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Abstract This paper deals with high order Whitney forms. We define a canonical
isomorphism between two sets of degrees of freedom. This allows to geometrically
localize the classical degrees of freedom, the moments, over the elements of a
simplicial mesh. With such a localisation, it is thus possible to associate, even
with moments, a graph structure relating a field with its potential.
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1 Introduction

The finite element (FE) method is a well-established technique to numerically solve
partial differential equations [12]. One key aspect of FE methods is the construc-
tion of finite dimensional spaces able to provide an approximated and physically
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meaningful solution to the considered PDE. Suitable examples of FE spaces have
been proposed to deal with differential operators such as the gradient, the curl and
the divergence. As an example, Raviart-Thomas and Brezzi-Douglas-Marini div-
conforming FEs [24,9] became popular for problems in fluid dynamics and Nédélec
curl-conforming ones [19,20] were widely adopted in electromagnetism (for further
examples, see [18,10,14]). All these successful FEs can be unified in the finite el-
ement exterior calculus framework where physical fields are treated as instances
of differential forms [6,13,5,4]. In addition to the shape functions of a FE space,
we must specify the degrees of freedom (DoFs) we adopt to reconstruct fields in
that space. These are a unisolvent set of functionals on the shape functions. The
construction of DoF's for higher order Whitney space of k-forms P, _HAk is clas-
sically based on moments [13] associated with a face of some dimension ¢ with
q > k. DoFs determine inter element continuity and provide interpolation oper-
ators, projections, which are defined at least for smooth fields. Moments pop up
naturally from integration-by-part formulas, which thus gives a way to reconstruct
differential operators and potentials.

By adopting a geometrical point of view similar to the one of Whitney in [26],
new DoF's have been proposed in [22] for the interpolation of fields in the FE spaces
of trimmed polynomial forms of arbitrary degree r > 1 on simplices. These new
DoFs, called weights, are integrals of the field, intended as a differential k-form,
on some small faces of dimension only ¢ = k, being k the degree of the form. They
have a clear physical interpretation, such as circulations along curves, fluxes across
surfaces, densities in volumes, depending on the value of k. Their combinatorial
and accuracy properties have been largely analysed, see for example [11,3,1]. They
have been defined also for spaces of complete polynomials (see [27] for an example
in 2D) and on tensor product ones, as presented in [17].

Fig. 1 Correspondence between two sets of DoFs for P; A!(T) in a tetrahedron 7T'. Center,
the visualization of symbols referring to the distribution of edge-type (in a circle), of face-type
(in a square) and of volume-type (in a diamond) moments as given in the periodic table of
FEs for N1§ (courtesy of D. Arnold). Right and left, coded with the same symbol, the small
edges supporting the corresponding weights.

For k = 0, that is, we deal with a scalar field, when r > 1, weights are evalu-
ations of O-forms at some points in the FEs. We can say that weights, generalise
to k > 0 the idea of r-version of Lagrangian finite elements to other (e.g., Nédélec
and Raviart-Thomas) finite elements. For » = 1, that is, we deal with low order
polynomial approximations, weights and moments coincide, whatever is the degree
k of the form. Thus, a natural question arises. What happens when the polyno-
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mial degree 7 of the k-form is greater than 1?7 In other words, is there a connection
between these two sets of DoFs when r > 1, for any k7 The answer is yes, and in
this contribution, we develop this connection (see Figure 1, where k = 1 and the
polynomial degree is 3).

In particular, we present an isomorphism between these two sets of DoFs,
the weights and the moments, for the FE spaces of trimmed polynomial k-forms
of arbitrary degree r > 1 on simplices. By means of this isomorphism, we can
underline the physical, geometrical and analytical aspects hidden in the definition
of moments and weights. Moreover, with an appropriate selection of the discrete
space bases for k = 0, 1, the matrix which represents the gradient operator is the
same with both sets of DoF's to reconstruct a field from its potential.

The paper is structured as follows. After the introduction of classical notations
for the spaces of differential polynomial k-forms on a simplex 7' in Section 2,
we explore the definition of weights and moments in Section 3. The isomorphism
is detailed in Section 4. The matrix representing the exterior derivative operator
working between 0- and 1-forms, in both cases of weights and moments, is analysed
in Section 5. Some concluding remarks end this contribution.

2 Notation and basic tools

The notation and theoretical results are illustrated by several examples. For the
sake of clarity, we use the symbol O (resp. ¢) to close a proof (resp., an example).

2.1 Increasing sequences and multi-index

Let j, I, m, n be integers such that 0 <!—j <n—m. By X(j : l,m : n) we denote
the set of increasing maps from {j,...,l} to {m,...,n}, that is

XG:lm:n)y={c:{4,....;1} —{m,...,n} 1 0(j) <o(+1) < --- <o)}
For a map o € X(j :l,m : n), [o] will indicate its range, i.e.,
[e] ={c@) : e € {j,...,1}} C{m,...,n}.
We use multi-index notation and consider the sets
Z(d+1,7) := {a = (ao,...,aq) € N . |a| =1},

being |a| = Z?:o a;. For a multi-index o € Z(d + 1,r), [a] will stand for the
support of a defined as the set

l[a] ={i : a;s >0} C {0,...,d},

and we denote || the minimal element of [a].

Let S be a subset of {0,...,d} and #S its cardinality. By es we denote the
(unique) multi-index in Z(d + 1,#5S) such that [es] = S. The sum of multi-
indexes of the same length is defined in the natural way: if « € Z(d + 1,r) and
B €Z(d+1,7"), then a+8 € Z(d+1,7+7") and (a+8); = a;+Bi fori = 0,...,d.
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Ezample 1 If 0 € X(0: d,0: n), with d < n, then [o] is a subset of {0,1,...,n}
with #[o] = d 4 1. Then, e, € Z(n + 1,d + 1) is the multi-index with entries

1 ifie[o]
(eo])i = {O otherwise.

For any o € Z(n+1,7), the multi-index & € Z(n+1,r+d+1) given by & = a+-e[,
has entries

- {ai+1ifieﬂo]]
;= .
o otherwise,

respectively. o

Given o € (0 : d,0: n), the matrix E, € Z@TDX"+D ith entries

1ifj—1=0(i—1)
0 otherwise,

(Eo)ij = { (1)

allows to extend a multi-index 8 € Z(d + 1,7) to a multi-index e € Z(n + 1,7)
by setting @ = BE,. It is worth noting that [3Es] C [o], hence in particular
(BE,): = 0if 0 < i < o(0).

Furthermore, the matrix EI allows to restrict a multi-index
a € I(n+ 1,7) to a multi-index 8 € Z(d + 1,7), with # < r, by identifying any
multi-index with a row vector, and setting 8 = aEI. We notice that

e 7D x(d+1)

B, Bl = I € (@)X
whereas, for a € Z(n + 1,r), we have
aE) E, = a if and only if [a] C [o]. (2)

Ezample 2 If o € X(0: 1,0 : 3) has [o] = {1, 3}, the associated matrix E, € Z>**

. 0100
is Eg = [0 00 1}- If (Bo, B1) € Z(2,7), then we get

(a07a17a27a3) = (ﬂO,ﬂl)Eo‘ = (0750707[31) € 1(47 T)'

It holds that a(jy = Bj, whereas a; = 0if i & [o]. Reciprocally, if (co, a1, a2, a3) €
Z(4,r), then

(Bo, B1) = (ap, a1, a2, a3) Eg = (a1,a3) € Z(2,7).

In this case 7 < r. o
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2.2 Simplices and barycentric coordinates

Let T C R™ be an n-simplex with vertices xo,1,..., 2z, in general position. We
let Ak (T) be the set of subsimplices of T' of dimension k, for any selected value of
k between 0 and n, and A(T) = U Ak (T).

For each o € X(j : 1,0 : n), we let fs be the (oriented) closed convex hull of
the vertices %, (;), ..., Ts() which we henceforth denote by fo = [25(;, ..., Zs@)]-
There is a one-to-one correspondence between Ay (7T) and X(0: k,0 : n).

Let P-(T) denote the space of polynomials in n variables of degree at most
r. In the following, A1 o, Ar,1,...,A1,n are the barycentric coordinate functions
with respect to T. Each function Ar; € P1(T) is determined by the equations
Ari(x;) = 65,5, 0 < 4,5 < n, being §.,. the Kronecker’s symbol. All together,
the functions Ar; form a basis of P1(T"), are non-negative on 7, and sum to 1
identically on T

To make for the higher order » > 1, we introduce the Bernstein basis of the
space P,-(T'): it consists of all monomials of degree r in the variables At ;. We have

Pr(T) =span{\T : a« € Z(n+1,7)}, AT = ATOAT L - AT,
Whenever a fixed simplex T is understood, we may simplify the notation by writing

)\i = )\T,ia )\a = )\%

2.3 Polynomial Differential Forms

We denote by A¥(T') the space of differential k-forms over 7" with smooth bounded
coefficients. For k = 0, the set A°(T) = C°°(T') is the space of smooth functions
over T with uniformly bounded derivatives of all orders. Furthermore, A*(T) # {0}
for 0 < k < n. We recall the exterior product w An € A¥TH(T) for w € A*(T) and
n € AYT). Let d : A*(T) — A*TY(T) denote the exterior derivative operator.

We write d\o, dA1, . ..,d\, € AY(T) for the exterior derivatives of the barycen-
tric coordinate functions. Clearly

dho +dM + -+ dAn = 0,

on T since Y ;" qXi = 1. If 0 € X(j : I,m : n), we set d\s 1= dAg(jy A--- AdAs(y
the volume (I — j + 1)-form.
For k > 0, any element w of A*(T) can be written as

w= Z asdAs,

c€eX(0:k—1,1:n)

where a, € C*(T). Taking a, € P,(T) we obtain the space P.A*(T) of poly-
nomial differential k-forms of polynomial degree at most r. Moreover P.A°(T)
coincides with Pr(T).

For k£ > 0,

PoAR(T) = span{drs : c € X(0:k—1,1:n)}.
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Ezample 3 For n = 3 one has,
PoA'(T) = span{dA1, dA2,dA3},
PoA%(T) = span{dA; A dAz, dA1 Ads,dA2 AdAs},
PoA*(T) = span{dA1 A dha A dAs},

respectively. o
Furthermore, if 0 < k < n, we can write
P A (T) = span{A*dXs : 0 € X(0: k—1,1:n) and a € Z(n+ 1,7)}.
The set
BPAM(T) :={\*d\, : 0 € X(0:k—1,1:n)and a € Z(n+1,7)}  (3)

is a basis of P, A*(T).
For k =0,
BPA°(T) .= {\* : a € Z(n+1,r)}

is a basis of P.A°(T) while for k = n,
BP.A"(T) := {A*dM A Adh, : a€Z(n+1,7)}
is a basis of P, A™(T).

A particular set of polynomial differential k-forms of polynomial degree 1 are
the Whitney’s differential forms. They are associated with the k-simplices f of T'.
If Kk = n, then f =T and the Whitney’s differential form wr is the volume form,
of polynomial degree 0.

Definition 1 Let £ > 0 and f € Ag(T). The Whitney’s differential form wy
associated with the subsimplex f is defined, recursively in k, as follows:

— if k = 0,, then f is a vertex of T, namely, f = [z;] for ¢ = 0,...,n, and
Wf = Wig,] = Aij
— if k> 0,, then f = f, forac € ¥(0:k,0:n) and

k

wr, = D (=) Ao dWs oy
=0

being fo \ [25(;)] € Ar—1(T) the oriented (k — 1)-face of T' with the vertices of
fo except T, ;).

We can write f5 \ [To)] = [To(0)- - ,@, .o+, Ty(k)], where the wide-hat
means that the underlying term is omitted from the list.
For each o € X(0: k,0: n), it holds that

dwy, = (k+ 1)!dX\s = (K + 1)!d)\0(0) A A d)\g(k).
Then

k k
wr, = Z(_l)lAa(i)dwfo\[xd(L)] = k! Z(—l)zka(i) dAg)A - AdAG (@A AdAg gy«
i=0 i=0
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Example 4 The Whitney’s 1-form associated with the edge e = [T, (0), To(1)] is
We = A (0)dA(1) — Ao(1)dAs(0)-
The Whitney’s 2-form associated with the face f = [24(0), Zo(1), To(2)] Teads
wy = 2(Ae(0)dAs(1) A dAs(2) — Ao(1)dAe(0) A dAg2) + Ag2)d A0y A dAo(1))-
In R3, the Whitney’s 3-form associated with 7' = [Z5(0), Zo(1)s To(2)s Ta(3)] 18
wr = 6dA,(1) A dAy2) A dAg(s),
where we have used the fact that A\g + A1 + Ao + A3 = 1. o

In finite element exterior calculus, the space of Whitney’s differential k-forms
on T is denoted by

PrART) = span{wy : f € Ag(T)}.

Since there is a one-to-one correspondence between Ag(T') and X(0: k,0 : n) we
can also write

Py A(T) = span{w;, : 0 € (0:k,0:n)}.

Definition 2 Whitney’s differential k-forms of polynomial degree r + 1 are the
elements of the space

P AF(T) = span{A\*wy, : 0 € 2(0:k,0:n) and a € Z(n + 1,7)}.

For k > 0, the space 73:+1Ak(T) C Prp1 AR(T).
For k =0,

PT__HAO(T) =span{\*)\; : i € {0,...,n} and a € Z(n +1,7)}
= Span{)\& cacIn+1,r+1)} =P 14%T).
For k = n,
P A™(T) = span{A*dAi A+ AdXn : @€ Z(n+1,7)} = P A™(T).

Remark 1 1t is worth noting that, in the n-simplex T" with vertices xo,x1,...,%n,
the elements belonging to the set

{Awy, :0€X(0:k0:n), a €Z(n+1,7)}

are not linearly independent. As an example, for n = 2,if k =1, and r = 1, it can
be verified that
)‘Ow[ml,mg] - /\17,0[10,12] + )\QM[IOJJ]] =0. (4)

Given o € X(0: k,0: n), we set
Io(n+1L,r):={a€Z(n+1,7) : a; =0Vi < o(0)}.

When k = 0, then f, is a vertex of T, namely, fs = [z;] being 0(0) = j. In
this case, to be clearer, we will sometimes use the notation I[zj](n + 1,7) instead
of Zo(n + 1,7).
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A basis of PT__HA]“(T) is
BPT__HA’C(T) ={\"wy, : 0€X(0:k,0:n)and o € Z,(n+ 1,7)}

(see, e.g., [16]). For n = 2, k = 1 and r = 1, the 8 elements of BP; A'(T), with
T = [zo,z1, 2], are

Ai Wzg,1] ()\Od/\l — A1dXo ),

Ai i=0,1
Ai Wigy 2] = Xi (AodA2 — A2dXo), @ =0,1,
Xi Wigy,zy] = Ai (A1dA2 — AadA1),  1=1,2

The condition o € Zs(3,1) prevents AWy, ,] in (4) from being in the set
BP; AY(T).

3 Weights and moments
3.1 Small simplices and weights

The concepts of small simplices and weights for polynomial differential forms in
77;+1Ak(T) were born in [21,22], for any order k and any polynomial degree r > 0,
to solve the difficulty raised in [7]: “The main problem with such forms is the
interpretation of DoF's” in geometrical terms. We recall these concepts here below
with a notation adapted to the isomorphism we want to state between these new
DoF's, the weights, and the classical ones, moments, introduced in [19,5].

In the n-simplex T with vertices xo,x1,...,xy, the principal lattice of order
r+1 (r > 0) is the set of points defined by their barycentric coordinates with
respect to the vertices of T" as follows

1 r

L1 (T) := {x €T : \(x) € {0, IR

1} for eachiG{O,...,n}}.

To each multi-index e € Z(n + 1, 7) we associate an affine function, 7o : T — T,

such that \;(7(2)) = % If fo is a face of T, then

Ta(fo) = {1a(z) : x € f5}.
Definition 3 The small k-simplexes of order r in T are the elements of the set

SH(T) := {1a(fs) : fo € Ap(T) and o € Z(n + 1,7)}
={ra(fs) :0€X(0:k0:n)and a € Z(n+ 1,7)}.

For k > 0, they are 1/(r 4 1)-homothetic to k-faces of T', with vertices in Ly41(T).
For k = 0, we have SO(T) = Ly+1(T).

Ezample 5 For k =0, let us set n =2 and r = 1. If @ = (1,0, 0), we have that,

ra(@o) = (1,0, 0), Ta(m):(%,%,o>, Ta(mz):(%,o,%),
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whereas for a = (0, 1,0), we obtain

(en)
N —
N =
N~

11
o) = (3 5:0). rale)=(0.1,0,  ralen) = (
that are points all in Lo(T). o

We recall that there is a one-to-one correspondence between the elements of
Ap(T) and ¥(0 : k,0 : n). Moreover, for k > 0, there is a one-to-one correspon-
dence between the elements of S¥(T') and the couples (o, &) with o € 2(0: k,0 : n)
and a € Z(n+1,r). In fact, if &, @’ € Z(n+1,r) and o # &', then 7a(T) N 7o (T)
is either empty or an element of SS(T). For k£ = 0, there is not such a one-to-one
correspondence. The points of the principal lattice of T' that are not the vertices
of T' have more than one representation as small node (see Figure 2 and Example
6).

€2

xo 1

Fig. 2 Points of the principal lattice for 77;/1()(T)7 where T is a 2-simplex. The node with
barycentric coordinates (i, %, %) in T is shared by the three gray small triangles.

Ezample 6 Let us suppose n = 2, r = 3. The point with barycentric coordinates

(%, %, %) in T', has different representations, as small node. Indeed, by referring to
Figure 2, this point can be 7o(fs) with,

a=(1,0,2), fo = 21, in the top-left gray small triangle,
a=(0,1,2), fo = o, in the top-right gray small triangle,
a=(1,1,1), fo = T2, in the bottom-center gray small triangle,
respectively. o

The weight of w € A*(T) on a k-simplex s contained in T is denoted by J,w.
If k=0, for w e C%°(T) and s € T, we have [ w = w(s).
In particular we are interested in the following set of weights.

Definition 4 Let w € A*(T), 0 € 2(0: k,0:n) and o € Z(n + 1, 7).
We,a(w) ::/ w. (5)
Ta(fo)

The weights of Definition 4 are determinant in P, _,_1/1’“(T)7 namely, if w €
77;+1Ak(T) and [[w = 0 for all s € SE(T), then w = 0 (see [11] for a proof).
However, for 0 < k < n, the cardinality of the set of weights {Ws a(w) : o €
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X0 : k,0:n), a € Z(n+ 1,r)} is greater than the dimension of 73:+1Ak(T).
Hence in the sequel we often consider the following set of weights:

W= {Woaw):ceX0:k0:n), a€Z,(n+1,r)}. (6)

It is worth noting that W is determinant (see [1]) and its cardinality coincides
with the dimension of P, A*(T).

Remark 2 Only the second one of the three representations in Example 6 verifies
the condition @ € Z,(n + 1,7) required to support a weight of the set defined
in (6). In the first representation o(0) = 1, hence Z(3,3) is the set of multi-
indices a € Z(3,3) with ag = 0 and a = (1,0,2) ¢ Z5(3,3). In the second
representation o(0) = 0, hence Z,(3,3) = Z(3,3) and e = (0,1,2) € Z(3,3).
In the third representation o(0) = 2, hence Z(3,3) is the set of multi-indices
a €7(3,3) with g = a1 =0, and @ = (1,1,1) € Z5(3, 3).

3.2 Moments associated with a particular basis of polynomial differential forms

Let w be a smooth differential k-form defined on T' C R™. For each d-face f¢ of T,
with ¢ € X(0:d,0:n) and k < d < n, the moments of w in f¢ of degree r — (d—k)
are

Me.p () ;:/f TrpwAn V1€ Po_aewn AT (fe), ™)
¢

where Try, is the trace operator on f.
It is well known that these moments are determinant in P,._ +1Ak(T ). Taking
7 in a basis of each space PT_(d_k)Ad_k(fC), one obtains a determinant set of

moments with cardinality equal to the dimension of P, ; A*(T) (see [5] and [11],
for two different proofs).

The goal of the present work is to point out an isomorphism between moments
and weights which, in a sense specified in the next sections, is consistent with the
exterior derivative operator. To do that, we will consider a particular basis of the
space ’Prf(d,k)/ldik(fg) in (7)

— If d = k, we adopt the Bernstein’s basis of the space Pr(f¢), namely
BP:A’(fe) = {77, : BeT(d+1,m)},

B __ yBo Ba _ yBo Ba
where )\fC = >‘f<70 . /\fC,d = )‘T,g(o) s >‘T,C(d)'

— If d > k, we rely on the basis indicated in (3), namely,

BP,_(ai AT (fe) = {,\?< (dAf)p : pEX(0:d— (k+1),1:d),
BeEI(d+1,r—(d—k))}.

Here
(dAg)p = dAge po) A -+ AdAge pia—(k+1))

= dArc(p(0)) N NAATC(p(d—(k+1)))-
Ezxzample 7 For k =1,
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— if fe = [xo,®2, 23] € A2(T), then d =2,d — k =1, and
BPra A (fo) = A]dhe - BZB,r—1)}U{M dhs 1 BeI@,r— 1)}

— if fe = [®o, 21,22, 23] € A3(T) (for n = 3 it means fo = T), then d — k = 2
and
BP,_2A%(f¢) = {A?{ d\i AdXs : B €Z(4,r—2)}
U{A?C d\i AdXs - BeZ(4,r—2)}U {Aﬁ?< dha AdXs : BeZ(4,r—2)},

respectively. o

With these choices of basis we obtain the following moments for w € A®(T):
foreach ¢ € ¥(0: k,0:n),and B € Z(k+1,r)

Mc’q)“g(w) Z:/f TI‘wa/\)\?c; (8)
<

for each d > k, ¢ € X(0:d,0:n),pe X0 :d—-(k+1),1:d) and B €
Z(d+1,r—(d—k))

M pp(w) = /f Tegow AN (dA7,) (9)
¢

We use the notation “p = (” when d = k since X(0 : d — (k + 1),1 : d)
has not been defined for d = k. We thus have the following set of moments for
w € ’PT_HA’“(T):

M* = {M; ,5w) : C€X(0:d,0:n), p€ X(0:d— (k+1),1:d),
and B € Z(d+ 1,7 — (d — k)) with k < d < n}.
(10)
Remark 3 If w € A°(T),

— when d = k£ = 0, then ( € ¥(0:0,0:n) and 8 € I(1,7), so f¢ = [x¢(0)] and
B = (r) (the “multi-index” B3 has only one component that takes the value r).
We have

M p,6(w) = (Azoyw)(@¢(0)) = w(@¢(0))=: M¢,p(w)

— when d > 0, then ¢ € X(0 : d,0 : n), p € ¥Y(0:d—-1,1:d) and B €
Z(d+ 1,7 — d). It is worth noting that X(0:d — 1,1 : d) has a unique element
and (dAy,)p = dA¢1y A=+ - AdA¢a), namely

Mgwpvg(w) = /f TI‘fCUJ A )\?{ (d)\g(l) VANRREIVA d/\g(d))ZZ Mgﬁ(w).
¢

This means that in A°(T") moments depend on two parameters, ¢ € (0 : d,0 : n)
and B € Z(d+1,r—d). Hence, in A°(T) to denote the moments we will often prefer

the notation M¢ g with ( € ¥(0:d,0:n), 8 € Z(d+1,7—d), and d € {0,...,n}.
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4 Isomorphism

We establish an isomorphism, one for each value of k € {0,...,n}, between the
set of moments M* defined in (10), and the set of weights W¥*defined in (6).

We distinguish two cases, when the support f¢ of the moment has dimension
d either equal to the order k of the differential form or higher.

The moment M, ¢ g(w), with ¢ € X(0: k,0: n) and B € Z(k 4 1,r) is linked
to the weight We o(w), with o = ¢ and @ = BE¢, the extension of 8 to a multi-
index in Z(n + 1,7) by the matrix E¢ defined in (1). In this case the small simplex
s = Ta(fs) is not only parallel to fs = f¢ but it is in fact contained in fe¢.

In order to associate a weight with the moment M¢ , g(w) when d > k, we first
prove the following lemma.

Lemma 1l If(€ X(0:d,0:n) andp e X(0:d— (k+1),1:d) for some d with
k<d<mn,then(ope X(0:d— (k+1),1:n) and the face of T = [zo,...,Tn]
with vertices {x; : j € [C]\ [C o p]} is a k-face of f¢ that contains x¢ (), the first
vertex of fc.

Proof If ( € X(0: d,0:n) and p € ¥(0:d— (k+1),1: d), then p(0) > 0 and
¢(p(0)) > ¢(0) >0, hence Cope X(0:d— (k+1),1:n).

We notice that #[¢] = d+ 1, #[Cop] = d — k, and [¢ o p] C [(¢], hence
#([CI\ [¢ o p]) = k+ 1 and the face of T = [zo,...,zn] with vertices {z; : j €
[CI\ [Copl} is a k-face of fe = [x¢(0),---» Te(a)l-

Using again that p € X(0:d— (k+1),1: d) one has ¢(0) < ¢(1) < ¢(p(y)) for
all j € {0,...,d — (k+1)}. Hence ¢(0) € [¢ o p] and the vertex z¢(oy belongs to
the set {z; : j € [\ [¢ 0 pl}. 0

We identify moments M¢ , g(w) with weights W5 o (w) in small simplices that
are parallel to the k-face of f. with vertices {z; : j € [¢] \ [ o p]} and that are
not completely contained in the boundary of fe.

The map o € X(0 : k,0 : n) is such that f, is the element of Ag(T") with
vertices [¢] \ [¢ o p].!

The multi-index « is constructed in the following way. Since [p] is a subset
of {0,...,d} with d — k elements and 3 € Z(d + 1,r — (d — k)), the multi-index
B = B + e[, belongs to Z(d + 1,7). We set a = BEC, the extension of ,B to a
multi-index in Z(n + 1,r) by the matrix E.

Ezample 8 For n = 3 and k = 1, we explain which weights are associated with
some selected elements of the set of moments unisolvent in Py A*(T) (r = 4).

— Let us consider the moment f[IZ W XoA3 | thus d=1=k and p = 0.

sl

Here we have o = ¢ and the multi-index « is the extension of 8 (in this case,

> . 0010
B = B). More precisely a = (1, 3) {0 00 1] =(0,0,1,3).

The associated weight is [ w with s = 7(0,0,1,3)([z2, Z3])= Ta(fo).

1 If p* € ¥(0 : k,0 : d) is the complementary map of p, namely, [p] U [p*] = {0,1,...,d},
then 0 = (o p*.
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— Let us consider the moment f[wo og.za] WA AAs(dX2) , thus d=2>1=F.

x3]

Here we have [¢] = {0, 2,3}, [p] = {1}, and [¢ o p] = {2}.
Then o € X(0:1,0: 3) with [o] = {0,2,3}\{2} = {0,3} soo(0) =0,0(1) = 3.
Concerning the multi-index, first we compute B =(2,0,1)+(0,1,0) = (2,1,1).
1000
Then, we extend it as @ = (2,1,1) {0010 | =(2,0,1,1).
0001
The associated weight is [ w with s = 7(2,0,1,1)([Z0, Z3])= Ta(fo).

— Let us consider the moment f[mn
thus d=3>1=k.

w A oAz (dA1 AdAz) ,

z1,%2,%3]

Here we have [(] = {0,1,2,3}, [p] = {1,2} = [ o p]-

Then o € X(0 : 1,0 : 3) with [o] = {0,1,2,3} \ {1,2} = {0,3}, so ¢(0) =
0,0(1) = 3.

Concerning the multi-index 8 = (1,0,1,0) € Z(4,4 — (3 — 1)) =Z(4,2).
Finally, @ = 8 = 8+ e1.9) = (1,0,1,0) + (0,1,1,0) = (1,1,2,0). Note that,
in this case, it is not necessary to extend B

The associated weight is [ w with s = 7(1,1,2,0)([z0, 23])= Ta(fs)- o

Ezample 9 We consider the three types of moments for Pg AY(T) indicated by
different symbols in Figure 1, center. They can be geometrically localized in T" by
resorting to the small edges s (shown in Figure 1, right and left) supporting the
corresponding weights. Indeed, we have as follows:

f[172] w2 (<= fsw with s = 7(0,0,2,0)([1,2]) ) <= s=0O
f[0,1,2] w A M(dN) (= [,wwith s =7(2,0,0)(0,2]) ) <= s=0
f[071,2] w A Ai(dr2) (= fsw with s = 7(0,1,1,0)([0,1]) ) <= s="0

f[0,17273] wA (dhAdXe) (<= [,wwith s =17(0,1,1,0([0,3])) <= s=<1
Joa2zw A dAAds) (= [[wwiths=70,1,01)([0,2])) <= s=22
Jop2zw A (A2 AdXs) (= [jwwith s =7(0,01,1)([0,1])) <= s=03.

The moments (on the left) are in correspondence (<=-) with the weights (in the
center) as it is established by the isomorphism described in the present section.
Weights have a precise geometrical localization in T', namely, they are supported
on precise small edges s (indicated in the center). As a result, moments can be
geometrically localized in T by associating with each of them the small simplex s
(on the right) supporting the weight they correspond with. o

The set of moments defined in (10) and the set of weights defined in (6) are
subsets of (77:+1Ak (T))*, the dual space of PT__HAk (T). We are interested in the
maps W¥ defined from this set of moments to the set of weights in the following
way:

Definition 5 For each k,d,n e N 0 <k<d<n, (€ X0:d,0:n), pe X0:
d—(k+1),1:d) (p=0ifd=k)and B € Z(d+ 1,r — (d — k)), we set
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—ifd=k
WE(Mcp.5) = WepE,;
—ifd>k
WH(M¢,p.6) = Weop (5er) B
where (o p* € X(0: k,0: n) is such that [¢ o p*] = [¢]\ [¢ o p]-

The following proposition shows that the image of this map is, in fact, the set
of weights considered in (6).

Proposition 1 If Wo,a = W*(M¢ g 5), with ¢ € 2(0: d,0:n) and B € Z(d +
1,7), or Wo,a = WF(M¢ , 5) for a triplet

((,p,B)€eX(0:d,0:n)x X0:d—(k+1),1:d) xZ(d+ 1,7 — (d—k))
with k < d < n, then (o,a) € X(0:k,0:n) X Zo(n+1,7).

Proof Note that (o,a) € X(0: k,0 : n) x Z(n + 1,r) by construction. We have
thus to prove that a € Z,(n + 1,r), namely, that o; = 0 for all ¢ < ¢(0).

We recall that if ¢ € X(0: d,0: n) and 8 € Z(d + 1,7), then (BE¢); = 0 if
0 < i< ¢(0), hence BE¢ € T¢(n + 1,7).

If Wo,o = WH(M¢ g g), then o = ¢ and @ = BE¢ € Ze(n+1,7) = I (n+1,7).

If d >k and W0 = WF(M¢ ), then o = (B + e,)) Ec € Zc(n + 1,7). We
notice that ¢(0) = ¢(0) because [o] = [¢] \ [¢ o p] and ¢(0) & [¢op] C {1,...,n}.
Hence Z¢(n + 1,7) = Z5(n + 1, 7). O

Similarly we can define a map MP" from the set of weights in (6) to the set of
moments in (10).

Definition 6 Given a couple (o,a) € ¥(0: k,0:n) X Zo(n + 1,7) we denote

d=#([a]U[o]) - 1.

— If [a] C [o], then [a] U [o] = [o] and d = k. We set ( = o, p = 0 and
,BzaEZ(: aE]).

— If [a] ¢ [o], then [a] U [o] 2 [o] and d > k. We set ¢ € X(0:d,0 : n) such
that [¢] = [e]U[o], p€ X(0:d— (k+1),1:d) such that [¢ o p] = [a] \ [o],
and 3 = aEZ — €[]

Then, we set M*(Wy o) 1= Mc,p.p-

Proposition 2 For each (0,a) € X(0 : k,0 : n) X Zy(n + 1,7), the element
M¥ (W, o) belongs to the set of moments defined in (10).

Proof In fact, k <d <n, (€ X0 :d,0:n)and p=0ifd=~Fkorpe X0 :
d—(k+1),1:d),if d > k by construction. Furthermore, 3 is a multi-index with d+1
components. Since [a] C [(], then |aEZ| = |a] and |B] = |a|—(d—k) = r—(d—k).
Hence B € Z(d + 1,r — (d — k)). O

Remark 4 From a geometric point of view, we associate with the multi-index o €
Zy(n + 1,7) a subsimplex fq(q) of T' with vertices those in [a, namely, z; is a
vertex of f,(o) if and only if a; # 0. Given f, and f5 two subsimplices of T,
we denote by fo V fz the subsimplex of T with vertices those of f, and f5. The
moment associated with the weight We « is an integral on the face fc = fo V fo(a)-
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— If [a] C [o], then fo V fo(a) = fo and p = 0.
— If [a] ¢ [o], then fo V fo(a) # fo and p involves all the vertices of fo V fo(q)
that are not in fo.

Ezample 10 Let us consider T C R*, w € Py AYT) (r = 3, k = 1) and f, =
[x1, 23] (namely, o € X(0:1,0: 3), 0(0) =1 and o(1) = 3), we have

MW, (03,0,0)(@) = [z, 2y @ AT (fa(a) = [71])
MlWa,(o,z,o,l)(W) = f[Ith] W/@)\B (fa(a) = [x1,33])
MW, (0,2,1,0)(w) = f[xl’m%zg] wAAX(dA2)  (fa(a) = [z1,22]).
For fo = [0, 3] (namely, o0 € X(0:1,0:3), 0(0) =0 and o(1) = 3), we have
MW, 021,00 @) = [0 21 maea @A AM(AA AdX2)  (fa(a) = [a1, 22]).

For w € Py A*(T) (r =3, k = 2) and f, = [x0,21, 23] (namely, o € 2(0:2,0:
3), 0(0) =0, o(1) =1, 0(2) = 3), we have
MP*W, (0,3,0,0) (W) = f[mu,zl,zs] w A} (fa(a) =
MQWU,(LLOJ)(M = f[:r@,:tl,mg] W AoA1IA3 (fa(a) = [
MQWU,(1,1,1,0)(W = f[moyml,z%mg] w A AoAr(dAz) (fa(a) = [wo, 1, x2])
MQWU,(O,O,S,O)(W = f{xn,th,%] w A A3(dA2) (fa(e) = [
It is worth noting that, with this geometric rule we associate to a couple (o, ) €
X(0:k,0:n)xI(n+1,r), with o € Zo(n + 1,7), a weight that is not in (6) and
a moment that is not in (10). For instance, if f, = [z1,23] and o = (1,1,0,1),
we have fy(a) = [T0,71,23] and then the moment f[mo ] @ N A1 Az(dAo). If

a = (1,1,1,0), then f,(a) = [T0, 1, 22] and the corresponding moment should be
w/\>\1(d)\o /\d>\2). o

1)

To, 1, x3])

—_ D D

z2]).

[z0,21,22,73]

Proposition 3 For any (o,a) € X(0: k,0:n) X Zy(n + 1,7) it holds that
WFEME (Wo o) = Woa-
Proof 1f [a] C [o], then d = k and, using (2), we have
WFEM* (Wo.a) = WH(M, 9 a57) = WoarTe, = Woa s

where the last equality holds because [a] C [o].
If [o] ¢ [o], then d > k and

WEMF (W) = WH (M ),

with ¢ € X¥(0:d,0: n) such that [{(] =[a]U[c], p€ X0 :d—(k+1),1:d) such
that [¢ o p] = [@] \ [o], and B = aE] — e[,). Then W*(M¢ , g) = W5 &, with

o € X(0:k,0:n) such that [o] = [C]\ [Cop] = ([e] U o)) \ (Ia] \ [o]) = [o]

and, using again (2), we obtain

a=(B+ep)E; = aEZEC =a.
Also in this case the last equality holds because [a] C [¢] = [@] U [o]. O
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Remark 5 Since the cardinality of both sets M* and W* defined in (10) and (6),
respectively, is equal to the dimension of P, +1Ak(T), from Proposition 3, it follows

that M*WP is also equal to the identity.

5 The matrix of the gradient operator

Let us fix a set R of unisolvent degrees of freedom for P, +1AO (T), and a set R'
of unisolvent degrees of freedom for PT_+1A1(T). We denote by r’(¢) the vector
collecting the degrees of freedom of the set R® evaluated on the 0-form ¢, and by
r'(w) the vector collecting the degrees of freedom of the set R' evaluated on the

1-form w. Then, there exists a unique matrix G (that depends on the sets R’
and R') such that

r'(dp) = Grr’(p), Vo e P A%T).

When the two sets, R®, R, of degrees of freedom contain the weights defined in
Definition 4 (namely when R* = W* for k = 0,1), the matrix Gz, denoted by G,
has a clear geometrical meaning. By Stokes’ theorem, Gy is the transposed of the
all-nodes incidence matrix of the graph M with nodes the points of the principal
lattice of T and arcs the oriented small edges corresponding to couples (o, &) with
c€X(0:1,0:n)and @ € Z,(n+1, 7). This geometrical characterisation is at the
basis of the tree-cotree techniques used in electromagnetism, that are well known
in the low order case » = 0 and that have been recently extended to the high
order case r > 0 using weights (see [25]; see also [15] for an analogous result in the
framework of the isogeometric analysis).

G E

wed wer Cw g
| Po P ﬁl(Gmo) = grad (p,m°)
\J Y \
discrete 1 grad
FE spaces P, cH — Ned,,,cH (curl)
N A
pr ‘\‘\ A pl 0 0
P1(Gw") =grad (pyw")
f
o wer —Cs g

Fig. 3 Schematic graph which gives an insight, for k¥ = 0,1, on the toolkit of mathematical
concepts sharpened by Alain Bossavit and that takes part in the foundation of computational
methods in applied mathematics. In the scheme, G is the gradient matrix of size E;41 X Nypy1,
with Er41 = dimPr_JrlAl(T) and Ny41 = dim 73:+1A0(T), R? is the set of arrays with ¢ real
components, w’ (resp. m®) is the array of weights (resp. moments) for the 0-form ¢, ps and
pr are FE reconstruction operators, and the cycling symbol stands for commutativity. If we
adopt the isomorphism MP¥ linking weights to moments, then G; = Gy = G.
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We claim that the isomorphism defined in the previous section preserves the
matrix Gr. This means that, if m* is the vector (r*) collecting the moments in
MP for ¢ (k = 0) and dg (k = 1), associated, through this isomorphism M”, with
w¥, the vector (r¥) collecting the weights in W¥ for ¢ and de, i.e.,

MOWP o — (MOWD) () = MP(p) == (m®);  Vj=1,..,dimP,,A%T),
MW} s dp — (MW )(de) = M} (dg) := (m'), Ve=1,..,dimP, A (T),

and
WY :ipr— Wl ()= (w"); Vji=1,.,dimP_,A%T),

W} dp — W/ (dy) == (w'), Ve=1,..,dimP, AN (T),

then we have
1 0 1 0 .
m =Gym-, w =Gww, with Gy =Gw.

The matrix Gr does not change, namely Gyr = Gw (see Figure 3 for a visualiza-
tion of this property), this means that the matrix (Gr = Gas) which represents
the gradient operator for moments is the same as the one (Gr = Gw) which rep-
resents the same operator for weights. This gives a geometrical meaning to the set
of moments M*, at least for k = 0,1, and allows to extend in a very natural way
the tree-cotree techniques to the high order case when the two sets of degrees of
freedom are the moments in M¥. To illustrate this fact we complete the analysis
previously done in [2], by involving the isomorphism, and other results that we
recall here below.

— The integration by parts (IBP) formula (see, e.g., [5]) reads

/Trfdu/\n:/ Traf (Trfu/\n)—l—(—1)k71/Trfu/\d77, ue AR (T).
! of f

The boundary term results from the use of Stokes’ theorem, stating that
Jodu = [y, u, where u is a k-form and C' a (k + 1)-chain. In [2] we ex-
plained, for any k € {0,...,n}, the information an IBP formula can provide.
We have shown that an IBP formula allows to identify the unknowns for fields
in polynomial spaces. Moreover, it gives the way to reconstruct differential op-
erators and potentials, once the unknowns (for fields and potentials) have been
fixed. Hence, for k = 0, 1, the IBP formula reconstructs the gradient operator.

— The affine function 7o associated with each multi-index «, as described in
Section 3.1, is indeed a chain map (see details in [8]), namely, it commutes
with the boundary operator, that is 7o(0fs) = 0(Ta(fs)), with fo € Ag(T),
for any k > 0.

— The trace operator commutes with the exterior derivative operator (see an
application of this property in [5] to prove Lemma 4.24).

— Recalling that for each ( € X(0 : d,0 : n) and B € Z(d + 1,s) we denote
N =TI M7 sy € A°(T), one has

d d 4
Bi—6i,; o —e;
dA?{ =2 5 (H AT ¢ (i) ) dA; = Zﬁg)\i dr; € AN(T).
=0

i=0 =0
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5.1 Weights: the matrix Gw
If o € A%T), then dp € A*(T). Its weights in ’PT__HAI(T) are

Woaldp) = [ s, d¢

= Jotratsn #
= Jro5)®
= f'ra(:ca(l)) Lo fm(wo(o)) #s

forall o € ¥(0:1,0:n) and € Z,(n + 1,7). Note that the weights of a 0-form
in P, +1/10 (T) are the values at the points of the principal lattice, so

Wo.a(dp) = ¢(Ta(Zs(1))) = ¢(Ta(Zs(0)))-

Let us denote o1 € X(0: 0,0 : n) such that 01(0) = o(1), and o9 € X(0: 0,0 :
n) such that o9(0) = o(0). We recall that || denotes the minimal element of [«].

Since ¢ € Zs(n + 1,7), then 0(0) < || and o € Zy,(n + 1,7). This means
that ©(7a(T4(0))) = Wey,alp), being Wo, o an element of W°.

On the other hand, if |a] < o(1), then & & Zo, (n+ 1,7), hence We, o defined
as Wo, a(9) = ©(Ta(rs(1))) is not an element of WP, However, being Ta(Zo(1)) @
point in the principal lattice of T' of order r + 1, there exists a couple (o4, 3) €
X(0:0,0:n)xZs, (n+1,r) such that 7o (24(1)) = 78(%4, (0)) (see Fig. 2). In fact,
Ta(To(1)) = 78(T|a)) With B8 = a + e, (1) — €| since

)\i(xgl)Jrai %ifi:(j(l)
Ai(ra(a)) = =20 =4

P~ otherwise

and N Lo
1T -1 f s — |
Ni(@a)) + B _ ) ol

Mi(tp(@a))) = = L = S5 ifi=o()

QG

r+
Moreover, if o, € X(0: 0,0 : n) is such that 0+(0) = ||, then B8 € I (n + 1,7)
since |B] > |a] if |a) < o(1). Hence, W,, g € W° and we can write

otherwise.

WU,a(d(p) = @(Toﬁreau)*emj (I[aj )) - @(Ta(ﬂﬂa(O))) (11)
=Wo. 8(p) = Wop,a(e).

Ezample 11 For the sake of simplicity, in the following, in order to refer to the
weight of a particular o € (0 : k,0 : n) we will write Ws o instead of Wy_ a.
In P, A¥(T) we have

Wizo,2s],(0,2,1,0)(d9) = ©(T(0,2,1,0) (23)) — ©(7(0,2,1,0)(z0))-
The multi-index (0,2, 1,0) does not belong to Zj,,)(4,3). However,
T(0,2,1,0)(%3) = T(0,1,1,1)(Z1),
and the multi-index (0, 1,1,1) belongs to Zj,,1(4,3). So we have
Wizo,2s],(0,2,1,0)(d9) = ©(7(0,1,1,1) (1)) — ©(7(0,2,1,0)(70)),

respectively. o
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Let us consider the (oriented) graph M with nodes the small vertices (namely,
the points of the principal lattice) and arcs the (oriented) small edges correspond-
ing to couples (o, ) with o € ¥(0:1,0: n) and a € Zs(n + 1,7). Relation (11)
states that the all-nodes incidence matrix of M is Gy, with Gy the matrix
representing the gradient operator at the discrete level using the weights Wk for
k =0,1 (thus extending to r > 0 the presentation done in [6], Chap.5, for r = 0).
For the construction of a global spanning tree of this graph for any r > 0, see [25].
For the tree-cotree technique intended as a way to impose uniqueness for a vector
potential problem formulation, see [23].

5.2 Moments: the matrix G

We aim at associating an oriented graph, ./WG, with the gradient operator, when
working with moments.

We note that when w € A'(T) the moments defined in (9), M¢ , g(w), have
p € X(0:d—2,1:d). So there exists a unique element of {1,...,d} that is not
in [p]. Let us set j, := {1,...,d} \ [p]. Furthermore, if 3 € Z(d + 1,s) we set
B! := Bo! --- Ba!l. We use these notations in the following proposition:

Proposition 4 Fork = 0,1, let us consider the following moments for PT__HAk (T):
— ford=k

~ 1

Me0,6(w) = 51Mc0,6(w)

for each ¢ € ¥(0:d,0:n) and B €Z(d+1,r);
— ford >k
Cr =M p () if k=1

Mc,p,p(w) == '
EMC,/J,L?(W) ifk=0

foreach¢ € X(0:d,0:n), pe X(0:d—(k+1),1:d), B € I(d+1,r—(d—k)).

Then, if ¢ € A°(T), each moment of dp € A'(T) is the difference of two moments
of ».

Proof If ¢ € A°(T), then dp € A'(T) and its moments for P;JrlAl(T) are as
follows.

e Cased=k=1.Foreach (€ ¥(0:1,0:n) and B € Z(2,r),
Mc0,5(dp) = [}, TrdegaA/\ﬂ
_ff TI‘fC /\)\B
_ B
= 7ff< TTngO/\d)\fC +f3fc Trafcw/\TrafCAfC.

Since fC = [l‘{(o),mq(l)], then 8f§ = [.73@(1)] — [mg(o)]

M g g(dp) = —/ Try o A (b’o)\?ge”d)\c(o) + ﬁl)x?:eld)\g(l))

fe

+(<p)\?<)(1‘g(1)) - (@A?C)(xC(O))'
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In [z¢(0y, Tc(1)], we have dA¢ gy = —dA¢ (1), SO

M¢,9,6(dep) = /f Trsep A BoNF” = dAcqa) —/f Trpoo A BN dAcary
< <
+HeX ) (@ey) — (2] ) (@ (0)):

Multiplying M, ¢ g(de) by ﬁ we obtain

j / 0/ o 1/ o
Try dp ANS = Trs. o A NGT®0dA Trs. o A NIT®1dA
B, fe =gl f, T e T gy f, SRR Ay T

1 1
+E(‘p)‘?c)(xi<1)) - E(W\?C)(wg(o))-
(12)
We notice that . )
& _ { B—e;)! if B; #0
B! 0 if B; =0.

Moreover, only two of these four terms are different from zero because if By # 0,
then (<p)\?<)(x'§(1)) = 0, whereas if 81 # 0, then (‘P)‘?C)(xg(o)) =0.
In conclusion:

- if Bo # 0 and B1 # 0, then

el)! MC’,B—91 (50)7

M p,5(dg) = ﬁﬁc,ﬁ—eo(w) - (ﬁ%

- if Bo =0, then 81 =r # 0 and
M 9.5(d9) = — 52y Mc oo, (#) + 2 M, 5()
= — g Mc p—e. () + Z0(@c 1)),

being ¢1 € X(0:0,0: n) such that {1 (0) = ¢(1);
- if 81 =0, then B9 = r # 0 and

M¢0,5(dp) = ey Mc,p—eo () — g1 Meo,5(¢)
= ey Mc.p—eo(9) — 7190(2¢(0))

being (o € X(0: 0,0 : n) such that {o(0) = ¢(0).

e Case d > k = 1. Foreach ¢ € X(0:d,0:n), pe X0 :d—-2,1:d) and
BeZ(d+1,r—(d—1)),

M pp(dp) = /f Teyodg AN (dAs, ) = /f d(Tr70) AN (dA7,),
<

<
== [ Terendof @0+ [  Troge ATrar, O, (@Ar)p).
9

gc
= - Zﬂz/ TrngO N ()\'(;C_eid/\c(i)) A (d/\fc)f’
i=0 fe
d .
FNEN [ Trope ATron (V. (A,
i=0 [@(0)5 5T (@) s ()]
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Taking into account the fact that if ¢ € [p]], then Tr[mc(u)74_.7@,._‘,%@](d)xfC),, =0
and dA¢(;) A (dAg.)p = 0, both sums reduce to i € {0,...,d} \ [p]. Recalling that
k=1,pe X(0:d—2,1:d) so both sums reduce, in fact, to two terms ¢ = 0 and
i={1,...,d}\ [p] =: jp- So we have

Me p5(de) = —fo /f Terep A N dAcio)) A (dA7,),

Bie]p
—ij/; Trioo N(Xp 77 dA¢,)) A (dAs)p
¢

+ Trafc(p/\Trafc ()\?C (d)‘fc)l’)
@1y e
+(=1)% - Tros. o A Trog (V7 (dAs)p)-
[T (0) s+ (ip) 5T ()]

Taking into account that, in f¢, dA¢ o) = — Zle dA¢(i) and by recalling that

(dAfC)p = d>\(j(1) VANERIVAN d>\§(jp) VANCERIVAN d>\g‘(d)

it follows that dA¢(o) A (dAy.)p = —dA¢(j,) A (dAf,)p, SO

M¢,p,8(dp) = +Bo /f Trsep AT dAc(s,)) A (dAg )
B—ej,
—ij/; Treo A (Ap. 7dAe(,)) A (dAg)p
¢

+ / Tros.o A Trog (N (dAs,),)
[eays-Te(ay)]

+(—1)r - Tros ¢ N mh(xﬁ (dAs)p)-
[0y 5T (ip) T ()]

Moreover

dAc(g,) AdAs)p = dAg,) A (dAeay Ao AdAg,) A AdAga)
= (=1)"HdA¢a) Ao AdAg)-

Then,

M¢,p,5(dp) = +(—1)jp_1ﬁo/ Tryp ANE7dAc) Ao AdAc(a)

fe
. B—e;,
+(=1)7B;, / Trrep Ay, 77 dAcy A AdAgay)
Je
+ Tros ¢ A Tros (M) (dAg,),)
[y, o]
—I—(—l)h Trafgtp/\TI‘@fC()\?C (d)\fc)p).

[Te(0yse s TGy Ze(ay)
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If j, = 1, then (dAs ), = dAc2) A -+ AdA¢y. If jp > 1, we can use that in
[Tc(1ys - Zeqay] it holds dAe(1y = — Z?:Q dA¢(j) to write
(@As)p = dAeay A= Adrey A+ AdAca)
= —dAs,) Adhey A AddgG) A AdAgqa)
= —(=1)7dA¢2) A AdAga
= (=) A Addga).

So we have

Me,pp(dp) = (1) 5o /f Trsep A (N7 dheqa) Ao AdAga)
e

i B—ej,
+(—1)]”6jp/f Triop AN(Xp PdAcy A - AdAgay)
<

+(—1)jp_1 / Trafcga A TrafC ()\?( (d)\g(g) JARERWAN d)\c(d)))
[Zeys@e(ay]
+(—1)j" / o Traf( (p/\TI"a]Q ()\?C (d>\§(1)/\' . '/\d)\{(jp)/\' . '/\d)\g(d))).
[2c(0)+ T () Tc(a)]

Multiplying M¢ , g(de) by (712;;971 we have

()P

Bo e
IB!/J; TrfcdeAgc(dAfc)P:@ ; Trfgcp/\()\?g Od)\g(l)/\"'/\d/\C(d))
< ¢

Bj B
_ ﬂjf /f Trfcw/\()\fc eapd)\g(” A ANdAgiay)
’ ¢

1

+E TI‘afCLp A TrafC (/\I?C (d/\C(Q) VANEEIEAN d/\c(d)))
ey Te(a)]

1 —
TYafcgo/\Trafc (X?C (dAC(l) AR '/\d/\C(jp) /AR Ad)‘{(d)))-

T _
B! [@(0)s-Tc(ip) e rTe(d)]

.....

then Triz, 0 )\;fag = 0. This means that only two of these four terms

..... z/c(\jp),...,mc(d)]
are different from zero.

In conclusion:

- if Bo # 0 and 3;, # 0, then

— 1 — 1 —
Me,pp(de) = mMc,ﬁfeo(@ - ﬁMc,ﬁfej,,(W%

ejp

- if Bo = 0 and 3;, # 0, then
M p(d0) = Mo pe,, (9) + oMo (o)
¢p,8\dP) = (ﬁ_ejp)! ¢.B—e;, \¥ B! ¢0,8 %)

being ¢° € X(0:d — 1,0 : n) such that ¢°(i) = ¢(i + 1);
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- if 85, = 0 and Bo # 0, then

— 1 — 1 —~
Mc,p,p(dp) = qugfen(‘P) - HM@»,QUP),

being ¢7» € X(0: d — 1,0 : n) such that ¢% (i) = (i) if i < j, and ¢7* (i) =
Cli+1)ifi>j,;

- if Bo = ﬂjp =0, then

1

Meo () — EMCJP s(®)

L

MC,p,ﬁ(dQO) = 8!

O

Proposition 4 allows to associate an oriented graph, ./\7G, with the gradient
operator as follows: the set of nodes is the set of moments

M = {M¢,p8 € (Pry A%(T))" : € 2(0:d,0:n), pe ¥(0:d—1,1:d),
BeZ(d+1,r—d), with0<d<n}
and the set of arcs is the set of moments
M* = {]\//.79,),3 € (PraANT)* : ¢€X(0:d,0:n), pe X(0:d—2,1:4d),
BeZ(d+1,r—(d—1)) withl1 <d<mn}.

The arc corresponding with the moment M/C’p7ﬁ e M goes from the node ]\7@ o1,Br
to the node M¢, »,.8,, both in M°, if, for any ¢ € A°(T), we have

MQP,ﬁ(d(p) = MCF,PFﬂF (4/7) - MCI,PIﬂ] (90)

As a consequence, also in this case, the all-nodes incidence matrix of the graph
MY is G}; with G the matrix representing the gradient operator at the discrete
level when using these moments. .

For k = 0,1 let us consider the map g from the sets of moments MPF to the set of
moments M* defined as g(M¢ p8) = M¢,,pgforde{k,...,n}, (€ X(0:d,0:n),
p=0ifd=korpe X(0:d—(k+1),1:d)ifd#kand B € Z(d+ 1,7 — (d—k)).
Then W¥ = WF o g is an isomorphism from the sets of moments MP¥ to the set of
weights W* and

WH(Me p.8) == WF(g(Mc,p.8)) = WFH(Mc ),

for each Mg’pﬁ € M*. The isomorphism W* is illustrated here below:

Wi wh wk

%

Mk
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Proposition 5 The two graphs ME and M coincide, that is, by considering
these moments, the map Wk preserves the matriz of the gradient operator in the
following sense: for any @ € A°(T), if

MCaPﬁ(dgo) = MCFapFVBF (90) - MCI»vaBI (4,0)

then
W' M¢ p.8)(dgp) = W Mc, pr 8, ) (0) — WM, p,.8,) (0)-

The proof of Proposition 5 is given in the Appendix. Here, we propose to
illustrate the claim of Proposition 5 by presenting three rather general examples
for n = 3 and r = 3. In the three cases, we proceed as follows:

— we start from Mc,p,g(dgo) and, by IBP, we obtain the moments MCFaPFnBF and
M, p;.8, such that

MCyPﬁ(d(p) = MCprFu@F (4,0) - MCvaIyﬁI (90);

— we compute (W' Mc)pyﬁ)(dcp) and by Stokes’ theorem we write it as the differ-
ence of two weights

(WlMCaPﬁ)(d‘P) =Wop,ar ((P) = Wora; (‘10)9
— finally we check that, for L = I, F', we have

WOMe, p1,8, (#) = Wop ar ().

Ezample 12 (d = 1) Let us consider ng@yﬁ(dgo) with ¢ € X(0:1,0: 3), ¢(0) =1,

¢(1) =3 and 8 = (1,2).

- Mg)@,ﬂ(dcp) = ﬁMC’@,ﬁ(dcp) = %f[ml 5] dp ()\1/\3) by IBP, and using that on
the edge [z1, z3] one has dA\1 = —d\3, we get

% f[chs.] de (MA3) = % <_ f[:cl,;cg] ed(A1A2) + (e A1 Ad)(z3) — (¢ >\1>\§)(a:1))
=5 Jio10g) 9 AN123)

=-3 Jier 5] PA3(dA1) — Jizy 2q £ M123(dA3)

= % Jioy g1 ©A3AN) = [, oy @ M Aa(dAs)

= 5M¢ (0,2 () — M¢ p(1,1)(#)

= MC»p,(OQ)(‘p) - Mg,p,(1,1)(90)7

being p the unique element of X(0:0,1:1).
— The corresponding weight is

09! M 0.0)(d) = V' Mo )de) = [ de.
7(0,1,0,2)([11’13])
Since the boundary of 7(g,1,0,2)([z1, z3]) is
07(0,1,0,2)([z1, 73]) = T(0,1,0,2)(%3) — T(0,1,0,2) (1),
by Stokes’ theorem we have

f"'(o,l,o,m([xl,ma]) dp = ('O(T(01170’2) ($3)) - 90(7—(071,0,2) (ml))

= 90(7(0,0,0,3)(751)) - @(7'(0,1,0,2)(551))
= Wi11,00,0,0,3) (®) = Wiz,1(0,1,0,2) (#)-



Weights for moments’ geometrical localization 25

— Finally we observe that

Woﬁc,p,(oz)(@) =W’ (/[ @Ag(d/\s)> = Wiz11,00,0,0,3) ()

z1,23]

and

WOMc,p,(l,l)(SD) =W’ (/[ 90/\1>\3(d>\3)> = Wiz,1,00,1,0,2) (),

1,23]

respectively. o

Ezample 18 (d = 2) Let us consider the moment Mgpﬁ(dw) with ¢ € X(0:2,0:
3), C(0) =0, (1) =1, C(2) =3, p € 2(0: 0,1:2), p(0) = 2 and B = (0,1,1).

(=1t~

— In this example j, = 1 and M , g(dp) = Wf[mo vr.2y) 4P A A1A3(dA3).
By IBP, we obtain
‘/‘[170@1,1?3] d(p /\)\1)\3((1)\3)

- f[Toyﬂﬁl,Is] SOd()‘l/\gd/\B) + fa[Io,IhIB] ¥ A /\1)\3((1)\3)
= f o1,73] (p)xg(d)xl A d>\3) + f[wl,xg] e N )\1)\3((1)\3)

- [zo,

since d(A1A3dA3) = AzdA1 AdAs, A1 =0 in [zo,z3] and A3 = 0 in [xo, z1].
— The corresponding weight is

OV N p.0) o) = | de.

7(0,1,0,2)([550,391])

Since the boundary of 7(g,1,0,2) ([0, z1]) is

87'(0,1,0,2)([330, r1]) = 7'(0,1,0,2)(131) - 7'(0,1,0,2)($0)

by Stokes’ theorem we have
/ de = ¢(7(0,1,0,2)(21)) — ¢(7(0,1,0,2) (%0))-
7(0,1,0,2) ([z0,21])
— Finally we observe that
w? (/[ ] @ Az(dA1 A d>\3)> = WO (M (0,0,1)(¢)) =0(7(0,1,0,2) (x0))
Z0,%1,T3
and, setting £ € X(0:1,0:3),£(0)=1,¢£(1)=3
% ( /[ o ms(dAs)) = WO (Me,1,1)(9)) =0 (70,1,0,2) (@1)),
Z1,T3
respectively. (Note that, since k = 0, the moments do not depend on p.) o

Ezample 14 (d = 3) Let us consider the moment Mcypﬁ(dga) with ¢ € X(0:3,0:
3),peX0:1,1:3), p(0)=1, p(1) =3 and B8 =(0,0,0,1).
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— In this example j, = 2 and

Vi (=1
Me,p,p(dp) = 7 dp A Az(dA1 A dAs).
: [z0,21,22,23]

By IBP, we have

de A )\3((1)\1 A d)\3)
[0,@1,2,35] © N d()\3d)\1 A\ d)\3) — fa[moyml’mg’z?’] © N /\3(d)\1 N d/\3)
= —f © N )\3((1)\1 A d>\3) — f[wo)xhxs] © N )\3((1)\1 A d>\3)

[z1,22,23]

= \/‘[11@2,13] © N /\3(d)\2 A d/\3) — \/‘[Iu,flll,l’g] © N /\3(d)\1 A d/\3)

- f[ﬁ?ml‘hﬂﬁmics]

since d(A3dA1 AdAs) = 0, Asd\i AdAs =0 on [zo, z2, z3] and [zo, 21, z2], and
dA1 = —dX2 — dA3z on [z1, 22, x3].
The corresponding weight is

OV N p0) o) = | d.
7(0,1,0,2) ([z0,22])

Since the boundary of 7(g,1,0,2) ([0, z2]) is
97(0,1.,0.2)([x0, 22]) = 7(0,1,0,2)(¥2) = 7(0,1,0,2) ()
by Stokes’ theorem we have

‘fT(O,l,O‘Q)([zUsIQ]) do = 90(7—(0,1,0,2) (1‘2)) - @(7(0,1,0,2) (370))
= @(7(0,0,1,2)(331)) - <P(7'(0,1,o,2) (z0)),

where we have used that 7(g1,0,2)(%2) = 7(0,0,1,2)(%1)- prefer this second
form because a = (0,1,0,2) & Zj,,1(4, ) since |a] = 1 < 2 while o' =
(0,0,1,2) € Z1,,(4,3) since [a'| =2 > 1.

Finally we observe that

w° </[ ] © A Az(dAz A dA?J) = ¢(7(0,0,1,2) (1))
XT1,T2,T3

and
wo (/[ ]4,0 A Az(dA /\d)\3)> = @(7—(0,170’2)(&)))’

respectively. o
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6 Conclusions

The spaces P; Ak(T) present a high geometrical feature, having one degree of
freedom per k-simplex in T', and thus being isomorphic to the space of simplicial
k-cochains. These spaces were indeed introduced in 1957 by Whitney in his book
[26]. For r = 1, the connection of Whitney’s spaces with mixed finite elements,
appeared in the late 70s, was developed by Bossavit in the 80s. With the time
passing, in [22] we were able to generalize this connection to r > 1 and to introduce
new DoFs for P, | A"(T), the weights on the small k-simplices of T.

In this contribution, we have made a step forward, namely we have constructed
isomorphisms W¥, for any value of k € {0,...,n}, between moments and weights
for fields in the discrete spaces PT__HAk (T), for » > 0. Furthermore, we have shown
that, with a suitable definition of moments, the newly introduced isomorphisms
W¥ preserve, for example, the gradient matrix G (i.e., the matrix G has fixed
entries G ;, whatever type of DoF's, weights or moments, are used in 73;+1/1k(T)).
We can thus transfer, for any » > 0, all achievements on tree-cotree construction for
weights in, e.g, [6,23,25] (see also references therein) to the case of moments (see,
e.g., [19,18]). The construction of the isomorphism between weights and moments
is compatible (see Figure 3, for k = 0,1) with the powerful and general toolkit
sharpened by Alain Bossavit all along his career.
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Appendix

We report here the proof of Proposition 5.

Proof Case d =k = 1, namely, ¢ € X(0:1,0:n), p=0 and 8 € Z(2,r).
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From Proposition 4,
Mg,(]),,@(dﬁﬁ) = % ff( Trfggo A )\?C_eod)\g(l)

g —e 1 1
**1, Tryp A X?( dA¢ny + *,(@X?C)(iﬂc(l)) - ﬁ(@A?C)(xc(O))-
s S B! B!

From Definition 5
- if Bo#0
W (ﬁm’ﬂ—%) = W, (B—eote)BeS
-if B #£0
W (ﬁﬁaa*n) = Weo,8E¢

- if 8o =0, then 51 =r # 0 and

of 1
w (EMClﬁ) =We rE

- if g1 =0, then Bo = r # 0 and

From Definition 5

(W' M 0,6)(dp) = We g, (d¢)
From (11)
We e (dp) = We, g, (9) = W, 8E (¥)
being ¢« € X¥(0:0,0: n) with (+(0) = [BE¢] and B, = BE¢ + ec1) — €|pE, |-
In this case
_ [C0)if Bo #0
BB = {g(l) if Bo = 0.
Hence
Weo,(B—eotenEe () — Weo e () if fo # 0
WClyﬂEg (90) - WCo,ﬁEc (90) if 50 = 07

since BE¢ — ec(o) + €c(1) = (B — eo + e1)E¢. Notice also that if o = 0, then
BE¢ = rE¢,. On the other hand if 81 = 0, then fo = r and BE; = rE¢,.
In conclusion:

- if Bo # 0 and B1 # 0

We ge (dp) = {

We B (dp) = Wy (B-eotenEc (©) — Wy BB (9);
- if 8o =0, then 51 =r # 0 and

We e (dp) = We, rie, (9) — Wey 88, (¢)
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- if 1 =0, then So = r # 0 and
WC»BEC (dQD) = WCQ,(B—60+E1)EC (SD) - WCUJ"E(U (SO)

Case d > k = 1, namely, ¢ € X0 :d,0:n), p € X0 :d—2,1:d) and
BeZ(d+1,r—(d-1)).

r /6)0 —e
Mc,pp(de) = 71 ’ Trrp A (NG dAcay Ao AdAg(a)
t e
bio [ qy A2 7% g\ dx
—a [, T A Ay A A A dd)
¢
1
+ﬁ'/[ | TrafC@ A Trafc ()\?C (d)\((g) VANERIVAN d)‘C(d)))
TE(1)reees T¢(d)

1 —
_ﬁ L Traf<<ﬂ/\Tr8fc()\?<(d)\<(1)/\'"Adkg(jp)/\"'/\dkg(d)))-
FE0) TG T (@]

From Definition 5:

- if Bo #0
— 1 —
w (ﬁ — eo)!MCyﬁ—eo = qu,(57e0+(0,1,4.4,1))E<;

- B, #0

—~

— 1 .
v ((ﬂ—ej,,me—% = Weo,(p=es, +(01,.. 1)

(notice that in this case, if we denote B=p- e;, +(0,1,...,1), one has

Bj, # 0);
S ifBo=0

~— (1 —~

w (@M@ ,ﬁ> =W, (B—e1+(0,1,...,1))ES
-if 85, =0

(1=

w (EMCJ'” B = Wco,(ﬁ—e3p+(o,1 ..... 1))ES

(Nnotice that in this case, if we denote B =pB—e;, +(0,1,...,1), one has

B, = 0).

(¢° and ¢’ are the elements of X(0: d — 1,0 : n) defined in the conclusion of the
proof of Proposition 4. )
From Definition 5

W' M p.8)(d@) = Weopr (8eq,)E (dep) -

Since k = 1, feop~ = [T¢(0), T¢(j,)]- More precisely, n := (o p* € X(0: 1,0 : n),
1(0) = ¢(0) and n(1) = ¢(j,). From Stokes’ theorem

P

Weop,(B+ep)Ee (dep) = Wﬁjpv(ﬁJre[[p]l)Ec () = Weo,(B+eraEe (%)
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and

WC{)7(5+G[[,J]] +e;,—eo)E¢ (90) if Bo #0

We,, (8 ternne (¢) = We (Btep+e;, —enEe () if fo = 0.

Since ef,; = (0,1,...,1) —e;, hence

Weo (B—eot(0,1,...,1)E () if Bo # 0

Wij’(ﬂ—&-ean])Ec (p) = {Wcl,(ﬁe1+(0,1,..-,1))E<(‘p) if Bo = 0.

In conclusion:

- if Bo # 0 then

Weop,(B+erEc (d9) = Weo (8-eo+(0,1,....1)E (9)=Weo,(8-e;, +(0,1,...,1))Ec (#);

- if By = 0 then

Weop,(BrerE (d9) = We, (8-ei+(0,1,...,1)E (©)=Weo,(8-e;, +(0,1,...,1))E (#);
and this ends the proof. a
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