inequalities

Kp — 1
Re<u,(b—g +Popui = o (1221210 + 3 N2 | (1.31)
and
— A 1 1 % 1 s .
H(Pi,b_g)u Lz'f‘ﬁ”u”LZZW ﬁu L2+ Z(iV@—M)u L2
+ lull 2 + (I/ll )2/3 @]) (1.32)
— ull_ -~ — u .
9 | T g ) YL

hold for every u € D(I_Di,b) and every (A,b) € R x (0, +00).

Other results involving the realizations of P, ; in the Sobolev spaces #*(X;&) or other perturba-
tive results will be deduced as corollaries in Section [7}

1.4 Outline of the article

In Section[2]an elementary integration by part provides the first a priori lower bound for Re(u, P, pu) .
This implies that the analysis of P ; can be localized in the g-variable via partition of unity. Compar-
ison of different connections can be done locally which reduces the problem to purely scalar operators
and the then the essential maximal accretivity on 6;°(X;&) or #(X;&) is proved.

The Sobolev spaces #°12(X ;&) are then studied in Section Bl After a localization via partition of
unity, the Definition [I.2] is characterized in term of the suitable pseudodifferential calculus, local
in the g-variable but global in the p-variable. The construction of this pseudodifferential calculus



relying on standard techniques, nevertheless to be adapted, is detailed in Appendix [El Section
ends with a very convenient global characterization of these Sobolev spaces #°152(X;&) in terms of
the functional calculus of two geometrically defined commuting self-adjoint operators, namely & and
W2 = C — Ay + CO? where Ay is a scalar horizontal Laplacian.

Section [l is devoted to the localization process. A dyadic partition of unity in the p-variable is used
and then once the parameter 2/ of the dyadic partition if fixed, a grid partition in the g-variable with
the spacing 27 is introduced. Near point of the grid, a Taylor expansion of the metric in normal
coordinates expresses the scalar GKFP operator as the euclidean one with a (27, b)-dependent error
term.

In Section [B] the maximal subelliptic estimate, where the exponent 2/3 is obtained via the model
problem of the one dimensional complex Airy operator, is recalled. Actually the uniform estimates
with respect to the parameters (b,27,1) € (0, +00)? x R are carefully checked.

Section [6] gathers the local comparison of the scalar GKFP operator with the euclidean model of
Section 4] with the uniform estimates of the euclidean model. Error terms due to the two partition
of unities (dyadic in p and 2/-dependent grid in g) happen to be controlled by the lower bounds of
the parameter dependent euclidean model. While doing this, intermediate parameters of the grid
partition must be tuned carefully according to the two regimes 2/ >>1or2/ <C.

Section [7] completes Theorem with various consequences or precisions. In particular the b-
dependence of the perturbation M(b) in Definition [1.4] which allows the generalization of Theo-
rem th:main is specified. A corollary is the W%5(X; &) version of Theorem [I.6, where a simple conju-
gation reduces the perturbed operator in L2(X,dqd p;&).

The Appendices gathers known material. A rather long paragraph is about the global pseudodif-
ferential calculus on the total space X = T*Q. As already said, it follows the general approach but
things have to be specified in particular for proving, via the Helffer-Sjostrand formula, that func-
tions of self-adjoint globally elliptic operators in this class are pseudodifferential operators with a
good asymptotic expansion.

2 Reduction to a scalar operator

Here we write first a priori estimates for Geometric Kramers-Fokker-Planck (GKFP) operators com-
ing from a simple integration by parts. The essential maximal accretivity of % +P, p is checked and
all the perturbative terms coming from a partition of unity in the g-variable will be shown to be of
lower order with a uniform control of the constants w.r.t 5. Similarly a local change of connection
happens to be of lower order and this reduces the problem to local scalar GKFP operators.

2.1 Integration by parts and maximal accretivity

Proposition 2.1. Let P, ; = b—lzﬁ’ + %Vg. There exists Cy = 1, determined by the geometric data
(g,E,VE g%, such that for all b>0, A€R and for xp = Co(1+ b2) the inequality

Kp . 1
Reu, (5 +Pup ~ i1 2 475 [||u||§;1,O(X;g) +xp ||u||§2(X;g)] @.1)
Kp . 2 Kb 2 2
and “(ﬁ +Pi,b - lA)u L2(X:€) = 16b4 [”u”Wl,O(X;g) +Kb ”u”L2(X,é")] (22)

holds for all u € 65°(X;&).

10



Before proving this result let us specify the formal adjoint of Vg . Start with the vector bundle
ng 1 E — Q and the data (VE, gF) and consider the dual connection with respect to g% given by

XgP(s,s") = g%(s, Vs +gE (V" s,s)).
The unitary connection

VE 4 vE»
2

vE,u —

differs from VE by
1
vEu _yE = Ew(vE ,8%) € 6™(Q;T*Q ®End(E))

With the pull back we obtain with @ = g™/ (q)p;e j written in a local canonical coordinates system
Vo -V, lg”(q)plw(VE,gE)( 2)=a'@p; , a'(q)€End(E,)

We also recall the formula

Vo,w € €°(X;8),VT € €°(X;TX), /ng(v,vi’“w) dvoly = —/X g% (V5" v,w)+div(T)g? (v, w) dvolx

while here dvoly =dqdp and div®% =0.
We find that the formal adjoint of Vg is nothing but

., 0 .
(V)" =-V§, —g”(q)piw(vE,gE)(@) = -V —a'(q)p;. (2.3)

Proof of Proposition 2.1 Let U 19 = = @ be a finite open chart covering of @ and let ZJ 10 J(q)2 =1

be a subordinate quadratic partltlon of unity, p; € 65°(Q2;;[0,1]). Because V@, ,Pyp, 0, are at most
first order differential operators in ¢ we get

Kp . Kp .
(u , (ﬁ +Pi,b - l/l)LL)L2(X;g) = Z]_(u_], (ﬁ +Pi,b - l/l)u]‘>L2(X;g)
]:

J
/ 2 2 / 2 2
VOu ”L?(X;g) +Kp lw ||L2(X;éa) ={u, @u>$2(X,g’) +Kp llw ”L?(X,g’) = Zl I @’u‘]”LZ(X’g) +Kp [ uj”LZ(X;éa)
N— ——— je=le— ——
=luli?

=llujli?

#10(X;6) #10x;6)

for all u € 65°(X;&), by setting u; = pju € 65°(T*Q;8).
With canonical local coordinates (g, p) in T*Q;, implies

2k —Ap +1pl2

Re(uj,( 252

) 1 ;
b+ Py — i) = (), U ¥ 5w, a(@piuprae

b2
2 2 0 _
= 952 [lluJ'l'WLO(X;g) +2Kb”u”L2(X;é")] D il o 1ilroc.e

1 2 2 1 2 12 2
= 2b2 [”u-]”7l710(X,é") +2Kb||u”L2(X;g)] - 4b2 ”uJ”WlO(X,g) _2CO ”uj”LZ(X;g)a

11



=>Cyh 1+b? % , the first

for some C{ > 0 determined by the geometric data (g,E, g% VE). With = 2b2 > 557 =

inequality (2.1) is proved for Cy = 4C62 .
Using Cauchy-Schwarz inequality in the left hand side of (2.1) yields

IG2 2 5 +Pyp- iNullraces e = s | lul?

b WX, éa)+Kb||u”L2(X )

We deduce at once ||( +Pip —iMullrex.e) = 4b2 lullz2x,6)- The latter inequality multiplied by
||( +Pi,b l/l)u||L2(X,g) ylelds @D O

Corollary 2.2. Let P, j, = b—12@”_r %Vg and let Cy = 1 be determined by the geometric data (g,E,VE, gF)

according to PropositionZ1l. For xp = Co(1+b?) the operator % +P, 3 is essentially maximal accretive
on 65°(X;&) and therefore on #(X;&).

Proof. Proposition[2.1]says that the operator (% +P, p) and its formal adjoint % +P7 , are accretive
on 6;°(X ;&) with the lower bound @.1) .
It sufﬁces to prove that the range ( +P.p)6;(X;8) is dense in L%(X;&). It is equivalent to

ueL*(X;8) o
(4 +P; u=0e2'(X;8) [~

With P; p =Prp ¥ al(q)b; in local coordinates according to (2.3), Hormander’s hypoellipticity result
for type II operators (see [Hor67]) implies u € €*°(X;&). For y € €;°(R;[0,1]) such that y =1in a
neighborhood of 0 and for € > 0 set u, = x(slplg)u .

The above equation implies

) A,
Gt +Pie=- 202

P;b,x(dplg)] u= [

because ¥ f(|p |2) = 0. The form of the last commutator allows to write

K . A _
(53 +PLyue) =~ |~ 1P| (1~ Helplu

b

where € €;°(R;R) has a support included a neighborhood of 0 where y =1 and its derivatives
vanish, while § = 1 in a smaller neighborhood of 0. By taking the scalar product with u., the
inequality 2.1) for P , implies

1 _
7 1eelnoe )+ Kb ey )| < Caltellpnogess) 101 = Helpulaee

and
—||u ”[2Xg < IIu || 7 <4C b2||(1_~(5)|p|2)u”[2X§
2 £ X;6) € WI’O(X;g) 8,X X q (X;&) -

Lebesgue’s theorem for the limit € — 0 gives

d . -
\/;”u ||L2(X;é") = 4Cg,xb2lg% Q- X(€|p|g))u||L2(X;g) =0.

12



2.2 Localization

Proposition 2.3. Let P, ; = b—lzﬁ’ + %Vg and fix @ = U 1$2; a finite open chart covering of @ . Let
ZJ 1Q](q)2 =1 be a subordinate quadratic partition of umty, 0j € 65°(Q;10,11). There exists Co =1,
determmed by the geometric data (g,E,VE,gE), and now the partition of unity (0j)1<j<J, such that
for all b>0, L€ R and for xp = Co(1+ b2) the following equivalence of norms

+1

(35 +Pip— L/l)u

L2(X; 8)

<4 (2.4)
G

S +P,p— L/l)(pju)

L2(X;6)
holds for all u € 65°(X;&).

Proof 1It’s a straightforward application of Corollary We have to check the assumption
which says

VuebRX:8), £ Y IGE+Pay—ipulag s 22 Y NGS

. 2
+Pi,b - L/l)’ Q]l]gju”LZ(Xg)
_]EJ Ji1.J€d ’

b2

Kp .
+4 Z ||[[(§ +P.p— l/l)aszLle]qu”%z(X;g),
Ji.j2.Jed

for some r €[0,1). Because the operator P, j is a first-order differential operator in the g variable
the first commutator equals

90,
Oq[ ’

Kp 1
(53 +Pep—idopl=t @Qh gg”"(q)pk

for j; € J where the right-hand side is written local canonical coordinate (g, p). Moreover the double
commutators indexed by j1,js € J all vanish.
We deduce the existence of C{; >0 such that

Kp . 1
VU € CX;8), (g +Pup - i1),0j,10jul75x0) < Copz Plg@julyscxe)

and the summation over j1,j € J, combined with the inequality (2.1), yields

Yue6,°(X;8), .ZEJH[( +Pip—1l), le]qulle(X £ S Co |J| le(b2 +Pyp— l/l)QJulle(X &)
Jr
With Cj |J| %fz <Cj |J] é—g , choosing C = 1 large enough guarantees the assumption with
1
r= 9 O

2.3 Changing locally the connections

With Proposition [2.3] the analysis of P, ; can be localized in a chart open domain ;. Additionally
it can be assumed that there is a well defined local frame (£1(gq), ..., fN(q)) of the restricted bundle
E | Q . In this frame a trivial connection V¥ on E | and therefore a corresponding flat connection

13



; J , defined locally can be identified with a scalar
operator according to

LI
Z uef’| = (b_ E ) Z uef’ (2.5)
N | -gin(@)35— +&*(@)pipk 1 .
- Z "p"’;’})z oz g @piestuo | f*. (2.6)

Proposition 2.4. Under the assumptions of Proposition with and with the additional condition
that E is trivialized by a local frame (f1(q), ..., fN(q)) over Qj forevery je{l,...,J}, let Pf_r , be defined

by @.5). There exists Co = 1, determined by the geometric data (g,E,VE, g¥) and the partition of unity
(0)1<j<J, such that for all b>0, A € R and for x; = Co(1+ b?) the following equivalence of norms

+1

(35 +Pip— L/l)u

S <12 @.7)

I |G +PL, —inw|

L2(X;6)
holds for all u € 6;°(X;&).
Proof. For a given j€{1,...,J} and for v € 6;°(Q2;&) we have

; 1 ; 1
(Pip—PL )= ig(Vg ~Vo () =+ tog g (@piny(VE, —V% )W)
i, TV

where
(VE, VI welq, p)F (@) = velg, PFL L (@f (@)
k

(3qk

with Ff p € €T (Q5R).
Apphed to v = pju this gives the upper bound

/

Cy
||(P+ b P b))(qu)ll b2 |||p|q(0ju)”L2(X -8y

where C{, depends only on the metric g¥ and the connection VZ given on the vector bundle E and is
uniform with respect to j € {1,...J}. The same argument as in the proof o Proposition [2.3]shows that

; 1 xp
12 =P 0l oy ) < 715 73+ Pep - i 2 x5,
when the constant C in kp = Co(1+ b2) is chosen large enough. The parallelogram identity implies
K ; ) K .
II(b—g +P] =i 5 ) = 3”(5_3 +Pp =W 2y g,
K . K j .
and (35 + Pep =~ il Fax ) <315 + PLy = Q0N Fa,s)-
By summation over j€{1,...,J} we obtain
. +1
TGS +PL, iAoy )
ST 1Gs + Py = i3 5.,

The inequality (2.7) is obtained by taking the product with the result (2.4) of Proposition O
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3 Sobolev spaces

Like for the operator P, ; we firstly reduce the characterization of u € WEX;8), keN, to a local
problem with the possibility of replacing the connection V¢ by a trivial connection in a given local
frame. Then #°(X ;%) and its norm will be expressed in terms of the functional calculus of pseudo-
differential elliptic self-adjoint operator W2 in the class OpS\ZI,(Q;C) presented in Appendix[El Finally
general spaces #°1°2(X; &), s1,s2 € R are introduced by using the functional calculus of two commut-
ing self-adjoint operators.

3.1 First properties of #*, keN
We collect rather immediate consequences of the Definition[I.21 The norm ||ul; is

||u||7,7k = max Pk,Nl,Nz,N3(u) (3.1)
Ny+Y2iNs g

where P, y, N, N, (1) is the smallest constant C = 0 such that
VT, TR ) e 60X TN W(TY ..., TN, € 650X TV XN,

N N,
N3 & & & & H \%4
1PYg " Vipas Vo Vo - Vipy ullpz <€ [T 0T e TT 1T, lleg -
1 2

ni=1 ne=1
Because
Nogé, Ve, Ve, . V& & gb  (\Negb  ué
(p)y°V Y Ve, ...V u=V Y (p)3Ve, ...V u
Dq TH TH 17 T}(,2 TH Tgl Plq TV TX,? ,
lull,y« also equals
N.
Py, 000pYg " VEy ... VS, w)
1 Ny
i = max_ sup A - (3.2)
+ =Jj=< o
2le3k—]2j (TY"“TX’z JeCe(XGTY XN Hn2:1 1Ty, llgr

Proposition 3.1. Let k €N, let 0 € €°°(Q;End(E)) and fix any €*-norm on Q . The multiplication by
ny0 € €°(X;End(&)), n50(x) = 1% (0(rx(x))), is a bounded operator in WE(X;&) with

Vu e WHX;8), N®ullys < Crllbllgr lulye. (3.3)

Proof. Because (p)flvf‘ViV ...Vﬁv (% 0) = (n}}@)(p)%Vﬁv ...Viv and owing to (3.2) the problem is
1 No 1

Ng
reduced to

Pp,.n,.00(mx0)) < Cr10llr P N, 0,0(0)

for all N1 €{0,...,k}.
It is obviously true for N1 = 0. If it is true for N1 € {0,...,k — 1} then for TII\1;1+1 € c5&’?"(X;TXH) with

Tny+1= JIX’*T]}\I]1+1 €EE°(Q;TQ), we write

& * % & * End(E)
VT§1+1(7IX6)U —(JIX(H)VTZI\{1+1U)+[JIX(VTN1+1 Nlv.
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We get
Pro1N,,00(Vas (%000) < Cho1 |10lgi-1Pr-1.3,.00Ves  0)+IVERY B0 Py v, 0,0(0)
N+1 Ny+1 1+
<2Cp-10llr P N, +1,0,0(V).
The obvious inequality

&
Pr1.n,000Vy w)
Ni+1

Pr Ny+1,00W) < sup TH
i qeepaxrityy 1Tyl

ends the proof by induction. O
The previous statement contains two particular cases which allow the local scalar characteriza-
tion of u € #*(X ;&) with a simpler norm.

Proposition 3.2. Fix k € N and consider two different connections VE1 and VE2 on the vector bundle
EZ @ with the associated connections VEL and V&2 on € 5 X . Let vaj(X;éf) and || |, be the
vJ

corresponding W"(X;&) spaces and norms according to Definition

1) The space WEX;8)is a €°(Q;R) module and for any finite atlas @ = U}Izl Q; and for any subor-
dinate partition of unity Z}]:l 0j(q) =1, a section u belongs to Wk(X; &) if and only if. for every
1<j<dJ,pucWk (T*Qj;6

j—comp

T*Qj) and the norm ||ull, is equivalent to maxi<j<g lojull4 .

2) For two different connections VE-! and VE2 | the two spaces 7/7vk1 (X;8)and 7/7vk2(X;6") are equal and
the norms || IIWVIZI and || IIWVIZ2 are equivalent.

Proof. 1) Simply apply Proposition 3.1 with 6 € €*°(Q;R). The definition of Wé__comp(T*Q ;6 |T*Qj)
J

and the other statements are explained in Appendix Simply use the triangular inequality for
lullyyn <o maxi<j<gllojull i -

2) Remember V2 — V' = R(T) € End(E) with |[R(D)llxk < C [ Tl e for any T € 6°(Q;TQ). Let

P}{; N.Ny.Ns be the norms involved in BI)(B.2) for the two associated connections V&+! for ¢ =1,2. We

can make an induction proof with respect to N7 € {0,..., 2} like in Proposition [3.1] after reducing the
problem to Ng = N3 = 0 by noticing
VIV e 62X TXY), Vo=V
and by using
Vau = Vu = nx(R(T))
for any TH € C5X; TXH) with nx .TH =T € 6°(Q;TQ).
Actually the induction proof relies on

2 &2 2 &,1 2 « H
Pk—l,Nl,O,O(szlg +1v) SPk—l,Nl,O,O(vTII\n; +lv)+Pk—1,N1,0,0([” (R(Ty,1)10)
1 1

1 8.1 1 . H
<
= G [P k-13300V it Py 0,01 (B (T )l0)
induction
/ H 1
= ClTN allerPi ny 1,000
Prop.[31]
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and leads to |ull = < Cg lwllpe . - The result follows by symmetry. O
v2 vl

The atlas (Q2)1<j<J can be chosen such that E|Qj is trivial with a local frame (fjl,..., f JN ), e

€ (Q;E | Q,-) . Above (; the connection VE can be replaced by the trivial connection V/** given by

. N N
VT e6%@Q;TQ), V() val@)f])= ) (Tva)f}.
n=1 n=1
For a section u = Zﬁ:’zl un,jOf} oféa|T*Qj we get

N
36 il b i, H mHmV mV  en
vT{i...ngllev. Vv u=) (Ty Ty T .. T vn )f 7

Ng n=1

Proposition [3.2 now implies that the #*-norm of

u= Z@Aq)u = Z Z n,jf}

Jj=1n=

with u, ;€ 7//k (T*Qj;0) < Wk(X;0),is equivalent to

—comp

max ||Un. illzkx-c -
1<j<d I n’J”Wk(X’O
1<n<N

The #*-spaces for k € N and their norms is are thus fully understood in a local scalar setting.

3.2 Pseudo-differential definition of #5, s € R

The end of SubsectionB.Ilreduced the description of #*(X ;&) to the local description of #*(X;C). We
can thus focus on scalar sections, and we now give a pseudo-differential and a global characterization.
We need the pseudo-differential calculus in U,,cp OpS(’I}(Q;C) introduced in Appendix [kl We recall
that a € SF(Q;C) if in doubly canonical coordinates (g, p,¢,n) in T*(T*Q) associated with the local
coordinates g =(ql,...,g%) on a chart open set Q c @ , the uniform estimate

iyl 102101
1020501 05a(q, &M< Capys(L+IE2+Ipl* +inH 2 -
and that, the quantization is the standard one,given by the local kernel on T*Q x T*Q:

dédn

10y — illg—g").¢+(p—p".nl
[a(q,P,Dq,Dp)](q,P,q P )_/[R&i a(q P, 6 7’) (2 )2d

Actually the general quantization of a € Sy(Q;C) is defined by introducing a partition of unity
ZJ 105(@) =1 and cut-off functions } € €;°(€24;[0,11), ¥ =1 on supp@;, and by setting ap 3(x,D,) =
Y 1:1(9 i(@)a)(x,Dy)o §;(q), and the set of pseudo-differential operators is

OpSY = {a;;(x,D,)+ R ,a € SH(Q;0),R € Z(Q; 0},

with Z2(Q;C) = L(F(T*Q;C); #(T*Q;C)). It is proved in Appendix [E] that this pseudo-differential
calculus has the same properties as the usual pseudo-differential calculus, with a different homo-
geneity which takes into account the global estimates as p — oco.
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In canonical coordinates (g, p) associated with the local coordinates (¢1,...,¢%) on Q we know the
two frames (eq,...,eq) (resp. (é1,...,é%)) of T(T*Q)H (resp. T(T*Q)V) given by

9 . R
4+ T —
(@ 3pr

resp. é' = .
opi

As differential operators, the locally defined operators e; 04i s PrOp,, O = _glj(q)apiapé 87 @b, be-
long to OpS}Ij,Q_IOC(Q;C), while py x, (p)4x and 9, belong to OpS}Iﬁ’QQ_IOC(Q;C).

Thus any TH € ng’(X :TXH) is a differential operator that belongs to OpS}I,(Q;C), and any TV €
6°(X;TXV) belongs to OpSY2A(Q;C).

Let us introduce another operator which involves the scalar horizontal Laplacian Ag. We follow
[BeBol: On X with the decomposition TX = TX” @ TXV ~ TQ & T*Q given by the Levi-Civita con-
nection associated with g we put the riemannian metric g - g~! and consider the associated to-
tal Laplacian A,. The projection nx : X = T*® — @ is now a riemannian submersion with totally
geodesic fibers and the horizontal Laplacian Ay = A, — A, equals in local canonical coordinates

A =g (@)eie;~TTi(@ex).

Because the volume of g&' g1 is equal to the symplectic volume dgdp and A, and A p are symmetric
on #(T*Q;C), the operator Ay is symmetric on #(T*Q;C) for the L2(T*Q,d gdp;C) scalar product.
By introducing the adjoint differential operator e = —0¢, — Ffi, DPrOp, — F;i, and owing to the symmetry
or by explicit computations with

048" =0,8 (g, dg’) = g (-T} ,d¢",dg") + & (dq',~T] ,dq") = T}, g" - T/ ",

12

the horizontal Laplacian is also given by
—AH = e’ikgij(q)ej,

without a divergence term because integrations are made with respect to the symplectic volume
dqdp.

Definition 3.3. The operator W2 is the closure in L>(X,dqdp;C) of the differential operator C g
A+ Cg@’Z : #(X;C)— F(X;C)c L% X,dqdp;C) for C; =1 large enough.

Notice that because the flow exp(te;) sends isometrically T; Q to T:Xp( 13 _)qQ , the commutations
ql

les,~Apl=le;, Ipla1=[e;,01=[Ay,01=[W?,61=0

hold true on Fn_10.(22;C).

As a consequence of Appendix [E] we have a simple characterization of #°(X;C), in the case when
E =@ ®C. The general case can then be deduced either by the localization at the end of the previous
paragraph or by the approach proposed afterwards. Both are equivalent.
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Proposition 3.4. For any s € R, the space # (X ;C) is characterized by
W5(X;C)={ue S (X;C),¥A € 0pS$,(Q;C), Au e LAX,dqdp;C)}

For Cg =1 large enough, Cg—Ag + Cg@’2 : P(X;C) — L%(X,dqdp;C) is a non negative essentially
self-adjoint operator, with self-adjoint extension W? and D(W?) = #?%(X;C).

For any s € R, W = (W2)*2 is an elliptic operator in OpS},(Q;C) and the norm on #S(X;C) can be
chosen as [Weullr2x dqdp;c) -

Proof a) If we start from the above definition of #3(X;C) the problem is reduced to the ellipticity
and the identification of the principal symbol of W2 = C ¢—Ag+C g@2 . Because it is a differential
operator Z;’zl @j(q)W2)2j(q), and we obtain W2 = ap7(x,Dy)+0 witha —age€ S}I,(Q;C) and

C C
as(x,E) = Cyg +1E+TH@pinlG + UG + 115)* 2 Cg + 1615 - 2T (@panl +—FUpl + 10l

We used the notation ITIg = gij(q)rirj for 7 = §+Fff(q)pkn, T=p and |77|3 = gij(q)ninj . The ellipticity
comes from

_ 1 C,¢
as(x,Z)= Cq +eglél% — €—|p|2|7)|2 + %upr* +In*)
8

for some €5 > 0 given by g and the fixed open covering U}Izlﬁ j- The ellipticity ag = Cg + 5g(|6|2 +
Ipl*+ |17|4) holds true if Cg.*s?g -1= 882 .
The operator W? is symmetric with

g””(q)[(eiej<q)u)<eirej(q)u)—(aqiej)(aqiejnm? dqdp +CglOuly,

(3.4)
for all u € #(X;C) when Z}Izl(?]z.(q) = 1 with 6; € 65°(Q2;;[0,1]). It is bounded from below by 1 for
C; >0 large enough.

It suffices to apply Proposition of Appendix[El

J

2 2
(w,Wou) = Cg”u”L2 + Z
j=1JT*Q;

b) For the identification of the two definitions of #5(X;C) and the equivalence of the norms, it suffices
to consider the case s =k € N, because all the other cases will follow by interpolation and duality.
We start from the Definition [[.2] and Proposition B:2+1) which says that the #*(X;C) norm of u is
equivalent to

max |o;ullz
1<j<dJd ety

with Z;.’zl 0j(@ =1, pj € 6;°(Q;[0,1]). Additionally the definition of 7/751 (Q;C) ensures that it

i—comp
is independent of the choice of a coordinate system (¢!, ...,q%) with equivalent norm for two different
choices. So let us work on T*Q =Q xR% IRZ X Rg and let us consider functions u € L?Z—comp(T *Q;C)
with a Q-support included in a fixed compact set K cc () (a neighborhood of suppp with o = p;
when Q = Q). Any vector field T € 63, (T*Q%TX™) (resp. TV € 63 (T*Q%TX")) can be

. Q—com;
written
d

TH = Z t'(q)e; resp. TV = Z ti(q)ét
i=1 i=1

with max;<;<q It ll e = 1T |l pr (resp. maxi<;<q It;llgr =< 1TV lpr) .
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We deduce
Iy TH ... TE TY ... T}, ull?,

N. N N
<Cgp  max ||<p)q3ei1...eiNleh...eJN2u||Lz
" T ||<gkn T g 1<iy,..in, <
1<jy,.. ,Jstd

where _ _ .
pYa ey .. eiy 670 .67 %ulpe = 1(p)Y*(xes)... (xeiy JXE™h)... (xe™™2)ull

for some y = x(q) € 6;°(Q;[0,1]) such that y =1 in a neighborhood of K > Q2 — suppu. Because

1(@e; € 63 o (T*UTXT) and ()¢ € 63, (T*Q;TXY) the right-hand side is bounded by

Cr yrllulypm .

By taking the supremum with respect to N + % <k, T{{ - TH € € Comp(T*Q;TX Hy and
TV, s TN, € 6 compT % TXY). The norm |lullys for u € L*(T* ;) with Q- -support included in
K,is thus equlvalent to

N N N
_max II(p)q eiy...eiy €...&Mul2 = max [(p) 3eil...eiN10£u||Lz (3.5)
lszl,...,zN1< Sif,ening =d
1<j1,jny=d Ny+ P13 g
N2+N3 2
N1+ <k

where we have replaced (p), = (1 ﬂg,f”(q)plpj)l/2 by the equivalent quantity (p) =(1+ lez)l/2

From
les, fR(@Pr]= @y F*)Dpr + (FETE @)D,

we get by induction

B B _ g
€iy---€in,0p = Ogn -0 ix, 0p = | l% 1 fapy(@Q)p7050,
a|I=IN1—
|a|+m+2\ﬁ’\ :N1+@

and we deduce

N N. N N.
eV pNoes, ... eq, Opullpe —e 1||<p>q3aqi1...aqiNlaﬁuan
N;-1 N aaAf
<Cgpe€ max e p)Y Y3080, ullre.
’ la|=Ni—1 P770qOp UL
|a|+@sN1+@

Choosing € = ek, for e >0 small enough implies that the norm ||, is equivalent to

la |+N3+\ﬁ\ <k » |+N3+w<k

max || (p)N?’aa@ x(@ullz or \l Z ||(p)N35“5 X(q)ull
But according Appendix[Eland in particular Proposition[E.7], it is equivalent to the norm W y(q)u |2 .
O

Let us extend now this result to #°(Q;&). For a self-adjoint non negative scalar operator A €
OpS"\I}(Q;C), like W2 with m =2 or W®, s = m € R, it is not possible to define directly its action on
sections of & . However a localization technique makes it possible, up to lower order corrections.

We fix, as we did in Appendix [E| the atlas covering @ = U}’le ; by assuming that for every j €
{1,...,J} the two properties are satisfied:
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* the open set Q i =Uq,n0,#6 Q; is a chart open set;
¢ the restricted vector bundle £ |QJ- admits an orthonormal frame (f1,...,f JN ) for the metric gz .
If Z}Izl sz.(q) = 1 is a quadratic partition of unity with 6; € €5°(Q2;;[0, 1]) we set
J
Ag=)_0(g)oAg;00j(q),
j=1

where A ; is the scalar pseudo-differential operator in the othonormal local frame (f Lo f JN ) above

Q;:
Asej(upf}(@)g,p) = [Aur)q, p)f (Q).

When A =a,,(x,Dy)+R = Z;.]Fl(pjl(q)a)(x,Dx)o)(jl(q)+R € OpS@(Q;C) we obtain

J
Ag=) 0@ Y  Oi(@olalx,Dy)ls;o0i(q)ox,,(q)+Rg.
J1=1 Q;nQ;, #9

IfUj;, j,(q) is the unitary matrix of(f.ll,...,fjj.\l]) in the frame (f.lz, . ..,f};’), the operator

Y 6i(g)olalx,Dlsc,jo0;(q)
Q,;nQ;, #8

with UQijjl¢¢ Q,c le cR?,is nothing but the operator d; (x,D,) with a;, € S(\I’m,g\y;CN) given
by
Y U @@ (@a)o (@l e lden)iU; ;i (@),
Qjﬂle#Q
where we recall (afib)(x,D,) = a(x,D,)ob(x,D,).
Owing to the exact chain rules Uj, j,(q) =Uj, ;,oUj, ;,(q) and Uj, ;,(q) = Uj, ,(@)4U}, j,(q) and the
exact commutation 0;,()tU;, ;,(q) = Uj, j,(@)40,,(q) , we can write

J
Ag= ) (0j,(@ag)x,Dy)oyxj (q)+Rg = (@) (x,Dx)+Ry
J1=1
with ag € S@(Q;End,é"’) and Rg € Z(Q;8).
Additionally, if A = a,, p (%, D) +Apm_1,Apn-1€ OpS"\I}_l(Q;C) ,then Ag = (a, ®Idg)p 5 (x,D)+Agm-1
with Ag ,_1 € OpS(}}‘l(Q;Endéf ). In particular the principal symbol does not depend on the chosen
orthonormal frames (fjl,...,sz.v) j=1,...,dJ.
If A is self-adjoint and elliptic, the same holds for Ag with

D(Ag) =W™(X;8) = {u e X NVjell, . d), ulg, = ur@Df @), ur WG,
= {ueS'(X;8),VBe0pSH(Q;End&), Bu e LA(X,dqdp;8)} .

(T*Q;:0)}

We can conclude with the following summary.
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Proposition 3.5. Once the quadratic partition of unity Z}I:19jz(q) = 1 and the local orthonormal
frames ( f]:.l, o f JN ), 1=j <4, are fixed and for Cg = Cg g chosen large enough, the operator

J
W2 = Z 0;(@) (W 0;(q) with DW?)={seL*X,dqdp;&),WiseL*X,dqdp;&)}

Jj=1

is self-adjoint and bounded from below by 1.
For s €R, the space #W*(X ;&) introduced in Definition [I.2for s =k € N and then extended by interpo-
lation and duality, equals

WiX;8) = {uEy'(X;é’),VBEOpSfP(Q;Endé"),BuELZ(X,dqdp;é")}
fues'x:6), WiueLX(X,dgdp;e)}

{ue s X;6),¥j (1.} ulg = upf (@), Wup € L 1, (T*Q;,dgdp; &)}

{u € L(X;8), (Cs+(Wshy)siensy ELZ(X,dqdp;é?)} ,
where the constant Cs > 0 is chosen large enough.

Proof We already know that W2 = C g~ Ag+C g@2 is elliptic, self-adjoint and bounded from below
by 1 for Cg; = 1 large enough with domain D(W?)=#2%X;C).

With the previous discussion this proves that W92 is elliptic and self-adjoint. The same computation as
(3.4) shows that W2 = 1: Actually the derivatives of the unitary matrix associated with the change of
frames, 0,:Uj, j,(q), bring lower order terms which are absorbed if C; = Cg g is chosen large enough.
For W2 with a scalar principal symbol ag ® Idg = %‘Iﬂ ® Idg, Proposition [E.22] applies and (Wg)S/ 2 =
fs(W2) with £, € S(#)*2, g—;) is elliptic with the principal symbol fs(a2)®Ids =a3? ®Ids .

The local characterization with u| QT U r(Of J’."(q) has been explained and with the reduction of the
previous paragraph and Proposition[3.4lit shows that D((Wg2 )*'2) coincides with #*(X;&) when k e N.
This ends the identifications of the general spaces #°(X ;&) for se R.

Because WSl = (W2)lsl2 = f|s|(W2) is elliptic with the principal symbol a|2‘9|/2 for s #0, (W) is elliptic
with the principal symbol a'ZSV 291dg . It is self-adjoint with the same domain, #¢/(X;&), as (Wg)'sl/ 2,
It is bounded from below by Garding inequality. Adding a constant C ensures that (Cs + (Ws)g) is
bounded from below by 1 and invertible. O

3.3 Spaces #5152(X;8)

A priori ¥ = g¥(q)p;e j belongs to OpS?f(Q;C) but it has locally some specific structure made of
e; € OpS}y(Q;C) and followed by a multiplication by p; . We start with a simple commutation result.

Proposition 3.6. The self-adjoint operator (WZ,D(WOZ) =W2(X;&)) modelled on W? = Cq —AH+Cg@’2
and introduced in Proposition 3.5 and the vertical harmonic oscillator G with the maximal domain
D©)={u eL®(X,dqdp;&), Ou ELZ(X,dqdp;C)} make a pair of strongly commuting self-adjoint
operators: For any Borel functions f,g :R—C, f (Wg)g(@) = g(O)f (W02) on the intersection of their
domain.

Proof The space L2(X,dqdp;&) is isomorphic to the direct integral fg L2Re,d p)dvolg(q) after the

pointwise gauge transformation (g, p)— (g,g(g)"Y2.p). In this direct integral decomposition the op-
2 2

—0% .+p~
erator O is nothing but fg O dvolg(q) where O = Z;lzl pfz ’ is the euclidean harmonic oscillator.
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The associated unitary group e'*© satisfies e”oaqie_”o =04, ¢'Op;e 0 = cos(t)p; —sin(t)D ,, and
eitODpie‘itO = sin(¢)p; +cos(t)Dp, . We deduce that for any ¢ € R, e'0 is continuous from #%(X;C)
into itself, and therefore as a scalar operator from #2(X;&) into itself.

Because the unitary transform Ug : L2(X ;&) — fQ@ L2R?) dvolg(q) given by (Ugpu)(q,p") = ulq,g(q)"2.p)
is a special case of Proposition[E.13|(it suffices to consider locally the effect on the scalar components).
It is an isomorphism of #%(X;&) = D(Wgz) and " is continuous from D(WGZ) into itself for any t € R.
Because the scalar operator W2 and @ commute on #(X;C) we deduce that [W2,6] =0 on .#(X;8&)
which is a core for Wg2 .

We have all the ingredients of [ABGI in order to conclude that

d . .
2 _ - —itOyr2 it0 _
ad@WH —l%e Wee |D(W92)_O’

and W02 and @ strongly commute. O
This leads to the introduction of the following, double indexed, spaces.

Definition 3.7. For any s1,s2 € R, the space #°1°2(X ;&) is the space associated with the functional
calculus of the two commuting self-adjoint operators G and Wg2 and endowed with the Hilbert norm

Iwllorss = 1G5 2WE) > P u 2.
In particular the space # 15(T*Q;&) of Definition 1.2l with the norm
Il = 102wl = W20 2ul|

is the particular case s; =1, sg =s. Clearly the spaces #°1°°2(X; &) contain a finer description of the
regularity properties. With

2 2 2 -1)/2 2 2 -1)/2 2 1/2)/2 -2, 12 2
NulZ,, ., = (W20 20, 6WH20 20y 2 < (WS V2RGE D20 20 = w2 -

for s; = 1, we deduce the continuous embeddings WOs2+s12(X. £) « s152(X; &) for s1 =0 and by
duality #5152(X ;&) c Ws1s2+812(X . &) for s1 < 0. We will essentially work with s € {0,1}.
As a first order differential operator with respect to g the operator Vg, can be written

J J .
vg =Y Gj(q)VgQJ(q) =) 0i(qlg" (@pi'Ve,
j=1 J=1

1-0,0/(@),

where g''(q) pivfi | g o, s expressed with the local coordinates in ;.

With the cut-off function §; € 65°(Q2;;10,1]) such that §; = 1 in a neighborhood of supp6;(q) when
Q;NQ; # @, we can introduce the local scalar operator

N

bji=Xi@pi®lds , D;;=3;(q)Dp,, (3.6)
while  E;;=0,(q)g" (¢)V%,0,(q) € OpSY(Q;End&) (3.7)
with ;- (0,()g" (9)es0j(q) ®1ds) € OpSY(Q;End&). (3.8)

We have in particular

s L.
Vo= D Ejiopji.
j=1i=1
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Proposition 3.8. Let p; ;, ﬁj,i and Ej,i, je{l,...,J}, i€{1,...,d}, be the operators defined by
and B.1). For any s € R we have the estimates:

* NDjill prsgposy + ID;; I prre giosy < Cgss

© W25 i W2 = pj ill gogpony + NWRY2D j j(W2) ™2 =D i| pprogpony < Cgys 5

o IWD VG, W)™ = Vg | oz < Cas-

Proof: All the operators and commutators are well defined continuous operators on .#(X;&). The
estimates are then extended by density.

For A=p;; or D;; we know A € OpSU2A(Q;&) while A and (W2)** € OpSEi(Q;Endé&) have scalar
principal symbols. We deduce

(W2 A(W2)™* — A € 0pS4(Q;End8) c (W 10(X; ), LAX;€)),

and 1Al ggpieg00 = IWDZAWE) 2] ypp10.2) < Cas -

For the second estimate we need a more accurate decomposition of (Wg2 ) ZA(WBZ)_S/ 2_A . Let us write
A =al(q,p,Dp) with the local coordinate writing, a(q,p,n) = ¥;(q)p; when A = p;; and a(q,p,n) =
¥;(@)n; when A = ljj,i , and let w(q,p,¢,n)=(Cg+1&— F.}‘fpknlg, + Cg/4(|p|§ + |n|§)2)1/2 be the principal
scalar symbol of W02 . If we forget the tensor product with Ide , we have

(WH* —w**(q,p,Dq,Dp) =R** 1 € 0pSE1(Q;End &)
and

(W2 AW2) -~ A=w'(q,p,Dg,Dp)oAow(q,p,Dg,Dp)—A+As s +Rj
N ~
with  Ag,=(WH¥R*1A+R* 1w q,p,Dy, DA € W07,
and  Rs;=(WH™[A,R*+R A, w*(q,p,Dy,D )] € OpS¥*(Q;End&) c LW 0,70,

By pseudo-differential calculus the symbol of iA1 s equals

w®opa.0p(w*) —w’dpa.0n(w ) —w'dga.0;w ™’ +rg

d
= % Y —w ™o, a)wto,w?) + (W to,, )t w o, w?) + widw S H0.a + 1,
k=1

with r,7, € Sg¥%(Q;C).
An explicit computation shows that the operators (w_lapsz)(q,p,Dq,Dp), (w_lapsz)(q,p,Dq,Dp)
and dqa(q,p,Dp) belong to LHX;8),LAX;8)).
The operators (w™1d,,a)(q,p,Dq,Dp), W™ 10,,a)q,p,Dq,Dp) belong to L(LAX;8);#O1(X;6)).

Finally the remainder r;(q,p,Dq,Dp) € OpS\;,3/2(Q;C) cLWOX;8),W1(X;8)).
This ends the proof of

W) AW ™ = All grogpon, < Cgs for A=pjporDj;.
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We split (Wg2 )Vg(Wg2 )5 — Vg into

J J
S W2YE;ipj i W) —Ejipji=Y [WHE; (W2 —E;;]o(W2Ypj (W)~
J=1 Jj=2
+Ej;o [(Wgz)sﬁj,i(Wgz)_s ~-Djil

The factor [(WZ)SE’] i(W2)™s - E; ;] belongs to OpS (Q;Endé&) c L(L%(X;£);L*(X;&)) while the op-
erator (Wz)sﬁ] Z(W )¢ belongs to LWOX;E); L2(X &)).

The operator (Wz)s b, L(W )"* =P, belongs to LHX; &), W% (X;&)) while the factor E ; j,i belongs
to OpSy(Q; Endg)c,sf(WO YX;8);,L%(X;8)). O

4 A priori estimates on the scalar GKFP operator

In this section we work directly with the localized scalar version of GKFP operators. The results of
this section will then applied to the operators Pf_r p 8 of Subsection From now on, we focus the

analysis to the case + = +, because the other case + = — is the same, and we write simply P{) and all
the forthcoming related operators without the + index.

The chart coordinates open set (2 in @ is fixed and any coordinate system allows the identification
T*Q=QxR? c szfjo . The symplectic volume on Q x R? | is the usual Lebesgue measure dgdp and
the corresponding L%(Q x R?,dqd p;C)-norm will be denoted simply by | | 12 . We consider a scalar
GKFP operator

1 1
Py = ﬁ@)‘f‘ Z@, b €(0,00),
-8ij(q)0p,0p,; +8"(q)pip;
2 b

with ¥ =g (¢)pje; , O=
with the domain
D(#) = CP(Q xRY;0). (4.1)

By assuming Q cc Q1 where Q7 is a bigger chart coordinates open subset of @, we can assume
g|Ql/2 g|QU where g is a riemannian metric on R? which is euclidean outside a compact set, and
Q19 is an open neighborhood of Q such that Q cc Qq/p cc Q.

Alternatively the local scalar GKFP operators 22, can be introduced directly on Q x R% c R?? with a
metric g which is a compactly supported perturbation of the euclidean metric.

4.1 Dyadic partition of unity

By following [Leb1l[Leb2] or [BCDI, let 6,06 € C(R) be such that supp() < [,4], supp (6) < [0,4],
and

oo
vtel0,00, 024+ Y 02(27242)=1. (4.2)
=0
For x€e T*Q and ¢ e Nu{-1}, set
0(272¢p2|, ¢>-1,
0,(x) = ~( ;) 4.3)
041pl3), ¢=-1
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The collection {0,}7° _; constitutes a quadratic dyadic partition of unity for 7*(2 in the sense that

(o0}
Ve T*Q, Y 64x) =1, (4.4)
r=—1

with
supp(@y)c 2/l < Ipl, < 2%y whenever ¢>-1, 4.5)

and

1

supp(f-1)c{0= Iplq <1}, and 6_1(x)=1for 0 < Iplq < 3 (4.6)

Notice that because 6, is a function of | plg , Oy satisfies
VleNu{-1}, &6,=0. 4.7)

When (g, p) are canonical coordinates on T*Q = Q x R? | we also observe

VaeN?, 3C, >0, VL eNU{-1}, sup [0%0,(x)| < Cq27!¥’. (4.8)
xeT*Q
Proposition 4.1. There exists a constant C, g 5 = 1 depending only on the metric g and the functions
0 and 0 so that
iA 2 Ay |2 5 iA 2
+P,—— 10 + Py — — — +P,—— |0 4.9
( bb)’” (b? bb) L 2;( bb)””m @9
holds for all u € €;°(Q2 x R%;C) and all (A,b) € R x R, when kp = Cg,g’g(l +b2).
Proof. Thanks to (4.7), we have the commutator identities
Kp id 1 1 00, 0 1 020y,
P 00| ==I10,0p1=——g;i(q)— , 4.10
b2 +p — b 51] b2[ ’ ll] ngLJ(Q) api apj 2b2gz](Q) ap_j ( )
and
Kp A 1 1 00,, 00,
ﬁ+<@b_?,9€1],9£2] Zﬁ[[@’,gil],gzz] bzgu( q)— ap; (4.11)

for any ¢1,¢2 e NU{-1}. From (4.8), (4.10), (411D and the integration by parts inequality of Propo-
sition [2.1] we deduce that there is a constant C’ PE 1, depending only on the metric g and the

functions 6 and § such that x;, = Cgpo(l+ b?), Wlth Cg 05=Co+ 32C’ 5 and Co =1 fixed in Propo-
sition [2.1] implies

ezz §+37’b—3,9e1 Ocu L2SC'g’07(; ; ﬁll p6[u||L2+ﬁ”6[u”L2
o ) 4.12)
1 1 Kp m)
<C  |—+= —+P,—— |0
g,e,e(Kb Klz)); (b2 575 )7L




and

! !
Cgﬁ,é Cg 2

b4

Kp

i
B2 7T

b

A

b

<

[z 0; (4.13)

Kp
(ﬁ +3zb )ng

2 -

2 0,0
)y lul?, < 2223
L2 Kb 7 1.2

0,01,02

,951] ,00,

for all L eR, b >0, and u € CP(T*Q;C). The equivalence then follows from Corollary with

r= % (]
For every ¢ = —1, we define the change of variable

®;: OxRT - QxR?
(q,p) — (q,2°p)

The change of variable in the integral give

Kp

163

A A
+ Py = SW0rulz = IG5 +Po =l (4.19)

with u.(q,p) = 2%0(|p|§)u(q,2fp) (for ¢ = -1 replace 0 by ) and 2, , = ®; P, (®,1)*. After the
change of variable, operators are changed by

1 1
Py p= =0, + =%, 4.15
b0 = 130t e, ( )

. 1 1 _ ..
Oy =0,0(@,1)" = 52 2 g (@)D p,D,, +2% g7 (q)pip;) (4.16)

. 0 0

A -1\*x _ of

and % =0;,¥(®,1)" =2 g‘f(q)pj(@+ry;(q)pmﬁ). (4.17)

The equivalence (4.9) can be rewritten as

Vu € 6°(Q x R%;0),

321G+ P = el < WGy + P = ull < 5 MG + o= Py, (418)

where now uy € €;°(S,2;C) with

fx=(q,p)eQxR?, £ <|plg <R} for =0

{x=(q,p)€Q><[R2d,|p|q<1} for ¢ =-1, (4.19)

S¢r= {
for any fixed R > 1.

4.2 Partition with a 2’-dependent grid in the open set Q [Ri‘qi

Here the integer ¢ = —1 is fixed and the localization will be done with some translation invariance in
R by using a regular grid with a spacing of size A27¢.
Let us start with the translation invariant partition of unity

Y vig-m)=1 with we €®RY;[0,1]). (4.20)

mezd
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For any A>0and /€ Z, ¢ = -1, it can be written

Z v (q Aq2m;A) 1 Withqm’[’A=A2_€m.
mezd

Accordingly we set

(q)= qd—49m,r,A
Ym0, AlQ) =Y A9
and we get
SUpPWm,,4) = qm,e,a + A2~ Supp(y), (4.21)
Va,peN?, |al>0=DDly, ,4=0, (4.22)
VBeEN?,3Cpy >0, 1AY27PD Yy, 1 4l<Cpy . (4.23)

Proposition 4.2. Let 2, ; and Sy 2 be defined respectively by and (@19 for ¢ €7, ¢ = -1.
There exists a constant Cg y > 0 depending only on the metric g and the function vy such that

—mezzd IS +%,e—?>wm,z,Auan— |2 v eau], = 1GE + P~ Sul,
d 1z ) 2 & g, 2 22¢ ?
and (5 + Do~ ul}s < TG 5+ P = W eatlls + 52 |27y cau |,
holds for all u € 65°(S¢,2;C) and for all (1,b) € R x (0, +00).
Proof. The computation of commutators gives
iA OV, ,0,A
[52 + P~ Ymir.al= —[%,wm1 r,al= —g”(q)2" 72“1 (@), (4.24)
iA
[[— +Ppo— 3 Vem, AL Wmy Al = _[[%,Wml,Z,A]anz,f,A] =0. (4.25)

Because suppu = Sy 2 < {x =(q,p),|ply <2}, the estimate (4.23) of the derivatives of y,, ¢ 4 implies
that the right-hand side of (4.24) satisfies

)3

m1€Zd

1 i ¢ OWm0A
- ol . MueA
g"’(q) Dj g’

b

2 G odl
g
(@Y mye.au ‘ v

TAbZ ||1l/mz,4,Au||i2

for all m1,ms € Z% with a constant C ¢,w > 0 depending only on g and . Because the double com-
mutator vanishes, we apply the formulas (C.2) and (C.3). This yields the result with the constant
Cg,w = 4C§-’w . O

Since

{x=(q,p)€Sr2,q €Supp(Ws ma)t < (B(@mr.a,CoyA2 )xR)NS, o (4.26)

when u € C5°(Sy,2;C), the problem is thus reduced to finding lower bounds for

. 2
52,0 .,
when v € CP (B (gm,r,4,CeyA27¢) xRI NS 2). When A2 is small enough, is contained in a
g-ball with radius below the injectivity radius of the metric & on R?, and normal coordinates around
Qm,,A can be used. Note also that the ball B(g, A,é’ gﬂ,,A2‘€ ) can be equivalently taken for the
euclidean metric or the metric g by possibly adapting the constant C g -
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4.3 Use of normal coordinates

Due to (4.26), we are interested in (% + Py~ %) v when v € C3°(B(qm ¢ 4, CA'g,U,A2_”) x Rd)ﬁS[’g . For
27lA<e ¢,w With g, small enough determined by the pair (g,y), we may introduce normal coordi-
nates § = ((jl,...,(jd) centered at g,, 4. The associated canonical coordinates on B(0,C g,wA2_€ ) x
R? c T*R? will be denoted by (¢,p) with p =(p1,...,Pq). Since &, , maintains the same form (4.15)
under the coordinate change (g, p) — (g, p), we may assume without loss of generality when consid-
ering

(4.27)

Kp i1
(ﬁ +=@b’[ - Z)U

L2

for 27YA < Egy and v € C?(B(qm,g,A,ég,wAZ_[) x R4 NSy¢z2;C) that g, p 4 =0 and that the metric g
satisfies

VaeN?, 0% (gij(q)-6;;) =0(ql®1*). (4.28)

We note that since the Christoffel symbols for the metric g are given by

1, (08 0g jk 0gik
If(g)=-g" - () - —= 4.29
ir(@)=58"(q) 3q" (@) + 30 (@) 3 @], (4.29)
we have
VaeN?, 95T, (q) = 0(q|"71"). (4.30)

in these coordinates. By taking ¢4 smaller if necessary, we may restrict our attention to functions
v e CP(B(O, C:e,wA2_€) x RY mS’[ 0, where B(0, CQ,WAZ_[) denotes the Euclidean ball in R? of radius
éfg,wAz_[ centered at the origin 0 € R?, CA’J’M, > (0 is a constant depending only on g and v, and
S’[’4 ={(g,p)€ R29 % <|pl<4}. Here |p|= (p% +---+p3)1/2.

Let g(q) = (gi j(q))lsijs 4 extended to a function defined on the whole space R? with the same

properties. We now introduce the following non-symplectic change of coordinates on R%? :

em:(@,p)— (270,22 Dp), (4.31)
and the associated unitary map

Upm: LAR*;C) — L2R?;0)

v - 2% det(g2~ @) voprm),

which sends L%B(0,C), ,A27%) x R%;C) into L2(B(0,C}, ,,A) x R%;C).

By taking &4, smaller if necessary, we can assume that the unitary map %/, and the pull-back
¢}, send CR((B(O,Cy , A27") xRN S/, ;;C) into G°((B(O, Ly, A) x RY) NS ;).

The change of variables in the L?-norm gives

Kp

IG5

iA Kb A
+ Py — ?)vllm = %f,m(ﬁ + Py — ?)02/4,,” WUemollLe, (4.32)

where

1
U m Py 0 U, ,, =\ det(g2~ NPy ¢y ————,
’ Vdet(g(2=¢q))
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with
Py tm = ¢Z,m=@b,€(¢ﬁn)* :

A straightforward computation shows that

b2@)[m+ b@Zmy (4.33)

i1 1
\/det(g(2=¢ ) b Prtm ‘—]— (4.34)
etg q b,l, b ,—det(g(Z_gq)

Pyom =

Um0y = Poom +

where
% _ * _1 lj 4 PzD l
@l,m = (P&m@)[(pf,m = %Z,mﬁf%[’m = 9 Z 2 ) ol 90 pl2 pj (4.35)
i,J
and
— _o2esij O Lij 0
Yo = QrmPe@em =270 pja P+ (@ Opipsg - (4.36)
. ghn
;) (q,0):=2 Zgn (2 q)( —(2” q)+Zr?n(2 ‘pgt2 q)) (4.37)
%[77'1@[%21‘711 =% m+ det(g(2—”q),%,m] 3 (4.38)
’ \/det(g(2‘” q)
From and we know that
sup  If(q,01=CPA. (4.39)

qeB(0,C} , A)

Since det(g)o @y m = det(g(27¢q)), we have

A 1
Zz +Pp,0m %,\/det(g)ow,m] =3 [%,m,\/det(g@‘”q))]

1

= 200wl Vdet(@lg, )"
1

= 5[%’ vdet(g)lo@sm

2¢ .. 8y/det(g)
zgaklpkiaqi & o pm. (4.40)

is bounded by some constant Cg’,‘g on (B(0, C wA) X R)NS vs - With the identities (4.32) and (4.34)
we deduce

K A
| ||(b—§ + P pm =W UemlLz - e x L+ Py - —)anz E CSL e ol (4.41)

Proposition 4.3. There exists a constant Cgy = 1, determined by the metric g and the function vy,
such that the inequalities

A K A
N+ Py~ )% mvl2, < ||< 3+ Poe = P WIEe SACG+ Py m = Wemolfe, (442
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hold for all v € €5°((B(0,Cy , A2~ x RN S}, 50), all (A,b) € Rx (0,00) when 27°A < g and 3} >
Ceun
Additionally, we recall

Upmv € C(BO,Cl , A2 ) xR NS 4;0),

for all v € €5°((B(0,C), ,A2~) xRN S}, ,;0).

’,4°

Proof. The same integration by parts as in the proof of Proposition 2.1l now gives

4 2 ¢ 2 2
||(— +Ppom —iMulpzllullpz 2 —5 | Cell27"Dpulls + Colli2” Iplullz, +xp llullze

b2
1 ij 0
+—[R€ ,£2(q,0pipj—

e(u, ,°(q,0pip; o u)

@ A
>(4—bz—0gw 5 Mul

for all u € ‘6000((3(0,C’ A)xR¥)NS’ .;C), owing to @.39). For x; = 8C(4) Ab we deduce

2,8

~ A
Yu € €°((B0,C), ,A) xRN S 4:0), —2full < ||< b Py~ Dull.
gv ,8 b

Kp
8b2
The inequality (4.41) now implies

3)

Kp i) Kp i) wAb i)
| ”(ﬁ +<@b,é,m—?)%ﬁ,m0”L2—”(ﬁ +<@b,€—?)l}”L2 | < é;(ib”(ﬁ +<@b,[,m_?)%ﬁ,mvllL2- (4.43)

when xp = 80(4) Ab . It suffices to take Cg = maX(SC?L,, 160(3) ). O

The next step is to replace the @ ,, with the euclidean version defined by

~ 1
Gr =55 274D, D, +2% p?), (4.44)
and we set according to (4.36)
Potm =13 @ + b@Q m > (4.45)
9 . 9
ith Wy, =226"pj— + £,/ (q,O0pipj— 4.46
wi tm Piggi fi(q )pzpjapk (4.46)

Proposition 4.4. There is a constant Cgy =1 determined by the metric g and the function v, such
that the following inequalities

l/l 260-2¢ b l/l
I b2+32’bzm b)u”L2_Cg,1//A2 I 72 b2@’z)uIIL2<II(—+=@bem > ullz2
and 0 0
1 l -
[ bz+9’um b)uan_n o+ Py — b)u||Lz+Cg,wA2 27%) b—’;+§@)uum

hold for all u € Cg(g"’((B(O,C A) xRHNS’ .,C),all ¢€Z, ¢=-1, and all (A,b) € R x (0, +00).

0,8
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Proof. From the equality

- 1 -
Pyom—Pbom = 72 (@’am —@’[) . (4.47)
The difference between 0, ,, and @N’g’m is given by
Opm—0 —1[( U2 lq)-5,,)272D, D, +2% (g2 q)-5" ) pip; 4.48
‘m ‘= 2 g q) ij pilp; t glj( Q) pipj| - (4.48)

A unitary change of scale replaces (2¢/p,2p—¢D p) by (p,Dp) and the problem is reduce to the com-
parison of harmonic oscillator hamiltonians in Proposition relying on global ellipticity. With
1892 ¢q) - 6" +1gij(27¢q)—b;;1 < Cgy1A227% , we obtain

1 e —
I35 (Oem=00)uly: =< CgyA227%|

b
52 b2@’g) ullge, (4.49)
for some constant Cg 4, > 0 determined by (g,v). The two inequalities of this proposition follow. [

We sethzz%,

b
Kp ~ A 20 Kbh A .
ﬁ-i-‘@b’[m_? 2 (T "l%@b,h,f—lh/l (450)
where )
) 1 p2 1 B 3
Do = 50ii(hDp)hDy) + 35+ 557D i3t hfl Pipsy - (4.51)

The problem is now reduced to a careful study of the operator g’b h,r acting on C6""((3(0 C” yA)x

RN S’ 0 g-C). We will firstly consider the euclidean case in Section Bl where f = (fk )1<l Jk<d =0,
and the results for the general case will be obtained by some accurate perturbative argument in
Subsection[6.1]l Passing from the local to the global estimates will be developed in the end of Section[6]
but preliminary results are collected in the next paragraph.

4.4 From the local models to the global estimates for a fixed ¢

We work in the framework of Subsection [4.2] and Subsection Remember the notations and as-
sumptions:

q- qm/A

* the partition of unity ), .7« ¥2(g —m) = 1 and the notations Ym,e,a(Q) = Y(=;
A2 'm;

* Ppy= b—lzﬁg + 2%, introduced in @IEEIEID;

), d¢m,A =

* the condition 27YA < Egy = C for €5, small enough which allows in Subsection [4.3] the use

of normal coordinates centered at gy maA = A2 'm, me 7%, and the comparison between the
metric g with the euclidean metric;

* the unitary transform % ,, associated with the change of variables ¢/, : (¢, p) — (2_5 q, g(2_€ q)p)
written in normal coordinates;

* the operator 2 ¢, = %@g,m + %@/g’m introduced in (4.33).

32



Proposition 4.5. With the above notations and assumptions, in particular 2 YA < C_l,,, , set for u e
8,
6,°(S¢,2,C) and for any m € ze,

m=UemWoman) €E5°(BO,CL ,A)xRHNS) 4,C).

The following inequalities

Kp i1
< ||(—2 + Py 0= T ooy

1 % il Ce
Z == +=@b,£,m - ?)u&mnizmzli) A2b2 ||22[

e 8 b2 LZ(RM)
and 1L+ )uII Y 812+ )u 12, g0y + 2 |2
bz b,0 — LZ([R2d) ) bz b,0,m — l,m L2(R2) A2b2 L2(R2d)
me
hold true as soon as xp = CgyAb and the constant Cg y = 1 is chosen large enough.
Proof. Simply combine Proposition [4.2]and Proposition 4.3 O

A similar result can be written for the hamiltonian vector field alone.

Proposition 4.6. With the same notations and assumptions as in Proposition the following in-

equalities
Y U @ — i, — o as |22 e, = 15 @ = il
Ezd8 b m — VULl 2 poa) gu/Asz b222£ Ue,m L@ = ¢ AU 2 (p2dy >
m
2!
and ||—<% AU g0 = Z 8l (@/m R I o € Asz 522%)”2 [

hold true as soon as the constant Cgy, =1 is chosen large enough.

Proof. In Propos1t10n[ﬂ]the operator ( 5 +Pyr— —) can be replaced by & 5@ —1A) and this produces

the same error term A2 52 ||22[ Urm H 12 - In the same way, the calculation leading to (4.41) can be done
with ( +Py o~ ) replaced by b(@/g —iA). This second step leads to

||—(%m—mmmv|| <2|= (% iA125 20, +2C), ]2 ||%mv||

L2(R2d) LZ(RM) Lz([R2d)

and

1 ) 1 .
5@ = iAo gany < 25 Feym = iUt m0 | aga + AC ]2— 1% 0 mv 117 2 gay

We conclude with

22[2

2¢ 20
”JZ/[ mv||L2(R2d) b222[ ”2 %[ mv”Lz(RZd) b222[ ”2 OZ[[ mvlle(R2d)

O

The last result of this paragraph is about the comparison between local and global estimates of
the #?3-norm appearing in the lower bound of Theorem According to Proposition [E.7Hi) in
Appendix[E] the #?3-norm of u € EA(OR R?;C) can be written

2/3
a2 + 1Dyl

W3 — ” (@1 )2/3

L2(R2d) LZ(RZd) ?
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expressed with operators constructed in the euclidean case. The change of scale (p,D ) — @2p,27‘D »)

leads to consider

) 23y, (4.52)

WU ¢ ”(@)Z)Z/3

+ .
LZ(RZd) ”l q| L2(R2d)

Proposition 4.7. With the same notations and assumptions as in Proposition d.5land with |u ||7V2/3, 0
defined by (4.52), the following inequalities
2

2/3 4 2/3
”u“7f/2/3 ¢ —ng Z ”(@f) LL[ m”LZ(R2d)+ ”|2 D | u[m”L2(R2d) LZ([R2d)

mezd

203,
T

A A4/3

hold true as soon as xp = Cg . Ab and the constant Cg .y = 1is chosen large enough.

Proof. With (D )23u s, = (u, (1~ A)¥3u) and (1 - A)%3 = [(1+[£223] " (¢, D).
and Zmezd ¥2(qg —m) = 1, Weyl-Hormander pseudo-differential calculus with the standard metric
dq®+ ; 5()2 provides a constant Cy, = 1 such that

ID3vl2,<Cy Y DSy —mull2,.

mez?
By setting h = A27¢ w(q_;?m) =Ym,e,4(qQ), v(g,p) = hd/zu(hqap) and
Vm.0.4(0, D) = Um.ea(@ulg, p) = b2y (T 2y (h1q, p),

the above inequality becomes

2 2 2 2 2 2 2
”IthlsuHLZSCU/ Z ||<th>3Um,[,A”L2 5201/1 Z ”Ith|3vm,€,A”L2+||Um,[,A||L2(R2d)

mez? mezd
By multiplying both sides of the inequality by h5 = v 4,/3 , we get
2 2
D3 ul?,<2Cy Y IIDgl3vmeal?: + A4/3 5122 vm. 0. 4132 g0, -

mezd

By adding I(G)ul2, go_ = Tmeza 1@)0m 0,412, ga_ » We deduce

2 2
”u”Wz/g ¢ = Cl// Z ”vm ZA”Wz/g ¢ +— Um,[,A||L2(R2d)

4/3
mezd A

which is not exactly the seeked inequality expressed in terms of the u,, , 4. By setting 0,, s 4 =
2’d/2vm,g,A(q,2[p) we have on one side

2 ~ 2
”vm,[,A ”7;2/3’4 = ”vm,[,A ||W2/3’1

while on the other side

m,ea(@,p) = 2/ 0 aA(@ulq, 2" p) = 2" (U, ) im0, 41(q,2 p)
24(1 l l 19¢ 9
= mum,[,A(z q,8(2°q) "2 p):[%&mﬁm,l,A](q,p)
eugls" q
. R R 1 )
with um,z,A(q,p):2€dum/,A(24q,24p) , [U[)mw](q,p):—w(q,g(q) 1p).

det(g(q))
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.. . N 1
Proposition gives |Ugmwllys 1 < Cfg Lllwll;,;m ; and

1) 42 1) 42 2/3 ¢ 2/3
16m,0,4 15505 1 < [CG P Nm, 0,410 | <TCEY NG im0 AN goay + 112D tim 0,417 5 gy

while
||Um,€,A ||L2(R2d) = ||l7m,Z,A||L2([R2d) = ||ﬁm,é,A||L2([R2d) = ”um,[,A”Lz([R?d)-
This ends the proof after choosing the constant Cg y, < 1 large enough. O

5 Euclidean Case

In this section we consider the scalar euclidean case indexed by two parameters b,k > 0 with the
Kramers-Fokker-Planck operator

. 1 p?2. 1 o}
9{77}1’0 = 5(—h2Ap —_— g le‘]@ (51)
< Jj=
X —_——
=0, =ip-D,

n k24 = [Rg x [Rg where (¢,p)=(q%,...,q4%,p1,...,Pd) -

Proposition 5.1. There exists a universal constant C = 1 such that the inequality

h A h 1
C”(Z +=@b,h0 Lh/l)u”LZ(RZd) —”( +@b h)u||L2(|R2d)+ ”(ZP'D hA)u||L2(|R2d)
h 2 h (Al 3
FI=DglE + 2yl e + (h2—) u (5.2)
b q b L2(R2d) ‘ /hb + |p| L2y
holds for all u € C°°(|R2d;C), all AeR and all (b,h) € (0,00)%.
Proof. A unitary change of scale transforms (q,p,D4,D)) into (\/7 q,Vbhp, \/7 Dq, p) and P}”b 1,0

into b‘@Ll,O . The problem is thus reduced to the case b = h =1 and the final result W111 be obtained
after multiplying both sides of the specific inequality by A2/b2.
Let us introduce some simplified notations:

¢ The partial Fourier transform with respect to the variable g is normalized as

gq_.gu(f,p):/de_iq{u(q,p)dq, u € CP(R?), (5.3)

It is unitary from L2(R2% | dqdp;C) onto L2([R?()t b dp;0C).

q,p’ (2 )d

¢ The operator 9?’1,1,0 is simply denoted by P and we set

A 1 ]
P=210= 5(—Ap +1p®)+ip-D,

=0
_ R _ ®1 d
PzzqugoPO(quHg) 12/ =(=A, +|p| Y+i(p-&) )@ (f)d, (5.4)
Re

_P

in the direct integral decomposition L2(R2?

dp;C) = [pa L% (R?,dp;C)

&p’ (2ﬂ)‘i (2n)d ’
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-Ap+Ipl®

¢ The harmonic oscillator hamiltonian € = is decomposed as 0 = Z;l:l 0; with

- 162+1 9
7 20p? 2P

e For any fixed ¢ € R?, there exists an orthogonal matrix Z: € 0(d) such that
R} (© = (1¢,0,...,0). (5.5)
The corresponding unitary pullback on functions (92?)* : L2(R?) — L2(R%) is given by

(%R} u(p)=u(®; p), ueL*R?),

and we let (%;)* := ((92?)*)_1 be the inverse of (92?)* For ¢ e RY, let

_ . o~ . 1 :
Pegi=(R}) oPro(R)" = E(—Ap+|p|2)+1p1|cf| (5.6)
be the conjugation of 1:55 by (?/2?)* . From (5.6), it is clear that

Pea=01+ip1lél+ ). 0. (5.7
Jj#1

We now turn our attention to the topic of obtaining lower bounds for the quantity
[(1+P —idu 2 gea (5.8)

when u € Cgo([RZd) and 1 € R. We begin by observing, via a straightforward calculation, that

2
. 10% |
|1+ 01 + (P11l = Dl oy = (1—5—2+z(p1|€|—/1))u

ap]_ L2(Rd)
2 2

P 2 1 L 9

+||— + += — - = 5.9
9 u L ”plu”L2(Rd) 9 plap]_u L) 2”u”L2(Rd) ( )
P

for any u € Cgo(le), £eR?, and 1 € R. Meanwhile, an integration by parts argument gives
16 1 0
Ia-5 a2t i(P11¢1= AUl T oy = 11l Faga) + 51 auniz(w) (5.10)

for every u € Cgo(le), £eR? and A €R. On the other hand, from Proposition[B.1] we know that there
is a universal constant Cy > 0, such that

1 i 1
Coll1= 2 Ap, +i(P11¢] = Ml o ga, =15 Ap, ul agay + 1P 111 = Vel L2 g

2 2
[A] )3
e u
1+1pal L2(RY)

U815+ Dl 2, g, + (5.11)
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for every u € Cgo(Rd), EeR? and A€ R. Since

1
2 2 2
”(1 + @l)u ||L2(Rd) :E ||u||L2(Rd) + ”plu”LZ(Rd)

p? 0 0 192
+ ” u”Lz(Rd) ”pl u||L2(|Rd)+ ” u||L2(|Rd) + ” p u”

L2(R%)

for every u € Cgo([R?d), we deduce from (5.9), (6.10), and (5.11) that there is a universal constant C; = 1

such that

C1ll(1+01 +i(p11El = DulFogay 2N+ OV o gy + 1(P1IEN = D2l F 2

(€15 + D2 lul?

Al \F
e I\ T py)

L2(R4)

for every u € CSO(IRd), EeR? and LeR.
Next, we observe that elementary algebraic manipulations give the following identity:

2 2
(1+0)*-(1+061)* = (Z@j) +2(1+01) Y 02 (Z @’j) :

J#1 J#1 J#1
A straightforward computation using gives that
(A+Pez—iN)* (A +Peg—id)=(1+01 —i(p11El - VYL +601 +i(p11é]— 7))
+(1+06) -1 +6,)

holds for every ¢ € R? and A € R. As a consequence, we have
2

Y. 0ju

J#1

||(1 +P§ z—1iAu ||L2(Rd) =1(1+01+i(p1l¢l - A))u”LZ(Rd)
L2(R4)

for every u € CSO(IRd), £e€R?, and A € R. Combining (5.12) and then leads to

Cill(+ Py gp = il } oy = I Y OjullFoay + 1L+ GDUNF o ay + (D 11EN = Dl 5 g,
Jj#1

2 2
Al )3
1+p) “
p L2(RY)

FOE + D2 ul?

L2([Rd)

> = ||(1 0N oy + 1D 11EN = D2t

2 2
Al )3
1+ipl) ©
+ip L2RY)

+(E]F +1)2

2
”u”L2([Rd) +

(56.12)

(5.13)

(5.14)

(5.15)

(5.16)

for every u € CSO(IRd), feR? and 1€ R. From (B5.5), (5.6), (5.16), and the unitarity of (%?)*, we see

that there is a universal constant C = 2C; =1 such that
CIA+ P =il o gay ZIA+ Ol F o gay + 1D - E = Dl

2 2
i)
D a—— u
1+1pl L2(RY)

2 2 2
+ (€15 + D22l 5 ey +
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for every u € Cgo(Rd), £eR?, and 1 € R. Using (5.4), (5.17) and the unitarity of Fq—¢, we obtain

CIA+P =il yay 2N+ OVl gy + 12 - Dy = Dl 7 gy

2
+1(D 13 + DulF o gay +

Al )5
— | u
1 + |p| Lz(Rd)
for all u € Cgo(IRZd) and 1 € R. The change of scale introduced in the beginning of this proof says for
A replaced by b1

b - . b . 1
CIL+ 2P 0 = DAL Ly ZNA+ 26 )| ey + (5P - Dg = b T

2

2
3
b 2 2 |b/1|
+”(|\/;Dq|3+1)u”L2(Rd)+ (1+ﬂ) u
L2(R4)

vhb

for all u € CSO(RQd) and A € R. Multiplying both sides by (%)2 ends the proof. O

6 Final proof of Theorem(.6

We now collect all the information given by the localization techniques of Section 4] and the accurate
estimates for the euclidean model in Section[5l The first result will be the derivation of the subelliptic
estimate for the local model @b,g,m = b—lzég + %@g,m introduced in at the end of Subsection 4.3
from the subelliptic estimates for the euclidean model. The second result is about the other local
operator 2y ¢, = b—12@)[7m + 3%, introduced in (L33)(@35)@.36). These preliminary results hold
for all momenta p ~ 2¢ and arbitrary values of the intermediate parameter A > 0 introduced in the
grid partition. Then, in the third paragraph, we consider the case of large momenta or large ¢ and
the summation with respect to the grid index m € Z¢ will hold for A = 1 large enough. Here the
intermediate parameter A will be fixed to A = A(b) = 1 large enough according to the value of 6 >0
and the geometric data.

Once Ao (b) = 1 is fixed, the fourth paragraph collects the information when the momentum p ~ 2¢
is bounded by C4_ ), . For this part the term p x p x ), estimated by O(C4_ 5)5)9, , is controlled
by a simple integration by parts argument provided «, is large enough. The summation with respect
to the grid index m € Z% will be done by choosing another value for the intermediate parameter
A =Ay(b) with Ay(b) > 0 small enough according to the value of b >0 and the geometric data.
Finally all of the summations with respect to £ = —1 are carried out.

6.1 Comparison of the local model &, ;,, with the euclidean case

We write general local subelliptic estimates for the local operator 9 ¢, = b—12@~)[ + %@/g’m introduced

in at the end of Subsection 4.3l and parametrized by the dyadic scale 2¢, b > 0, the grid index
m € Z% and the constant grid scaling A > 0.

Proposition 6.1. Let C = 1 be the universal constant given by Propositionl5.1lfor the euclidean metric.
There exists a constant CS,L, >0, depending only on the metric g and the function v, such that for all
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(A,b)€(0,4+00)?, kp = c® Ab+1 implies the inequalities
g’w

2

Kp ~ iA 20, 112
H(ﬁ +=@b,€,m - ?) u L@ = 216b4 ”2 ulle(R2d) (61)
and
AN K 1 S [ 1 2
4C(1+C2),p%4% ( + ‘—) > = (kp +6 = (@ m—in
( i ) pz T )Y L2(R2) g (<5 +0)u L2®2) b( em = iA)u L2(R2)
¢ z |2
+(2D3+1) +(1—M| )3
2q 2 |¥ 2 7 u ’
b 3 R (Rl P
(6.2)

when either u €€, (B, CA';,,,’,,A) xR¥) N Sé),s’c) and (A, 0)ERxN,
or  ueEeBO,C, ,A)xRYNS. 5,C) and AR for £=-1.

Remember the notations of Subsection[4.3]

1
* h=gs
. % +<@b,[,m 5= =22¢ (Kbh +<@b hf —lh/l) = Lh (th +<@b,h,f - ih/l) ,
~ A A _R2A, ¢
* Oy= 22[@1),}1 with Oy p, = # ,

© 1Y m=22tp-0g+hf} (g, 0pip0p,) = 35 (3D 0 + hf (@, O0pip;dp,),

* S| g=1{g,p)eR*, § <|p| <8} and S{ 4 = {(g,p) e R*%,|p| < 8}.

The result of Proposition is actually deduced from the same results for the operator QA’b,h, e
This will be done in two steps.

Proposition 6.2. There exists a constant C(z) > 0, depending on the metric g and the function v,
such for all (A,b) € (0,+00)? and for xp =1+ C(z) Ab the inequalities

hx N . 1 1
Re < Tb + Pyt — zhxl) u, u>L2 2 o8p2 llu II%Z(de) s Z “hDPju”%,Z(RZd) ©6.3)
hxyp 2 1
H (—b +<@b hf— lh/l) 21654 (1 ||L2(R2d) 29b2 ||hDPJu||L2(R2d) ©4)

hold true

when either  u € 65°(B(0,C} ,A)xR)NS)4,C) and (A,0)eRxN,
or  ueE(BO,C,,A)xRYNS. 4,C) and AeR for (=-1.
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Proof. A straightforward computation gives

1H|p| 2
—||=—u

hxyp N . hxp 2 1 2
Re (|28 49, , —ihA|u, =— +5 2 1hDp; +
e<( 5 tPenr i )u u>L2 5 14lLagea 2;" pitlosen L2®2)

i ou
+Re <hflszip1a’u> )’ (6.5)
L

and, owing to |p| <8 and | fi};.(q)l < CL,{L,A according to (4.39),
linpj’ Y

_|k _|_h ik o ki
_‘2< opi u’u>Lz - 2<§(fk pitf'pi)uu .

<8hCY) A lull? o gea (6.6)

Re <hf,:inpj®Tk,u> \
L

for any u is supported in (B(O,CA'(;,WA) x R%) NS} g for (=0o0r £=-1.
When /=-1and h = % we simply use

C(l)

th ~ .
e <(T + P f lh/l) u,u>L2 = 45—"“”L2 t5 Z ||thJu||L2(R2d)

2
2 g llulz +5 Z 1Ay 2 gy
if xp =1+C$) Ab and CP), =16CY),.

When ¢ = 0 and suppu < (B(O,C’t'g’u,A) x R%) NSog, we deduce with the lower bound |p| = 273 the
inequality

(2)
hxp | - : hxy, hCgyA 1
Re<(7+<@b,h,f_lh/1)U,U>L2E(T 2 27b2)|luIIL2+ Z||thju”L2(R2d)’

where again C(2) = 16C(1) is determined by the metric g and the function ¥. Two cases are now
discussed.

e h< m : we obtain

Re <(% + Py - ih/l) u,u>L2 > (% + 28—11)2)||u||22(R2d) + %; 22257 e
e h= m : the assumption «x3 = ng’,Ab implies

Re <(% +Popg - ih/l) u,u>L2 > (% + 27—1bz)||u||§2(R2d) + %;”’ZDWUHE(W) .

This ends the proof of (6.3) in both cases.
The second inequality is deduced from via the Cauchy-Schwarz inequality like in the proof
of Proposition 211 O
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We are now able to give a lower bound for the operator %7, 5 ¢
Proposition 6.3. Let C = 1 be the universal constant given by Proposition[b. 1lfor the euclidean metric
There exists a constant C3) >0 depending only on the metric g and the function v, such that for all

)

!

|

(A,b)€(0,+00)?, and kp = Cg{,,Ab+1 the inequality
hxp 2 Kph 4 2
cl1+c® A%p?) || =2+ —h/l) “==+6
( * &Y ) b * bhf ! LZ(RZd) 4 b * bh L2(R2d)
1|(1 ij ) 2
- (_p~6q+hfk (q,[)pipjapk—lh)l)
Lz([R2d)
1(lh . |3 & 1 P
+= (‘—Dq +—)u + = (h2—) u (6.7)
2 b b L2(R2d) 2 Vv hb + |p| LZ([R2d)
holds
when either u E‘é()oo((B(O,CA';,’wA) X Rd)ﬂS&s,C) and (A, 0)eERxN
or  ueEeBO,C,,A)xRYNS. 5,C) and AeR for (=-
Proof. We start with the inequality
2 2 2
1 H(th ij ou
> — —+9”bh —Lh/l) —W\hf pipi— (6.8)
L2(R24) 2 b 0 L2(R2d) k2 Jdpk L2(R24)
(6.9)

)

h
H(ﬂ—h@bhf_lh/l

1Bfy Pi j 57 agas, < [64C L AP Y IAD p Ul g
J

which comes from |p| <8 and (4.39). With x; =1 and C =1 given by Proposition [5.1] the inequality
2

(5.2) combined with
h 2 h 2 h(kp—1
H(ﬁ +Q—ihAu :”(—+Q—ih/1)u HMu
LZ(RZd) b L2(R2d) L2(R2d)
h(xp—1 h .
+2f7(K2 )u,(z +O0p p)u)
>0
. . 1 2
for @=Ly po0rQ=0pp= 5( R2A, + “ZL ),
implies
h . 2 1||( hxyp 2 1 2
Cu(ﬁwwbho—iha)u >= ’( +@bh) —p~6q—ih/1)u
b T L2(R2d) 2 b LZ(RZd) b L2(R2d)
2 al 2 (6.10)
3
+ (hzi) .
L2(R2d) “ Vhb+ |p| L2(R2d)

i)

Jlge.f
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Combining and implies

ol 5|5 0008 ol 3520 02)u
—— + Py pp—ihA 21l @ *3 (5P %0 ihd
H( b, f L Loz 1 b bh|U J— 2 bp g1 u L2(R2)
(1. 1B &) | 1 L
3 3
+= (’—Dq +—)u 5 (hz—) u
21011s b LR 2 Vhb +|pl L2(R2d)
(1) 412 2
- CL64C G, AP Y D g, w7 oy -
J
(6.11)
Putting
(1 5 'h/l) *L1 (1 3y +hfpip;0 'h/l) i
pP CqTinAIU L2R2d) 2 P 0 LR O L2(R2)
heiis o5 ul?
- fk plp] pku L2(R2d)
11 ij ; 2
ZE 3p~6q+hfk pipjapk_lh/l u L2(R2)
~[64CY) A]ZZ ||thJu||L2(R2d)
into (6.11) gives
, 2
hxyp 1
—+<@bh —Lh/l) > H( @bh) H( p-0q +hf pp lh/l)
H( f L2(R2d) L2(R2d) b k iPjYp,; L2(R2d)
a3 ow) | 1 AL\
- (’—Dq +—)u 5 (hz—) u
210ll5 b) |ragey 2 Vhb +|p| L2(R2)
2
—~2CI64C ), AP Y | hD p |7 g, -
J
(6.12)
When «; = C$),Ab the inequality (6.4) provides
hx A 2
9,2 b ;
“thJu||L2(R2d)_2 b (T +<@b,h,f_lh/l)u Lg(Rgd)
and taking
C®) =max(C?,, 220" =1 , x,2CP) Ab+1,
yields the result. -

6.2 Comparison of the local models &, , ,, and 971,,;,,,1

We now deduce subelliptic estimates for the local operator %, ¢ ,, = b—lzﬁ’g,m + %%,m introduced in
(4.33)(@.35)(4.36) from the one obtained in the previous paragraph for @b’g’m . It is a consequence of
the upper bounds for the differences (Qi”b’g’m ~ Py 0,m) and Gy - Oy m) studied in Proposition [4.4]
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Proposition 6.4. There exists a constant C((;L, =1 such that for any A,b >0, xp = Cf;},,(l +A)1+b)
and 2% = CY),(1+A)(1+b)A? imply

1
c(4w||(—§+@b,e,m )unLZ(de) 2125w o, (6.13)
and
Ch1+AP1+b7 ||| 2+ 2, M) i >‘ 1( +Opm) i + 1(@/ 1) ’
—\|u Zll-—= (K u - —1 U
b2 b [ m b L2([R2d) b b l’m L2([R2d) b l’m LZ(RM)
1( 5) 2 24D§ )| (1 Al )5 2
+|= (kp +O¢)u +| = +—|u +|l5———| u ,
b2 LZ(RM) b2 a b2 LZ(RM) b2 1+2€|p| L2(R2d)
(6.14)

when
when either  u € 65°(B(0,C} ,A) xR)NS)4,C) and (A,0)eRxN,
or  ueEBO,C,,A)xRYNS. 4,C) and AeR for (=-1.
Proof. a) For the inequality we must reconsider the proof of Proposition [6.2] after noticing

~h3(g:;(27 q)—6i;)0,,0,, + (8" (27 q)— 6"))p;ip j/b?
5 :

(bMWD o =Py +

With [g(27/q) - 1d| = Cy ,A%2272 we get

~h2(g;;27q) ~ 6,))0,,0,, + (&2 q) )pip j/b? >
u

u, 2

26-2¢ 2 2
<y A2 72 [IRD pulZ gy + 11 g,
and

<U,(bh)(% + Py om— )u)—( ,( +3zbhf—1h/l)u)

h .
<Cl A% 2 Re(u, (ﬂ + Ponf ~ihMu).

The lower bound for Re(u, (bh)( +Ppom—1 b)u) and by Cauchy-Schwarz for ||(bh)( +Ppom —
b)ull 22y AT€ thus deduced from Proposition 6.2 when 2%¢ > 2C, A?. The condltlons and the

inequality (6.13) are thus satisfied by taking C?{U = 2C' , large enough.

b) Let us consider (6.14). We recall the inequality (4.49

1 . _
[ 72 (C0m —Cr)ullogeay < CgyA227% T

2 b2@’g)u||L2(de),

which implies

b 1. 1 Kp
” b2 + b2@)[ u”LZ(RZd) = 5” ﬁ b2@)[ m u”LZ(R2d)
Kp 1. 1 Kb 9 1 Kp 1. 9
and ” (ﬁ + ﬁﬁ[) u"LZ(RZd) = Z ” b2 b2 @)Z m) ulle(R2d) + Z” ﬁ + ﬁ@[ u”LZ(RZd)




20 - CeuA®
as soon as 2°° = —=£=— |
V2-1

Proposition holds under the sufficient condition x; = Cg’},,Ab + 1 which can be simplified into
Kp = Cgi,,(l +A)(1+b) while the left-hand side of can be replaced by

. 2
K ~ A
ul +<@b,[,m __)u

4CCE, A+ APA+b? | 5 :

L2(R2d) )

Therefore Proposition [6.1] and Proposition [4.4] say

Kb A [ ® 20-20) 1 Kb 5 A
II(§ + Py tm — LZ)uIILz(de) > (1 -2,/CC(1+A)1+b)CgyA*2 ) ||(§ +Pptm — lg)u”LZ(R?d)
>

1 Kp ~ ,/1
3 ”(ﬁ +Ppom — lz)u”LZ(R?d)

as soon as
2% > 4,/CCY, Cgy(1+A)1+Db)A%.

When all these conditions are satisfied this proves the seeked inequality with the upper bound
64CCY), (14 AP+ 0RICE 4 By — iyl
8V b2 b,6,m — 1 b u L2(R2d)

The result is thus proved by choosing

CY), = max(4,/CCY), Cy,,64CCE))
CgyA?

where the right-hand side is larger than CS’L, and for which Cgi,,(l +A)1+b)A2> R O

6.3 Estimate for |p| ~ 2 large

We now prove subelliptic estimates for 22, , by summing the local subelliptic estimates for &7, ; ,,, . All
the error terms coming from the partition of unity ¥,,c 7« #2(.—m) = 1 and studied in Subsections 4.2}
[4.3]land[4.4] happen to be relatively small enough when the parameter A = A () is much larger than
1 and ¢ is large enough so that 22/ > [A,(b)1° x (1 +b).

Proposition 6.5. Let 2, ; and Sy = Sp2 € Q x RY be defined respectively by and for
/eN.
There exists a constant CS’L, > 1such that A (b) = CS’L,(Hb), Kp = CSL,AOO(b)x(l+b) > [Cfg,5’2/,]2(1+b)2

and 2% = CQ) [A®)P(1+b) = [CY), 1M1+ b)* imply

[C® 131+ b)* (K" e M) N (kp +0) o, L@ —in i
— -—|u =|— u — —iA)u
&Y b2 b,[ b LZ(RZd) b2 b ¢ L2(R2d) b ¢ LZ(RZd)
+—= | (@) u +|||Dg|?u +|[[=s————]| u s (6.15)
b8/3 ” L2(R2d) ”| ‘I| L2(R2) b2 1+2€|p| L)

when u € 65°(So,2;C), AeRand b >0.
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me?ommmmMmmamLA—Amw)—C@N1+by>1mm2%5>d&A%1+wz(§%Aﬂimmy

27lA < é(s < C when C,, = 1 is the constant of Proposition [4.5 and C(5) is chosen larger than
8V

sz,w . With xp = C((;’L,A?’(l +b)=Cg4 Ab, Proposition[4.5]says

” 225

1 xy Kp i1
Y glg+ Poem- )ug,mnizmm) <5z + @0 = 5l oy

2 2 d
mezd A b LZ([R2 )

with
VmeZ%, wpm=UrmWoman) € €5(BO,CY ,A) xRN Sfg,C).

By choosing C(5) larger than the constant 2x C(4) of Proposition[6.4] the condition xp = Cf;zl,A(l+b) >
Cgle,(l +A)1+ b) and the inequality (6.13) 1mply

4) /Kb
vmez®, CY) g5z +Poem = )uz [ ||2”ug 2 gsa»
Cen ngbz 1 ® ®) . / @
With —£5— < 7= when A > Cgy(1+0) and C, is chosen larger than 4,/C, ;,Cq y , We obtain

il 9 Kp 2N
sz ”( +=@b,€,m - ?)u[,m ||L2(R2d) = ”(ﬁ +gzb,[ - ?)u“Iﬁ(de)’
€

and the two lower bounds of II(% +Pyom — %)u&m”%?([r\e?d) of Proposition can be used for every

m € Z% . The first one (6.13) already used gives now

A 2 1 2 2 Kp A 2
sz ”( +<@b’€’m_?)u[’m”Lz(R%)*—m”z u[,m”L2(R2d)S ”(ﬁ-i"@b/_?)u"LZ(RZd)'
mE 8V

The second one with here 2A = (1+ A) and combined with the second inequality of Proposi-
tion[4.6]it implies

Kp il 1 1 .
210CE AP+ B)Ig + P = Tageay 2 N+ OO Fagay + 15 (P = AU 2 g

2 2
()
| u
b2 1+2¢|p|

L2(R2d)
~.\ @ pt Azbz p292¢ tm L2 Rad)
me gy
+—= |2 Dq Uy .
LZ(RZd) b8/3 LZ(RZd)
Moreover xp = Cf;},,A(l +b)=(1+b)? implies b—lg(Kb +Gy)=1 and
1 - 1 = 2
—(xp+0p)u > — ”@2/3u .
‘bz( b+ 00U m e em | 1o ey
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Proposition [4.7] implies

2/3 2 l 2/3 2 2/3
Y 16w m s gaa, + 112D g PPl 2 gaay = +11Dg|

2
Cou [”@ ?
mezd g,

2 2
u”LZ(RZd) u”L2(R2d)

2¢/3 2
- Z A4/3 ”2 u[,m”LZ(R&i)

<||22’uzm||

L2(R2d)
The complete error term in the lower bound is now bounded from below by

2 2
3 1 Cgyb® Cgyb® ' 12200, 12
b4 =, C{(;L/ A2 920 A43 tml2(Rad)

which is non negative when A = C(5) (1+5) and 2% > [C(5) 1*(1+b)* with C(5) large enough. The
inequality (6.15) is then obtained by taklng ngl, > 28C(4) Couy- O

6.4 Estimate for |p|~2/<Cp .,

We have fixed the value of A, (b) = Cfg,,(l + b) > 1 in Proposition in order to get a result for all
0=0lp gy +1with

2200sv¥2 > [CF) 141+ b)* 2 2200ew (6.16)
We now consider all the bounded values of ¢ € {—1, 0,1,...,0p, g,w} . Here the error terms related with

the partition of unity }_,, .74 w2(.—m) = 1 will be relatively small by taking a new, small enough, value
for the intermediate parameter A > 0 denoted by Ay(b) and the parameter xp > 1.

Proposition 6.6. Let ¢} 4, €N be such that is satisfied. For all ¢ €{-1,0,1,...,0p g} let Py ¢
and Sy < Q xR? be defined respectively by @15 and @.19D.

Take Ay(b) = W where C’ =max(Cgy,C ) Cg,y = 11is given by Proposition 4.5 and Propo-
sition A while C?i,, =1 is given by Proposition -

There exists a constant Cfg/, =1 such that xp = Cgfw(l +b)° implies

C®(1+b)? ( L —M)u ’ L ko +00u o L@, —ivu i
b2 b ¢ b L2([R2d) b2 b ¢ L2([R2d) b ¢ LZ(RZd)
2 2
2 2 1 A 3
213, 2 1
b8/3 “(@ ) LZ(RM) || |Dq| u L2(R2d) +‘ (bZ 1+2[|p|) u L2(R2d)a (6.17)

when u € 6€5°(S¢2;C), £€{-1,0,1,...,0p ¢y}, AeRand b>0.

Proof. The proof has the same structure as the one of Proposition Choose now A = Ayg(b) =
L where the constant C,, ! w Will be fixed later in the proof.

2Cy,(1+b)
W1th 27A<2A < m < C Whlch combined with xp = C(G) (1+b)= 2(1+b) = CgyAb in Propo-
sition[4.5] implies
1 xp il 2 Coy 20 2 2
Y §1GE+Phem =g emlagan ~  F353 T I [ >u||L2(R2d),
meZ — ~ ~ 4
S4[Cé,w]3(1+b)2 X[Cgl/]S(Hb)s ||u||i2( a,

b2
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with
Uom =UemWomaw) €652(BO,CY A xR)NS)5,0).

for all m € z% and all £ € {-1,0,1,...,0 4 4} .
The same integration by parts argument as for Proposition 2.1] says that for x; = Cgle,(l +b)8 =
Cfg,,(l +b)? with Cf;},, =1 large enough

. 2 [C(G) ]2(1+b)10
L I T S el Y - S
b2 , b LZ(RZd) 16b4 L2(R2d) 16b2 L2(R2d)

The bound 2%¢ < [Cfgl,]‘l(l +b)* implies

(6) 12 2 6) 121 (5) 18 10
bz 5 !,m L2([R2d) — bz u LZ(RM)
me

K i1
<161CE), Pl g + Py ¢ — =l 2, gaay -
’ b b
The additional condition [Cg’:i,,]Z = S[C:fz,w]3 thus implies

a[cy, , PIC®) 181 + )10
b2

Kp il Kp il
16[0552,]8||<§+9b,e—3)unizmm) = 1072 oy +8LC g, 1° ||<§+%,g—3)unizmzd)
>1+4
and
Kb iA 1 xp id
16[C gy P15 + o0 =Dl o gy 2 ZZ 31z + Poem = el o,
me
2
Kb 2
bt lem ||L2(R2d)
Because 2/ =1/2 = Cféil,(l +b)A = Cgle,(l +A)(1+b)A2, the condition of Proposition are satisfied.
Multiplying the above inequality by 8 x C's),4(1 + b)? which is larger than 8C,(1+A)2(1+b)? > 1,
leads to

K i1 K i1
200 L+ BPICL P IS + P =l g = ZZ Cly L+ AP+ BPIC 5 + P = et o,
me

2x2(1+b)? 9
+ bT lee,m ||L2(R2d)

Proposition [6.4] combined with Proposition [4.6]leads to

Kp il 1 1 .
2oy A+ DPICE I + P = Ml Tagasy = 1o+ O Fagasy + 17 (P =i A | g,

2 2
| u
b2 1+2¢p|

L2(R2d)
2 2 40 40
i Y 2p(A+0)"  Cgy2™ Cgy? g |2
> X A2p2 | p2ger |"Hemlpaged)
me
1 ~9/3 2 en |3
+— ”@’ u + ’2 D | u

b8/3 [ ¢ tm L2(R2d) q m L2(R2d)




where we used that %2@ =1 when k3 = Cg?,,(l +5)8 = Cgfi,,(l +b)2, as in the proof of Proposition [6.5]
Proposition 4.7 implies

%2/3 2 4 2/3 2 2/3
Y 16730 g 2 gz, + 12D g Pt g | 2 g0y 2 +11Dg|

2/3
o [n@’
mezd g,v

2
u ||L2([R2d) u ||L2(R2d)]

20/3
- Z A4/3 ”2 Uy m”LZ(R&i)

mEZ
> ng (162212, gy + D202 oy |
_24/3[0 ]4/3(1 + b)4/3[C(5) ]8/3(1 + b)8/3 ”u[ m||L2(|R2d)
54[Cé,w]3[C§2”]8(1+b)4
The complete error term in the lower bound is now bounded from below by
2 2 10 8 4
Ky (1+b) 30 5) 8 [(1+0)0+(A+b)° (1+D) 2
2 Tt 4C,, IIC gy b2 MY TE e, mlzz gz
mez4
which is non negative as soon as
1+b)? 1+ b 10
’%(T) > 12(C),, PIC®), pd+o”
A sufficient condition is xp = 05762;/(1 +b)® with Cgsi,, =1 large enough.
For the final writing of the the inequality we also take Cfg// >29C g, WC(4) [C(5L,]8 O

6.5 Lower bound for [(P, —iA/b)ullz2 + 1/b2|ullz
After the dyadic partition of unity for 377 6?((1, p)=1on Q xR? of Subsection @I and by setting

ue(q,p) =220,(q,2" p)u(q,2"p) € €5°(Sa,1;C)  for u € €°(Q xRY;0),

the results of Proposition and Proposition [6.6]give after a rescaling

K
cgi,<1+b)4||(b—’;+% )00ul? = L 0)ul? +||b(@ iVl
A
P

L2(R2d) = ”( b L2([R2d) LZ(RM)

|
b8/3 ||0€u||W2/3 +—== bg/ ” >6[u”L2(R2d)

forall /e7,¢=-1, as soon as kp = CS,L(I +b)® and Cgi,, > 1 is chosen large enough. By summation

with respect to ¢ = —1, Proposition [4.1] and the same result with 22, — iA/b replaced by b—lgﬁ and
Proposition 4.1l for || ||y imply

(xp +0)

1 .
g Ul gy + 15 — iV g,
w

st el » >u”L2(R2‘i)

A
c® <1+b>4||( 7+ P~ i gy = |

+ogglull
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for all u € €;°(Q x RZ;C) as soon as kp = Cg’,(l +b)° withC® >1 large enough.

g71// -
By taking Cg « = Cfgg,zl, large enough so that the comparison results of Proposition [2.4] and Proposi-

tion[E.7Hi) can be applied with

(xp +0) 1 .
= —ull o) + | g(vg —iVul2gea)

Kp ,/1
Ca a1 +0)I(55 + Py —ipulppey = 1=

+Wllu||;,72/3 + W”@u”LZ(R%)

for all u € 65°(X;&), when xp = Cyg _4(1+b)°
By writing

A 1 K A
Cg)dﬂ(l-l—b)z’l(b ||(Pb—lZ)LL”LZ(RZd)‘l’ﬁ”LL”LZ(RZd) ch,ﬂ(1+b)2||(b—g+Pb—lz)lL”L2(R2d)

and by noticing that the factor of the left-hand side can be
Co.u(L+b)*xCq y(1+b)°=Cgpy(1+b)

this ends the proof of the inequality (1.32) in Theorem
The essential maximal accretivity result for x; = Co(1+52), Co = 1 determined by (g,E, g%, V¥), was
proved in Proposition 2.1l and Corollary 2.2l

7 Consequences and optimality of Theorem

In this subsection we will discuss the optimality of the constants appearing in Theorem as well
as several consequences and extensions of the subelliptic estimate.

7.1 About b-dependent constants

Obviously the constant w of Theorem [I.6]can be replaced by a uniform constant when b €]0, ]
for some by > 0. The question arises about the regime b — +o0o. We do not claim that our lower
bound is optimal with respect to b as b — +o00, but it cannot be written with a uniform constant.
Actually, we show here that scalar GKFP operators admit quasimodes at A = 0 of size G(b72) as
b—oo.

Proposition 7.1. Let P, j = %@ + %@ be the scalar GKFP operator on X = T* @ where the Hermitian

bundle is E = Q xC with VE the trivial connection, g¥ is the usual pointwise Hermitian inherited from
C, and 4 (b) =0. Then there exists u € Cgo(X;é") = CSO(X;C) with lullrex.e) =1 satisfying

1P+ w26 < CO2, b E(0,00), (7.1)

for some constant C > 0 independent of b.

Proof. Let u € C*°(X;C) be any function of the form

u(q,p)=¢(pl2), (q,p)eX, (7.2)
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where ¢ # 0 belongs to €;°(R;C). By multiplying u by a non-zero constant if necessary, we may
ensure that [[ullz2x,c) = 1. Since u is a function of the kinetic energy, we have

Yu=0. (7.3)
Hence
1 1 3
1P+ pu| oz < 3z 10Ul + 5 1Zul <Cb™%, be(0,00). (7.4)
O

An immediate consequence of Proposition[7.1]is that the best possible constant appearing on the
right-hand side of (1.6) fails to be independent of b in general. Indeed, let P, ; = %@’ + %?2/ be a scalar
GKFP operator as in Proposition[7 1] and let C(b) > 0 be the largest constant such that

i1 1 (0} 1 © Il 2/3
[lp-s= 5o, gtmne = con{ [ ] [ (05 -sa)e 5 s ()]
(7.5)
holds for every u € Cj°(X;C). Taking 1 =0 in gives
C(b)

||P+ bu”LZ(X ) b2 ||u||L2(X C) = b4/3 llu ||W3(X ©) (7.6)

If u € C3°(X;C) is as in Proposition [Z.1} then (7.1) and together give
C(b)<Chb73, be(0,00), (7.7)

for some C > 0 independent of 5. Because b=23 . 0 as b — oo, there cannot exist a constant Cqy > 0

such that C(b) = Cy for b > 1. In particular, C(b) cannot be constant with respect to b.

7.2 Perturbative Estimate

In this subsection, we consider the stability of the subelliptic estimate (1.6) under a general class of
perturbations.

Proposition 7.2. Let P, = %0+ 1V , let M(b) € L(W(X;6);L%(X,dqdp;&)) satisfy

M(b)=M1(b)+My(b)
v1(b)

and ||M0(b)“$(L2;L2) <y

1
IM1(B) o) < 1+ ﬁ) ,

and set
Pipm=Pyp+Mi(b)+Myb).
We assume that v1(b) and vq satisfy

C,+8
g7W(1+b2),

Vb e (0 2b)b2 <
€(0,+00), v{(D)b" = 1
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where Cg4 = 1 is the constant determined by (g,E,g%,VE) in Theorem[L.6) For xp = (Cg+16vo)(1+ b?),
the operator % + P, p M is closable and its closure % + P p m is maximal accretive with D(P 4 p p) =
D(P.y) and

Vue Do), Relw, (g +Pappn) > oo [l +xplul?s]
Moreover, the inequalities
= iA 1+b2 (1+b)" (O P
P -— —_— >— Vg, —il
”( +,b,M b)u L2+ 52 lwllz2 8(C, + 16v 0)2(” u||L2+|| ( iNullz
|A| 2/3
llu || (—) u )
b4/3 (p)q |
and
”(1_J M) || 2 (ll e+ 1+ (+Vg |
- —)u u _ u —iMu
S N b2 L2 4C,a+b) Lz Lz
|A| 2/3
llu || —) u )
b4/3 (P)q 12

hold for every u € D(I_Ji,b,M) and every (A,b) e R x (0, +00).
Proof. Let us first check the accretivity of P, p p on 65°(X;&). For u € 6°(X;&), write

K v1(b)
e, (5 + Py + MyB) + Mo®lwzs =y [y olul?s] = 52 el
+ 2 9
—Vob—||u0||Lz
> [ Rl - g
1+0b2
~2vi(b) +vo—— 73 Mull?,
1 Kp +(Cg +8vo)(1+b%) — 16v2(b)b*
2 oalull,+ 5 lul?,
1 2
2 o Il + o lulgs)

This proves the accretivity of P, ; s which is therefore closable.
From the inequality (1.31) for P, ; we deduce for any 1 € R

Iy +Pap = iVulzelulze = Reu, (G5 +Ppudze > m [Nl + o 2,
and for all t >0 , g 1p2
2”(b2 +P.p —l/l)ulle = 4_1)2” ||W10 #llulle.
This inequality with ¢ = % and

Kp — 2t 7162 =k — 16vE(D)b? = (Cg + 16v0)(1+b%) — 16v2(b)b% = 0
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gives

1 xp — . v2(b)
Zn(b—g +P oy~ iDulfe 2 =g lul, = IM1B)ulZ,
Actually the inequality (1.31) also gives
1 xp — Kp vo(1+b62) (Cg—16vo)(1+b2)
4”(b2 P —iMullgz = I1MoD)ullz: = 1_b2” ”LZ_T”u||L2 = 1652 lullzz=0.

Used with A =0, we have two closed accretive operators A = ( L 1P, »)and C = (b2 +P, b,M) such
that D = 6°(X;&) is dense in D(A) = D(PJ_,,b) and D(C) = D(Pi,b,M) while

3
VYueD, [(A-Culg:< leAullLZ,
with % < 1 and A maximal accretive. Theorem X.50 of [ReSi] tells us that C is maximal accretive as

well with D(C)=D(A).
We can take xj = (Cg +16vo)(1 + b2), and |(A - Qullge = i 31(A - iMullz2 leads to

1+52 K —
2ACy +16v0)[I(Pspr ~iVull e+ — 5] = ||<b—‘;+Pi,b,M M)unm 2l
1 xp — .
> ZH(b—g+Pi,b_l/1)u||L2+ﬁ||u||L2
> I®ay—ihuls + — ]
= 4 +,b —LA)U|[L2 b2 ulrz|,
and
- ) 2K 1
NP ppr—iMulzz + b—;’ lullze = = [n(P+ b= iullze + o lullze]

where, in both inequalities, the right-hand side is bounded from below by (1.32) of Theorem O

7.3 W3-versions

The subellitpic estimate of Theorem wich is concerned with the case L%(X,dgp;&8) = #W°(X;&)
can be extended to #*(X;&) subelliptic estimates for any s € R as follows.

Proposition 7.3. Let P, j 3y = 1 L0 +1VE + M1(b)+My(b) satisfy

—b W
v14(b) 1+52
VSER, [M1(®)l gupragm < 1"; o IMo®) s gy < Vs~
whenever C. 18
+ oV
Vb e(0,+00), 2 (b2 —E—22(14p),

16

For every s € R, there exists Cg s = 1 determined by the geometric data (g,E,g%,VE) and the pair
(vos,v1,s(.) such that, for xp = Cgo(1+ b2), the operator b2 +P+ M 1S closable in W5(X;&) and its

closure 22 +PJr b.m 18 maximal accretive with D(P+ bM) = D(P+ b) Wy SD(P.yp b ) and

—Ws Kp —=W°*
VueDPy 440, Re(u,(§+Pi,b,M)u>Ws_8b2 lulZ, +xpllully, |-
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Moreover, the inequalities

1+ 52 1+5)77
I U (”bzun" 5Ty —ibuly.
+—1 [lull 1AL )2/3u )
b4/3 73 (D)q 7
and
A O e .
H(P+bM b)u . b2 IIuIIWs_m(II ull;,/s+|| (V —iMullys

|A| 2/3
2571, )
q

Proof. We use the pseudodifferential operator W02 introduced in Propostion which is self-adjoint
with D(WGZ) =#W2(X;&) with an elliptic scalar principal symbol in S?I,(Q;Endé") and for which we can
write

b3
b W s

holds for every u € D(I_Ji’b,M) and every (A,b) € R x (0, +00).

/2 (ya72ys2/2
lellgsrse = 1O =Wy )*ull2,

for any (s1,s2) € R? according to Definition [3.71
Because ¢ and (WQZ)S/2 commute on #(X;&), according to Proposition 3.6, when considering the
operator P, p 1 : S (X;8) — #*5(X ;&) we may instead work with the operator

(W) 2P, p m(W5)2 = ﬁﬁ’ + Evg b(WG ) PIVG, (WY 21+ (W2 2(M1(b) + Mo(b)(Wa)*?
initially defined from #(X;&) — L%(X;&).
The assumptions ensure

Vl,s(b)

1
(W)™ 2M 1 (BYW) N pgpro.r2) < and  [[(W2)2(Mo(BYWH || oz2.12) < vos(1+ )

With (W2)"*2[Vé (W22 = (W2)¥2Vs (W2)*2 — V&, Proposition B8 tells us
W) 21V, , (W1l g2y < Coss (7.8)

for some constant C g,s = 1 determined by (g,E ,g¥ VE). It then suffices to apply Proposition [7.2]
with M1(b) replaced by M1(b) +(W2)~*2[VS ,(W2)¥2], v1(b) replaced by v1,4(b)+ Cy and vo by vo s +
2Cg;. O

A Comparison of harmonic oscillator hamiltonians

For a positive definite symmetric matrix g = (g;;)1<i,j<qd € Hqqa(R) with g l= (gij)lsi’jsd let O de-
note the harmonic oscillator hamiltonian
~8ij0p.0p, +8pip;
2
{ue L*R?,dp),Va, feN?, |al + Bl < 2,p%0hu € LARY,dp)} = D(O1a).

@g =

D@,)
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dp?+dn? )
> (p,m)?

The following result is a consequence of the ellipticity of 04 in the Hérmander class S({p, n)2

combined with [|Gguliz2 = $lluly: .

Proposition A.1. For two positive definite symmetric matrices g1 and g there exist two constants
Cg.,2, >0and Cg, >0 such that

0l )™ _
[Gecals) =0

and  ||(Og, =Og)ul| 2 = Cg 182~ 811 a0 | Ogi | 2

hold for all u € D(01g).

B Complex Airy Operator

We consider here the case of the one dimensional euclidean case of which the properties are due to
the fact that the complex Airy operator has a compact resolvent and an empty spectrum.
Set

1
P, M) =i(p1{-1)— EApl

with ¢, A € R. It is maximal accretive with D(P1(&, 1)) = {u e L2(R,dp),P1(&, MDu ELZ(R,dp)} in which
6, (R) is dense (with respect to the graph norm).

Proposition B.1. There exists Co =1, such that for all (¢,1) € R? the inequality

1 Al 3
Co||(1+P1(€,A))u||zII—ApuII+||(p1€—A)u||+(|6|2/3+1)||u||+||( A ) ull, (B.1)
2 1+|p1l

holds for all u € D(P1(&,A)).

Proof. The lower bound
Yu € D(P1(E, ), I(1+P1(&, ADul? = [ul? + | P1(E, Vu ||

is due to the accretivity of P1(¢,A).
With

IP1(E, Au||®

\%

1
15 8p,ul® + 1A= p18)ull® = 1(Gu, D p, )|
1 1
2 158pul + 1 - p1Oul® = [eal 6P ul® + S1Ap,ull

11
> (= Apull®+ 1A - p1dull® -y lieP3ul?.

2'9

Consider now the lower bound of |P1(¢,A)u| by || |€|2/3u|| . It is obviously true for £ =0. For ¢ #0, the
operator

1 A
Pl(fya):i(p_pO)é‘_EApl ) pOZE,
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is unitarily equivalent to 1€123P1(1,0) = |§|2/3(ip1 - %Apl) and there exists ¢1 > 0 such that
Vu e D(P(E,A), IIP1EDull=cqleul.
There exists a constant C; =1 such that
1
V(E,N) eR?,Vu e D(P1(E,A), C1llP1(&Dul®=|lul?+| EAmun2 +1(p1E = Dul® +111E1%3u)?

The lower bound (B.1) is then obviously true for |A1| < 1 and it suffices to consider the case A >1.
Take a dyadic partition of unity x%(sp D+X52 1r2(e27¢p1) = 1 with supp yo Usupp y < [—4,4]. We get

IP1E, Duli®> = Y I1P1E Dy oul® < Cye? (10, ull® + ul?] < 16C1C 4| P1(&, Mu|?

=0
. . . 1 . .
for some constant C, >0 determined by the pair (xo, x). By taking ¢ < ST it suffices to consider
IP1(E Drewl = 57 1Py, 222
with us(p1) = 2_[/2()(gu)(2_[p1) and suppuysc [—4e71 4¢71].
There are two cases
o 1122/ = 2(4¢7123|¢)) and then
Aj2%
Vpiesuppus, 112 - pr2¥| > 2122 —de 123 g) > | '2
This implies
C P( 234,022y A2 A '2
1|| ¢ ol? —|| 920 wel® = 5wl

Finally with |1| =1 and || = 123 > ('21)) we obtain

|/l| 2/3
4C1lI5 P(523f 122y )2 >||( ) uell?,

in this case.

o 1220 <2(4¢7123¢|¢|) and then the lower bound

ClnﬁPl(fW 227w l1? 2 1167w

. . . _1
implies with |¢| = 42,‘i|1M

Cill 757 P1<523’ 129u )% =

4_4/384/3 Al 2/3 0
&) e
16 2

We conclude with the uniform equivalence

C:lp)y <2/ <C(p)
1

1y

pair (xo, x) for the dyadic partition of unity is fixed. O

on suppu, where € < and all the other constants are actually universal constants once the
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C Result used to localize the operator

In this appendix M is a manifold endowed with a volume density dvol and ng : E — M is a smooth
complex vector bundle endowed with a hermitian metric g€, so that L2(M;E) is well defined with
the norm || || L2(M:E) simply denoted by | | .

For a differential operator P acting on 6°(M;E) and a function y € €>°(M), the equality yP =
Py —[P,x] and the triangular inequality give
Yu € 6,°(M;E), |IPyull=IIIP, ylull < [lxPull < IP yull + I[P, ylull.
It then follows that
Yu € 65°(M;E), %IIquIIZ—II[P,x]uIIZs|IxPuI|2s2||qu|I2+2II[P,x]uI|2.

After three iterations with the additional assumptions that third order commutators vanish, which
is relevant for differential operators of order less or equal to 2, we get the following statement.

Proposition C.1. Let P be a differential operator acting on 65°(M;E) and let x1,x2 and 3 be three
G functions such that
([P, x11, x21, x31=0. (C.1)

The following inequalities hold for u in €;°(M;E)
lx1x2xsPull® < 2llx2xsPyiull® +4llxslP, y1lyzull® +8IIIP, x1], y2lysull®

and
1
llx1x2xsPull® = §||X2X3PX1U||2 —2/1x3lP, y1lxaull® = 4IIIIP, y11, xolysul®.

Applying the above proposition with a locally finite quadratic partition of unity (y¢)eer , x¢ € €5°,
Y veL X? =1, and summing over theindices ¢1,¢9 and ¢35 leads to

WPull?<2) |IPxoul®+4 Y P, xe,Jxe,wl®+8 Y. P, xe,1, xelxe,ull? (C.2)
[1 [1,[2 [17[2!3
and 1
WPull?= =Y 1Py ull®~2 Y P, xe,Jxe,ull® =4 Y NP, xe,), xe, 110, ull? (C.3)
2 41 01,02 01,032,053

for all u € €5°(M;E).
With and we have

Corollary C.2. Let (x¢)eer be a family of functions such that
Y xr=1
leL
and let P be a second order differential operator such that
r
Vue6PWGE), =Y IIPxeul®>z2 Y P, xe,Jxeul®+4 Y. P, xolxedxe,ull®>  (C4)
2 21 01,05 01,059,035
for some r€(0,1). Then
1

Vue6C(M;E), (2+7r) Y IIPyoull?=|Pull®>
(el

—r
5 Y IPyoul. (C.5)
4
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D N -locand N —comp functional spaces

Let f: M — N be a 6 map from the manifold M to the manifold N, let E %% M be a vector bundle
and & (M;E) be a locally convex space of sections continuously embedded in 2'(M;E) (abbreviated
as a functional space of sections) such that for any y € 6;°(IV;R) the multiplication by yof is a
continuous endomorphism of % (M;E). The notation &¢_1,.(M;E) will denote the set of sections s of
E such that

Vy € 6,°(N;R), [xoflse F(M;E).

Once F¢_1oc(M;E) is defined Fr_comp(M;E) is the set of sections s € Fr_1,.(M;E) such that there
exists y € 65°(V;R) with s =[y o fls. For s € F¢_1,(M;E) the f-support of s is defined by

f —supps = N F = f(supps).
FcN
F closed

S|f‘1(N\F)EO
For a compact subset K of N and Fy_g(M;E) = {s € Fr_10c(M;E), f —supps CK} and

gf—comp(M;E)z U gf_K(M;E).
K compact in N
When the topology on % (M;E) is known, the topology on Fr_j,(M;E) is the initial topology for the
collection of maps (s —[yof ]S)X€<g6’°( ~N;r) - This induces the topology on &¢_g(M;&) and the topology
on F_comp(M; E) is the inductive limit topology.

We will use this in a particular case.

Definition D.1. Let M =T*N or M = T*(T*N) be endowed with the natural projection 7 : M — N
and let F(M;E) c 2'(M;E) be a functional space of sections of the vector bundle E % M which is a
6, (IN;R)-module. We will use in both cases the notation Fy_1o(M;E) = Fy_10o(M;E), N —supps =
w—supps <N, FN-g(M;8) = F_g(M;E), gN—comp(M;E) =F 10c(M;E).

When N is a locally compact manifold, introducing a locally finite atlas and a subordinate par-
tition of unity Y ;c s xi(q) = 1 reduces the characterization of s € Fn_1oc(M;E), M =T*N or M =
T*(T*N) to the meaning of s € Fq_1oc(M;E), M =T*Q=QxR% or M = T*(T*Q) = Q x R3¢ and the
invariance of Zq_1,.(M; E) via a diffeomorphism ¢ : Q — Q. With the extension by 0 and the restric-
tion, the embeddings Fo_comp(; E) € FN—comp(IV; E) € Fy—_16c(Q'; E) hold for two different open sets
Qand Q' in N.

Example:

The spaces Ay—comp(T*N;C), S%_comp(T*N;C) and their respective duals VJ(I_IOC(T*N;C) and

AN -10c(T* N;C) are well defined for any locally compact manifold N .

If additionally N is compact Fx-10c(T* N;C) = FN-comp(T* N;C) (resp. Fy_.. = 9&_Comp) will be sim-

ply denoted #(T*N;C) (resp. &'(T*N;C)).

The Schwartz kernel theorem for continuous maps 65°(T*N;C) — 2'(T* N;C) implies that any con-
tinuous map from A : SN _comp(T*N;C) — VJ(J_IOC(T*N;C) admits a kernel in K4 € y](]xN_loc(T*(N x
N);C). Additionally A is continous from y](,_comp(T *N;C) to Av_10c(T*N;C) if and only if its kernel
K 4 belongs to AyxnN—1oc(T*(N x N);C).

Other N —loc and N — comp spaces are introduced in the text.
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E Some pseudo-differential calculus on X =T7"Q

The manifold @ is either a compact manifold which can be endowed with any riemannian metric or
R? . The total space of the cotangent bundle is denoted by X = T*@ and symbols of pseudo-differential
operators are defined as functions of 7*X = T*(T*Q).

The pseudo-differential calculus presented here and, of which the global geometrical meaning is
checked, implements the idea that d,: is an operator of order 1 while p;x and 8, are of order 1/2 as
presented in [Leb1l[Leb2]. However our presentation, like our definition of the spaces #*(X;&) in
Definition [1.2] slightly differ from Lebeau’s approach (see Remark [T.3).

E.1 Definitions and properties

We give here the definitions and state the main properties but their global geometrical meaning will
be consequences of the subsequent paragraphs.

Definition E.1. For any coordinate system (q',...,q%) on a chart open set Q c @, the associated
canonical coordinates on T*Q c X are (¢1,...,q%,p1,...,pq) with p = p;dq’ € T,Q. Accordingly
doubly canonical coordinates on T*(T*Q) c T*X associated with the coordinates (q',...,q%) on Q
will be (q,p,¢,n) with (&,n) = &idqt +nidpi € T;’pX for the canonical coordinates (q,p) associated
with the coordinates (q,. ..,qd). Those coordinates will be abbreviated as X = (x,Z) € Q x R3¢ with
x:(q,p)EQled andE:(f,n)e[RZd.

Definition E.2. The set S{(Q;C) is the class of functions a € €°°(T*X;C) such that for any doubly
canonical coordinate system (q,p,&,n) on T*(T*Q), where Q is a chart open set in @, the following
inequalities hold:

VK ccQ,¥(a,B,y,8)eN? ,3Cxk 0. p.y.6 > 0,Y(q,p,&,M € K x (RY)3,
~lyi- B

1020501 00a(q, p, &I < Ck apy s+ P+ IpI* +mH ™ 2 . (B.1)

The intersection Nymer Sy (Q;C) is denoted by Sy(Q;C). The topology on ST(Q;C) is given by the
seminorms pgq.p,y.5(a) which are the best constant Ck 4 g y,5 in the above inequality. For any open set
Qc @, the spaces S@,Q—loc(Q;C) and S"\I},Q_mmp(Q;C) are defined according to Appendix [Dl. Finally
the equivalence relation a1 ~ag means aj —ag € SE,"O(Q;C).

Actually Sg™(Q;C) = H-10(T*(T*Q);C) = L(T*(T*@Q);C) with the notations of Appendix[Dl

m

Q—comp(Q;C) is given by

Definition E.3. The quantization of a symbol a € S

a(q,p’Dq,Dp)u = / ei[f(q—q’)+77.(P—p’)]a(q’p,g’n)u(ql’p/) dq/dp/dgdn Eyg,)_comp(T*Q;C)

QxR3d

for any u € Vé_comp(T*Q;C).
The global definition of a(q,p,Dq,D)) for a € SG(Q;C) is given by

N
alg,p,Dg,Dp)u =) (xn(@)aXq,p,Dq,Dp)(jin(@)u) (E.2)

n=1
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for some partition of unity Ziv:l)(n =1 on Q@ subordinate to a finite atlas @ = nglﬂn with ¥, €
65°(Qn;[0,11), ¥n = 1in a neighborhood of supp x -

The set Z(Q;C) of regularizing operators is L(F'(T*Q;C); X(T*Q;C)).

The set {a(q,p,Dq,Dp) + R ,a € ST(Q;C),R € Z(Q;C)} is denoted OpSY(Q;C) and OpSy™(Q;C) = Z(Q;C)
with the equivalence relation A1 ~ Ay in OpSy(Q;C) iff A1 = Az + R with R € Z(Q;C).

This pseudo-differential calculus has the same properties listed below as the classical pseudo-
differential calculus and our approach relies on the global pseudo-differential calculus when @ = R%
recalled in the next paragraph.

Properties:

a) For any vector bundle € isomorphism @ : T*Q — T*Q' given by (q’,p’) = ®(q, p) = (¢(q),L(q).p)
with L(q) € GL(TQ;T¢)@"), the pull-back ®* defined by [®*al(x,Z) = a(D(x),tdd 1(x).E)
with x =(q, p) and E =(¢,n) defines a continuous isomorphism from S"\I}(Q';C) to ST(@Q;0).
Any a € SG(Q;C) equals Zﬁl\;l 1n(q)a for any finite partition of unity Zﬁl\;l xn(q@) = 1. The partic-
ular case where L(q) = ‘d¢(q)~! says that y,a € S $’Qn_comp(£2n,(ﬁ) is independent of the choice

of the coordinate system (¢?,...,q%).

b) When a € S(’I} Q_comp(Q;Qi) and 1 and g are two elements of 6;°(€2;[0,1]) such that j; — f2 =

0 in a neighborhood of Q —suppa, the operator a o[§1 — f2] belongs to OpS;™(Q;C). This
property ensures that the quantization is actually independent of the choice of the §,
cut-off functions as a map from SF(Q;C)/S™(Q;C) to OpSy(Q;C)/OpSy™(Q;0).

c) For any a € ST(Q;C) the operator a(q,p,Dy,Dp) defined by is continuous from #(X;C) to
F#(X;C) and from .#'(X;C) to #'(X;C).

d) The set UpcrOpSy(Q;C) is an algebra for the composition product with

al(q,pqu,Dp)°a2(q,p,Dq7Dp) = [a1a2](q7p,Dq,Dp) mOd OPS$1+m2_1(Q;C),
1 _
[al(q,p,Dq,Dp), a2(q,p,Dq,Dp)] = [?{a1a2}](Qap7Dq,Dp) mOd OPS$1+m2 2(Q9C),
for aj € S@k(Q;C) and {a1,a9} = 0¢.a104a2 +0ya1.0pa2 —04a1.0¢a2 —0pa1.0pag in doubly canon-
ical coordinates.

e) For any family (a;)jen with a; € S?yl_j(Q;C) there exists a € S(Q;C) such that a _Z;]:O e
S@‘J‘l(Q;C), which is simply written a ~ ¥ jena.

In particular for any a € OpS"\I}(Q;CE) which is elliptic (la(q, p,&,m| = cla+&2+ |p|4 + |77|4)m/2)
there exists b ~ Zflozo b; with bg = % such that b(q,p,Dy¢,Dp)oalq,p,Dy¢,Dp) ~alq,p,Dy,Dp)o
b(q,p,Dq,Dp)~1d.

f) For any a € S},(Q;C), alq,p,Dq,D,) € L(LA(X,dqdp;C)) with

lal(q,p,Dq¢,Dp)ll g2 =C sup Dapys@)
lal+|Bl+ly+|61<Nqg

for some Nj € N determined by d =dim @ .
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g) When®:T*Q — T* Q' is a €-isomorphism like in a) and Ug : L2%(X',dq¢'dp’;C) — L3(X,d qdp;C)
is the unitary map defined by [Usul(g, p) = /| det(dp(q)) det(L(g))|u(d(q),L(q).p) then for any
aeSH@Q;0), U<pa(q',p',qu,Dpr)U(g1 =b(q,p,D4,Dp) € OpSY(Q;C) with b ~ Z;‘;O bjand by =
(®*a).

When L(q) = td¢(q)~! and ¢ € Q a chart open set in @ , this result contains the fact that the
space of pseudo-differential operator OpS{y , . p(Q;tIZ) does not depend on the choice of coor-
dinates on @ with a functorial transformation of the principal symbol. With the local definition
of the quantization (E.2) and b), the space OpS{(Q;C) has a global geometric meaning.

h) The vector bundle version of pseudo-differential operators a(q,p,Dy,D ) € OpSy(Q;m;(End(E)))
acting on sections of 7y (E) where X = T*@ X Q and T*X % @ are the natural projection and

E™Z Q is a vector bundle over @ , is reduced to the case of matricial pseudo-differential opera-
tors acting on CN-valued sections via the localized definition (E.2). It has the same properties
as the scalar pseudo-differential operators except for the principal symbol of a commutator. We
will use the abbreviation OpS{j(Q;End&) for OpSy(Q; 5 (End(E))).

i) The seminorm topology on OpS@(Q;C) and the continuity properties of (A1,A2) —» A10A9 and of
A—-UgpoAo Uq_nl are discussed in Subsection [E.4]

E.2 Global calculus when @ = R?

Let T*(T*R%) = Rgdp en and consider the function

W(g,p,&,m =\ 1+ 162 + Il + ple.

The symbol class S(m,gy) is the set of a € €°(R*?;C) such that:

1814161
2

va,B,y.0 €N?,3Ca py.5 >0, VX =(g,p, &M R, 102050/05a(X)| < C g p,y,5mX)PX) M-

and the topology on S(m, gy;C) is given by the family of the seminorms

B AY A6
agapafana(X)

pm,k(a) =

1B1+10]

mX)¥Y M- (X)

lal+|Bl+lyl+101<k
XeR4d

We follow the terminology of [Bonl.
2
Proposition E.4. The metric gy =dq®+ dq,—f + %’2 + d% on T*R%dp = R‘;‘i) en
metric with the gain function ¥Y(q,p,¢&,n).
Additionally it is geodesically temperate with gy, = Y2gy.
For any s €R, the function V¥ is a gy-weight for any s € R and an elliptic symbol in S(V*%,gy).

is a splitted Hormander

Proof. The properties gy, = Y25y and 8w x(ty,—t=) = gw x(ty,t=) (gw is splitted), ¥ = 1 (Hérmander
uncertainty condition) and W* € S(¥*, gy;C) are obvious.

The i lit
e inequality (g\P,X)_i1<m X{l (\P(X))iz (W(X))il} (E.3)
8vx' =P lva) v ’ |
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says that the slowness and (geodesic) temperance are proved when ¥ is a slow and (geodesically)

tempered weight for gy .

-1
Slowness: Set X =(g,p,&,n) and X' =(q’,p’,&',n') .For gy x(X' - X)< 5 let us prove (qqfl(())((/))) <R?
for R > 1 large enough.

The assumption implies

e @ = @ with { gi Wf
goE &= e
We deduce
&2 < 208 + 2/ - & s(1+}%)<g>2’
and

- . 2 .
€% <2(&)? + ﬁm?.
This gives for R =2,
2 . - 2 .
a- ﬁ)«fﬂ <2(&"?<2(1+ ﬁ)@z

and
( Y(q,p,¢,n \~

+1 2
=2(1+—=).
‘P(q’,p,f’,n)) R?
Let us consider now the quantity
( W(q',p,¢'m) )il
¥(q',p',¢'\)

while noticing that the first result and the assumption gy x(X - X') < % implies

1 V21 +2/R2?)
lp-p'l< E‘I’(q,p,‘f,n)”2 < T

< V2(1+2/R?)

B R

2
Y(q',p, & mY?< H 1+ 1E'12 + pl*+ ItV

Y(g',p,&,m2 < (1+|5| +1pl* +pHVe

14 20N 21+ |p|2 + [71%) M2
B R

and  In-7

2
with §(1+|5'|2+|p|4+|n|4

by setting g = (¢/)"2p and 7 = (¢'y"25). By using the same normalization for (5',7’) we deduce that
the vectors Y = (p,7) and Y' = (p’, 7)) satisfy

2
Y-Y|<s=({
| <5 )
and again
Wig',p, &) (O, 8
Voo ) SR
when R/2>2.

We deduce the uniform inequality

\P(X) 1 T(q,p;é‘,n) 1 \P(q,,p,é/,n) +1 2 8 9 12
(‘P(X’)) :(m) X(m) <20+ 241+ 25" <2 <R
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as soon as gy x(X' - X)< L ifR=212.
Geodesic Temperance: With g{, > dq?+dé? +dp?+dn?, we get gy xX -X"=|X —X'|? and the

same inequality holds for the geodesic distance for gy, , d, (X, X = |X -X’ | .
From

2
W(g',p",&' 1) < 1+18'P +(p' P + 1'% < 1+ 2817 + 218" =81 + (2p[* + 21p" — pI? + 211 + 21’ —7])

we deduce
W(q',p',&' ) <64W(q,p, &2+ & —EP)L+1p —pl2+ 1 —n1%)?

and the symmetric version results from the exchange X — X'. We obtain

Y(X) 2 12 12 / 2 / 2,3 1123
W <641+ |g—q " +1E=C 1" +Ip' —pl“+In —n|*)" =641+ | X - X'|7)°.

With | X - X'|?2 < mln(gq, xX - X" dy (X, X ")2), this proves that the weight ¥, and the metric gy
owing to (E.3), are geodesically tempered O

All the result of [HormIII]-Chap XVIII can be applied for the Weyl quantization a"(q, p,Dy4,Dp)
when a € S(m,gy) and m is a gy-weight. Because gy is splitted the Weyl and standard quantiza-
tions are equivalent and we recall a(x,D,) = b%(x,D,) with

: N-1(iD,.D=/2)"
a=eDxD2p = 3 (D D=/2)" b+Rn,+(b)
n=0 n!
: N-1(-iD,.Dz/2)"
b= e iD:D=/2, _ Z %a +Ry _(a)
n=0 n.

where every n-th term is continuous from S(m,gy) to S(m¥ ™", gy) while the remainders are
continous from S(m, gy) to S(m¥Y ™V, gy). Accordingly if @14V as (resp. aifas) denote the symbols of
a¥(x,Dy)oal (x,D,) (resp. a1(x,Dy)oas(x,D,)) we know

a1 as(X) = "7 V¥ P20 (X 1)as(Xa)|x, x,-x
N=1 (lU(DXI,DXZ)/2)”

=X

n=0

a1(X1as(X2)|y,_x,-x +RN(@1,a9),

and respectively

N=1GD= sz)

arfaX) = eP=P2a (X DasXo)| g, _x,x = 2, ———a1(X1aa(X2)|x, _x,-x +Rn(a1,a2)

N-1 1
= Z Z Tal 'O%alagaz +Rpn(a1,a9),
n=0 Ialsnl a:

where every n-th term is is bilinear continuous from S(m1,gy)xS(mg,gy) to S(m1mo¥Y ™", gy) while
the remainder is bilinear continous from S(m1,gy) x S(ma,gw) to S(mims¥Y N, gy). Two differ-
ences: a”(x,D,)* = (@)Y (x,D,) remains true only modulo S (m¥y1, gvy) for the classical quantization
while f(x)a(x,D,) = (fa)(x,D,) remains true only modulo S(m¥ ™!, gy) for the Weyl quantization.
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In [BoChl were introduced the general Sobolev spaces H(m,g) for any Hormander metric g and g-
weight m as Hilbert spaces with the norms || g(n,g) = IIMW(x,Dx)uIILz , where M € S(m, g) is any
fixed elliptic invertible operator.

We are concerned here with a simple case.

Definition E.5. For s € R the space # *(R%?;C) is nothing but H(Y*, gw) with the norm
lulys = 1MW e, Dullge.
with Mg = (Cs + V)88 for some Cs = 1.

The invertibility of M,(x,D,) : #*(R??;C) — L2(R?*?,dgdp;C) comes from (Cs + ¥4V (C, +
Pisy=1+6(1/Cs) in S(1,8v).
Because gy is geodesically tempered with gg, = ¥2gy , J.M. Bony provides us a simple version of
Beals criterion in [Bonll. In our particular case the symbol class S*(1,gy) is nothing but the set of
a € €°(R%%:C) such that for any i € {1,...,d} dgia € S(¥Y,gy), 0¢,a€S(1,gvy), while d,,a and ania
belong to S(¥12; gy). An operator A equals a" (x,D,) with a € S(1, gw) if and only if all the commu-
tators adb‘l"(x,Dx) .. -adb}’VV(x,Dx)A for b, € S*(1,gv) are bounded in £L(L?).
Alternatively, the simpler and original version of Beals criterion in [Bea] works here according
[BoChl (see [NaNil for a detailed version of Remark 5.6 in [BoChll) owing to the three properties

* The metric is diagonal in the canonical basis 2 of R*® = T*(R29) , written as
B ={0,0,0p,,0, 0y, 1<i<d},
while the convex hull Cx g = {ccat.gw x(e) V2e,(to)ecs € [-1,11¥7} satisfies
3r€10,11, VX eR* = T*(R*?), By, (0,r)cCx g < Bg, x(0,2).
o If L(e) = (a(e, X)W for e € B with o = d_n Adp+déENn dq and X the radial vector field, we get
L04i)=-Dgyi, L(©0p,)=—Dp,, L(0;;) =q" and L(3,:) = p* .

* For a finite familly E = (e, )1<,<n of elements of & the weight mg(X) equals

N,
™ 12 _ NI-No2 Ni=t{k,er€{o}}
me(X) =[] gwxlen)? =¥X) with { Nt e iah

n=1

The Beals criterion thus says that A = aW(q,p,Dq,Dp) with a € S(¥%, gy) for some gy-weight m , if
and only if all the commutators ;
Y o
adjad, aqu adeA
initially defined as continuous operators on #(R2%;C) (or on .'(R%%;C)) actually belongs to
1B1+16]

LW R )0 T (R )

for some sy € R (and equivalently for all sy € R). Additionally the topology on #(¥¥;gy) is equiva-
lently defined by the family of seminorms (qws z)ren Or (§ws £)ren

s 1(A)= max ad%dbad’ ad? A .
Tk A= s 2202200, 20D, Al o

Beals criterion is especially convenient for the link between a global pseudo-differential calculus and
functional analysis.
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Proposition E.6. Let A = aV(x,D,) be a self-adjoint operator in L2(R%?,dqdp;C) with an elliptic
(and real) symbol a € S(YH,gy) (ellipticity means here a = 1 & V¥ uniformly on R29) such that D(A) =
WHR2A;C). Then for any f € S((B)°, <t>2,<E) the operators f(A) and f(A)-f@@)V(q,p, Dg,,D,) are
pseudo-differential operators with symbols respectively in S(¥*, gw) and S(¥H~1 gy).

If additionally A = Cld: with C >0, then the same result holds for A® and A’ — (as)W(q,p,Dq,Dp).

Proof. The proof of Bony in [Bon]-Theorem 3.8 relies on Helffer-Sjostrand functional calculus for-
mula very convenient with Beals criterion (seminorms on S(W¥?, gw) are expressed in terms of norms
of commutators). We refer the reader to [Bonll[DiSjl[HeSj] or to the end of Subsection for a more
detailed use of Helffer-Sjostrand formula. The only thing which was not verified in [Bonl, because
it is about a more general framework, is the principal symbol statement. Actually we can focus on

1 =0 and when one knows that (z — A)_1 = bZV(x,Dx) with seminorms of b, estimated by py-u(b) <

Ch |I<Z> N it suffices to write ( ) o(z—A)=1+rY(x,Dx) with seminorms of r, € S(¥~1, gy) es-

timated by py-1,(r,) < C, <Z>N’f+1 . We deduce ( )W —(z-A)1 = cY(x,D,) with Dpy-u-1p(c;) es-

mz| "k
Insertlng this into Helffer-Sjostrand formula proves the result for s < 0, by

1"

timated by NI -
[Imz|"'%

simple integration. For s =0, write f(A) = (i + AN fy(A) with fn(@) = @+ )N () e S(y*Y, mz)
and N large enough.

The former result provides us an easy way for comparing various simple definitions of the spaces
#*(R2%;C) and the equivalence of the norms.

Proposition E.7. Consider the self-adjoi A=1-a2+ (2P o 12®24 g gdp:C) with
roposition E.7. Consider the self-adjoint operator A =1- q+(T) in L*(R**,dqdp;C) wit

domain D(A) = W2([R??;C). Let Z‘;‘;_leg(t) =1 on [0,+00) be a quadratic dyadic partition of unity
like in @2). Then the following squared norms on ¥ *(R%%;C) equivalent with | ||§,75-'

i) |AS2y)2 for any seR;

L2(R2,dqdp;C)

i) (2222l sy 2 +11Dg[*uli? fors=0;

L2R2 dqdp;C) L2R2 dqdp;C)

i) T2 10,(IpPul?, ;

BARY
lv) fOrS—kEN Zl |+\ﬁ\+\}’\<k ”aqp a u”LZ(RZd dqdp(:)’

v) fors=keN, ¥ Nysinl ||<p>N3aaaYu||L2(R2d dqdp:©)’

Proof The equivalence with i) is a direct application of Proposition[E.6because C+A =a" (g, p,Dy,Dp)
witha=C+1+|&%+ %(Ipl2 +n1%? mod S(¥!, gy) which and a is elliptic for C > 0 large enough. For

s € R the functional calculus says that AS2y 2 is equivalent to ||(C +A)S/2uIILz .ButforC=C;>0
large enough (C +AY2 = aZV(q,p,Dq,Dp) with a; elliptic in S(¥¢, gy) and [|(C +A)2y 72 is equiva-
lent to [lull s .

The statement ii) is actually a consequence of the functional calculus with (1+¢2+¢’ Zys < 425 4 /25 for
all £ =0,t = d/2 when s =0 is fixed .

For s =k the squared norms of iv) and v) are equivalent to (u, B;,u);2 and (x,B,u) with

Biy=C+ Y DyD>*p*p) | B,=C+ Y  D}D2¥p)y*N:D]

|a|+|ﬂ|;msk la |+N3+m <k
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which both have a symbol elliptic in S(¥2*,gy) for C > 0 large enough. By Proposition [E.6] the
operators (C +B;,)? and (C + B,)"2 have an elliptic symbol in S(¥*, gy) for C > 0 large enough and
the two norms of iv) and v) are equivalent to |||, for & € N.

Finally for iii), the partial Fourier Fq_.g transform with respect to ¢ sends L2(R2¢,d qd p;C) onto the
direct integral f[Rd L2R?,dp;C) (2 )d and for s = & € N the squared norm in #*(R?;R) is equivalent to

Nep@?=Clul?,+ Y. E"pPojul?,

lal+ \ﬁ\;h’\ <k

and to Zg|a|+|ﬁ|+|y|52Nc,k_1(§“pﬁ6;u)2. We are considering operators of order 2 in d, and Corol-
lary[C.2l can be applied with a recurrence with respect to 2 € N and gives

C Z Ncx0,(p*)u) < Nep(w)? < Cy, Z Ncix@(pu)?,
k=-1 (=-1

for all u € cg(j"’(ll%z‘jl;ﬁ) and by density for all u € #*(R2?;C). The result for s € R follows by interpola-
tion and duality. O

Remark E.8. The equivalence with ii) could be done with a semi-classical calculus aW(\/_p \/_Dp)

with the semiclassical parameter h = 1 with the symbol classes S({p,n)*{p)H2 (n)”3

VC+[E)2 ’ <p>2 + <n>2)

with 1+ 57, +1p1?)? = a1(Vhp, VAD,), ay elliptic in S(p,m*, 225 + <,7>2) and ye(p/*) € S(1, 2Z; +

%Z) (see e.g. [Rob] or [NaNil]). The necessity of two Hormander metrics suggests the link with the
second microlocalization of [BoLell. The chosen elementary method suffices here.

E.3 Localization and geometric invariance

For the localization in Q x R3¢, g € Q, Q open set of R?, it is more convenient to work with the
classical quantization:

. , déd
[a(q,p,Dq,Dp)](q,p,q’,p')=/ eea=ar1=-g(q b & m) —— ¢dn ,
[R2d (2 )2d

for which p(q)a(x,D,) =[p(q)al(x,D,).
Everya € ys/)—loc(Q x R34 C) gives rise to a kernel in yéx Q-loc 2 X 2 x R24;C) and therefore a continu-

ous operator A, from S _comp(L2 X R%;C) to & 100(9 xR%:C)and a — A, is a bijection. Consider the

symbol classe S\I, 0-10c(Q; ©) characterized by ( - [E.1) with the associated space S™

Y- COmp(Q,CC) and the
spaces #°5q_10(Q;C), Wé_comp(Q;C). For two open sets Q and Q' of R? and 0 € 6,°(€2;C) we have the

following continuous embeddings when the letter E in E(Q) stands for 87, #%, & or &'

Eq-comp(Q) C Ea_comp®?) € Eqy160(Q)
Q(Q)EQ’—comp(Q/) < Q(q)ERd—comp(Rd) < EQ—ComP(Q) :

Notice also for e =loc or comp:

N #5a-.(Qx R%:C) = F-(Q xR%;C) and U#sq-.(Qx R%;C) = FH_(Qx R%;C)

seR seR
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In particular symbols a € S$ Q_Comp(Q;CC) can be viewed as symbols a € S(W™, gy) . Therefore a(x,D,)

defines a continuous operator from Wé_comp(Q xR%;C) to Wé_comp(Q xR?;C). For y € 6;°(€2;10,1]) such
that y =1 on a neighborhood Q of 2 —suppa we have

a(x,Dx)X(q) : WS—]OC(Q % [Rd;([:) - Wé—comp(g * [Rd;([:)
and a(x,Dx)X(q)lWéx_wmp = a(x,Dx) 7;S‘)C—comp

For two different choices of y and y’ which are equal to 1 in a neighborhood of Q) —suppa, a €
NI (Q;0C), the differences a(x,D,)y(q) —alx,D)x' (@) = alx,D)(x(q)— x'(q)) = b(x,D,) with b €

¥,Q—comp
S(¥~*°, gy) and therefore is continuous from %/, ., (Q'xR%;C) to F-comp(Q % R%;C), where Q' =Q

loc
or any other open subset of R? .

Definition E.9. For an open set Q) the set of regularizing operators is
R(Q;C) = LT 10 Q2 x RE0); S0 comp(Q x RY;0)).

For two operators A, B continuous from #q_comp(£2 % IR{d;CE) to ys/) (QxR%:C) the equivalence A ~B
is defined by A — B € Z(Q2;C).

The set OpS?ﬁ(Q;C) is the set of sums a(x,Dy)x(q)+R with a € S@Q_Comp(Q;C) cS(Y",gw), y €
©5°(Q;10,1]) with y =1 on a neighborhood of Q2 —suppa, and R € Z(Q;C). The set OpSy™(Q;C) is

R(;C).

—comp

With the previous remarks U, OpS{(Q;C) is an algebra and clearly M,,eg OpSy(Q;C) = Z(Q;C) =
OpSy°(Q;C). Moreover if A = a;(x,D,)y;(q)+R ;€ OpSF(Q;;C) for j = 1,2 then AjoAz € OpSF(QU
Qg;C) with A10Ag ~a1(x,Dy)oaz(x,D)x(q) = (aifiaz)(x,D,)x(q) for any y € 6€;°(Q21 NQg;C) such that
% =1 on a neighborhood of Q —suppa; NQ —suppas.

Definition E.10. For A € L(Fa-comp(Q x R%;C); 1 (Q xR 0)), the notation A ~ X2 a(x,Dy)
mj

is thought of as a localized asymptotic sum, for a sequence a j € S\I,,Q_IOC(Q;C) with lim;_..,m ;= —o0
and (m)jen decreasing. It means that for any pair g,y € 65°(;[0,11), with x =1 on a neighborhood
of Q2 —suppp, there exists a, € S@O(Q;C) such that p(q)A ~ ap(x,Dy)x(q) and for any J €N, a, -
Y7 ge(ga; € SGHQ;0).

—loc

Notice that if A = g(q)A¥(q) for some g, € €;°(Q2;C) and a; = g(¢)a; for all j € N, the above
condition is reduced to a — Z;.]:O a; € S™7+1(Q;C) with a independent of p. Moreover the localized
definition means that we can always consider this simpler case.

The previous definition is justified by the following standard result.

Proposition E.11. For any sequence aj € S(Y™/,gy) with m; decreasing and lim;_..om; = —oco,
there exists a € S(W™°, gy) such that a — Z;.Izoa eS(PMI+ gy).

For A € (S0 comp(Q x [de;C);YS’)_IOC(Q xR%;C)), A ~ Z;‘;O a;j(x,D,) is equivalent to the apparently

weaker condition A — Z}]:O a;j(x,Dy)€ 2(7/79__”;“1)(9 x Rd;C);ngloc(Q x R%;C)) with limy oo g = —00.

Proof. The first statement can be reduced to the case where m; = mo - j by putting together b, =
Y mo-n-1<m;<mo-n@j. Then use the standard Borel summation in S(¥™°, gy) by taking a = Y72 ((1-
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x) (Nn(l"'p\y\’f()’” (bn))) by, for y € €;°(R;[0,1]) equal to 1 in a neighborhood of 0 and the sequence (N, )nen
being increasing fast enough such that for every k e N,

v
1- b,
( x)(Nnm p\pmon,n(bm)

00
Zp\ymo—k’k < +00.

n=~k

For the second statement, fix g,y € €°°(Q2;[0,1]) with y =1 in a neighborhood of ¢. Then take a, €
S(¥Y™, gy) such that a, - Zj’:o o(@)a; € S(Y™7+1, gy). For any J €N, the difference D = p(q)A y(q) -
ao(x,Dy)x(q) equals

J m;
= 0(AX(@)—ap(x,D)x(q) = p(@)A = Y a;(x,D)x(q)+(@p(x,Dy) - Y_(o(q)a j)x,D))x(q)
j=0 j=0

and belongs to L(# I (R%%;C); #* (R%?;C)) for all J € N with D = g(q)D j(q) for some pair g,7 €
€;°(Q;[0,1]) < €>°(R%;[0,1]). This implies that D = p(q)Ax(q) — ay(x,D,)x(q) is continuous from
F'(R??;C) to #(R24;C) and with D = p(q)D 7(q) it means D € Z(Q;C). O

In particular when Ay € OpSmk(Q C) with A, =a(x,D)yr(qQ)+ Ry, ar €Sy,
write as usual

" Q Comp(Q;CE) we can

Oaaa
jlal gy ¢ 102

AjoAy~ Y
aeN2d

With the previous localization method, the global differential calculus of Subsection is well
defined with all its properties, if the following two conditions are satisfied:

° d. .
the class of symbols S\I,Q comp(Q () R S\P Ri— comp(R ;C) is sent onto Sy Q- COmp((,b(Q,(Ii) c
S$ Ri_ COmp(le C) by the canonical transformation @, [R?q oin R;‘fv en induced by a diffeo-

morphism ¢ : R? — R? with ®(g, p) = (¢(q), dp(q)"1.p) and @, : T*R2¢ — T*R2? ;
e when Uy is the unitary transform in L2(R?¢,dgdp;C) given by
Usu)(g,p) = uo®(g,p)=u(p(q),'dp(q)"".p)

satisfies Upa(x,D)Uy 1 ~ 2o 0bn(x,Dy) in OpSm(Q C) with b,, € ST
®*a in ST (Q;C), for any a € Sy (P(Q)_Comp((b(Q) C).

‘I’Q comp(Q;C)’ bo =ao®d, =

¥,Q—comp

In particular all the sets Q x [R?d and Q x [R?3d , can be replaced by T*Q and T*(T*Q), with a natural
geometrical meaning.

Actually we will consider more general changes of variables on which can be viewed as vector
bundle isomorphisms of R?? = T*R? . We consider the following change of variables

R2d

(¢,p) =D(q,p)=(¢p(q),L(q).p) (E.4)

which is a €*°-diffeomorphism, a bijection such that d¢(g) and L(q) belong to GL 4(R) for all ¢ with
the following estimates

VaeN?,3Ca >0, 105d¢lr=+105(d¢) iz + 105 LIz + 105L e < Cy. (E.5)
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Note that @1 takes the same form with
@G, p)=(q,p) = (1@, LG LGN 1p).

It is given by a change of variable ¢ : [R?g — [R?g when L(q) =td¢p(q)™!.
Its differential is given by

tq) _ d¢(q)-tq )_( dp(¢) 0 )(tq)
aap )'(tp)‘((dL(q).p).tq+L(q).tp “\dLp L)ty

and
tdg(g)! —tdcb(q)‘“[L(q).p]tL(q)‘l) _ (Ll(CI) (Lz(q).p))
0 L)t 10 L3(q) )’

where all linear maps Li,Lg and the bilinear map Lo have uniformly bounded derivatives of any
order with respect to g € R?.
The canonical transformation ®, : T*R2¢ — T*R29 is thus given by

tdd(q,p) = (

q q P(q)
Pl_o |P|= L(q).p

¢ "¢ L1(¢).$+La(q).p.n
n n Ls(q).n

With the transformation ® given by we associate the unitary transform Ug in L2(R2¢,d qd p;C):
(Uou)(q, p) = | det(dp(q) det(L()*u((q), L(q)p) = J**(q)u(¢p(q), L(g)p). (E.6)

Let us consider the simplest versions of spaces of functions.

Proposition E.12. For the tranformation ® given by the following properties hold for any s € R:

i) The operator Ug ( resp. Uq_)l) is continuous from FR2;C) and from #'(R%*;C) onto itself For
any open subset Q € R? it is continuous from VJ(Q)_.((P(Q) x R?;C) (resp. 5’5__((2 x R%;C)) onto

Il d. i
Fo- QxR C) (resp. y4>(9)—-

for & or &' and  means loc or comp.

(Pp(Q) x R%:C)) where, with respective correspondence, ST stands

ii) The map a — aq = a o ®, is continuous from S(¥Y5,gy) onto itself For any open subset Q in R?

and any m €R, it is continuous from S{ (,b(Q)—comp(q)(Q);C) onto Sy Q_Comp(Q;lR).

Proof. 1) It suffices to consider </ - 2(q)Ucp because IGZJ 12| < C,forall ae N? . We write

3, 2 Uou)(q, p) = 8,47 (q)0: ) P(q), Lq).p) + (0 L(q).p);0p,u(¢p(q), L(g).p)
0p,(J V2Uou)q, p) = L(q)](0,,u)(q), L(q).p)

1
o (+la+1pI) = 1+ 19(@) + IL(g).pI* = Co(1+ IgI* +Ip[),
)
where the last inequality is a consequence of 1+[¢(q)| < Cy(1+ lg1%) owing to |d¢| < Cy and its reverse

inequality for ¢~1.
ii) The formula for g o @, is

ao®, =al(p(q),L(q).p,L1(q).¢ + Lo(q).p.n,L3(q).n).

68



Let us first compare ¥ and Yo @, :

W20 d,(q,p,&1) = 1+IL(g).pI* +1L1(g)-& + Lo(q).p-nI> + |L3(g).n|*
< Co(1+Ip* +IE2 +p 21 +In*)
<2Co¥%(q,p,&1).

Applied to W2 o(®1), , this provides the equivalence

1
oS Yo(0*), <CLY.
O]

The operators 04, 0p,, O, , 0, applied to a o ®, are equivalent to the following ngo(Rg;R) linear
combinations (abbreviated as L.C) of elementary operators acting on a:

04t L.Cof 04, pr0p;, ¢i0c;, pmfa&, , Op; , which all are continuous from S(¥%, gy) to S(V*,gv).
0p;: L.C.of 0, njagk , which are continuous from S(¥?, gw) to S(\Ps_l/z,g\y).
0, L.C. of 0;; which are all continuous from S(¥*, gy) to S 1 gy).

Opit L.C. of p0¢, and of O which are all continuous from S(¥?%, gw) to S(\Ps_l/z,g\y).

This proves the continuity of a — a o ®, from S(¥?*,gy) to S(¥?%,gy). O

Let us consider the functoriality of the transformation of the quantization rule a — a(x,D,)y(q)+
R witha € S$,¢(Q)—comp(9;¢:)’ 1 =1 in a neighborhood of $(Q2) —suppa and R € Z(H(Q);C).
Proposition E.13. For any A = a(x,D,)x(q) + R € OpSy(¢(Q);C), the operator UpAUy, is equal to
bo(x,D)x(®(q)) + Rop with Rp € Z(P(Q);C) and by € S(’I} Q_comp(Q;(IZ) and satisfies

U(I)AU(I) ~ Z bn(x’Dx)
n=0

according to Definition [E. 10lwith bg = a o ®, . More precisely when Q is a bounded open subset, with

S@,Q—comp(ﬂ; O ST, gw) and Sn‘I},(b(Q)—comp(('b(Q); C)c Sy, gw);

N-1

bo= ) bp+ron(a)
n=0

with a continuous map ro n :S(¥Y™,gy) — S(\I’m‘N,gw) for every N € N.

Remark E.14. Except for the principal symbol this result does not say that the transformation a — bo
corresponds bp = ao®,.. It works exactly only for functions a(q,p) and in particular for the cut-
off functions with respect to q. But when Q is a bounded open subset of R?, Uq;OL(ac,D,C))((q)Uq_)1 =
by(x,Dy)x(p(q)) defines a continuous operator from S$’¢(Q)_Comp(¢(9);¢i) to S(’I}’Q_comp(Q;C).

Proof. With the localization we can assume Q =R?, a € S(¥™;gy), R? —suppa compact, and R =0.
We introduce another cut-off function ¥ € C66"’0]%‘7[; [0,1]) equal to 1 on ®(Q2) when ( is bounded and,
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for a more general choice of (2, equal to 1 in a neighborhood of suppy .
Because the function J*V2(¢) € S(1, gy), the problem is reduced to the study of the operator

(I V(@)U ¥(q)ala, D) (g 2(Q)Usp) ™

of which the Schwarz kernel is given by the oscillating integral

d
K(x,y)= ) z[f (P(@)-Pplg"N+n.(L(q).p L(q)p)])(((b(q))[a((p(q) L(Q).p, 6,77)])(((/5((1 ) (25)27(71
RZ

Metrics and cut-off: On Ri‘fc, =z with x =(q,p), x' =(q’,p') and E = (¢,n) we consider the metrics

=

dp2 dp/2 df2
Gr=dqg®+dq?+—=—+ +—+
! FF e f

for  f=W(g,p,&EM=A+EP+Iplt+1nMY2 and F=P=1+1E2+Ip/*+Ip'I*+InIHY2.

The metrics Gy and G are slow (same proof as for gy). But the slowness of g, implies

W(g,p,¢,m )ﬂ - A 12
<C hen -p|=Cy ¥Y(g,p,&,n)

and therefore with the above notations

1 p +1
p-p'l<s=—¥"2= (@) <Cy

Cy

for some large enough constant C/, =1, and
m Gm =\ - m6d 0o 1 e
ceSW",Gy) e ceS(WY",Gy) whensuppccq(x,y,Z)eR, [p-pl< C—,‘P .
v

For 6 e € <’O(IR{ [0,1])and e>0,¢e< s ﬁxed later consider the two cut-off functions

lg - q|2

|p—p’|2)

O1(x,x',2)=01(q,q¢") = 9( 2y

) and Oy(x,x,Z) = 0(

By looking at the region 2710 < ¥ < 2”+12 contained in a fixed shell for the rescaled variable
B,p, &) = (2 2p,272p' 27"¢ 27"2p)  a homogeneity argument gives Oy € S(1,G¢)nS(1,Gv).
The following properties become obvious when a € S(¥™, gy)

by.p = XM P@)alPp(@),L(q).p, &, MIi(p(g") € S(P™,Gw),
®1,09 , 1-09¢€ S(l,Gq,) ﬂS(l,G\y).

We now write the kernel K(x,x') or the operator K : Fa_;,.(R%¢;C) — (R%%;C) as

[Rd —comp
KZKdiag-f-Kl +K2

dédn
(2 )2d

with Kl(x,x')z/ l[f (Pp(q)—p(g"N+n.(L(q).p— L(Q)P)](l 01(g,q ))b)( <P(x x
de

Ko(x,x') = / e/l @=9laV . L(@).p-La) PN, (g, ¢')(1 - Og(x,x', ENb,4(x, %, E) §d21(71
de ( )
dédn
_ [ (plq)-pa ) +11.(L(@).p~L(g).p)]
K ttagtes) = /R DD D LG, (g, 6Oy, Dby, D) S
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and use the same symbol Kgias, K12 for the associated operators de_loc(RZd;q:) - ‘Sﬂnq/zd_comp(wd;m

with uniformly controlled supports.
Non stationary phase in g: For a given 2 € N, N = N}, 4 integrations by parts with

1 N . i - i
—  _(#(q)—-d(q).Dg| P DA — i (PO=Plg)
P gigHi "IN
and the lower bound

1
V(q,q") € supp(1-01)NVZ, |¢p(q)—Pp(g)| = o (E.7)
1-¢

for e < ﬁ , small enough, and V; a compact neighborhood of supp ¥ , implies that for all (a;, 8;,7;) €
N34, 2]aj|+|B; +1yjl <k, for j=1,2, the kernel

(-1 #7207 P} 972 (p)P2 07 K (x, x)

of (85 P10} )oK 1005 pP287?) belongs to LAR?,dgd pdq'dp';C) . Actually the estimates with powers
of p’ is deduced from our estimates with powers of p via integration by parts with

We deduce that K is Hilbert-Schmidt and therefore bounded operator from W R(R2.C) to W (R ;0)
for any & € C. With the fixed compact Q-support, K1 € L(¥'(R??;C); #(R2?;C)). It has a symbol in
SR C)c S(¥Y~, gy) with a compact support in Q.

Kuranishi’s trick: Write

1
E(P(@) = p(g)) +1.(L(@)p - L(g"p") = (€, m).(D(x) - D(x") = (&, 7). [/ dO(1-t)x+tx') dt
0

( )
p _p

1 Yodegn 0 [Ldg(qy) dt 0
dD(xy) dt = dt = 0 t
/0 () /0 (dL(CIt)-pt L((It)) L[, (1-dL(gy) dtl.p +[ [ tdL(gy) delp’ [y Lgs) dt

Because (Rgdq, —suppK)csuppy x supp ¥, we can fix € < C%(p small enough so that the inequalities
’ X

1
¥(g,q") € supp©®1 NV2, VA € Conv(dd(q,q'D)UConv(L(lq,q']), |det(A) = coo (E.8)
7@
where Conv(M([q,q'])) stands for the convex hull in .#;(C) of the set M([q,q']) = {M(q;:,t €[0,1])}
M 4(C), while (E.7]) remains valid. We obtain for (q,q")

/ / N A o
E(H() - da) + 0. (L(q).p —L(g").p)] = [(A(%,q) B(q,¢").p+C(g,q").p ) (5)] .(q q )

D(q,q") n)l \p-p'
with  E(c2)= A(q,q" B(q,q’).p+C(q,q’).p’)_1:(A(q,q’)‘1 B’(q,q’).p+C’(q,q’).p’)
’ 0 D(q,q" 0 D(g,q"™?

and A,B,C,D,A"\,B71,C',D'eSQ,dq¢%+dq"% tyR)).
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We obtain

. , , déd
Ko(x,x') = / 1@l (1-B9)by 4 1(x, %', E(x,%').E) | det(E)g,q")| ¢ .,
R2d (271')
K gine(x, ) = / e!léa=a -1, 045 5 41(x, %', E(x,x").E) |det(E~)(gq, q")l dédn
iag\+ts R2d X.$ Ay ) ) (27-[)2(1 )
where choosing € < #M , small enough, ensures
N2
©1(x, %', Ex,x).5) :0('q a] | =01(g,8)€501,Gy),
&
_ lp-p'I?
C) (x,x',E(x,x’).:)zH( €S(1,Gy),
2 2¥(0,p,A(q,¢)).{ +B'(q,¢).p.n+C"(q,q").p'1,D(q,q") L. v

bye(x, 2, E(x,x").E) = U@)i(qa(p(q),L(q).p,Alq,q).¢ +B'(q,q).p.n+C'(q,q").p'n,D(g,q) .0
[(1-09)bj¢l(x, ', E(x,x).2) € S(P™ da® + dx* +dE?) , [Ogbj4l(x,x',E(x,x").5) e S(¥™,Gyg).

Actually it suffices to check
(0, p,Ex,x).2) < C(L+ (Il +Iplinl +Ip"lInh? +1pI* +1p"1* + InI*) < C"P?

with the symmetric version by applying the same result to ¥2(0, p, E(x,x')"!.Z) and then to use the

+1 -
equivalence (%) < C, when |p - p'| < €712 owing to the slowness of Gy .

Non stationary phase in p: Despite the bad a priori estimate of [(1—©2)by ¢l(x,x’, E(x,x).2),
N = Ny, 4 integrations by parts for a given £ € N with

N
(Ip o =p)Dy| ) = )
1 ~
and  V(x,x")esupp(1-09)(.,..E(,.)), |p-p'|l=——PV2
Cw,p.i
leads to the property that the kernel of (6;‘l pﬁlagl)oK 9 0(632 phe 6}’,2) is Hilbert-Schmidt and therefore

bounded in L2(R2d,dqdp;<E) for |a;| + m < k. We conclude as we did for K; that K9 belongs to
L(F(R2;C); #([R??;C)). It has a symbol in FR¥:C)c S(¥~°, gy) with a compact support in Q.

Gauss transform : The kernel of K;,, can be written

Kging(x,2") = b(x,D,) with b(x,Z)=eP=Lv [[0109b; 41(x, %', E(x,x)Z)] |

x=x'"
0 0 0
where the metric G is slow on RS? | the B-dual metric of Gg for B=|0 0 %Idde is the de-
0 2Idge O

generate metric GB = $2dq"2+VPdp2+d&2+Pdn? . Fortunately Gy is GB-temperate along the vector
space Vp = {(x,x',E) € R64 =«'} and \I’|VO can be replaced with W. Theorem 18.4.11 of [HormIII]
tells us that b € S(Y™, gy) with the asymptotic expansion

b(x’Dx)"’ Z bn(x’Dx)

n=0
b,eS(¥Y™",gy)

and the first term bo(x,Z) = by 7(x,%,Z) =a o P.(x,Z). O
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Remark E.15. We could have used the general theory of global Fourier integral operators of J.M. Bony
in [BonJ. At least when ¢ —Idge and L —Idge have a compact support, this describes Ug as a Fourier
integral operator of which the global symbol is a section of the fiber bundle of affine metaplectic opera-
tors M — 4Gy above the graph of ¢, Yo = {(X,0.(X)), Xe€ R4d} with a value above (Xy,P(Xy)),
xo = (qo,P0,60,M0) which is the composition Tyx,)Ux,T-x, Where T, =,) is the phase translation
e!E1-Dx=x1.D2) g Ux, is a metaplectic representation of the linear symplectic map d®.(Xy).

The proposed methods mimics the classical techniques of pseudo-differential calculus for the metric
dq?+ é—iz modulo the localization process only in the q-variable and for specific linear transformations
in the p-variable. It is informative from this point of view and provides a more explicit formulation

for the functoriality of the principal symbol.

From Proposition and the definition of 7/75_.(9;@), e = loc or comp, deduced from Defini-
tion we obtain the following result.

Proposition E.16. Consider the unitary map Us : L2([R??,dqdp;C) — L%(R2?,dqd p;C) given by
with the additional assumption that ¢ —Idge and L —Idge have a compact support.
Then for any s € R%, Ugp and Uq_)1 are isomorphisms from % *(R%%;C) into itself, with [R?g —supp U%lu =
(,bﬂ(le — suppuw) for every u € W5(R%%;C).

Proof. The support property is obvious from the definition of Up . With the additional support
assumption on ®—Idges , we can write for any u € WR2:C), Upu = Uox1(d(@)u + x2(q)u for y1,x2 €
€>°(R%;[0,1]), Y1+ x2 =1 and suppy; compact. From the Definition and the global pseudo-
differential calculus in S(¥25, gy) remember

C; "Reu, Mag(x, Du)e < lull2;, = 1M (x,Dull}, < CsRe(u, May(x,D)udrz,

for M = (Cs + V55187 with C, = 1 large enough.
We deduce
1Uox1(p(g)u II;;S =< CsRe(u, U(Z()m(q)Mzs)(x,Dx)UcDX1(¢>(q))u) .

By Proposition we know
Uy (1@ Mz2s)(x, D)Ua 1 (@) = bas(x, D)o p1(d(@) = cy(x, D) bas,cas€ S(¥,gw),
and the pseudo-differential calculus in S(¥25, gy) gives
IWax1(p(@ul?, < Cillul?, .

By the triangular inequality Ug : #5(R2?¢;C) — #5(R%?;C) is continuous and we conclude with U(gl =

Uq)—l . O
All this section gives a meaning to yg_.(T*Q;C), ST Q_Comp(Q;CC), 2(Q;C), OpSy(Q;C) and

WS_.(T*Q;C) ( with #T =.% or ' and » meaning loc or comp) when Q is a chart open set in the

compact manifold @ .

The topology, the continuity properties and the global ellipticity that we need will be better discussed

in the global setting which avoids considerations of inductive limit topologies.
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E.4 Globalization on @ and applications

Let us fix, an atlas covering of @ , @ = U}]:l Q; such that Q i =Ua,n0 %0 Q; is still a chart open set.

We take a finite partition of unity Z;.]:lp i(g) = 1 subordinate with the atlas covering @ = U}.IZIQ
and cut-off functions y; € 6;°(Q2;;[0,1]) such that y; = 1 in a neighborhood of suppg;. Notice that
x;jx; #0 implies Q; N Q; # 0 and in this case p;,0j,x,x; are cut-off functions in the coordinate
charts Q ; and Q ¥

The spaces S (Q;C) (resp. WS(T*Q;C)) are the sets a = Z}]:l 0j(q)a with p;(q)a € ST

¥,Q;—comp

(Qj;C)C

S(¥Y™,gy) (resp. pja € 7//3 (T*Q};C)) with the topologies given by

—comp

J
pm,k(a) = Z ij’\ym’k(Qj((I)a), keN
Jj=1

J
resp. IaIIWS(Q ) ; ||QJ((I)G||WS(T*Q :0)"

The subscript o in pg yn j, refers to the choice of some local coordinates in Q; . But Proposition[E12
and Proposition for the conjugation a — Uqua(x,Dx))((q)Uq‘)1 with ®(q,p) = (¢(q), dPp(q) 1.p),
says that the seminorms ij,\ym,k(Qj(q)a) can be replaced by pﬂj,’\ymyk(gj(q)a) for any j' € {1,...,J}
such that Q; < Q !

A vector bundle isomorphism on T*@Q , written locally as @ : (¢, p) — (¢p(q),L(q).p) with the associated
unitary operator Ug , gives rise to an isomorphism of the space #*(Q;C) according to the local result
of Proposition [E.16] This gives a first application, which is not exactly due to the pseudo-differential
calculus

Proposition E.17.
For any riemannian metric g = g,;(q)dq'dq’ on TQ with the dual metric g”(q)dpldp] on T*Q, if
* 92(t) =1 is a quadratic dyadic partition of unity like (4.2) and |p|2 = g”(q)plpj, then for every

=—1
seR the squared norm ||u||2 is equivalent to Z 21 ||65(|p|2)u||;/s(Q o

w2(@;0)

Proof. It suffices to use the local gauge transform given by @ : (q,p) — (q, g‘m(q). p) with | plg =
tpgNq)p =1g7V2(q).p|? and to write

o0 o0 o0
Y 10cpIDulZ, = 3 1Ug 0c(pIDull?, = 3 10:(1p*)Uq ulZ,
(=-1 (=-1 (=-1

and Proposition gives

(0, 0)

2,12 ) 2
> 10c(plull’y, = 1Ug ullZy, = lully,
=—1

The intersection Nseg #°(T*Q;C) is nothing but #(T*Q;C).
On Z(Q;C) = L(F(T*Q;C); (T*Q;C)) ~ L(T*Q x T*Q;C), the Fréchet space topology is equiva-
lently defined by the family of (semi)norms

Qk(R) = ”R ”f(if/v_k(T*Q;C);ink(T*Q;C)) , keN.
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Before giving an explicit family of seminorms on
J
OpSYH(Q;C) = { Z (0j(@)a)x,Dy)oxi(@)+R,a e SH(ELC),Re «%(Q;C)} ,
j=1

let us check that any A € OpSy(Q;C) admits a canonical decomposition after fixing some cut-off
functionon @ x @ .

Attention must be payed to the following point: although p;(q)a ; = p;(q)a; for all pairs (j, ;') allows
to define a(x,=) = Z}I,zl 0j/(q)aj(x,Z), the equality Z;’zl(pj(q))aj(x,Dx) ox(q)— Z}]:l(pj(q)a)(x,l)x)o
x;(q) =R € Z(Q;C) is true with R = 0 only under the equality of the operators

(0j(q)a;)x,Dy)o x;/(q) =(pj(q)a;)Nx,Dy)o xi(q)
for all pairs (j, ).
With the subset Q ;= UQJ_,QQJ.#Q) Q; take a cut-off function j; € Cgf)’o(fl 7;[0,1]) such that ¥, =1 on a
neighborhood of

U suppyj> U suppe;
QﬂﬂQj#(Z) erﬁQj?f(D

Because for all je{1,...,J}, p;j(q)x,(q¢") and )Zj(q)lQ\Qj(q') vanish in a neighborhood of the diagonal
Ag =1{(q,9), q €}, there exists O1 € €°(Q x @;[0,1]) such that ®; =1 in a neighborhood of Ag and

0i(9)01(q,4)xi(q@) = 0¥ j(0)O1(q,9)x(q)
J
Y 0 @i;(@)

Jj=1
J

Y 0/(@i(9)01(q,q")
=

0i(@)01(q,q")

0i(q) ©1(q,q"x;(q"

0i(q) xi(@), (E.9)

where the equalities hold as multiplication operators on .#'(T*Q; x T*Q;;C). Additionally the func-
tion 7 can be chosen symmetric: ©1(g,q")=01(q¢’,q), and we set

©2(q,q") =1-01(q,q").

For any K € L(F(T*Q;C); ¥ (T*Q;C)), identified with its Schwartz kernel K(x,x') € ' (T*@Q x
T*Q;C), we set

Kdiag(x, x') = 0O1(q, q/)K(x, x') , Ko, x')= Oa(q, q')K(x, x') , K= Kdiag + K ot (E.10)

Notice that K — (Kgiag,Kofr) is an isomorphism between #'(T*Q x T*Q;C) and the closed set of
FL(T*QxT*Q;C)x #(T*Q xT*Q;C)

{(K1,K2) € S (T*Q xT*Q;C) x #(T*Q x T*Q;C), ©1(q, ¢)Ka(x,x") — O2(q, ¢ VK1 (x,x") = 0} .
With (E.9), we have the additional properties

J J
Kdiag = Z Qj(q)oKdiag = Z Qj(Q)O
j=1 j=1

J
Z(Qj')Zj')(q)OK] o x;(q)
J'=1 diag

J
> [(Qj/)?jr)(q)a](x,Dx)] o x;(q)
J=1

J J
and )" [(0,(@))x, D) 1@ gag = 3 000
i Jj=1 diag

Jj=1

for some J; € €;°(€2;[0,1]) such that ¥; =1 in a neighborhood of suppy;; .
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Proposition E.18. Every A = Z}] 1(0j(@a)x,Dy)xq +R € OpSy(Q;C) admits a unique decomposition

J
A= ;(QJ(Q)aA(x,Dx))Xj(qH&’

_ =Aof

v~

:Adiag

with aa € SY@Q;C) and Rp € Z(Q;C).
Additionally this provides a topological direct sum on OpS™(Q;C), because the map

Sy@;0)x 2@;C) — Sy@;0)x2(Q;C)

J
(@,R) — (aa,Ra) , A=) (pj(@a)x,D)yj(q)+R
j=1

is continuous when S (Q;C) x Z(Q;C) is endowed with the seminorms (pm (@) + qr(R))ken -

Remark E.19. When A is a differential operator or more generally a local operator with respect to
g-variable, then we can write A = Agjag with a vanishing remainder R4 =0.

Proof. The decomposition of A = Z;’zl(pj(q)a)(x,Dx)oXj(q) +R=A,+R

A=A+ R)diag +(Ag +R)ofr = Aa,diag + Rdiag + Aa,off +Rofr,

with  Ry(x,x) = 0a(q,qR(x,x') € A(T*Q x T*Q;C),
J
Agofi(x,x) =Y Ajorlx,x’) ,  Ajom(x,x") = Oa(q, g )N(pj(q)a)(x,Dy)o xj(@))x,x)
j=1

J
Rgiag = Z 0j(q)o
J=1

J
Z(er)Z,v)(q)oR] oxi(q),
J'=1 diag

J
> [(Qj/f(j')(q)a](x,Dx)] ox;(q).
J'=1 diag

J
and Aa,diag = Z Qj(Q)O
=1

The kernel of A o with coordinates in Q; is

dé&dn
2m)?’

/ . ele@=a2nP=rgy(q, g0 (q)alg, p, &My (q")
R

A non stationary phase argument with %Dfei[‘('(q_q’”"'(p —P) = ¢il&lq=a)+n.(p=P"] with the factors

9;(9)0;(¢") implies that the map a — A o(x,x') is continuous from S(¥™,gy) to F([R¥:C). Again
with the controlled support, the map a — A . is continuous from S @(Q;C) to Z(Q;C).

This proves that the map
J

(a,A)— Ayr=Rog+ Z Aj,oﬁ'

Jj=1
is continuous from S@(Q;C) x Z(Q;C) to Z(Q;C).

For the diagonal part, let us first notice at the operator level that the sum with respect to j' is
introduced for

07() [0 X NDM ] giag = 07 @0ADTHD X (@IM liagx j(@)¥(q)
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with M =R or M = (%% (q)a)(x,Dy).

It remains to identify these operators as the quantization of symbols. Every term indexed by (J, ;')
for a fixed j' € {1,...,J}, has a kernel with a @ x @ support that is compact in Q 1 X Q i We choose
coordinates in Q i+ in order to compare the terms of the double sum for different values of j € {1,...,J}.
For [(p;/%/)(@)R]giag the kernel

(01 )(@)R(x,x)01(q,q9") = pj(q)R(x,x)O1(q, ¢ x(q")

belongs to .# (€ x Q) x R24.C). With the factors 0;(@)x(q"), it can be written ajr reg(x,Dy) with
@ jr reg € SRIC) c S(P~°, gy).
For A, giag , the kernel is localized in the same way and equals

dédn

il$.(g=¢")+n(p-p"1 , 0 Ny (o) ——L
/uwe 0;/(q)algq,p,¢,n) 1(q,q)xj(q)(2n)2d,

We obtain
[[QJ’ZJ’(q)a](x’Dx)]dlag = b]/(x,Dx)
where b is given by the Gauss transform

iD¢.D,

bi(x,&) = eP=Lx 0.(q)alq, p,&,mO1(q, ¢ (@) x—x = ePePe 0;(@)alg,p,&,mMO1(q,"x(a)] -y

where the variables (p,n) are now simple parameters. We deduce that the map a — b is continuous
from S(Y™,gy) to S(W",gw). With b ;(x,D,) = ¥;(q)bj/(x,D,) we deduce that b ; € S$ & mp(Qj;C) c

,a2j—CO
Sy@;0).
So we have written

J J
Rdiag = Z (Qj(q)bj,reg)(x’Dx)OXj(q) > Adiag = Z(Qj(q)bj)(x,Dx)OXj(q)
J=1 Jj=1

with b reg € Sy™(Q;C) , beSH@Q;0)
and V) j €L dt, 07(a)Bj+bjreg) = 01(@)bji+ b reg),

The last identity follows the same strategy as at the operator level except that we consider only left
multiplications by functions of ¢ , which commute with the Gauss transform. O

Definition E.20. According to Proposition the topology on OpSG(Q;C) is equivalently defined
by the family of (semi)norms (qm r)ren and (§Gm p)ren With

J
AmrA)=pmirlaa)+qr(Ra) with A=) pj(@Q)aa(x,Dy)oxj(@)+ Ra
Jj=1 =~
~ =Afr

v~

=A diag

and

J
Gmp(A) = inf{pm,k(a) +qr(R), A=) (0j(@)a)x,Dy)oxj(@)+R,a e SHQ;C,Re %(Q;C))} )

J=1

Definition E.21. We now write a, ,(x,D,) = Z}.Izl(pj(q)a)(x,Dx)oxj(q) for a € S"\I}(Q;C). A symbol

ae€ S(’I}(Q;C) is said to be elliptic if there exists x = 1 such that |a| = %‘I’m for ¥ = x. An operator
A =a,y(x,D;)+R € 0pSy(Q;C) is said to be elliptic if it admits a symbol a which is elliptic.
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The product of two operators A =a, ,(x,D;)+R,A’ = a’gyx(x,Dx) +R' € OpS{(Q;C) equals

A OA, = a‘_)’)((x,Dx)oaz),x(anx) +?Q,X(anx)oR, +R Oap,x(anx) +R ORZ

e%(?);@)

and the treatment of every non vanishing term p;(q)a(x,D)x;(q)p;(q)a(x,D)x;(q) of the product
ap,x(x,Dx)oaé,,X(x,Dx) can be studied in the chart open set Q ;i with the expansion of the Gauss

transform eiDEYDx?a1(X1)052(X2)|X1:X2:X in S(‘Pmm’,g,’,,). We deduce that
N
AOA,: bn(a’a/)p,x(anx)+RN+1(A’A,)

n=1

With P smi—n k(bn(@,a")) < Cr ' n kP m 0, (@Pm ¢, (A) and the remainder estimated by
Qm+m’—N—1,k(RN+1(A,A,)) = C;n’m!’N+1’kqm,[N+l’k (A)qm,ﬁ\”l,k(A,)’

when p,, ¢(@) < Cpy ¢qm,e(A) and pp, (@) < Cpy @ m,e(A’). According to Remark differential
operators provide a wide family of examples where the latter condition holds true. And this can be
extended for operators of which the Schwartz kernel is explicitly localized in a small neighborhood
of the @-diagonal.

The rough version of this continuity property says

N
A QA/ = Z Bn(A,A/)+RN+1(AaA,)
n=1
with qrn+m’—n,k(Bn(A,A/)) = Cm,m’,n,qun/n,h (a)qm'»gn,k (A"), and
Imm-N-1kBN+1(A,ANSCL vy 3@ty (A 0y, (A

Similarly for a vector bundle isomorphism @ : 7*@ — T*@ , the conjugation by the associated unitary
transform A =a, ,(x,D;)+ R — U<1>AUq_)1 can be written

N
UpAUg" = Y [bs,0(@)]py(x, D) + Ro n+1(A)
n=1

with continuity estimates gathered from the local model treated in Proposition[E.13l It can be written
more roughly as

N
Uq)AUq_)l =Y Bpo(A)+Ron+1(4)

n=1

with Qm—n,k(Bn,(D(A)) = C(I),m,ka,In,k (A)
and  gm-N-1tRoN+1(A) = Cq Ny 1Tm ey k(A).

Because the function (¢,¢") — ¥(¢)¥,(q" [Zgj,ngj¢¢ 0;(@)01(q,9)x,(q") - x(9)O1(q,q"0;(¢") |, which

is symmetric if ©1(q,q") = ©1(¢’,q), has a compact support away from the diagonal A, the de-
composition of the formal adjoint can be reduced to the local model with the formula b(x,D,)* =
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[eiP=Dxp](x,D,). The formal adjoint A* of the operator A = apy(x,Dy) + R € OpSy(Q;C) can be writ-
ten
N N
A= Z [bn]g,x(x’Dx) +RN+1(A) = Z BN(A) +RN+1(A)
n=0 n=0
with bo = a and the estimates p;;,—n x(bn) < CpynkDm,r,, (@) and qp—nk(Bn) < Crynkqm,e,,(A) and
Am-N-1 BN+ SCry Nk Qm oy, k(A).
All the classical estimates can be decomposed in this way by going back to the @ = R*-model. The
condition pn, ¢(a) < Cy, ¢qm,¢(A) holds true if one starts with an operator A = a, ,(x,D,)+0, exactly
given by the local quantization rule with no regularizing global remainder, and a ¢ S™(Q;C). For
example this is the case if A is a differential operator. The estimates are then propagated via the
operations.
The local Calderon-Vaillancourt theorem and our choice of the norm ¢ on Z(Q;C) gives at once the
existence of a k4 € N determined by the dimension of @ , such that |A|l ¢z2) < Cqor,(A).
Similarly the Garding inequality says that if A € S{(Q;C) has an elliptic non negative symbol a >
%\I’m for ¥ = «, there exists C,, =1 and k1 € N such that
Yu e A(T*Q;C), Relu,Au)r:= Ci,( 112 = Cac@om ey AN 115 -
All these properties extend to OpS{y(Q;Endé&) with the following constraint for the symbol of the
adjoint: The reduction to a € S"\I},Q_mmp(Q;Md(C)) is done by chosing (2; such that the vector bun-
dle E|Qj admits an orthonormal frame (f1,...,f JN ) for the metric gg. Then the adjoint of A =

@m0, (%,D3) +A -1 €0pSH(Q;End&) can be written
A* =(a})pyx, D) +A! | with Al | €O0pSt Y(Q;End&)

and this property is invariant by a change of orthonormal frame.

Actually if U(q) € %x(C) is the unitary matrix which represent another orthonormal frame (f JN ook JN )

in the frame (f}v,...,fj.v) for E|Qj , the symbol of @, o ,(x,Dy) + Ayy-1 equals

bm(x,E) = U(Q)am(x, DU Nq) = U(@)am(x,2)U*(g) with b, (x,E)=U(q)a,,(x,2)U"(q).

The norms (g, r)ren are very convenient for handling the ellipticity as it is done in the case of the
global pseudo-differential calculus on R? . We focus here on the case of non negative elliptic operators.

Proposition E.22.

Let A€ OpS(}}(Q;Endé"’), m >0, be an elliptic operator with A =(a;,, ®Idg)p,y(x,Dx)+Am-1, am = %‘Pm
for ¥ =x, A,,_1 € OpS$_1(Q;End5). If additionally A is symmetric on F(T*Q;8&) then it is self-
adjoint with D(A)=#"™(T*Q;&), bounded from below, and its resolvent is compact.

In the case when m =2, if A = a,,(x,D)+R € OpS?y(Q;Endé") fulfills the above conditions, then
for every f € S({t)*, zit—ii), s € R, the operator f(A)— f(ag)y,(x,Dy) belongs to OpS\Z;_l(Q;Endé’) while

f(az)ES?If(Q;Endé“).

Proof. The first results are the standard ones.
We just show how Helffer-Sjostrand formula can be used in this framework and we focus on the case
m=2. We write a in the form a =a9®Idge + a1 with a1 € S\ll,(Q;Endé’) and ag ® Idg is simply written
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as.
1

By the Leibniz formula applied to 1 =(z —a9)~! x (z — ag) for z € C\ R, the seminorms p—2,k(z—a2) are
estimated by
k
_ <C (@) ———.
p 2,k(2_a2) kD2 TmzfFel

z—ay = (z—ag)?

studied in S \1I,(Q;Endé") , can be reduced to

1 1
aioai+

By taking B, = L 4 _a ] (x,D,)+0, the second term of the expansion of B,o(z—A), to be
0.X

1
95102 0219%2[ay +a]

) T
(Z—a2)2 lag|+]asg]=1 a1!a2! ¢ n (Z_aQ)

and it is of order —2 with seminorms estimated like the seminorms p _g ;( Z_laz ). We deduce
B,o(z—A)=2zB,—B,ocA=(1-rr(2))

with g_g z(rp(2)) < Cy, i &) By left multiplying with Zﬁ’lzo ri(z)* we obtain

mlek+l .

M
Z rp(z)"oByo(z—A)=1- rL(z)M+1 ,
n=0

NM Ny .
k% and ”7‘L(2)M+1 ||$(L2;7’,/"(Mm—ed)) = CEWIIIHQ;IW . In the I‘lght-

. M+1
with qy-12plrL(™ 1= Oy =

hand side of

M
(z-A) =Y rp(@)"oB)+(z-A) torp(2)M*1,
n=0

all terms except the remainder term (z—A) lorz(s)*1 are known to be pseudo-differential operators

ri(z)"oB(z) € OpS\;Z(””)(Q;Endéa) and q_g(n+1)£(rL(2)" 0B(2)) < Ckllf;l% . But we can do the
same for the right-multiplication and obtain similarly:
M
(z-A)1=Y B,orp) +rp@M(z-4)"1,
n=0
with the same upper bounds.
We deduce
12 1 ai £ M+1 1 M+1
(z—-A)"=) |ojlgX + )@, D)xj(@)+ Y. bp(2)+rp(@" ez -A)rx)" T (E.11)
2
=1 z—ag (z-a2) n=1 S v( ) 3
=ry(z
(2) N ()N

with g _2(m+1)k(bn) < Cr o Mrall gggrmvea ey < Cm

|Imz|N"»k+1 |Imz|NM+2 :

Inserting (E.11) into the Helffer-Sjostrand formula (see [HeSjl[DiSjl) gives
1 .
f(A)=— / 0:f(2)z—A) " dzndz
2imw J¢

while f(az)zi / 0:f(2)z—ag) Y dzndz f’(a2)=i / 0:f(2)z-ag) 2 dzndz,
2im J¢ 2im J¢

with  fe€™(C;C) , suppfc{zeC,|Imz|<Csi2)} , flg=F.,

[Im 2|V

<Z>N <Z>S—1

and VNeN,3ICy>0,0:f(z) <Cx

80



when f € S((t)s,%z), s < 0, we obtain by integration of the respective terms by choosing N =
max{Nn,k,NM}

2M
f(A) = [f(aZ)]Q,X(x’Dx)+[fl(a2)al]g,x(anx)+ Z [ﬂn]g,x(x,Dx)"'RM

n=1

with B, € 32" "P(Q;End&) for n = 1 while f(a) € S;*(Q;Endé).
Let us first conclude for s € [-3/2,0[ . Take € S~4(Q;End&) such that B~X> 1 Bn. Forevery MeN,

f(A) =[f(a2)lpy(x, D) +[f (@2)a1lyy(x,Dx) + B y(x, D)+ Rpoms1+ Ry

with Rgopri1 € OpS\_I,ZQM +1)(Q;Endé§’ )and Ry € ¥ (W M+ea ;W‘C‘i) . By taking M arbritrarily large,
this says that f(A) - [f(a2)lp,y(x,Dy) - [f’(az)al]p,x(x,Dx) — Bo,y(x,D,) belongs to Z(Q;Endé&).
Because s € [-3/2,—-0[, we know f(az) € S%(Q;End&) with 2s = -3 and f'(as) € S*¢"V(Q;Endé),
fag)ai € S%HQ;End&), while f,, € SyHQ;End&), ~4<-3-1<2s—1.

Now for a general s <0, simply write (¢)° = (£)51"! with s; €[-3/2,0[ and n1 € N. The composition of
pseudo-differential operators says that the principal symbol of (A)® = (A)*10...0(A)! is {a92)®. Any
power (£)*, s € R, can be written (£)2V(¢)s" with s’ <0 and N e N. With (¢)2Y = (1+2)N e R[¢], (A)® is
a pseudo-differential operator with principal symbol (as)® for any s € R. Finally a general function
f € S(t)*;4L) is written (£)°*¥2f,(t) with f, € S(t)~32, L)

For the End & version it suffices to notice that all the explicit computations above, are done essen-
tially with scalar symbols. O
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