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INTRODUCTION

motivations, plan
basic definitions: reduced density matrix,

entanglement entropy, Schmidt decomposition,
Reényi entropies, ...




Why studying guantum entanglement ?

(in the many-body systems encountered in condensed matter)

A powerful theoretical probe for quantum many-body systems. In particular, the
scaling of the entanglement entropy can reveals most of the long-distance properties of
the system.

Celebrated example: Syon Neumann ~ glog(l) for critical quantum chains, relating the
central ¢ charge of the underlying CFT to the ground-state entanglement.

<>
I

Understanding entanglement is useful to construct new algorithms to compute & store
efficiently quantum (many-body) states in a computer, to simulate their evolution, or
construct some variational anstaz (tensor networks etc.).

Quantum entanglement is at the core of quantum information processing (quantum
cryptography and quantum computation, adiabatic quantum computation)

But...
It is very hard to measure experimentally



Answering condensed-matter questions by studying entanglement

“Conventional” approach “Entanglement-based” approach
Hamiltonian H

f Choice of a (large) subsystem A
Ground-state ) J

RDM: p, = Trp[|)Xyl]

g Choose some observable O
O
)
%¢  Correlations (|00 ()I)
o orrelations x)0(y
ags Spectrum of p
O E A
5 2 _ T
S § Characterize the state of matter
= § | (long distance & low energy properties) Scaling of Sy = —Trg[p log p4]
93 Long-range order with the size and shape of A
K and spontaneous symmetry breaking ?
Criticality / algebraic correlations ?

Excitation spectrum, gap / gapless ?
Unconventional (i.e. topological) order ?
Fractional excitations ?

Gapless edge modes ?



Focus of these lectures ...

Entanglement between two spatial regions of the system : In most cases the total
system A+B will be in a pure state (wave-function [y)). We will not discuss multipartite
entanglement, or other partition schemes (particles, momentum space, .

@ )

Situations where A & B contain a large number of degrees of freedom
State [y): ground state of some condensed-matter lattice model (ex: spins, fermions, ...)
We will not discuss :

disordered systems and many-body localization

the theory of quantum measurements (w.-f. collapse, etc)

physical mechanisms and characterization of decoherence (system interacting
with an environment). More generally, will we say very little about experiments ©®

guantum computers and the role of entanglement in quantum algorithms



Outline

Introduction - why studying quantum entanglement ?

Basic definitions

Reduced density matrix (RDM), entanglement (Von Neumann) entropy

Schmidt decomposition, singular-value decomposition, replica trick, Rényi entropies, ...
A proposal to measure (Rényi) entanglement entropies

Area law:

General idea
Mutual information & area law at T>0
T=0 & mutual information correlation length (wolf et al. 2008)

Lecture #1

N High energy states: volume law for the entanglement entropy, thermal entropy
o and the eigenstate thermalization hypothesis (ETH)

g Free fermions and bosons
(]
-

Gaussian reduced density matrix & correlation functions (Peschel 2003)

™ Violation of the boundary law (multiplicative log) in presence of a Fermi surface in d>1 (Gioev &l. Klich 2006)
ﬁ CFT & Entanglement in critical 1d systems (Holzhey et al. ‘94)
5 Matrix product states
g Canonical MPS form & entanglement
IR Real time evolution (VidalsTEBD) _ _ _ _ _ _ _ _ _ _ _ _ _ _ __ _______
Some examples of (universal) corrections to the area law in 2d
Bulk-edge correspondence
Bulk-edge correspondence in 2d (Li-Haldane 2008 & Qi-Katsura-Ludwig 2012)
Example of a spin ladder (Poilblanc 2010, Pechel & Chung 2011)

Topological entanglement entropy (Kitaev-Preskill & Levin-Wen 2006)

Lecture #4



Some reviews

“Entanglement in many-body systems”
L. Amico, R. Fazio, A. Osterloh, and V. Vedral,

“Quantum entanglement”
R. Horodecki, P. Horodecki, M. Horodecki, and K.Horodecki,

“Entanglement entropy in extended quantum systems”,
editors: P. Calabrese, J. Cardy & B. Doyon,

“Quantum Entanglement in Condensed Matter Physics”,
editors: S. Rachel, M. Haque, A. Bernevig, A. Laeuchli and E. Fradkin
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Product states & entanglement

Separate the degrees of freedom into two blocks,
and two Hilbert spaces H = H,QHp

A and B are not entangled < |y) is a product state |) = |a)®|b)
A and B are Entangled & [y) cannot be written as a product state

Standard 2-spin examples
Products:
) = 1112)
1Y) =111 + [TH) + IT) + [W) = (IT) + IN1UT) + 1))
Not products:
[¥) =11T) + [I)
[¥) = TL) — 1)
What about |y) = a|TT) + B|TL) + y[IT) + 6|LL) ?

What if |y) is the ground state of the spin-1/2 Heisenberg model on a chain

of length L ?
2 o A ! B
H:zSn.Sn-l-l |

HIY) = Eo [9) | ]

— Some way to quantify the amount of (bi partite) entanglement is needed




Reduced density matrix (definition)

Definition: |p, = Trg[pag]l| “tracing out the degrees of freedom of B”

2-spin example: General pure state |Y) = a|TT) + B|Tl) + y|[IT) + 6[LL)
Reduced density matrix for A =spin 1: pgpin1 = Tr—spin 2 [[YHY]

Matrix elements: (o;|p1lo1") = X, =1 (o102 [WNPloy '07)
(o1lpiloy’y = oy TIP)ploy" T) + <U1_l|1/))<1/)|01, 1)
_|lal*+ 1817 ya+6p
T ay+ps Iyl + 1812
General formula: [1) = X;; Myjla;)®|b;) = (a;lpalay) = X; MMy, = (MM*)
Remark: MMT — positive eigenvalues. Since Tru[p4] = 1, all the eigenvalues must be € [0,1].
Basic properties
Hermitian
Expectation values of observables acting on subsystem A can be computed using p;:
(W|0,ly) = TFA,B[|¢><1/J|0A] = Tralp404l
Tralpal = Traplpagl = 1. Example: Trgpin 1[p1] = lal® + |B1% + [y1* + [6]° = (Yly) =1

The two subsystems are not entangled < |Y) = |a)®|b) < p,is a projector
(p, = |la){a|) & eigenvalues {p;} of p; are 1 (non-degenerate) and 0.



Schmidt decompostion (1)
Pure state |y) € H,QH5y, |a;) basis of H,, |bj) basis of Hy

) = z M;jla)®|b;)
Lj

M rectangular matrix: [m = dim(H,)] X [n = dim(H})]

Singular value decomposition (SVD) of M:
3 unitary matrices U (size m) and V (size n), and a “diagonal” one A (=singular

values of M, real an non-negative) n m _n n
such that M = UAVT i 2 e pt
g U
w8 N

We can rewrite 1)) as: ) = ¥ UiklkVleai)®|bj)
Then we define [ug) = X Uy la;) o [vk) = X Vi | Dy)-
Orthogonality property: (i i) = 8 k= Vil Vi)

An finally we get the Schmidt decomposition of |) :
)= Aelu)®lve)
K

10



Schmidt decomposition (2)
Recall : [1) = Xp Aic|we)®lvy)

Reduced density matrices & their spectrum
pa = Trg[l)WI] = Xil Ak |?lug)ug | — the eigenvalues of p, are the|A,|?
pp = Tra[lYXPl] = Xl 1? v v | = the eigenvalues of p, are the|,|?
— Both RDM have the same non-zero eigenvalues
— symmetry of the Von Neumann entropy: S, = Sg

“Purification”: if p, describes some mixed state of some system A, one can
construct a pure state |y) in some enlarged system AA’ such that

pa = Tra,[|W)(]]. Solution: A’=“copy of A”. Diagonalize p,: ps = X\ pk|k){k| and define the
entangled wave-function: [y) = Y, \/Dk k)4 ®lk) 4,

A separate unitary “evolution” of regions A and B does not change the Schmidt
eigenvalues:

e WHATHB) 14y = U, Ug|$p) = Tp A (Ua |t D (Ug |1)

=still a valid Schmidt decomposition

— A, unchanged, and constant entanglement entropy

11



Schmidt decomposition 3) — Optimal approximation

What is the best approximation to [) with a given lower Schmidt ranky < r ?

r
lY) = ZMkllak)Ibk) = z Aeludvg) <9 424,221,220
’“ k=1 — SVD: M = Usvt

Answer: truncate the Schmidt decomposition above, keeping only the y largest
values (and re-normalize the state): X

|l/}x> = Z Al Vi)
SX()? 165

W) = [1- Z ()2

k=xy+1

« Proof »:
Note that the Hilbert space norm is equivalent to Frobenius norm |[|--- ||z for the
matrix M:||M||Z = Tr[MMT] = 3, |M,1? = (YY)
Use the Eckart and Young theorem (1936), which states that the best
approximation (in the sense of ||+ ||z) of rank y < r to the matrix M is the matrix
M (x) obtained by truncating the SVD decomposition of M to its y largest singular

values.
Remark: the proof of this theorem is somewhat “tricky” and not discussed here... Note that this solution to the
optimization problem is also optimal for the norm ||--- ||, -- for which the proof is simpler.

12



Schmidt decomposition 4) — SVD on a computer

Complexity for an M = N matrix: O(min(M = N2, N * M?))

NB: To be compared with a two-step procedures: i) Computing p,: O(N * M?) and then ii) diagonalizing p4:
O(M?3).

LAPACK: dgesvd
GSL: gsl _linalg SV _decomp

Numerically stable
Sometimes the SVD is overkill if the Schmidt values are not needed (just some

orthogonal basis on one “side”, as often in DMRG for instance) and a QR
factorization is enough (faster).

13



SVD, decay of the singular values & data compression (2)

10

Log(Eigen value]




SVD, decay of the singular values & data compression (1)

An (color) image viewed as a (three) matrix(ces)

I i I
0 50 100 150
Index eigen value

Rank |10

Rank 20

Rank 50
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Von Neumann entropy (definition)

Von Neumann/entanglement entropy

Sp = —Trglpalogp,] = —z p; logp;
i

With p, = Trg|pagl, and {p;} the eigenvalues of p,.

S, =0 p,is aprojector < |Y) is a product state < region A is in a pure state

Remark: For a thermal density matrix p~e~#H, the same formula gives the Boltzmann-
Gibbs entropy

“You should call it entropy, for two reasons. In the first place your
uncertainty function has been used in statistical mechanics
under that name, so it already has a name. In the second place,
and more important, no one really knows what entropy really is,
so in a debate you will always have the advantage.”

J. Von Neumann, suggesting to Claude Shannon a name for his new uncertainty
function, as quoted in Scientific American 225, 3, p180 (1971).

16



Von Neumann entropy — basic properties

S(p) is zero if and only if p represents a pure state (projector)

S(p) is maximal and equal to log N for a maximally mixed state, N being the dimension
of the Hilbert space.

S(p) is invariant under changes in the basis of p, that is, S(p) = S(UpU’f), with U unitary.

Concavity S(2; 4ip;) = X 4:S(p;)

Independent systems : S(ps Q pg) = S(p4) + S(pp)

If p,p describe a pure state, S(pg) = S(p4) (proof using the Schmidt decomposition, see next)

A,B,C: 3 parts, without intersection
Strong sub-additivity [SS] S(pagc) + S(pg) < S(pag) + S(ppc)
Equivalent formulation: Sy + Sxay < Sx + Sy
Proof: difficult ! E. H. Lieb, M. B. Ruskai, “Proof of the Strong Subadditivity of Quantum Mechanichal
Entropy”,

Subadditivity S(pac) < S(ps) + S(pc) (obtained by setting B = @ in SS above, but direct proof is
possible a much much simpler than SS)

Araki-Lieb triangular inequality: S(pac) = |1S(pa) — S(pc)|

Simple proof using i) some auxiliary pure state p,zc in some enlarged space such that Trg[pasc] = Pac,
Trgclpagc]l = pa @and Tryuglpagcl = pc, i) the sub-additivity above for pg- and iii) S(pgc) = S(p4) and S(pg) =
S(pac) (since pagc is pure).

17
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A simple exercise with strong subadditivity

Let S(x) be the entanglement entropy of a segment of length x in a
periodic and translation invariant spin chain of total length L (in a

pure state).
How to prove that S(x) is a concave function of x and that it is

maximal for x = L/2 ? (unlessitis constant and equal to zero).

\_/ .
X ; S X

Answer: use the strong sub-additivity with the three following
consecutive segments A = {0}, B = {1,2,...,x — 1} and C = {x}:
Sapc +Sp < Sap + Spc
Sx+1)+S(x—1) < 25(x) — concavity
+ symmetry S(x) = S(L — x)



Rényi entropies & Replica trick

If you can compute the spectrum of py,...
then you get S, by summing over all the eigenvalues:

Sa = —Trlpalog(ps)] = —Em log(p;)

If not... you can
compute Tr[p,"] for integer n > 2 (easier than computing the spectrum)
(cross your fingers &) analytically continue the result to n=1
use:

1
—Trlpslog(p)] = lim 7 log(Tr[p,™])

—n
Rényi entropies are also often interesting, and simpler to compute & measure [in principle]

54(n) = ——10g(Trlp,"])

NB: Rényi entropies (integer n > 2) can be measured in Quantum Monte Carlo:
“‘Measuring Rényi Entanglement Entropy in Quantum Monte Carlo Simulations”
M. B. Hastings, |. Gonzéalez, A. B. Kallin, and R. G. Melko,

They share some properties with the Von Neumann entropy:
Positive S,(n) =0
Additive for uncorrelated systems S z(n) = Sy(n) + Sg(n) if pag = p4Qps
But no subadditivity

19
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Entanglement spectrum - definition

lY) = z Aila;)|b;) Schmidt decomposition

exp(—E;) Interpret the eigenvalues of p,
p; = 70D "~ with Z(n) = z e ™Ei  3s classical Boltzmann weights.
' This defines some “energies” E;

l
(PJ Z(n): Partition function at inverse

temperature% =[F=n

Free energy
1 1 1 1
F(n) = ——log(Z(n)) = ——log(Z(D)Trlp,"]) = —F (1) ——log(Tr[p,"])
Rényi entropy < free energy difference

1 1
Sa(n) = 1= nlog(Tr[pA"]) e

(nF(n) — F(1))

20



HOW TO MEASURE
ENTANGLEMENT ENTROPIES ?

at least in principle...

21



Experimental measurement of entanglement ?

Few g-bits — measure sufficiently many correlations/observables in order to
reconstruct the complete density matrix (quantum state tomography)
Examples: nuclear spins 1=1/2 or photon polarizations (H/V):

Re(p) T mp) T

“Photon entanglement detection by a single atom”
J. Huwer et al 2013

0.6 ,
0.4 .
0.2 ;

001
011 111
“Solving Quantum Ground-State Problems with NMR” 101 011

Zhaokai Li et al., 111 001

101

What about the entanglement entropy of a large system ?

22
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Measurement of entanglement entropies ? (1)

A few proposals based on coupling n copies of the system to measure the entropy S,
Example : “Measuring Entanglement Entropy of a Generic Many-Body System with a
Quantum Switch” D. A. Abanin & E. Demler,

We describe here the simplest case, with n = 2.

L

se00s000 00000000 II)- > Altp@lr)  Finite chain & lefi/right
5 ;

Schmidt decomposition

Goal: “measure” the Rényi entropy S,_,, that is —log Trg[p?] = —log[¥;(1;)*]
4 half-chains, that can be connected in two different ways:

L1 R1 L1 R1

000 00000—00000000 ‘w‘
'< ------------ R2 or A R2

J

G) = (Z Ailli)“@lri)m) ®<z pr |l,-) ® |r,-)R2\>\\ G") = (Z Aillim@lri)m) ® (Z 4 |lj> ® |’G)R1>
i . \\ i J)

“‘quantum switch”

23
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http://dx.doi.org/10.1103/PhysRevLett.109.020504
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Measurement of entanglement entropies ? (2)

Rényi entropy S,, and scalar product

L1 R1 L1 R1
' R?2 or V4 R?2
—0-0-0-0-0000

1G) = (Z /1i|li>L1®|Ti>R1) ®<Z A |lj) ® |rj>Rz) 1G') = (2}(: /1k|lk>L1®|Tk>Rz> ®<Z Ailly) ®|7”1)R1)

(616" = ) AdAehibudubude = ) 14l* = Trglpf] = exp(—S,)
[

ijkl
Introduce a weak transverse field on the central spin (quantum switch)
A A X
ES M 0 J(EI6)
= | Hefr = :
Degenerate perturbation theory J(G|G") 0
<9 < J < A) Eigenvalues w = +/(G|G")

|G) ‘Z [G") Measure the oscillation frequency w of 07(t) — access to exp(—S;)
c?=+1 o°=-1 generalization: couple n systems and a 2-state switch to measure S,

24



Summary of lecture #1

Context: lattice quantum many-body problems (spin, fermions, ...)
Two large subsystems in a pure state |y) € H,QH .

The total density matrix p,5 = |Y)(y| is a projector

Reduced density matrix: py = Trg|pagl Tralpal = Traglpagl =1
Shmidt decomposition of |y):

)= ) Myla)®|by) = SVD of M »= > Aeluy) Bl
ij K

Spectrum of the RDM: p4 = Y5 | A | |1 (g |
Von Neumann entropy

Sp = —Trglpalogp,] = —zllklz log| A |2

l
S, quantifies the uncertainty on the state of A if we do not observe the region B.
S, =0 & pyis aprojector < |P) = |A)®|B) is a product state
Strong sub-additivity of the Von Neumann entropy: Syuy + Sxay < Sy + Sy
Useful generalization: Rényi entropies S,(n) = rlnlog(Tr[pA"])
S,(n) is often simpler to compute (and possibly to measure experimentally) than S,
when n is an integer > 2 (replicas, etc.). n plays the role of an inverse temperature.
Finite correlation length — area law S, ~ O(Area of 94) = O(L471).

25



AREA/BOUNDARY LAW

for the entanglement entropy of low-energy states

of short-ranged Hamiltonians. Decay of Schmidt
eigenvalues.

26



Area law for the entanglement entropy

“Quantum source of entropy for black holes”
L. Bombelli, R. K. Koul, J. Lee, and R. D. Sorkin,

«Entropy and area», M. Srednicki,

“‘Area Laws in Quantum Systems: Mutual Information and Correlations”
M. M. Wolf, F. Verstraete, M. B. Hastings, and J. |. Cirac,

“Colloquium: Area laws for the entanglement entropy”
J. Eisert, M. Cramer, and M. B. Plenio,

The ground-state (and low-energy excitations) Of (many) Hamiltonians with short-
ranged interactions have an entanglement entropy which scale like the
area of the boundary of the subsystem

Su ~ O(Area of 94) = 0(L471)

Appears to be valid for all gapped systems (in d = 1 it’s a theorem), B

and some gapless systems in d > 1(not all).
Known gapless systems which violate the area law:

critical systemsind =1

systems in d > 1 with a Fermi surface, where S, ~ O(L% *logL)
Can be proved in any dimension if we make a strong hypothesis on the
decay of all correlations (Wolf et al. 2008), see a few slide below.

27
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Area law for the entanglement entropy

Simple (hand-waving!) argument
Pure state |y), ground state of some local Hamiltonian in
spatial dimension d.
Asumme that all connected correlation functions in |y)
decay exponentially in space, with some finite correlation
length &

Subsystem: some spatial region A of typical size L > €.
(B=complement of A).

Assume that the entanglement between A and B

Is entirely due to local correlations (not a very precise statement...)
Correlations between degrees of freedom located inside A
do not contribute to S,. Same for correlations inside the
region B.

The only contributions to the entanglement entropy S, are

those originating from correlations taking place across the
boundary between A and B

— Area/Boundary law for the entanglement entropy :

S ~size of (04A)~L%1

28



Area law for the entanglement entropy

Variant of the intuitive argument ...

Correlation length &

i = 1---~2%Lconfigurations for the magenta sites (€ A)
j =1---~2%Lconfigurations for the blue sites ( € B)

Assume the wave function can be approximated by :
¥~ D M [o)@l))
L

Which means, that, once we project on a patrticular state (i,)) of the « boundary region »
(of width ~¢), the regions A and B are no longer correlated (— product state).

Schmidt decompostion (=SVD of M) — number of non-zero values~25t

S, < éLlog 2 — boundary law

29



Remark about the area law & entanglement spectrum

S, = thermodynamic entropy of the entanglement spectrum {E;} (by definition)

Assume these {E;} are energies of some “fictitious system” associated to the bi-
partition A/B.

Since S,~L%"1 can be interpreted as a “volume law” (as usual for
thermodynamic entropy) for a system in d — 1 spatial dimension, the “fictitious
system” probably lives at the boundary between A & B. We will see a few
explicit examples later (“bulk-edge correspondence”)

Note: this is consistent with the fact that the spectrum of p, (hence the {E;})
IS unchanged if we exchange A and B.

If the number of Schmidt eigenvalues which contribute to entropy is a finite
fraction of the dimension dim(HA) (assume region B is much larger, for simplicity), We EXpECt
a volume-law behavior. If, instead, S,~L%~1, then we expect that most of the
eigenvalues of p, are much smaller than 1/dim(H,).

30



Mutual information

Definition: r == ;o
WA \
I(A:B) = S(pa) + S(pp) — S(paB) v ! p
(with S(p) = —Tr [plogp]). S - ‘o

Alternatively: 1(A: B) = Tr[pag[log(pag) — log(pa®pg)]]

Thanks to the sub-additivity of the Von Neumann entropy we have I(A: B) = 0.
A stronger result is: I(A: B) > %HPAB — pa®p;gll3 (=Pinsker inequality).

— I(A: B) can be viewed as some kind of “distance” between p,g and p,®pg. In particular: I1(A: B) =
0 < pag = pa®ps-

1(A: B) measures the total amount of correlations between A and B. Indeed, I(A4: B) can be shown
(using the Pinsker inequality above — exercise !) t0 give a bound on correlators:

({0405} — (0aX05))?
2004117110517

[(A:B) >

1(A: B) = 0 then all correlations between A and B must vanish. If I(A: B) decays exponentially with
their distance, it will be also the case for any correlation between A and B.

Remark 1: if AB is in a pure state (pag = |Y){Y¥|) we have S(pag) = 0. S0: I(A:B) = 25(pp) =
2S5(pp) Is equivalent to the Von Neumann entropy.

Remark 2: the “volume” contributions to the entropy cancel out in I(A: B). — An area law is
expected (see next slide)
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Mutual information & boundary law at T>0

“‘Area Laws in Quantum Systems: Mutual Information and Correlations”, M. M. Wolf, F.
Verstraete, M. B. Hastings, and J. |. Cirac,

1 T _BH ( A 27H,
Free energy Flp] = U — TS = Tr|Hp] — ES(p) is minimized by p,p~eF f -t

with H = H, + Hg + H;,;. H;,,; contains all the terms which couple 4 and B.
In particular: Flp] < Fpa®pgl. So:

1 1
Tr[Hp] — ES (p) < Tr[(Ha + Hp + Hint) (pa®pp)] — 3 (S(pa) + S(pr))

1(A:B)
5 < Tr[Hn: (pa®pp — p)]~O(Area)

This demonstrates an area law behavior for 1(A: B) at finite temperature.

Remark: no general theorem for the area law at T = 0 in d>1, although it is verified by a

large class of systems (notable exception: states with Fermi surface). See however the
argument on next slide.
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Arealaw atT =0

“Area Laws in Quantum Systems: Mutual Information and Correlations”, M. M. Wolf, F. Verstraete,
M. B. Hastings, and J. I. Cirac,

Geometry: A and B are separated by some distance L. The “shell” in
between is the region C. Define I, = I1(A: B) = mutual information

Using strong subadditivity one can show that I; is a decreasing function of
L (exercise!). Define the correlation length § as the minimal distance

. . |
which insures I, < - for all R.

Remarks:
This correlation length incorporates all types of correlations between
A and the rest of the system.

It may be infinite in some cases. From now we assume it is finite, and
take L = €.

Use sub-additivity and the Araki-Lieb triangular inequality to show (exercise!):

I1(A:BC) < I(A:B) + 25,
By construction I(A: BC) = I, and I(A: B) = I;. By def. of ¢ we have I} < IEO SO: Iy < I + 25, <
I;°+ 2Sc. Hence [, < 4S.. Since S is bounded by its volume |C| ~ £[0A|. We get I, < 4&[0A].

Now if the entire system ABC in a pure state (no necessary so far) we have I(A: BC) = I, = 25,4
and finally:

S, < 28[04]
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Area/boundary law 1d gapped system

M B Hastings
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Universal violations & corrections to the area law

A few examples (non-exhaustive list)

Violation (multiplicative log: ~ LY tlog L)

Critical systemsind =1
Holzhey-Larsen-Wilczek 1994, Vidal-Latorre-Rico-Kitaev 2003, Calabrese-Cardy 2004, ...

Fermi surface (wolf 2006, Gioev & Klich 2006)

Corrections (additive log: 0(L4™1) + 0(log L))
Some critical systems in d = 2, with sharp-corners (rFradkin-Moore 2006)

Countinuous sym. breaking (Nambu-Golstone modes)
Metlitsky-Grover 2011, Luitz-Plat-Alet-Laflorencie 2015

Correction (constant terms: O(L4™1) + 0(L%))

Discrete spontaneous sym. breaking (—contributtion S, = log(degeneracy))
Topological order in d = 2 (kitaev-Preskill 2006, Levin-Wen 2006)

Some (Lorentz-invariant) critical systems IN d = 2 (Casini-Huerta 2007,+ many others ...)
Some critical systems IN d = 2 (Hsu et al. 2009, Stéphan-Furukawa-GM-Pasquier 2009)

Concerning critical systems, see the (very) recent work by B. Swingle & J. McGreevy,
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VOLUME LAW

for high-energy states, relation between
entanglement and thermal entropies
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Comparison with random pure states

“Average entropy of a subsystem”, D. Page,
( ) = ( )whole Hilbert space H 4®H g (Haar measure)
Assume dim[H,]| < dim[Hp]:
dim[il-[A]

(Sa) = |—(Tr(pslogp,s)) = log(dim[F,]) — 2dim[Hg] ~0(Ld) = Volume law

For the full probability distribution of S,, see C. Nadal, S. N. Majumdar, and M.
Vergassola, (random matrix model methods)

— The probability distribution is highly peaked around the average value
(variance Var(S,)~0(dim[#,4]~?)) and the scaling of the typical entropy is a
also a volume law.

— States satisfying an area law are rare

Choose a subsystem A such that 1 < dim[H,] = m < dim[Hz] =n.
Pick a pure state at random in H,®H, and you will find S;~logm — %

Now consider the infinite-temperature density matrix for the region A:
pi=® = Id?m. It gives SI=* = logm.

Conclusion: when the region B is large (i.e. % « 1) you can hardly
distinguish the two situations.
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ETH, entanglement entropy & thermal entropy (1)

Hamiltonian H = ), E, |a){«a|
The initial state is a linear combination of eigenstates which lie in a small energy windows
[E — AE,E + AE] (E is extensive (above the ground state) whereas AE~0(1)):

¥ =) cela)

a
Time evolution:

() = ) cae™ et [a)

(44
Expectation value of some observable A:

WD) = D lcalPAna + Y Aqglacge™EsFe)

a+f

o e_i(EB_Ea)T -1
z AaBCaCﬁ T

a+f

Long-time average (assume no degeneracy):

[ ol - Dl A+

N -
A= lim - | Gwlanpede —Z|ca|2Aaa

If (Y (t)]|A]p(t)) relaxes to some limit at long times, the long time limit must coincide with A. This

corresponds to the so-called diagonal ensemble:

paiaglcal = ) leal? la)al
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ETH, entanglement entropy & thermal entropy (2)

Assumption: the observable A “thermalizes”, which means that (y(t)|A|y(t)) converges to the
prediction of some thermodynamical ensemble (hence independent of the details of the initial state, except for the
energy E,), here the micro-canonical one:

1 —
Z|Ca|2Aaa = Tr[pdiag[ca]A] = Tr[Pmicro (E)A] = m Z Aga /=0 {1
¢ |E,—E|<AE RO
1 o]
Pmicro(E) = N (E, AE) Za: la){a]
|Ey—E|<AE

Remark:pgiaglc,] depends on the initial conditions, but ppyicro (E) does not...How can that be ?

A possible/plausible explanation: “Eigenstate thermalization Hypothesis (ETH)” :
the diagonal matrix elements A4,, are (in thermodynamic limit) smooth functions of the energy
density, and independent of the choice of the eigenstate (in a sufficiently narrow energy window). Hence
A= <A>micro(E)-
Off diagonal elements A,z (a« + ) vanish (in the thermodynamic limit)

References on ETH:
[1] J. M. Deutsch “Quantum statistical mechanics in a closed system?”,
[2] M. Srednicki “Chaos and quantum thermalization”,
[3] M. Rigol, V. Dunjko, Vanja & M. Olshanii "Thermalization and its mechanism for generic isolated quantum
systems”,
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ETH, entanglement entropy & thermal entropy (3)

J. R. Garrison & T. Grover _
1 < vol(Q) < vol(Q))

Strong form of ETH: all the observables in Q) satisfy the ETH _
Consequences: Q
the RDM computed in some arbitrary eigenstate |a) /Q‘ \
at energy E,~E becomes “thermal” in the thermodynamic limit: / \\
pa(la)) = Trg[laXall~Trglpmicro(E)]  (with E,~E) ‘..

the Von Neumann/entanglement entropy of an excited eigenstate is (asymptotically) the
thermodynamic entropy of the subsystem

The volume law for the thermodynamic entropy at T > 0 implies a volume law for the Von
Neumann entropy of high-energy eigenstates.

Assume further that the thermodynamic free energy density f(f) can equivalently be obtained

(-=BHq)
from p%icro (E) = Trg [omicro (E)] OF Peano™~ %

which describe thes region (), isolated , and at thermal equilibrium. Then :

(adjust the inverse temperature 8 to match the energy E).

1 1 a n
vol(@)f (np) = = log Triexp(=fHqo)"| ~ = Tz log Tr [Z B (Phricro(B)) ]
1 1 1 1-n_,
~ —glosZ(B) — 7 zlog Tripa(ja)”] = = 5log Z(B) = — 2= Skenyi(I&))

n

Finally: f(nB) — f(B) =

gives the thermodynamic free energy at all temperatures !

_11(9) S}gényi(la)) The Rényi entanglement entropies of a single eigenstate

npvo
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FREE PARTICLES

Computing & diagonalizing reduced density
matrices In free fermion/boson problems
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Free particles & Peschel’s trick (1)

| Peschel and M.-C. Chung,
|. Peschel,

- B; -c-Jrc-T + H.c.

Free fermions or free bosons on a lattice
J LT

Most general (lattice) quadratic Hamiltonian: Hy = Zi,in,jcich + X
H, can be diagonalized using a Bogoliubov transformation (see next slides), and the T = 0 (as well as T>0)
correlations can be calculated easily.
(cfc;) - Wick theorem — any correlator

t ). .., — any observable in region 4 - p,

Cij = {c/q),
The reduced density p, is completely determined by two-point functions in the region

of interest
Correlators in region A obeys Wick’s theorem — p, is Gaussian
= exp(~H)
= €Xp

— 3 quadratic « Hamiltonian » H such that p4

i — T T .t
with H = Zi,j hi,jci Cj + Zi,j Ai,jci Cj + H.c.
Remark: H depends on the subsystem A (should be noted H,...), it is not the physical Hamiltonian H,.

— The entanglement entropy S, = —Tr[p,log p,]| is the thermodynamic entropy of H at

(fictitious) temperature 1.
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Free particles & Peschel’s trick (2)

Correlation matrix

5 I

<CiCJ> < >
We look for new creation/annihilation operators a,a’ (=Bogoliubov transformation):

t T
la ] U lc ] with U l+1 O] Ut = l+1 Ol _ = X Upper sign for boson, lower sign for fermions

Such that the correlations of the new partlcles” are diagonal :

>d|m 2N X 2N,C = lDJr 1+At] D;; = <c+c]+> Ajj = (CTC])

(afar) (agag,)| [MOn 0 oA t
+ 0 1+ A4) 6k A=UCU
(ayag,) (akak,) T Ak )Ok ks
: : T =
So, the linear algebra problem we have to solve is {UEZT B A

$<CLTC]') <CLTC]+>

?(cjcj) <cich>
equations above we get UCXU~! = AX. By construction, the correlations of the new particles
are very simple: {alay,) = 8 A, and {aiay,) = {ala],) = 0. We have found some independent

“correlation modes”.

One method is to diagonalize the matrix CX = . Indeed, combining the
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Free particles & Peschel’s trick (3)

(cle) (clef)

_<C1'Cj) <Cl~ch>_ N [DAT 1 -|_l—),4t]

Exercise: When A and D are real, show that the following (smaller:
N X N) diagonalization gives the eigenvalues A :

1 1 1\*
Eigenvalues of (A + > + D) (A + 5 D) = {(lk + E) }

cf. Lieb, Schultz & Mattis
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Free particles & Peschel’s trick (1)
Recall: (a}:ak,) = Ok i Ax & {agag,) = (a,ﬁa,ﬁ,) =0

Question: what is the (quadratic) “Hamiltonian” H such that the correlations above can be
obtained through some “thermal” average: (-:-) = %Tr[(---)e"H] ?

Answer: Since the modes are uncorrelated, H must be diagonal in terms of the a and a' and take
the form H = ), eka};ak. One then has to adjust the « pseudo energies » €, so that (a,iak) = Ag:

1
bosons
€r — 1 1 i Ak
(afar) =2 =<° 1 =>€k=10g( 2 )
fermions K
ek + 1

Which finally gives the RDM:

14+ 4\ +
pa~ €xp —Zlog ) %Gk
k

k
And the (entanglement) entropy is given by the sum of the contributions of each mode:

.

—log(1—e"€¢)+ ] bosons
S = ZS(ek) with S(e) =< s
X Tlog(l+e™) + e¢+1 fermions
(= —Alog(1) — (1 —A)log(1—-2)

Remark: For fermions, the eigenvalues 4 = 0 or 1 do not contribute to the entropy (¢ = +). For
bosons, 4 = 0 do not contribute.
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0.8

0.6

0.4 1/

0.2 H

Entanglement entropy after a local "quench”

Example of an application of Peschel’s trick to compute the entanglement in a time-dependent situation

L=200 sites (100+100) '
log(t)/3+cst.

A
A
At

Py

5 10 15 20
time t

40

Initial (product) state |y,) = |a)®|b)

A B
00000000 060000000

H, and Hg: free fermions (= };; c;rciﬂ + h.c.)
la) =g.s. of Hy
|b) = g.s. of Hg
Unitary evolutionto t > 0 :

[(t)) = exp(=itH) |1)o)
H=H,+ Hg+ Hpp,
H;,:: hopping between the A& B
pa(t) = Trg[lY(t)}y(t)|] remains “Gaussian”
Sa(t) = —Trglpa(t) logp(t)] can be
computed with Peschel’s trick, using the (time-
dependent) 2-point correlations.

Remark: we observe a logarithmic growth of S,(t) (holds aslongast < L/2)
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Free fermions on a chain — correlation matrix

Ground-state on a periodic chain

1IN t t
H=—2) cpCpy1+CppiCn = —Z cos(k) cick

2
n k

. €k = —cosk ) = l_[ ¢ T[vacuum)

—kp<k<kp

1 L-1

T _ —ikm T

k Cr = _Z e Cm
\/Zn=0

Two-point correlations — matrix 4, ,

1
Wleemlpd = > (Oleect10X0lenc10) = 7

—kp<k<kp

kr

. dk .
An,m = l!l_)r{)lo(l/ﬂCnTth/)) = j Eelk(n_m) _

Z pik(n-m)

—kp<k<kp

sin(kp(n — m))

n(n —m)

a7



Free fermions on a chain — determinant
Jin & Korepin,

Recall:

ko dk Lk(n m) _ sin(kgp(n—-m))

kr o © m(n-m)
Entanglement entropy: S = )., S(4;) = sum over the eigenvalues of A
and S(4) = —4log(4) — (1 — A) log(1 — A)

Correlation matrix: 4, ,, = l!l_)lg) (wlc,‘;cmlt,b)

Equivalent formulation in terms of a contour integral, with poles at each eigenvalue:

det[Al — A] = 1_[(/1 — )

A Im@)
log det[Al — z log(1 — A,) . .
0
dog det[l — R e
e Ak Re(M)

dA dlog det[Al — A]
S :ZS(’”‘) =19 2i5M dA
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Fisher-Hartwig conjecture

Asymptotic behavior of the det. of Toeplitz matrices with singular symbol (simplified
version...)
i i .. ] 2 do —ikO
A, = A(m — n) parametrized as Fourier coefficients: A(k) = fo gqb(e)e
¢ is the called the symbol of the Toeplitz matrix A.

Remark: in our (free fermion) case, the symbol ¢ of the correlation matrix A has two
discontinuities (details in a few slides...)

Parametrize de symbol’s discontinuities with some numbers (complex) B,.and (real) 6,

d(0) =y(0) HR exp(—iﬂr * arg(ei(”_ 9+9T))) with arg €] — m, ]
r=1

Y (8): smooth, and no winding
— pointwise singularity at each 6,.:
¢(0 =06,+€) exp(—if,*(m+¢€))
(0 =6, —€) exp(=ifr*(—1+¢))
oig =1 (d)(er + e))
Fr =08 (P(G-,-—E)

The Fisher-Hartwig’s conjecture describes the symptotic behavior of the det[A]:

- exp(=2iB;)

2T

R
6
logdet[A] = LJ %logqb(e) +|—log(L) Z(lgr)z F .
r=1

0
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Fisher-Hartwig conjecture & 1d Fermi sea (1)

Recall: 4, ,, = kafF ;’i ik(n-m) _— Sln;’zi(jln;?ﬂ) _ J'ZTT dk ¢(9) ik(n-m)

A—1if 0 € [—kg, kg]
A otherwise
— 2 discontinuities in6 = —kr and@ = +kg:

11 A—-1
ﬁl_Zlnog 1

BZ_Zmog/l 1 P

— Symbol for Al — A: ¢(08) = {

Use Fisher-Hartwig:
1
log(det[A — A]) = > (2kplog(A — 1) + 2(m — kp))L — 2(B1)? log(L) + -+
dlog(detlA— A1) 1 [ 2kp  2(m — kg) dp,
dl _2n(,1—1+ 7 )Lty les)
p; 1

da  2in(A(A - 1))
1 dlog(det[a — AD 1 2kp 2(m—kpg) 1 A—1 1
ZA A dA _\271(/1—1-}_ 2 )L_4(2in)210g< 1 );1(/1—1)

|
Remark: 2 polesin A = 0 and A = 1 with extensive residues (~L)

Physical meaning: an extensive number of single-particle “states” of the segment are either completely filled (1=
(akak) 1) or completely empty (4,= (akak) 0) and do not contribute to the entanglement.

log(L) + -+
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Fisher-Hartwig conjecture & 1d Fermi sea (2)

dlog(det[A —A]) 1 [ 2kp  2(m — k) 1 1-1\ 1
d _2ﬂ<ﬂ—1+ 2 )L_4(2in)zl°g< 7 >;1(,1—1)1°g(”+'"
dA dlog(det[A — A
S = fﬂ [—2log(4) — (1 — Dlog(1 — )] o8 e;/[1 )
4 Im(\)

The only contribution to this contour integral is the

o) 1
discontinuity of log(4 — 1) on the real axis: E\ @
_ . —_ _ _ . + — .
log(A—1+4+i07) —log(A —1+i0™) 21T > Re(M)
—2im L —2log(A) — (1 =D log(1—2)
=0xL—4 log(L
S=0x 2in)3 og( )fo dA FTEI=EY
| Y J

1 __T

S=+§log(L)+--- )

NB: the poles in 0 and 1 do not contribute since the residue vanishes — no O(L) (“volume”) term
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Entanglement in a free fermion chain & S~log(L)/3

R ! A
L=20 + :
- 12100 Total length: L
B L=1000
s log(x)/3+cst. L
| ut¥ subsystem A
B * + *
" + _9' \ /
] 1 | L1 X
1 10 100 1000
X
i '_ T R " ' | Same data (red dots), compared with
el T the log of the “chord” distance (green
[ F + | curve):
- - mwXx
E . d(x) = 2L sin (T)
I L=20 + !
log(L siln(nX/L))/SlJrcst’.
0 0.2 0.4 0.6 0.8 1
x/L
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Summary of lecture #2

Mutual information I1(A: B) = S(pa) + S(pg) — S(pap).

Encodes all the correlations (quantum or classical) between the regions A and B.

Using I(A: B) one can define an “all-correlations” length &. If it is finite, the system obeys an
area law for the entanglement entropy (argument by Wolf et al, )

Random pure states have a large entanglement entropy (volume law, and close to the
maximal possible value log(dim[#},]))
Relations between thermodynamics, the eigenstate thermalization hypothesis (ETH) and the

entanglement in highly excited pure states: S4...mo (E) = S9onNeumann (1))

Free particle systems (fermions or bosons): Reduced density matrices are Gaussian and fully
determined by the 2-point correlation functions (Wick’s theorem). The Von Neumann entropy
is a simple function of the eigenvalues of the correlation matrix.

Application to the calculation of the entropy of a segment in a free Fermion chains (Jin &
Korepin ):
Map S nneumann 10 @ contour integral of a determinant. Toepliz matrix with a discontinous
“symbol” (< discontinuity of the fermion occupation number at the Fermi points)
Fisher-Hartwig — asymptotics of the determinant has a log(L) term.

S(L) = glog(L). Universal coefficient (only depends on the number of Fermi points, not on
the details of the dispersion relation nor the density).
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Entanglement in free fermion chain: gap versus gapless

Dimerized free-fermion chain (2-site unit cell): Total length: L > x

_ T T T T
H = _tz(CZnCZnH + C2n+1C2n) - z(czn+1C2n+2 + C2n+2C2n+1) @
n n

t
=0 00 00 o0 o0

X
2n 2n+1
/ Band structure \ 2.5 . . . . .
E(k) S, is qualitatively different in the gapped
1
, | and gapless cases  ———~Zlogx
| 13
00|~ constant

E(k) = +/(t — t")2 + 4tt’ cos(k)?

gap A = 2|t — t'| when the _ _ _ l'Jniform chain, half filling p=1/2 [metallic]
hemical potential is at E = 0 Dimerized chain (t/t=1.1), half filling p=1/2 [band insulator] -
c em'ca_ potential Is a - v Dimerized chain (t'/t=1.1), density p=0.485 [metallic]
— band insulator at half-filling if 0 ' ' ' ' '
/ 0 10 20 30 40 50
t+t X
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Log(L) term in presence of a Fermi surface in d > 2

“Violation of the Entropic Area Law for Fermions”
M. M. Wolf,

“Entanglement Entropy of Fermions in Any Dimension and the
Widom Conjecture”
D. Gioev &l. Klich,

L logL
S = o) f \n, - ni|dA.dA,
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Boundary law violation in presence of a Fermi surface

Simple geometric argument: “Entanglement Entropy and the Fermi Surface”

B. Swingle,
Real space
15t Brillouin Zone T
Free-fermion tight-binding model | | Ny [/ subsystemA™.
H = z tij (CLTC]' + h. C.) = z EkC;:Ck : Fermi sea dk\ : ‘\/“\\
ij ke1St BZ .
T T Ny

Contribution of the modes dk and boundary element dl to the entanglement entropy S, ?

— Idea: model this contribution by decoupled chains i
running parallel to the 71, direction J
(insures the same propagation direction for the dl

low-energy modes):

Lattice
spacing a
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Boundary law violation in presence of a Fermi surface

5
Real space A Nk
J—— 1st Brillouin Zzone /’
/' subsystemA™. I ‘ k
I:' dl \ /,” <
/ M /" Fermi sea dk\ : Ve
ﬂ \\ ," L /,' Lattic_:e N
Ny J o L spacing a

Number of chains crossing the boundary:
dl
dN = E |71k Tix|
Entropy contribution of each chain:

- 1
dS/cllecoup. chains _ glog(L) % dN

Correct by the length of the element along the Fermi surface
(relative to that of the decoup. Chain model)

; dk 1 dl adk
. decoup. chains
ds, = dS, XZXZ_” 1210g(L)><—|nk Ny | X e
a
Integrating on the real space boundary and Fermi surface:
Turns out to be exact ! (and related to Windom’s conjecture) ~0(L log L)
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Boundary law violation in presence of a Fermi surface

“Entanglement scaling in critical two-dimensional fermionic and
bosonic systems”, T. Barthel, M.-C. Chung, & U. Schollwdck

c(p)

0.7

0.6

0.5

0.4

0.3

0.2

exact, L=70
Widom Cﬂﬂjectu re

The prefactor c(u) in the entanglement entropy scaling law
as a function of the chemical potential y for the ground-
state of the two-dimensional fermionic tight-binding model
in comparison to the result of Gioev and Klich. Insets
show the hopping parameters and the Fermi surfaces for
u=-3,-2,-1,0. [From Barthel et al. 2006]
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Critical systems in 1d & CFT

... the celebrated S~ -log(L) formula
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Entanglement & CFT

Geometric and renormalized entropy in conformal
field theory

Christoph Holzhey ?, Finn Larsen **, Frank Wilczek "**

* Department of Physics, Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544, USA
Y School of Natural Sciences, Institute for Advanced Study, Olden Lane, Princeton, NJ 08540, USA

Received 25 March 1994; accepted 2 May 1994

z:::urnal of Statistical Mechanics: Theory and Experiment
An 0P amd SISSA journal

Entanglement entropy and quantum
field theory

S~

Pasquale Calabrese'* and John Cardy'?

! Rudclf Peierls Centre for Theoretical Phvsics, 1 Kehle Road,
Oxford OX1 3NP, UK

I All Souls College, Oxford, UK

E-mail: calabres@thphys.ox.ac.uk

+Review: Calabrese & Cardy,

C
3

log(L)
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Numerics & entanglement in critical spin chains

“Entanglement in Quantum Critical Phenomena”
G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev,

Mﬂ*‘i (XX) ST Critical XX chain S~§log(L), c=1

c=1/2 (ICTF)
W*Hﬂ*‘f
o alal

Gapped (ICTF), \ Non-critical Ising chain S~cst.

<«— Critical Ising chain S~%log(L), c= %

10 20 , 30 40
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Imaginary time 8

Quantum system in d=1 & partition functions in d=2

Functional/path integral <» imaginary time evolution

»

|b)

<
<

Ground-state wave function given by
infinitely long cylinder partition functions :

lim exp(=gH) = e~PEaly)(y]
)~ Jim exp(—BH)|0)
Y\‘\

Thermal density matrix p = %exp(—BH), with Z = Tr|e FH]

plb) = % X cylinder “partition function”
with boundary conditions and |b)

Z: torus partition function

c)

p =

~(c|y)

~.__ Any state with some overlap
with the ground-state | O)
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Critical system in d=1 & CFT

Critical 1d system:
gapless in the thermodynamic limit
(some) correlation functions decay algebraically with distance

Examples
Critical Ising chain in transverse field H = — 3, 07571 —h Y, S§ withh =1
Spin-> XXZ spin chain H = %, (S¥S%,1 + SYSY, ;) + ALy SZSZ,, with A €] — 1,1]
1d Hubbard model H = —t Zn(c;f’ncm+1 + cf’ncm+1 +H.c.)

+U Z(c{ncm +clcin +He)

n
Edge of a quantum 2d Hall system

—_

_ Luttinger liquids

Continuum limit and CFT

The universal / long-distance properties of the system are obtained
. . . . . 1

by replacing the microscopic density matrix p = Eexp(—ﬁH)

by the corresponding cylinder CFT partition function

(with the appropriate boundary conditions, corresponding
to “coarse grained” versions of the states and |b)

exp(—=BH) |b) =
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Reduced density matrix & 2d partition functions

pa=Trilpl  (alpald) = ) (@blpla’h)

{a] | SN
A Q A
i o1 [ fal 3
(ablpla’p)y = - (alpala’)y =7 —== 3
E la’) S
| .
h\
la’) A ‘
L
“--—-> Tracing out the region
1 A
pa =7 | —
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Rényi entropy & partition functions

Reduced density matrix to the power n

Py = l é Z: cylinder partition function
Z

I
-
< nB
1

Trlp,"]

2B

Some remarks:

The slits of the n cylinders are “glued” cyclically to obtain the trace — Riemann

surface with n sheets.

2A
1A

Consider a path encircling one end of the segment A — moves to the next cylinder.

n turns are needed to get back to the origin.
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Entanglement & CFT 2

8
T e sin(m ({ —x)/L)
Q] ¢ € half=infinite w=- :

cylinder sm(n{_/hL) e

€ €
<% s
N /“\ 7
[/ [
A
X L—x

€, & €, : UV cut-off (~lattice spacing)

Remarks:

Im(w)

\-
e

half-plane

-
———

\ssume L > x for simplicity

Without the cut-offs, there would be infinitely many degrees of freedom close to the boundary
between A and B, and their contribution to the entanglement entropy would diverge.

The actual conformal mapping which maps the cylinder without the excluded regions to the %2
annulus (right picture) is complicated, but it's precise form is not needed in what follows.
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Entanglement & CFT (3) - mapping to a conical singularity

\_ /61

\
\
\

\
Wave function

(ahlpy~ "~

pi~
(n levels)

-
————

—
- -~

1
II ! -1
! ( \A
/ 1 \

—X
\\ /61
Density matrix,
(alpsla’) ~

\
N
N
~
~
\\
~~—_ —————

_ Zcone angle2nm
. (Zgisi)™

M c(1 X
log(TrlpD = ¢ <E - n) log—

(this can be calculated by mapping the disk
to the cone using z —» w(z) = z", and compute

Conical singularity
(5 - 0), with angle

deficit 2a m.

the associated Shwarzian derivative — see next slide)
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Entanglement & CFT (4) - Free energy of a cone

disk cone
R/r = —)

Mapping from the disk to the cone: z - w(z) = z" =n(n—

Stress energy tensor (holomorphic part) in the disk geometry: T,;(z). Stress In the cone geometry: T.(w)
They are related to each other through a standard CFT transformation law, which involves the Scharzian derivative:

I 144 2
ot 1))
(w )2 12 2\ w’

t 50 (1 — —) Integrating the stress energy tensor (times w) along the dashed line gives

T(w) =

Tq(2)
(wr)?
the variation of log Z. (n) with respect to the outer radius R (keeping the inner radius r fixed) :

dlogZ.(n) i
W = %J WdW(TC(W)> + H.c.

And from the relation above between T;(z) and T.(w) one can show that :

dloglZ.(n)/Z;] i c 1 c (1
alogR —% WdW24W2 1_ﬁ +H.C.—E ——n

Here we find T, (w) =

So we have log[Z.(n)/Z,] = % (% — n) log R. By conformal invariance, this should in fact be a function or g and
therefore: log[z.(n)/z4] = = (3 - n)logZ = £ (>~ n) logZ. This is the result announced on the previous slide.
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Entanglement spectrum in a 1d critical system

“Entanglement spectrum in one-dimensional systems”
P. Calabrese & A. Lefevre,

The previous calculation gave Tr[p,"| = Z(n)/Z(1)"

c(1
log Tr[p,"] = logR,, =logZ(n) —nlogZ(1) ~ <E — n) log

From this, what can be said about the eigenvalues of p, ?

X
€

Density of “states™ P(1) = ),; 6§(4 — 4;), with A;: eigenvalues of p,
The moments R,, = }; A} have a relatively simple dependence on n:

—b(n L

_ . C X
R, =e¢€ n) with b = glogz

After a some mathematical manipulations... one obtains the (CFT) density of
eigenvalues :

DON 0 — N
POV = 800~ N + 222N 0 BTy )
AVB In(\ /M)

c

With A = €72 = (2 Kk (largest eigenvalue)
€
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P. Calabrese & A. Lefevre,

Entanglement spectrum in a 1d critical system

—

l—

T I T
1=1000

I T
1=10

2 1-s(M)

=

le-06

o L
3]
=]

100 0 20 40 60 80 100

O
[y
o
I
o
(=)
o
o0
o

FIG. 1. (Color online) Sum of the first M eigenvalues of the XX
model up to M=100: 1-s(M) as function of M for ¢
=10,100,1000, 10 000 (black dots). The red line is the conformal
field theory prediction, Eq. (9), in which A, has been fixed to the
maximum eigenvalue obtained numerically.

s(M) = z A,

i=1.M
By construction: s(M — o) =1

If one keeps only the M first
eigenvalues, the discarded
weightis 1 — s(M).

-1

M
Iy (
S(M)EE)\E_"}\IMX(I"'J-G

M) .
r}_e_}.‘z, —I—b[l (v\) )
i=1 0

How do the properties of the of the
approximate (truncated) wave-function
vary with M ?

— “finite-entanglement scaling”

L. Tagliacozzo et al.
+ many others...
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CFT & entropy of two disjoint intervals

T T T T ]
0.8 t von Neumann o A=08 m A=2 =
] o9, 06 40
0.7 Fa  1:1:1:1 ,?A 044 6o
= (1=2824) ¢ Dé ‘3-2 T 8e
. G-ﬁ‘; A * $ 02 v N
B =Y ®C ’ 04 &
) = | 0.6 = |
2 05 Fm '\,l \ Eﬁ 0.8 o
A = S 1 x
+ 04 g \ -
...:E ] 5
1l A &
o [}3 — I‘. ~ &
< ‘i i o
. o
02 L 1:2:1:22 ey (1/3)10g2 .
(L.=30,24) - P
D. 1 | SRS #t 50t I ol ® : i
(1/3) log (4/3)
{] | | | | |
0.2 0.4 0.6 0.8 1 0.8 0.6
1/m

n

FIG. 1 (color online). The mutual information for fixed divi-
sions ry:reirgirp = Li1:1:1 and 1:2:1:2, versus n = 27R?. We
set the magnetization at M =% with k=0,1,...,%—3 for
—1<A=1and with k=1,...,%—3 for | <A, so that the
system is inside the critical phase. Black and green points
correspond to the larger (L = 28, 30) and smaller (L = 24)
systems, respectively. Horizontal red lines indicate the
Calabrese-Cardy result (4).

S. Furukawa, V. Pasquier, and J. Shiraishi.
“Mutual Information and boson radius in a c=1
critical system in one dimension”.

The mutual information of two disjoint
intervals contains more information about
the long-distance properties than just the
central charge (as for a single interval).

In this example of critical spin chains with
c=1 (Tomonaga-Luttinger liquid phase in the XXZ
spin chain) I (A: B) is a function of the so-
callled “compactification radius” (related
to the exponent of several spin-spin
correlation functions).
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Matrix-product states

to describe weakly-entangled states in 1d,
canonical (G. Vidal's) form
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Matrix-product states

The density-matrix renormalization group in the age of

matrix product states
Review on DMRG

(and MPS) Ulrich Schollwock *

Department of Physics, Arnold Sommerfeld Center for Theoretical Physics and Center for NanoScience, University of Munich,
Theresienstrasse 37, 80333 Munich, Germany
Germany Institute for Advanced Study Berlin, Wallotstrasse 19, 14159 Berlin, Germany

“A practical introduction to tensor networks: Matrix product
states and projected entangled pair states”
Roman Orus,

Original paper: “Density matrix formulation for quantum renormalization groups”’,
S. R. White, >2500 citations in WoS

73


http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2010.09.012
http://dx.doi.org/10.1016/j.aop.2014.06.013
http://dx.doi.org/10.1103/PhysRevLett.69.2863

MPS & canonical Vidal's form (1)

G. Vidal,

Start from the wave function on an open chain of length L (here a spin-1/2 example for simplicity):

|l/}> - z MO'1,...,O'L|O-1I ) O-L> Il I I I I I I L
01,..,0L,=T4 M
Split the chain in two parts [1..n] —[n+ 1 ...L], 2L coefficients

and define the associated Shmidt basis and singular values:

) = za[n]lq) [1~-n]> ® |CD [n+1---L]>

Graphically: 1 n n+1 .. L
|l/1): |CI> [1...n]) @ |q) [Tl+1...L]>

In practice this decomposition can be obtained by « reshaping » M as rectangular matrix
of size 2™ x 2L ; Mg, .0, = M(6,...00).(0ns1,..0,) @ND performing its singular value

decomposition (SVD).
We assume that |y) can be approximated using some low rank truncation

with at most » Schmidt values.
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MPS & canonical Vidal’'s form 2

Compare the Schmidt decompositions on two successives bonds:

1 n—1 En | n+1 .. L
W)= |CI> [1...n]> O |CI) [n+1...L]>
i A
1 n—1 in E n+1 .. L
ooy @] —er
2n-1 .

Write the Schmidt state |@, 1) in the orthogonal basis {|1)., |1}, } ®{/1["]|cb [n+1“'L]> }
This defines on (each site n) two matrices I''™" and T'™ of dimension y * x:

|q) [n---L]>: z rlnle |0>n/1[n]|q) [n+1---L]>

o=T1
=1..x

75



MPS & canonical Vidal’'s form 2

Graphically :
P y o)
| n+1 ... L
|CD [TlL]) — l—.[n]a @ |CI) [Tl+1"-L]>
=Schmidt vector #/ for the [1...n — 1][n ... L] partition =Schmidt vector # for the

[1..n][n+ 1..L] partition

Repeat the procedure along the chain to construct all the matrices I''™" and r'™ from

the Schmidt basis. I0,) ES) ES) loy,)

plev Flvi plE] 2L-1] ]

Finally:  |y) = Z rlil ‘ rlz] ‘ El ‘ ‘ rlL]

01,02,..,01.=T,0

_ F[l]alﬂ[llr[?]azl[zlFF3]02,1[3] PR gy o)

01,02,..,01.=T,0

Encodes all the left-right Schmidt decomposition

Storage: ~ L * (y + 2x?) « 2L if y can be kept 0(1) [gapped system] oOf, at worse, O (L%)
[critical]
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MPS & canonical Vidal’'s form (3)

01 02 03 0L
I plEy Pl 2131 AlL-1] |
ro @ r2 {@{r® '@ - “@ri =Canonical MPS form

Allows to reconstruct the Schmidt decomposition for any left/right partition

|® [ 11y _ rlnl ‘ ’ rlLl

Orthogonality of the Schmidt vectors

(@ ) ey = [ l __________ l .

On,On+1,-0L=T4

nb: automatically insures (Y |y) = 1
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Local observables. Example of a 2-spin operator

MPS & canonical Vidal's form (4)

Only local operations required

(L]




MPS Alogorithms

Many algorithms exist to compute et manipulate MPS on long chains :
Variationnal algorithms: successively optimize the tensors to lower the energy and obtain the
ground-state of a given Hamiltonian (DMRG)
Alternative approach: perform an imaginary-time evolution to get the ground-state (TEBD)
Perform the (unitary) time evolution starting from an arbitrary state (t-DMRG & TEBD)
Infinite-chain methods (iTEBD)
Extension to finite-temperature (i.e. MPS to describe mixed states)

Example: two-site unitary operation
Consider unitary “gate” U,, ,+; actingonsitesnandn+ 1 :

| |Un> |O-n+1) '
[1"-71—1] i e i [n+2---L]
@ b Unntl » | @ )
) i R ; )
( P | \
Un,n+1|l/)>: rin-1l rinl @ rin+1] rln+2]

The schmidt values 2*™*! and Schmidt basis |® "~} are not modified by Uy, ;41
Same for 2"*! and the basis |@, "% )

Only [ rin+1l 30 heed to be updated — fast local updates O (x3)
Using small time steps, the observation above can be used to compute the real time evolution (here
for nearest-neighbor spin-spin interactions):
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Summary of lecture #3

Dimerized (free fermion) chain: “metal versus band insulator”

L
oo -0 60 00 00

Fermi surface contribution to the entanglementind > 1

[Gioev & Klich , ] LT logL

T 12

S f ln, - ni|dA,dA,

Entanglement in critical 1d systems & conformal field theory
[Holzhey-Larsen Wilckek 1994]

s C
3
Entanglement spectrum from CFT — decay of the Schmidt values [Calabrese Lefevre 2008]
Two intervals: more information than the central charge [Furukawa-Pasquier-Shiraishi 2009]
Matrix product states: a powerful way to encode (weakly entangled) states
01 02 03 oL

I plEy Pl 2131 2lL-1] |

rl] ’ riz] ‘ NEl ' . rlLl

log L

80


http://dx.doi.org/10.1103/PhysRevLett.96.100503

Tensor-product states in d>1

How to generalize MPS to d>1 ?

“Snake” MPS
Quite powerful in practice (produced new results on several frustrated spin systems)
But... problem with the area law — requires and exponential growth the the matrix
dimension with the transverse dimension

Reference: “Studying Two-Dimensional Systems with the Density Matrix Renormalization Group”
E. M. Stoudenmire and S. R. White )

Use tensor networks (=more than two virtual indices)
Finite-rank tensor can reproduce area laws
High computation cost in practice (to perform contractions, tensor optimizations, ...), but very

prosmissing.
person “A practical introduction to tensor networks: Matrix product
B % states and projected entangled pair states”
g — Roman Orus,

b PEPS

quantum state

a
MPS
tensor B e < =
%b b B I\p) | l |
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Multi-scale Entanglement Renormalization Ansatz

“Entanglement Renormalization”, G. Vidal

“Class of Quantum Many-Body States That Can Be Efficiently Simulated”,
G. Vidal

0 0) %0)
9) ;0) A

Y

ﬂ O(log N)

Can reproduce the S~§logl behavior with constant tensor dimensions

— adapted for 1d critical systems (and generalizations exists in d > 1)
The different “layers” of the network correspond to different length scales (RG idea)
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Corrections to the area law In 2d

systems

2 examples showing (universal) subleading
corrections: a magnet with gapless Goldstone
modes (spin waves) and a guantum dimer
model in a “topological” (Z,) phase
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Area law In 2d — spin %2 Heisenberg model

“Anomalies in the entanglement properties of the square-lattice Heisenberg model”
A. B. Kallin, M. B. Hastings, R. G. Melko & R. R. P. Singh,
+see also: D. J. Luitz, X. Plat, F. Alet, & N. Laflorencie,
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FIG. 3. (Color online) (Left) The Renyi entropy for a 20 x 20
PBC system versus the width (x) of region A for both the square
and strip geometries. The boundary length does not change with
the region width for strip geometry (since its height y traverses the
periodic lattice), thus the entropy approaches a constant value. For
square geometry the boundary length is 4x. In both geometries the
entropy scales with the length of the boundary, with that scaling
becoming better as the width of region A approaches half the system
size. At right, the “strip” (top) and “square” (bottom) geometries on
a6 x 6 lattice.
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FIG. 5. (Color online) S»/¢ vs. €, where £ is the boundary length
of region A, for regions with square and strip geometry embedded
in L. x L systems with periodic boundary conditions. The data sets
outlined in black correspond to region A with width x = L/2 for
both geometries. The other data sets use smaller region A of the
same geometries. Fits to Eq. (9) are included for all data, and the
coefficients found are listed in Table I.

of Nambu-Goldstone modes (consistent with the numerics above).

Magnetic long-range
order < spontaneous
SU(2) symmetry
braking

— gapless spin waves
(Goldstone modes)

— additive log(L)
correction to the
entanglement entropy.

N
; ;

1
1
1

area law coeff.

] —the coefficient of the log(l) termis ¢ = Ne (in d = 2) where N, is the number
2

84


http://dx.doi.org/10.1103/PhysRevB.84.165134
http://dx.doi.org/10.1103/PhysRevB.91.155145
http://dx.doi.org/10.1103/PhysRevB.91.155145
http://dx.doi.org/10.1103/PhysRevB.91.155145
http://arxiv.org/abs/1112.5166

Entanglement S

Area law in 2d — guantum dimer model

. _ : S. Furukawa & GM,
Quantum dimer model wave-function 3-M. Stéphan, GM & V. Pasquier

V4
/Z\A / |Y) = z |c)| = Equal amplitude superposition
Local hard-core constraint
all the hard—core
\,/W ce[ dimer coverings }
of the triangular lattice
- — = e e e e e = === == -
a Y e ¥ Y s VAV A—d k A—l/_lnflnlte
[ )R TKAF AR ! cylinder
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Bulk-edge correspondance in 2d
Relation between the entanglement Hamiltonian’
and physical edge modes. Topological
entanglement entropy
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Topological phases of matter

Ground state properties
No spontaneously broken symmetry, no local order parameter (“quantum liquids”)
The ground-state degeneracy depends on the topology
Degenerate ground-state are locally undistinguishable

E E
Example ofa Z %
i I =

Elementary excitations
Excitations are gapped (at least in the bulk)
Quantum number fractionalization (elementary excitations must be created in pairs, and can then be separated far away)
Examples: fractional electric charges (FQHE), or spin-1/2 excitations in magnetic insulators

Exotic statistics in 2d (can be different from fermions & bosons, and can even be non-Abelian)
Examples
Theoretical realizations: many models with fermions, bosons, spins, strings, dimers ...
Experimental realizations:
fractional quantum Hall effect
some exotic superconductors ?
some magnetic insulators (spin liquids) ?
Closely related phases :
Integer quantum Hall effect
Topological insulators
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Fractional guantum Hall effect

«Two-Dimensional Magnetotransport in the Extreme Quantum Limit »
D. C. Tsui, H. L. Stérmer, and A. C. Gossard,

[Web od Science: ~2100 citations] —— T T T T T T
2.5F
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“Anomalous Quantum Hall Effect: An L»MU U‘”?,s LJ w o
20 '

Incompressible Quantum Fluid with
MAGNETIC FIELD [T]

Fractionally Charged Excitations”, . . . ) .
) R. Willett, J. P. Eisenstein, H. L. Stormer, D. C. Tsui, A. C. Gossard,
R. B. Laughlin &J. H. English,

[Web od Science: ~3000 citations]

1 2 1 _
YLaughtin({z:}) = H(zj — zj)m exp _Zz|zj| v = — m:odd integer
J

m
<k

I__
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Gapless edge modes

All the excitation in the
bulk are gapped

Gapless excitations exists
along the edge.

ity S This gaplessness is “protected” by
some topological properties of the

wave function in the bulk (and/or
some symmetries)

Examples: Quantum hall phases, Chiral spins liquids, Topological insulators, ...
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Bulk-edge correspondence in 2d (0)
H. Li and F. D. M. Haldane,

week ending
PRL 101, 010504 (2008) PHYSICAL REVIEW LETTERS 2 JULY 2008

Entanglement Spectrum as a Generalization of Entanglement Entropy: Identification
of Topological Order in Non-Abelian Fractional Quantum Hall Effect States

Hui Li and F. D. M. Haldane

Physics Department, Princeton University, Princeton, New Jersey 08544, USA
(Received 2 May 2008; published 3 July 2008)

Xiao-Liang Qi, Hosho Katsura, and Andreas W. W. Ludwig,

WCCKR CLUWILLY

PRL 108, 196402 (2012) PHYSICAL REVIEW LETTERS 11 MAY 2012

General Relationship between the Entanglement Spectrum and the Edge State Spectrum
of Topological Quantum States

: : 1.2 34 ’ TiaS
Xiao-Liang Q1,"" Hosho Katsura,™” and Andreas W. W. Ludwig

——
=3 —_—
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Bulk-edge correspondence in 2d (1)

Qi-Katsura-Ludwig argument in presence of gapless edge excitations

Assumption 1: the system is gapped in the bulk, but with gapless edge
states

Examples: integer Hall effect, fractional Hall effect, topological insulators, chiral spin

liquids, ...

Treat the coupling A between A and B perturbatively. Assumption 2: there is
some adiabatic continuity from 2 = 1(homogenous system) and 0 < 1 < 1
(two weakly coupled cylinders), and the result for the spectrum of the
reduced density matrix will not qualitatively change.

Due to the presence of a gap in the bulk, the (perturbative) ground state |G)
can be described in the space of the low energy edge modes of A& B

(this should at least be true if A is sent to «)

Ep
o L Two (weakly) coupled
Bulk excitations T Bulk excitations edges
In region In region B
e |
Gapless edge states + Gapless edge states
“Left” modes " “Right” modes |, R) :
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Bulk-edge correspondence in 2d (2

Qi-Katsura-Ludwig argument: mapping to a quantum quench problem

a (topo. Sector)

t = t>0
[¥(0)) = |G) [W(@®) = e "|G)
Ground-state of
H; + AH;,; + Hp
pL = TrrllGNXGI]
(L and R are entangled)

pL(t) = e Hitp, (0)ettHLt
Entanglement entropy & spectrum
of p, (t): independent of t.

60~ > > Ikij,a) e, 0y
ko J

et |Gy N ez N a) |~k ja),
J

momentum k>0

pLa~ ) €™ Y |k, j,a) (k. ), al, ~exp(—4H))
J

k>0

Calabrese-Cardy ( ) result about the
a global quench in a critical 1d system:

- to obtain the long time & long-distance
correlations, the initial state can be
replaced by e “THL+HR)|G*)

- 7 is a finite non-universal constant
(“extrapolation length”).

- |G™): scale/conformally-invariant
boundary state (fixed point of an RG flow
starting from |G)).

- Rational CFT: |G*) is a linear
combination of all excited states,
maximally entangled combination
between the L and R edges.

Entanglement Hamiltonian
(universal part of).
Hy,
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30+
25—_
20 -
15—_

10 -

(real space) Entanglement spectrum & quantum Hall effect

_ 50 '—__ T e
S g
30 | ‘5==; = 1 (Integer Q. Hall effect) 40 | I.!=Iiii;5—=:-—_"—
25 f = T %0 | i
Moo b 1 ~=E=_ M
un _.5%;: 20 ¢ . 1
15 ~SEs_ Laughlinv ==
10 | O b Smg__ 10 ¢ - :
14 15 16 =2 (8 particles)
E_, 5 z - {a)
A - 0 i i
0 1 1 L 1 1 L 1 - -
.§!|||||““ T N
=g I A
114 _EE_ E -3 :!§-=.E ,:‘:::— -
— == - =Syl b
0= -=_I|‘ I= la Low “energy” part of the_ 60 | ¢§ I' Il' ;'I,.‘
:; =_- == I (EEE entanglement spectrum is 50 | __5 T
RE = = —;gi!l!g gapless (in the .| -q“ ‘ lill
6] T==--_ 'Es!! thermodynamic limit) has the |
5] T==- ) same structure (linear 30+ Coulombv =
4 - dispersion & degeneracies) \2.9\
:' as that of a massless
44 46 48 50 chiral free boson, which

15 20 25 30 35 40 45 50 55

(12 particles, v = § Laughlin’s state)
J. Dubail, N. Read, and E. H. Rezayi,

also describe the physical
edge modes

A. Sterdyniak, A. Chandran, N. Regnault,
B. A. Bernevig, and P. Bonderson,
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Bulk-edge correspondence IN 2d - Free fermion edge (1)

Toy model: free chiral fermions at the edge [QI, Katsura & Ludwig et al.

&

=vk
Hyo=v ) kefe, e D
k

Particle-hole excitations
.. Oe€
propagate at velocity o= fv

H, = —Ude,idk I ©
k

Hipe = A Zk(c;crdk + d;\[,Ck) = tunneling from one edge to another, with momentum conservation

c
H = H; + Hg + Hipy = Z[C;{L dl] [vAk —%kl [dllj
K

Diagonalization using new fermionic creation/annihilation operators:
H=Y, Ek(a,tak — b,ibk) , Ex =/ (vk)? + AZ (- gapped spectrum)

Ay | g ,Bk Ck . _ |Egxtvk _ |Ex—vk
bk] B [—,Bk ak] [dk‘ with a; = \} 2Eg and B = \I 2Eg

= —vk
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Bulk-edge correspondence in 2d - Free fermion edge (2)

Toy model: free chiral fermions at the edge [Qi, Katsura & Ludwig et al. ]

Akl [ ar  Br][Ck]. . __ |Extvk _ |Ex—vk
bk] B [_,Bk ak] [dk] with @ = \/ 2Ek and fy. = \/ 2E}

Since the Hamiltonian is quadratic in the Fermion operators, it is “Gaussian” and can be
written as some exponential of a quadratic form acting on some vacuum. In the present
case we want to write the ground-state |G) of the two coupled edges in the form:

|G) = exp(—B) |G)®|GR)
where |GL/R) Is the ground-state of H; z. B should contain terms that “dress” the two edges
by particle hole-excitations, keeping the total momentum as well as the total number of

Fermions. B should therefore have the following form:
(using the k < —k & L. <= R symmetry)

B = z /lk(c,irdk + dikc_k) €
k>0 A
How to determine A, ? Insure that |G) is annihilated by a; (and b,‘:).
Commute a,; and e B:
|B, ai] = [B, axcy + Brdi | = {Afzg:g: g: Z g
|B,[B, a,]] = 0 »>Baker—Campbell-Hausdorff formula gives: k
ay exp(—B) = exp(—B) (ax + [B, ai])
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Bulk-edge correspondence IN 2d - Free fermion edge (3)

Toy model: free chiral fermions at the edge [Qi, Katsura & Ludwig et al. ]

- _ (~Mapdy ifk >0 |Gr)
|B, ax] = |B, axcr + Brdy | = {A_kﬁkck ifk <0 k
So: a exp(—B) = exp(—B) vk ek
Ak Cr + ﬁkdk — Akakdk ifk >0 |GL)

With Vi = Qg + [B’ ak] - {aka + :Bkdk + A_kﬁkck ifk <O

We determine A, by requiring that y; annihilates |G;)®|Gy) :
_ {akck + BretielBre— ) ifk >0
T ™ lepbertAzeBrer) + frde ifk <0

(note that the 2 conditions above are equivalent since a;, = [_)

) B |Ex—vk J(E)?—(wk)? A
k_ak_ Ek+vk_ Ek+vk _Ek+vk

Final expression for the ground-state:

A
|G> = exp <— z Ek T vk (C]-cl-dk + dikc_k)> |GL>®|GR>

k>0
Reduced density matrix for the L-edge ?
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Bulk-edge correspondence in 2d (5)

Toy model: free chiral fermions at the edge [Qi, Katsura & Ludwig et al. ] e
|D—kr | 10)r

A + + k|Gr)

69 = exp( = ) e (el + e, | 16)®16k)
k>0
ek
Remark: modes with different k are independent, and all the terms 10)_ 1)
in the exponential above commute with each other. Sk |GL)
1G) = 1_[(1 — A di )| D | OV v 1_[(1 — Aed e )]0 | Dk g

k>0 k>0
16) =] [(0el00er = el D) | {10k D-r = Al D 0e)
k>0 k>0

Normalize -> Schmidt decomposition :

1 N 1
G)= 1 0 — 0 1 0)_r;|1)_
6= [ (s Deal0n - s 0l [ 0-ca10-2

k>0 k>0

— i +IZ/1 X |1>k,L|O>k,R>
K
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Bulk-edge correspondence in 2d (6)

_ Toy model: free chiral fermions at the edge [Qi, Katsura & Ludwig et al. ]
Schmidt decomposition :

B 1 A 1
|G) = 1_[ (\/1 T 11).0|0)ic & NEEemE |0>k,L|1>k,R> 1_[ (\/1 T L) 10) k1| 1)k r

k>0 k>0
Ak
—\/1 Y |1>k,L|0>k,R>
k

Reduced density matrix for the L-edge:

1 1
PL = l_[ 1+ (Ak)z (|0><0|k,R + (Ak)2|1><1|k,R) | 11+ (/1,{)2 (|1><1|—R,R + (Ak)2|0><0|—k,R)

k>0 k>0
1

1
= 2) o1 2 t
PL = l:l 1+ ()2 exp(log((/lk) )Cka) I ] 1+ ()2 exp(log((/lk) )c_kc_k)

Expand for |k| - 0: 1, = — S~ 1-2 o log(M)?) ~ 2%

E+vk~ Yk
k 1+A

vk vk
pL~ 1_[ exp <_2X (C;Ck + C_kcfk)> = 1_[ exp <_2X (cgck — Cikc_k + 1))

k>0 k>0

vk 2
=1_[exp —chkck+cst. ~ exp _ZHL

k
— The L-edge is seen at some effective temperature %.
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Bulk-edge correspondence & spin ladders

rung singlet (1)

Spin ladder model

Iy

A

“Entanglement Spectra of Quantum Heisenberg Ladders”,

D. Poilblanc,

Numerical observation: the ES of A (upper chain) is very similar
to the (energy) spectrum of the Heisenberg spin-% chain.

NB: Des Cloizeaux Pearson [

€x = % |sin k|.

] dispersion relation for a single chain:

i f-"ch- -

«

bl
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Bulk-edge correspondence & spin ladders

“ On the relation between entanglement and subsystem Hamiltonians”,
|. Peschel and M.-C. Chung,

Idea: compute the entanglement spectrum (of the region A) perturbatively in A.

i=1...L
- - -
HA - Sla Sl+1a HB - Sib Sl+1b
i i
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Topological entanglement entropy in 2d (1)

“Topological Entanglement Entropy”
Alexei Kitaev and John PreskKill

“Detecting Topological Order in a Ground State Wave Function”
Michael Levin and Xiao-Gang Wen

“Quasiparticle statistics and braiding from ground-state entanglement”
Y. Zhang, T. Grover, A. Turner, M. Oshikawa, and A. Vishwanath
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Topological entanglement entropy in 2d (2)

Assume that the (low- “energy” part of the) entanglement spectrum is described by
the 1d gapless Hamiltonian describing gapless edge modes [Qi-Katsura-Ludwig
argument]: p,~exp(—H) and H = H,44, = Hcpr is gapless and describe a 1d
guantum system of length L.

As usual, to compute the entanglement entropy we write Tr[p}] = % with

Z.,(L,n) = Tr[e ™ W], Z_(L,n) is a CFT partition function on a torus of size n x L.

Here n plays the role of an imaginary time (with respectto H,(L)). Fractional excitation of type “-"

We are interested in L — oo and n fixed, so it is convenient to invert the space and

(imaginary) time directions using a (CFT) modular transformation:
Z,(L,n) =Y,8Z,(n, L) with §: modular matrix of the CFT ,

Since the “time” dimension L now goes to co, we can approximate the partition
function Z, (n, L) by the contribution of the ground state of H, (n):

Z,(n, L) = exp(—LE,(n)). \
The lowest energy is expected in the “trivial” sector b=1. Standard finite-size

correction to the energy in CFT gives: E;(n) = ey X n + g + o (%) where ¢, is the
(non-universal) ground-state energy.

We get: Z.(L,n) = S' exp (—L X egXn— LI+ Lo (%)) and
log Tr[p}] = (1 —n)logS! + O(L). We thus have a constant term log S in the Rényi

entropies (+plus the area law O(L)). If ©=1 (ground state sector), we find S’ = 1/D
where D is the so-called total quantum dimension of the CFT. It is related to the

fractional excitation content of the phase.
Finally, the universal piece in the entanglement entropy reads |S, = O(L) —logD
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Area law In 2d — fractional quantum Hall states

“Entanglement scaling of fractional quantum Hall states through
geometric deformations”
A. M. Lauchli, E. Bergholtz, M. Haque,

Area law

0 AL L A DL A R RN R A B
~ Subleading constant
S -0.5F J .
o -
S b ) N s 1
~ I ]
—~ -1.5F .
=
C/;: i -
'2_ (a) V:1/3’Laugh“n_ ||||||||||||||| D
R 0 3 6 9 12 15

-~ z
A
D = y/m is the total quantum dimension for a Laughlin state at filling fraction v = % (m odd integer). In the
torus geometry, the topological entanglement entropy is twice that of a disk,
hence—2log(D)= —2log+/3 = —log 3 in the example above.
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Thanks to Vincent Pasquier for numerous discussions on these topics
All the slides are online:

Home page:
or

Cours / Programme des cours de I'année académique / « Quantum entanglement... »

Comments & gquestions are very welcome

Thank you !
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