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First-order behavior of the time constant in non-isotropic
continuous first-passage percolation

Anne-Laure Basdevant! Jean-Baptiste Gouéré" and Marie Théret?

Abstract

Let N be a norm on R¢ with d > 2 and consider y a homogeneous Poisson point process on R¢
with intensity € € [0, 00). We define the Boolean model Xy . as the union of the balls of diameter 1
for the norm N and centered at the points of x. For every z,y € R%, Let T (z,y) be the minimum
time needed to travel from z to y if one travels at speed 1 outside ¥y and at infinite speed inside
Y n,e: this defines a continuous model of first-passage percolation, that has been studied in [10, 11]
for N = || - ||2, the Euclidean norm. The exact calculation of the time constant of this model
N, () == limp 00 T,e (0, nx)/n is out of reach. We investigate here the behavior of € — pn ()
near 0, and enlight how the speed at which N(x) — pun.(z) goes to 0 depends on x and N. For
instance, if N is the p-norm for p € (1,00), we prove that N(z) — ., () is of order e"(® with

- 1
kp(z) = q_ d@=1 _ d—di(@ "’
2 P

where di () is the number of non null coordinates of z. Together with the study of the time constant,
we also prove a control on the N-length of the geodesics, and get some informations on the number of
points of x really useful to those geodesics. The results are in fact more natural to prove in a slightly
different setting, where instead of centering a ball of diameter 1 at each point of x and traveling at
infinite speed inside X ., we put a reward of one unit of time at those points.

1 Introduction and main results

1.1 Background and motivations

First-passage percolation on Z¢. First-passage percolation was introduced by Hammersley and
Welsh [13] in 1965 as a toy model to understand propagation phenomenon. Whereas the model of
percolation questions if the propagation occurs or not, first-passage percolation describes at what speed
the propagation occurs. The media is represented by the graph Z¢ (d > 2). With each edge e between
nearest neighbours in Z¢, we associate a non-negative random variable 7(e) called the passage time of
e, i.e., the time needed to cross the edge e. The family (7(e)) is chosen i.i.d. with common distribution
function F. This interpretation leads naturally to the definition of a random pseudo metric 7 on Z¢ in
the following way. If m = (xg,e1,21,...,€n,2,) is a path between two vertices g and z,, of Z¢, ie.,
an alternating sequence of vertices (z;) and edges (e;) such that e; is precisely the edge of endpoints
z;—1 and z;, the passage time 7(m) of 7 is defined by 7(7) = >_I" | 7(e;). For any couple of vertices
(r,y) € Z% x Z%, the minimal time needed to observe propagation from x to y is thus defined as
7(z,y) = inf{r(7) |7 : @ — y} where the infimum is taken over all paths 7 from x to y. We refer to
the surveys [2, 15] for an overview on classical results in this model. By Kingman’s ergodic subadditive
theorem, it is well known that under a moment assumption on F, for any z € R?\ {0}, we have

. 71(0,|nz .

lim 70 [nz)) =pr(z) as. andin L', (1)
n—roo n
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where |nz| designates the coordinate-wise integer part of nz. The term pr(z) appearing here is a
constant, called the time constant of the model in the direction z, that depends on z but also on the
dimension d of the underlying graph Z¢ and on the distribution F' of the passage times. The function
2+ pp(2) is either the null function or a norm on R%. Moreover, under a stronger moment assumption
on F', the convergence (1) towards the time constant is uniform in the directions: this result is known
as the shape theorem (see [6, 15, 21]).

Properties of F — pp(z). The study of the properties of pp(z) is a challenge, that has attracted
attention of mathematicians over the last 50 years. Let us roughly list some of the known properties of
pr(2) as a function of the distribution F:

e it is continuous for the topology of weak convergence (see [5, 7, 15])
e it is strictly increasing (in a sense made clear in [18, 23])

o up =0 <  Pr(e) = 0] > p.(d), where p.(d) is the critical parameter of Bernoulli bond
percolation on Z? (see [15]).

It worth noticing that the value of pgr((1,0,...,0)) cannot be computed in any case when it is not null,
except if the distribution is trivial: if 7(e) = a a.s. then pr(z) = a||z||1, where ||z||1 is the 1-norm of z

defined by ||z[|y = X0, 2] if 2 = (21, .., za).

Bernoulli first-passage percolation on Z?. Since it is hard to understand how pr(z) depends on
the distribution F', it is relevant to look at particular and simple choices of distributions. One natural
choice among others is to consider a Bernoulli distribution with parameter 1 — ¢, i.e., P[r(e) = 0] = ¢ =
1—P[r(e) = 1]. Let us denote by p.(z) the corresponding passage time. Combining the results previously
roughly stated, we know that & — p.(2) is equal to ||z||1 at € = 0, is equal to 0 at € = p.(d), and is
strictly decreasing with € on [0, p.(d)]. Chayes, Chayes and Durrett [4] investigate in dimension d = 2
the behavior of € — u.((1,0)) when e goes to p.(2), and prove that it decays polynomially fast towards
0, at a power that is linked with the speed of decreasing of the correlation length in the corresponding
percolation model. The authors investigate in [3] at what speed p.(z) goes to ||z||1 when e goes to 0,
and they prove that

pe(2) = |z = C(2) /1D 4 o(eV/ B ) (2)

where dy(z) is the number of non null coordinates of z, and C(z) is a constant whose dependence on z
is partially explicit.

Boolean model. Many variants of classical first-passage percolation on Z¢ can be defined. One of
them is built on R¢ from the Boolean model, that can be described as follows. Let N be a norm on R¢
and denote by By(c,r) the ball for the norm N centered at ¢ € R? and of radius r € (0,00). Let & be
a Poisson point process on R? x (0, +-00) with intensity A| - | ® v, where A € (0, 4+0c0), | - | designates the
Lebesgue measure on R? and v designates a probability measure on (0, +00). The Boolean model X » .,
is defined by
EN’)\,,/ = U BN(C,T).
(e;r)€g

Roughly speaking, it is built by throwing uniformly on R the centers of the balls according to a Poisson
point process x of intensity A| - |, and then adding around each center ¢ € x a ball of radius R(c) for the
norm N, where the radii R(c) are chosen independently according to the distribution v. The Poisson
point process of the centers of the balls, namely x, can be properly defined as the projection of £ on R
A common choice for the norm N is of course the Euclidean norm that we designate by || - ||2. We refer
to the book by Meester and Roy [20] for background on the Boolean model in the Euclidean case, and
to books by Schneider and Weil [22] and by Last and Penrose [17] for background on Poisson processes.



Continuous first-passage percolation. A continuous model of first-passage percolation can be de-
fined from the Boolean model by assuming that propagation occurs at speed 1 outside Xy ., and at
infinite speed inside ¥y .. Hence, the travel time TN7)\7V(7T) of a path 7 is the N-length of 7 outside
YN . Optimizing on polygonal paths from x to y leads to the definition of the travel time TN7 (T, y)
between z and y as the minimal time needed to see propagation from x to y. More formal definitions are
given in Section 1.2. In the case where N is the Euclidean norm, this model was studied by the second
and third authors in [10, 11], and previously introduced by Marchand and the second author in [9] as a
tool to study another growth model considered by Deijfen [8]. By standard subadditive argument, it is
well known that for every z € R%, there exists a constant fiy . (z) € [0,1] such that

Tnaw (0,52 . .
lim M = fnav(2) as. andin L.
§—00 S ’
This constant fin, . (2) is still called the time constant in the direction z. By isotropy, for N = || - ||2,

the time constant fij.,, 1. (2) depends only on | z||z.

Properties of (\,v) = jij.,av(2). Fix z € R\ {0}. Under some moment assumption on the
distribution v of the radii of the balls in the Boolean model, we know that

® [i|.|,.xv(2) > 0 if and only if the corresponding Boolean model ¥,z is in some strongly sub-
critical percolation regime (see [10] for more details)

e (AN, ) = fij.,,2,(2) is continuous under some domination assumptions (see [11] for more details).

However, as on Z¢, there is no way to calculate explicitly the value of f-l12,1,v(2) When it is not null,
even more so for the value of fin . (2) for general N. Similarly, it makes thus sense to consider specific
choices of parameters (),v). Mimicking what was done on Z¢, we restrict ourselves to the case where
v =012 and A = ¢ for small ¢, i.e., the diameter of the balls is equal to 1, and the Poisson point process
x describing the centers of the balls has a small intensity . We write fiy c(2) = fines, ,(2) for short.

Aim of this work, part I. When ¢ = 0, TN,0,51/2 (0,z) = N(2), thus fino(z) = N(z). The main goal
of this work is to understand the behaviour of € — fin -(z) near 0, for a given norm N and a given point
z € R%. With the choice N = || - ||1, this setting is very close to Bernoulli first-passage percolation on Z<,
and we can expect that the behaviour of fi.|, -(2) is still given by (2) at the first order in ¢, i.e., that
fiil-f11,c(2) = ||z[[1 is of order €'/41(*) when e goes to 0, where d;(2) is the number of non-null coordinates
of z. However, for N = || - ||2, the isotropy of the model implies necessarily a different behaviour. This
paper aims also at understanding how the underlying norm N impacts the behaviour of fiy (%) at the
first order in €.

An equivalent setting. The image of the homogeneous Poisson point process y on R? with intensity
e by the map z € R? — ze'/¢ is a homogeneous Poisson point process = on R% with intensity 1,
thus the image of Xy, s, , by this map has the same distribution as Xy 1 gyt This implies that

fine(2) = [iNes,,,(2) = [iN1s 1/d/?(z). In what follows we adopt this point of view, 7.e., the diameters

of the balls are equal to £/¢, and the centers of the balls are distributed according to a homogeneous

Poisson point process = with intensity 1. We write T . = T 1.5 , sy for short.

A different but close model. In this setting, since the diameter of each ball in the Boolean model is
e'/4 with small ¢, it can be useful to neglect first the possible overlaps between different balls, or the fact
that a path can travel inside the Boolean model without reaching the center of each ball it intersects.
Instead, suppose that a path going through the center of a ball save a time £'/¢ : it can be seen as a
reward that the path earns. We define the alternative travel time T .(7) of a path 7 as the N-length
of 7, minus e'/¢ times the number of rewards that 7 collects. Optimizing on polygonal paths from z to
y leads to the definition of the alternative travel time T (z,y) between = and y as the minimal time
needed to see propagation from x to y. More formal definitions are given in Section 1.2. We emphasize



the fact that T . may be negative. An alternative time constant can be defined in this setting for small
enough ¢: for every z € R?, there exists a constant ux () such that

Ty (0,52 .
lim Tne(0:52) =pune(2) as. andin L'

s—00 S

Since T (0, z) may be negative, the existence of () is not a trivial consequence of standard sub-

additive arguments, and we refer to Theorem 1 for more details. Obviously, pn.0(z) = fino(2) = N(2).

Aim of the work, part II. This alternative setting is interesting on its own, and the same questions
arise: what is the behaviour of pn -(z) at the first order in € when € goes to 0, and how does it depends
on N ? Is it the same as the behaviour of fiy c(z) ?

Aim of this work, part III. Our study of uy(z) requires us to work with geodescis,i.e., paths of
minimal travel time T . Our third and last goal is to understand some properties of those geodesics,
in particular to prove bounds on their N-length and the number of rewards they collect, when ¢ goes to
0.

1.2 Definitions

We gather in this section all the definitions we need, even if some of them have been stated informally
in the previous section.

The space R?. Throughout the paper, d € N designates the dimension of the space, and we always
assume that d > 2. Let - designate the standard scalar product on R¢. We consider different norms on

RY. We write N to designate a generic norm on R?, whereas || - ||, designates the p-norm, defined as
usually: if z = (z1,--- , 2z4), then
d 1/p
forpelloe), el = (Z |zi|P> R A
i—

We denote by By (c,r) the closed ball for the norm N centered at ¢ € R? and of radius r € (0,00), and
write By (r) = By(0,7) for short. We designate by | - | the Lebesgue measure - usually on R? or on
R?I~! we omit the precision when it is not confusing, but write | - |, for the Lebesgue measure on R¥
if needed. For a subset A of R?, we denote by A° = R%\ A its complement. Throughout the paper, u
designates a vector of R? such that N(u) = 1. For such a vector u, that lies on the boundary of By (1),
we can consider H a supporting hyperplane of By (1) at u, i.e., satisfying

Yve H, Nu+v)>N(u)=1.

Such a supporting hyperplane always exists by convexity of By (1) (but it may not be unique). For given
u and H, we designate by u* the vector normal to H and satisfying v - u* = 1.

The Poisson point process. Let Z be a Poisson point process on R? with intensity |- | = | - |4. Let
€ > 0. We consider two different models (see T and T' below). The points of Z are seen as the locations
of rewards of value €'/¢, or as centers of balls of diameter £'/¢ for the norm N. In this setting, we define

the Boolean model ¥y . as
cl/d
ZN75 = U BN (C7 72 ) .

cEE
The paths. A polygonal path 7 is a finite sequence of distinct points 7 = (xg, z1, ..., z,), except maybe
that o = 2, and such that z; € Eforalli € {1,...,n—1} (we emphasize the fact that we do not require

that zo or x, belong to Z). We consider the set II(z,y) of polygonal paths 7 = (xg = z,z1,...,2, = y)
from z to y. On occasions, we will discuss about generalized paths, that designate finite sequences of
distinct points © = (zg, z1,...,Zy), except maybe that ¢ = x, (without consideration for the Poisson



A

point process E at all), and we denote by II(x,y) the set of generalized paths from z to y. Sometimes,
we will also need to consider the polygonal curve associated with 7 = (x, ..., 2z, ) which we will denote
by [r]. For a given segment [a,b] C R, we write N([a,b]) = N(b— a) for the N-length of the segment
[a,b]. By a slight abuse of notation, since [a,b] N Xy . is a finite disjoint union of segments, we denote
by N([a,b]NEn ) the finite sum of the N-lengths of the disjoint connected components of [a,b] N Xy .
We define N([a,b] N Y% ) = N([a,b]) — N([a,b] N Xn ). For any path 7 = (zg,z1,...,2,), we denote
by N(7) the length of 7 for the norm N, i.e.,

n

N(TK‘) = ZN([a:i,l,xi]) = ZN(Q?Z - ,’L‘ifl) .

i=1
We denote by N(m N X% ) the N-length of 7 outside Xy, i.e.,

n

N@EnZg) =Y N(wi-1, 2] N ,).
i=1
We denote by f#7 the number of distinct points in Z N [r]. Note that for any generalized path, this
quantity is a.s. finite and for a polygonal path m = (zg,z1,...,z,) such that zo,z, ¢ =, we have a.s.

fr=n—1.

The model with balls. We first consider the model where a ball of diameter £1/¢ is located at each
point of E. The travel time Ty () of a generalized path © = (xg,z1,...,2,) is

Ty-(7) = N(xn YNe)
We define the travel time Ty . (z,y) between 2 and y as

TN,s(xa y) = lAnf TN,E(W) .
m€ll(z,y)

We want to emphasize that the optimization can be made on paths instead of generalized paths, i.e.,

TN,E (Z‘, y) = ﬁeli'lrg ) TN,& (77)

(see Proposition 17). We denote by A .(z,y) a geodesic from x to y for the time T ., i.e., Iy (,y) €
I1(z, y) such that Ty« (2,y) = Tn.c(n.(2,y)), and with minimal N-length among the possible geodesics
(see Proposition 18 for the existence of a geodesic). For short, we write 4y (2) := n,(0, z). The time
constant in this model is defined through standard subadditive arguments in the following way: for every
z € R?, there exists a constant fix () > 0 such that

lim Tn.(0,s2)

8—00 S

=jine(2) as. andin L' (3)
When N is the p-norm, we write prs, Yp.e and fi, . instead of TII-HPW Vi-lpe a0 ., e

The model with rewards. We now consider the model where a reward of value £/% is located on
each point of E. The alternative travel time Ty o(7) of a path m = (x¢, z1,...,2,) is

Te(m) = N(m) — /.

We emphasize that T - (7) may be negative, the terminology alternative travel time is chosen by analogy
with the model with balls but may be confusing. We define the alternative travel time T ¢ (z,y) between
z and y by
Tye(z,y) = inf Tye(nm).
mell(z,y)

Our first result states that, for € small enough, a finite geodesic exists a.s. between any points z,y € R?
and such geodesic can be chosen to be a polygonal path. Moreover, an alternative time constant can be
defined in this setting. Note that its existence is not trivial since the travel time may be negative.



Theorem 1. For e small enough (depending on N and d),

(i) There exists a.s. for all x,y € R? a finite polygonal path Y <(x,y) € I(z,y) from = toy such that

TN,s(Iv y) = TN,E(’}/N,S(zv y)) .
The path Yn.e(z,y) is called a geodesic from x to y.

(i) For every z € RY, there exists a constant uy (z) such that

lim Tn.(0,52)

5—00 S

=unc(2) as andin L' (4)

Moreover, the application uy . (+) is a norm on RY.

Note that this theorem does not say anything about the uniqueness of the geodesics. For some norms
N, they can in fact be non unique. For instance, consider the case N = | -||; and z = (1,...,1): this
non uniqueness is a consequence of the fact that geodesics for the norm N = || - ||; from 0 to z are not
unique either.

For short, we write vy -(2) := vn,(0, z). To lighten the notations, when N is the p-norm, we write
Tp.e, Vp,e and py, o instead of T”'Hp787 M- llpoe and H [l e+

1.3 Main results for a general norm N

We can now state the main results we obtain. We consider u € R such that N(u) = 1. The vector u
gives a direction, and we want to study the behaviour of py(v). To do so, we need some tools that
capture the geometrical properties of the norm N that matter in our model. Let H be a supporting
hyperplane of By (1) at u, i.e.,

Yve H, N(u+v)> N(u)=1.

For a given 1 > 0, let us consider the two following subsets of H:
Ky(u):={ve H : N(u+v) <1+n} and My (u) == Ky(u) N (=K, (u)) .

We emphasize the fact that K,(u) and M,(u) depends on u but also on H, even if this dependence on
H is not explicit in the notation. The sets K, (u) and M, (u) are subsets of H, which is a hyperplane.
We thus write |K)(u)| := [Ky(u)|a—1 (resp. |My(u)| := |M,(u)|4—1) to designate the (d — 1)-dimensional
Lebesgue measure of K, (u) (resp. M, (u)). We define

ha(n) =0~ Ky ()] and  ha(n) = 97" My (u)].

Proposition 2. The functions n — hy,(n) and n — ﬁu(n) are continuous decreasing homeomorphism
from (0,00) to (0,00). We denote by g, and g, their inverse functions. Note that g, and g, are also
continuous decreasing homeomorphism from (0,00) to (0,00).

We can now consider the model with rewards located at the points of =.

Theorem 3. There exist constants C1,Co > 0 (depending only on N and d) such that the following
assertions hold.

(i) For e small enough, we have
gu(Cre™") <1 = pye(u) < gu(Coe™).

(i1) Recall that yn (su) € I1(0, su) designates any geodesic from 0 to su for the time Tn (0, su). For
e small enough, we have, for any 6 > 0, a.s. for large s,

(1- 5)5_1/d§u(015_1)s < fyne(su)
N(yne(su)) —s

(14 8)e g, (Coe™Y)s

<
< (140)gu(Coe™)s.



Notice that how small € has to be in Points (i) and (ii) of Theorem 3 depends on N and d but also
on v and H. This dependence appears for instance through the use of Lemma 10 (see how (10) implies
(11) for n small enough).

It is a little bit frustrating not to be able to give a lower bound on N(yn(su)) in Theorem 3. In
fact, such a lower bound exists in some specific cases, for directions « in which By (1) does not have a
(d—1)-dimensional flat edge, see Proposition 15 in Section 5 for more details. However, we have no hope
to obtain a lower bound in any direction, see Remark 27 for a concrete example.

We can now state the corresponding result for the model with balls centered at the points of =,
together with a comparison between the time constants in both models.

Theorem 4. There exists some constant Cy, C5 > 0 (depending only on N and d) such that the following
assertions hold.

(i) For e small enough, we have
Gu(Cse™") <1—fine(u) <1— pne(u) < gu(Coe™).

(ii) Recall that qx . (su) € T1(0, su) designates any geodesic from 0 to su for the time Ty (0, su), with
minimal N-length among possible geodesics. For € small enough, we have, for any § > 0, a.s. for
large s,

N(ine(su) = s < (1+68)gu(Cac™)s.

(iii) Moreover, we have
lim ﬂN,E(U) - [LN,E(U)

=0.
e—0 gu(ngfl)

Let us emphasize the fact that we do not state a control on #yy c(su) in Theorem 4: indeed Yy (su) €
fI(O, su) is a generalized path, that do not have to travel between points of Z, thus the quantity §5n . (su)
does not have a relevant signification. However, we do obtain a control on the number of balls of the
Boolean model really useful to a geodesic if we look at geodesics inside a set of paths that are easier
to deal with: for more details, we refer to Proposition 18 in Section 6.1) that state the existence of
a geodesic %, (0, su) in a restrictive set I1(0, su) C II(0, su), and to Equation (31) that gives an upper
bound for 5. (0, su) - the lower bound on #%.(0, su) is a straigthforward consequence of the upper bound
on pun.(u), as in the proof of Corollary 12 in the model with rewards.

For specific choices of the norm N, namely when N is the p-norm, it can be proved that the upper
bound and lower bound appearing in Theorems 3 () and 4 (%) are of the same order in £ (see Section 1.4).
In this case, Assertion (ii¢) in Theorem 4 implies that Theorem 4 (7) is a consequence of Theorem 3 (7).
However, it is not true in general, thus the different assertions in Theorem 4 must be stated separately.

1.4 Main results for the p-norm

We now look at the particular case where N is the p-norm, for a p € [1,00]. Let u = (uy,...,uq) € R%
We define
di(u) =card({i € {1,...,d} : u; #0})
do(u) =d — dy(u)
d3(u) = card({i € {1,...,d} : us| = [Jullc}) (5)
dg(u) = d — ds(u)

where card(A) designates the cardinality of the finite set A. For a given p € [1, oc], for u € R such that
lu]l, =1, we define

1
—— ifp=1,
di(u)
rp(u) = a1 PE(1oo), (6)
2 P
1
[ 'f — .
da(u) +1 Hp =00



Notice that for any p € [1,00], and u € R such that ||lull, = 1, d1(u) > 1 and d — % - dZTS“) >
d— (di(u) — 1) — do(u) = 1, thus kp(u) < 1.

We can rewrite Theorem 3 when N is the p-norm, with the advantage that we can compute explicitly
the power of ¢ that appears at the first order in all our estimates, and notice that the lower bounds and
upper bounds are of the same order.

Theorem 5. There exist constants C! = Cl(p,d,u) >0, i = 1,...,6 such that the following assertions
hold.

(i) For e small enough, we have

Crefr™ <1 — p, (u) < Che™r (),

1) Recall that 7y, .(su) € I1(0, su) designates any geodesic from 0 to su for the time T, (0, su). For e
p, p,
small enough, we have a.s. for large s,

ChemWs < gy, (su) < Che™ s

p.e(su)llp =5 < Cgemr™s.

(iii) Moreover, except if p=1 and di(u) = d, or if p = 0o and d3(u) =1, we have
Coe" s < ||ype(su)]lp — 5.
The same holds concerning Theorem 4.

Theorem 6. There exist constants C!' = C{'(p,d,u) >0, i =1,...,3 such that the following assertions
hold.

(i) For e small enough, we have

Cler»™ <1 — i, (u) < Cerr),

(ii) Recall that 7, .(su) € T1(0, su) designates any geodesic from 0 to su for the time T, o (0, su) with
minimal p-length. For € small enough, we have a.s. for large s,

e (su)|, — s < Cletr(Wg,
”7177 ( )Hp 3

(i) Moreover we have

lim Np,s(u) - ﬂp’s(u)

e—0 5’%(“)

=0.

Beyond these applications of the previous results stated for a generic norm N to the p-norms, some
specific properties of the p-norms allow us to obtain even the existence of the limit of (1 — 1, . (u))/e"(®
when € goes to zero, at least for some values of p and some specific directions u.

Theorem 7. Suppose we are in one of the following cases:
e pel,ox] andu = (1,0,...,0) ;
e p € {1,2}, whatever u € R? such that |jull, =1 ;
e p=o00 and u € R? such that ||ull = 1 and ds(u) € {1,2}.
Then there exists a constant K,(u) € (0,00) such that
ty 2 = i S = K,

For p = 1 and p = 2, we obtain the existence of the limit of (1 — y, - (u))/e"»(*) when & goes to zero
for any direction u. For p = 1, our results are similar to the ones previously obtained on the graph Z¢
for the corresponding time constant p.(z), see Equation (2). For p = 2, we have ka(u) = % whatever
u, as prescribed by the isotropy of the model, and we obtain that

pia,o(u) = 1 — C2/ D) 4 o2/ (1))

where for any u € R? such that |lu||s = 1, with C' = K, (u) that does not depend on such a u.



1.5 Organization of the paper

The paper is organized as follows.

In Section 2 we prove Theorem 1, i.e., we prove the existence of the time constant jx ., we state its
basic properties, and we also discuss the existence of geodesics in the model with rewards.

Section 3 is devoted to the study of some geometrical properties of objects defined from the norm V.
Among other things, Proposition 2 is proved in this section.

Sections 4 and 5 are devoted to the study of the model with rewards at the points of =, i.e., to the
proof of Theorem 3. In Section 4, we use a greedy algorithm to construct a path from the origin towards
the direction u, whose N-length is not too high, but that collects a certain amount of rewards: this gives
a lower bound on 1 — pn -(u) and §yn . (su) for large s. In Section 5, we prove that a path 7 from 0 to su
(for s large enough) whose N-length is upper-bounded cannot collect too much rewards (see Proposition
13). We then use an initial rough upper bound on N(yy (su)), together with a bootstrap argument, to
strengthen the control obtained in Proposition 13 and prove the desired upper bounds on 1 — pp (u),
e (su) and N(yne(su)).

Section 6 is devoted to the study of the model with balls centered at the points of =, i.e., to the proof
of Theorem 4. First we prove in Section 6.1 that we can deal with geodesics that have nice properties.
Then we compare iy (u) with gy () in Section 6.2 to prove assertion (4ii) of Theorem 4. Finally we
adapt in Sections 6.3 and 6.4 the proofs written in the study of the previous model to this setting to
complete the proof of assertions (i) and (ii) of Theorem 4.

Finally in Section 7 we consider the case where N = || -||,,, the p-norm, for p € [1, c0]. First in Section
7.1, for a given direction u € R? such that lu]l, = 1, we choose adequately the supporting hyperplane
H of By, (1) at u we consider. By computing an estimate of | K, (u)| in Section 7.2 and an estimate of
| M, (u)| in Section 7.3, we can prove Theorems 5 and 6 in Section 7.4. By a monotonicity argument, we
finally prove Theorem 7 in Section 7.5.

1.6 Notations

From Section 2 to Section 6, we work with a fixed generic norm N. For that reason, we will omit the
subscript N in our notations, since no confusion is possible (we write T, pe, 7Ve(su) instead of T e,
UN.e, YN,e(su)). In Section 7, we manipulate p-norms with different values of p, thus we put again the
subscript p to recall the dependence on p.

2 Existence and basic properties of y.

Fix a norm N on R? and consider the model where a reward of value €'/¢ is located at each point of =.
Recall that the alternative travel time T.(m) of a generalized path m = (o, ..., Z,) is defined by

T.(m) = N(n) — e'/%n,

where [7] := ! [z;—1, x;] is the polygonal curve with vertices (zo,...,z,) and fr denotes the number
of distinct points of the a.s. finite set =N [r].

The first result states that minimizing the travel time over generalized paths does not get a better
result than minimizing over polygonal paths.

Lemma 8. For all z,y € RY,
T.(z,y) == inf{T.(n) |x € T(z,y)} = inf{To(7) |7 € (2, y)}.

Proof. Let m = (x = xg,...,2n = y) € (x,y) be a generalized path. Let denote by a1,...,ax
the points of = which are in [m] \ {zo, z,} ranked by their order of apparition in the curve [m]. Then
my = (x0,a1,...,ak, Ty) belongs to Il(z, y). We have by construction fm; < fmo and by triangle inequality,
N(mq) < N(my). This yields T, (m2) < Te(m1).

O

As already noted, the alternative travel time T.(w) of a polygonal path m may be negative. Let
us also note that the alternative travel time between x and y does not satisfy the triangle inequality



T.(x,y) < T.(z,2z) + T-(2,y). Hence, we cannot directly use classical theorems to prove the existence of
finite geodesic between two points of R? or the existence of a time constant for this model. The following
paragraphs are so devoted to rigorously prove the existence of this two objects. Even if the proofs are
not difficult nor very innovant, we give them for the sake of completeness.

Proof of Theorem 1 (i): Existence of a geodesic. To prove that a finite geodesic exists between two points,
we need to show that paths with a large N-length cannot have a small travel time. Let denote by II(0, *)
the set of polygonal paths starting from 0. For any s > 0 and k£ > 1, we have

P(3r € II(0, %), N(7) > ks, T-(7) < s) < ZIP’(EW € II(0, %), #m =i, N(mw) > ks, T.(7) < s)
>0

= ZIPEﬂ'EH %), #1 =1, ks < N(m) < s +ie/?)
>0

= > PEmel(0,%), #r =i, N(m) < s+ie/?).

i>(k—1)se—1/4d

Setting & = 0, we have, for 8 > 0, using that 1,>¢ < efe

P(Er € L0, ), #m =i, N(7) < s +ie"/?) = PE()j<i €2, N(& —&-1) < s+ie'/?)
j=1

< / exp(B(s + ie'/ ZN —¢&j1))déy ... dE;
(R)?

< exp(Bs) ( /R L exp(B(e! — N(z))dz)i
< exp(ps) (p(/fdm) /. exp(—N(z))dz)i.

Let take 8 such that % Jpa €xp(—N(z))dz < 1/4 and &q small enough such that exp(ﬁaé/d) < 2. We get
then, for ¢ < &g,

_ 17y ~ SXP(Bs)
P(3r € II(0, %), #7 = i, N(7) < s +ie'/%) < i (7)
In particular, for all s > 0, for € < gy,
klim P(37 € T1(0, %), N(7) > ks, T.(7) < s5) = 0. (8)
—00

Fix n € N and let us now prove that there exists a.s. a geodesic from x to y for any =,y € By(n). Using
(8), we get that there exists a.s. a (random) K such that for any polygonal path 7 starting from 0 with
N(m) > Kn, we have T.(7) > 4n. Let now 7@ = (z,x1,...,2,y) be a polygonal path from z to y such
that N(7) > (K + 1)n. Then m = (0,21,...,2k,y) is a polygonal path starting from 0 and by triangle
inequality N(7) > N(7) — N(z) > Kn and so that T.(7) > 4n. Using that T.(7) < N(z) + T-(7), we
deduce that T, (7) > 3n. Since T.(z,y) < N(y — z) < 2n, we get in particular that, for all 2,y € Bx(n),

inf{T.(m) : 7 € U(z,y)} = inf{T(r): 7€ l(z,y),m C By(K")}
= min{T.(7) : 7 € (x,y),m C By(K")}

with K’ := (K 4 2)n. The last infinimum is taken on a finite set of paths since there is a finite number
of points of E in By (K’). This implies the almost sure existence of a finite geodesic between x and y.

This holds for any n € N, so we deduce the a.s. existence of a geodesic for any z,y € R?.
O

Proof of Theorem 1 (ii): Existence of the time constant. Let define, for z € R?

Jo(z) = inf{T.(7) : m € I(z,*)} and X (z,y)="Tc(z,y)— J(x)— J(y),

10



where TI(z, ) is the set of finite polygonal paths starting from 2. Taking © = (), we note that J.(z) < 0.
Moreover, note that Equation (8) implies that J.(z) and T.(z,y) are a.s. finite for & small enough so
Xe(z,y) is well defined. Moreover, since J.(x) < T.(z,y), we get that X (x,y) is non-negative. Let us
prove that X_(x,y) satisfies the triangle inequality, i.c., for z,y,z € R%, X (z,2) < X.(z,vy) + X:(y, 2).

Let v:(y,x) = (y,a1,...,an—1,2) be a geodesic from y to z and .(y,z) = (y,b1,...,bm—1,2) be a
geodesic from y to z. Set ag = byp = y and a,, = x, b, = 2. Let g, jo be two indices such that a;, = bj,
and such {aj 11,...,an} and {bj,+1,...,by,} are disjoints. Such indices exist since ag = by = y. Let
M = (Gigs -y an-1,2) and v2 := (bjy, ..., bm—1,2) (11 and 72 can be reduced to a point if iy = n or
jo=m). Let v := (y,a1...,a;) and 75 := (y,b1 ...,bj,). We have

TE (l’, y) = TE (71) + TE (71) + sl/dl{azxg €=}

T.(y,z) = Te(v2) + Te(7h) + €/, czy

(the potential reward located at a;, = bj, is taking into account both in T, (1) and in T, (y})). Moreover,
noticing that (z,an—1,...,a;, = bj,,...,bm—1,2) is a polygonal path from z to z with distinct vertices,
we get

Te(z,2) <Te(1) + Te(ye) + El/dl{aier}'

Besides, T:(v1) > J-(y) and T:(y3) > J-(y). So
Te(@,y) + Te(y, 2) = 2J(y) + Te(x, 2).
This yields
Xe(@,y) + Xe(y, 2) =2 2Je(y) + Te(x, 2) = Jo(@) — 2Je(y) — Je(2) = Xc(w, 2)

and so the random variables (X, (z,y),z,y € R?%) satisfy the triangle inequality. In particular, for any
u € R?, if we set for m >n > 0, Xn.m = Xc(nu, mu), the process (X, m,0 < n < m) is subadditive:

Xim < Xip+ Xpm forany 0 <1 <n<m.
To apply Kingman’s subadditive ergodic theorem, we must also check that E(Xy ) is finite. We have
0 < Xon =T:(0,nu) — J.(nu) — J:(0).
Using that T.(0,nu) < nN(u), we get
E(Xo.0) < N (u) + 2E(|J.(0)]):
Recall that J.(0) < 0 and we have for s > 0,

P(J:(0) < —s) < Y P(3r € T(0,), #m = i, N(r) < —s +'/%).
i>0

Note that the bound obtain in (7) holds in fact also if s < 0, so we get, for € < ey,
exp(—p3s)
P(1(0) = s) <> 5 = 2exp(—fs)
i>0

which proves the integrability of J.(0) for £ small enough. Using the stationarity and the ergodicity of
the process, Kingman’s subadditive ergodic theorem [16] implies the existence of a limit

i Xon E(Xo,n)
pele) = e T = T

a.s. and in L',

Note that we have p.(u) > 0 since Xo,, > 0. Moreover, since, for any n > 0, the random variables
J-(nu) have the same law and have finite expectation, we get that

lim Je(nu) + J=(0)

n—00 n

=0a.s. and in L.

11
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Figure 1: Illustration of the sets K, (u) and M, (u) (note that M, (u) is here strictly included in K, (u)).

So we also get
T,
pe(u) = lim UL

n—00 n

a.s. and in L1

It just remains to prove that this limit holds in fact for s going to infinity, s € R. We write, for s > 0,

T(0, su) < T(0, |s]u) + N(su— |s]u)

T(0, |s]u) — N(su— |s]u)

T [sju) [s] _(s=[sPN(@w) _ T(Osu) T |slu)ls] (5= [shN(u)
ls] s s - s~ [s] s s
which yields
pe(u) = Jim (0, sv) a.s. and in L'

It remains to prove that for ¢ small enough p.(-) is a norm. Triangle inequality and homogeneity are
straightforward. For the separation, using (7), we have, for ¢ small enough and v € R? such that

N(u) =1,
| S e L 2exp(s/2)
Z P(HWEH(O,*),#TT:Z,N(T()SQ‘FZ&‘ )SW

P(T.(0.5u) < 3) <
i>se~1/d/2

which tends to 0 as s tends to infinity if € is small enough (uniformly in ). In particular, this implies
that, for small enough ¢, for all u € By(1), ue(u) > 1/2. Hence, we get that, for small enough ¢, p.(+)

is a norm and, in fact, for all u € R?,

MO < oy < (),

3 Some geometric results

We gather in this section the statement and proof of geometrical results. In particular, we establish a
link between | K, (u)| and an integral, namely I*(n) (see Lemma 10), which is the quantity that appears

in some of our forthcoming proofs.
We first prove Proposition 2.

12



Proof of Proposition 2. Let u € R? such that N(u) = 1. Let H be a supporting hyperplane of By (1) at
u. Let n > 0. We recall the following definitions (see Figure 3 for an illustration):

Ky(u):={ve H : N(u+v) <1+n} and M, (u) :== K,(u) N (—Ky(u))
and -
ha(n) =0~ Ky(w)] and  ha(n) = 07" My (u)].
Let us prove that h,, is a continuous decreasing homeomorphism from (0, o0) to (0, 00). The reader can

check that the proof can be easily adapted to show that h,, is also a continuous decreasing homeomorphism
from (0, 00) to (0, 00).

First notice that v € H — N(u + v) is convex. Indeed, for all v,v" € H, for all A € [0, 1], we have
Nu+ X+ (1=M0)=NAu+v)+ (1= (u+2"))
<SNAMu+v)+N({(1=N(u+v))=ANu+v)+ (1 —=ANN(u-+2).

By convexity, for all A € [0,1] and 1,7’ > 0 we have
MKy (u) + (1= AN Ky (u) C Ky a-xyn (v)

SO
1

Ko+ (1—nym (W[ 7T = (MK (u) + (1= A) Ky (w)| 7T
Using Brunn-Minkowski’s inequality, we have

1

MK (w) + (1= X) Ky ()| 7T > N K ()| 77+ (1= N[ Ky (w)| 7T

SO L
1= [Ky ()77 (9)

is concave and so, in particular, is continuous. This already proves that h, is continuous. Let v € H
and n > 0. For all A € [0,1], by convexity, we have

N(u+ ) <AN(u+v)+ (1 =ANN(u) = AN(u+v)+ (1= N)

thus
Nu+v)—1<n = N@u+)—-1<An,

and so
MK (u) C Ky (u).

This gives that for all 0 < n; < 19,
771 d—1
<m> K ()] < | Ko (0)

so the function r,(n) := ”;:;E%)' is non-increasing. This implies that h,(n) = 7.(n)/n is decreasing.

Moreover, by triangle inequality, we have, for any v € R? such that N(u) = 1
{veH : Nv)<ntCK,(u)C{ve H: Nv)<2+n}.

Using that N is equivalent to the euclidean norm, we get, for some constants ¢, ¢’ depending only on d
and N,
{ve H, |[vll2 < en} € Ky(u) C {v € H, [[v]o < 2+ )}

Since H is (d — 1)-dimensional, this gives that, for some A := A(d, N) > 0 and B := B(d, N) > 0,
A= < Ky (w)| < B2+,

and so
An~t < hy(n) < By *(2+ )"

This implies in particular that h, tends to +o0o at 0 and to 0 at infinity, and for € (0, 1),
An~t < hy(n) < B'p~?.

13



We now state a geometrical lemma that will be useful in what follows.

Lemma 9. For u € R? such that N(u) =1 and H a supporting hyperplane of By (1) at u, let denote by
u* the vector normal to H such that u-u* = 1. There exist two constants c,c’ > 0 depending only on d
and N such that, for all u € Bx(1),

c< urlla <.

Proof. Using that N and || - ||2 are equivalent, there exist «, 8 > 0 such that
By, () € By (1) C By, (B)-
So, we get the lower bound on ||u*||2 noticing that, for u € By (1),
L=w-u < lullzf[u*]l2 < Bllu”|.
Moreover, H is a supporting hyperplane of By (1) at v and uv* is normal to H so By(1) is included in

{fveR?: v-u* <wu-u*}. Applying this inequality to au*/||u*||2 € By, (@) C By(1), we get

u*
allutlls = a7 v <u-ut =1
[[u ]2
Finally, we get
B urflz <a™h
O

We introduce now a function I defined by an integral and check that this function is of the same
order as the function h, whose inverse g, appears in the statement of Theorem 3. We recall that for
1 >0, hy(n) is defined by

ha(n) = 0~ | K (u)].

Lemma 10. For u € R? such that N(u) = 1 and H a supporting hyperplane of Bx (1) at u, let denote
by u* the vector normal to H such that u-u* =1 and define, for n > 0,

I () = / exp(—(N(z) — (1 - )z - u*))dz.
RiN{z:z-u*>0}

Then there exists two constant c1,co depending only on N and d such that, for n > 0, we have

crha(n) <IT(n) < cahu(n). (10)

Moreover, define also, forn >0,

1) = | | esp(=(V(@) = (1 =)o w))da

then for  small enough, we have

crhy(n) < I(n) < 2c2hy(n). (11)

Proof. Let || -||2 be the Euclidean norm. Let 1) := En : H — H be an affine transformation with positive
determinant such that

N(u+v(t)) <1+ for all t € H such that ||t|ls <1 (12)

and
N(u+1(t)) > 1+mn for all t € H such that [|t[|2 > d — 1. (13)

Let us prove that such an application 9 exists. The set

Ky(u)={veH: Nu+v)<l+n}

14



is compact, convex, with non-empty interior. Thus, by John-Loewner Theorem (see for instance Theorem
III in [14]), there exists a centered ellipsoide J of H and a ¢ € H such that

c+JCKy(u) Cc+(d—1)J.

Let By (r) := By.|,,u(r) be the ball of H of radius r for the Euclidean norm || - ||2. Let ¢ : H — H
be the linear function with positive determinant such that (Bg(1)) = J and 1 := c+1). Then, we have

Y(Bg(l))=c+JCK,Cc+(d—1)J =¢(Bu(d—1))
which shows that (12) and (13) hold. Moreover, we can find bounds on the determinant of ¢. Indeed,

we have
(Ba()] (B ()
)= TE,mr v

where V_; is the volume of the unit euclidean ball of R?~1. Using that
[W(Bu(1))] < [Ky(u)| < [¢(Bu(d - 1))|

we get
Vaoy det(p) < [Kp(u)] < (d— 1)1 Va_y det(y) (14)

Recall now that
o= [ exp(~(N (@) — (1= n)a - u*))da
RiN{z:z-u*>0}

By the change of variable! 2 = \u + v with A = 2 - v* and v € H, we have

() = mih/ooo/l{exp((N()\u+v)(177))\))dvd)\

1 (= N 1
- 7/ / A% exp (—n)\ - nAM“’)) dwd) .
lu*llz Jo  Ju n

Let x = A and w = 9(¢). Then

I'*(n) n~ % det(¥)G(n)

E

G /OOO/Ha:dleXp <xxN(“+:/’7(t))1> dtd.

Let us prove that there exists two constants ¢, ¢’ > 0 (depending only on N and d) such that ¢ < G(n) < ¢
for n > 0. Let define

with

First recall that if t € By(1), then g,(t) < 1. Thus

> _ ® 4 Vi_1d!
G(n) 2/ / x4 1exp(—2m)dtdm:Vd,1/ 297 exp(—2z)da = dzdl =
0 BH(l) 0

On the other side, if ||t||2 > d then g, (t) > 1. Let to = ¢ 1(0). Note that g,(t9) = 0 and so |[[to|l2 < d.
Using the convexity of g,, we get that for [|t|2 > d,

It~ toll2 _ Nell2 1
t > - =.
PO ol = 2 2

IThis change of variable can be written as follows. Let f1 = u*/||u*||2 and let (fz,..., f4) be an orthonormal basis
of H, thus (f1,...,fq) is an orthonormal basis of R%. Let z = Z?:1 z;fi and u = Ejzl u; fi the decomposition of
2z and w in this basis. Consider now the basis (u, f2,..., fq) and z = du + Z?:l v; fi the decomposition of z in this

basis. Then x1 = Aui and for every ¢ € {2,...,d} we have ; = - f; = Au; + v;. Thus the change of basis is given
by ¥ : (A\v2,...,vq9) — (T1,22,...,2q9) = (Aui,v2 + Aug,...,vg + Aug). The Jacobian of ¥ is Jyg (A, v, ,vq) =
det T’ (A, va,...,vq) = ur = u-u*/||[u*]|2 = 1/||u*||2.
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Since g, is non-negative on H, this lower bound holds in fact on H. This yields

ol _ ta 1
G S/ /xd 1exp<—x—x<”—>)dtdx
=] | 2d 2
O g (x et
—/0 /Rx eXp( 2 2 g
> z [v]]2 /
< - —2 = .
_A exp( 2)d1:/Rd1eXp< 54 >dv d < o0

Hence we get, using (14), that for n > 0

/

C Cc

((d — 1) V) YK (w)| < ntTH(n) < s

x (Va-1) 'Ky (u)] -
(Kl P !
We conclude the study of I*(n) using Lemma 9 which bounds ||u*||2 uniformly in v € By(1). We now
study I(n) defined by

1) = [ exp(=(V(@) = (1 =)o u*))da.

We have I(n) = I"(n) + I~ (n) where
- [ exp(~(N(z) — (1 — ) - u*))de.
RéN{z:z-u*<0}

Note that for € [0,1], 0 < I7(n) < [paexp(—=N(z))dz < oo so I~ is bounded around 0. On the
contrary, since I (n) is of the same order as hy(n) := K, (u)n~?, Proposition 2 implies that I tends to
infinity at 0. So we get that I(n) ~ I (n) for n going to 0 and so for  small enough, we have

crhu(n) < I(n) < 2c2hyu(n)

as desired. O

4 Proof of the lower bound on 1 — p.(u)

This section is devoted to the proof of a lower bound on 1 — p.(u), i.e., the proof of Proposition 11 -
and incidentally, as a corollary, we get a lower bound on fv.(su) for large s too, see Corollary 12 below.
To do so, it is enough to exhibit a path from 0 to su (for a given direction u and s large enough) whose
N-length is not too high, but that gather enough rewards. This is done in Proposition 11 through a
greedy algorithm. This algorithm adds recursively to the path # = (0,21 -+ ,2,—1) the closest point
x, of the Poisson point process = (in a certain sense) which is located in a cone with origin z,,—; and
oriented in the direction u. This cone condition gives us a good upper bound on the N-length of the
path we construct. However, we have to be careful in our procedure to be sure that the path 7w does not
go too far away from the prescribed direction u. We thus take care to compensate any gap previously
created between the direction of x,_; and the prescribed direction u by choosing wisely the direction of
the next point z,, the path collects. At this stage, we need to deal with some symmetries, this is the
reason why it is the set M, (u), which is a symmetrized version of K, (u), that arises in the proof.
Fix a direction u € R? with N(u) = 1, H a supporting hyperplane of By(1) at u and recall that

My(u):={ve H : Nu+wv)<l+nand N(u—v) <1+n} and hu(n) == 0~ | M, (u)] .

Proposition 2 states that 7+ h,(n) is a continuous decreasing homeomorphism from (0, 00) to (0, 00) so
we can define its inverse function g, which is also a continuous decreasing homeomorphism from (0, o)
to (0, 00). To prove the lower bound on 1— p.(u) given in (i) of Theorem 3, we prove in fact the following
proposition.

Proposition 11. There exists a constant ¢ > 0 (depending only on d, N ) such that, for all direction
u € R with N(u) = 1, for all n € (0,1), we have

pe(u) <14n— czsl/d|Mn(u)|1/d.
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In particular, with C := (%)d, we have that for € small enough,

pe(u) <1 =gy (Cre') .

Proof. To prove this proposition, we construct, using a greedy algorithm, a path 75 from 0 to su with
length close to s(1 4 n) but going through a number of points of = larger than c|M,,(u)|'/4s (see Figure
2).

We first introduce some notation. For s > 0, let

Cp(s) ={z=Xu+v:0<A<s,veH, NAu+v) <AX1+n),NAu—-v) <X1+n)}.

Hence, Cy,(s) is a cone with axis u and of basis M,, (basis not necessarily orthogonal to its axis). Thus,
if u* denotes the vector orthogonal to H such that u - u* = 1, we have?

1
C(s)] = ——| M, (u)|s?.
| 7]( )l d||u*H2| 77( )|

In the algorithm, we construct a path (0,1, ...,Z,,su) from 0 to su such that x;y; is the first point
of Z in the cone z; + Cy(00). By construction, we prove that the length of such path cannot be much
larger than (1 + n)s and its number of points is at least of order |M,(u)|'/4s. Optimizing on 7 yields
then Proposition 11.

Recall that = denotes the points of a Poisson point process with intensity | - | on R?. By induction
we define a sequence (X,,),>0 in R? with Xy = 0 and if

Ang1i=inf{s >0 : (X, +Cy(s))NE#0},

we set Xpp1 = Xp + Apgiu + Wigq with Wy € H and such that {X,, 11} = (X, + C;,(An41)) N E.
We define S,, = Z?:l X and V,, = Z?:l W;. By the proprieties of Poisson point processes, (A;)i>1
and (W;);>1 are i.i.d. random variables and since M, (u) is a symmetric set, W, has also a symmetric
distribution and so V,, is a symmetric random walk.
Let us now define, for s > 0,
Z(s):=sup{n>0: S, <s}

and consider the path m, = (0, X1, ..., Xz(y), su) (see Figure 2 for an illustration of the greedy algorithm).
Let us find an upper bound of T.(r) by finding an upper bound of its length and a lower bound of Z(s),
its number of points.

The sequence (A;);>1 is i.i.d. and we have

so that

where

1 1/d o -1
2¢, = / exp(—v? dv> .
<d|u*||2> ( , )

Since S, = Z?:l i, a standard renewal theorem yields that, for s large enough, we have

cu| My ()5 < Z(s) < Beu| My(u)[Vs. (15)

2This can be proven using the same change of variable ¥. Indeed,

1
|Cn(8)|=/ 1zecn<s)d$=f/ To<a<sly/nen, (uydA dv
Rd ”u ”2 Rd

1 1 s
= A 11 1 dhdw = ——|M, i
”u*”2 \/IRd 0<A<s wGMT,(u) w IIU*HQ‘ ”Vl(u)| d
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Figure 2: Illustration of the greedy algorithm. The path constructed is drawn in blue. At each step, the
path goes through the first point of = in the green cone in front of it.

This gives a lower bound for the number of points of 7,. It remains now to find an upper bound for the
length of 4. Note first that if we consider the path mg = (0, X1,..., Xz(,)), we have by construction

N(Xip1—X5) < (1 +n)Aiq
)
N(mg) < (140)Szs) -
Thus

N(Trs) < (l—l—’r])SZ(s)+N($U—(SZ(S)U+VZ(S))) < (1+7])SZ(5)+3_SZ(5)+N(VZ(5)) < (1—|—’I7)S+N(VZ(S)) .

Let us now prove that N(Vz(,)/s tends a.s. to 0. The process (V})r>0 is a symmetric random walk and
by construction, we have
N(Au+Vi) < M(1+1)

which yields
N(Vi) < M(1+n) + N(u) <30

for 7 € (0,1). This implies that E(N(V})) is finite. Using that for s large enough Z(s) < 3c¢,|M,|"/%s

a.s., the law of large number implies that

N(Vzs
lim 7( 2z ))

n—00 S

=0 a.s.

Hence, for all n € (0,1), we have, for s large enough,
NV
T.(0,su) < T.(ms) < s (1 +n+ w - El/dcuMn(u)P/d) .
s

We deduce

fio(u) = lim 7. (0, sv)

5—00 S

<1 — ey | My () [ = 1= (e ()~ 1) .
Let define ¢; := inf{¢,,u € By (1)} and note, in view of Lemma 9, that ¢; > 0. We get, for all u € By (1),

pe(u) <1 -1 (61 (ehu(m) " ~ 1) :

This proves the first part of Proposition 11. Taking



1/d

(notice that 7 < 1 for € small enough), we obtain that ¢; (eh,(n)) '~ = 2, thus

pe(u) <1 —=mn.
O

Let us note that this implies a lower bound for the number of points taken by the geodesic, that we
state in the following Corollary.

Corollary 12. Let Cy = Cy(d,N) be the constant given by Proposition 11. For € small enough, we
have, for any § > 0, a.s. for large s,

El/dﬁ’}%(su) > (1- 5)§u(01€_1)8, (16)
where e (su) denotes any geodesic from 0 to su for the time T, (0, su).

Proof. Indeed, if v.(su) denotes a geodesic from 0 to su, we have

eV (su) = N(ve(su)) — T-(0, su) > s <1 _ W) '

S
Using that 1 — M converges to 1 — pu.(u) and Proposition 11, we get that for any e small enough,
for any § > 0, a.s. for s large enough,

e (su) = (1= 8)gu(Cre™")s.

5 Proof of the upper bound on 1 — p.(u)

We want now to find the lower bound for p.(u) of Theorem 3. In the course of the proof, we will also
prove the upper bounds on the length and the number of rewards of the geodesic stated in Point (ii) of
the theorem. The idea of the proof is the following. For any geodesic v.(su) from 0 to su, we have

N(ve(su)) = Te(0, su) + e/ (su) < s+ e/ (su). (17)

Any upper bound on #v.(su) thus provides an upper bound on N(7.(su)). In the next proposition, we
prove that, for any 1 > 0 small enough, for any s large enough and any path = from 0 to su, we have

N(m) < (14 nm)s =t < Ky ()] Y. (18)

In particular, any good upper bound on N(7.(su)) provides in turn an upper bound on f#y.(su). We
then prove the following crude inequality (see (23)): for some constant ¢, almost surely, for any path 7

from 0 to a faraway point,
fr < eN(m). (19)

Plugging (19) in (17) gives a first upper bound on N (v (su)) (see (22)). Using repeatedly and alternately
(17) and (18), we then get, after a finite number of steps, the upper bounds on N (vy.(su)) and #v.(su)
given in Theorem 3. From the upper bound on #y.(su) we deduce straightforwardly a lower bound on
e (u). We conclude this section by noticing that, at least under some added hypothesis, we can recover a
lower bound on N (v (su)) (see Proposition 15) by a final last use of Proposition 13 and the lower bound
on f#7.(su) proved in Section 4 (see Corollary 12).

We start by proving the following proposition, that states that a path from 0 to su with small
N-length cannot collect too much rewards.

Proposition 13. Let consider the event

E(n, s,u,c) :=={3m € (0, su), N(7) < (1 +n)s, fr > C\Kn(u)|1/ds}.
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Then there exists some ¢,c’ > 0 depending only on d and N such that for any u € Byn(1) and any
hyperplane H which is a supporting hyperplane of By (1) at u, there exists 7 > 0 (depending only on
d,u, H) such that, for n <n, for all s > 0, we have

P[E(n, s,u,c)] < 2exp[—sc'|K,,(u)|1/d}. (20)

In particular, for all n € (0,7) there exists a.s. s, such that, for s > s,, every path m € II(0, su) such
that N(m) < (14 n)s satisfies tm < c|K,(u)|*/?s.

To prove this proposition, we will need the following lemma which roughly states the same thing except
that we consider now a path from the origin 0 to the hyperplane su + H. We denote by II(0, su + H)
the set of all polygonal paths 7 € I1(0, y) for some y € su+ H.

Lemma 14. For A > 0 and H a supporting plane of Bx(1) at u, define
Em,s,u, A,H) :={3n € I(0,su+ H),Vz € m,z - u* < s, N(m) < (1 +n)s, finr > As}.
Then, for all s >0 and n > 0,
P[E(n, s,u, A, H)] < exp[—s(Alog2 — 2FY/4 ()Y )] .
We first explain how Lemma 14 implies the proposition.

Proof of Proposition 13 using Lemma 14. A path m € II(0, su) can be decomposed into two paths 7
and 7 where 7 is the restriction of the path 7 until it intersects the hyperplane su + H and w9 is the
intersection of the path 7 afterwards. Note that N(7) = N(m1) + N(m2) and moreover N(m1) > s. If 7w
satisfies the property appearing in the definition of the event £(n, s, u,c), we thus get N(mg) < ns and
moreover we have either §m; > ¢|K,,(u)|'/%s/2 or #my > ¢|K,(u)|*/?s/2. Hence, if we define

F(n,s,u,c):={3r € U(su,*), N(m) < ns,ir > g|Kn(“)|1/d3},

we get
E(n,s,u,c) C & (n,s,u,g|Kn(u)|1/d,H) UF(n,s,u,c).

Using (11) in Lemma 10, we see that we can choose ¢ such that for 1 small enough we have

K 1/d
: n<2U)| —log 2 > n51(n)*/
so that 1
c| K, (u
A rog 2 — 2100/ 1 )ty > 1) (5 — 1) = 1)/,

Thus by Lemma 14 we get
C
P (& (s, 1 ()], H ) | < expl=sI(n)"/")] < expl=sea Ky (u)]/7]

for some constant c¢;. Moreover, let ¢ = £|K,(u)|'/?s, then for any 8 > 0,

PIF (0, s,u,0)] = PBEr € Il(0,%), N(m) <ns,fr > q]
< PE(z1,...,24) €E, ZN(mi —xi—1) < ns]
i=1

= expln) ([ el

1

= ep(ons) (1 [[em(-NG)ir)
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Chose Sy := Bo(d) such that the bracket above is equal to 1/2. Then
P[F(n, s,u,c)] < exp(Bons — qlog?2)
- — n 1/d —
= exp (—ns Ghu(n) “log2—fo) ),

where h,(n) = n~% K, (u)|. By Proposition 2, h,(n) tends to infinity as  tends to 0, we choose 7} :=
7(d,u, H) such that By < $h,(n)*/¢(2log2 — 1) for n < 7. This yields

PR < o0 [0 014

This implies that (20) holds with ¢ = min(c,¢/4). Moreover, if we set A, = n/(c|K,(u)|*/?), we get

oo 00 C/
PIE(D, Ansu, )] <2 exp [_n] _

Thus, Borel-Cantelli Lemma yields that for n large enough, every path 7 € II(0, A\,u) such that N(7) <
(1 + n)\, satisfies §7 < ¢|K,(u)|'/9\, = n. Then for s € [\, A\yy1[, if 7 is a path from 0 to su such
that N(m) < (14 n)s, adding to m a straight line colinear to u yields a path from 0 to A,4ju such that
N(m) < (14 1)Aut1. Thus we deduce that 7 < n + 1. Since |c|K,(u)[*/?s| = n, this implies in fact
that #7 < c|K,(u)|*/%s. O

We now prove Lemma 14.

Proof of Lemma 14. Let ¢ = [As]. Let m# = (0,21,...,%q, Tq+1) € II(0,su + H) where z1,...,x, are
points of the = and x441 — x4 is colinear to u. Set £y = 0. Thus

q+1 q q
N(m) :ZN(Ii—xi,l) :ZN(xi—xi,1)+|s—xq-u*| :ZN(xi—xi,l)—&—s—xq-u*.
i=1

i=1 i=1

Thus .
N(m) < (1+n)s(:)ZN(mi —Zi—1) < NS+ g - U
i=1
We get for any «, 8 > 0,
q
PE(, s,u, A H)] = P@Er1,... .00 € Saq-u* <5,y Nz — 1) < s+ x4 - u*)

i=1

q
< / exp(,@(s—xq-u*)—i-a(ns— N(zi—xi_l)—kxq-u*))dxl...d:cq.
(R)a i=1

Taking 8 = an, we get

PIE(n, s,u, A, H)]

— xptzans (1)

We conclude taking a such that a? = 21(n).

21



We can now prove the upper bound on the number of points and the length of a geodesic given in
(ii) of Theorem 3, i.e., we can prove that there exists a constant Co (depending only on d and N) such
that if v (su) is a geodesic from 0 to su, then, for € small enough, we have for any § > 0, a.s., for s large
enough

N(e(sw)) < s(1+ (1 +8)gu(Coe ™)) and f.(su) < (14 8)gu(Coe™ e /s, (21)

Proof of (21). We begin by proving that there exists some C' > 0 such that, for £ small enough, we have
a.s. for s large enough
N(v:(su)) < s[1 + Ce¥/9]. (22)

We use tools that come from the study of the greedy paths and greedy lattice animals. Let

fm g
= N H B < : H = .
G(s) :=sup { N m € I1(0,%), 7 ¢ By(s) ¢ < sup N 7 € I1(0, %) G
Let G(00) be the increasing limit of G(s). We have the follonwing properties : G(c0) < G, G(o0) is
constant a.s. and

G(sc) = E[G(o0)] < E[G] < ¢ /OOO 51([r,+oc])/dr = C/4.

This is a consequence of (11) and Lemma 2.1 in [9] (which is the analog in a continuous setting of a
result by Martin [19] in a discrete setting), and these results have already been useful to study continuous
first-passage percolation (see [10] Theorem 3.1 or [11] Theorem 13 and Corollary 14). Thus, a.s. for large
enough s, for all = € II(0, %) such that 7 ¢ By(s/2) we have

fr < (C/2)N(m). (23)
In particular, this holds for v.(su), a geodesic from 0 to su. Using that T'(y.(su)) < s, we get

82 T((su)) = Netow) [1 /0D 5 o (qupia — e/

N (7e(su))
which gives N(v.(su)) < s[1 — Ce™/?/2]71 < s[1 + Ce'/4] for & small enough.
Let now consider ¢ > 0 such that the conclusion of Proposition 13 holds, i.e., for any u € By (1), for
1 small enough we have a.s. that for s large enough, any path 7 : 0 — su such that N(7) < (1 +1n)s go
trough less than c| K, (u)|'/? points of =. Let now define the sequence (1,,)n>0 by

no = Ce'? and 1,41 = ¢|K,, (u)|/ 4!/,

The function n — | K, (u)| is continuous and increases with 7 so the sequence (7,,) is monotonic. Assume
that ¢ is small enough such that Ce'/¢ < 1 and ¢|K;(u)|'/%e?/? < 1. We get then by induction that the
the sequence (7)) remains in [0, 1] so it converges to a solution of the equation

0 = K (u)[/ %17

i.e, either to 0 or t0 7o = gu((c?e)™!). Note that in both cases, if we fix some § > 0, we have, for n
large enough, 7, < (14 6)Nso-

Assume moreover that € is small enough such that Proposition 13 holds for ng, i.e., np < 7. Let
us prove by induction on n that for all n > 1, there exists a.s. (a random) s, such that, for s > s,,
#y-(su) < mue~1/%s. We have seen that for s large enough, N(y.(su)) < s[1 + o). Using Proposition
13, we get that for s large enough tv.(su) < c|K,, (u)|*/?s = ne~/4s. Note that if the sequence
(nn) is non-decreasing, this directly implies that #v.(su) < 1,6~ /?s. Thus we can assume that (1,) is
non-increasing.

Assume now that we proved that for s large enough fv.(su) < n,e™'/%s. Since T(y.(su)) < s, we
get that N(y-(su)) = T(v.(su)) + /¥y, (su) < s(1 4+ n,). Since 1, < no < 7, We can again apply

1/d

Proposition 13 which yields that for s large enough #7.(su) < c|K,, (u)|'/%s = n,416~"/%s. Hence, for
all n > 0, we have a.s. for s large enough
fye(su) < nnE_l/dS
and
N(ve(su)) < s(1+nn).
We conclude using that for n large enough, 7, < (1 4+ §)7eo. O
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End of the proof of Theorem 8. Using (21) and the inequality 7. (0, su) > s — /%y, (su) we get that,
for & small enough, we have for any § > 0, a.s. for s large enough,

T-(0,5u) > (1 — (1 4+ 8)gulcs™))s.
Since pe(u) = limg_,00 T (0, su)/s, we get for € small enough, for any § > 0,
1—pe(u) < (1+ 6)gu(cg_1)'

Letting § tends to 0, we get the upper bound in (i) of Theorem 3. The lower bound in (i) of Theorem 3
have been established in Proposition 11. Moreover we just proved the upper bounds in (ii) of Theorem
3 and the lower bound on fv.(su) have been established in Corollary 12. O

At this stage, we could hope to get a lower bound on N(v.(su)), using Proposition 13 and the
lower bound on fv.(su) obtained in Theorem 3 (ii). However, in a general setting, we cannot control
the difference between g, and g,, thus what we get is not very satisfying. Nevertheless, we can state
the following result, that will be useful for specific choices of the norm N. Consider the case where
|Ko(u)| = 0. This hypothesis corresponds to the fact that By (u) does not have a (d — 1)-dimensional
flat edge in the direction of u. Notice that £, : n — | Ky (u)| is continuous and strictly increasing. Indeed
0, is obviously non-decreasing, and since £, () = n%hy(n) the continuity of /, is a consequence of the
continuity of h, stated in Proposition 2. In the course of the proof of Proposition 2, we in fact proved
that (@u)dlf1 is concave, see (9). Since (l%)ﬁ is concave, non-decreasing and goes to infinity when 7 goes
to infinity, this function has to be increasing, thus /,, is increasing. If |Ko(u)| =0, then 7, is a bijection
from [0, 00) onto [0, 00). Let us denote by £, its inverse function. We can now state the following result.

Proposition 15. Suppose that |Ko(u)| = 0, and denote by ¢, : [0,00) — [0,00) the inverse function
of n — |K,(u)|. Let c be the constant appearing in Proposition 13, and Cy the constant appearing in
Theorem 3. Let denote by v-(su) a geodesic from 0 to su. For e small enough, we have, for any ¢ € (0,1],
a.s. for large s

N(v=(su)) — s > £y (1 = 8)%c e gy (Cre™ 1)) 5.

Proof of Proposition 15. Let ¢ be the constant appearing in Proposition 13, and C the constant appear-
ing in Theorem 3. From the lower bound on #v.(su) obtained in Theorem 3 (ii), we know that for e
small enough, for any ¢ € (0, 1], we have a.s. for large s,

£ye (su) > (1 - g) e~ Vidg, (Cre™Y)s. (24)

Define 7 := £, ((1 —0)%c % g, (C1e~')?). Since we assume that [Mo(u)] < |Ko(u)] = 0, we get
that h,(n) = n~¢M,(u)] = o(n~%) as n tends to 0. So its inverse function g, satisfies in turn that
Gu(z) = o(z~1/9) as z tends to infinity. Using that £,(0) = 0 and 1 < £, (¢=% 15, (Ci1e=1)?), we get
that n tends to 0 as € tends to 0 (uniformly with respect to 6 € (0,1]). Moreover, we have |K,(u)| =
(1 —6)%c=9e71G,(C1e71)? by definition of ¢,. This leads to

ol Ky (w)|Y? = (1 — 6)e™ Vg, (Cre™t). (25)

By Proposition 13, we know that for £ small enough, so that n < 7, a.s., for s large enough, every path
7 € I1(0, su) such that N(7) < (1+n)s satisfies fm < c|K,;(u)|/4s. From (24) and (25), we get that a.s.,
for s large enough,

N(ye(su)) > (1 +n)s

which ends the proof of Proposition 15. O
Remark 16. For u € R? with N(u) = 1 and H a supporting hyperplane of By (1) at u, recall that
I1(0, su + H) is the set of paths from 0 to some y € su+ H. We can define the time travel from 0 to

su+ H by
Te(su+ H) := inf{T.(7), 7 € I1(0,su+ H)}
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and prove, for small enough &, that

T. H
pie(u, H) := lim T(sut H)

§—00 S

exists a.s. and in L.

Note that, in view of Lemma 14, one can use the same argument than above to show that 1 — pe(u, H) <
Ju (025*1). Moreover, to get an lower bound for this quantity, we can use a very similar greedy algorithm
than the one explained in Section 4 except that instead of looking at the next point of = in a cone of
basis My, we look at the next point of = in a cone of basis K,. The set K, not being symmetric, we
cannot control anymore the deviation of the path with respect to the direction u (V,,)n>0 is not anymore
a symmetric random walk) but the path created will still end at tome su + y, with y € H, giving that
1— pe(u, H) > gy (C’lsfl) . Hence, we finally get

gu (C1e7") <1 = pe(u, H) < g, (Coe™1),

with the same function g, appearing on both sides of the inequalities.

6 Study of ji-(u)

6.1 Some properties of the geodesics 7.(su)

Recall that for z,y € R?, T. (z,y) denotes the travel time between x and y in the first passage percolation
model defined in Section 1.2

T.(x,y) == inf Tg(ﬂ') ,
mell(x,y)

where, for a path m, R

T.(m) = N(m N XE).

In this section, we prove that, for € small enough, geodesics and time constant exist for this model and
besides, we can impose some properties on the geodesics such that this model can be easily compared to
the model with rewards. We begin by proving that, as in the model with rewards, the infimum can in
fact be taken only on polygonal paths.

Proposition 17. For every x,y € R?, we have

T.(z,y) = inf T.(x) = inf T.(m).
mell(z,y) m€ll(z,y)

Proof. Fix z,y € R% and consider a path = € ﬂ(x, y). We want to construct a path 7' € II(z,y) such
that T.(7") < T.().

We associate with the path 7 the sequence (Cy,...,Cx) of the k connected components of ¥, that the
curve [r] intersects ranked by their order in apparition in [#] (k € N may be null). If there exists iy < i3
such C;, = C;, :=C, we can replace m by 7 defined as the concatenation of the three following paths:

e the subpath 7; of 7 from z to the first point a in [7] N C;
e the subpath 73 of 7 from the last point b in [7] N C to y;
e between those subpaths, a path 7o between a and b satisfying [m3] C C, i.e., that remains inside C.

Since Ty(my) = 0, we have T.(#) = T.(#1) + To(#3) < T.(x), thus we can suppose that the connected
components (Cy,...,Ck) are distinct and the path 7 successively enters in the distinct connected com-
ponents (Cy,...,Ck) and never go back to one of them once it has left it. For sake of clarity, we assume
here that z and y does not belong to X.. We let the reader check that the proof below can be easily
adapted if this condition does not hold.

Let denote by (a;,1 < i < k) the first point of [7] in C; and (b;,1 < i < k) its last point (see Figure
3). Then we have



Figure 3: The path 7 (in red) is a generalized path from x to y. In blue, a polygonal path 7’ from z to
y such that T.(7") < T, (7).

with the convention x = by and y = ag+1. Let ¢; € ¥ NC; such that a; € 90BN (¢, 1/Ul/2) and d; € ¥XNC;
such that b; € 8BN(ci7€1/d/2). Let m; = (¢i, @i, - .., Tin,,d;) be a polygonal path (i.e., with vertices in
E) from ¢; to d; which remains in C;. Consider now the path 7’ from x to y which is the concatenation
of the paths (m;,1 < i < k), namely

!

™ = (1‘7017371717-“7x17n1,d17c27~-~,dky’y)-

By construction 7’ € TI(z, y) and

k—1
T.(x') = N(z,e] N3E) + N([di, y) N 5E) + > N([di, ciga] N E)
=1
cl/d 1/d k=1 U
< N(e-2)- 5+ Ny- dk—+;( (civ1 — di) — 5/). (26)

But, by triangle inequality, we have
N(Ci+1 — dl) S Z\](bZ — d,) + N(ai+1 — bz) + N(Ci+1 — ai—i—l) = El/d + N(G,H_l — b,) 5

and
cl/d el/d
N(cl—x)SN(al—a?)—i—T and N(y—dk)SN(y—bk)—i—T.
So we get that T, (7') < T.(w) as wanted.

O

The next step is now to prove the existence of geodesics and of a time constant for this model.
However, the proofs are more classical in this case than for the model with rewards. Indeed, the random
variables (1.(z,y),z,y € R?) are the travel times in a first passage percolation model, in particular,
they are non negative, satisfy the triangle inequality and are bounded by N(y — ). A classical use of
Kingman’s subadditive ergodic theorem enables then to prove the existence of the time constant: for
every z € R?, there exists a constant fic(2) € [0, N(z)] such that

T.(0
lim 1:0,52) =ji.(2) as. andin L%
S—r00 s
Besides, the Euclidean case N := || - ||2, has been studied in [10] where a condition is given to ensure that

fie(-) := fiz,c(+) is strictly positive in terms of a percolation event for the Boolean model ., .. This
result implies in particular that fis .(-) is a norm for small enough e. Using the equivalence of the norm
on R?, we have that YNe C XY |a,ce for some ¢ > 0 so it is easy to deduce that, in fact, for any norm
N, the function jiy < (-) is strictly positive for small enough €. When fi. := fiy, 5( ) is a norm, a shape

31t should be possible to characterize exactly the set of € such that fin,e(-) is a norm in terms of an event of percolation
for the Boolean model ¥ . similar to the one given in [10].
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theorem also holds:
for any § > 0, for t large enough {2 € R%, 7.(0,2) <t} C (1 + ) B;. (1) a.s.

where Bj;_(1) denotes the unit ball for the norm fi.. This implies in particular that for any n € N and
any z,y € By(n), there exists a.s. some K > 0 such that

T.(z,y) = inf{T.(7) : 7 € U(z,y)} = min{T.(r) : 7 € O(x,y), 7 C By(K)},

since the last set of paths is a.s. finite. This gives the existence, for any z,y € R, of a geodesic
Ye(z,y) € (x,y), i.e., a polygonal path such that

Tg(l‘,y) - TE(/YE(',I:’y))'

Of course, such geodesic is not unique since we can modify it inside any connected component of ..
To compare the model with rewards and the first passage percolation model, we will need in fact more
properties on the geodesics we consider. So we introduce here a third set of paths, namely ﬁg(ac, y), and
prove that the geodesics can be chosen inside this set. For a path 7 = (v = zg,z1,...,2, = y) from
T to y, let denote by (C1,...,C) the connected component of X that the curve [r] intersects. Define

II.(x,y) as the set of paths from x to y such that
(i) m e (z,y).
(ii) When [r] exits a connected component of 3. it never enters it again.

(iii) for every connected component C;, the subpath [7]NC; can be written as m; = (a;, Zi 0, - - -, Tim;, 0i)
where m; > 0, a; (vesp. b;) is in the boundary of C; and By (w;,0,c'/%/2) (vesp. By (2im,,c'/%/2))
and for every j € {0,...,m; — 1}, N(z; 41 — ;) < e'/%.

We emphasize that we impose that m; > 0 in the third point. This means that each time the path enters
a connected component C of X, it gets at least trough one point of =N C.

Proposition 18. For ¢ small enough there exists a.s., for every x,y € RY, a path 3.(x,y) € I.(x,v)
such that

Ts(mvy) = Te(:Ys(z7y)) .

Proof. Consider 7 € ﬁ(x,y) a geodesic between x and y. We have already noticed that such path
necessarily satisfies Point (ii) of the definition of II. (). We construct now of new path n’ between
and y in the exact same way than in proof of Proposition 17 except that we impose moreover that the
polygonal subpath m; = (¢;,%i1,...,%in,,d;) created inside C; between ¢; and d; satisfies N(z; j11 —
x;5) < /4 (such sequence of points necessarily exists since C; is a connected component of balls of
diameter £'/¢). Besides, since 7 is a geodesic, we necessarily have T.(w) = T(n’) so in particular,
Inequality (26) must be an equality. This implies that [7’] cannot intersects other connected components
of ¥, than the one already intersected by w. So we deduce that each time 7’ enters a connected component
C of 3., it get at least trough one point of £ N C. Hence, «’ is indeed a path of I, (z,y). O

6.2 Comparison between ji.(u) and p.(u)

The comparison between fi.(u) and p.(u) is made in two steps. The first and easy step is to notice that,
by looking at nice geodesics for the model with balls, we can prove that 7.(0,z) > T (0, z) for every ,
thus fic(u) < pe(u). In the second step, we have to prove that 7.(0,z) — T-(0,z) is not too big. When
a path 7 = (0,zy,...,x,) goes through points (z;) of = that are at N-distance bigger than /¢ the
corresponding balls of the Boolean model do not overlap, thus T (m) < T.(x). The travel time 7. (r)
may be larger than T, () only if m goes through balls of the Boolean model that overlap. The difference
T.(m) — T.(m) can thus be controlled for a path 7 = (0, x1,...,x,) by obtaining an upper bound on the
numbers of couples of points among the (;) that are at N-distance less than £/ (see Inequality (28)).
This upper bound is proved through Lemmas 19 and 20, using ideas that are quite similar to the ones
used in Section 5.

By Proposition 18, for all € R we know that there exists a geodesic 4. (z) = (0 = zg, ..., 7, =) €

~

I1.(0,z) for T.(0, ) such that, for all 0 < i < n, ; € Z and if 2; and z;,, are in the same connected
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component of ¥, N(z;41 — z;) < el/d Let (C1,...,Ck) be the distinct connected components of X,
that the curve [§.(x)] intersects, and write [3.(z)]NC; = (as, Ti0,- - -, Tim,, bi) as in property (ii) of the
definition of II.(0,z). Then

k
N(’?E(‘T) Nn¥.) = ZN('%('%‘) n Cz)
i=1
and
gl/d mi—1 61/d »
N(#:(z)NCi) = -5t jz::O N(Tij+1 — ij) + - < (mi + 1)et/?.
We get that
N(:)’s(z) N Es) < 51/dﬁ’~)’s(z) (27)
thus

T.(0,2) > T.(0, z).

This already yields that fic(u) > pe(u).
Let now find an upper bound for fi.(u) — pe(uw). For any polygonal path 7 = (zo,...,%q+1) with
x; € Z for 1 < < g, we define

Yir):={je[l:q+1],3 < j,N(z; —z;) <e'/?}.

Note that if j ¢ Y (r), then By(z,e'/¢/2) does not intersect any other ball By (z;,e*//2) with i < j.
Hence, we see that

T(r) < N(r) — "% q—1 = card(Y (m))) < T(w) + /42 + card(Y (x))).

Applying this inequality to the geodesic . (su) from 0 to su in the model with rewards studied previously,
we get _
T(ve(su)) < T(ve(su)) + 42 4 card(Y (ve(su)))). (28)

We obtain an upper bound for card(Y (y.(su))) by proving the following two lemmas.

Lemma 19. For m = (20, ...,%q+1) @ path let define
Z(n):={jel:q+1],N(z; —2;_1) < 5e'/}.
Then we have a.s. for any geodesic v, card(Y (v)) < 2card(Z(7)).

Lemma 20. Let Cy be such that Theorem 3 holds. Fix some direction u and some supporting plane H
of By at u. Then, for any A > 0, there exists eg > 0 thus that for e < g9, we have, a.s. for s large
enough,

card(Z (e (su))) < Mgy (Coe™ e Vds,

Assuming these lemmas hold, we get that for any A\ > 0, for £ small enough we have a.s. for s large
enough, 3
T(ye(su)) < T(ve(su)) + (26" + 229, (Coe™)s)
which implies that

. fie(u) — pie(u)
limsup ————++2 < 2\
bt gu(Cae™1) =

and so Theorem 4 (i4i) holds.
Proof of Lemma 19. To prove this inequality between the cardinal of Y (7) and Z(7), we in fact prove

that
card(Y(m) \ Z (7)) < card(Z(n)).

Let us first note that for a path 7 = (0,21, ...,2,) with z; € = for 1 <7 < ¢, we have a.s. (since 0 ¢ =
a.s.)

T.(m) =Y (N(:z:,- i) — gl/d) .

=1
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Thus if T (7) < —Ke/? it implies in particular that card(Z(r)) > K. Let now v = (0,1, ..., x4, ) be
a finite geodesic from 0 to « for T, and let j(1) < ... < j(I) the indices such that

YO\ Z() =A{zjqy, 70}
Let define, for i < g, the truncated path v; = (0,21,...,2;). Let us prove by induction on ¢ that
card(Z(v;))) = i (29)
which would imply that
card(Z(7)) = card(Z(5)) = | = card(¥ () \ Z(7)).

We have by definition z(1) € Y (7)\ Z(7), i.e., there exists some k < j(1) such that N (z;1)— ) < e'/4
but N(%u) — Ij(l)fl) > 551/d. Using that

eV > N(wp — 2j1)) = Te(an, 251)) = Te(@r, 201y -1) + Tel@ja)-1, 51)) = Tel@n, 50y -1) + 367

we get that
To(wp, w01)-1) < —2¢1/d

which implies in particular that
card(Z(v;(1y)) > card(Z((xk, ..., zj1)-1))) > 1.

Fix 4, and assume now that for every m < i, we have card(Z(vj(m))) > m. Let k < j(i) such that
N(zj6) —xr) < e'/4. Let m < i such that j(m) < k < j(m + 1) with the convention j(0) = 0. We have

7 —1
e > Ty, i) = To(@n, Tjmin-1) + Y, Te(@im-1%5m) + D Te(@ip) Titp41)-1) -
p=m-+1 p=m+1

By definition of the indexes j(p), we have T.(z;(p)—1,%j(p)) > 3e!/ so we get

i—1
To(Ths Tjmt1)—1) + Z To(@i(p)s Tjpa1)—1) < €41 =331 —m)) < —2(i —m)e*/?.
p=m+1

This implies in particular that
card(Z((wr, ..., T)))) =i —m

for some k > j(m). But, by hypothesis, we have

card(Z((0,...,2-1))) > card(Z((0,...,Z;mm)))) = m

so we get
card(Z (vjy)) > i

O

Proof of Lemma 20. Fix some Cy such that Theorem 3 holds. Fix some A > 0. Setting 7o 1= gy, (Coe™1),
we want to prove that for € small enough, we have, a.s. for s large enough

card(Z (7 (su))) < AMjooe ™ %s.

Recall that we have a.s. for s large enough N (7. (su)) < s(1+21s) and #y.(su) < 2nee™/4s. Thus, it is
sufficient to show that for s large enough, for any path 7 from 0 to su+ H such that N(7) < s(1 4 21s)
and 7 < 2.0~ %s | we have

8Z(1) < Aooe™ Vs,

Let qo := Mjooe ™ /%5, q1 1= 2n0e /s, 1 := 215 and set

F(s):={3r € (0,su+ H),N(7) < (1 +n)s, 47 < q1, card(Z(7)) > qo}-
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Proving that F(s) does not occur a.s. for s large enough will yield Lemma 20. To bound P(F(s)), we
roughly use the same idea as in Section 5. For a sequence of points (z;)1<i<q in E, let denote by (¢;)1<i<q
their increments, i.e., t; = x; — x;—1 (with the convention ¢; = x1). Then, we have

PIF(s)] = { Z; | P(Az)
q<q1 ZC{1,....,q},|Z|>qo

where

a
Az = {3(xi)1<i<q € B9 xq - u* < s,ZN(ti) <ns+ag-ut Vi€ Z,t - ut < 5el/).

i=1

Using Chernov inequality, we have for all a;, 5 > 0,

PlAZ]

< /(Rd)q exp <ﬁ(s —xg-ut) +ans +ay vt — ZN(m))) I exp (%(4&“ —(t; - u*))) dty ...dt,.

i=1 jez

Taking 8 = an, we get

PlAz] < exp(a(?ns—l—?al/dcard(Z))/

. exp (—ozii1 [N(ti) — (1 - 1j2€Z> (ti,u*)D dty ... dt,

(R
_ d(z)
7 q—card(2) I(L car
— exp(2atys + < eard2)) (1)) (=)

1(mi-card()/ag(1 | pycard(z)/q\ ?
= exp(2a(ns + &'/ card(2)) ( ) ((12 " '
(6%

We know that lim,_,oI(n) = lim, o h,(n) = +oo whereas I(n) is bounded on [1/2,1]. Since 7
tends to 0 as e tends to 0, we deduce that for ¢ small enough, I(n) > I(3 +n) and so we get that for
card(Z) > qo and q < ¢1,

>Card(z) /q

q 1 1 q0/q
I(n)l—car (Z)/qI (2 + n S I(’f})liqo/qu <2 +77>

] A/2
= 1)1 (5 40)

< 01[(27700)1—A/2

for A € (0,1) and ¢1 :=sup{I(z),z € [1/2,1]} V 1. Using (11) in Lemma 10, which states that I is of the
same order than h, near 0, we also get, for some constant co, for € small enough,

I(2n00) < c2h4(2n00) < c2hy(Noo) = c9Cse 1,

So we get, for some constant c3 > 0,

671+>\/2 q
PR < Y Mewatis <) (20 )
q0<q<q1
2635_1+>‘/2 e
< Zexp(Sanoos) <ad
q4=>q0

Taking o = dege™ A2 e, o = cqe= (/DTN D) we obtain

P[F(s)] < 2exp(8cae” /DTy s glog2)
= 2exp(—se V¥ (Mog2 — 8y 2D,
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Hence, for any A € (0,1), if £ is small enough, this quantity decreases to 0 exponentially fast in s. Taking
Sn =11/ (M)oo)

Borel-Cantelli Lemma yields that there exists a.s. ng such that, for n > ng, F(s,) does not occur. Since
for s € [sp,8nt1], (Moo V%] = [Aeoc™ s, |, we deduce using the same argument as in proof of
Proposition 13, that in fact F(s) does not occur for s large enough.

O

6.3 Proof of the lower bound on 1 — ji.(u)

When 1 — pi.(u) is of order g, (C2e~!) when e goes to 0, it is a straightforward consequence of Theorem
4 (4i7) that the same holds for 1 — fi.(u). It will be the case for specific choices of the norm N, namely
the p-norms, see Section 7. However, in general setting, the lower bound on 1 — p.(u) given by Theorem
3 is gu(Cre™ 1), and there is no way to deduce the same lower bound for 1 — jic(u) through Theorem 4
(#i7). It is however easy to adapt the greedy algorithm used to prove the lower bound on 1 — p.(u) in
Section 4 to get the same type of lower bound on 1 — fi.(u). The idea is to add an extra space between
two consecutive points of the process = that are collected by the greedy algorithm, to make sure that
the corresponding balls of diameter £'/¢ in the Boolean model do not intersect. Let us get into details.
Fix a direction v € R? with N(u) = 1, H a supporting hyperplane of By (1) at u and recall that

M,:={veH : Nu+v)<l4+nand N(u—v) <1+n} and Ry (n) == n"4M,(u)].
We state the following analog of Proposition 11.

Proposition 21. There exists a constant ¢ > 0 (depending only on d, N ) such that, for all direction
u € R? with N(u) =1, for alln € (0,1), we have

fie(u) < 1 — eV, |7
2\ @

In particular, we have, with C{ := (/) ,
c

ﬂs(u) <1l- QU(C{‘S_l) .

Proof. We use almost the same greedy algorithm as in the proof of Proposition 11 except that we impose
also that two consecutive points taken by the greedy path must be at distance at least 1. Recall that for
s>0

Cp(s) ={z=Au+v:0<A<s,veH,NAu+v) <AX1+n),NAu—-v) <X1+n)},

and we have 1
|Cy(s)] = = | My |57
! dlfur]ls™"

Recall that = denotes the points of a Poisson point process with unit intensity on R?. By induction we
define a sequence (X,,),>0 in R? with X, = 0 and if

Ang1 =1inf{s > 1 : (X, + Cy(s)) NE# 0}

(we emphasize the fact that we require that s > 1), we set X, 11 = X, + \pp1u+ Wyqq with W1 € H
and such that X, 11 = (X, + C,(Au41)) NE. We define S, = > ;" A\; and V,, = > | W;. By the
properties of Poisson point processes, (X;);>1 and (W;);>1 are i.i.d. random variables and since M, (u)
is a symmetric set, W7 has also a symmetric distribution and so V,, is a symmetric random walk.
Let us now define, for s > 0,
Z(s) :=sup{n >0 : S, <s}

and consider the path my = (0, X1,..., Xz(),su). Let us find an upper bound of T.(ms) by finding an
upper bound of its length and a lower bound of Z(s), its number of points.
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The sequence (A;);>1 is i.i.d. and we have for ¢t > 1,

PO\ > ) = exp (—Mwn(uwd _ 1))

so that
o0 1
E(\) =1 +/ exp (—*|M,,(u)|(td — 1)) du
1 dfu* |l
M. —1/d o] M7 —1/d
=1+ ( "Eu)) / exp(—v)dv =1+ [My ()]~ 7% ,(u)/|
dfju*]l2 (1M )]/ [[u* []2)1/4 2¢,,
where

1 1/d S -1
2c), = ( - > / exp(—v®)dv
dffu*||2 (1M (w)]/ [l )1/

Using that for any n € (0,1), M, (u) C Bn(0,3) we see that the (d — 1)-dimensional volume |M,,(u)| of
M, (u) is bounded by some constant ¢j (depending only on d and N) for n € (0,1). By Lemma 9, we
also know that ¢ < [Ju*||2 < ¢ for constants ¢, ¢’ € (0,00) (depending only on d and N). We deduce that
there exist some constants ¢z, cs > 0 (depending only on d and N also) such that for € (0, 1),

02‘Mn‘_1/d <E(\) < C3|Mn|_1/d-

Since S, = >_i" | Ai, a standard renewal theorem yields that, setting ¢4 = 1/(2¢3) and ¢5 = 2/co, for s
large enough, we have a.s.

ca| M|V s < Z(s) < c5| M, |V s (30)
This gives a lower bound for the number of points in 7s. The rest of the proof of Proposition 21 is a
copy of the proof of Proposition 11 with Equation (30) instead of (15). O

6.4 Upper bound on N (%.(su))

We recall that 7.(su) € I1(0, su) designates a generalized path that is a geodesic for T.(0, su) and has
minimal N-length. To complete the proof of Theorem 4, it remains to prove (ii),i.e., the upper bound
on N(3:(su)). In fact, if 5.(su) € I1.(0,su) designates a path that is a geodesic for Ty(0,su), then
. (su) € (0, su) too and by minimality we know that N (5.(su)) < N(3.(su)). We will in fact prove an
upper bound for N(%.(su)). Since 3.(su) € I1.(0, su), Equation (27) states that

N(Fe(su) N B.) < e/, (su)

which gives that

N (Fe(su)) < T(Fe(su) + €' 5e(su) < s+ /e (su).
One can check that the proof of (21) (which gives an upper bound for the length and the number of
points of the geodesic in the model with rewards) only use a similar inequality between N (7y.(su)) and
7 (su). Mimicking this proof, we can so also obtain that, for any 6 > 1,

N(¥e(su)) < s(146g,(Cae™)) and #5. (su) < 6gu(025_1)5_1/ds. (31)

7 p-norm

In this section, we suppose that N is the p-norm for some p € [1,00]. We put a subscript p in our
notations to emphasize the dependence on p. For a given u € R?, we recall that the definition of d;(u),
it e{l,...,4} is given in (5). For a given p € [1, 00| the definition of k,(u) is given in (6).

This section is organized as follows. First in Section 7.1 we specify for each p € [1,00] and each
u € R? such that |lu||, = 1 what hyperplane H we consider as a supporting hyperplane of B,(1) at u,
and fix some notations. In this setting, we evaluate |K, (u)| in Section 7.2. This must be done separately
for p € (1,00), p = 1 and p = +o0, since the estimations are based on a proper rescaling of K,(u)
which is not exactly of the same nature in those different situations. Then in Section 7.3 we compare
| M, (u)| to |K;(u)|. This allows us to apply the results proved for a general norm N to the p-norm in
Section 7.4 to prove Theorems 5 and 6. Finally in Section 7.5 we prove Theorem 7, i.e., the existence of
lim, (1 — pc(u)) /") by an argument of monotonicity, at least for some p and wu.
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7.1 Choice and description of the supporting hyperplane H

We have to deal separately with the cases p € (1,00), p =1 and p = co. From now on, until the end of
Section 7, we always consider that the hyperplane H we work with is the one described here.

Case p € (1,00). Consider N = || - ||, for some p € (1,00). Let u € R? such that |[ul|, = 1. Let
dy := di(u) be the number of coordinates of u that are not null. By invariance of the model under
symmetries along the hyperplanes of coordinates and by permutations of coordinates, we can suppose
that v = (u1,...,uq,,0,...,0) with u; > 0 for ¢ € {1,...,d1}. The ball B,(1) is strictly convexe, and
the (unique) supporting hyperplane H of B,(1) at u is

H:={veR: v-u*=0}

where u* = (uW¥7 1, .., ufh_l, 0,...,0) satisfies u-u* = Zf;l u? =1 (u* is the dual vector of u). Note that
we have H = Hy ® Hy where Hy C Vect(ey,...,eq,) and Hy = Vect(egq,+1,-.-,¢€q), for (e1,...,eq) the
canonical orthonormal basis of R?¢. For v € H, we write v = vy + vy with v; = (v11,---,01,4,,0,...,0) €

H, and vy = (0 . .,O,UQ,d1+17 . ,’Ug,d) € H,.

Case p = 1. Consider N = | - ||; and let u € R? such that ||ul|; = 1. We can suppose that u =
(u1,...,u4,,0,...,0) with w; > 0 for all i € {1,...,d1} with d; = dy(u). In this case, a supporting
hyperplane H of B;i(1) at u is

H:={veR?: v-u*=0}
where v* = (1,...,1,0,...,0) satisfies u-u* = Zf;l u; = 1. We emphasize the fact that this hyperplane
H is not the unique supporting hyperplane of B1(1) at u if d; < d, but this is the most natural choice of
supporting hyperplane since it is the most symmetric. As for p € (1, 00), note that we have H = H; @ Hy

where H; C Vect(ey,...,eq,) and Hy = Vect(eq, 41,...,eq), for (e1,...,eq) the canonical orthonormal
basis of R%. For v € H, we write v; = (v1,1,...,V1.4;,0,...,0) € Hy and vy = (0...,0,v2.4,11,---,V2.4) €
Hs.

Case p = co. Consider N = || - ||« and let u € R? such that |jul|.c = 1. We can suppose that

u=(1,...,1, ugst1,...,uq) with u; € [0,1) for all i € {d3 + 1,...,d} with d3 := d3(u). In this case, a
supporting hyperplane H of B (1) at u is

H:={veR:v-u*=0}

where u* = (1/ds,...,1/d3,0,...,0) (with d3 non null coordinates) satisfies u - u* = Z?il 1/ds =1. We
emphasize the fact that this hyperplane H is not the unique supporting hyperplane of B (1) at u if
ds > 1, but this is the most natural choice of supporting hyperplane since it is the most symmetric. Note
that we have H = H3 & Hy where Hs C Vect(ey, ..., eq,) and Hy = Vect(egy41,-..,eq), for (e1,...,eq)
the canonical orthonormal basis of R?. For v € H, we write v3 = (v31,---,034ds,0,...,0) € Hg and
Vg = (0 . ,0,’()4,d3+1, . ,7)4’(1) € Hy.

7.2 Evaluation of | K, (u)|
The aim of this section is to prove the following estimate of | K, (u)|.

Proposition 22. Consider N = | - ||, for some p € [1,00]. Let u € R? such that ||u||, =1 and H the
supporting hyperplane of By(1) at u as defined in Section 7.1. There exist two constants Ay := A1 (p,d, u),
As = As(p,d,u), such that for any n € (0,1], we have

A < Koy (w)] < Agy ™)

with
e if pe(1,00),
Tp(u) = q do(u) = d — di(u) ifp=1, (32)

ds(u) —1=d— (ds(u)+1) ifp=o0.

The proof of Proposition 22 is based on the simple idea that K, (u), when properly rescaled with 7,
looks roughly like a Euclidean ball in H. However, the good rescaling depends on p, and has to be done
in a specific way for p =1 and p = co.
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7.2.1 p-norm with p € (1,00)

The good rescaling in 7 in this case is of order n'/? in H; whereas it is of order n*/? in Hy. We make it
clear in the following lemma.

Lemma 23. Let p € (1,00) and
Ky(u):=={veH : [lut+n?v1 +n"Pva|2 < 1+n}.
Then, there exist ng > 0, Ry > R > 0 (depending on p, d and u) such that, for all n € (0,79),
Br(Ro) € K,(u) C Bu(Ry)
where By (r) :={v € H : |jv]|2 < r}.
Proof of Lemma 23. Let us find Ry such that By (Ro) C K, (u) for ) € (0,1]. We have
|1 +tP =1+pt+O(t).
Thus, there exists ¢ > 0, such that, for all ¢t € [—1, 1],
|1+t <1+ pt+ct?

Let R be small enough such that R < min{u;,i < d;} and dRP + cR? Zi<d1 ufﬁ2 < 1. Let v € H such
that ||v]|cc < R. Then B

llu + ,'71/2,01 + nl/p1;2||g = 77“1)2”5 + Z |u; + 771/21)1)i|1’ .
i<d

If n <1, we have for all 1 <17 <dj,

<ty

1/2
n / U1,i
U;

Uq

hence we have

2

p—1 2 p—
+n CUL ;U .

3

Jui 0P P < uf 40t Ppuyu
Using that v, - w* = 0 and [|u||, = 1, we get

lu+ 0201 + 0t Pua)B < ndfjvallB +1+me Y vf ul
1<dj

IN

1+ | dR? + cR? Z ub?
i<d
< 147
which proves that v € K, (u). Using that ||v]j2 > [[v]|ee, we get that By (R) C K, (u).
Let us now find 79 > 0 and R; > 0 such that Kn(u) C B (Ry) for n € (0,19]. We have

(p—1)

L+t = 14 pt 4+ B2+ O(E).
Thus, there exists ¢ > 0 such that, for all ¢t € R,
-1
14+tP > 14 pt+ %ﬂ — c|t]?.

Let R > 0 such that
-1
min (Rp, MRQ min uf2> > 2
2 i<dy
and let 9 > 0 such that RScné/2 Y i<d, u?™® = 1. Let v € H such that [|v]|c = R. We have, for all
1 <4 <dy, -

pp—1) o 5o 3/2

1/2 P 1/2 p—1 3,p—3
lui + 0201 P > ul + 0P pu il 4y 5 VLilt N 3 R VA
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Using that v1 - u* = 0 and ||ul|, = 1, we get, for n € (0,770)

lu+ 0201 + 0 Pos|E > pllug|E 4+ 1+ B Z 22 3 oy
i<d i<d
S e e e E Tl S o
- o0 2 OCZSdl K3 o0 0 ' i
i<dj
> 147 ||lv? +M||U1H2 minu?’ Cnl/QZup 3
= [e's) 9 Ooigdl o
i<dj
> 1479

using that R = [|v]|ec = max(||v1 e, [[v2]lec). Hence, for n € (0,m0), we get that K,(u) N {v € H :
[v]|c = R} = 0. Since K, is connexe and contains 0, we deduce that K, (u) C {v€ H : ||[v]l. < R} for
n € (0,m0). Using that ||[v]|2 < V/d||v||e, it implies that K, (u) C By (VdR). O

Proof of Proposition 22, case p € (1,00). Recall that

Ko(w) = {veH : futul,<1+4)
f(n(u) = {veH: ||u—|—771/2v1 —&—771/”112”5 <1+n},
thus .
v = +v3 € K, (u) = 020 + 7Py € Ky(u) with 7 := (1 4+7)Y/? —1
Hence .
Ky ()] = | K ()| =72
with b -1 d
1(u) — 2
Yp(u) = T e

Lemma 23 implies that there exists constants A} (p,d, u), A5(p,d,u) such that, for n small enough,
A} < |Ky(w)] < 4

thus
A < Ky (u)] < Ay ).

Since 7 ~ n/p, we also get the existence of constants AY(p,d,u), Ay (p,d,u) such that, for # < 7y small
enough,
AT < (G (u)] < Ayt

Since 1 — 77 is bounded away from 0 and co on [, 1], we obtain the existence of constants A1 (p, d, ),
As(p, d,u) such that, for every n € (0, 1],

A < |K (u)] < Age).

7.2.2 1l-norm

The good rescaling in 7 is now of order 1 in H; whereas it is of order n in Ho. We make it clear in the
following lemma.

Lemma 24. Let
Ky(u):={ve H : |lut+v+nuvafs <1+n}.

Then, there exist Ry > Ry > 0 (depending on d and u) such that, for all n € (0,1],
Bp(Ro) C Ky(u) C B (Ry)

where By (r) :={ve H : |Jv|l2 <r}.
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Proof of Lemma 24. As for the p-norm, it is sufficient to prove that for |v|loo small enough, we have
v € K (u), and for ||v]|s = 3 for instance, we have v ¢ K, (u). We have

lu+v1 +nvally = lJu+villy + [lpvalls = D Jui + vral +nllvzs
i<dy

If ||v)loo < min(u;,i < dp) A (1/d), we have |u; + v1 4| = w; + vy, for all 1 < 4 < dy, thus using that
|lu|li =1 and v; € H thus Zf’;l v, = 0, we get

|lu+v1 +nuells =1+ nlve| <1417,

thus v € K, (u).
Assume now that ||v]|e = 3. Either ||v1]|co = 3: then, since ||[u 4+ v1|[1 > [|v1]lco — [|ulloo > 2, We get

||u + v + 771}2”1 > 2.
Or ||v2|loo = 3: then using that v; € H and so |Ju + v1|1 > 1, we get
lu+v1 +nualls > 1+ 3n.
In both cases, v ¢ IA(»,,(U) O
Proof of Proposition 22, case p = 1. It is similar to the proof in the case p € (1,00). We now have
Ky ()] = [ Ky ()|~ =0 = |y (w) [~

with 1 (u) := da(u), which yields similarly to the existence of constants A;(1,d,u), A2(1,d, «) such that,
for every n € (0,1],
A < [ (u)| < Agy™ ™).

7.2.3 oo-norm

The good rescaling in 1 is now of order n in H3 whereas it is of order 1 in Hy. We make it clear in the
following lemma.

Lemma 25. Let

Then, there exist Ry > Ry > 0 (depending on d and u) such that, for all n € (0,1],

Ky(u):={veH: |ut+nvs+ulleo <147}

B (Ro) C K, (u) C Bu(Ry)
where By (r) :={v e H : |v]2 < r}.
Proof of Lemma 25. If ||v]|oo < min(1 —u;,7 > ds) and v € H, then for all i > d3 we have
lwi + va| < ui+ v < w4 |Jvflee <1,
and for all 7 < d3 we have
lu; +mus il < ui+nlvsi| <1T+n|v)le <147,

thus
lu+nvs +valloc <1417,
and so v € IA(,,(u)
If ||v]|oo = 2d, either ||v4]loo = 2d and then
llu+nvs + vaflco > |JValloc =1 > 141,

or ||vs]|cc = 2d and then since Zfil vz,; = 0, this implies that there exists some index iy < dg such that
V3,5, = 2, and then

In both cases, we conclude that v ¢ K, (u). O

llu + nvs + valloo > uiy +1v34, > 1+7.
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Proof of Proposition 22, case p = co. In this case, we have
Ky ()] = [Ky(u) |y~ B 7Y = | Ky (w) [~

with 7o (u) := d3(u) — 1, which yields similarly to the existence of constants A; (oo, d,u), As(co,d, )
such that, for every n € (0,1],
A=) < Ky (u)| < Agn=).

O
7.3 Evaluation of | M, (u)|
We now compare | M, (u)| with K, (u)|.
Proposition 26. Consider N = || - ||, for some p € [1,00]. Let u € R? such that ||u||, = 1 and H the

supporting hyperplane of B,(1) at u as defined in Section 7.1. There exists A = A(p,d,u) > 0 such that,
for allm € (0,1],
AlKy(u)| < [My(u)| < [Ky(u)|.

Proof. We write the proof for p € (1,00) but it can be easily adapted to the cases p = 1 and p = co. Let
u=(u1,...,uq,,0,...,0) with u; > 0 and ||ul, =1,

H:={veR?:v.-u* =0}

~1 —1
where u* = (uf ", ..., ul ", 0

,...,0) as given in Section 7.1. Recall that Lemma 23 states that if
Ky (u) == {v € H,[Ju+n"?v +n"Pva|[f < 1+ 1},
then there exist g > 0, Ry > Ry > 0 such that, for all n € (0,70),
Bp(Ry) € K, (u) C By (Ry)
with By (r) := {v € H : |[v]]a < r}. Define M, (u) := K, (u) N (=K, (u)), we also have
Bu(Ro) C M,(u) C By (Ry)
and so

| M, (w)]

A< =
Ky ()]

<1

for some A(p,d,u) > 0. Using that a change of variable yields that |Kj(u)| = )| K, (u)| and
| M (u)| = n» (| M, (u)| with 7 := (1 4+ n)/? — 1, we also get

A< <1.

7.4 Proof of Theorems 5 and 6

Proof. This is an application of Theorems 3, 4 and Proposition 15. Fix p € [1,00], u € R? such that
|lull, =1, H as given in Section 7.1 and recall that the definition of «y,(u) is given in (32). By Proposition
22, we know that there exist A;(p,d,u), Aa(p,d,u) such that for any n € (0, 1],

A < Ky (u)] < Ag ) (33)
Recall that h,(n) = n~¢ K, (u)|, thus for any n € (0, 1],

AgrrW—d < hu(n) < Agnrr(w=d
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By definition, g, = h; !, thus the previous inequalities imply that for any z large enough (such that
gu(x) < 1), we have

1 1
le"/p(“)*d S gu(x) S BQQj‘Yp(u)*'i

-1 —1
with By (p,d,u) = A;p“‘)*d and By (p,d,u) = A*™ ™", Applying these inequalities to = = Ce~! for
some constant C' = C(d, p) we obtain that for € small enough,

1 _ 1
Bigd—’w(“) < gu(CE 1) < Bégd—"/p(u)

for some constants B} = Bj(p, d,u). Notice that by definition on 7,(u) (see (32)) and x,(u) (see (6)), we
have

(W)= —
Kp(u) = ———,
? d = yp(u)
thus we have just proved that for £ small enough,
Bl < g, (Ce™) < Bhetr(W) (34)

Similarly, combining Proposition 22 with Proposition 26, and recalling that h,(n) = n~¢|M,(u)| and
gu = h !, we obtain the existence of B = B/(p,d,u), i = 1,2, such that, for every e small enough,

Blletr(W) < g (Ce™t) < Bt (35)

Finally, recall that in Proposition 15 we defined £, : [0, 00) — [0,00) as the inverse function of 2, : 1 —
| K (u)| when |Ko(u)] = 0. First, since Ko(u) = {v € H : ||lu+v|, = [Jullp)}, the case |[Ko(u)| # 0
corresponds to the case where u belongs to a (d — 1)-dimensional flat edge of B,(1). For p € (1, 00),
B,(1) is strictly convex thus |Ko(u)| = 0 for every direction u. For p = 1, |Ko(u)| = 0 if and only if
dy(u) < d. For p =00, |[Ko(u)| = 0 if and only if d3(u) > 2. We suppose from now on that we are in one
of those cases, i.e., that |Ko(u)| = 0. In other words, we restrict ourselves to the cases where ~,(u) > 0.
Equation (33) tells us that for any n € (0,1],

Aln'}’p(u) < éu(n) < AQT}FYP(U) .
This implies the existence of constants A;(p,d,u), i = 1,2, such that for every x small enough (so that
£, (z) < 1), we have
1 1
Ajz @ < 0, (x) < Agz e

In particular, for constants C,C’ depending on d and u, if * = C’e~'g,(Ce™1)?, we have for ¢ small
enough,
T Z 0/871(31/€Hp(u))d _ A3671+dnp(u) _ A3€np(u)'yp(u)

for a constant A3 = Aj3(p, d, u). Since £, is increasing, we get for € small enough that

1

Cu(z) > gu(Agg—Hdnp(u)) > AI(A?)gnp(u)vp(u))wp(u) — A4€fﬂp(u) (36)
for a constant Ay = A4(p,d, u). Combining Theorems 3, 4 and Proposition 15 with Equations (34), (35)
and (36) ends the proof of Theorems 5 and 6. O
Remark 27. It is not a surprise that our proof does not provide a lower bound for the N-length of the
geodesic in any cases. Consider for instance the case d = 2 and N = || - ||1:, choose u € R? satisfying
lulli = 1 and di(u) = 2, for instance w = (1/2,1/2). If we consider only oriented paths from 0 to
su, going successively vertically to the north or horizontally to the east, those paths have a || - ||1-length

equal to s. The maximal number My of rewards, i.e., of points of the Poisson point process =, that such
an oriented path from 0 to su can collect has been introduced and studied by Hammersley [12], and is
known to be of order 1 - in fact, this problem is even solvable, it was proved by Logan and Shepp and
by Vershik and Kerov in 1977, and in a more probabilistic way by Aldous and Diaconis [1] in 1995,
that lims_yoo Ms/s = 1. Thus, by restricting ourselves to oriented paths from 0 to su (whose || - ||1-
length is s), it is already possible to obtain a quantity of rewards of order s, and thus a gain in time of
order e'/ts = /4w Since our approach does not allow us to get something better than the order of
1 — p1e(uw) and 1 o(su), we have no hope it allows us to exclude that ||y1 c(su)||1 could be s.
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7.5 Monotonicity

Theorem 7 is now a direct consequence of the following proposition.
Proposition 28. Suppose we are in one of the following cases:

(i) p € [1,00] and v = (1,0,...,0) ;

(i) p € {1,2}, whatever u € R? such that ||ul, =1 ;
(iii) p = oo and u € R? such that ||ul|e = 1 and dz(u) € {1,2}.

Then the function k’j"ifugu) increases with respect to €.
ep
We prove first (i) for p € (1,00) which also implies, by isotropy, that (ii) holds for the Euclidean
norm. We then prove (ii) for the 1-norm and in the last section, we establish (iii).

Remark 29. In the realm of application of Proposition 28, we obtain the monotonicity of € — 1;;:;%(2()@

1—pp e (u)

as a consequence of a much stronger property. Indeed, by a rescaling argument, we express o)

as

1—ppe (u)

q

= min inf § fdus#ig

sﬁp(u) 5§00 =(xg...,zq+1)EM(0,5u) - p,a,u,s,T, ( )
1=

for given functions fp du.sxi- What we actually prove is the monotonicity of each one of those functions
fp.du,s,mi- The monotonicity of all the functions fp d.u,sx: is not true for every p € [1,00] and every

1—ppe(u)
Emp(u)

u € R? such that ||ul|, = 1. However, it doesn’t imply that the monotonicity of € —
only that our approach cannot work.

is not true,

7.5.1  p-norm with p € (1, 00)

Consider the p-norm with p € (1,00) and the direction e; = (1,0,...,0). We want to prove that the
fraction (1 — 1, c(e1))/e%r(¢1) increases with respect to . To simplify notations, we write

1 _ P
d—% pd—d+1"

K= Kp(e1) =

Let H = Vect(es,...,eq) and for x € R\ H, we write z = A\,(e; + t,) with A\, € R, t, € H. For
m = (0,21,...,%q,se1) a path from 0 to se;, let define y; := x;41 — x; with the convention zy = 0,
Zg+1 = sey. Then, a.s.,

q
Tpe(m) =3 (yilly — /) +1/2
1=0

and so

7 ||, — el/d T (I (1 ||ty [|PYYP — 1/d
pe(er) = lim inf i=0 (||y I ) — lim inf i=0 (| uil( I .%Hp) )
s—o00 well(0,su) S s—00 well(0,su) S

Using that s = >~ \,,, we get

Lopele) _op gy o e Pl (Ul P 27

er §700 e T1(0,5u) < ser

Let ¢ : R? s R? be the linear map defined for x = \(e; +t) with t € H by

W(A(er + 1)) == "Ta(ey +£7t).
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Recall that k = p/(pd — d + 1) (we are here in the case d; = 1 and dy = d — 1). Using that H is of
dimension d — 1, we get det(y)) = e* with

ad<n+1)+(d1)ﬁn<d+dl)+10.
d P p

Hence, v preserves the Lebesgue measure on R? and so 1»~!(Z) has the same law as Z. So we also have

1 1 K
1 — pe(er) . - 5_“7/\2/1 _5_R+E|/\yi|(1+ ||55tyi”£)l/p+€l/d
———— = lim sup T
er 8700 cI1(0,5u) i—0 e Ftasen
. Ayl (sgn(Ay,) — (1 +e®[[ty |B)"/7) + e"
= lim sup — .
S0 1 eTI(0,su) i—0 se

We then conclude the proof using the following elementary lemma.

1—(14ex)t/? —1—(14ca)t/P
x x

Lemma 30. For any ¢ > 0, the functions f : x —
decreasing on R

and g 1= x are non-

Indeed, assuming this lemma, the function (1 — uc(e1))/e" is increasing with respect to e since each
term of the previous sum increases with it.

Proof of Lemma 30. By a change a variable, it is sufficient to prove the case ¢ = 1. Moreover since
g(z) = f(z) — 2, it is sufficient to prove that f is non-decreasing. We have

fl(z) = % <(1+w)§‘1 <; +1+x> - 1) .
So
) >0 =1+ <1—;)x2 (1—1—37)17%.

The last inequality holds for all z > 0 by concavity of the function (1 + z)'~1/. O

7.5.2 1-norm

Consider the 1-norm. Let u = (u1,...,uq,,0,...,0) with u; > 0 and ||u||;1 = 1. Recall the definition
of H, Hy; and H, given in Section 7.1. For z € R?\ H, we write x = A\, (u + t1,0 +t2,) With Ay € R,
t1, € Hy and tp , € Ho. With the same convention as in the previous paragraph, we have

L +el/d

1 —pe(u , TNy, — [Nyl |+ t1y, +toy,
lis( ) — lim  sup yi — 1Ay | l,il 2,yi
€ 87700 1 eT1(0,su) i—0 s€

Recall that now we have k := rg(u) = 1/dy. Let ¢ : R? — R be the linear map defined for x =
)\(u + —|—t2) with ¢; € Hy and t9 € Ho by

G+ ty + ) == e " TaN U+t + %),
Using that Hj is of dimension da, we get det(y)) = e with

1
a:d(—n—l—)—&—dg/{zl—&—(dg—d)/@zo.

d
As before, 1) preserves the Lebesgue measure and so we get, using that |[u+t; +t2||1 = ||u+1t1||1 +]|t2]]1,
q
o) o s Pl = Ul s + g 1) +
o $700 e T1(0,5u) < ser
a
— lim  sup <|>‘yi|(5gn()‘yi) —llu+t1y(0) + Ay t2,y: 111 + 1) .
87700 relI(0,5u) i—0 sen s
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Since, by definition of H, ||u + t1,4,|[1 > 1, the numerator |\, |(sgn(Ay,) — ||u + t1,4,
and so each term of the previous sum is again increasing with respect to .

1) is non positive

7.5.3 oo-norm

Consider the co-norm. By symmetry, it is sufficient to prove the result for u = (1,us,...,uq) or u =
(1,1, us,...,uqg) with u; € [0,1). Recall the definition of H, H3 and H4 given in Section 7.1. For
r € R4\ H, we write © = \;(u + t3, + t4,) with A\, € R, 3, € H3 and t4, € Hy. With the same
convention as in the previous paragraph, we have

q
71 — pe(u) = lim sup Aye = Ayl [l + sy, + tay, |l + gl/d.
el 5—00 mET(0,5u) g seh

Recall that now & := r4(u) = 1/(ds+1). Let ¢ : R — R% be the linear map defined for = \(u-+t3+14)
with t3 € Hz and t4 € Hy by

YU+t +ta)) = e "IN+ 5t5 + 1),

As before, ¢ preserves the Lebesgue measure since d(—+ + 3) 4 (d3 — 1)k = 0 and so we get

! |)\y1 |(sgn()\yz) — ||U + €Kt37y7: + t47yi | |OO) + e”

o 500 m0—su ser

Let us check that if ds € {1,2}, the function f(z) = w is non-decreasing on R for any
(t3,t4) € H3y x Hy.

If d3 = 1, then H3 = {0}. So using that 1 — ||u + t4]|co < 0, the function f is indeed non-decreasing.

If d3 = 2, then H3 = Vect(ez — e1), so there exists some ¢ € R such that t3 = ¢(es — e1) and by
symmetry, we can assume ¢ > 0. Writing u = e + ey + uy with uy € Hy, we have, for x > 0,

. Ug +1 -1
[lu + xts + ta]|oo = max(1 + cz,||ug + ta]loo) ie. f(x) = —max (c, ||4;1;||°°)

and one can check that the function 2 — max(c,c¢’/x) is non-increasing on R* for any (c¢,¢’) € Ry x R.
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