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INFINITE FAMILIES OF CONGRUENCES MODULO 2 FOR
(¢, k)-REGULAR PARTITIONS

T KATHIRAVAN®)  DIPRAMIT MAJUMDAR® AND USHA K SANGALE(®)

ABSTRACT. Let by ;(n) denote the number of (¢, k)-regular partition of n. Recently,
some congruences modulo 2 for (3,8), (4, 7)-regular partition and modulo 8, modulo 9 and
modulo 12 for (4, 9)-regular partition has been studied. In this paper, we use theta function
identities and Newman results to prove some infinite families of congruences modulo 2 for
(2,7), (5,8), (4,11)-regular partition and modulo 4 for (4,5)-regular partition.

1. INTRODUCTION

We shall use the following standard notation throughout the paper: for complex numbers
a,q with | ¢ |< 1, define

o0

fi=(dq"), i=1,2,3-- where (a;q), = [[ (1 —ag™)
m=0
Recall that a partition of a positive integer n is a non-increasing sequence of positive
integers whose sum is n. An f(-regular partition is a partition in which none of the parts is
divisible by ¢. Denote by by(n) the number of ¢-regular partitions of n with the convention
be(0) = 1. Then the generating function for b,(n) is given by

S bi(mg” = 2. (1.1)
n=0 f1
Recently, Kathiravan, Srinivas and Usha [6] stuided the (¢, k)-regular partition denoted by
bex(n), which count the number of partition of n if none of the parts is divisible by ¢ or k.

Then the generating function for by x(n) is given by

= n Jofx
nz::()be,k(n)q = hfn

In [6], Kathiravan, Srinivas and Usha has proved infinite families of congruences modulo 2

for (3,8), (4, 7)-regular partitions and modulo 8, 9 and 12 for (4,9)-regular partition. For
example, the authors have shown that for n > 0,

byo(16n+15) = 0 (mod 8) (1.3

by7(14(Tn+j)+13) = 0 (mod?2), 1<j<6.

(1.2)

>~
~— ~—
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In [7], Naika, Hemanthkumar and Bharadwaj has proved infinite families of congruences
modulo 2 for bs 5(n)-regular partition. For example, they showed that [7, Theorem 1.1] if

p is an odd prime (_TK’)L:L 1<i<p-—1landjn>0,

(60 + 2p) x p¥Tt+1
3

bs 5 <2 x p* T2 + ) =0 (mod 2).

The aim of this paper is to prove several infinite families of congruences modulo 2 for (2,7)
and (5, 8)-regular partitions, and modulo 4 for (4,5)-regular partition. The following are
our main results

Theorem 1.1. Let a(n) be defined by

o

> a(n)g" = fifr. (1.5)

n=0

Let p > 5 be a prime and let ( ) denote the Legendre symbol. Define

x
p

o) = a3 - ) + (5 (FE=D), (10
(i) If w(p) =0 (mod 2), then forn,j >0, if p{n, we have

4 3 1
b 7 (2p4j+3n + Zp4j+4 - Z> =0 (mod 2). (1.7)

(77) If w(p) # 0 (mod 2), then forn,j >0,
(a) if ptn, we have

, 3 4 1
65+5 6j+6 _
b277(2p T 4+ 1P I 4 Z) =0 (mod 2). (1.8)
(b) if pt (8n+3) and p # 7, we have
4 3 1
6j+2 6j+2 —
o7 (20°7 20 + T Z) =0 (mod 2). (1.9)
(c) if 71 (8n + 3), we have
b7 (2 7 + i?ﬁﬁ‘* + Z) =0 (mod 2). (1.10)

Remark 1. Using mathematica, we can find that a(9) = 1 (mod 2). Using Theorem
with p = 5, we see that w(5) = 0 (mod 2) and hence by Theorem [L.1[(i)] we obtain that
for any integer n not divisible by 5, we have by 7(250n 4+ 469) = 0 (mod 2).

Theorem 1.2. Let b(n) be defined by

S b(n)g" = f2fs. (L.11)
n=0
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Let p > 5 be a prime and let (;) denote the Legendre symbol. Define
—10\ [=7(p* — 1)/24
w(p) :==b(7(p? —1)/24 +< )( . 1.12
(1) = b(70* = 1)/24) + (= . (1.12)
(i) If w(p) =0 (mod 2), then for n such that p{n and for all j > 0, we have
bs 8 (20p4j+3n + ??p4j+4 + g) =0 (mod 2). (1.13)

(i7) If w(p) # 0 (mod 2), then for all j > 0,
(a) if ptn, we have

b5 (20p% 0 + 35p¥ 10 /6 4+ 7/6) =0 (mod 2). (1.14)
(b) if pt24n+ 7 and p # 5, we have

, 35 iy T
bs.5(20p% 20 + S+ 6) =0 (mod 2), (1.15)
(c) if 51 24n + 7, we have
_ 7 7
bs (4590 + 656]+5 + 6) =0 (mod 2), (1.16)

Remark 2. Using mathematica, we can find that b(14) = 0. Using Theorem with
p =7, we see that w(7) = 0 and hence by Theorem [I.2[(i)] we obtain that for any integer
n not divisible by 7, we have b5 ¢(6860n + 14007) = 0 (mod 2).

Theorem 1.3. Forn,k >0 and m € {2,4}, we have

4k 1

b475 (4 . 54k7’L ‘I— 5 + > = b4,5(4n + 1) (mod 4), (117)
4k 1 1

bas (4 ikt 4 O (Sm; )+ ) = 0 (mod 4), (1.18)
4k+-2 1 1

bys <4 gty 42 (8m2+ )+ ) = 0 (mod 4). (1.19)

2. PRELIMINARIES

In this section, we collect some lemmas to prove our main results. We recall that for
| ab |< 1, Ramanujan’s general theta function f(a,b) is defined as

f(a,b): Z an(n+1)/2bn(n—1)/2‘ (21)

n=—oo

Now from Jacobi’s triple product identity [3, Entry 19, p. 35]
f(a,b) = (—a; ab) oo (—b; ab) o (ab; ab) 0, (2.2)
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it follows that (see [3, Entry 22, p.36])

5
ola) = f(aq —1+2Zq — () <q2;q2>m=f§23, (2.3)
— C3) — - n(n+1)/2 _ (q27q2)oo _ ﬁ
U(q) = fla:q”) nZ::Oq TN (2.4)
and .
f(=q) = f(—¢,—¢") = > (=1)"q"®" I = (¢;¢)oe = f1. (2.5)

Now we shall state few lemmas which will be required for the proof of our results.

Lemma 2.1. (Hirschhorn and Sellers [5l, Theorem 1|) The following 2-dissection holds
f5 _ St | fifwfao

A Bl TR 20
Lemma 2.2. The following 2-dissection holds (See [3, p.315]):
2 42 442
Af = Bfe—q2f2 opp g oplifihe (27)
fa f2f3
2 ¢ 2
fify = EII gt~ sapafty + 22 00T 2.9

Jf20
Lemma 2.3. (Baruah and Ahmed |2, Eqn. (2.4)])

1 — f224fi532 +q f4f6f24f88f132 +q 6 f8f12f44f66f264 +q 15 f12f264
flfll f22f12f222f€?6f2264 f2f8f12f22f44f264 f2f4f22f24f88f132 f2f6f22f24f(132 )

f2f8f20

Lemma 2.4. The following 5— dissection holds:

1
fi = fos (F(q5) —q— q2F(q5)> (2-10)
as well as the identities
fP 1 2 15
5

and

1 _ _

7= J;fé" (FY°) + aF*(¢°) + 26°F*(¢°) + 3¢°F(¢°) + 5¢" — 3¢’ F(¢°) + 2¢°F *(¢°)

— ' F(*) + ¢*F(q")). (2.12)

Where F(q) := ¢~ /°R(q) and R(q) is the Rogers-Ramanujan continued fraction defined,
for | ¢ |< 1, by
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Lemma 2.5. [4, Theorem 2.2] Let p > 5 be a prime such that

b— .
:l:p—l ) Ta prEl (mOd 6)7
6 p6 , ifp=-1 (mod 6).
With the notations as defined in (2.1) and (2.5), we have
p—1
2 3k2 4k 3p2 4+ (6k+1) 3p2 — (6k+1) +p—1 p2—1
fi= X (D f <—q g 2 p) + (=175 "7 fp

k——p=1
N

Furthermore, if—% <k< p%l, k #+ i%_l, then %ZTH“ 2 % (mod p).

Lemma 2.6. (Ahmed and Baruah [1, Lemma 2.3]) If p > 3 is prime, then

1 B(kt1) 2 pn+2k+1 p—1 p2-1
=3 (=D = Y (=)' @pn+2k+ 1) 2 +p(=1)7 g 5 [

k=0 n=0

kAPt

Furthermore, if k #+ %,0 <k<p-—1, then kQTJ“k * Z% (mod p).

The following result of M. Newman [8, Theorem 3] will play a crucial role in the proof of
our theorems, therefore we shall quote is as a lemma. Following the notations of Newman’s
paper, we shall let p, ¢ denote distinct primes, let r, s be integers such that r,s £ 0,7 £ s
(mod 2). Set

o(r) = H (1—2™)"(1—a™)° = Zc(n)xn, (2.13)
€= %(T +5),t = (r+sq)/24,A = t(p* — 1),0 = (—1)%752(18, (t) is the well-known

P
Legendre symbol. Then the result is as follows.

Lemma 2.7. With the notations defined as above, the coefficients c(n) of ¢(T) satisfy

c(np® + A) —y(n)e(n) + pQE’QC((n — A)/pz) =0, (2.14)
where
’y(n) _ p2€726 o <§>ps3/2 (T) ) (2.15)

3. PROOF OF THEOREMS
3.1. Proof of Theorem [1.1} By definition

S baa(n)g = 2 = L2
n=0

~ fiha T fife
Now from [9, Lemma 2.1], we have

(mod 2). (3.1)
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> n_ S3h
Z p[1171](2n —+ 1)(] = "m0 (32)
n=0 fl 7
where pjji71(n) is defined by
o " 1
1711{ N = - 0.
nZ:‘Bpu 71(n)q e
From (3.2) and (3.1]), we obtain
n=0
By hypothesis of the theorem and equation (3.3)), we have
Y aln)g" = fifr =Y baz(2n+1)g"  (mod 2). (3.4)
n=0 n=0
Putting r =2,¢g =7 and s = 1 in ([2.13]), we have by Lemma , for any n > 0
3 1 3
2 2 _ 2
(v + 50" = 1)) = (ma(n) ~pa( 5 (n - S6* - D)), (35)
where 3 ) )
—14\ n—5(p* —1
) =pe - (=) (P ) (36)
p p

and ¢ is a constant. Setting n = 0 in (3.5) and using the facts that a(0) = 1 and

a (W) = 0, we obtain

o207 - 1)) =100 (3.7)
Setting n = 0 in and using (3.7), we obtain
pc = a(é(ﬁ — 1)) + (—;4) <_8(pp — 1)> = w(p). (3.8)

Now rewriting the equation (3.5]), by referring (3.6) and ({3.8]), we obtain
3 —14\ (n—2(p* -1 1 3
a<p2n+8(p2—1)> = (w(p)— ( » )(n 8<§ )>>a(n)—pa<p2(n—8(192—1)))7

(3.9)
Now, replacing n by pn + %(p2 — 1) in (3.9)), we obtain
3 3 n
3 4 _ (2 _ _ _
a(p’n+ 50" = 1) =w@a(pn + S0° ~ 1)) pa(). (3.10)

Case - 1: w(p) =0 (mod 2)

Since w(p) =0 (mod 2), from equation (3.10) we obtain
a(p?’n +3(p* - 1)/8) = pa(n/p) (mod 2). (3.11)
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Now, replacing n by pn in (3.11]), we obtain

3
a(p4n + g(p4 - 1)) = pa(n) =a(n) (mod 2). (3.12)
Since p*n + %(p‘lj —1)=p! <p4j*4n + g(p4j*4 — 1)) + %(p4 — 1), using equation (3.11)), we
obtain that for every integer j > 1,

@<p4jn + z(p‘U - 1)) = a(p4j*4n + 2(p4j4 — 1)) =a(n) (mod 2). (3.13)
Now if p t n, then yields
a(p*n + 2(])4 ~1)) =0 (mod 2). (3.14)
Replacing n by p®n + 3(p* —1)/8 in and using , we obtain
a(p"*n + :(p4j+4 ~1))=0 (mod 2). (3.15)

Case - 2: w(p) #0 (mod 2)
In order to prove part (ii), we replace n by p?n + 3p(p* — 1)/8 in (3.10))

o'+ 260 -1) = ap(pPn+ 20? — 1) + S04 - 1)
w(p)a(p’n + z(p4 ~ 1)) —pa(pn+ :(292 —1))
= |w’(p) —pla(pn + 2(172 ~1)) - pw(p) a(g)- (3.16)

Now, as w(p) #Z 0 (mod 2), we have w?(p) —p =0 (mod 2), and therefore (3.16) becomes

3
a(p5n + g(p6 — 1)) =a(n/p) (mod 2). (3.17)
Replacing n by pn in (3.17)), we obtain
a(pﬁn +3(p° — 1)/8) =a(n) (mod 2). (3.18)

Using equation ([3.18) repeatedly, we see that for every integer 7 > 1,
a(pﬁjn +3(p% — 1)/8) =a(n) (mod 2). (3.19)
Observe that if p{n, then a(n/p) = 0. Thus (3.17)) yields

3
a(p5n + g(p6 - 1)) =0 (mod 2). (3.20)
Replacing n by p°n + 3(p® — 1)/8 in ([3.19) and using (3.20]), we obtain
a(p6j+5n + 2(;)6”6 - 1)) =0 (mod ?2). (3.21)
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Assume that p { (8n+3), then n # —32 (mod p) and hence p{n — 2(p? — 1), which in-turn
implies that a é(n — %(p2 — 1))) = 0 and (%) # 0. Thus for p > 5 and p # 7,
3.9)

from equation | we obtain
2 39 _
a(p’n + S0 - 1)) =0 (mod 2). (3.22)
Replacing n by p*n + 3(p* — 1)/8 in (3.19) and using (3.22)), we obtain
a(p”+?n + :(p6j+2 ~1))=0 (mod 2). (3.23)
Finally, assume that p = 7 and p 1 (8n + 3), that is 74 (n — 18). From (3.10]) we obtain
3 3 3
4 4 _ 2(m2, | Om2 S
a(7 n+ (7 - 1) = a(? (7*n+ (7 1)+ (7 1))
3
= a(Tn+ §(72 ~1)) +a(n) (mod 2)
B n—18y
= 2a(n) + af o ) =0 (mod 2). (3.24)
Replacing n by 74n + 7(7* — 1) /24 in (3.19) and using (3.24)), we obtain
a(76j+4n + 2(763'*4 — 1)) =0 (mod 2). (3.25)

The proof of Theorem [1.1] follows from the fact that by7(2n + 1) = a(n) (mod 2).

3.2. Proof of Theorem [1.2] By definition

o0 3
Z b5,8(n)q” — f5f8 = fl f5f4 (mod 2>. (3.26)
=0 J1fa0 Jao
Substituting (2.8]) into ([3.26]) and extracting terms involving ¢*" ™! from both sides, we get
oo 3
Z bss(2n + 1)¢>" ™ = qh?fw (mod 2). (3.27)
n=0 40

Cancelling ¢ from both sides, then replacing ¢* by ¢, we get

x BB B
2L bs(n gt = Tp = =T

Again substituting ([2.8) into (3.28)) and extracting terms involving ¢*"™! and cancelling ¢
from both sides, then replacing ¢* by ¢, we get

(mod 2). (3.28)

i bsg(4n +3)¢" = fif?  (mod 2). (3.29)

n=0



INFINITE FAMILIES OF CONGRUENCES MODULO 2 FOR (4, k)-REGULAR PARTITIONS 9

Now substituting (2.10]) into ([3.29) and extracting terms involving ¢! and cancelling ¢
from both sides, then replacing ¢° by ¢, we get

i bss(20n + 7)¢" = fifs (mod 2). (3.30)

n=0

By the notation in the theorem, we have

dob(n)g" = fifs = bss(20n+7)¢" (mod 2). (3.31)

n=0 n=0

Putting r =2, =5 and s = 1 in (2.13)), we have by Lemma , for any n > 0
7 1 7
2 2 _ _ B A N
b + g7 0% = 1) =2mbn) b5 (n = 5507 - 1) ). (332)
where -
—10\ (n— Z(p* -1
v(n) = pc — ( ) (n 24P )> (3.33)
p p

and c¢ is a constant. Setting n = 0 in (3.32) and using the facts that b(0) = 1 and

b (FZ121) = 0, we obtain

7

b(5; (0" — 1) =(0) (3.34)
Setting n = 0 in (3.33) and using (3.34)), we obtain
7, —10\ (-5 (P* - 1)
pe= 0507~ 1)+ (20 (T (o) (3.5

Now rewriting the equation (3.32)), by referring (3.33)) and ([3.35]), we obtain
7 —10\ (n— L(p* - 1) 1 7
2 2 24 2
b(p n—|—24(p —1))— (w(p)—( , )( ) b(n)—pb(pQ(n—24(p —1))).

(3.36)
Now, replacing n by pn + 7(p? — 1)/24 in (3.36]), we obtain
7 7 n
3 4 _ Lo _ n
b(p n+ ﬂ(p — 1)) = w(p) b(pn + 24(]9 1)) pb(p). (3.37)
Case - 1: w(p) =0 (mod 2)
Since w(p) =0 (mod 2), we have
7 n
3 4 _
b(p’n + 57— 1) = pb(;) (mod 2). (3.38)
Replacing n by pn in (3.38) we obtain
7
b(p4n + ﬂ(p4 — 1)) = pb(n) =b(n) (mod 2). (3.39)
Using equation (|3.39)) repeatedly, we see that for every integer j > 1,
b(p"n + 274(p4j ~1)) =b(n) (mod 2). (3.40)
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Now as p t n, then (3.38) yields

7
3 Loa 1)) =
b(p’n + 5P 1)) =0 (mod 2). (3.41)
Replacing n by pn + 7(p* — 1)/24 in (3.40)) and utilizing (3.41]), we obtain
b(p"*%n + 274(p4j+4 ~1))=0 (mod 2). (3.42)

Case - 2: w(p) #0 (mod 2)
First note that b(14) = 0, which implies w(7) = 0 and hence we can assume that p # 7.
Now, in order to prove part (ii), we first replace n by p*n + %p(p2 —1) in (3.37)) to obtain

b(pn+ o ® ~ 1) = wb(p’n+ "~ 1) —pbon+ o~ 1)

= |w*(p) — p|b(pn + 274(192 ~1)) = pw(p) b(Z)- (3.43)

Since w(p) #Z 0 (mod 2), we have w?(p) —p =0 (mod 2), and therefore (3.43]) becomes

b(pn+ o0~ 1)) = b

Replacing n by pn in (3.44]), we obtain

n

p) (mod 2). (3.44)

7
6, + ' (6 _
b(p°n + 5P 1)) =b(n) (mod 2). (3.45)
Using equation ([3.45)) repeatedly, we see that for every integer j > 1,
. 7
63 —(p% — =
b(p%n + L 1)) =b(n) (mod 2). (3.46)
Observe that if p { n, then b(n/p) = 0. Thus (3.44)) yields
7
500 L6 _
b(p°n + 5P 1)) =0 (mod 2). (3.47)
Replacing n by p°n + 7(p® — 1)/24 in (3.46)) and using (3.47)), we obtain
b(p% 0 + 274(pﬁj+6 ~1))=0 (mod 2). (3.48)

Now assume that p{ (24n +7), then n # —7; (mod p) and hence p { n — ;- (p? — 1), which
in-turn implies that b(pg(n - L(p*— 1))) =0 and (@) # 0. Thus for p > 5, from

equation ([3.36)) we obtain

7
S RN
b(p™n + 5 1)) =0 (mod 2). (3.49)
Replacing n by p*n + 7(p* — 1)/24 in (3.46) and using (3.49)), we obtain
: 7 .
b(p%*%n + 57 7 - 1)) =0 (mod 2). (3.50)
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Finally, assume that p =5 and pt (24n + 7), that is 51 (n — 7). From (3.36) we obtain

7 7 7
4 R _ 2( =2 R R
b(5n+24(5 1) b<5 (5n+24(5 1))+24(5 1)>
= b(5n+ 1(52 — 1)) +b(n)
24
n—7

= 2b(n) + b( o )=0 (mod 2). (3.51)

Replacing n by 5*n + 7(5* — 1)/24 in (3.46)) and using (3.51)), we obtain

) 7 )
65+4 o654 —

b(5% 4 + 5 (P 1)) =0 (mod 2). (3.52)

The proof of Theorem [1.2] follows from the fact that b5 s(20n 4+ 7) = b(n) (mod 2).

3.3. Proof of Theorem We shall need the following result, which we present as a
proposition, to prove the theorem.

Proposition 3.1. For any non-negative integer k, we have

o TN e A 3 5
> by |4-5%n+ 5 q¢" =2f7 +2qfofs (mod 4). (3.53)

n=0

Proof. By definition

0

Substituting (2.8)) in ([3.54) and extracting terms involving ¢?"™! and cancelling ¢ from
both sides, then replacing ¢* by ¢, we get

i bys(n)q" = fifs (mod 2). (3.54)
n=0 f2

00 3
Z b4,5(2n + 1)qn = 2f23 + 3f1f5
n=0 flO

Substituting (2.7)) in (3.55) and extracting terms involving ¢** and then replacing ¢* by ¢,
we get

(mod 4). (3.55)

i bus(dn +1)¢" = 2f7 +2qfof2  (mod 4). (3.56)

n=0

which is the £ = 0 case of . Now suppose that (]E holds for some k > 0. Sub-
stituting in and extracting terms involving ¢°**3 and cancelling ¢® from both
sides, then replacing ¢° by ¢, we get

9] 54k+2 +1

S bes <4 5k, 2) ¢ =2f3+2f5f10 (mod 4). (3.57)

n=0

Again substituting ([2.10)) in (3.57) and extracting terms involving ¢°" and then replacing
5
q° by q, we get

00 54k+2 1
> bus <4 5% 4 2+> =21+ 2?8 (mod 4). (3.58)
n=0 5
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Again substituting (2.10]) in (3.58)) and extracting terms involving ¢°"3 and cancelling ¢*
from both sides, then replacing ¢° by ¢, we get

0 5ak+d | q
> bags (4 5 4 +> =21+ 2q@ (mod 4). (3.59)
n=0 2 fl

Substituting (2.12) in ([3.59) and extracting terms involving ¢°* and then replacing ¢° by

q, we get

— e, DTN 3 5
S bus (45" T ) g =20 4 2] (mod 4). (3.60)
n=0

Thus, by induction hypothesis (3.53)) is established. O

Now, the proof of theorem is a direct application of the proposition which can be seen
as follows. Proof of (1.17) follows by comparing equation (3.56)) and (3.60|). Proof of

(1.18) and ([1.19)) follows by substituting (2.10)) in (3.57)) and (3.59) respectively, and then

equating the coefficients of ¢°*™™ for m = 2 and m = 4.

Theorem 3.2. For alln > 0,
by11(22n+2m) =0 (mod 2), where m = {1,4,8,9,10}. (3.61)
Proof. By definition

i bi11(n)g" = /2 (mod 2). (3.62)
n=0

= fifiifa

Substituting (2.9) in (3.62) and extracting the terms involving ¢*" from both sides of the
congruence and then replacing ¢? by ¢, we have

- 1 (fl | sfsf
byi11(2n)q" = <+q mod 2),
2 b = (G H ) med
3 3
= ffg +q° J 334f 2 (mod 2). (3.63)
fii fi1
Taking p = 11 in (2.5, and ¢ replacing by ¢?, we get
5
fo= Z (_1)kq3k +kf (_q22(17+3k)’ _q22(1673k)) + ¢" fouo (3.64)
o

Note that for —5 < k <5 and k # —2,
3k 4+ k#5 (mod 11).

Also taking p = 11 in (2.5)), and ¢ replacing by ¢°, we get

10 00
£ = (1) S (<1 (22m 4 2k + g 1 (3,65)

k=0 n=0
k#5
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Furthermore, if k # 5,0 < k < 10, then 2% £ 15 (mod 11).

Employing (3.65) and (3.64) in , observe that the right-hand side doesn’t contain
terms of the form ¢''"*™ for m € S = {1,4,8,9,10}. Thus

> by11(22n+2m)¢" =0 (mod 2). (3.66)

n=0
Completes the proof of theorem follows from (3.66)).
Il
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