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Ergodic pairs for degenerate pseudo Pucci’s fully
nonlinear operators

F. Demengel
UMR 80-88, University of Cergy Pontoise, 95302, Cergy France.

Abstract

We study the ergodic problem for fully nonlinear operators which may be singular
or degenerate when at least one of the compoenents of the gradient of solutions van-
ishes. We prove the convergence of both explosive solutions and solutions of Dirichlet
problems for approximating equations. We further characterize the ergodic constant as
the infimum of constants for which there exist bounded sub solutions. As intermediate
results of independent interest, we prove a priori Lipschitz estimates depending only on
the norm of the zeroth order term, and a comparison principle for equations having no
zero order terms.

2010 Mathematical Subject Classification : 35J70, 35J75.

1 Introduction

This article deals with the existence of solutions to the ergodic problem associated to the
”pseudo Pucci’s” operators.

The history of the ergodic problem begins with the seminal paper of Lasry and Lions in
1989, [22] which considers the Laplacian case . More precisely Q being an open bounded C?

domain in RY, for 3 €]1,2] and f being continuous in 2 and bounded, (u,c) is a solution of



9

10

the ergodic problem if
—Au+|Vulf=f+c inQ
u = 400 on 0f)

The results in [22] are extended to the case of the pLaplace operator by Leonori Porretta in
[23]. In [15] the authors consider the case where the Laplacian is replaced by —div(A(z)Vu)
where A is positively definite and regular enough. Recently in [13], we considered the case
where the leading term is Fully Non Linear elliptic, singular or degenerate, on the model of
—|Vu|®F(D?u), where a > —1 and F is fully non linear elliptic and positively homogeneous
of degree 1.

In the present paper, we will assume that
-There exist some constants a < A, so that for any M € SN € SN >0,

atr(N) < F(M + N) — F(M) < AtrN, (1.1)

where S is the space of symmetric matrices on RV. We will also assume that F is positively
homogenenous of degree 1. We define the operator

F(Vu, D*u) = F(0,(Vu)D*u0,(Vu)), where O, (p) := Diag(|p;|?) (1.2)[detF|

a >0, and F satisfies (1.1), and we are interested in the following :
Let 8 €]a+ 1, + 2], find (u,c) which is a solution of the "ergodic problem ”

—F(Vu,D?>u) + |Vul’ = f+¢  inQ
U = 400 on 0.

Note that this equation presents a new type of degeneracy, since the leading term degenerates
on every point where at least one derivative 9;u is zero. When F(X) = trX, the operator is
nothing else than the anisotropic p-Laplacian for p = o+ 2 ( also called pseudo pLaplacian).
Let us recall that the equation of the ”anisotropic pLaplacian, ” called also ” orthoptic

pLaplacian” is
=5 0510wl 20) = f. (1.3) [pTep]

This equation can easily be solvable, for convenient f, by standard methods in the calculus of
variations. But the regularity results are much more difficult to obtain. Lipschitz regularity is



1 proved in the singular case in [20] while the case p > 2 is treated in [4] for a more degenerate
> equation including the pseudo pLaplacian case. In [18], [10] the authors consider viscosity
3 solutions for the fully non linear extension of the pseudop-Laplacian, say the case where the
+ operator is —F(0,(Vu)D?*u0,(Vu)), and a > 0. More general anisotropic fully non linear
s degeneracy is treated in [19]. In the variational case, one important result can be found in
s [3]

In [10] the Lipschitz interior regularity of the solutions is obtained as a corollary of the
following estimate between w sub-solution and v super-solution of the equation with some
eventually different right hand side, say if Q@ = B(0, 1), for all » > 0, r < 1, there exists ¢, so
that for all (z,y) € B(0,r)?

u(z) —v(y) < sup(u —v) +crfz —yl.

7 This Lipschitz estimate is extended to the equations presenting an Hamiltonian of the form
s b(x)|Vu|? with 8 € [a + 1,a + 2] when the sub-and super-solutions are bounded. This is
o done in Section 2. This estimate does not permit to prove existence’s results for the ergodic
10 problem : This existence is generally obtained by passing to the limit in an equation with
u  boundary conditions coming to +oco, and then requires Holder’s or Lipschitz estimates for
12 globally unbounded solution. However, as in [22], [15], [13], the presence of an Hamiltonian
13 ”superlinear” with a good sign, permits to get an interior Lipschitz estimates for the solutions,
1 which does not require that the solution be bounded, but that the zero order term be so.
15 This is done in Section 3.

16 The main result of this paper is then

(sympaetpas) Theorem 1.1. Suppose that f is bounded and locally Lipschitz continuous in 2, and that F

satisfies (1.2), and o > 0. Consider the Dirichlet problems

—F(Vu,D*u) + |Vulf = f in Q
{ u=0 on 01, (1'4)

and, for A >0,
{ —F(Vu, D*u) + |Vul® + Mu|*u = f in Q

u=20 on ON. (1'5)

1 The following alternative holds.



2 1. Suppose that there exists a bounded sub solution of (1.4). Then the solution uy of

3 (1.5) satisfies: (uy) is bounded and uniformly converging up to a sequence A, — 0 to a
. solution of (1.4).
5 2. Suppose that there is no solution for the Dirichlet problem (1.4). Suppose in addition
6 that « > 2. Then, (uy) satisfies, up to a sequence A, — 0 and locally uniformly in €,
#2)? (a) uy — —o0;
To)? (b) there exists a constant co > 0 such that Muy|*uy — —cq;

He)? (c) cq is an ergodic constant and vy = ux+|ux|s converges to a solution of the ergodic
problem
—F(Vv,D%0) + |[Vv|? = f+cq  inQ !
{ T e (1) ot
9 whose minimum s zero.
10 Note that, even when a sub-soution to (1.4) exists, there exists an ergodic pair, this will

1 be proved in Theorem 4.3, section 4.3
In a second time, we prove that the ergodic constant can be characterized by an inf-formula

analogous to the one which defines the principal eigenvalues for fully nonlinear operators.
Following [8], [25], we define

pr=inf{p : 3p € C(Q), ~F(Vp, D*¢) + V|’ < f+u}.

For the following Theorem we introduce some new assumption :
C(z) = ((v+1)F(Vd,Vd(x) ® Vd(:c)))ﬁﬂlk1 71 is C? in a neighborhood of Q.  (1.7)

1 In particular (1.7) is satisfied when the boundary is C* and F is C2. But it is automatically
13 satisfied in the case where F' is one of the Pucci’s operators. We will prove in Theorem 4.3
11 that under the assumption (1.7), any ergodic function is equivalent near the boundary to
15 C(x)d™" and this allows to prove the uniqueness of the ergodic constant in Therorem 1.2 :

(ABCRE) Theorem 1.2. Suppose that f is bounded and locally Lipschitz continuous in 2, and that

v F satisfies (1.2), (1.1) and (1.7). Suppose that o« > 2. Let cq be an ergodic constant for
1 problem (1.6); then:



1. cq is unique;
o = /1“*;

the map Q — cq is nondecreasing with respect to the domain, and continuous;

e

if either « = 0 or a # 0 and supq f + cq < 0, then p* is not achieved. Moreover, if
Q' Ccc Q, then cor < cq.

Theorems 1.1 and 1.2 are obtained by means of several intermediate results, most of
which are of independent interest. A first fundamental tool is an interior Lipschitz estimate
for solutions of equation (1.5) that does not depend on the L norm of the solution but only
on the norm of the zero order term. This is done in section 3.

The uniqueness in Theorem 1.2 is obtained, by using the results in Section 6 : In this
part, we give a comparison theorem for sub- and super- solutions of equation (1.4), in which
zero order terms are lacking. The change of equation that allows to prove the comparison
principle of Theorem 6.1 is standard, it has already been employed in [23] and [13].

Let us finally remark that the question of uniqueness (up to constants) of the ergodic
function is open. We recall that the usual proof for linear operators, see [22, 25], relies on
the strong comparison principle, which does not hold for degenerate operators. Let us also
recall that for p-laplacian operators the uniqueness of the ergodic function is obtained in [23]
for p > 2, in [13] for p < 2 and under the condition supg f + ¢ < 0. The same result is
obtained in [13]. In all these degenerate cases, the C! regularity is a crucial step, see [14], in
the case considered in [13]. In the present context of operators which degenerate as soon as
one derivative d;u is zero, the C! regularity is known only in the case N = 2, [2], and more
precisely only for equation(1.3) and for f = 0, p = a4+ 2 . The method that the authors
employ in [2] is very specific to the variational setting , since it relies essentially on very sharp
Moser’s iterations.



> Remark 1.3. In the equations considered here, we will use the euclidian norm for the gra-
s dient term |Vul|?, but other norms should lead to analogous results, with obvious changes.

+ Remark 1.4. The threshold value o = 2 appears in a lot of papers treating of these anisotropic
s equations, let us cite in a non exhaustive manner [4], [26], The restriction oo < 2 or in some
6 cases a > 2 has been in posterior papers relaxed. We are convinced that the results restricted
v by this condition here, hold true without it, the fact that we cannot obtain them here is a
s lacking of the method employed.

» 2 Existence results for the Dirichlet problem

1 Notations

u e We use d(z) to denote a C? positive function in Q with coincides with the distance
12 function from the boundary in a neighborhood of 0f2

13 e For § >0, we set Qs = {z € Q : d(z) > d}

e We denote by M™, M~ the Pucci’s operators with ellipticity constants a, A, namely,
for all M € S,
M (M) =Atr(M*) —atr(M™)
M~ (M) =atr(MT) — Atr(M™)

and we often use that, as a consequence of (1.1), for all M, N € S one has

M~ (N)< F(M+ N) - F(M) < M*™(N).

1 In some parts of the paper we will need the following properties of F' which are an easy
1 consequence of the assumptions (1.1) and (1.2) and of the positive homogeneity:
(P;) There exists ¢ so that for any (p,q) € RY, and M € S one has

N

|F(p, M) — F(q, M)| < c(lp|? +1aI%) > _ |Ipil# —la:l 2| [M].
1



(Py) There exists ¢ so that for any (p,q) € R, and M € S, diagonal

N
|F(p, M) — Fq, M)| < e |lpil* = las|*| [M].
1

2 The main result of this section is the following :

(exidir) Theorem 2.1. Suppose that « > 0, § < a+ 2 and F satisfies, that f and b are bounded .
+ Suppose that A > 0. Then there exists a unique u which satisfies

u=~0 on 0N}

s Furthermore u is Lipschitz continuous, with some Lipschitz bound depending on |t e, | f]oos |0] oo
6 n the case B < a+ 2, and requires that b be Lipschitz in the case f = a + 2.

{ —F(Vu, D?>u) + b(z)|Vul® + AMu|*u = f in Q

7 It is classical that this existence’s result is obtained by exhibiting convenient sub- and
s super-solutions, proving a Lipschitz estimate between them, a comparison result, and finally
o applying Perron’s method adapted to the present context. We will not give the details of all
1 the proofs, since the ideas here are a mixing of the arguments in [9], [12]. We enounce these
u  results :
(theolip) . . . .
Theorem 2.2. Suppose that u is a USC bounded by above viscosity subsolution of
—F(Vu, D*u) +b(x)|Vul’ <g in B
and v is a LSC bounded by below viscosity supersolution of
—F(Vov, D*v) +b(x)|Vv|? > f  in By,

with f and g continuous and bounded, and b is continuous, and Holder continuous when
B =a+2. Then, for all v < 1, there exists ¢, such that for all (x,y) € B?

u(z) — v(y) < sup(u —v) + ¢z — yl.
B,

1 In order to prove Theorem 2.2 we first need the following Hélder’s estimate:

(lem!) Lemma 2.3. Under the hypothesis of Theorem 2.2, for any v € (0,1), there exists ¢y >0

such that for all (x,y) € B?

u(z) —v(y) < sup(u—v) + ¢y lz —y[". (2.1)

B,



Proof of Lemma 2.3. We borrow ideas from [21], [5], [11], [10]. Fix z, € B,, and define

M%wZU@%ﬂMﬁfﬁmufwAﬂﬂw*M“Jﬂxf%P+mfxﬁ)

> with L = W and M = w, § will be chosen later small enough depending
only on the data and on universal constants. We want to prove that ¢(z,y) < 0 in By which
will imply the result, taking first * = z, and making x, vary.

We argue by contradiction and suppose that supg, ¢(z,y) > 0. By the previous assump-
tions on M and L the supremum is achieved on (Z,#) which belongs to B2,, and it is such

2
7 that 0 < |Z —g| <4.
By Ishii’s Lemma [16], [17], for all € > 0 there exist X and Y in S such that (¢%, X) €

o 0 & W

T u(@), (qv, —Y) € T v(g) with
¢" = yM|z — "7 (z — §) + 2L(Z — w,),
¢! =Mz —y|"*(z - §) — 2L(y — ),
with

(3 8)=(5 8)

—F(q", X) +b@)|q"|° < g(x), —F(¢",-Y)+b®)¢"|” > f() (2.2) 7equaz?

and B = D?(|-|7). Hence

Using the computations in [10] one gets the existence of ¢; so that
F(g",X) < F(q",=Y) — el M|z — g0 Dlet b

s So to conclude in the present case it is sufficient to obtain that for § small, |b(z)|q.|® —
o b(y)|gy|?| is small with respect to M|z — g|(V~D(@+1)=1 " This is obtained using
. DIfB<a+?

b(z) = bW)llas® < 2AbloecM T — 5|V

< 2|b‘°°|‘f_ﬂ|2+a_B(M1+a|,f—gj|('y_1)(o‘+1)—1)
<< MMWe|g — gDl -1

2) If B = a+ 2 we just use the continuity of b

Ib(z) — b(y)||qz|® < o(1) M Tz — |~ Dt =1,



2

3

We use also
b(y)(1a2]” — lay|?)] < bloclge + gyleMP~Hz — |~ DED

which is also small with respect to M'T*|z — |(V=D(@+)=1 " We can then conclude to a
contradiction, since one has

F(g", X) = b(@)lq"|”
F(g",Y) = eM" 0|z — g2+ 0m0e —p(g)|g )
—f(@) - 0(5—’y(1+a)|jC — g|’v(a+1)—(2+a)

() - edCF,

—9(7)

VAN VAN VAR VAN

This is a contradiction with the fact that f and g are bounded, as soon as ¢§ is small
enough. O

Proof. of Theorem 2.2

ForﬁxedTe(O,W),T<a+2—Bwheno¢—|—2—ﬂ>0andr<'ybwhere*ybissome

Holder’s exponent for b, and § =« + 2. Let s, = (1 + 7')%, and define for s € (0, s,)

81+T

21+ 1)’ 28 @

w(s)=s—
which we extend continuously after s, by a constant.
Note that w(s) is C> on s > 0, s < s, satisfies w’ > 1, w” < 0o0n]0,1[, and s > w(s) >

As before in the Hélder case, with L = % and M = w, we define

s
3+

9(z,y) = u(@) —v(y) —sup(u —v) ~ Mw(z —y|) ~ L(lz ~ Tol* + |y — wo|?).

Classically, as before, we suppose that there exists a maximum point (Z, §) such that ¢(z,g) >
0, then by the assumptions on M, and L, Z,y belong to B(x,, 1;”), hence they are interior
points. This implies, using (2.1) in Lemma 2.3 with v < 1 such that 3 > that, for
some constant c,,

— T
inf(1,a)

LIz — x,]* < c.|Z — 7| (2.4) [nn]

1
and then one has |7 — z,| < (%) ? [z — 7|



Furthermore, there exist X and Y in S such that (¢, X) € 72’+u(f), (¢¥,-Y) € 72’711(@)
with

LY 4 L@ - ), ¢¥ = Mw'(7 — §]) el

(3 8)=( )

and B(z) = D?*(w(|z])). Following the computations in [10] ( for this we need among other
things (2.4)), one gets the existence of ¢; so that

¢" = Muw'(|z - g])

I

=1

and

F(quX) < F(qya _Y) < _01M1+a‘g - i'|T71

So to conclude we need to prove that |b(Z)|g.|? —b(y)|qy|?| is small with respect to M|y —
Z|771. This is obtained as in the Holder’s case by using (the constant ¢ can vary from one
line to another)

HNIg<a+2

[6() = b(9)llga|” < 2[bloc M7 << M|z — 5|7

by the assumption 7 < 2+ «a — (.
2Q)fp=a+2

b(z) = b(@)llax|” < el — g™ MPF < elw — g7 (Mg — 2T,
We finally use
@) 1g*1° = 1g°1°| < clbloolg + " |MP < eMP71.

So the expected result holds by the choice of M respectively to §. Once more as in the proof
of lemma 2.3 one can conclude to a contradiction.
O

It is clear that Theorem 2.2 can be extended to the case where € replaces B(0,1) and
) cc Q replaces B(0,r). Furthermore it is not difficult to see as in [12] that we have the
following Lipschitz estimate up to the boundary :

If u is a sub-solution of

—|Vu|*F(D*u) + b(m)|Vu|B </

10



and v is a super-solution of
—| V0| F(D?v) + b(a)| Vol > g,
and u <0, v > 0 on 99, then there exists ¢ so that for any (x,y) € (0%
u(z) —v(y) < sup(u —v) + clz —y.

(thcompar) Theorem 2.4. Suppose that Q is a bounded domain in RN . Suppose that o, f are as above,
as well as F'. Let b be Holder continuous. Let vy be a non decreasing continuous function such
that v(0) = 0. Suppose that u is a sub-solution of

—F(Vu, D*u) + b(x)|Vul® +y(u) < g
and
—F(Vv, D?v) + b(z)|Vo|? +~y(v) < f
2 with g < f, both of them being continuous and bounded. Then if g < f in ) or -y is increasing,
3 ifu<vond, u<vin.

«  Proof. of Theorem 2.4
We use classically the doubling of variables. Suppose that v > v somewhere, then consider

U3(,) = u(e) — vly) — Sl —

Then for j large enough the supremum of v; is positive and achieved on a pair (z;,y;) € 02,
both of them converging to some maximum point Z for u—wv. Since (z;,y;) converges to (Z, Z),
both of them belong, for j large enough, to some ' CC Q, independant on j. Furthermore,
using the Lipschitz estimate proved in Theorem 2.2 :

J
*|l'] - yj|2a

J
=z —yj|2 <sup(u —v) +cz; —y;| — 5

2 |
s from this one derives that j|z; — y;| is bounded.

Using Ishii’s lemma , [16], [17], there exist X; and Y; in S such that (j(z; —y;), X;) €
+ . —2,— .

u(z;), (§(z; —y;),=Y;) € J 7 v(y;) and X;,Yj satisfy

(T 0 X; 0 (T -1
(o) (v g)= (L T)

1 We obtain, denoting the modulus of continuity of b by w(b, ) :

—F(j(aj =), X5) + ba)li(x; — y;)I?

—F(j(x; = y5), =Y3) + b(yp)li(w; — ;)| + cwb, |z; — y;l)
Fy3) + o(1) = v(v(y;))-

sup(u —v) < u(x;) —v(y;) —

7>

9(x;) = v(u(z;))

IV IV IV

11



By passing to the limit, one gets on the point Z limit of a subsequence of x;

9(z) =y (u(z)) = f(T) =~ (v(T))

and in both cases we obtain a contradiction.
O

Proof. of Theorem 2.1 We just give the hints to emphasize the difference with the operators
and the results in [12]. We begin by exhibit a sub- and a super-solution which are zero
on the boundary. Suppose first that 5 < « + 2. Let us choose some constant x so that
Aog(1 + k) > |f|eo. Let us suppose d < &, where C will be chosen large enough
depending on |f|o,|bloc and on universal constants. We can assume that in d < & the
distance to the boundary is C? and satisfies |Vd| = 1. Let us consider in Cd < & the function

o(z) =log(1l + Cd(x)).

Then we have

|2t D%d| Y |9;d| 1bloo (3 8:d]%)
o 2 B > 24« Z |8ld| o | o i B 1Yo )
F(V% D ¢)+b(x)‘v¢| = c <CL(1 + Cd)2+a A (1 + Cd)a—i—l c (1 + Cd)ﬁ :

Using the inequalities

(2

D10t < (3 Jod?)F

and

S o < (O 1ad?)*, i 8> 2, 3 10:d)® < (O] 9id®) TNE if not,

and analogous inequalities for Y |0;d|®, one gets that for Cd < k there exist constants
K1, K2, k3, depending only on a, A and on universal constants, so that

—F(Ve,D*p) + b(x)|Ve|?

2+«
> Hl(l—‘rC’C’d)O‘H (]. - Cﬁia72l€2(1 + Cd)ﬁ7a72 — A072H3(1 + Cd)z)
K1 02+a

> —_—-
2 (14 k)t

as soon as C' is large enough, more precisely such that

CP=2" 2y + AC 2k3(1 + r)? <

N =

12



> and then assuming also C so that m% > 2|f]oo, We get that ¢ is a super-solution in

3 Cd < k. Extending it by log(1l + ) in Cd > k and using the fact that the infimum of two
4 super-solutions is a super-solution, we have the result. To get a sub-solution take —¢ and
s adapt the constant.
Note that in the case 5 = a+ 2 the previous conclusion still holds if |b|o, is small enough
depending on universal constants. Note now that if u is a supersolution of the equation

—F(Vu, D*u) + b(z)|Vu|*T? = et f

Then ue := % satisfies
—F(Vue, D*u,) + €b|Vu|*T? = f

¢ and then a solution for the second problem gives one for the first one.

7 The existence and uniqueness is then a direct consequence of the existence of these sub-

s and super-solutions and of Perrron’s method adpated to the context. We do not give the

o details.

10 D
(nonhom)

u ' Remark 2.5. In the sequel we will use a variant of this existence ’s result , that is to say, the
1 boundary condition will be R in place of 0. This can be done by taking for the super-solution
13 R4log(l+ Cd) in Cd < k extended by R+ log(l + k) in Cd > K and for the sub-solution
u by taking for k large enough R — klog(l + Cd) in Cd < k extended by R — klog(l + k) in
s Cd> k.

s 3  Uniform Lipschitz estimates when o > 2 for unbounded
1w solutions

(sec lpmlu> In this subsection we prove the following Lipschitz estimates :

(Lipunif) proposition 3.1. Let F satisfy (1.2), (1.1), and is positively homogeneous of degree 1, and,
forA>0,a>2and f>a+1, let u and v be respectively a bounded by above sub-solution
and a bounded from below super-solution of equation (1.5) in B, with f Lipschitz continuous

(24+a—p)*

in B. Then, for any positive p > a1

, there exists a positive constant M, depending

13



only on p,a, B,a, A, N, || f — Mu|*u||eo and on the Lipschitz constant of f, such that, for all
z,y € B one has

u(z) —v(y) < sup(u—v)* + i [1 N <(|x_y|))p]

B (1= [y)7=o=T L= el

Due to the results in the previous subsection, in the case 8 < 2 + «, the existence and
uniqueness of uy for equation (1.4) has been proved, and the Lipschitz bound on u, depends
on the L norm of uy (more precisely on the oscillation of uy). The strength of Proposition
3.1 is that it provides bounds on u) independent on A, as soon as f — Auy is bounded. This
will allow to pass to the limit when A\ goes to zero in the next sections.

As in [15], [13] it is sufficient to do the case = B(0, 1).

Let us define a "distance” function d which equals 1 — |z| near the boundary and is
extended as a smooth function which has the properties

d(z) =1— || if x| > 4
1_T‘””‘Sd(a:)gl—m for all z € B B
|Dd(z)| <1 —c1Id < D?d(x) <0 forallz € B

for some constant ¢; > 0.

Let us define as in [15] £ = |fl(;1§‘ and the function

p(x,y) = |z =y (L +€°) + sup(u —v)

_k
d(y)
where L and k will be chosen large later, as well as p and 7. It is clear that if we prove that
for such k and L one has for all (z,y) € B?

u(z) —v(y) < ¢(z,y),

we are done.

So we suppose by contradiction that u(z) —v(y) —¢(z,y) > 0 somewhere, then necessarily
the supremum is achieved on a pair (z,y) with d(z) > 0, d(y) > 0 and = # y. Using Ishi’s
lemma, [16], [17], one gets that on such a point, one has for all € > 0 the existence of two
symmetric matrices X, and Y, such that
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(Dat, Xo) € J*Fu(x), (~Dyd, —Ye) € J* v (y)
with )
X 0
- (6 + |D2¢l) Iy < ( 0 v ) < D*¢+ (D)%, (3.1)[egine]

Since u is a viscosity subsolution one has

_F(@a(vx¢)Xe@a(vx¢)) + |vﬂc¢‘6 + /\|u‘au(x) < f(x),
while

—F(=0a(Vy9)YeOu(Vy0)) + [Vyol” + Alv|*v(y) > f(y)-
Let us multiply (3.1) on the right by

(0 e ) (0 )

where ¢ > 0, and Iy denotes the identity in RY, and on the left by its transpose, then we
obtain that

( VIF10,(V.0) 0 > ( X, 0 ( VIFt04(V.0) 0 )
0 04(Vy9) 0 Y. 0 Oa(Vy9)
VITT 0. (Va0) 0 ) T+t 0.(Va0) 0
< (T o )@ (T 6 5)
+ < \/1 +1 %a(vzd)) @a(ovy¢) > (6(D2¢)2) ( 1+t 8a(vm¢) @a(oquS) ) (32)

Note that by the positive homogeneity of F' with respect to X, one has

F(t@a(vx¢)Xe®a(vx¢)) - F((1+t)@a(vx¢)Xe®a(vx¢))
+ F(=0a(Vy9)Ye0u(Vy0)) + AJulu(x) — [v]*v(y)) + |Vad|’

IVyol” = () + f(y)
< 0

and then using u(z) — v(y) > 0

t1Vel? < F(Ved,tX.) — tAlul*u(z) + tf(2)
< F(Vag, (1+16)X) — F(Vyo, =Yo) + [Vl = [Vt +1(f(2) = Au|*u(z))*
+ flx)—f()
< M*((l +1)04(Ve9) X B (Vi) + 04(Vyd) YO0, (Vye)) (3.3) 7eqestit?
_|_

Vy0l” = Vadl” + t(f (@) = Alu|*u(2))* + f(z) = f(y)

15



> Suppose that we get an estimate of the form
M1 +8)04(V2¢) XOa (V) +60a(Vy0)Y0u(Vy0))

S w(t7xayaD¢aD2¢)+C€<1+t> (|®Oé(v$¢>|2
+ 10a(Vy0)?) D], (3.4) [eqesti]

3 for some function 1, then we will derive that

tV.0l” < Wt x,y, Do, D*¢) + ce(1 +1)(10a (Vo) |* +0a(Vy0) P D[
+ Vol = [Vaol” +t(f = Aul*u(@))* + f(2) - f(1).
and then letting € go to 0, one gets

Let us recall some useful estimates on ¢ in (3.4) : Using the computations and the estimates
in [15], let us recall that :

k

Dat = s ((L + (1 + p)&P)n — p&"*' Dd(x)) ,
where n = 2=% and
Dy = — d(];y (L+ (1 +p)E"n+ TZl(Z):fl (L+ &%) Dd(y).
Note that one has
D.ol. 1,01 < ke L

+ and always like in [15] we can choose L > 1 and large enough in order that |D,¢| >

(L+er)(146)
ck=dmy

1 We can sum up D?¢ as follows
0, B -B T T
N —-(Cc+tC) C N 0 ~tD
s lei 0o )"\ -b (D+'D)
X1 Xo -
+ (Xs X4> (3.5)[D2phi |
with B=T-nenT=n®n,C=n& Dd(z),D =n® Dd(y), and where
ko L+ (1+p)eP k % k ¢v
M= 2 = P +p)———, 3= 7——p(l +p)~—,
Cayr eed T a0 aw ™ aw

16



by = ko (L+1+p)E)
T dly)T d(y)

and

X1 _ ]{J)T (P(p + 1)§P+1 Dd(g;) ® Dd(l‘) . p§p+1D2d(!L‘)) ,

k  Tpeptl k rpgptl
P Di(a) @ Dd(y), Xs = e ny) Dd(y) ® Dd(z)

7|z —yl

d(y)

> Then multiplying ( 3.5) by ( i+t 0 ) ( GQ(OV'T@ o (Ov é) ) on the left and the
alVy

Dd(y) ® Dd(y) —

@+ sP>D2d<y>) .

3 right, one obtains

B (1+1)04(Ve0)BOL(Vap) —VI+104(V, ¢)B<9 (Vyo)
U(t,x,y, Dy, D*¢) = %( —VIF 1t 0a(V,y$)BOL(V,0) 04 (Vy9)BOL (Vo) >
.\ ( (14 8)0a(Ved)T06(Ved) —VI+E604(V T¢)T@ (Vy9) )
2\ VTHE 0u(V,0)TO (V) 0a(Vy9)TOa(Vy9)
n 73( —(14t)04(V20)(C +' C)B4 (Vo) 1+t @a(VM)tC@a(Vwﬁ))
V1I+1t04(Vyp)COL (Vo) 0
n < 0 —V1+104(V.0)DO, (vy¢>) )
—VIFt 0,V yqb)tD@ (Vad)  ©a(Vyd)(D +* D) (Vo)
+ < (1+t)@a(vx¢) ( x¢) m® ( :c¢ X2 )

4 Multiplying the inequality ( 3.2) by (*v,!v) on the left and ( ) on the right, where v
1 is any unit vector, one gets defining w; = (\/1 +1t 0,V «(Vy9))(v)

(14 )0a(Vad) XOa(Ved)  +0a(V,0)YOu(V,6))0

Yiw By + vw Twy + eyst((C] + 'C) (10 (Dad)” + [Oa(Dy) )

7at(ID] + ' D) (104 (Da) + 0a(D,6)?)

13(C| + 'C1)IOa(Ds) — Oa(Dy8)| 18a(Dsd)] + (O (Dys)[of

74(ID] + ' D])|Ou (D) — Oa(Dyd)|(|0a(Dst) + Ou(Dy))|vf*

(VIF UK + [Xal) + X)) + 1 Xa)) (190 (Ds6) + O (D, 6)|[vf3.6) [eigenvatue]

+ o+ 4+ + A
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2

Note that
wi? < 2(VI+E—1)%0u(Ded)* +21 > 10:, 6% —10:,6]%|?

IA

2°10a (D 0)* + 2| Y 10:,6/% — 10,012 "

Using ( 3.6), every eigenvalue of (14 t)X + Y satisfies A;((1 4+ )04 (V2$) X O (Vo) +
O (V)Y O, (Vyo)) < ct?I'y +tT'2 + (11 +72)T4 + I's for some universal constant ¢, where
we have denoted

(L+grth)ie
d(y) D — y|

Iy = (11 +72)|0a(De)* < ck' ™

(L+EPH2)(L + grtt)e
d(y)(r+1)(1+a)

Ty = (ya-+7a-+ X1 |+ Xel 1 Xa) (190 (D26) P00 (Dy$)) < ek

4

L+ £PT2)([ 4 gptl)a
Is 1=Z|Xi|§k1+°‘\x—y|( S )( § )
1

d(y)2+‘r+(‘r+1)a

Finally
Iy:= \Z Di, 6% — ||y, ¢ .

To majorize I'y observe that If £ <1,

[P Ddlk _ &Pz —y| 13
< k < 2klz — y|——>——
d(y)” d(z)d(y)" | |d(y)f+1
while if £ > 1,
€p+1k +1 |z -y
< 2k(14 &)L
d(y)” (1+¢ )d(y)T+ !

As a consequence |D;,¢ + Dy, ¢| < ck(1 + &PH) dl(?,)_ﬂl )
Then since o > 2 one has by the mean value’s theorem

Ty =) [IDiad|? = |Diyo|?° < ¢ |Diat + Diyd|*(IDiat|? " + [Diyep| 2 71)°
ka|x — y|2 p+1)
iy e e
and then
(L+&r) (L+gpth)ott

< ck®Hz -y

— AT — DAYV e S A
F4('71 +'Y2) - |Z(|Dm¢)‘ |Dzy¢| )| )kd(y)T‘l‘ _ y| — d(y)r(a+1)+a

3

18



1

fﬁa, and p > %, which imply that by taking k£ and L large

s
enough one has I's < %. We have obtained that

‘We now choose 7 > 7

;DM < t(f(@) = Aul*u(@)) + [Dyg|” = |Dad|” + (D1 + T + (11 +72)T4)

|Dyo|?
4T

Note now that we can choose t optimal or equivalently ¢, = and with this value of

t, one has
|Dyop|* < 16T1¢(f () — Alu|*u(x)) + T1(|Dyg|® — [Dyp|?) + TsTy + Ty (v1 + 72)Ta)

There remains to see that from this one derives a contradiction, indeed, the left hand side

28
is greater than (L;r(gjl) while

(L2(1+a) + 52(p+2)(a+1))
d(y)2(r+D(e+1)

F1F3 S Ck2(1+a)

which is negligeable w.r.t. |D,¢|?? by the choice of 7 and p.
Furthermore

ko L+ (1 +p)%P 10 (LT lo -y L+

I, r <
(’Yl + 72) 411 = cd(y)T |x — y| d(y>7—+(7—+1)a‘x _ y‘ (d(y)(7'+1)a
o 20+ (L +5p+1)2(1+a)
— d(y)27(a+l)+2a

which is small w.r. t. |V,¢|?? by the choice of 7, p, k and L . Finally

16T1t] f — Mul o < 16]D0|%|f — Alu|*|o

which is small with respect to |D,¢|?? as soon as L and k are chosen large.
Furthermore

L+5p+1)5—1 < kP |z — y|(L+&rt)P

B _ B| <

and then

(L + £p+1)ﬁ+l+a
d(y)r(a+1)+a+(7-+1)[3

|D.¢|° — |Dyo|° Ty < KPHITe

which is also small with respect to |D,¢[*® using the assumptions on p and 7. We have
obtained a contradiction. Finally ¢(z,y) < 0, which implies some Lipschitz estimate. Arguing
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as in [15], one can obtain an optimal behaviour of the gradient of u when w is a solution , in

the form
|Vuy| <ed 71

> Furthermore, these estimates can easily be extended to a C? domain in place of a ball, using
s the interior sphere property, and replacing of course 1 — |x| by d(z, 92).

. 4 Existence and behaviour near the boundary of ergodic
5 function.

<exmr§°) In this section we prove the existence of solutions of equation (1.4) blowing up at the bound-
7 ary, which will be used in the proof of existence of ergodic pairs. In what follows we drop
s the assumption on the boundedness of the right hand side f, and we consider continuous
o functions in €, possibly unbounded as d(z) — 0.

(exilambda) Theorem 4.1. Let a >0, S € (a+ 1,0+ 2], A > 0 and let F satisfy (1.1) and (1.2). Let
further f € C(Q) be bounded from below and such that
8

d(lzi)rgof(x)d(m)ﬁflfa =0. (4.1) 217

Then, the infinite boundary value problem

{ —|Vu|*F(D*u) + |Vu|® + Au|®u = f in Q,

= e on 09 (4.2)

admits solutions, and any its solution u satisfies, for all x € 1,

Co D, Co Dy .
_ - <ulz) < —+ T /) > 07
ORI P e il
. 5 (4.3) [bou]
co| log d(z)| — A; <u(w) < Collogd(x)| + ——  ify=0,
a+1 a+1

w  for positive constants co,Co and Dy depending only on o, 3,a, A, |d|c2(q) and on f.
1 When F satisfies furthermore (1.7) one has a better estimate :

(precest) Theorem 4.2. Let B € (a+1,a+ 2], A > 0 and let F satisfy (1.2), (1.1) and (1.7). Let
further f € C(Q) be bounded from below and such that

lim f(z)d(z)7== " =0, (4.4) 77
d(z)—0
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for some v9 > 0. Then, any solution u of (4.2) satisfies: for any v > 0 and for any
0 <71 <79, with y1 < inf(1,a), and 1 < v when v > 0, there exists D = %, with
D1 > 0 depending on v,v1,, B,a, A, |d|c2(q), |C(-)|c2(q) and on f, such that, for all x € Q,
C(x) v C(x) v
Az d(z)ym D < u(z) < Ay T a@y
[log d(z)| (C(z) — vd(x)") — D < u(z) < |logd(z)| (C(x) +vd(z)"*)+ D if y=0.
(45) ?bouest?

+D ifvy>0,

> Furthermore, the solution u is unique.

3 Proof. of Theorem 4.1 :
4 In almost all the results, we will just detail the case v > 0 and leave the case v = 0 to
s the reader. Let § be small enough in order that in d < 2§ the distance is C2. We define

p(z) = Cod(z)™7,

then we have, by an easy computation, using the fact that d is C2 near the boundary and the
properties of F' :

|F(Vp, D*@) = 7'+ (y + 1)d- Va2 P(Vd, Vd @ Vd)| < cd” D77

and
|V¢‘B — Cfd—(vﬂ)ﬁ |Vd|5

so taking C, conveniently large and using the asymptotic behaviour of f,
~F(Vo,D*p) +|Vy|” > f*.
In particular for any positive constant D , ¢ := ¢ + D is also a supersolution of
—F(Ver1, D?01) + [Vor|” + Agr |1 > [+

s We extend ¢ inside 2 by taking

01 ind<d
W= %em+%+D, ifd<d<26
D if d > 29.

where, since ¢ is C2, K; being defined by
|F(Vor, D*g1)| + [Veu|” < Ko,

1+a . . .
7 we have chosen D > (m""# . Then w is a convenient super-solution ( note that on

1§ <d <20 we use the fact that the infimum of two super-solutions is still a super-solution).
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1
Let us exhibit a convenient sub-solution : For s > 0, ¢g = ~~! (MTD“) P77 and

x € Q\ Qas, let us consider the function
¢*(x) = cold(x) + )77
One has
—F(V®*, D?¢%) + [V |7 + M@*) 1 < |V [* M (D?0) + [Ve*|? + A(@*) 1 < f(a),

for 0 and s sufficiently small, since f is bounded from below.

1
Moreover, for D > ¢pd =7 + (%) “™" | the constant function co(§ + s)~7 — D is also a

sub solution in 2.
Therefore, the function

w

©*(x) — D in Q\ Qs
S xr) =
co(0+8)"7" =D in Qs

is a convenient sub-solution.
Using Remark 2.5 after the existence Theorem 2.1, let ur which satisfies

—F(DuR,D2uR)—|—|VUR|5—|—)\|uR|°‘uR = fr in Q
{ ur = R on 09, (4.6) [ur]

where fr = inf(f, R). Observing, using the comparison principle in Theorem 2.4, one gets
that w® < urp < w, ur is non decreasing, and since it is trapped between w® and w®
it is locally uniformly bounded, hence locally uniformly Lipschitz. By classical results for
uniformly Lipschitz viscosity solutions, it converges to a solution of ( 4.2). The boundary
behaviour follows by letting s go to zero.

Note that here we did not use the uniform Lipschitz estimates, so @ > 2 is not needed.
Furthermore, we do not have the precise estimate at the boundary, and then the uniqueness

could fail.
O
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Proof. of Theorem 4.2
We introduce for § > 0 small

ﬁ
oy = <<F(Vd, Vd © Vd)(y + 1)) +de> e

,Yﬂ—a—l

and

et
We s = <<F(Vd,Vdﬂ® v?)(7+1)) —ud’“) (d+6)"—D
) /y (03

1
F(Vd,Vd@Vd)(y+1)) B—e-1
P :

—a—1

where D is some constant to be chosen later . Recall that C(z) = (

We prove that ¢; is a supersolution in Qo5 = {x € Q,d(x,9Q < 20} for § small enough.
We denote ¢(z) = C(z)d™" + vd="*". Then Dy = —yC(x)d~ 7~ 1Vd(1 + 1/;’6—,(;) an) +
DC(x)d™ ",

v (v+1)C (=)

D2p(x) = 7 (v + DC()d 72 (14 v05007 ) ) va @ vd
—y C(z)d ! (1 + V%d”“) D2%d — yd—"~ (Vd® VC + VC @ Vd) + d-D2C..

In particular

20— Oz —y-2 L =)L =) e
1D?p — C(x)y(y +1) d77"2(Vd ® Vd)(1 + ST IC@ d)| < ed

which implies

e — +1—m)
F(Dp.D%p) — Clo)y(y+1) d—2(1 + 0 =0 d)VF(Ve,Vd® Vd
|F(Dg, D) (@)v(y+1) ( 1 D@ JF(Ve )
< ed”OFD0OF) — o(gmOFDamy=24my (4.7) [majFD2]

Let 7 €] 1L, 1], by Property (/%) , one has ( in the computations below ¢ denotes always some
universal constant which varies from one line to another) :

F(—C(z)d 7" 'Vd(1 + v a"), Vd ® Vd)
T

|F(V,Vd® Vd) e

i=N
o[ VdPd= ey

i=1

TN
- Cw@zdl—ku d" —|—8ZCd
@A+ )

0,C ¢
cd—(’Y+1)adTa +e Z |8Zd|0‘ ((1 + i _ d) . 1)
Lo dedr ~CO;d(1 + z/jc(”;) dn)

(e

TN
C(2)0;d(1 + v-——<d™
YC () 0;d( @) )

[e3

IN

IN
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cd

< d—('y-&-l)a dre 8Zd «a
< ¢ +_ Z |0;d| B,d)
’L,laid|>dT
< Cd*(’Y*Fl)a(dTa +d177(17a)+)
< ed” O = o(g= O Detm), (4.8) [majphi]

3 Now observe that by using a Taylor expansion at order 2 and the properties of F’

F(—C(2)d " 'Vd(1 + v 2L qm), Vd @ Vd)

7C(x)
= (vC(2)d "Y1 + val= LV F(Vd, Vd ® Vd
(vC(x) ) ( YT VE( )
+ o(d_(7+1)o‘+271), (4.9) [TE]

5 Gathering (4.7) (4.8) and (4.9) one obtains

|F(Vep,D%p)

B JRRSE =21 4 o = g L=l +l-m)
(Clm)' T (y+1)d (1 + 7C(x)d )1+ G D0@ d")F(Vd, Vd @ Vd)

= o(d~(rN0Fe) =14y,

On the other hand one has, using a Taylor expansion at the order 2 and the mean value’s
Theorem

By —m)

—y—1 B
Vel? — (d C(z)y)” 1 +v G

d71)|Vd5‘ < ed”OFDEF2 4 g=OFDBHL (4 10) [beta)

s Considering the term in d"*d=7=2= D in (C(z)y) e (y+1)* d_7_2((1+yaqcf&1) d))(14+

V%d”) and in (4.10), and using the definition of C'(z), one has

14a Y- (V=) +1-m
—(C(z)y) (v + 1) (Va’yC’(x) + v NS )F(Vd@Vd)

2)7)8 VA/_’Yl
+C@m el

4 (r=m)m
> (Clz)y)” VW

)
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and then

—F(Ve,D%¢) + |Vo|® > d(VH)a"H“(C(az)V)B1um+o(d(7“)a72+71).

Taking ¢ small enough one gets that by the assumption on f and using 1 < 7,
—F(Ve, D) +|Vel” > [+ > [,

and then
—F(Ver1, D*01) + [Ver | + dp1 ™ > f.
We then consider in § < d < 24, as in the proof of Theorem 4.1

w2 = —C(x)(léj— V(Wl)eﬁ+% +D

where, if K is so that |F(Vs,, D?ps)| + |Ve2|? < K1, we have denoted D some constant
1
so that D > (m”%[(l) """ We have obtained that for ¢ small and d < 0, the function

p+D ind<$§
w,= po+D ind<d<?2
D ind> 26

is a convenient super-solution.
In the same manner let

((F(Vd, Vd ® Vd)(y +1)
Ws =

et
) —yd’“) (d+06)"" =D

-l
Then
—F(Vws, D*ws) + [Vl + M, |“w; — f
< —(d+ ) OtDamr=2tm (C(x)y)ﬁ—ly(xrl); L (14 0(1))
+eM(d + 6)T 0+ _f
< 0,

when d is small, and arguing as previously one can choose D in order that wg be a sub-solution
also in d > 4.
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6

(exiergo)

8

1

Now arguing as in the proof of the previous Theorem, more precisely taking ug a solution
of (4.6) one gets the existence of u which blows up on the boundary and now is so that

u ~ C(z)d~7 near the boundary. The uniqueness can be shown as in [13].
O

We can now prove the Theorem

Theorem 4.3. Under the assumptions of Theorem 4.1, and assuming in addition that o > 2
and f is Lipschitz continuous, there exists an ergodic pair (u,c) , furthermore u(x) ~ C(x)d™"
near the boundary.

Proof. of Theorem 4.3 : By Theorem 4.1, for A > 0 there exists a solution U, of problem
(4.2), which satisfies estimates (4.3). It then follows that A|Ux|“Uy is locally bounded in 2,
uniformly with respect to 0 < A < 1. Let us fix an arbitrary point zo € Q. Then, there exists
¢ € R such that, up to a sequence A, — 0,

AU (z0)|*Ux(x0) = —c.

On the other hand, Proposition 3.1 yields that (U)) is locally uniformly Lipschitz continuous.
Therefore, for = in a compact subset of €2, one has using again (4.3) and the mean value’s
Theorem,

K
MIUx(@)[*Ux () = [Ux(20)|*Ux(z0)| < = [Ux(z) = Ux(w0)| — 0.
It then follows that ¢ does not depend on the choice of xy and, up to a sequence and locally
uniformly in €2, one has

AUL|*Uy — —c.

Moreover, the function Vy(x) = Ux(x) — Ux(zg) is locally uniformly bounded, locally uni-
formly Lipschitz continuous and satisfies

—F(VVy, D*Vy) + |V [P = f = \|JU5|*Ux in Q.
If V' denotes the local uniform limit of V) for a sequence A,, — 0, then one has

~F(VV,D*V)+ |VV|P = f+¢c in Q.

Let us define for arbitrary s > 0 :
7 g ifv>0,

)= @@ v Got oy (411) 7pe?
¢(x) = —o log(d(z) + s) + o log(d, +s) ify=0,

and o = ((7 + 1)%) Fre T A=lifn >0, 0 = § if v = 0. Using the computations in Theorem
4.1 and using Theorem 2.4, we have that, for some §y > 0 sufficiently small,

Ww>o+ d(rcgi:né0 Vi in Q\Qs,,
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Letting A\, s — 0 we deduce that V(x) — +oo as d(z) — 0. This shows that (¢,V) is an
ergodic pair and concludes the proof. The asymptotic behaviour can be proved as in [13]. 0O

5 Proof of Theorem 1.1.

We now prove Theorem 1.1.

Proof of Theorem 1.1. Let uy be a solution of (1.5). We begin by giving a bound that will
be useful in the whole proof. Observe that uj\“ is a sub solution of

By the existence’s Theorem in [10] let V' be a solution of

—F(VV, DQV) =2 nQ
V=0 on 0f)

Then V is bounded, |f |1+%V is then a super-solution and the comparison Theorem in [10]
implies that

_1 _1
Ul oo < Vsl floa™ < elfl5S™ (5.1) [upper |

Let us consider first the case where there exists a sub-solution ¢ for (1.4). Then, ¢ — |¢|oo is
a sub-solution of equation (1.5), and by the comparison principle we deduce uy > ¢ — |¢|oo-
Thus, in this case (uy) is uniformly bounded in Q. The Lipschitz estimates in Theorem 2.2
then yield that u) is uniformly converging up to a sequence to a Lipschitz solution of problem
(1.4). Note that in this case we did not use o > 2.

We now treat the second case, i.e. we suppose that (1.4) has no solutions. In particular
|un]oo diverges, since otherwise we could extract from (u)) a subsequence converging to a
solution of (1.4).

1
On the other hand, since — (%) " is a sub solution of (1.5), by the comparison

1

principle we obtain u, < (%)m, which, jointly with (5.1), yields A|ux|17® < ¢1|f]oo-
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> Hence, there exists (x)) C © such that uy(xy) = —|ux|eo — —00 and there exists a constant
s cq > 0 such that, up to a subsequence, A|uy|:F* — cq.

4 The rest of the proof follows the lines in [13].
5 O
s Proof. of Theorem 1.2 We do not give the proof which follows the lines in [13]. O

. 6 A comparison principle for degenerate non linear el-
: liptic equations without zero order terms

(compzego) .

(2.4) Theorem 6.1. Suppose that b is continuous and bounded on Q and that either « = 0 or

a # 0 and f is a continuous function such that f < —m < 0. Suppose that u and v are
respectively a sub-solution and a super solution of

—F(Vu, D*u) + b(x)|Vul’ = f.

o  Suppose that w or v is Lipschitz and both the two are bounded on Q, that u < v on 0. Then
u u<wvin Q.

12 Proof. Without loss of generality, we will suppose that w is Lipschitz continuous.
13 The case a = 0 is quite standard, and is done in [13], for the sake of shortness we do not
1 reproduce it here.

For the case @ # 0 and f < 0, we use the change of function u = ¢(z), v = p(w) with
o(s) = —y1(a+ 1) log (6 + e_%ﬂ) .

1 This function is used in [1], [6], [7], [23], [24].

We choose ¢ small enough in order that the range of ¢ covers the ranges of v and v. The
constant 1 will be chosen small enough depending only on a, «, 3, infq(—f) and |b|; in
this proof, any constant of this type will be called universal . Observe that ¢’ > 0 while
" < 0. Let Z =3,10:2|20;2z, W = Y, |0;w| % 0;w. In the viscosity sense, z and w are
respectively sub- and super- solution of

—F((¢")740a(V2)D*204(V2) + (¢')*¢"(Z @ 2)) + b(x)¢' (2)° V2|’ — f < 0. (6.1)[eat]
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—F((¢')F0a(Vw) D*wOa(Vw)+(¢")*¢" (W@W))+b(x)¢ (w)’ = Vw|"— f > 0. (6.2)[eqt]

We define

H(z,s,p) = ““” Z|pz|2+a+b <>ﬁ-a-1|p|ﬂ+¢,‘(gfll.

dH(ac s

The point is to prove that at Z, a maximum point of z — w, 2) = 0 for all p. This will

be sufficient to get a contradiction. A simple computation glveb

— S _ —_ S8
/ ISR " 77156 ot

ste T (at)E e w2

—1,0// ! 5 6_%‘*1 . —<,0” 4 SON
) = 2 — e m) = >0
@ (@+1)? (54 e75) @ (@+1)m

Differentiating H with respect to s gives:

Hence

a *50// *(O‘ + 1)90// NnNB—a—2 11
85H:a;|pi| +2m+(*f)w+b($)@|ﬁ(5*a*1)(@ )Pme2y,

Since —¢” is positive, we need to prove that

ays, lpil*t? at1 —a—
K=—""——+4(—f)————1|b BB —a—1)(¢)P 22 >0.
S D) e — lelpl? (8 — a = 1)(¢)
We start by treating the case 5 < a + 2.
Observe first that the boundedness of u and v, implies that there exists universal positive
constants ¢, and c; such that

comn1 < ¢’ < e

Hence, it is easy to see that there exist three positive universal constants Ci, C;, i = 2,3

such that ,
C1 Y, Ipi] Cy Cs(>; Ipil?) =
K > + = - s T p
" M Y1

We now observe that since a > 0 Cf Y2, |pi|*T2 > C{N = (3, p2) % := C1(3, p2) % =
Cilp|**?. We choose 4, = min {1, (£2)8, (%?)M}*ﬁ } With this choice of 1, for |p| <1,

Cy
Cylp|*+? n Co  Cslpl’ s @ G S 0:
" ,yierZ 'Y?+2_ﬁ - ,ﬁt+2 7fz+2—ﬁ ’

29



while for |p| > 1,

Calpl** | G Calpl”® _ (COlpl**?  Culpl”
TR T

If 8 =a+2, just take v1 < m.
This gives that for v; small enough depending only on min(—f) , «, |b|s and 8 one has,
for some universal constant C,
0sH(x,s,p) > C > 0. (6.3) [gamna|
We now conclude the proof of the comparison principle. Suppose by contradiction that
sup(z — w) > 0.
We introduce ¢;(z,y) = 2(z) — w(y) — % x

7y|2; )

o o . .
(pj, Xj) € I z(x)), (pj,—Y;) € J 7 w(y;), with p; =j(z; —y;)

X; 0 (T -
(75 )=(5 )

On (z;,y;), by a continuity argument, for j large enough one has

and

sup(z — w)
—

Note for later purposes that since z or w are Lipschitz, p; = j(x; — y;) is bounded. Observe

z(z5) > w(y;) +

that the monotonicity of %/,/ implies that

asey aeniery
P (AU
¢'(2(z5))  ¢'(w(y;))
Using the fact that z and w are respectively sub and super solutions of the equation (6.2),
the estimate (6.3) and that H is decreasing in the second variable, one obtains:

0 > ();fffﬂ(’))—F(pj,XﬁmpJ@pg)+b<xj>|pj|ﬂ ((a(ay) P
~f(z)) Pl
GG T gy O

o e (00D S CED L e e
r 10 (Gaes) ~ Sy ) * e etes)

f(yj)—f(%) B (wly:)))P——1
> (@ (wip )™ + (b(z5) = b(y;) ;17" (w(y;)))

+H (x5, 2(x;5),p5) — H(xj, w(yy), ps)
> Calay) - wly;) + ﬁﬁl

M
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Her

> Pas
s 2(Z

e we have used the continuity of f and b, the boundedness of p; and that
(s, y5) = sup((zj, z;), ¥ (y;, y5))-

sing to the limit one gets a contradiction, since (z;,y;) converges to (z,z) such that
) > w(Z). O

Theorem 6 enables us to pove, arguing as in [13], Theorem 1.2.
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