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SYMMETRIC SEMI-INVARIANTS FOR SOME
INONU-WIGNER CONTRACTIONS.

FLORENCE FAUQUANT-MILLET

ABSTRACT. Let p be a proper parabolic subalgebra of a simple Lie al-
gebra g. Writing p = v @ m with v being the Levi factor of p and m
the nilpotent radical of p, the semi-direct product p = v x (m)?, where
(m)® is an abelian ideal of p, isomorphic to m as an t-module, is a Lie
algebra. This is a special case of Inonii-Wigner contraction and may
be considered as a degeneration of p. For any Lie algebra a, denote by
Sy(a) the algebra of symmetric semi-invariants in the symmetric algebra
S(a) of a under the adjoint action of a. In this paper we are interested
in the polynomiality of the algebra Sy(p). Inspired by our method in
[Fauquant-Millet F., Joseph A.: Semi-centre de l'algébre enveloppante
d’une sous-algébre parabolique d’une algébre de Lie semi-simple, Ann.
Sci. Ec. Norm. Sup. 38 (2005) 155-191] where we studied the poly-
nomiality of Sy(p) (the nondegenerate case), we obtain in this paper
a lower bound for the formal character of the algebra Sy(p), when the
latter is well defined. The method in the nondegenerate case does not
apply directly in the degenerate case : in the present paper we define a
so-called generalized PBW filtration on a highest weight irreducible rep-
resentation of g to provide the lower bound. Combined with an upper
bound we will construct in the near future for particular contractions p,
our goal is to show that the algebra Sy(p) is a polynomial algebra, by
showing that both bounds coincide.

Mathematics Subject Classification : 16 W 22, 17 B 22, 17 B 35.
Key words : Inonii-Wigner contraction, parabolic subalgebra, symmetric
invariants, semi-invariants.

1. INTRODUCTION.

The base field k is algebraically closed of characteristic zero.

1.1. The aim of the paper. Let g be a simple Lie algebra over k and
fix a Cartan subalgebra h of g. Then choose a set m of simple roots for
(g, b) and denote by b the Borel subalgebra of g associated with it. Let
p D b be a proper parabolic subalgebra of g. Denote by n, resp. n™, the
maximal nilpotent subalgebra of g generated by all positive, resp. negative,
root vectors, so that g=n" & hPdn and b = h & n. Let v denote the Levi
factor of p (so that v is a reductive Lie algebra) and m the nilpotent radical
of p. Then one has that p = t & m. Now consider the semi-direct product
p =t x (m)® where (m)® is isomorphic to m as an t-module, the superscript
a meaning that (m)? is an abelian ideal of p. The semi-direct product p is
1
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still a Lie algebra which may be viewed as a degeneration of the parabolic
subalgebra p (of course when m is already abelian, we have that p = p as
a Lie algebra). The Lie algebra p is called an Inonii-Wigner contraction,
or a one-parameter contraction of p (see [3I, Sect. 4]). Denoting by a’ the
derived subalgebra of any Lie algebra a, one has that p’ =/ x (m)®.

In this paper we are interested in the algebra Sy(p) of symmetric semi-
invariants in the symmetric algebra S(p) of p under the adjoint action of p,
which is also equal to the algebra S(p)? of symmetric invariants under the
adjoint action of p’. In some cases (especially when p is a maximal parabolic
subalgebra), we have that Sy(p) = S(p')?". For the natural Poisson structure
on S(p), the algebra Sy(p) is also equal to the Poisson semicentre of S(p).

The study of the algebra Sy(p) will be called the degenerate case while
the study of the algebra Sy(p) = S(p)?" of symmetric semi-invariants in the
symmetric algebra S(p) of p under the adjoint action of p will be called the
nondegenerate case. The aim of the present paper is to construct a lower
bound for the formal character of Sy(p) (when the latter is well defined), by
adapting methods in the nondegenerate case [9, Prop. 3.1] or [10} Sect. 6] .

We then hope to get an upper bound for the formal character of Sy(p)
(at least for the contraction of a parabolic subalgebra p such that dimm
is not too big with respect to dimt’) which would be equal to this lower
bound. This would imply that the algebra Sy(p) is a polynomial algebra,
for which we could give the number of algebraically independent generators,
their weight and degree.

Motivated by computation for several examples of contractions p of max-
imal parabolic subalgebras in a simple Lie algebra g, where we get an upper
bound for the formal character of Sy(p) which coincides with the lower bound
in the present paper, we hope to extend in the near future the construction
for the contraction of every maximal parabolic subalgebra, at least in classi-
cal cases.

Results about one-parameter contractions, and especially about their ring
of invariants (or semi-invariants) are reviewed below. Feigin in [I3] intro-
duced the contraction g of a semi-simple Lie algebra g given by the decom-
position g = b @ n~, motivated by some problem in representation theory
(see [15]). He then studied degenerations of flag varieties related to this con-
traction in [I4]. For such a contraction g, Panyushev and Yakimova studied
in [20] the algebra of symmetric invariants S(§)? and showed that it is always
a polynomial algebra in rank(g) generators. In [30] Yakimova showed that
the algebra of symmetric semi-invariants Sy(g) is also always polynomial.

Extending Feigin’s construction, Panyushev and Yakimova studied the
contraction g of a semi-simple Lie algebra g given by the decomposition
g =pdm~ (where m~ is the nilpotent radical of the opposite parabolic sub-
algebra of p). They showed in [21] that the algebra of symmetric invariants
S(§)? is always polynomial when g is simple of type A or C and for par-
ticular parabolic subalgebras in type B, using results on centralisers in [19].
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Based on results of Panyushev and Yakimova, Phommady [25] studied the
polynomiality of the algebra of symmetric semi-invariants Sy(g): he proved
that it is always a polynomial algebra in type A and gave a counter-example
in type C.

All the previous contractions are semi-direct products of the form q = sx V'
with s being a Lie algebra (not necessarily reductive) and V being a finite-
dimensional representation of s. It was observed (|31}, Sect. 3]) that, if S(q)9
is polynomial, then it is the same for S(V)°. When q is the contraction
of a Zo-grading of a reductive Lie algebra, the polynomiality of the ring
of invariants S(q)? was studied in [I8]. On the other hand when s is a
semisimple Lie algebra, Panyushev and Yakimova used the classification in
[Bl, 6], [27], [29] to give a classification (see [22], [23], [24]) of all finite-
dimensional representations of simple Lie groups (that is, for s being simple)
and also of all irreducible representations of arbitrary semisimple groups with
toral generic stabilisers, for which S(q)9 is a polynomial algebra. However
when s is simple of type A, their classification was partial (see [32]).

Observe that in our paper we deal with a semi-direct product q =s x V
with § =t/ being semisimple (and not necessarily simple in general) and V' =
m. However even when v/ is simple, the study of Panyushev and Yakimova
does not seem to always give the answer whether Sy(p) is or not polynomial.
For example if we consider the contraction p = v x (m)® of the maximal
parabolic subalgebra p = t@m of g simple of type B4, whose Levi subalgebra
t/ is simple of type As, then m does not occur among the representations of
sly treated by Panyushev and Yakimova in [22] or in [32]. In this case, we
have constructed an adapted pair forﬁ’ which provides an upper bound for
the formal character of Sy(p) = S(p')?" and this upper bound coincides with
the lower bound we have built in this paper. Thus we obtain in this case
that the algebra of symmetric semi-invariants Sy(p) is a polynomial algebra
in three generators, for which we can give their weight and degree.

Note also that it is shown in |20, Th. 1.1] that the bi-homogeneous com-
ponents of highest degree relative to m of homogeneous elements in S(p’)"
lie in S(p')P" = S(p')?". Moreover [30, Th. 3.8] may give a criterion to know
whether S(p’)?’ is polynomial, based on the degrees relative to m of genera-
tors of S(p’)¥’, if the latter is finitely generated. Unfortunately, even when
S(p’)?" is known to be polynomial and when the degree is known for each
homogeneous generator of S (p' )p/, it does not seem to be easy to compute
its degree relative to m.

1.2. The method. The method we use in this paper is completely different
from this of Panyushev and Yakimova. Our method is partly inspired by
this used in [9], [10] to study the polynomiality of the algebra of symmetric
semi-invariants Sy(p). The study of the latter algebra will be called the
nondegenerate case, while we will call the study of Sy(p) the degenerate
case. In the degenerate case, the method to build a lower bound is more
complicated than in the nondegenerate case, and then we cannot just rewrite
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the proof used in the nondegenerate case. In particular we will construct
some degeneration of an irreducible representation of the simple Lie algebra
g and we will consider matrix coefficients associated with it. We also have
to define a suitable action of some associative algebra A, which provides the
adjoint action of p on S(p) after some identifications we will explain below.

Denote by P*(7) the set of dominant integral weights of (g, h) and let
V(A) be the irreducible highest weight g-module of highest weight A, for
A € P*(m) (so that V() is finite-dimensional).

Let us describe our method and our main result more precisely.

e In subsections and we fix A € PT(m) and denote by p~ =
tdm- D b~ = bh&n the opposite parabolic subalgebra of p,
where m~ is the nilpotent radical of p~ and by p~ = v x (m™)*
the one-parameter contraction of p~. Then, inspired by the con-
struction in [15], we define what we call a generalized PBW filtration
(Z(V (X)) ken on V(A), which is an increasing and exhaustive filtra-
tion on V' (), induced by the canonical (or standard degree) filtration
(Uk(m™))gen on the enveloping algebra U(m™) of m™.

The associated graded space, that we call the degenerate highest
weight module associated with A, is denoted by

V(A) = grz(VIA) = P gri(V(N)
keN
where gry,(V(X)) = 220U for all k € N with Z_1(V())) := {0}.
If vy is a nonzero vector of highest weight A in V(\), we denote
by V'(X\) the irreducible U(t)-submodule of V(\) generated by vy
and by V/(\) C V(A) the canonical image of V/(\) in V()). We
will observe that, as U(t)-modules, we have V(A) ~ V(A). Set o
the canonical image of vy in V(\). We define a left U(p~)-module

structure on V()), for which we have that V/()\) = U(x).05 and that

V) =UGE )0y =Sm ).V (N =U®FE ). V().

e In subsections denoting by T'(m) the tensor algebra of
m, we consider the associative algebra A = T'(m)#U (r), which is

the Hopf smash product of the left U(t)-algebra T'(m) by the Hopf
algebra U(t), as defined for example in [I7, 1.1.8]. As T'(m) is also
equipped with a coproduct, we obtain that this smash product A
also inherits a structure of a bialgebra and indeed of a Hopf algebra.
We then consider the coadjoint action, which we denote by ad*, of
U(p) on p~ ~ p* (as vector spaces). Then ad* extends uniquely by
derivation to an action of U(p) on S(p~). From this action ad*, we
define what we call a generalized adjoint action ad** of A on U(p™),
which coincides with the adjoint action on U(p~), when restricted to
U(r).
e In subsections [5.1] and we consider spaces of matrix coeflicients.



SYMMETRIC SEMI-INVARIANTS FOR SOME INONU-WIGNER CONTRACTIONS 5

For A € Pt(x), we set @y, the canonical image in V(\) of a
chosen nonzero lowest weight vector in V() and by f/v”()\) the U(v)-
submodule of V()) generated by Uyor- We denote by V(A\)* the dual
space of V(). Forall € € V(\)*and v € V'()), the matrix coefficient
ce,v € U(p™)* is defined by :

ce,v(u) =§(u.v) forallu e U(p™).
Then we define ép()\) to be the subspace of U(p~)* generated by
{eco | €€V, veVI(N)
and C¢()\) to be the subspace of 6p()\) generated by
{eew €€ V), v e VN,

We set C, = Z)\EP+(7T) Cp(N) and C; = ZAePﬂw) C¢(N). We show
that these are direct sums and that C; is a subalgebra of U (p~)*.

e In subsection [5.5] we consider the dual representation of ad**, which
defines a left A-module structure on U(p~)*. When restricted to
U (t), the dual representation of ad** defines a left U (t)-module struc-
ture on every CN't()\), A € PT(r), and then on C., which coincides with
the coadjoint representation.

e In subsectionsand for all A € P*(7), we denote by Ce(A\)V (),

) the vector space, resp. the algebra, of invariants in 6’t(A),

resp. in C;, under the coadjoint representation of U (t/). We have

that
Cg(t) — @ Ct()\)U(t/)-
AePt ()

resp. C~’tU

Denote by 7/ C 7 the subset of simple roots of (g, h) associated with
the parabolic subalgebra p, set h,» = h Np’, and denote by (, ) the
nondegenerate symmetric bilinear form on h* x h* induced by the
Killing form on g. Since, for all A\ € P*(r), V/()) is an irreducible
U(r)-module, the Jacobson density theorem implies that the U(t)-
module Cy()) is isomorphic to the U (t)-module V”(\)*®@V’()) where
the latter is endowed with the diagonal action of U(t). It follows that,
for all A € PH(x), Ce(\)V() is of dimension less or equal to one, and
equal to one if and only if

(woA —wo, ©) =0
where wy(, resp. wp, is the longest element in the Weyl group of
(t/, ), resp. of (g, h). As a consequence we show (as in [9, prop.

3.1]) that éf] ) is a polynomial algebra, for which we can compute
the number of algebraically independent generators and their weight.
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e In subsections and inspired by [10, 6.1], one defines

on the algebra U(p~)* what we call the generalized Kostant filtration
(FE(UH™)*))ken, which is a decreasing, exhaustive and separated
ring filtration. This filtration is invariant under the action of A given
by the dual representation of ad**.

One denotes by gri(U(p™)*) = Dren 97 (U(P7)*) the graded
algebra associated with this filtration where, for all k € N,

L - TG
kU6 = 2

The dual representation of ad™ induces a left action of A on this
graded algebra and one checks that, for all z € m, for all f € C; N
FEUP™)*), one has for this action

z.fe FEN UGB
that is, that
z.gric(f) =0

where gr¥ (f) denotes the canonical image of f in gryx (U (p~)*).

Then for all £ € N and all vector space V', denoting by Si(V)
the vector subspace of the symmetric algebra S(V) of V' formed by
all homogeneous polynomials of degree k, one defines a morphism
Yy 2 gri (U(p™)*) — Sk(p™)*. It is easily checked that actually v
is an isomorphism of left U(p)-modules, where the left structure on
grk-(U(p~)*) is induced by the dual representation of ad** and where
the left structure on Sk(p~)* is given by the dual representation
of ad*. With this structure, it is easily checked that Si(p~)* is
isomorphic to the U(p)-module Si(p) = Si(p) where the action of p
is the adjoint action which extends by derivation the Lie bracket in
p. Thus we obtain an isomorphism of U(p)-modules and of algebras
from gr (U(p™)") to S(p).

e Denote by grg (@U(t )) the graded algebra associated with the in-
duced generalized Kostant filtration on érU ) The former may be
viewed as a subalgebra of gry(U(p~)*), which by equation in the
above alinea is invariant under the action of U(p’) induced by the
action of A on U(p~)* given by the dual representation of ad**. Fi-
nally one can establish the main result of our paper (see subsection

7).

Theorem. There is an injection of algebras and of U(h)-modules
from grg (aU(t )) into the Poisson semicentre Sy(p) = S(p)?'. This
implies a lower bound for the formal character of Sy(p), when the
latter is well defined.
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2. NOTATION.

2.1. General notation. Let g be a simple Lie algebra over k, h be a Cartan
subalgebra of g and choose a set 7 of simple roots for (g, ). Denote by A*
the set of positive, resp. negative, roots of (g, h) with respect to m and
A = AT LA™ the set of roots of (g, h). Denote by [, ] the Lie bracket in g
and by (, ) the natural duality between b and h*. Then for all root o € A,
set go = {x € g|VYh €, [h, z] = (h, )z} and fix a nonzero root vector x,
in gq.

Denote by n = @, ca+ Jas resp. 17 = @ ca- a, the maximal nilpotent
subalgebra of g generated by positive, resp. negative, root vectors, so that
g=n@hdn". Let b =ndh be the Borel subalgebra of g.

For each subset 7’ of 7, we denote by Aff, the subset of A* generated by 7’
that is, ATir/ = (£N7/) N A%, Set ny = @aeA: Ja, TeSp. N, = EBaeA;/ Ja-

Then the (standard) parabolic subalgebra p D b of g associated with 7’ is
p=ndbdn_.
The Levi factor v of p is
t=nyDhdn,

and its derived subalgebra (which is semisimple) is ¢ = ny @ b & n_,
where b = hNyp’, with p’ = [p, p] being the derived subalgebra of p. If for
all a € w, o denotes the coroot associated with «, we have that h,/ is the
k-vector space generated by the coroots o, with o € 7.

The longest element of the Weyl group W, resp. W', of (g, b), resp. of
(v, bar), is denoted by wy, resp. wy.

Set h™\™ = {h € b | (h, ') = 0} so that b = b @ h™ ™. Denote by m
the nilpotent radical of p, so that p =t ® m. We have that n = n» & m and
that m = @ae A\AY, go- The opposite subalgebra p~ of p is the parabolic

subalgebra of g defined by
p :n_@b@nw“

We denote by m~ the nilpotent radical of p~ (so that p~ =t @ m™). The
Killing form K on g x g induces an isomorphism between the dual space p*
of p and the vector space p~, since K is non degenerate on p x p~. Moreover
since K is also non degenerate on f x 0, it induces a non degenerate symmetric
bilinear form ( , ) on h* x h* which is invariant under the action of W (see
for instance [11}, 5.2.2]).

For all « € , resp. o € 7/, let w,, resp. w,, be the fundamental weight
associated with o with respect to (g, ), resp. with respect to (v/, h,+). Then
P(m) = > qer Lwa, resp. P(n') =3 . Zw,,, is the weight lattice of (g, ),
resp. (v, hy). Moreover P (m) =3 .. Nw,, resp. P (n') =3 .. Nw,
is the set of dominant integral weights of (g, b), resp. (v, b). By [10] 2.5],
there exists some positive integer r such that
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(1) P CPaYe . 3 T,

aem\m!

and for all a € 7', the projection of @, in P(7’) with respect to this decom-
position (1)) is w],. For A =3 . mawa € P(7) (mq € Z for each a € 7),
we denote by N = > . mqw,, its projection in P(n’) with respect to the
decomposition ().

For any finite-dimensional Lie algebra a, we denote by U(a) its universal
enveloping algebra and by S(a) its symmetric algebra, which may be viewed
as the (commutative) graded algebra associated with the canonical filtration
(Uk(a))ken on Ul(a) (see |4, 2.3]). We may also identify S(a) with the algebra
k[a*] of polynomial functions on the dual space a* of a. For all k£ € N, we
denote by Sk(a) the vector subspace of S(a) formed by all homogeneous
polynomials of degree k.

For all A € P*(7), the irreducible highest weight g-module of highest
weight A (which is obtained by quotienting the corresponding Verma module
by its largest proper sub-g-module, as defined for example in [4, 7.1.11]) is
denoted by V(X) : recall ([4, 7.2.6]) that this is a finite-dimensional U(g)-
module. We may pay attention that (unlike the notation in |4, 7.1.4, 7.1.12])
the highest weight of V(\) in our paper is A and not A — p, where p is the
sum of all fundamental weights of (g, b).

2.2. Semi-direct product. Recall the parabolic subalgebra p =t @ m and
its opposite parabolic subalgebra p~ = v @& m~, with m, resp. m~, the
nilpotent radical of p, resp. p—.

We now consider the semi-direct product p = v x (m)?, resp. p~ = t X
(m™)®, where (m)%, resp. (m~)%, is isomorphic to m, resp. m~, as an t-
module, but where the superscript @ means that (m)?, resp. (m~)%, is an
abelian ideal of p, resp. of p~. Such a semi-direct product is still a Lie
algebra by [31], Sect. 4] for example, called an Inonii-Wigner contraction, or
a one-parameter contraction of p, resp. of p~. The k-vector space p, resp.
p~, is equal to p, resp. p—, as a vector space and if we denote by [, J, resp.
[, ];- the Lie bracket in p, resp. p~, and by [, ] the Lie bracket in g, then
one has that

a

(2) Vz, 2 €, Vo, 2’ em, [z, rlg = [z, 2], [z, z’]ﬁ = [z, 2], [z, x’]ﬁ =0

(3)

Vz, 2 e T, Yy, y, em [Za y]ﬁ— = [Za y]a [Za Z/]ﬁ— = [Za 2,]7 [ya y/]ﬁ— =0.

3. THE DEGENERATE HIGHEST WEIGHT MODULE.

In this section, we fix A € P*(7) and we will define, from the irreducible
highest weight module V() of highest weight A, some vector space denoted
by V(A) which can be endowed with a left U(p~)-module structure, so that
it is isomorphic to V' (\) as a left U(tr)-module.
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3.1. The generalized PBW filtration. Consider V() the irreducible
highest weight g-module of highest weight A as defined in subsection [2.1

Generalizing the PBW filtration on a highest weight irreducible g-module
introduced in [I5], when p = b is a Borel subalgebra of g (that is, when 7/ =
(), we define what we call the generalized Poincaré-Birkhoff-Witt filtration
on V(A) as follows.

Choose vy a nonzero weight vector in V() of highest weight A and vy,
a nonzero weight vector in V() of lowest weight woA. Since n™ =n_, Gm™,
the multiplication in the enveloping algebra gives, by the Poincaré-Birkhoff-
Witt theorem [4} 2.1.11], an isomorphism of vector spaces U(n_,) @ U(m™) ~
U(n™). Then we have that

VA) =Un_).(Um™).wy) =U(r).(Um™)wy) =U(m™).(U(n).vx)

since m~ is an ideal of p~. In other words, every element in V() is a finite
sum of vectors of the form w'u.vy or of the form uu'.vy where v’ € U(r)
and v € U(m™). Set V'(A) = U(n_,).ux. The latter is an irreducible U(r)-
module.

Recall (Ug(m™))ken the canonical filtration (also called standard degree
filtration in [I5]) on the enveloping algebra U(m™) of m~. More precisely
Ui(m™) is the vector subspace of U(m™) generated by the products yi - - - yp
where y; € m™ for all 4, 1 <4 <p, and p < k.

For all k € N, let .#,(V(A)) be the vector subspace of V' (\) generated by
{veVN)|3IpeN, p<Ek Iy, ...,yp em™, 3 € Ulr);
v=u'yi - ypur}.
where vy - - - yp denotes an element in U(p~). Observe that we also have

that %, (V' (\)) is the vector subspace of V(\) generated by
foeVN)|IpeN,p<k, 3y, ..., yp cm, F € U(r),
v=yp e ypu'on}
since [t, m™] C m™.

In other words, one has that o (V(\)) = U(r).vy = U(n_,).wuy = V'(A)

and for all k € N, Z,(V (X)) = Up(m™).V'(N) is a left U(r)-module. We have

the lemma.

Lemma. Set % = (Z(V(N))ken. Then F is an increasing and exhaustive
filtration on V().

Proof. .# is increasing since the canonical filtration (Ux(m™))gen on U(m™)
is increasing. Moreover ey ZFk(V (X)) = V(A) since V(A) = U(m™).V'(X)
and since the canonical filtration on U(m™) is exhaustive. O

We call .# the generalized Poincaré-Birkhoff-Witt filtration on V() since
when 7/ = (), it coincides with the PBW filtration on V() introduced in
[15]. The associated graded space is denoted by

= Zr(V(N)
VA) i=grz(V(N)) = —
( ) g E/( ( )) = yk*l(v<)‘))
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where Z_1(V(A)) := {0} and we call V( ) th

module associated with \. For all v € Z(V(A
F(V(N)

Fr-1(V(N)

cal image of V/()) in V()) that is, V/(X) = gro(V'(N)) = gro(V(A)) C V(A).

e degenerate highest weight
)), we denote by grg(v) its

canonical image in grp(V (X)) := Denote by V’()\) the canoni-

3.2. Structure of module on the degenerate highest weight mod-
ule. Recall that, for all £ € N, .#,(V())) is a finite-dimensional left U(t)-
module and that the Lie algebra t is reductive and the elements of its centre
act reductively in .Z(V(XA)). Then by [4, 1.6.4] one has that .Z,(V (X))
is a semisimple U(v)-module. Moreover .Z;_1(V())) is a submodule of
F(V(X)). Then there exists a left U (r)-submodule .Z*(V())) of Z(V()\))
such that .Z(V(A\) = ZF(V(\)) ® Fr_1(V(N)) and we have that

k .
=P 7 v
i=0
where F9(V(\)) = Fo(V(N)). One deduces that
=P 7 vm)

keN

It allows us to define, for all £ € N, an isomorphism of vector spaces
BY g (V) — FHV ()
such that, for all v € FE(V(N)), v = Zf:o v; with v; € FYV())), for all
0<i<k,
BY(gri(v)) = g

Then the direct sum 8y = Py ﬁf is an isomorphism between the vector

spaces V(A) and V()).
Set, for all y e m™, z € v and v € F(V(N)),

(4) .97k (v) = gr41(yv)
and
(5) z.gr(v) = gri(z.v).

We will see below that equations (4)) and (b)) extend to a left U(p~)-module
structure on V/(X) and that Sy is an isomorphism of U (t)-modules.

Set i~ =n_, x (m™)*: it is a Lie subalgebra of p~. Set also 7y = gro(vy).

Denote by 6 : S(p~) — U(p~) the symmetrisation, as defined in [4]
2.4.6]. More precisely for k € N*, and for all y1,..., yx €p~,

1
Oyr - yr) = o > Yoty Yoty
T oeBy

where G, is the set of permutations of k elements, the product in the left
hand side lying in Si(p~) and the product in the right hand side lying in
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Uk(p~). Endow the symmetric algebra S(p~), resp. the enveloping alge-
bra U(p~), with the adjoint action of U(t), denoted by ad, which extends
uniquely by derivation the adjoint action of t on p~ given by Lie bracket. By
[4, 2.4.10] the map 6 is an isomorphism of ad U (t)-modules. For all k¥ € N, set
UF(m™) = 0(Sk(m™)). Then U¥(m™) is a left ad U(r)-submodule of Uy (m™)
and actually one has that Uy(m~) = UF(m™) @ Uj_1(m™) by [4, 2.4.4, 2.4.5].
Denote by prik(m-y the projection onto Uk(m™) with respect to the above
decomposition. We have the following.

Lemma. Let A € PT(w) and k € N.
(i) Equations and (5) extend to a left U(p~)-action on the vector

space V() and for this structure we have the following equalities :
(6) VI() = U(x) 5

(7)) V) =UE)0x=U@GE).0x = Sm").V'(A) = UFE").V/(A).
(1t) For all s € S(m™), v’ € U(r) and u € Ug(m™) one has :

(8) su’ .0y = gre(0(s)u’.vy)
(9) gr(uu'.vy) = grk(prUk(m_)(u)u’.vA)
(10) (V) = Si(m™). V().

(iii) The map By is an isomorphism of U(t)-modules between V() and
V(A). Then /17’()\) is a left irreducible U(t)-module and V(\) has
the same set of weights as V(\), especially A is the highest weight of
V(A) and woX is its lowest weight.

(iv) One may choose F*(V (X)) to be included in UF(m™).V'(\).

Proof. By |4, 2.1.1] and of subsection one may observe that the
algebra U(p~) is the quotient of the tensor algebra T'(p~) = T'(p~) of the
vector space p~ = p~ by the two-sided ideal generated by the set

{202 =2 ®z2—z, 2], 2Qy—y®Rz—[z, y|, y@y' —y'®y; 2z, 2 €v,y, ¥ em™}

and that, by the Poincaré-Birkhoff-Witt theorem [4, 2.1.11], the multipli-
cation is an isomorphism between the k-vector spaces U(r) ® S(m™) and
Up-).

Fix k € N. For all z € m™ @t = p~, denote by z..%(V(A)) the vector
subspace of V() formed by all the vectors z.v, with v € ., (V (X)) (where
x.v denotes the action of x on v by the left U(g)-module structure on V(\)).

Then for all y € m™, one has that y..Z,(V (X)) C Zi41(V (X)), and for all
z € v, one has that 2.7, (V())) C Z,(V(N)). It follows that equation
extends to a left action of S(m~) on V(A) since moreover, for y, 3’ € m~
and v € F(V(A)), we have:

Y. (v (g (v)) — v (y.9m(v)) = griea((wy' — ¥'y).v) = griga([y, ¥']v) = 0.
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Similarly equation extends to a left action of U(t) on V()) induced by
the left action of U(r) on V(A). Finally both equations and extend
to a left action of U(F~) on V(A) (by say, [4, 2.2.1, 2.2.2]). Equation
follows since V/(X) = gro(V/(N)) = gro(U(x).vy).

Let & € V(A). There exists k € N and v; € .%;(V()\)), for 0 < i < k, such
that & = Y% gri(v;) with, for all 4, v; = > il ujiugj.vy where uj; € U(v)
and u;; € U;(m™). Then by equation , one has

ni
gri(v;) = Z ;. gri(Uij. v )
j=1

and by equation ,
gri(ui;.vy) € Si(m™).gro(vy).
Actually we may take the u;; in U(n ), since
VA) =Um")uy=U(n_).(Um").vy).

We then have V(\) = U(p~).5y = U(R~).0x. Since V/(A) = U(x).0, and
since the multiplication gives the isomorphism of vector spaces U(p~) =~
S(m™)®U(t), we also have that V() = S(m~).V/(A) = U(p~).V'(A). Hence
equation .

Let k € N* and set s =y1 -+ -y € Sp(m™) with y; e m™ for all 1 <1i < k.
Then 0(s) = y1---yr +u € UF(m™) with v € Up_1(m™) and 31 -y €
Uk(m™). Then equations and and the fact that Uy_1(m™)U(v).vy =
Fr—1(V (X)) give equation (8). Equation (9) is obvious by the decomposition
Up(m™) = U¥(m™) ® Up_1(m™). Both equations imply equation .

By equation (5], we have that gri(V(\)) is an U(r)-module. Moreover if
¥ € gre(V(N)) is such that & = gry(vg) with vy € FF(V())), we have that
B5(9) = vg. Let z € v. Then by equation , one has that z.0 = grg(z.vg)
which implies that

BN (2.0) = 2y = 2.85(0),
since z.vp € FF(V(N)) because F*(V(N)) is an U(r)-module. This shows
(4ii). Finally to prove (iv) it suffices to observe that UF(m™).V’/()) is a
finite dimensional U(t)-module. Set Wy = U*(m™).V/(\) N Fp_1(V(N).
Then Wy, is a left U(t)-submodule of U¥(m™).V’()\) and then there exists a
left U(r)-submodule W} such that U¥(m~).V'(\) = Wy & W/. Now W} N
Fr—1(V(X)) = {0} and then one may choose the U(t)-module .Z*(V())) to
contain W/. But F(V(\)) = Fr_1(V(N) & FE(V(N)) = Up(m™).V'(A) C
UF(m™).V'(A) + Up_1(m™).V'(A) since Up(m™) = UF(m™) @ Up_(m™). It
follows that W, = .#%(V())), which completes the proof. O

3.3. Another structure of module on the degenerate highest weight
module. Recall the isomorphism ) of U(tr)-modules from V() into V(A)
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(lemma (iii)). For all & € V(A) and all € p, one sets

(11) pA(2)(0) = By ! (2.81(0))
where .5, (0) stands for the left action of z € g on §)(?) € V(A).

It is easily checked that py is a morphism of Lie algebras from p to
gl(V(X)), hence that it extends to a left action of U(p) on V()) (again
by [ 2.2.1, 2.2.2]). Moreover for all z € t and © € V()), since 3 is a mor-
phism of U(t)-modules, one has that py(z)(?) = z.0 where the right hand
side denotes the left action of v on ‘7()\) defined in subsection

Remark. By [10, 2.7], one has that V'(\) = {v € V(\) | m.v = 0}. Hence
(12) VI(A) = {5 € V() | pa(m)(3) = 0}
since V/(\) = BHVI(N).

4. ACTION OF A SMASH PRODUCT.

In this section, we will define a smash product A = T'(m)#U (v), containing
the enveloping algebra U(tr) and the tensor algebra T'(m), where the action
of U(t) on T'(m) derives from the adjoint action of ¢ in 7'(m) which extends
uniquely by derivation the adjoint action given by Lie bracket. This algebra
A is an associative algebra, which is actually a Hopf algebra. We will define
what we call a generalized adjoint action (denoted by ad**) of the algebra
A on the enveloping algebra U(p~) and another left action of A on U(p~),
where the latter is simply left multiplication when restricted to U(t). The
action ad™* derives from the coadjoint action, denoted by ad*, of p on p~
(note that, as vector spaces, one has p* ~ p~). We will see in subsection
why we need to take this coadjoint action ad*.

4.1. A smash product. Recall that m denotes the nilpotent radical of p
and that T'(m) denotes the tensor algebra of m. Since [t, m] C m, the algebra
T'(m) is an U(t)-algebra (in the sense of [17, 1.1.6]) with the adjoint action
of v on T'(m) (denoted by ad) extending by derivation the adjoint action of ¢
on m given by the Lie bracket in g. Then we may consider the Hopf smash
product A = T'(m)#U (v) in the sense of |17} 1.1.8]. More precisely A is equal
as a vector space to the tensor product T'(m) ® U(r), with multiplication
given by (s®@u)(s' ®@u') = sadui(s") @ ugu’ where A(u) = ug @ ug (Sweedler
notation), A being the coproduct in U(r), s, s’ € T'(m) and u, v’ € U(r).

For example for all z € ¢, s,s € T(m) and u € U(r), one has that
(s ®@2)(s@u) =5 adz(s) @u+s's® zu. By setting s®1 =sand 1@u =u
we may view T'(m) and U(t) as subalgebras of A. Then one has in A that
s@u=(s®1)(1®u)=su and that

(13) Vzer, Vs € T(m), adz(s) = zs — sz
and in particular

(14) Vzer, Ve em, [z, 2] = z0 — 2.



14 FLORENCE FAUQUANT-MILLET

Observe that A is an associative unitary algebra (see |17, 1.1.8]) which is
also a bialgebra thanks to the coproducts in 7'(m) and in U(t). More precisely
denoting also by A the coproduct in T'(m), and by A4 the coproduct in A,
we set for s € T'(m) and v € U(r), Au(s ®u) = (s1 @ u1) ® (s2 ® uz)
if A(s) = s1 ® s2 and A(u) = u; ® ug with Sweedler notation. We then
have that Ag((s®1)(1®u)) = As(s ®1)A4(1 ® u) and more generally for
s, 8 € T(m)and u, v’ € U(r), Aa((s@u)(s @u')) = Aa(s@u)As(s @u')
by the cocommutativity of A. Note that the coproduct A extends the
coproduct A in T'(m) and in U(t). Actually the bialgebra A is a Hopf algebra
with the coidentity € given by e(z) = 0 for all € p and the antipode given
by a € A—a' € A, where

(15) o =(-1)z,---z €A

ifa=x1- -z, € A (product in A) with z1, ..., x, € p extended by linearity
to every element in A. One checks easily that the coidentity and the antipode
(which coincide respectively with the coidentity and the antipode on T'(m)
and on U(t), see for instance [I7, 1.2.5]) are compatible with equation ((14)
which defines the smash product A.

Roughly speaking, the Hopf algebra A coincides with the enveloping al-
gebra U(p) or even U(p), except that no relations are required for the asso-
ciative product of elements in m.

4.2. Coadjoint action. Recall the opposite parabolic subalgebra p~ of p.
Thanks to the Killing form on g, we have the isomorphism of vector spaces
p* ~ p~. As it was already mentioned in [I8 2|, p~ is a p-module, by the
socalled coadjoint representation (denoted by ad*) of p = v x (m)* in p~
defined as follows.

(16) Veer, Vyep, ad*z(y) = [z, yl.

(17) Veem, Vyep™, ad'z(y) = pre([z, y])
where pr, is the projection of g =t @® m @ m~ onto v. In particular
(18) Veem, Vyer, ad'z(y) = 0.

Lemma. The map ad* : p — gl(p~) is a morphism between the Lie algebras
p and gl(p~). In other words it gives a representation of p in p—, which
extends uniquely to a representation of U(p) in p~—. This representation also
extends uniquely by derivation to a representation of U(p) in the symmetric
algebra S(p~), which we still denote by ad*.

Proof. We give a proof of the lemma for the reader’s convenience. It suffices
to prove that, for all x, ' € p, and for all y € p~, we have

(19) (ad*z o ad*x')(y) — (ad*x/ oad*z)(y) — ad*[z, Jrl]ﬁ(y) =0.
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Assume that =, 2’ € m. Then [z, 2']; = 0 by equation ([2) in subsection
2.2 Moreover for all i € p~,

(ad*x o ad*x")(y) = ad*z(pr([2’, y])) =0

by and . Then equality follows in this case.
Assume that z, 2’ € v. Then equality follows from equations and

(16).

It remains to prove equality for z € m and 2’ € r. By equations ({2)),
and one has that, for all y € p—,

(ad*x o ad*z")(y) — (ad*x o ad*x)(y) — ad*[x, '];(y)
= ad"z([2', y]) — ad"2' (pr([z, y])) — pre((lz, 2], y))
=pre([z, [, yl]) = [, pre([2, 9])] — pre(([z, 2], ).
Denote by prm, resp. pry,—, the projection of g = t@m@&m™ onto m, resp.
onto m™.
Then
(20)  [2, prelfz, y))] = [2) [, 9] = pro-([z, y]) — pra((z, y])]
and we have
(21) [x/v Pro-([z, y])] € m™, [.1‘/, pra([z, y])] € m, [xla pre([z, y])] € v
Then by and we have that
(22) [, pre([z, y])] = pre([2’, [z, yl).
It follows by that
(ad*z o ad*x’)(y) — (ad*2" o ad*x)(y) — ad* [z, '] (y)
= pre([z, [2', yl] = [2', [z, y]] = [z, 2], y]) = 0
by Jacobi identity in g.
Applying [4, 2.2.1] and [4, 1.2.14] completes the proof of the lemma. O

4.3. Partial symmetrisation. Recall the symmetrisation 6 : S(p~) —
U(p~) which is an isomorphism of ad U (r)-modules, when S(p~) and U(p™)
are endowed with the adjoint action ad (see . Denote also by ad the
adjoint action of U(r) on U(p~), extending by derivation the Lie bracket of
ton p~ (see equation (3)).

Set 0:S(p7)=S(m)@Sk) —U(p~)~S(m™)®U(r)

defined by the following.

(23) Vs e S(m™), Vs € S(x), O(ss’) =s0(s).

We call the map 6 a partial symmetrisation. Observe that 6 does not
coincide with the symmetrisation 8 of S(p~) = S(p~) in U(p~). For instance,
for y € m~ and z € t, one has that 6(yz) = yz, while (yz) = F(yz + 2y) =
yz + 3z, yl.
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Lemma. The map 0 is an isomorphism of ad U (t)-modules, when S(p~) and
U(p~) are endowed with the adjoint action.

Proof. Since Idg(m-y and 0|g() : S(t) — U(t) are isomorphisms, it follows
that 6 = Idg(m-) ® 0)5(r) 1s an isomorphism too.

Let z € v, s € S(m™) and s’ € S(r). Observe that one has that ad z(s) €
S(m™), and this element may be viewed equally as an element in S(p™)
or in U(p~). Moreover adz(s") € S(r) and ad z(0(s')) € U(r). Since ad z
is a derivation and since 6 is a morphism of ad U(tr)-modules we have, by

equation :
0(ad z(ss")) = O(ad z(s)s' + sad z(s"))
=adz(s)0(s") + s0(ad 2(s"))
=adz(s)0(s") + sad z(0(s"))
=adz(s0(s"))
= ad 2(0(ss"))
This proves the lemma. ([

4.4. Generalized adjoint action. Recall the isomorphism of vector spaces
U(p~) ~S(m~)®@U(r). Then one has that

(24) Up™) =@ Skm™) @ U(x)

keN
and for all k € N,

(25) @ Sj(m7) @ Up—;(v)

0<5<k

as vector spaces. Recall also the coadjoint representation of p in the sym-
metric algebra S(p~), which we have denoted by ad* (subsection . Fix
k and j in N and set S_1(m~) = {0}. One has by equation (17 that

(26) Ve €m, Vs € Sp(m™), ad*z(s) € Sg_1(m™)r C Sk(p™).
Then one has that
(27) Vx €m, Vs € Sg(m™), Vu' € Uj(v),
O(ad*z(s))u’ € Sp_1(m™)Uj41(t) C Upyi(p7)
and that
(28) Vzer, Vse Sp(m™), Vo' € U(r),ad 2(su’) € Sp(m™)U(x) cU(p™).
We set

(29)
Ve em, Vs € Sp(m™), Vo' € U(v), ad™z(su') = 0(ad*z(s))u’ € U(p™)
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and

(30) Vzer, Vse Sp(m™), Vo' € U(r), ad™z(su’) =adz(su’) e U(p™).
Observe that

(31) Vo em, Vu' € U(r), ad™z(u') =0

and

(32)  Vzem,Vse Sp(m™), Vu' € Ur), ad™z(su') = ad™z(s)u’.

Lemma. FEquations (@) and (@) extend to a left action of A on the en-
veloping algebra U (p~). We call this action the generalized adjoint action of
AonU(p).

Proof. Since equation is just the adjoint action, it extends to a left
action of U(r) on U(p~) by 4, 2.2.1, 2.4.9].

Now consider x € m. One can extend equation by linearity so that
ad**z € End(U(p~)). Let us explain why this is well defined.

Note first that, for y € m™ and z € t, one sets

ad™x(zy) = ad™ z(yz) + ad™x([z, y]).

More generally by equation (24)) every element in U(p~) may be written
in the form ), _; s;u; with I a finite set and for all i € I, s; € S(m™) and
w, € U(r), with the s;, ¢ € I, linearly independent. Then if such an element
is zero, we have that u; = 0 for all i € I, and then ad™z(} ;. siu}) =

Yier O(ad™x(s;))u; = 0.

Moreover for s, s’ € S(m™), one has
ad™z(ss") = 0(ad*z(ss")) = 0(ad*z(s's)) = ad**z(s's)

since ad*z is an endomorphism of S(p~). Then ad™z is well defined on
Up™).

Finally ad*™ is a linear map from m to End(U(p~)), which extends natu-
rally to a k-algebras morphism from T'(m) to End(U(p~)). We then obtain
left U(t) and T'(m)-module structures on U(p~).

It remains to check that both structures imply a left A-module structure
on U(p~), that is, are compatible with equation , which defines the
smash product A. For this it suffices to prove that

(33) Vxem, Vzer, ad”zoad™r —ad™x oad™z = ad™ [z, x].

Let z €m, z €, s € S(m™) and « € U(r). Since ad z is a derivation in
U(p~), one has that
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ad™(zx — z2)(su') = (ad™z o ad™x — ad™x 0 ad™2)(su')
= ad z(0(ad*z(s))u))
—ad™z(ad z(s)u' + sad z(u'))
= ad z((ad*z(s)))u' + O(ad*z(s))ad z(u')
— B(ad*z(ad 2())e’ — Bad*z(s))ad 2()

since moreover ad z(s) € S(m™) and ad z(u’) € U(r). Then

ad™ (zx — z2)(su') = 0((ad z 0 ad*z)(s))u' — O(ad*z(ad z(s)))u’
by lemma [£.3] and then
ad™ (zz — zz)(su') = 0((ad*z o ad*x)(s))u' — 0((ad*z o ad*2)(s))u’

since, for all t € S(p~), one has that ad z(t) = ad*z(t) by equation ([16).
Since
ad*z o ad*x — ad*z o ad*z = ad*|z, z]
in End(S(p~)) by the proof of Lemmal4.2] the required equation follows.
([

Remark. We will see in subsection [{.5 why we call this left action ad*™* of
A onU(p~) a generalized adjoint action.

4.5. Left and right actions. Here we will define a right, resp. a left action,
of Aon U(p™) as follows.

(34) vu' € Ur), Vue U(p™), R(u)(u) = uu’

(product in U(p~)). Then Ry () is a right action of U(r) on U(p~) called the
regular right action (see |4, 2.2.21]). We extend this right action by setting

(35) Vr em, R(z)=0.

One checks immediately that the map R induces a right action of A on U(p™)
(still denoted by R). It follows that the map a € A+ R(a') is a left action

of Aon U(p™).
One also sets:
(36) Vu' € Ur), Vue U(p™), L(u')(u) = v'u

(product in U(p™)).

Then Ly is a left action of U(t) on U(p~) called the regular left action
(see |4, 2.2.21]). We extend this left action by setting
(37) Ve em, L(z) = ad™x
(

see equation (|2 ), which extends by the proof of lemma to a left action
of T(m) on U(p™).
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Lemma. The map L extends to a left action of A on U(p~) (still denoted
by L). Note that this is not in general a left action of U(p) nor of U(p) o

Up™)-

Proof. We have to check that the map L preserves equation which de-
fines the smash product A and for this it suffices to check that L preserves
equation . In other words we have to check that

(38) Vz e, Ve em, L([z, z]) = L(2) o L(z) — L(z) o L(z).

Let z €m, z €, s € Sp(m™) and v’ € U(r). One has that

(L(2) o L(@) — L(z) o L(2) — L[z, a]))(su/)

= zad™x(su') — ad™x(zsu') — ad™* [z, x](su’)

B

)

S

= zad™x(su') — (ad™z 0o ad™2)(su') — ad™* x(su'z
—ad*™[z, x](su’
since ad™2(su') = ad z(su') = zsu' — su'z in U(p™).
Recall that ad**z(su'z) = 0(ad*z(s))u'z = ad**z(su')z. Then
(L(z) o L(w) — L(x) o L(2) — L([z, «]))(su)
= zad™ z(su') — (ad™x o ad™ 2)(su') — ad™*z(su)z
—ad™ |z, x](su’)
= (ad™z o ad™*z)(su') — (ad™x o ad™2)(su') — ad™[z, z](su)
since in U(p~) we have (ad**z o ad™x)(su’) = zad™x(su') — ad** z(su') z.
Now equation gives equation . O
Recall (see [17, 1.3.1] for instance) that adjoint action in a Hopf algebra
A may be expanded by using the right action R and the left action L of A

as in the following proposition. Hence we may view ad** as a generalized
adjoint action (here the Hopf algebra A does not act on itself but on U(p™)).

Proposition. One has the following.
(39) Va € A, ad™a = L(a;) o R(ag)
where Ay(a) = a1 ® ag (with Sweedler notation).

Proof. Observe that, as vector spaces, one has
AxU(r)emeT(m)® U(r).

Let a € U(r). Then in this Case ad**a = ada and for all uw € U(p~) one
has (L(a1) o R(aq ))(u) = ajuay (product in U(p~)). Hence the required
equation in this case, by [17, 1.3.1].

Assume now that a = uu’ withu € m®@7T (m) and v’ € U(r). Set Aa(u) =
u1@ug and A4 (u') = u) ®@ul. We have that v}, v}, € U(r) and u1, us € T'(m)
and A4 (a) = u1u] ®ugus. Moreover one has that Ay(u) = u®@14+>",c;u;®
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ug; with for alli € I, ug; € m@T (m). But if uy; € m@T(m) then R(ug;) = 0.
It follows that, for all v € U(p~), one has

(L(a1) o R(az))(v) = (L(uu;) o R(u'5))(v)
L( )o L{ui) o R(u'5))(v)
L(u) o ad™u’)(v)

= (ad™u o ad™u')(v)

= ad™a(v)

/\/\/—\/—\

which completes the proof. O
Remark. Actually one also has that

(40) Va e A, Vb e A, R(b)o L(a) = L(a) o R(b).

Indeed ifa, b € U(r) orif b € m®T'(m)®U (v) then equation (40) is immediate

by the associativity of the product in U(p~) or because, in the second case,
that R(b) = 0. Finally when b € U(r) and @ € m ® T(m) ® U(t), equation

follows from equation .

5. MATRIX COEFFICIENTS.

5.1. Definitions and further notation. Let A € P*(x). Here we use
the notation and results of subsection [3.2] By Lemma [3.2] the degenerate
highest weight module V' ()) is endowed with a left U(p~)-module structure.
Denote by V(A)* its dual vector space. Let o € V(A), £ € V(A)*, u €
U(p~). Denoting by u.t the action of u on o for this left U(p~)-module
structure on V()), we denote by £.u the right action it implies on V/(\)*,
namely (£.u)(?) = £(u.0). Recall oy = gro(vy) and the isomorphism Sy :
V(A\) — V() which is an isomorphism of left U (t)-modules. In particular
this isomorphism preserves the weights. Its dual map '8y : V(\)* — ‘N/()\)*
is also an isomorphism of right U(t)-modules. By definition of 3y, one has
that 8x(0x) = vx and then Sy(V'(A)) = B(U(x).0x) = U(r).ux = V'(}).
Recall a7 =n_, x (m™)* C p~. Set & = tBx(£)) where f)\ is the unique
vector in V/(A)* of (right) weight A such that &x(vy) = 1. Then £y is the
unique vector in V()\)* of weight A such that f)\(v)\) = 1 and by weight
considerations one has that, for all y € n™ § 2y = 0 since &, is a vector
of lowest weight in V/(X\)*. Recall that v, is a chosen nonzero vector in
V(A) of weight woA and that it is a lowest weight vector in V' (\). Then set
Ewor € V(A)* the vector of (right) weight woA such that & (vwea) = 1 :
Ewox 1s a highest weight vector in V(X)*. Set also Uy,x = ﬂ;l(vw())\) e V(N).
By weight considerations one has that y.v,,,, = 0 for all y € n~. Set also
Ewor = "Br(Ewor) € V()x) Then Euyr(Twyr) = 1. Since all vectors in V/(\)
of weight wo\ are proportional, one may observe that there exists kg € N
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such that
(41) Vs € FROV (V).
Then one has that

(42) Do = 9Tk (Vawg)-

Set V"(A) = U(v).vuon = U(ngr).vuga it is an irreducible U(r)-module
of lowest weight woA. Setting V”(\) = BHV"(N) C V(\), we have that
f/v”()\) = U(t).Oyox. Then its dual space ‘77’()\)* is such that f/v”()\)*
PBAV"(N)) = EuorUn) = Eupa-U(r) € VA

Since U(p~) is a representation in V() by (i) of Lemma @ we may
consider by [4, 2.7.8| the space C(V (X)) of matrix coefficients of V/(\) which

is the k-vector subspace of U(p~)* generated by the linear forms cg\ , OF
simply c¢ , defined by

ceo:uelUp )~ E&(uv) ek

for all ¢ € V(A)* and v € V(\). By equation (7)) of Lemma , we may also
define the k-vector subspace of C(V())) generated by the matrix coefficients
ce,or With € € V(A)* and v/ € V/(X) C V()), which we will denote by @(A).

Finally denote by Ce() ) the subspace of Cp( ) generated by the matrix
coefficients c¢ , where & € V7(A)* and v € V/()).

5.2. Tensor decomposition.

Lemma. Let A, p € PT(x). Then V'(X) @ V'(n), resp. V'(A\)* @ V"(p)*,
is a direct sum of some copies of V'(v), resp. V"(v)*, for v € P*(r). Each
of them contains the unique copy of V(A4 ), resp. of V(A + p)*.

Proof. The proof is similar as the proof of [9, lemma 2.2]. We give it for the
reader’s convenience. Let v be an h-weight of V’ ()\) Then v € A — N7’
Since A\ € PT(w ) we have that, for all « € m\ 7', (a, 1/> € N. Moreover
every vector in V/ (A\) is annihilated by py(m) by remark Since v/ is a
semisimple Lie algebra, the finite dimensional U (v)- module (for diagonal
action) v (A ® v (1) decomposes into a direct sum of irreducible U(t')-
modules, each of them being generated by a highest weight nonzero vector
whose h-weight actually belongs to PT(m) : this highest weight nonzero
vector ¥ is indeed such that (p\ ® p,)(x)(?) = 0 for all € n, where py ® p,
is the tensor product of the representations py and p,, as defined for instance
in 4], 1.2. 14] and its h-weight belongs to A+ — N7/, Thus the tensor product
V’()\) ® V’( ) is a direct sum of some copies of V’( ), for v € PT(x) such
that v € A4 p—Nn'. Moreover U (t).(v) ®7,,) is the unique copy of V(A p)
which occurs in this tensor product.

Observe that V' (\)* may be viewed as a left U (v)-module, by setting for
all u € U(r), for all £ € V(A\)*, u.§ = £aul. Then V7(A)* ~ V/(—wo)) as
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left U(t)-modules. Then one obtains similarly the second part of the lemma,
V”()\) V”( )* being a direct sum of some copies of ‘7”( )*, withv € P*(mr)
such that \t wov € woA + wop + N7/, Finally (ﬁwo,\ ® 5wou) U(t) is the unique
copy of V”()\ + p)* which occurs in the tensor product V”(/\) ® ‘7”(;1)* O

5.3. Direct sums. Recall that the dual vector space U(p~)* of U(p™) is an
associative algebra with product given by the dual map of the coproduct in
U(p~) (see for instance [4], 2.7.4]).

Lemma. The sum ép = D reP+(n) 5'p(A) is a direct sum. The same holds
for C, = DoNeP+(n) Ce(N\). Moreover the latter is a subalgebra of U(p~)*.

Proof. Let A € P*(x) and for all € € V()\)*, denote by he : V(X)) — U(p™)*
the map such that h¢(v) = ¢¢,, for all v € V/(A). For all ' € U(r), recall
R(u') the (regular) right action of v’ on U(p~) defined by R(u')(u) = uu/
for all w € U(p~), where uu' is the product in U(p~) (see subsection [4.5).
Then its dual map ‘R(v/) : U(p~)* — U(p~)* defines a left action on
U(p~)*, called the coregular right representation of U(t) on U(p~)* (see
[4, 2.7.7]). One sees easily that h¢ is a morphism of U(t)-modules, when
U(p~)* is endowed with the coregular right representation of U (t) (see also [4]
2.7.11]). When & # 0, one checks that he(V/(X)) # {0} and then he(V/(X))
is an irreducible U (v ) module for the coregular right representation. Then

Cp(N) = dev N0} hg(f/v’()\)) is a sum of irreducible U(t)-modules all

isomorphic to V’()\). Since, for A # p € Pt (n), fv/’()\) and f/v’(,u) are not

isomorphic as U (v)-modules, it follows that >°\c p+ () Cp(A) is a direct sum.
Obviously C; = D oNeP+(m) C:(\) is also a direct sum, since C¢(\) C 5’p(A)

for all A € P*(n). Finally C; is an algebra by [4, 2.7.10], as a consequence
of lemma [5.2 O

5.4. Isomorphisms Let A € PT(r) and set @} : VO)*® /17’()\) — 5,3()\)
defined by £ @V — ¢ and extended by hnearlty Similarly one sets
o) - V"()\) ® V/(\) — Ce(N) defined by € ® v/ ce,r extended by

linearity.
Lemma. The maps CIJQ and <I>§‘ are isomorphisms of vector spaces.

Proof. Firstly these maps are obviously well defined and onto. It remains
to verify the injectivity. Assume that there exists I a finite set, and for all
iel, & e V(A)* and (S V’()\) = Ul(v).0) such that 3, ;ce, v = 0. We
can also assume that the v}, i € I, are linearly independent. We want to
show that for all i € I, & = 0. Assume that there exists ig € I such that
&, # 0 and complete &;, in a basis of 17()\)* By taking the dual basis, there
exists vy, € V()) such that &, (vi,) = 1. By (i) of lemma there exists
ug € U(p~) such that v, = up.0x. Now recall that V! (A isa left irreducible
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U(t)-module. Then by Jacobson density theorem (see |28, Chap. 3,8 3, 2|),
there exists a € U(r) such that for all i € I\ {io}, a.v; = 0 and a.vj = Oy.
Since uga € U(p~) we obtain that 3, ;e s (uoa) = 0 = & (uo-(a.v;,)) =

&io(up.0)) = &iy(viy) = 1 which is a contradiction. Hence the lemma for the
map <I>£‘ and of course also for ®. g

5.5. The dual representation of the generalized adjoint action. Re-
call the left representation of A in U(p~) defined in subsection we have
denoted by ad**. Then the dual representation of A in U(p~)* is defined as
follows.

(43) Vae A, YfeURP ), af=foad™a"

(where recall a” was defined in equation )
This defines a left action of A on U(p~)* (see for instance [4, 2.2.19]) and
by proposition [£.5], we deduce that one has

(44) Yae A,Vf € U(p)", a.f = foL(ag)oR(a) = ("R(ar)o'L(az))(f)
where A g(a) = a1 ® as.

In particular one has that
(45) Ve ep, VfeUpT), o.f="R(x)(f) - "L(x)(f).

Then one deduces the following lemma.
Lemma. Let A € Pt (). One has that
(46) Ve e, V€ € ‘N/()\)*, Vv € /\7’()\), T.Cep = C pw — Coa,v-

Proof. Let © € v, € € V(A\)* and v € V/()). One checks easily that
'R(z)(ce,v) = C¢ pw, resp. that "L(z)(ce,y) = Cea,v, by definition of R,
resp. of L, given in equation , resp. in equation . Then the lemma
follows from equation (45]). O

Let A € P*(r). Endow U(p~)* with the dual representation of A given
by equation and in particular with the dual representation of U(t) C A,
which coincides in the latter case with the coadjoint representation of U ().
By equation every ép()\), resp. Ci()), is a left U(r)-module for the
coadjoint representation.

On the other hand, endow V(X) with the left action of U(t) described in
subsection [3.2 and V(\)* with the left action of U(t) corresponding with its
dual representation, namely for all £ € V(A\)*, for all u € U(t), u.§ = E.u’.
Then endow the tensor product V(\)* @ f‘}/’()\) with the diagonal action of
U(x), namely for u € U(x) such that A(u) = u1 ® ug, for all £ € V(A\)*, for
all v/ € V/()),

(47) w(ERV) = up.£ @uat’ = Euf @ ug .

In particular, one has that

(48) Vzer,VEe VI, Yo eV/(\), 2.(£@v) = —€x@v+EQ 3.
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Recall the isomorphisms of vector spaces <I>£‘ and <I>i‘ defined in subsection

54

Proposition. Let A € Pt (w). With the left actions of U(t) given by equation

and equation respectively, the isomorphisms of vector spaces (ID"J\ and
O are isomorphisms of left U(t)-modules.

Proof. Tt is immediate by equations and . ([

6. A POLYNOMIAL ALGEBRA.

6.1. A semigroup. Recall v/ the derived subalgebra of v : the former is
a semi-simple Lie algebra. Denote by (U(p~)*)Y() the set of elements in
U(p~)* which are invariant under the coadjoint action of U(t’). Since for
all z € v/, for all w € U(p~) such that A(u) = u; ® ua, we have that
A(ad z(u)) = ad z(u1) Qua+ui ®ad z(up), the set (U(p~)*)V ) is an algebra.

For all A € Pt (), recall that C¢()\) is a left U(t')-module (for the coad-
joint representation of U(t')) by equation . Then define Ci(\)Y) as the
set of elements in 6t()\) which are invariant under the coadjoint action of
U(Y) : this is of course a vector space.

Denote by CV ®) (UGE)*)VE) the set of elements in C; which are
invariant under the coadjoint action of U(t/). Since C, is an algebra by
lemma and by what we said above, 5’? ) is an algebra.

Since moreover the sum of the C~’t()\)’s is a direct sum by lemma we
have that

(49) &= P U
AEP+ ()
Let 2 be the set of all A € P*(7) such that
(50) (woA — woA, 7') = 0.

Proposition. One has that, for all A\ € P*(x), dim C;(\)V) < 1 with
equality if and only if A € & and then
(51) o’ =P .

AED
Proof. The proof is quite similar as the proof in [8, Thm. §3]. We give it for
the reader’s convenience. Fix A € P* (). Denote by Hom(V’/(A)*, V" (\)*)

the set of all morphisms between the vector spaces V/(A)* and V”(\)*, en-
dowed with the U(')-module structure given by

(52) Vu € U(Y), Yo € Hom(V/(\)*, V" (\)), V€ € V/(\)*,
(w) (&) = uz.p(u] £)

where A(u) = u; ® us. Denote by ® the following morphism between
V" (A\)*®@V’(\), endowed with the diagonal action of U(t') given by equation
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and Hom(/‘;f’()\)*, 17”()\)*), endowed with the action given by equation
5.

(33)  ®: @l e V) VI - (€ € VI - &W)E)
Then by [17, A.2.16| for instance, ® is an isomorphism of U(t)-modules.
Denote by HomU(t/)(V’(/\) v’ (Q ) the s,evt of all /U( t/)-morphisms be-
tween V/(A)* and V”(A\)* and by (V') V’()\))U(t) the set of elements

in the tensor product V" (\)*® f/v’()\) which are invariant under the diagonal
action of U (1) given by equation . Then we have

(54) B((V"(N)* @ V()Y = Homy o) (VI(N)*, VI (A)*).

Moreover the U(t')-modules {/\T/()\)* and f/v’()\) (and also f/v’()\)*) are irre-
ducible. Then by Schur lemma (see for instance |28, Chap. 3,§3, 1]),

(55) dim Homy e (V/(A)*, V" (\)*) < 1

with equality if and only if the irreducible U(t')-modules "/\///()\)* and f/v’()\)*
are isomorphic that is, if and only if

(56) WA — WX = Z Mawa With mg € N, Vo € 7w\ 7’
aem\n!
or equivalently if and only if A verifies equation that is, if and only if

e D.
Indeed we have that V"(\)* ~ V’iwg)\) as left U(r)-modules by what we

already said in the proof of Lemma Similarly since v (/\) =U(n,).0x =
U(ng). Oy 5 Where 0,y is a chosen nonzero weight vector in v (A) of weight
w(A, we have that V’()\) V’( wo)\) as left U(r)-modules. Then the

irreducible U (v')-modules v’ (A)* and v (A)* are isomorphic if and only if
(—woA)" = (—w(A)" where recall that the superscript “prime” denotes the
projection in P(7’) of an element in P(7) with respect to the decomposition

()-
By proposition one has that
(57) (V) = ((17”()\)* ® f/v’()\))U(t/)).

Then by equations and we have that dim C(A\)V() < 1 with equal-
ity if and only if A\ € 2. For all A € 2 set ¢y € Co(A\)Y)\ {0} so that
Ce(\)Y() = key. By equation (49) we also have

(58) U(t @ kC)\

N

This completes the proof. O
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Let A € 2. Choose ¢y € HomU(t/)(W()\)*, ‘7"()\)*) \ {0} and denote by
U(¥')4+ the kernel of the coidentity in the enveloping algebra U(t'). By [17,
7.1.16] we have that

(59) &' Hom(V/(N)", V(X)) = UW)4-(6upr @ Bugn) D K2 (03).
It follows that we have, up to a nonzero scalar
(60) (@) (ex) = Euwor © Tugr + > U7 Lupr @ U By
el

where uf € nf,U (nff,) for all i € I, I a finite set, since moreover &, ® Dt A
is a cyclic vector for the U(t')-module V"(\)* ® V'(\) endowed with the
diagonal action. Hence the h-weight of ¢y is equal to
(61) WHA — wpA.

By equation this weight belongs to P* () and by equation it

annihilates on 7’.
Let ¢ and j denote the permutations in 7 defined below.

(62) Va e, j(a) = —wo(a)
(63) Va e, i(a) = —wj(a)

e fi =i ey g
(64) vaem\m, {i(a) = j(ij)™(a)) otherwise

where 7, is the smallest integer such that j(ij)™(«a) € 7. Let E(n’) be
the set of (ij)-orbits in 7, where (ij) denotes the subgroup generated by the
composition map %j.
For instance, if p is a maximal parabolic subalgebra of g that is, if 7\ 7' =
{a}, then i(a) = a and the (ij)-orbit of a is I'y, = {(j7)%j(a), 0 < s <74}
Recall [9, Thm. 1] (see also [7, 4.1]):

Theorem. The set Z is a free additive semigroup generated by the Z-linearly
independent elements dr = ) pw,, I' € E(r).

6.2. A filtration. Assume that 7 = {1, ..., a,}. Then for all A € P (),
there exist k; € Q4 for all 4, 1 < ¢ < n, such that A = > | k;jcy. Set
deg(N) = 23" | ki. By [17, 7.1.25], deg(\) € N. For all m € N, we set
Z! (Cy) = D rcp+(n)(deg(r)<m C:(\), which is a left U(r)-submodule of C;
7 (Ct))men is an increasing filtration %’ of the
algebra C, since for all A\, p € P*(7),

(65) é’t(A)ét(:u’) C @ ét()\ +p— V)
veNT! | \+pu—vePT ()

for coadjoint action. Then (.Z/



SYMMETRIC SEMI-INVARIANTS FOR SOME INONU-WIGNER CONTRACTIONS 27

by the proof of lemma Then denote by gr y/(ét) the associated graded
algebra and for all ¢ € #/ (C.), denote by gr,, #/(c) its canonical image in
grz/(Ct). Recall the notation in subsection

Lemma. Let A\, p € 9. Set m = deg(\) and m' = deg(u).
Then grpy, z/(cx)grm, 7/ (cyu) is a nonzero multiple of grmim:, 7/ (Crgp)-

Proof. By definition of the multiplication in the graded algebra grg/(Cy),
one has that

grm, F! (C)\)grm’, F! (Cu) = 9Tm+m’, F' (C/\cu)~

Now by equation in the product cyc, appears, up to a nonzero scalar,
the term

e Cc(A+p).

Cr ~ - - = C;r ~
g’LUO)\@ng#’Uw/O)\@vwéu ﬁwo(x+u)’”w6(A+u)

Indeed this term cannot be annihilated by the other terms, by lemmas |5.3
and 5.4

Since moreover cyc, € 6’5] (tl), equations , and imply that

9Tm+m/, F' (CXC,U«) = ZVE@, deg(v)=m+m’, vEX+pu—Nr’ 9Tm+m/, y’(cl/)
= 9rm4m/, F' (C)\+u

up to multiplication by a nonzero scalar. [l

Now we can conclude the following.

Proposition. The algebra of invariants C~'£J(t/) s a polynomial algebra over
k, whose number of algebraically independent generators is equal to the car-
dinality of the set E(x').

Proof. It follows as in the proof of [9, Thm. 1] (see also [9, Prop. 3.1)).
Let A;, 2 € I, be a set of Z-linearly independent generators of Z and set
m; = deg(\;) for all i € I (one has that |I| = |E(n’)| by Thm[6.1). Denote by
grgz/(ég(t )) the graded algebra of the algebra @U(t ) associated with the in-
duced filtration. Note that the above lemma also holds in this graded algebra.
Then equation and the above lemma imply that gry,, #(c,),? € I, are
k-algebraically independent and generate gr g (@U (t/)). Hence gr g/(étU (t/))
is a polynomial algebra over k in |E(n’)| generators and it follows (see [3]
Chap. 111, § 2, n° 9, Prop. 10]) that the algebra 6{](” is also a polynomial
algebra over k in |E(n’)| generators cy,, ¢ € I, whose h-weight is equal to
8 = whA; — woA; by equation . O

7. GENERALIZED KOSTANT FILTRATION AND MORPHISM.

7.1. Generalized Kostant filtration. In [10, 6.1] we have defined what
we called the Kostant filtration (denoted by .#) on the Hopf dual of the
enveloping algebra of the simple Lie algebra g. Here we will consider what we
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call the generalized Kostant filtration on the dual algebra U(p~)* of U(p~).
More precisely, we set

(66)  VkeN, FUPE)) ={f€UGE)" | f(Us-1(p7)) =0}
\{Nh}ere (Uk(p™))kenuf—1} is the canonical filtration on U(p~), with U_1(p~) =
0}.

Lemma. The generalized Kostant filtration (F k(U (p~)*))ken is a decreas-
ing, exhaustive and separated filtration on the algebra U(p~)*. Moreover this

filtration is invariant by the left action of A defined by equation .

Proof. The first assertions are obvious.

Let us show the invariance by the left action of A. Let a € A, k € N and
f e FEUGE)).

If a = z € ¢, then ad*™*z = ad z by equation and for all u € Up_1(p7),
adz(u) € Ug_1(p7). Then z.f € ZFE(U(p)*).

Now assume that a = € m, and let u € Ux_1(p~). Recall equation
(25). Then u = Y4 33Ju with s; € S;(m~) and u; € Up_y_;(x), for all
0<j<k—1.

Then by equation one has :

k—1 k—1
ad™x(u) = O(ad x(s;))uj € Y ;1 (m™ ) Up—j(v) C Up—1(p")
§=0 j=0
by equation (27)).
It follows that x.f(u) = 0 and the lemma. O

7.2. The graded algebra associated with the generalized Kostant
filtration. Set

(67) greU(E)") =P arkUG)")
keN
where, for all k € N,

(68) gric(U (™)) = FRUGE )/ FHUE)).
Then gri(U(p~)*) is the graded algebra associated with the generalized
Kostant filtration .Z on the algebra U(p~)*. For all f € ZE(U(p~)*), one

denotes by grk-(f) its canonical image in grk (U (p~)*).
By lemma the dual representation of A on U(p~)* (given by equation

(43)) induces a left action on gry (U(p~)*) defined by
(69) Va € AVf € FRUE)), agric(f) = gric(a.f).

Proposition. Let € m and f € ZE(U(B)*) N C., k € N. Then z.f €
FENU(p™)*) and therefore

(70) z.g75(f) =0
where recall grl(g9) = g+ FE (U ((p™)*), for all g € FEUP)").
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Proof. Take

F=222 G sy € FRUG)ING

AEANGET)

with A C P*(n) a finite set and for all A € A, I, a finite set, a;, b; € U(n_,),
for all ¢ € In. Moreover one may assume, if f £ 0, that a;, b;, for all i € I,
are nonzero weight vectors. We need the lemma below.

Lemma. Let k € N and 0 < j < k. With the above hypotheses, we have that

(71)  YueUjia(g), Vu' € Upj(x), D) Ewpalaiua'bivy) =0.

TN
Proof. The lemma is obvious for j = 0 since U_1(g) = {0}. Assume that
j € N*. Take v € Uj_1(g) and v’ € Up_;(r). Since m.V'(X) = {0} and since
Uj—1(g) = Uj—1(p7) ® Uj—2(g)m, one may assume that v € U;j_1(p~). One
also may assume that v and u’ are nonzero weight vectors.

Since &) vanishes on the weight vectors B;l(aiuu’ b;.v\) which are not
of weight wgA and by equation 7 one has that

Z Z Ewor (aiun'bi.vy) = Z Z Ewor (B H(aun'b;.vy))

AEANIET) AEANIET)

= Z Z gwoA(ngO(aiuu/bi.v)\))

AEA el

where for all A € A, I} = {i € I, | B (a;uu'b;.vy) is of weight woA}.
Now write u = Zg;g upvy with up = 0(sy) € Ul(m™) = 6(S¢(m™)), s; €
Si(m™) and vy € Uj—1—4(x) for all 0 <t < j — 1.

Then
j—1

9Tk, (aiun'bvy) = az-< g stvt> u'b; 0y
t=0

by equation (8.
But Zg;& sy € Uj—1(p~) and recall that v’ € Uy_;(r). Then
j—1

(Z stvt>ul € Uk—1(p7)
t=0
and we obtain the required equation since f(Uk—1(p~)) = 0. O

Fix € m being a nonzero weight vector and for all 0 < j < k, take
s € Sj(m™) and v’ € Up_;(r) being weight vectors. If j > 1, one may
assume that s = y; ---y; € Sj(m™) with y, € m™ being a weight vector for
all 1 <t <.

Recall that

(72) ad*x(s) = Z Y1 Y1, yelyerr -y € Si(p7).

1<t<j|[z, yi]ex
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Set

(73) ady-x(s) = Z Y1 Y10, Yoy yy € Si(m7)
1<t<jl[w, yilem™

and

(74) admx(s) = Z Y1 Yr-1]@, Yy - y; € Sj(9).

1<t<j|[z, yeJem

By equations and , one has that
—z.f(su') = flad™x(su')) = f(O(ad z(s))u).

Then if j = 0 one has obviously that z.f(su’) = 0, by equation .
From now on, assume that 5 > 1. By the above and by what we said in
the proof of the previous lemma we have that

(75) —x.f(su') Z Z Ewor (a, (ad*z(s ))u’bi.ﬁ,\)
AEAET]
where for all A € A, I = {i € I, | 3¢; € k*; aié(ad*x(s))u’bi.f))\ = CiUwor }-
Fix A € A and i € I}. One has that a;0(ad*z(s))u'b;. 0\ € grj—1(V(\)) by
equations and , and by equation (42)) we have that j — 1 = k.
Consider 6 : S(g) — U(g) the symmetrization (which is an isomorphism
of adU(g)-modules) and the adjoint action (denoted by ad) of m on S(g)

which extends uniquely by derivation the adjoint action of m on g given by
Lie bracket. Observe that

(76) adz(s) = ad*z(s) + ady-x(s) + adnz(s).
Moreover for all 1 <t < j, one has that
O(y1 - yelz, ylyerr - y;) =
(77) O(y1 - ye—1Y41---y5)[x, ye] mod Uj_1(g).
By equations , and the previous lemma, it follows that
(78) — . f(su) Z Z Ewo (az ad*x(s ))u'bi.v,\)
AeA el

By equation and the previous lemma, and since m.V/(\) = {0} one
also has that

(79) Z Z Ewor(aif(admx(s))u'b;.vy) = 0.

AEA €T,

We claim that

(80) —x.f(su') Z z:&wo,\(a2 (adx(s ))u'bi.v)\).

AEAET]
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By equation ([76)) it remains to show that

(81) D uor(aib(ady-x(s))u'b;.vy) = 0.

AEA el
Fix an index ¢, 1 <t < j, with [z, ] € m™ and set

ur = 0(y1 - - ye—1[T, Yelye1- - y5)-
Then u; € U7(m™). Take A € A and i € I} (if there exist) such that

wa)\(aiutu’bi.v)\) 7é 0.

Since all weight vectors non vanishing on &,,) are proportional to vyx,
one has that a;u;u'b;.vy is proportional to vy,.

On the other hand, one knows that v, € F*(V(\)) C U (m™).V'())
by (iv) of Lemma [3.2] and that ko = j — 1 (otherwise I} = @)). Then by the
irreducibility of the U (r)-module V’()), there exists a nonzero weight vector
u;,y € UV (m™)U(n,)U(ny) such that
(82) (aur — g ¢).(u'bivy) = 0.

In other words, we have that

(83) aju — ¢ € AnnU(m,)U(n_ W (n )(u’bi.v,\)

For all y € AT\ A;ﬁ, denote by r, ; the smallest positive integer such that

(84) xrj&i.(u'bi.v/\) =0.

If we denote by p; the weight of the vector w'b;.vy, we have that r,; =
(v, pi) + 1, since z.(u'b;.vy) = 0.

Similarly for all g € A;“, denote by ré[, , the smallest positive integer such
that

+
(85) x5 (u'bivy) = 0.
See [16], 21] for more details.
Then one has that
(86) au —uig €Y Um)U(n,)U(ng )2/
7€A+\A:/

rT

+ > Um) U )U ()
Bear,

+ 3 Um)UML)U ()2
pent,

By the Poincaré-Birkhoff-Witt theorem (J4, 2.1.11]) setting AT\ Af, =
{71, .-+, 7}, we have that

) wm e, at,
v
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where the sum over the 7 = (v1, ..., v,.) € N" is finite, < j, and with, for
all 7, ¢y € k. Moreover there exists only one 7/ € N7 with ¢z # 0.
Observe that

U®)U?(m™) = U/ (m™)U(x) and U/ (m™)U(x) N U~ (m™)U(x) = {0}.

Comparing equations and and using the above observation, one
deduces that, for all v € AT\ AY, there exists w, ; € U(m™) and that, for
all B € AT, there exists wig ; € U/(m™)U(n_,)U(n,) such that

™

. 7'+ . r,o.

(88)  aur = Z aiw%ixr];f + Z wfgvixﬁg’l + Z w_/37ixfél.
’YEAJ'_\A:/ 56A::/ ﬁEA:/
Then by equations and one has that
(89) Z Z Ewor(aiuu'bivy) = 0.
AEAET]

Hence

Z Z Ewor(aif(ady-z(s))u'b;vy) =

XeA e

Z Z Z 5w0>x<az’utu/bz‘-v)\) =0

1<t<j|[z, ye]em— A€ icT}

which is the required equation (81). We then obtain equation (80) and
therefore, since 6 is a morphism of ad U (g)-modules,

—x.f(su) = Z Z Ewo (aiad:z(Q(s))u'bi.vA)

A€A el
= Z Z gwo)\ (az(xe(s) - Q(S)l')u/bi.v)\>
e e,
=0
since moreover m.V’'(A) = {0} and V" (A\)*.m = {0}. ]

7.3. An important isomorphism. Recall subsection [{.2]and in particular
the representation, denoted by ad*, of U(p) in S(p~) (see lemma and
also in every Si(p~) (k € N). We then can endow Si(p~)* with the dual
representation of U(p) given by

(90) Yu € U(p), Vf € Sp(p™)*, u.f = foadu”,

where u' denotes the image of u by the antipode defined similarly as in

equation .

We have the following.

Lemma. Let k € N. Then the U(p)-module Sk(p~)* is isomorphic to the
U(p)-module Sk(p) = Sk(p) when the latter is endowed with the adjoint ac-
tion of p which extends by derivation the Lie bracket in p.
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Proof. For k = 0, the assertion is obvious. Recall (subsection that we
denote by K the Killing form on g x g. Then the vector space p ~ p is
isomorphic to the dual space (p~)* through the map

frzep— Kz, —)p--
When (p~)* is endowed with the action of U(p) given by equation and p

with the adjoint action of p, the map f is an isomorphism of U (p)-modules.
Indeed assume firstly that 2 € m. Then for all z € p and for all y € p—,

. f(x)(y) = —K(z, pre([2, y])) by equations and (44). If moreover
x € m, then

K (z, pre([2, y])) = 0.

But one also has [2/, z]; = 0 by equation . Then
o f(x) = f([2', «lp)
in this case. If z € ¢, then
o f(@)(y) = —K(z, pre([2', 9])) = —K(, [2/, y])

since (@, y] = pre([2/, y]) + prm([2', y]) + pra-([2, y]). Then by the invari-
ance of the Killing form, we obtain that

o f(@)(y) = K([2', 2], y) = f([2, 2]5)(y)

by equation . Now if 2’ € t, then the assertion follows immediatly from
the invariance of the Killing form and equation . This proves the lemma
for k = 1.

Let now k € N*. Consider the map fi : Sk(p) — Sk(p~)* defined by

fro(@y---xp) = Kp(zr- - Ty —)|5,00-)
for all x1, ..., xx € p where K} is defined as in [1I, 2.7|, namely : for
Y, -~ Y €P
1 k
Ki(z1-ap, y1-yx) = %! Z HK(C% Yo (i)
oEGk i=1
where we denote by & the group of permutations of k elements.

By [11} 2.7] we have that f is an isomorphism of vector spaces. It remains
to show that fj is an isomorphism of U (p)-modules.
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Let 1, ..., 2, €P, Y1, ..., Yp €p~ and x € p. Then one has

. fr(ze - xR) (- yw)
= —Ky(x1- - xp, ad"z(y1 - yr))

- ZKk(fUl C Ty Y1 Yie10d (Y)Yt 1 - Yk)

%Z Yo I K@ vou)K (@), ad z(y:)

T i=1 0€Gy t£o—1(4)

_% Z Z HK(xt, Yo() K (25, ad (Y (;)))

T j=10EGy t#£j]

by exchanging both sums and setting j = o~ (4).
On the other hand, one has

k
fk(adﬁx(acl .. -xk Z S Tilq x xz]p‘rz—&-l k)(yl .. 'yk)
0
Z Z HK xta Yo(t ([:1:7 xz]ﬁ7 ya(i))
=1 ' €6y t#i

By the case k = 1 one obtains that, for all 1 <i < k, and all 0 € &,

K([ZB¢ xl]ﬁ7 ya(z))) = _K(xh ad*x(ya(z)))
This completes the lemma by the above. O

7.4. Kostant morphism. Recall subsection and let k& € N.

We define

Uk FRUET)) — Sk(p7)*

by the following. For all f € ZE(U(p~)*), we set :
(91)

VjEN, 0<j <k, Vse€S;(m7), Vs €Sy;(v), Yu(f)(ss) = f(s0(s))
that we extend by linearity, so that v is a linear map. As in [10, 6.2] we
call ¢, the Kostant map.

Proposition. Let k € N. The kernel of the linear map vy is equal to
FEFHU(p™)*). Moreover yy, is onto.

Proof. Tt follows from the fact that @?zo Sj(m™) ® 6(Sk—;(r)) is a comple-
ment of Up_1(p~) in Ug(p™). O

Endow U(p~)* with the dual representation of A given by equation .
Let k € N. Then £ (U(p~)*) is a left A-module by lemma and Sk(p~)*
is a left U(p)-module (see subsection [7.3)).



SYMMETRIC SEMI-INVARIANTS FOR SOME INONU-WIGNER CONTRACTIONS 35

Lemma. Let k € N. Then the Kostant map 1y is a morphism from the left
A-module FE(U(P™)*) to the left U(p)-module Si(p~)*.

Proof Let f € ZEWU@{E)) and 0 < j < k, j € N, s € Sj(m™) and
s’ e Skfj( )
Assume firstly that x € m.

Then by equation
Y. f)(s5) = (2.£) (s ("))
= —flad™z(s0(s")))
— —f(Bad"2(s))0(s"))

by equations (43) and .

Write ad*z(s ) = erSizi with s; € S;_1(m™) and z; € v for all i € I, by

equation .
Then
(92) (x.f)(ss") Zf $i6(z;)0

el

by definition of @ (see subsection .
On the other hand, one has by equation (44)) :

(@b (f))(s8") = —vu(f)(ad"2(ss"))

= —i(f)(ad z(s)s)
since ad*z(s") = 0 by equation (18).
Then by equation
(93) (e (D)(s5) = = 3 Flsiblzis
i€l

But, for all i € I, s;60(zs") = s,0(z;)0(s") mod Ug_1(p~). Equations
and imply that

(r(-) — (26 ()))(s5) = 0
since f(Up_1(57)) = 0.

Now assume that = € t.

Ui (@.f)(ss') = (2.f)(s6(5))
= —fladz(s6(5')))
= —f(adz(s)0(s') + sadz(0(s")))

by equation (|16)).
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Then
Yr(a.f)(ss") = —fadx(s)0(s") + s 0(adx(s")))

since 6 is a morphism of U(t)-modules for the adjoint action.
On the other hand

wabp(f)(s8") = =i (f)(ad z(ss"))
— —u(f)(ada(s)s' + sada(s))
= —f(adz(5)0(s") + sO(ad z(s)))

This completes the lemma. O

7.5. Recall subsections [7.I] and [7.4, By Proposition and Lemma [7.4] we
obtain the following lemma.

Lemma. For all k € N, the induced morphism (still denoted by )y ) is an
isomorphism of left U(p)-modules from grk-(U(p~)*) to Sk(p~)*.

Proof. We already know that the left A-module structure on U(p~)* given
by equation induces a left A-module structure on grk-(U(p~)*) by the
invariance of the Kostant filtration under the left action of A (see equa-
tion ) Then the induced morphism ), is an isomorphism from the left
A-module gr¥ (U(p~)*) to the left U(p)-module Sk(p~)*. Moreover since
Sk(p~)* is a left U(p)-module, it follows that it is the same for gr¥ (U (p~)*).
Let us verify directly that grk (U(p~)*) is indeed a left U(p)-module. Let
xz, 2’ € m and u € Ug(p~). One checks that
(94) (ad™x o ad™*z’ — ad™x' o ad™x)(u) € Up_1(p7).

Indeed write u = su’ with s € Sj(m™) and v’ € Uy_;(x) for 0 < j < k. If
j = 0 then ad**z o ad**2/(su') = 0 = ad**2’ o ad**z(su’) by equation (31I).
Now assume that 1 < j < k and take s =y ---y; € S;(m™), with y; € m~
for all 1 < i < j. By definition of ad** (see equation (29)), we obtain that

ad™z o ad™ ' (su')

= > 11 woadz(y))0(ad s’ (y:)u’

1<i#k<j t&{i, k}

= 3 I wblada(y)ad ' (y:)u' mod Up_y(5")
1<i£k<j t@{i, k}

= Z H yi0(ad z(y;)ad* 2 (yx))v' mod Up_1(p7)
1<izk<j tg{s, k}

= ad**z' o ad**z(su’) mod Uy_1(p™)

since for all a, b € t, one has 0(a)d(b) = 0(ab) mod Uy (t).
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One deduces that, for all f € ZE(U(p~)*), for all z, 2’ € m,

w.(2f) — 2 (z.f) € ZEFHUGT)Y)
and then
z.(2' gk () = 2’ (z.g75 (f)).
U

Recall the notation in the proof of Lemma Let k € Nand set ji, = f L
which is an isomorphism of U(p)-modules from Si(p~)* to Sk(p). Moreover
set 1[}2 = jpoty, and Y0 = DBren wg : this is by the above an isomorphism of
U (p)-modules from gry (U(p~)*) to S(p). Now as in [10, 6.6] set oy, = Fpd
and ¢ = DBren ¥y. One deduces the following, as in [10, 6.6].

Proposition. 72) is an isomorphism of U(p)-modules and of algebras from
grr(U(p™)") to S(p).

7.6. Denote by grx(C;) the graded algebra associated to the induced gen-
eralized Kostant filtration on a, and by ng(Cv’f] (t/)) the graded algebra
associated to the induced generalized Kostant filtration on @U ). Denote
by (gr (U(H)*)VE) the algebra of invariants in grg (U (p~)*) by the action
of U(p') given by equation (69). We have that

grr(Ce) C gre(U(p7))
and by Proposition [7.2] that

gr(CY)) c (grie(UE)"))V ).

Denote also by S(p)V®) the algebra of invariants in S(p) by the adjoint
action of U(p’) : this is also the algebra of semi-invariants in S(p), which we
denote by Sy(p). From Proposition one deduces the following.

Theorem. One has that
Dgri(C)) € Sy(p).

7.7. Let M denote a left h-module such that each of its weight spaces
M, ={m € M |Yh € b, h.m =v(h)m}, for all v € h*, is finite dimensional.
Then one may define (|17, 3.4.7]) the formal character ch M of M as follows.

ch M = dimM,e".
veh*
Recall the set E(7') in subsection and for all T' € E(n'), set op =
widr — wodp, with dp = E%F w,. By Prop. and Theorem the
algebra of invariants C{’ ) is a polynomial algebra in |E(7’)| variables, each

of them having ép, I' € E(rn’), as an h-weight. Moreover for g simple and
7/ C 7 that is, for p C g, one has that op € P* () \ {0} for all T € E(r’) by

10, 5.4.3|. Then in this case ch 5tU(tl) is well defined.
[ |
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Proposition. Assume, for all v € b*, that the weight vectorspace Sy(p),
is finite-dimensional, so that the formal character ch Sy(p) is well defined.
Then

ch 7 < ch Sy(p)
namely

[T @—=e™)~" <chSy).

TeE(n’)

Proof. Recall that the generalized Kostant filtration % is decreasing, sep-

arated and that Z%(U(p~)*) = U(p~)*. Then, for every finite dimensional
subspace V of U(p™)*, there exists N € N such that VN.Z¥ (U(p)*) = {0}.
One deduces easily that the graded vector space gri (V') associated to the
induced generalized Kostant filtration on V' is isomorphic to V. Using The-
orem and a same argument as in [10, 7.1] completes the proof. O
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