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Rates in the central limit theorem for random projections

of Martingales

J. Dedecker! F. Merlevede fand M. Peligrad *
February 7, 2024

Abstract

In this paper, we consider partial sums of martingale differences weighted by ran-
dom variables drawn uniformly on the sphere, and globally independent of the martin-
gale differences. Combining Lindeberg’s method and a series of arguments due to Bobkov,
Chistyakov and Gétze, we show that the Kolmogorov distance between the distribution of
these weighted sums and the limiting Gaussian is “super-fast” of order (logn)?/n, under
conditions allowing us to control the higher-order conditional moments of the martingale
differences. We give an application of this result to the least squares estimator of the slope

in the linear model with Gaussian design.

AMS 2020 subject classifications: 60F05; 60E10; 60G46.
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1 Introduction

Let (Xk)rez be a strictly stationary process on a probability space (€2, F,P) such that E(X,) =0
and E(XZ) = 1. Consider the weighted sums

(X,0) = 0.X1 + -+ 0,X, := S,(0),
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where X = (Xy,...,X,), 0 = (01,...,0,) is defined on (92, F,P), is independent of (Xj)rez and
has uniform distribution g, ; on the unit sphere S™! of R™ (n > 2). Let (F;)icz be a non
decreasing stationary filtration in F such that X is Fp-adapted. In this paper, we shall often
use the notation E,(X) to mean E(X|F,). Assume that E,_;(X;) = 0 P-almost surely: in other
words (X )rez is a sequence of martingale differences adapted to (F;);cz. By the properties of
the uniform distribution on the sphere, we have that
max 0;| = 0, P-as.

Therefore, if we assume in addition that E(XZ|F_) = 0, according to Hannan [12, p. 284],
Sn(0) converges in distribution to a standard Gaussian random variable. Actually [12, Theorem

1] implies the following conditional version of the central limit theorem (CLT):
Ko (Psn(e), Pg) — 0 P-as., asn — oo,
where G ~ N(0,1) and

ko (Ps,0), Pa) = Stlelﬂg P(S5,(0) < t) —P(G < t)].
Above the notation Py (resp. Ep) means the conditional probability (resp. the conditional
expectation) with respect to 6.
In this paper, we are interested in rates in this CLT in terms of the Kolmogorov distance.
When (X},)rez forms a sequence of independent centered random variables in IL.* with variance
one, from Corollary 3.8 in Klartag and Sodin [13], it follows that

My, 1<
E<ﬁ9(P5n(9),PG)> < 0 here My, = = Y E(XD). (1.1)
n
k=1

n

This proves that, when My, is uniformly bounded (which is the case in the setting of independent
and identically distributed (iid) r.v.’s), projecting the variables on the sphere allows to derive
a much faster rate than in the usual Berry-Esseen theorem, where the rate is 1/y/n. In a
recent paper, Bobkov et al. [2] have extended this interesting phenomenon to isotropic random
vectors (meaning that the coordinates are uncorrelated with variance one) having a symmetric
distribution, and under a suitable second order correlation condition. They obtained a similar
1/n-rate modulo a logarithmic factor. More precisely, their second order correlation condition

reads as: there exists a constant A such that, for any collection a;; € R,

Var( i ainl-Xj> S A i a?j . (12)

1,7=1 1,j=1



Theorem 1.1 in [2] asserts that if (X})rez is a sequence of uncorrelated centered random variables

with variance one, satisfying (1.2) and such that (X, - -+ , X,,) has a symmetric distribution then

clogn

E<H9(P5n(9),PG)> < A. (1.3)

n

As shown in [2], condition (1.2) can be verified for random vectors which satisfy a Poincaré-type
inequality with positive constant (see [2, Proposition 3.4]). Moreover, if we assume that (Xj)xez
is a sequence of martingale differences such that sup;; E(X 4) < 00, one can check that condition
(1.2) is satisfied provided that

> F(k) < 00, (1.4)

k>1
with J(k) = max(v22(k), 71,3(k)) where
) = sup XX (E(XEe) — B )l (15)
and
Y3(k) = sup [[Xe(Be(XareXipope) = B(XireXi i) Il (1.6)

£,v>0

For instance, if (X})rez is additionally strictly stationary and strongly mixing, condition (1.4) is
satisfied provided that ), foaz(k) Q*(u)du < oo (see Section 2.2.1 for a definition of the coeffi-
cients ay(k) and of the quz_mtile function @). The most stringent condition in the assumptions
made in [2, Theorem 1.1] is probably the fact that the distribution of (X3,---, X,,) is assumed
to be symmetric. In [3, Chapter 17.4] the authors consider the case of non-symmetric distri-
butions. Their Proposition 17.4.1 states that if (Xj)gez is a sequence of uncorrelated centered
random variables with variance one, satisfying (1.2) then we can still provide an explicit bound
for E(ne (Pgn(g), Pg)) and that a certain term has to be added to the right-hand side of (1.3).

This additional term is

<logn>1/4<E (X,Y) )1/27 (L)
n VIXIE+ Y2

where Y is an independent copy of X and || X|? = (X, X) denotes the euclidian norm of

X. As proved in [3, Chapter 17.5], the term (1.7) can be upper-bounded by C(logn)/*/n

provided (X, ..., X,) satisfies a Poincaré-type inequality. For instance, when n = 1, for this

Poincaré-type inequality to be satisfied it is necessary that Py, has an absolutely continuous
component. Now in case of random vectors (n > 2), the required Poincaré-type inequality is
quite complicated to obtain except in the case where the random variables are independent with
marginal distributions satisfying a Poincaré-type inequality (see [3, Pages 108-109]).

The aim of this paper is to provide a new method allowing us to show that sequences (Xj)xez

of martingale differences satisfy an upper bound of the type (1.1) (up to some logarithmic term)
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without requiring that the law of the vector (Xi,..., X,,) is symmetric, nor satisfies a Poincaré-
type inequality. More precisely, as stated and proved in Section 3, an upper bound of the type
(1.1) will be achieved with the help of the Lindeberg method, where the random variables 6;X;
will be replaced one by one by random variables Y;(6) taking only two values with some desired
characteristics (in particular they are independent conditionnally to €). Then, following the
approach of Klartag and Sodin [13], we shall compare the distribution of >  Y;(f) with a
normal distribution. We select this method because Stein’s method, which is also successfully
used in some situations to get sharp Berry-Esseen bounds, would require strong assumptions
on the conditional moments of the martingale differences (see for instance [15]). The rate we
achieve is “super fast” of order (logn)?/n. It should be mentioned that, in the absence of the
randomization considered in this section and in the presence of dependence, it is very rare to
achieve a Berry-Esseen upper bound of order n=1/2 for stationary sequences. Especially, for a
martingale with stationary and ergodic differences, constant conditional variance and finite third

moments, the upper bound in the classical Berry-Esseen inequality cannot be better than n=/4,

(see [11] and [4]).

In Section 4, we shall see that, with additional computations, our result applies to the
ordinary least square estimator of the slope in the linear regression model with Gaussian design
and martingale differences errors.

In a Berry-Esseen bound the constants are important. However, in this paper, due to the
difficulty and complexity of the problem, we shall not compute the constants exactly. For any
two positive sequences of random variables a,, and b,, we denote by a,, < b, the fact that there
is a universal positive constant ¢ such that a, < ¢b,, for all n.

The paper is organized as follows. In Section 2.1 we present the result for martingales and
comment on the method of proof. Section 2.2 is devoted to applications to martingales differences
satisfying a mixing-type condition, functions of Markov chains and ARCH(oc) models. The
proof on the general martingale result is given in Section 3. Finally, in Section 4, we present the

application to linear regression with Gaussian design and give its proof.

2 Normal approximation for weighted sums of martingale

differences

2.1 Main Result

In what follows we assume that (X;);cz is a strictly stationary sequence of martingale differences.

Assume moreover that || Xo|ls < oo and || Xo|]2 = 1. Let us introduce the weak dependence



coefficients we will use in this paper. For any positive integer v, let
%0.2(0) = [Eo(X7) = E(XD)[h s m.2(v) = [ Xo(Eo(X7) — E(X]))]|1 -

Recall also the coefficients 7, 2(v) and v 3(v) as defined in the introduction that can be rewritten

as follows in the stationary setting:

722(v) = sup [ X0 Xe(Ee (X7 0) — E(XTi ), 1a(v) = sup 1X0 (Bo(XoX7yp) — B(XoX710) -

Define then
Y(v) = max(y0,2(v), 11,2(v), Y2,2(v), 11,3(v)) - (2.1)

Our general result for martingales is the following theorem:

Theorem 2.1. Let (X,),cz be a stationary sequence of martingale differences in 1L* such that
E(X2) = 1. Let (7(k))x>0 be the sequence of dependent coefficients defined in (2.1). Assume
that 3 5, ky(k) < oo. Then

(logn)?
—.

E(H@(Pgn(g),PG)) <K (2'2)

As a proof technique, we shall use as a starting point (following [1, 2]) a new variant of the
smoothing inequality, which is custom built for the type of randomization we used and sequences
of martingale differences. Let us give some details.

Let (Xx)rez be a stationary sequence of martingale differences. We start from the so-called
Berry-Esseen smoothing inequality (see e.g. [9, Ineq. (3.13) p. 538]) together with Lemma 5.2
in [1] which takes advantage of the fact that the random variables are projected on the sphere.
More precisely, note first that for any fixed point # on the sphere S™~!, in case of stationary

sequences of martingale differences, Theorem 3.10 in [14] implies
1/4
(E((X,0)[) " < eall Xolla -

In addition, if
ZCOV(XOQ,X]?) < 00, (2.3)
k>1

then

" 2
o =n"" ]E(‘ 2:()(Z2 — 1)‘ ) < 00.
i=1

Therefore, if the moment of order 4 is finite and (2.3) holds, [1, Lemma 5.2 ] together with [1,
Corollary 2.3] then imply that for all 7' > Ty > 1,

/Tt_l]E(]fg(t)])dt<< ere—T@/w, (2.4)

To
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where fy(t) = ]E(eit(X 0) |9) The upper bound (2.4) combined with the Berry-Esseen’s smoothing

inequality entails the following Proposition:

Proposition 2.1. Let (Xy)rez be a sequence of stationary martingale differences with finite
fourth moment and G a standard normal variable. If (2.3) is satisfied then, for all T > Ty > 1,
7o dt  log(T/T; 1
(ol Prxay P) < [ E(fale) e S+ DB oo 2 (2
0
In the rest of the paper we shall chose T' = n and Ty = 44/logn. To derive an upper bound
for E(re(P(x,), Pc)) of order 1/n modulo an extra-logarithmic term (logn)® for a > 1, one

needs to prove that
dt < (logm)~

/o E(fu(0) - T <

This will be achieved by a two steps procedure. Using Lindeberg’s method we shall replace

(2.6)

one by one the variables 6;X; by independent random variables Y;(#) taking only two values
with some desired characteristics. After that we shall compare the characteristic function of
S Yi() with e7t/2,

2.2 Applications
2.2.1 Martingale differences sequences and functions of Markov chains

Recall that the strong mixing coefficient of Rosenblatt [16] between two o-algebras A and B is
defined by a(A, B) = sup{|P(AN B) —P(A)P(B)| : (A, B) € Ax B}. For a strictly stationary
sequence (X;)iez, let F; = 0(Xy, k < i). Define the mixing coefficients as(n) of the sequence
(Xi)iez by

QQ(TL) = SEUPO‘(]'—O; O-(Xna XTH—K)) :
>0

For the sake of brevity, let ) = Qx, where Qx, is the quantile function of Xy, that is the
generalized inverse of ¢ — P(|Xo| > ¢). Applying Theorem 2.1 and proceeding as in (6.86) and
(6.87) of [14], the following result holds:

Corollary 2.1. Let (X,)nez be a stationary sequence of martingale differences in L* such that
E(X3) = 1. Assume that

as (k)
Zk/o Q*(u)du < 0o (2.7)

k>1
Then the conclusion of Theorem 2.1 holds.



Examples of martingale differences that are additionally strongly mixing are harmonic func-
tion of a Harris recurrent Markov chain. Let us for instance consider the following example as
described in [7, Section 4.1]: Let (Y;);ez be the homogeneous Markov chain with state space Z
described at page 320 in [6]. The transition probabilities are given by pn i1 = p_n_n_1 = ay
forn >0, pho =p-no=1—a, forn >0, poo=0,a =1/2and 1/2 < a, <1 for n > 1. This

chain is Harris positively recurrent as soon as » HZ;%(lk < oo and in that case the stationary

n>2
chain is strongly mixing in the sense of Rosenblatt [16].

Denote by K the Markov kernel of the chain (Y;);ez. The functions f such that K(f) =0
almost everywhere are obtained by linear combinations of the two functions f; and f5 given by
A1) =1, fi(=1) = =1 and fi(n) = fi(—n) = 0if n # 1, and f5(0) = 1, fo(1) = fo(=1) = 0
and fo(n+1) = fo(—n—1)=1—a,' if n > 0. Hence the functions f such that K(f) =0 are
bounded.

If (X;)iez is defined by X; = f(Y;), with K(f) = 0, then Corollary 2.1 appliesif ), ., kas(k) <
oo that holds as soon as Eg(73) < co where 7 = inf{n > 0, X,, = 0} and E, is the e;(pectation

under Py, which is the probability of the chain starting from 0. Now Py(7 = n) = (1 —a,)I1}"'a;

1+e€
log i

for n > 2. Consequently, if for some € > 0, a; =1 — % 3+ for ¢ large enough, Corollary

2.1 applies.

2.2.2 ARCH models

Theorem 2.1 applies to the case where (X;);cz has an ARCH(oo) structure as described by
Giraitis et al. [10], that is

o
X, = 01, with o, € RT that satisfies 02 = ¢ + Z c; X2
=

(2.8)

7]'7

where (1, )nez is a sequence of iid centered random variables such that E(n2) = 1 and independent
of F, 1, and where ¢ > 0, ¢; > 0, and 3° 5, ¢; < 1. Since E(ng) = 1 and 3., ¢; < 1, the

unique stationary solution to (2.8) is given by Giraitis et al. [10]:
2 2 2
o, =cC+ CZ Z Cir -+ Ci My -+ - e (1 o) - (2.9)

Let v* = E(Xg) and note that v* = ¢(1 — > s cj)fl. Applying Theorem 2.1, we get the
following result:
Corollary 2.2. Let p €]4,6]. Assume that ||nol|, < co and

c;j =0 forb>1+2(p—2)/(p—4). (2.10)
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Then

log n)?
E(’ie(Psn<e>aPcvz))<<( 8n) ,

n

where G2 ~ N (0,v?).

Proof of Corollary 2.2. Let £k > 2 and f be such that op = f(9x-1,---,71,70,7-1,--.). Let
(1) )nez be an independent copy of (1, )nez and set

o= FMets 0,011y - ) -

Let also X} = ojni, k > 2. Let us estimate the coefficients (y(k))r>2. With this aim, we start
by noticing that, for any k& > 2,

v2(k) < E(XE — X3?)) = E(p)E(loy, — 03?[) = E(log, — 03?]) := 0 -
Now, according to [5, Prop. 5.1],

; k/e . — )
5k<<lérl}£k{/<o + Z cj} WheI‘eli—ZC]. (2.11)
i>04+1 i>1
Next, for any k > 2,
T2(k) <E(|X||XE — X3?)) = E(|Xollof — 037])
Ya2(k) < iggE(lXoXellXée - X4l = 3ggE(lXoXellai+e —oihdl) s

and, there exists a numerical constant C' such that, for any k > 2,
alk) < Cup B{IXf + X7}~ XG)

Let us give an upper bound for the coefficients v, 3(k), the other coefficients being bounded by
similar arguments.
For any k > 2, let u(k) := sup, ||| X¢|*(Xx — X})|li. Let M be a positive real. By stationarity

and Cauchy-Schwarz’s inequality, note that

u(k) < M?’_p/2\/E(|Xo|p)\/]E(|Xk — X7+ M sup Xl (X = XE)

< MO /R(Xo) /B X, — X{[2) + 2M*PE( Xol?)

Note that
E(| Xy, — X;?) = E(lox — 0i*) < E(log — 037]) -



Therefore

u(k) < M3P/2\/8, + M*7P.
The quantity sup, [||X;]|*(Xx — X;)|l1 can be bounded similarly. Selecting M = 5,;1/(7’72), it
follows that

7173(]{) < 5}({17—4)/(17—2)'

Using similar arguments we infer that v ,(k) < 5,82_3)/(17_2) and y20(k) < 5,(€p_4)/(p_2). So,
overall, Theorem 2.1 applies if ), -, ké,(cp /72 — 5 that clearly holds under (2.10) by taking
into account (2.11). O

3 Proof of Theorem 2.1

If (1.4) is satisfied then (2.3) holds and we apply the smoothing Proposition 2.1. Hence we want
to prove that (2.6) holds with a = 2, namely:

To
/ ]E(‘Ew (eitzgﬂe’“X’“) _ et/
0

with Ty = 44/logn. With this aim, for any fixed 6, we shall use the Lindeberg method and

consider a sequence (Y;(0));>1 of independent random variables with specific distribution, which

—, = 12
P (3.12)

) dt  (logn)?

is also independent of (X;);>1. To specify the distribution, let us mention the following fact.

Fact 3.1. Let 02 > 0 and 33 € R. There exists a random variable Y taking only 2 values m
and m’ (depending only on ¢% and f33) and such that E(Y) = 0, E(Y?) = 0%, E(Y?) = 33 and
E(Y4) = ot + 4.

Proof. According to Lemma 5.1 in [8], we can select m and m' as follows:

_63+\/6§+40'6 /__0'2
= 202 .

and consider a r.v. Y with values in {m,m’} such that
PY=m)=tand P(Y =m/)=1—t¢,

where
t = 20" .
408 + B3(B3 + /B3 + 406)
Indeed, in this case, by straightforward computations, E(Y) = 0, E(Y?) = ¢? and E(Y?) =
B3. Let us now compute ||Y||;. Note that

m—a2/m:m+m':ﬂ—2.
o



Setting k3 = 3/0?, we have

Y[l = m?(m® +m"*(1 = 1)) +m*(m"* —m?)(1 - 1)

=m?0? —m/?*(m —m')ks(1 —t).

But —m’%(1 —t) = m*t — 0% and m — m/ = \/k2 + 402. Then, simple computations lead to
B3

VI =o' + 0% =o' + 22

which ends the proof of the lemma. ]

Let (Y;(0))i>1 be a sequence of random variables that are independent for any fixed 6, in-
dependent of (X;);>1, and such that, for each ¢ > 1, the conditional law of Y;(#) given 6 takes
2 values and is such that E,p(Y;(0)) = 0, Ep(Y*(0)) = ZE(X]), Ejp(Y?(0)) = Si3(0) and
Ejp(Y(0)) = fa(6) where

k—1
Bis(0) = OFR(X) + 3 O,07E(X,X7) = 6E(X}) + 353(0) (3.13)
(=1
e 54(6)
o k,3
Bra(0) = OL(E(XD))? + PR (3.14)

Note that this is always possible according to Fact 3.1.
Setting f,(x) = &, My(0) = S5, 6;X; and T}, ,(0) = Yo pi Yi(0), we have

Ejo (f:( im)) —~ Ew(ft(in(@)))

- {IE|9( Fi(Mi_1(0) + 0 Xk + Tin(0))) — Epp (fs (My—1(0) + Yi(0) + T n(6))) } .

k=1
Let
Jenn(z) = E\a(ft (SIJ + Tkm(@)) )

This function is in C*> and all its successive derivatives are bounded and satisfy: for any ¢ > 0,

I ft(f,in(x)ﬂoo < t'. By Taylor’s expansion and independence between sequences, it follows that

B (f(D_0:X:)) = Bo(fe( 3_YiO)) = 33 Liw+ D _(Ruwlfo) + Ras(fe)),  (3.15)

i=1 k=1

where the following notations have been used: for any integer ¢ > 1,
1 i i i i
ik = ﬂEw( L (Mi_1(9)) (LB g1 (X) — E\e(%@)))) :

10



1 1
Ruk(f) = ¢ / (1= 5B {0 XD (M (0) + s0,X,) b
0

and
1

Ron(fi) = 6/0 (1= $PEp{Y(0)1 (Mys(6) + sYil(6)) bds

Above the notation Ejg ;1 (X}) means E(X[|o(0) V Fr_1) (note that by independence between
0 and X, Ejgj_1(X}) = Ey_1(X})). Clearly > 7_, I1;, = 0 (by the martingale property and the
fact that Ejg(Y;(0)) = 0), and

‘i(Rl,k(ft) +R2,k(ft))‘ < o7 t4 {ﬂm( )+ 6E(X;) ) (3.16)

k=1 k=1
On another hand, since E(Y,?(6)) = 67 E(X5),
Epo(£3,(0) (62Ejo1 (XE) — Ep(Y2(9)) ) = 0212, (O)E(Eg1 (XE) — E(XF)) = 0.

Hence, since My(0) = 0,

wa - i@@l@w{( 2 (M(0) = 15, (M2(0)) ) (B(XD) —E(XD) ) }
- —ie Z%w{fm (Mo1(9)) X (Eo(XD) ~ E(XD)) }

+ 2 anekzge/ 1= $)Ep{ £ (Me1(0) + 50:X0) X (Eo(XP) — B(XD)) }

sk + Z gy . (3.17)

k=1 k=1

We have
‘2124’“‘<_29k29m2k f) <—29k2722 (3.18)
k=1 =1 -

Next we deal with the quantity > 7, (]37k + 12,37k). We have

n

S (s + o) = 5 3 08 (FE, (M (0)) (Ex 1 (X) — E(XD)) )

=1
n

N

-1

03 9€E|0{ftkn<Mf 1(0)) X, <E6(X13)—E(X/§)> }—% i@m(e)Ew <ft(,i),n(Mk—1(9))> :

1

_|_

N =

e
Il
—
o~
Il

11



Next define

J, = %g { Brs(0)Ep ( ftﬁ{n(Mk_l(e))) —: 626,K, 9 (ff,?,n(Me_l(H)))E(Xz (Ee(Xi)—E(XE)D}
_% ; k_lekee{Ew(f (M, 1(‘9))> E|9<ft(3f)n(Mz 1(9)))}E<X4Xk)
k=1 (=1
For ¢ <k,

E

-1

Bo (£ (Mica 0)) ) ~Eio (£ (Mia 0)) ) = D {Bio (£, (M0)) ) ~Epo (£12, (M1 (9)) ) |

u

kz_:e E|e( t;n(Mu_l(é))))]E 1(Xu) / (1—s Zg?ﬂ-«:w( v (M1 (0) +qu)X5>ds.

By the Martingale property, E,_1(X,) = 0. Therefore

Il
~

n k—1k—1

| J,| < _222921@192%2 (k—10). (3.19)
k=1 (=1 u=(
Next, since Ej(Y;*(6)) = ;3(f), note that
n n k
Z (Ise + Lo3n) Z o; Z(l + 311@#)E|0{ft(;),n (Me—1(8)) (Zey — E(Zu)) } :
k=1 6= =
where

Zor = X, (Bo(X7) — E(X2)).
Hence, since Ew{ftﬁ)’n (0) (Zes — IE(ZM))} =0,

n

Z (Is + Iak) — Jn

k=1

n k /-1
= % Z 0 Z(l + 31p20) Z 9€E|9{ (ft(,i),n (Mo—u(0)) — ft(,i),n (Mf—u—l(e))> (Zoy — E(Ze,k))}

n

k 1

1

= ékz‘g ;(14‘3].]@&4 Zegeg u/ ]E|9{ tk)n(Mé u— 1(0)+80g_qu_u)Xg_u(Zg’k—E(Z&k))}dS.
=1 =1

We have
Epo{ £ (Mo 1(0) + 00w Xe-0) Xe-u(Zes — EZea)) }|
= ‘Ew{ft(,?,n (Mo—ue1(0) + 500—uXo—u) Xo—uBo—u (Zos, — E(Zy)) }‘

<Y Xmu (Bemu(XeX7) — E(Xzle)) 1 < t*y13(w).

12



On another hand

Epo{ £ (Mo 1(0) + 00 Xe ) Xe-u(Zes — E(Zes)) }|

< B { £ (Meaa () + 500 Xe )Xo X (BAXE) — B(XD)) }|
+ ‘Ew{ O (Mo (0) + seg_uxg_u)xg_u} 1

< X0 X (Bu (X3 —E(X3)) [+ Xo |1 1 X0 (Bo(X_) —E(X3)) h < t* (2.2 (E—0)+m2(k—0)) .

| xe(Bx?) - BCXD)|

Bearing in mind Definition (2.1), we get

‘Z [3k+[23k

Starting from (3.15) and taking into account (3.16), (3.17), (3.18), (3.19) and (3.20), we derive
that

n n 4 n n
(A3 60) ~Ba( (%) < 33 Z{m )+ OB} + D08 ()
i=1 i k=1 v=1
k-1 (-1 5 n k—1k—1

_ t
+t429k2 00l (v(w) Ak = 0) + 610,10 (k — ). (3.21)
k=1

/=1 u=1 k=1 (=1 u={(

S
B

-1 /-1

<ty g2 00l (7(w) Ak = 0)) (3.20)

k=1 1

(’\

~
Il

1w

By Young’s inequality,

9,€|¢9g9@ u’ < — (94 + (9g + 92 u) and 92’94’92 < (\Hk\S + yeu’g—; + |9£’5) .

ot Do

1
\/_
Now, for any m > 1, E(|6,|™) < ¢ n=™/2. Hence

E(%Wﬁe—u!) < n~? and E(Qi’gdgz) < o2

In addition,
k—1

E(5ha(0) < n 2 (143 7(0)) (3.22)

(=1

Indeed,

k—1

4 2 2 2 2
Bra(0) < 001 + 201 Xo|13) + 1862 (- OE(XXP))

=1
Then we use the fact that sup, <, E(6;) < Cn~? and that

E(%(S@E(Xe)(i))2> < Y 2l 0l B0 < o (E00) .

00=1 =1

13



So, overall, starting from (3.21), we derive that
n n n 2
E\Ew(ft(zeixi)) — Ew(ft(Zn(e)))] <t (143 9(0)
i=1 i=1 =1

+tin ! Z Z v(u) Ay(v) + 03/ Z vy(v) .

v=1 u=1

Hence, the following bound is valid:

Bl (53 0) ~ Ea (5 30)| < {1+ (200) + Lo+ = Y-}

implying that

n n

/OTO B[ (£ 0:X)) - Ew(ft(i}/i(e)))‘dt < %?{1 + (Z’y(ﬁ))Q + im@)}.

i=1

Since ), -, v7(v) < o0, it follows that

T 2
/ 0 E (‘Ele (eit 22:1 Xk (49)) o ]E|0 (eit ZZ:l Y (9)) ‘) @ < (log n) ) (323)
0

t n

Therefore the upper bound (3.12) will follow from (3.23) provided one can prove that
7o - dt _ (logn)?
/ E(‘Ew(eltZk:l Yk(9)) _ o 1?/2 >_ < M. (3.24)
0

t n

With this aim, we shall adapt the proof of [13, Lemma 2.1]. Their result cannot be applied
directly since Yj(0) is not of the form 6ynm, where (nx)rz is a sequence of independent r.v.’s
independent of 6. Let

Tu(®) = { max |Ba(0)|To < 1} 0 {75 iﬁkm\ <1jn {Téiﬁk,m <1}

1<k<n

Since, when 6 is fixed, (Y3(0))1<k<n are independent random variables that are centered, in L
and such that >°,_ E(Y2(6)) = 1, we infer that, by standard arguments (see the proof of [13,
Lemma 2.1]), the following estimate holds : for any positive ¢ such that ¢ < T,

‘E\G (eit Sy Yk(0)> _ et

1p, () < e /2 <t3’ 3 5,673(6)’ +'y ﬁm(&)) . (3.25)
k=1 k=1

Let a(u) = E(XX?2). Note that

B[S ual6)| < IXlSE| S0 +3E] 3 6
k=1 k=1 k=1

14

1 a(k —5)95).

k—
/=1



We shall use the fact that (6,...,0,) = (&1,...,&)/|€]le where (£);>1 is a sequence of iid
N(0,1)-distributed r.v.’s and ||£]|? = >_1, &2. Note first that, because E<n3/||£||g> < K (by
the properties of the y2-distribution),

2 ieg‘ :E‘ﬁifg‘ = <E<\|
k=1 € k=1

3

D) o)) e

Next
n k—1 1 n k—1
E‘ 62 a(k—é)Hg’ :E)Hﬂngg S alk - e@’
k=1 t=1 € k=1 (=1
n3 1/2 /1 n 1 2\ 1/2
< — — 2 — .
= (E(Hgng)) <n3E(“ S £ alk 6)5‘) )
Now,
n k—1 9 n k—1
E(D @ alk—0&) =D EE) Y e’k - OE(E)
k=1 =1 k=1 =1
-1 n k—1 K —1
23 3 BE) Y S alk— al — OEEEE).
k=1 k'=k+1 =1 =1
By independence
n—1 n  k-1k-1 n—1 n k-1
a(k — £)a( JE(&&iée) = a(k — L)a(k' = {)
k=1 k'=k+1 (=1 /=1 k=1 k'=k+1 (=1
Hence -
E( & ) alk f)&) < n( ’7(5)) :
k=1 =1 =1
It follows that . .
E‘Zﬁm(@)’ <n <1+ W)). (3.26)
k=1 =1

Starting from (3.25) and taking into account (3.26) and (3.22), we derive that

To
/ E<‘Ew<eitzz:1yk<e>> Y ’1“(9)65_<<n <+27 ) (3.27)
0

Next, note that

P(I ZIP’ To|Bes(®)] > 1) +]P’(T3’Z,6k3 ‘ )+P(T5‘(iﬁk,4(9)‘>1). (3.28)

k=1

15



We first deal with the first term in the right-hand side of (3.28). By Markov’s inequality,

ZIP TolBes(0)] > 1) < TQZ (]E(e,?;) +E{9§(§9£a(1@ - E))2}> .
(=1

Now E(6¢) < Cn~3, and

k‘
,_.

{94(298(1 —e)} Zm — Ollak ~ ) E@0,1) < Cn¥( 7(6))2.

0,0=1 1

~
Il

Hence

ZIP’ To|Brs(0)] > 1) < Tyn~ (1+i7(£))2. (3.29)

Starting from (3.28), applying Markov’s inequality and taking into account the upper bounds
(3.29), (3.26) and (3.22), we derive that

P(T%(0)) < Tyin™" (1 + Xn: 7(6))2 . (3.30)
/=1

On another hand, note that

‘Ew (eitZZq Yk(9> _ —t2/2‘ _ )HEW( ity ( 0)) H _tQGz/Q‘
k=1

< Z|E ( 1tYk(6> t202/2’ < |t| ZEW Y30 204

Now E(|Y2(0)]) < 63/4( 0). Since |0, < 1 it follows 6} < 63/4( ). Therefore
|E|0<eitZ}é:1 Yk(9)> _ —t2/2’ < 1 4 |t‘ Zﬁ3/4 (331)

Taking into account (3.30), (3.31) and the fact that 3., 7(¢) < oo, we infer that for any r > 1,

To
/ E(’Ew <eitzz=lyk(9)) — et/
0

Proceeding as to prove (3.22), we infer that if } ., v(¢) < oo, for any m > 1,

o) L < 30 (B 0) (T) T @)

max E(57,(0)) < n™>". (3.33)

1<k<n

16



So, for any r > 4/3,

To : dt nl/r
it> v, V(0 2/2 8—4/r
/0 E(‘Ew(etZ’%l i )> — et/ ’1F%(9 )7 < T, R

Taking r > 2 in the inequality above, we derive that

TO : n Y (6 2 2 dt 1
/ E(‘Ew(e‘tz’“ﬂ K )> —e ‘1%(9))— < -,
0 t n

which combined with (3.27) implies (3.24) in case }_,., 7(f) < co. This ends the proof of the

theorem. O

4 Application to linear regression with Gaussian design
Let us consider the following linear model
}/;204+B21+XZ, 1§Z§n,

where (X;);cz is a strictly stationary sequence of martingale differences, and (Z;);cz is a sequence
of iid N(u, 0?)-distributed random variables, which is independent of (X;);cz. As usual, the
observations are (Y;, Z;)1<i<, and the aim is to estimate the unknown parameter 5. The ordinary

least squares estimator 3 of /3 is then given by

and satisfies

where Z = (Zy,...,7,) and ||Z Zy ||2 Zl (Zi— Z,)2. Let

Note that
= 1177 (€, X
where X = (X1 — X,,, ..., X, — X)), and € = (§ — &, ..., & — &) with & = (Z; — p) /0.
Note that > 7, & = Z" X; =0. Let (u;)1<i<n be the vectors of R™ defined as follows:

=1

1 1 t 1 1 L \?
Uy = (E,—E,O,...,O) y Up = <%’%77%>

17



and, for 2 <k <n—1,

0

1 k t
= <\/T \/kk+1) \/k(k+1)’w—fo’m" )

n—k—1times

k times

Note that (u;)i1<;<, is an orthonormal basis of R™. Let A be the change-of-basis matrix from
the basis (u;)1<i<n to the canonical basis (e;)1<j<n, of R". Hence A = (uy,us,...,u,). Since
(€i)1<i<n and (u;)1<i<n are both orthonormal bases of R”, A is an orthonormal matrix and the
change-of-basis matrix B from (e;)1<i<n t0 (4;)1<i<, satisfies B = A’. Hence £ = Y"1 (BE);u;
and X = 3" (BX);u;. Since & (resp. X) is the orthogonal projection of £ (resp. X) on the
space generated by (u1,...,u,—1), £= S (Bf)zuz and X = S (BX)ZuZ It follows that

n—1
<é> )NQR" = Z(Bf)i(BX)i-
i=1
In addition,
n—1 n—1
€12 =D (B? and || X2 =) (BX)]. (4.1)
i=1 i=1

So, overall,
T = [I€)12H (€, X)rn := (0, Y )
where 0 = ((B&)1, -+, (BE)p_1)/|l€]le and Y = ((BX)1,--- ,(BX)n_1). Note that since ¢ is a
standard Gaussian vector (i.e. with (0, I,,) distribution) and B is an orthonormal matrix, 6 is
uniformly distributed on the sphere S™"~2.
Next, note that

eS8 ) - ) - S

(=1

Hence by interchanging the sums, it follows that

T, =(0,Y )z = Y X 0.
(=1

vn—1 ~ V-1
or=-Y" "9 and 0; = 0, —
Vin Ve
with 0, = 37—, 0,/+/v(v + 1) and the convention that 6, = 0.
To summarize 7T;, can be viewed either as the projection of (X7, ..., X}) on the sphere S,,_o

where

95,1,1§€§n—1, (42)

(however (X})rez is not anymore a sequence of martingale differences) or as the weighted sums
> r—1 Xe 0;. Even if (67,...,0;) is not uniformly distributed on the sphere, we can use both

r'n

ways of writings T}, and adapt the proof of Theorem 2.1 to derive the following:

18



Theorem 4.1. Let (X,,)nez be a stationary sequence of martingale differences in IL* such that
E(X3) = 1. Assume that Y-, vy(v) < oo (where y(k) is defined in (2.1)). Then

E(sup [Pi2(T, <t) —P(G <t)|) < (logn)”

teR n

Proof of Theorem 4.1. Recall that T,, = ?;11 X; 0, where (64, ...,0,_1) is uniformly distributed

on the sphere S, _5 and
[k
X =4/—(Xi — X
k k‘+'1< k k+1)7

with X, = k7! 25:1 X,. We first notice that

n—1

ZE(X,:)Q = n+ r, where |r,| < clogn.

k=1
We then infer that the conclusion of Lemma 5.2 in [1] is still valid. Therefore, if one can prove
that

3
—

|3 (2 - mxp?)

1

then, with Ty = 44/logn, we will have

4
<<n and  sup E|9(ZGkX) < (logn)?, (4.3)

QESn 2 k=1

e
Il

dt (1 2
dt | (logn)®

t n

(4.4)

?

To : n— *
(sup |P|Z (T, <t)—P(G < t)|) < / E‘Ew (eIZkzll Hka> _ e t?2
0

teR

in place of (2.5) of Proposition 2.1. Therefore, using that >.7—1 6x X = S.1_, 6; Xy, where the
;s are defined in (4.2), it will suffice to prove that

7 dt _ (logn)?
/ E)Ew( DI Xk) —e—tQ/Q‘? < (Oi”) . (4.5)

Let us start by proving (4.3). Note first that

- -1

| > (x| <X ]{;LH(X,z+1 CE(XZ,,)

1 k=1

3
—
3

.

o )

i

n—1

+ Z [ Xl
k=1

Since (X})g>0 is a sequence of martingale differences in I*, Burkholder’s inequality implies that

n—1 n—1
D OIXellF < 1Xoll3 Yk < [ Xoll3(logn)

k=1 k=1
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and

ol n—l n—1
k- 2 k2 ~ )
— X X H = — | X. X 2 < 1 XalI2 X112 X l14(1 .
H kz:; RSl N kz:; i 1)2” s X+ lz <] 0H4; 1 X515 < || Xol|;(logn)

On another hand,
n—1 k 2 n-l
|2 g (K2~ EGR)||, <203 rea(v).
—1 v=0

All the above considerations prove that the first part of condition (4.3) is satisfied as soon as

Y w0 Y(v) < 00. To prove its second part, we first write that

[y

n—

e
Il

Burkholder’s inequality implies that

]E (n—l \/%
N i+

Next, again by Burkholder’s inequality,

4 n—1 k 9
X)) < Xl (Y 0) < IXollh-
k=1

n—1

En_l\/Ee)’(4<En_l’22< %2) < 1Xollt (log )
(2 7m0%) <BE(X %) < (T I%R) < 1litogn)”

So, overall, the second part of (4.3) is proved.

It remains to show that (4.5) is satisfied. With this aim, we consider(Y;(0%))1<;<, a sequence
of random variables that are independent for any fixed 6, independent of (X;);>1, and such that,
for each ¢ > 1, the conditional law of Y;(6*) given 6 takes 2 values and is such that E»(Y;(6*)) = 0,
Ep(Y2(0%)) = (0;)°E(X3), Ejo(Y( %)) = B;3(0%) and Ejp(Y;*(0*)) = B;.4(6*) where f3; 3(6%) (resp.
Bi4(0%)) is defined by (3.13) (resp. (3.14)) with 6* replacing 6. Recall that this is always possible
according to Fact 3.1.

To show that (4.5) is satisfied, we shall prove that

To n g < [ dt 1 2
/ E(}Ew(elzk:lem) — B (T D— < logn)” (4.6)
0 t n
Tt 2
/ O]Equo(eizzl R zzlwzm‘)@ « Uogn)™ (47
0 t n
and . )
0
/ E|e—t2 22:1(9;;)2/2 o e—ﬁ/Q’% < (loin) ’ (48)
0

20



To prove (4.6) and (4.7), we proceed as in the proof of Theorem 2.1. Then starting from (3.21)
with 0* instead of 0, the estimate (4.6) will follow if one can prove that, for any m > 1, there

exists a positive constant c¢,, such that, any 1 < k < n,
E(]6;]™) < emn ™2 (4.9)

and, for any n > 0,

ZE Bra(0)) < nt. (4.10)

On another hand, analyzing the proof of (3.24), we infer that (4.7) holds provided (4.10) is
satisfied and

E‘ Zﬁkg ‘ «Ln” ZE Brs(0*) <n~' and max E(ﬁk4(0*)) <Ln . (4.11)

1<k<

Finally, to prove (4.8), we note that
2 n
SR 0022 _ 22| < © 92 _
E‘e k=1"% e ’S 2E‘Z(9k) 1‘.
Hence to prove (4.8), it suffices to show that
]E‘ 2(9}2)2 — 1‘ < n tlogn. (4.12)
We start by proving (4.9). Note first that

E(6;1™) < 2" 'E(|fy ") + 2" E(

‘E:VFTIT’>

Since 9 is uniformly distributed on the sphere S"2, E(|0p_1|™) < cnn ™2 In addition
(01, ...,00 1) =P (&, ..., & 1)/ |€]le where (&;)i>1 is a sequence of iid N(0,1)-distributed r.v.’s
and ||§||§ = Zizl & Hence

) < n‘m/2E<

‘E:VFTIT’>

+ ]El/2<

((Zm\
]Zﬁ( ") (Bl < n/2)"”

By Burkholder’s inequality

< k™2,

(‘Zm‘ ) ‘Z€€+1 ‘
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On another hand, using that P(||£[|? < n/2) < e, for some ¢ > 0, and the fact that 6, < 1,

we get
1 — 0, 2m 1/2
(|5 2 ") (B(lel2 < n/2)) " <,

So, overall,

n—1
(9@ m
E ) —‘ < n~ ™2k and then E(|0;|™) < n~™/?, (4.13)
(15 )
which proves (4.9). We turn now to the proof of the last part of (4.11) that will also imply
(4.10). Setting a(k) = E(XyX?), note first that
-1

Bra(07) <9k1+(§f )4 (%iV€§TQ1Mk—€D4+< }ak—@)f

1

E

~
Il

Proceeding as in the proof of (4.13), since ., a®(k) < oo, we infer that
k—

max E( Z

which combined with (4.13) and the fact that max;<j<, E(6{™) < n~™?™ implies that, for any
m>1,

4m
Qg 1a(k f)) <«n M,

k-1
max E(8;7,(07)) < n~*" 4+ max E( Z Oea(k — €)>4

1<k<n 1<k<n

Next, proceeding again as in the proof of (4.13), for any k < n, we get

k—1 ~ im n—1 9 (k—1)Av dm
E k—¢ =E . k-t

(H alk =) " =B == >l )

n—1 1 (k—1)Av 292 n-l 4m
e e[Sty (B w0 e B
v=1 (=1 (=1
So, overall, for any m > 1,
n—1

s B (07) <7 (1 3000)

which proves the last part of (4.11) (and then (4.10)) since } -, 7(v) < oo. On another hand,
by Young’s inequality,

n k

iE(ﬁg’g(Q*)KgE(e +ZE(ZW b= 001)’ +§n:E(kZ -0)".

k=1

H

§



By (4.9), the first term in the right-hand side is bounded by a constant times n~2. In addition,

by the same arguments used to prove (4.13), we infer that

iE(kzi\/f/_T k—10)0,_ 1) <«n 326(2@ k — €> +n?<n?, (4.15)

and
ZE(Zﬁgak €> <<n32n:(1+nz_ify(v)>6<<n2.
k=1 k=1 =1

So, overall, the second part of (4.11) is satisfied. We turn to the proof of (4.12). With this aim,
we note that 37—} 6% = 1. Hence

n n—1 n—1 n—1
S -1=Y 02 Y e - e
k=1 {=1 (=2 (=1 ¢ +1

Taking the expectation of the absolute values of the above quantity, and considering the first
part of (4.13), we then infer that (4.12) holds. Indeed we can use the same arguments used to
prove (4.13) and the fact that

n—1 /—g 1

(=2

n—1 n—1
. o vl A v el

il N/ N B |
:U2v(v+1)E<£z:; VY &_1> g;mglogn.

S

to derive that

) < n %logn. (4.16)

]E‘ Vi1,
Z \/— Z 7 VU (v+1)
To end the proof of the theorem, it remains to prove the first part of (4.11). Recall that

n n n k—1
D Beal0) =E(X) D 67 +3) 02> bja(k—10).
k=1 k=1 k=1 /=1

Note that
-1 3/2
S|« S| () e
By the first part of (4.13),

E) zn:(ék)?" < zn:E(Kék)gn < n =32 zn: k3/2 < n=3/2
k=1 k=1

k=1

2
Hk: 1 .

o ()

+‘29k
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and

_ZE1/2(94)E1/2(6 ) <K n” S/QZk < n 3 logn.

k=1 k=1

30 () e

Next, using the same arguments used for proving (4.13), we infer that

"Nk —1N\3/2 1 s k1N o2
3 () ot w3 () @t

On another hand, using again the same arguments used to prove (4.13), we get
n—1 ¢
0, -1 2
(Z G ) = E(Y 2 )
o Vi) o k

34 n” 3E<

k

k —
Zm; o)
n Zk

_ - —1 2 _
n 4+ n 3;m\/ar<z ’ 5,3_1> < n3(logn).

k=1

So, overall,

<n . (4.17)

E‘ i 02
k=1

We now give an upper bound for E‘ S ok — 6)‘ By using (4.9), (4.14) and the
fact that ) -, v(v) < oo, we first notice that

k—

k—
E’Z (G0 Zé (k — e( Z]EW (A EW(Z )<<n*3/210gn. (4.18)
=1

=1

On another hand, proceeding as to prove (3.26) and since ., v(v) < oo, we get that

n k—1
E—1 (—1
B> —6, Orra(k —0)| < nt. (4.19)
S 5 Y
Next
n k—1 k—1 \/g——l
E‘Z( k V-1, La(k — 6)) ZE1/2(94)E1/2( 96_161(/{—6)).
k=1 =1 k=1 = Ve
Using (4.9) and proceeding as in the proof of (4.15), we derive that
k-1
~ V=1
IEJ‘ S (60 Or_ralk — g)‘ <nlogn. (4.20)
k=1 o Ve
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Next

bt

(k—1)Av

1Q;JEZQMk—Eﬂ:‘?}E%i9;4§jzﬁ€%?ﬁ 3 Mk—éw

v=1 /=1

k—1
=

<‘ik‘ 9klzmz ak— €‘+‘Z - Okljk\/%Za(k:—é)’.

1

Using the same arguments used to prove (4.13), we infer that

n E_1 k—1 0 v
@ Nl B a%—@‘
kX_; kEooF 1@:%2:]+1 Vo +1) ;

n ]C—l k—1 5 v
—1 —3/2E’ 2 v
DR DV ek SR D e DI

v=[k/2]+1

v=[k/2]+1 l=k—v k=1
In addition
[k/2]

1@}2 621§:VFZ?H‘§: a(k — e‘

[k/2] v

kg_j @{le

<n 3?4 3/22k7 [k/2]) < n=3/2.

<« n 3?4 n PR

ak—@’

k=1
On another hand
n—1 k—1 n—1 v k-1 k’ _1
E‘ Loz a ’ E‘ ak— 0 = g2 |
Z Zk\/ (v+1) =1 =1 VU v+1 klézl k

By the same arguments as to prove (4.13), note that

n—1 v k-1
‘ S nF=le
=1 VU U+1 k 1 0=1
n—1 v k-1
k—1
nt+ n_?’/zE‘ & a(k — ) )
; v(v+1) k=1; k
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In addition

Y ” k—1 2
n_g/QEl/Q‘ Z S Z a(k — E)—k Z—l‘
v=1

So, overall,

IE‘ i K
k=1

With similar but easier arguments, one can prove that

E)Z

k—1
1 _
020> fralk — 6)’ <nt. (4.21)
/=1

Lo 19k29ga (k — e)( <nl, (4.22)

and

" VE—1 L/
E)’; = ek_lek; =

1
Hence considering the upper bounds (4.18)-(4.23), we get that

0, 1alk — e)‘ <nt. (4.23)

E’ZQ Z(’z k- E)‘<<n . (4.24)
k=1

The first part of (4.11) then follows by considering the upper bounds (4.17) and (4.24). This
ends the proof of the theorem. ]
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