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Abstract—Many signal processing problems involve a General-
ized Linear Model (GLM), which is a linear model in which
the unknowns may be non-identically independently distributed
(n.i.i.d.). Vector Approximate Message Passing (VAMP) is a
computationally efficient belief propagation technique used for
Bayesian inference. However, the posterior variances obtained
from (limited complexity) VAMP are only exact when an inde-
pendent and identically distributed (i.i.d.) prior is assumed, due
to the averaging operations involved. In many problems, it is
desirable to not only get estimates of the unknowns but also
correct posterior distributions. Whereas VAMP and esp. AMP is
applicable to problems of high dimensions, in many applications
the dimensions are not very high, allowing for more complex
operations. Also, in finite dimensions, the asymptotic regime
leading to correct variances under certain measurement matrix
model assumptions does not hold. To address these challenges,
we propose a revisited version of VAMP, called reVAMP, which
provides both a multivariate Gaussian posterior approximation
(including inter-parameter correlations) and accurate posterior
marginals which only require the extrinsic distributions to
become Gaussian.

I. INTRODUCTION

The recovery of signal vectors is a fundamental problem in
signal processing and finds applications in various domains,
including image and speech processing, communications, ma-
chine learning, and localization. In many problems, such
as compressed sensing, we are interested in recovering a
random signal vector from noisy measurements through a
linear measurement model, as mentioned in the abstract. In
other problems, such as Direction of Arrival estimation, the
measurement matrix may be a parametric dictionary. In those
problems, the distribution of the random signals may involve
the deterministic parameters of interest. Maximum Likelihood
parameter estimation in such mixed deterministic-random
problems can be carried out using Expectation Maximization
but still requires the posterior distribution of the signal vector.
In the field of localization [1], we are sometimes more
interested in estimating the parameter of the random vector
@, namely, calculating the posterior £{@|y} while the obser-
vations p(y|x) and priors p(x|@) are given. By using iterative
methods such as Expectation Maximization, the estimation
problem is transformed into the recovery of a signal vector.
Even in lower dimensions, the application of Bayesian estima-
tion (e.g., Minimum Mean Squared Error (MMSE)) becomes
challenging in a non-Gaussian scenario due to the intractability
of the involved integrals.

To address this challenge, approximate inference methods
have been developed, among which Approximate Message
Passing (AMP) is a popular and efficient approach [2]. AMP
has demonstrated effectiveness in recovering high-dimensional
signals, and its dynamics can be fully characterized by a
state evolution [3]. However, the convergence of AMP can be

problematic when dealing with ill-conditioned measurement
matrices A.

The Vector Approximate Message Passing (VAMP) algorithm
has been proposed to handle ill-conditioned A matrices [4]. It
achieves this by splitting one variable node « into two variable
nodes, x; and o, both representing . Subsequently, an
iterative Expectation-Propagation (EP)-like message passing
algorithm is applied to the factor graph using vector-valued
messages. VAMP has demonstrated favorable performance
under right rotationally invariant A, and its state evolution
has been rigorously established [4].

A. Prior Work

In [4], the VAMP algorithm was introduced. VAMP approx-
imates the posterior marginals as having identical variances
to reduce computational complexity. The paper also proves
that for log-concave priors, the variances of the extrinsic
distributions are always positive.

In [5], an alternative method for implementing VAMP is
presented, which avoids the need to approximate the ex-
trinsic distribution covariances as multiples of the identity
matrix. This approach considers prior distributions with non-
log-concave probability density functions and introduces a
correction term to ensure the non-negativity of the extrinsic
variances.

In [6], Component-Wise Conditionally Unbiased (CWCU)
MMSE estimation with zero prior mean is proposed. They
establish a close relationship between Linear MMSE, Best
Linear Unbiased Estimation (BLUE), and CWCU MMSE
estimators.

B. Main Contribution

In VAMP and its variants, it is often assumed that the
system dimension is high, which motivates the efforts to
avoid expensive matrix inversions and the need for additional
approximations to reduce complexity.

However, in many estimation problems, non-Gaussian distribu-
tions may require approximate Bayesian techniques even when
the dimension is not very high. There is a specific interest in
estimating posterior distributions, particularly variances. The
original VAMP algorithm only provides averaged variances,
which motivates the development of the revisited Approxi-
mate Message Passing (reVAMP) algorithm presented in this
paper. This algorithm leverages the properties of multivariate
Gaussian marginalization and adopts a similar Expectation-
Propagation (EP)-like derivation approach as described in [4].



In reVAMP, each marginal extrinsic distribution is approxi-
mated as a Gaussian distribution using EP. This approximation
is then used to calculate the marginal posterior of the signal
vector entries through the sum-product rule. Additionally, a
joint Gaussian approximation for the joint posterior is ob-
tained as a byproduct. Furthermore, this paper explores the
relationship between the CWCU estimator and the derivation
of extrinsic in reVAMP, and extends the CWCU estimator by

considering non-zero prior mean
C. Notations

The operations .y and «./y represent the element-wise
multiplication and division of two vectors, respectively. We use
D(1) to represent a diagonal matrix constructed from vector
7. We use the N (z; pt, 3) to denote the Gaussian distribution
function evaluated at & with mean g and covariance matrix

3.
II. EP-LIKE DERIVATION

In the linear mixing data model:

Yy = Az + v, pm(m)v Do (’U), (D

where y is the observed data vector, A € RMXN is the
measurement matrix, « is the signal vector, and v represents
the measurement noise. The niid prior distribution of z is
denoted as pg(x) = Hﬁvzlpxi (), and the noise is assumed
to follow a zero-mean Gaussian distribution with covariance
matrix Ca, € RMXM " given by p,(v) = N(v;0, Cyy).

In order to factorize the joint distribution, we express it as:

N
p(zc,y) =p(y|il:)Hpm(xz) 2

This factorization can be viewed as a factor graph in Fig. 1
with x;,7 € {1... N} denoting variable nodes and the factors
p(ylx) and py, (x;),i € {1... N} standing for factor nodes.

arg f‘in KLD(bsp,il[bapp,i)
appii
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Fig. 1. Factor graph of reVAMP

By applying the sum-product rule [7], the messages passed
from factor nodes a to variable node i is py, g, (2;)
[ p(z) Hj;éi My — fo (27)d;.

At variable node i, the received message by, (x;)
1. #¢.—=, is approximated to Gaussian belief bqpp i(z;) =
N(z;;@;,72,) by minimizing the Kullback-Leibler di-
vergence (KLD). We formulate the approximation by
argming,,, , KLD(bsp,i(2:)|bapp,i (7))

Analog to the sum-product rule, the message sent from the
variable node 7 to the factor node a can be represented by the
distribution fig, 5, (€i) = bapp,i(Ts)/ -z (Ts)-

In the following, we will provide a detailed derivation for the
case where the measurement noise is assumed to be Gaussian.

A. Extrinsic to variable nodes

Suppose that at each iteration, the message passed from
variable nodes to the factor node p(y|x) is ¢;(x;) for all
i =1,...,N. If for all ¢ € 1,...,N, ¢;(x;) is initialized
as a Gaussian distribution, the EP-like procedure guarantees
that they will remain Gaussian. Without loss of generality,
we define that ¢;(x;) = N(x;;pi,7p,), Where p;, 7,, are
the extrinsic (assumed prior) mean and variance of the i-th
element.

The joint distribution [],_,  ¢(z;) equals to N (z;p, 1)),
where p = [pl...pN]T and 7, = [Tpl ...TPN]T
The posterior p(x|y) is approximated as ¢(x)
p(ylx)[1,_; y@(z:;). The extrinsic for any variable
node ¢ is the marginalization of (3) over z;

)N (z;p,7p N(z;m,C,,
a(@)/qi(w;) o PHEERTL o Mool - (3)
where S -1
C,, = [ATC, A + D, 1] )

m=0C,, [ATC,’,&y + D;lp] ,
and D), is the short hand notation for D(7,). Furthermore, we
define

T .
T = [Ty - Ty ] = diag(Cyp). )
Utilizing the property of multivariate Gaussian distribution,
the marginal of (3) can be expressed as follows:

fw; a(@)da; _ N(zi;m4,[Cmlii)

4i(@)) ai(@:) ©
L Tp,Mi—Tm;Pi  Tm,; Tp; — :
O(N(xia 77',—7' »1 7T‘i7—7‘> ._N(Ii’ri,Tm)7
i my Pi mg

where x; represents a vector that is the same as « except that
it excludes the i-th entry. The extrinsic from p(y|x) to variable
node 7 is represented by the normal distribution N (z;; 74, 7, )-
B. Approximation

To approximate the belief at variable node ¢ as a Gaussian
distribution, we minimize the KLD

arg min, KLD [—p(wz)bj\([r(f;:)ﬂ) | |bapp,i(xi):|

& argming, ,, KLD {w [N (zi; T, TT7)] ,

Zi(TisTr;)
(7N
where Z;(r;, 7,) is the normalization factor given by
Zitrss) = [ ple)N @i ), ®)
We define
T i(I)N(w;T17Tri dx
gi(ri’TT‘i) = [z Zi(riTr;) : 9
, 8gi(ri,rry) ©)
gi(riv’rri) = orn

Set the partial derivative of the KLD in (7) with respect to Z;
and 7, to zero, we obtain

~ ()N (;ri,7r, )da
7 =1 (?mff;f U — g(ri,70,)
J @702 ps (BIN (@3ri,7r, ) ) (10)
Tz; = Zi(ri,mm)) =70,9'(Ti, Tr,)-
It is worth noting that (10) is equivalent to
o= M)
5 02 Zi(ri,mry) (11)

Ty =+ Tn-

i Ti or?



C. Pass the approximation to the factor node p(y|x)

The message distribution (approximated prior) passed from
variable node i to factor node p(y|x) is proportional to the
quotient of two Gaussian probability density functions. There-
fore, this message distribution is also Gaussian if 7,, > 7,.
Specifically, it is defined as

N (z;piy 7p,) o€ 212 12
(T3P, ;) N (12)
From (12), p; and 7, are obtained by
— (1 1 \—1 _ TriT=;
Tpi = (7—1‘1 B ;) T Te Ty
_ / 7 ) i\ _ Tr;Ti—Ta,Ti (13)
Pi = Tp; Tay Ty ) Ta; Tr;

It is important to note that if the sequential updating method is
used, the complexity of the matrix inverse operation in line 5
can be reduced by employing the matrix inverse lemma. Let’s

denote the resulting value of 7, as 7,/ during the update of
the i-th element. We define A, = Tnlew — T— Moreover, we

define h¢(+) as the update of C,, with the new value of e
as follows:

Crev := ha(Chms €5, Ap) = [Cl + Apejel |

_ 14
=C,, — Cpe; (1/A, + el Cre;) ! el'C,, (14

Here, e; is a unit vector with only the ¢-th entry set to 1. To
handle the cycles, we define ey = ey.

The computation for updating m can also be simplified with
the same technique. Define €2, T:Zw 7_’;_ . m()

as its update equation:

new

m":=hn,(m,C,,,e;,4,,0,)
—C”ew(ATC 1y+Dpp+Q e;)

Qp—Ap e m C. e
1+Apelrcmei m=

15)
=m +

To summarize, we repeatedly compute the messages from
the factor nodes to the variable nodes and then compute the
message from the variable nodes back to the factor nodes until
convergence. The final approximation for p(x|y) is given by
N(z;m,C,,). We have presented these steps in Algorithm 1.
Additionally, note that these update steps can be performed in
parallel which will generate an algorithm similar to VAMP but
with individual variance updates. By exploiting matrix inverse
lemma, the sequential update has the same complexity as the
parallel update.

III. RELATION OF EP PDF DIVISION AND
COMPONENT-WISE CONDITIONALLY UNBIASED (CWCU)
MMSE ESTIMATION FOR EXTRINSICS

In the context of estimating the i-th entry of the signal vector
x, we can follow the approach of the CWCU estimator. This
approach assumes that the i-th entry of = is deterministic
while the other entries are random. With the approximated
prior g;(x;) = N (xi;p;, 7p,). the Linear MMSE (LMMSE)
for estimating signal x is

m=p+ (D' + ATC, A)"'ATC  (y — Ap);

C, = (D' + ATC,lA) ", (16)

Algorithm 1 reVAMP (Gaussian measurement noise sequen-
tial update)

Require: y, A, pz(x), py(v), define eg := ey

-1

1 Initialize: 7, p, A, =0, C,, = (ATC A + D;l)
2: repeat[For iteration step ]
3 repeat [For each ¢ = 1... N]
4 [Update the posterlor appr0x1mat10n]
5: Chi= ho(ChLi! e;_ 17A”_)
6 tz_h( tletzlezlAtzlgtzl)
7 [Update the extrinsic]
t
8 'rn - dlaggcnf) o1
t Tpy Mi— n11p1
’ i = ’ 7_;;1_7_;5”1‘
t t—1
. t _ TmiTp
10: Tr, = 7111_17:’71
11: [Approx1mate the marginal posterior]
12: If*gz( Tis ﬁ)
13: Tt =71t gi(ri, 7))
14: [Propa%ate the appr0x1mat10n back]
¢ T,,‘JC,L 7',_7“1
15: pi =~
. t T:‘LZT;L Z
16: Tpi = Tﬁf‘féi
17: AL =L —
Tpt_ Tpt._l
ot ptit
18: S
TPI 7' f 1
19: until All i-s have been updated
. 1,0 1,0 AHL0 ()tL,0 t,N At,N Ot,N
20: [CyiH0, pHth 0 AL QPO = [CLN pt ALY QRN

21: until Convergence

where p = £{x} denotes the prior mean and D, = E{(z —

p)(z—p)'} = D([7p, TpN]T) is the prior covariance
matrix. Based on (16), we define
F=C,'=(D,'+ATC_A); (17
7,0 = diag (C)

When considering only the ¢-th entry of the signal vector x to
be deterministic (assume the prior variance to be +00), and
treating the other entries as random variables, we can estimate
the ¢-th entry of o and the associated error using the following
equations:

NTIATCL (y — Ap);

e;.

ri=elp+ eT(F — ieie
Tp;

(F— T571 (18)

Tr, =

K3

7, eie

We will first show that the estimation step in (18) can be used
to obtain the extrinsic from the LMMSE step. After that, we
will demonstrate that (18) is CWCU estimation.

Note that e/ F~'e; = 7,,,,. We apply matrix inverse lemma
and the common term e} (F — %eief)_l in 7., and r; can

be simplified to

el (F - %eier)_l

=elF~'—el'Fle, (el F7le,—7,) el F71 (19)
— Ty Tp-1_ _ ™ JTp-1
=0 -gE)e B = oe B
With this simplification, we obtain 7., and r; by
T Tog 1 1 1
Try = 75— = = - T
T Tp; —Tmy (20)

ri = p; + T” eTF 1ATC (y A D).



Observe the LMMSE estimate in (16), we have
=p;+el F'ATC(y — Ap). 1)

Compare 7; in (20) and m; in (21), we obtain the relation

_ Ty TT; — i Tri
ri=emi+ (1= 25 )pi = ohmy — R
Tm; m; Tm; Tpi (22)
Ti — Mi _ Pi
Tr; Tm; Tp;

From (20) and (22), we observe that the estimation of r; and

7y, given by (18) matches the extrinsic obtained from (6).

In the following, we will demonstrate that equation (18)

corresponds to CWCU estimation.

An important relationship to note is:
F'ATC A = [(ATC;}A)ADgl +17!
=1- F*1D; 1

If p = 0, it can be shown that r corresponds to the CWCU

estimator described in [6]. According to the result from [6],

the CWCU estimator is given by:

e;T[(ATC,;&A)ilD;l + I]fle,;)*lm,;

— Tp. Ty
ei) 1mi: Py = T

i
i =

(23)

miqy = (

:(l_eZTF—lDljl (24)

Tp; —Tm; Tm; i
If we compare r; in (22) and m;, in (24) when p = 0,
we observe that r; is equivalent to the CWCU estimation.
. N
However, when p # 0, we can split p as p = ) ;" €;p;.

Subsequently, from (20) we obtain the following expression:
=pi— .- el F-'ATC,lAe;p;

_Tﬂ,: eTF 1ATC 1AZ] 1j#i €iPi (25)
i eTF TATCly.
From (23) and (24), we can deduce that:
el F'1ATC, A€,
= el [(ATC,iA) D, + 1] le; = 2. (26)
Therefore, the estimate in (25) can be written as
Tor. _ N
Ty = ﬁeiTF 'ATCou(y — A Zj:Lj;éi e;pj).  (27)
The conditional expectation is
Eqofe,[1i] = Eg oje, 7€l FTATCyy (A S e
N
v—A Zj:Lj;ﬁi e;p;)| = i,
(28)

which is indeed conditionally unbiased.

Next, we want to find out whether the estimation error
corresponds to T, given by (18). To analyze the estimation
errors, we can represent the estimations in equation (18) as
vectors:

}T§ Tr = [7—?”1 ]T . 29)

r:[rl ... TN Trn

From (22), the vector r can also be expressed as

r=p+D,D,'(m—p). (30)
The estimation error correlation matrix is given by
Cor =E[(r —z)(r — x)7T]
—E|((p~=)+D,D(m - p))((p—2)+D,D;, m-p))’]
(31

We observe that, according to (16), the term m — p in (31)

can be expressed as:
m-p=F'ATCl[A(z —p) +v].

By applying the matrix inverse lemma to F'~! and utilizing the
relation given by (23), we can obtain the following expression:

E[(m — p)(z — p)”]

(32)

= F'ATC,,AE[(z — p)(z — p)] (33)
=F'ATC_!AD,=D,-F'=D, ATC 1AD
Similarly, we have
E[(m — p)(m — p)]
=F'ATC,AD,AT + C,,|CAF! (34)
=D, ATC 1AD

Applying (34) and (33) into (31), it follows that
C.. =D, +D,D;'D,A"C, AD,D, 'D,—
D,D;'D,A"C, AD, — DpATC;;ADpD;fDT.GS)
We can express (20) in the form of diagonal matrices as
follows:

I-D,D,'=D,(D;'-D,!)=-D,D;". (36)
With this relation, we further simplify C,, by
_ TO- T -
Cir =Cn +D,ATC,JAD, - D,ATC_ AD, 37)

=D, - D,ATC,)AD, + D,A”C,}AD,

To establish a relationship between C,, and D,, we observe
that C,,, defined in (16) can be expressed by

Cn,=D,— DpATC;;ADp. (38)
Combine (37) with (38),
Crrsz—i—DD_( -C,,)D ; .
= diag(Cy,r) = Dy, + D (D; -D, ’D,,)D, (39)
=D, +D2D 'D,,(D;}! D;l) =D,.

Therefore, we can conclude that the extrinsic distribution
represented by the parameters (r, 7;-) can also be interpreted as
the mean and error of the CWCU estimation, which is used
to recover the true signal x from observations y using an
approximate prior distribution ' (p, D,).

IV. SIMULATION RESULTS
A. MMSE for Gaussian mixture model

Assume that the prior distribution of each element x,, of vector
x € RV*1 is given by:
3 2
P, (%) = 2oy N (@35 pinis 03)3 2o (40)
For each combination sequence [n1,...,ny] € {1,2,3}V, we
can define a bijective mapping [ : {1,2,3}¥ — N

10, =1

N
1= (n;—1)-37" 1
i=1
We denote its inverse mapping as n; = [ng,...,n;y]. For
simplicity, we define
= azlla%l CY3 y M = [Mnulv s 7ﬂn1NN]T7 (42)
3, = diag[o? Tl Tm N



where i;, j;, k; are the numbers of 1-s 2-s and 3-s in n;. In
this case, the distribution of the vector & can be presented as

p(@) =1, pe(2:) = S0, 0 N, B0 (43)

Due to the Bayesian law, the exact posterior first- and second-
order moments are computed as

d;
7] = [ aplely)de = LRSS
Elxz”

do — L=z’ p@p(y|z)de
where

Jp(@)p(y[z)de
[ p(ylz)N (25, Si)dae = (27)~ % |AS AT + Cyy |2
exp [~ 3(y — Ap)T(ASAT + Cup) "'y — Ap)]

J p(x) N (x; py, 3y)dee
(46)

(44
| = [zxTp(z|y) :

plylz)de = X7, @ [ plyle)

fa:p p(y|x)dx = Zl, o[m+ (E+ATCIA) AT
Cov (y Am)] [ pyl)N (2 o, 1) da,

47
fwf’JT plyle)de = S, o (57 + ATCLIA)-
i | fp SN (o, 3

(48)
The true MMSE estimation mean and covariance matrix for
Gaussian mixture can therefore be expressed as
Zumse = Elz],
Cwmise = E[za”] — E[z] E[z]”.
B. reVAMP algorithm
The computation of the posterior (10) in reVAMP with a

Gaussian mixture prior (40) can be derived analogously to
(49). Thus we have

(49)

E_ _ f z Zi:l anN(-ti?/Lnivﬂii)N(fﬂ;Tiﬁri)dm (50)
CT 3 anN(miipni 02 )N (zsri, Ty, ) d
- IES 32=1 anN(mi;,U'ni72'7211)N(3:;70177Ti)dx _ 22 (51)
i I 200y anN (@i im0 2 )N (574,77, ) dat v

C. MATLAB simulation for Gaussian mixture model

In the simulation, the measurement matrix A has the dimen-
sion M x N := 10 x 5. Its entries are independently drawn
from N(0,1) Gaussian distribution. The prior distribution of
signal vector x follows

Viel,. .., N,py () = 0.25N (2:;0,4 - i)
+0.5M (2;;0,1) + 0.25N (x;;0,0.25 - 7).

The measurement noise is set to be a random vector following
N(0,1I). To determine the performance of the reVAMP pos-
terior estimation of the first- and second-order moment, we
compare the KL divergent between the Gaussian distribution
generated from MMSE solution and the Gaussian distribution
given by reVAMP

KLD[N (z; Zmmse, Cvvse) ||V (z;m, Cy, ).

The simulation results can be found in fig. 2. The KL-
Divergence shown in the figure is the average of 200 simula-
tion results. From the figure, we see that sequential updates and
parallel updates have the same steady state. However, when the
sequential update is used, the algorithm converges faster than
the parallel update method.

(52)

(53)

sequential
parallel

KL-Divergence (dB)
G
T
|

18] \ ]

20 I I I I
0 5 10 15 20 25

component-wise iteration step

Fig. 2. Performance of sequential and parallel update scheme by comparing
their KL divergence between Gaussian generated from MMSE result

V. CONCLUDING REMARKS

In this paper, we present an iterative method to calculate
the posteriors in a linear mixing model, where the prior is
considered to be independent and the measurement noise is
Gaussian. Similar to VAMP, we apply EP-like approximations
to the factor graph. However, since the system dimension is
not high, the complexity of matrix inversion in each iteration
is assumed affordable. Further research is required for the
convergence analysis.
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