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Abstract

We present a deterministic particle-based
method for global optimization of continuous
Sobolev functions, called Stein Boltzmann
Sampling (SBS). SBS initializes uniformly a
number of particles representing candidate
solutions, then uses the Stein Variational
Gradient Descent (SVGD) algorithm to se-
quentially and deterministically move those
particles in order to approximate a target dis-
tribution whose mass is concentrated around
promising areas of the domain of the opti-
mized function. The target is chosen to be
a properly parametrized Boltzmann distribu-
tion. For the purpose of global optimiza-
tion, we adapt the generic SVGD theoretical
framework for addressing more general tar-
get distributions over a compact subset of R,
and we prove SBS’s asymptotic convergence.
In addition to the main SBS algorithm, we
present two variants: the SBS-PF that includes
a particle filtering strategy, and the SBS-
HYBRID one that uses SBS or SBS-PF as a con-
tinuation after other particle- or distribution-
based optimization methods. An extensive
comparison with state-of-the-art methods on
benchmark functions demonstrates that SBS
and its variants are highly competitive, while
the combination of the two variants provides
the best trade-off between accuracy and com-
putational cost.

1 Introduction

We consider the problem of global optimization of
an unknown a priori nonconvex, continuous Sobolev
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function, under the concern of making efficient use of
the computational budget, (i.e. function evaluations
at candidate minimizers). Optimizing an unknown
function is a typical situation in real applications,
e.g. hyperparameter calibration or complex system de-
sign emerge in several domains (e.g. [30, 19]). For
this, sequential methods are usually employed, where
at each iteration the algorithm uses information ex-
tracted from the previous candidate solutions to pro-
pose new ones. Such methods rely on a deterministic
or stochastic process to explore the search space, and
on a selection process to choose the next candidate
solutions given the previous ones.

In this work, we introduce a new sequential and de-
terministic particle-based method, called Stein Boltz-
mann Sampling (SBS), for continuous Sobolev func-
tions. SBS uses the Stein Variational Gradient Descent
(svaD) [22] method to sample from a target distribu-
tion whose mass is concentrated at areas of the domain
where minimizers are possible to be found. We choose
as target the Boltzmann distribution (BD), which by
definition converges toward a distribution with a sup-
port spanning over all minimizers of the optimized
function. The idea of sampling from the BD for ap-
proximating the minimizers of a function is not new
(e.g. [2, 4]), yet utilizing svaD for global optimization
is novel, and therefore, part of our contribution con-
cerns the adaptation of the generic SVGD theoretical
framework to our objective. SVGD is a generic vari-
ational inference method that approximates a target
distribution. Specifically, SVGD constructs a flow in
the space of probability measures (similarly to a gra-
dient flow evolving in R?) that moves toward the target
distribution. In the discrete case, candidate solutions
are represented by particles, and their updates that
displace them are affected by attraction and repulsion
forces. The SBS optimization process is illustrated in
Fig. 1 (some elements will be clarified in Sec. 4), where
the sequence of updates over the candidate solutions
are shown as trajectories of particles aiming to reach
the global minimum. The pseudocode of the proposed
sBS method can be found in Alg. 1.
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The related global optimization literature is rich of
methods. ADALIPO [25] is a method that is consis-
tent over Lipschitz functions and is adapted for a very
low computational budget. The well-known BAYESOPT
method [26] is also adapted for low budgets. Then,
there are approaches that use MALA to sample from
the Boltzmann distribution, in a similar way to our
method [12, 39, 31, 8]. cMA-Es [13] and woa [28],
are two inconsistent methods, but are known to be
very efficient in practice. Due to either early stop-
ping conditions or time complexity, these two methods
do not scale well computationally, hence they are not
suited for when the available budget is large and sev-
eral function evaluations need to be performed. The
recent method in [32] subsamples a finite subset of
constraints from an uncountable one and uses an SDP
solver to approximate the global minimum.

The rest of the contribution of the paper is as fol-
lows: we provide a new proof of the SVGD convergence
over a compact subset of R? for a class of target dis-
tributions, which is more general than the one usu-
ally considered in the literature, and allows to show
the asymptotic convergence of SBS for any continuous
Sobolev function (see Sec. 3). In the appendix, we
provide detailed definitions and results of the svaD
theory, adapted to the context of global optimization.
To ensure the correctness and reproducibility, for some
technical results we provide links to proofs in the Lean
proof assistant [6, 27]. Then, we introduce two SBS
variants: one that uses particle filtering to reduce the
budget needed (see Fig. 1b), and a hybrid one that uses
SBS as a continuation of CMA-ES or WOA, to combine
their efficiency with the consistency and scalability of
our method (see Sec. 4). We discuss the optimal val-
ues for the hyperparameters of SBS and compare our
approaches with five state-of-the-art methods on sev-
eral standard global optimization benchmark functions
(see Sec. 5 and 6). Finally, we interpret, in the global
optimization context, the internal attraction and re-
pulsion forces between particles, which come in effect
during the svaD sampling (see Sec. 7).

Notations. d € N is the dimension of the optimiza-
tion problem; f : Q — R is the function to optimize,
its domain Q C R? is a smooth, connected and com-
pact set; * € X* is one of the global minimizers of f,
ie. Vo* € X* f* = f(z*). Given an arbitrary func-
tion f, its support is supp(f) = {z € Q| f(z) # 0}.
Let A be the standard Lebesgue measure on the Borel
sets of R?. We denote by C? the set of p-times contin-
uously differentiable functions, and by CS°(€2) the set
of smooth functions on 2 that have compact support.
Given two measurable spaces (€21, %) and (Q2, X2), a
measurable function f : ¥; — X5 and a measure p

Algorithm 1 Stein Boltzmann Sampling (SBS)

Input: f : Q — R; number of vectors (particles) N;
Boltzmann parameter k; step-size €; number of SVGD
iterations m; an initial distribution po over the particles
Output: Z, an estimate of =~

Sample N particles: X; < (w(l), ...7w(N>) N,u?N
for i =1tondo
Compute the vector field ¢7.
Xiy1 + Xi + ey, (Xh)
flit1 < % S0y N
end for v
T argmin 1§j§]\]f (X,figl)

- - see Sec. 2
- - update the particles

- - (‘Jll]lil’,‘l('%ll measure

- - the "best” particle

return

Algorithm 2 Initialization choice of SBS-HYBRID

Input: number of vectors (particles) N;
CMA-ES budget b
Output: N candidates

Run cMA-ES for b function evaluations

Run woa with N candidates

if cMA-ES found a better value than woA then
Sample N candidates from the last Gaussian

else
Use the N candidates from woA

end if

return the N candidates

over X1, let fuu denote the pushforward measure, i.e.

VB € %, fpu(B) = p(f~'(B)).

For m,p € N, let WP be the Sobolev space of func-
tions with m weak derivatives in LL (€2):

WP £ {f e Lk(Q)
| Voo € N4, |a| <m, Df € LE(Q)},

where D is the weak derivative operator w.r.t. to the
multi-index «, and p is clear from context. Let the
Hilbert space H™ be the Sobolev space W2,

The full list of notations is provided in the appendix
(see Tab. 3).

2 Stein Boltzmann Sampling

Let us now introduce the proposed Stein Boltzmann
Sampling (sBS) method. While Stein Variational Gra-
dient Descent (svGD) has been thoroughly studied in
the literature [20, 23, 18, 7, 35], this work is the first to
consider it in a global optimization context. Therefore,
part of the contribution of this work is that adaptation
of the svaD theoretical framework so as to be suit-
able for global optimization, and to allow addressing
more general target distributions over 2. For consis-
tency and completeness, we prove classical results in
our adapted framework in Appendix A.2.
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evaluations
« filtered particles

(b) SBs-PF

Figure 1: Illustration of the flow of measures and the trajectories of particles over the iterations. The color gradient
represents the 2d Ackley function value, from blue (low) to red (high). The trajectories draw the discretized flow of
measures. a) SBS: the particles are initialized uniformly at random over the domain, and then get updated by making a
small step in the direction induced by svGD forces. b) SBS-PF variant with particle filtering: the particles are initialized
and updated as before, but the less promising ones get rapidly removed and are not replaced. This is visible as there are
less persisting trajectories in areas where the function has high values. This strategy results in a significant reduction of

the budget while having comparable performance.

Given the initial particles (X(()Z))lgig_[\/' e OV, svap
constructs an update direction in order to move them
toward a target distribution 7. This gives the following
differential equation for the particles:

8;(5) = Jbiv togm (X7 k (X7, x)

(1)
+Viok (X£1)7Xt(j)) ;

where k is the reproducing kernel of a specific RKHS
H (see Appendix A.2 for more details). A usual choice
for k is the Gaussian kernel with bandwidth ¢. An il-
lustration of this equation is given in Fig. 3. The forces
driving the particles are determined by a mixture of
individual and collective information. A deep analysis
of particle-based models for a large number of particles
is exceedingly complex, sometimes even impossible. A
popular workaround is to study the convergence of the
distribution of the particles at time ¢, that describes
their evolution [20, 18, 29, 5, 10]. For deterministic
methods, passing to the distribution is simply an ap-
plication of the law of large numbers, while for stochas-
tic methods it utilizes tools from the mean-field theory.
At time t, the update direction p; for the particles dis-
tribution is given by:

¢Zfé/Vlogﬂ(x)k(-yx)ﬂtvxk(-,x) dpe,  (2)
Q

where the gradient operator is understood in the dis-
tributional sense. Moreover, in the classical SVGD lit-
erature, the sequence p, 1 = (Ig + EQ), )4ln is also
studied (e.g. [22, 18]).

To use SvVGD as a global optimization method, we need
a target distribution that concentrates its mass around
the global minimizers of the optimized function, and

the continuous Boltzmann distribution (BD) has this
feature. Moreover, it is a classical object in the global
optimization theory, and makes a link between our
method Simulated Annealing [16] (see Sec. 7).

Definition 2.1 (Continuous Boltzmann distribution).
Given a function f € C°(Q,R), the Boltzmann distri-
bution over € is induced by the probability density
function m}% : Q = R>¢ defined by:

o—r(@)

(k) _ (k) _
mf,Q(x) =m (.I) - fQ e—’“f(t) dta

Vk € Rzo. (3)

A characteristic property of the BD is that, as k tends
to infinity, the BD tends to a distribution supported
only over the set of minimizers X*. If \(X*) > 0,
the BD tends to a uniform distribution over X* (see
Fig. 2a). If A(X*) =0, it tends to a distribution over
X*, where the concentration of the mass depends on
the local geometry of the minimizing manifold [14] (see
details in Appendix A.1).

The proposed SBS method is essentially an SVGD sam-
pler applied to the BD. Note that any distribution
whose density has the characteristic of being asymp-
totically supported only over X* could be used as a
target distribution in the following theoretical results.

3 Theory of SBS

First, let P, (£2) be the set of probability measures on
Q such that for each element p € P, (Q):

XA p() € WHHQ) A supp(u() =,

where u(-) : @ — Rxg is the density of the measure
u w.r.t. A. To prove the asymptotic convergence of
SBS, we need to prove that the measures constructed
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Figure 2: a) The density of the Boltzmann distribution m® (Definition 2.1) (blue lines) becomes uniform over the
set of minimizers X™ of the given function f to optimize (black lines), as its parameter k tends to infinity. b) In this
example, the volume of the set X™ is much smaller than the volume of local minimizers in the flat region. The value of
the function at the local minimizers is also closer to the value of the global ones. Setting x to 100 does not suffice to
concentrate the majority of the mass of m) around the global minimizers.

using Eq. 2 converges to the distribution induced by
the BD, noted as m. To do so, we need to study the
net of measures induced by the update direction of
SvGD, noted (f¢)ier.,- To use theoretical results of
our adapted SVGD framework, we need to ensure p and
7 belongs to P2 (). For the latter, we assume that f is
in CO(Q)NW4(Q) so that m*®) is in H'(Q2) (see proof
in Appendix B.2). We prove the weak convergence of
the net (p)ier., to 7 in the following theorem.

Theorem 3.1 (Weak convergence of SVGD). Let
w,m € Pa(). Let (Ty)o<t : Q& — Q be a locally
Lipschitz family of diffeomorphisms, representing the
trajectories associated with the vector field ¢y, (see
Eq. 2), such that Ty = Ig. Let py = Tyyp. Then,
Lt ? .

The proof is in Appendix B.11 and is inspired by
the proof of [23, Theorem 2.8]. It relies on Theo-
rem A.10, a known result of the literature, and Lem-
mas 3.2 and 3.3, two original lemmas.

Lemma 3.2 (KSD valid discrepancy). Let p, m €
P2(R), and K a discrepancy measure defined in Ap-
pendiz A.2. Then, p =7 < RK(u|r) =0.

This result has been stated in [22] without further
details. We provide a formalized proof is in Ap-
pendix B.9. This lemma implies directly that 7 is the
unique fixed point of the flow of measures constructed
by SVGD.

Lemma 3.3 (Unique fixed point). Let 7w € P2(Q2) and
O be the flow of measures induced by the net (pis)ier-,
(see in Theorem A.9). Then, for any t > 0, m is the
unique fized point of (v : Pa(2)) — @y(p).

Since R(u|r) = H(/);Hi (see Appendix A.2), the proof

is straightforward using the previous lemma. The com-
plete proof is in Appendix B.10.

Asymptotic convergence

As a direct consequence of Theorem 3.1 and the fact
that ¢y, results from the passage to the distribution
of particles of SVaD (see Sec. 2), we have the following
result.

Theorem 3.4 (SBs asymptotic convergence). Let f :
Q=R bein CO(Q)NWLHQ). Let k > 0 and let 7 be
the BD (Definition 2.1) associated with f and . Let
to € P2(Q) and let fi; be the empirical measure of the
particles at iteration i. Then,

(£ [ Xi= @0, a™) ~ @@V ()
N—o00

e—0

1— 00
Note that the order of the limits is important. The
proof is a direct consequence of the law of large num-
bers and Theorem 3.1 (that are applicable as f €
C() N WH4(Q)), and finally the fact that the BD
tends to a distribution supported over the set of min-
imizers X* as k tends to infinity.

To summarize, we proved that SBS is asymptoti-
cally convergent for any continuous function belong-
ing to WH4(Q). Note that, since € is compact,
C>(Q) € WH4(Q), and therefore, the result holds for
any smooth function on Q2. We adapted the SVGD the-
oretical framework for target distributions that are in
P2 (£2) over a compact subset of R? (see Appendix A.2).
This is different to what is usually considered in the
literature, where the target distribution density is
smooth and its domain is R? (e.g. [22, 21]). Some
works have tried to relax the assumptions on the tar-
get distribution (e.g. [18, 35]). However, thanks to the
compactness of (), our assumptions on 7 are less re-
strictive and only consider integration constraints on
its 15t order weak derivatives, which makes our frame-
work more adapted for global optimization.
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Figure 3: Illustration of the vector field induced by Eq. 1 in a discrete-time setting where 7 is the BD. a) The optimized
function z — sin||z||2 and the two manifolds at which it is minimized (dashed gray lines). b) The initial particles (not
shown) start getting attracted toward the two ring-shaped manifolds. ¢) After some SVGD iterations, there are stronger
forces in the vector field and the particles get concentrated around those minimizing regions.

The implementation of SBS estimates the gradients us-
ing finite differences. At each iteration, it updates the
set of particles by a small step in the direction induced
by d)l’f“, which is computed using the Adam optimizer
[15] that gives better experimental results. We choose
the initial distribution pg to be the uniform distribu-
tion on (2, as it maximizes the entropy (i.e. high initial
exploration), and we also use the RBF kernel func-
tion. These two objects are used in most of the SVGD
literature. To better understand the previous results
and involved objects, we recall some definitions and
theoretical results related to SVGD in Appendix A.2.

4 SBS variants

In addition to the main sBS method, we introduce two
variants that can be more efficient in practice. The
first one, called SBS-PF, uses a particle filtering ap-
proach that removes the less promising particles (with-
out replacing them). The second one, called SBS-
HYBRID, is a hybrid method that uses SBS as a con-
tinuation for other global optimization methods, or —
seen the other way around— those methods are used
to initialize SBS. SBS-PF uses less budget than sBs,
and SBS-HYBRID uses some of the budget to run one of
the pre-existing methods to initialize SBS with better
starting points; the aim is to approximate the global
minimum better than SBS with the same budget.

SBS-PF. We use a simple particle filtering idea: to
remove particles (i.e. candidate minimizers of f) that
are less promising or stuck in bad local minima. We
choose to remove particles that do not move and corre-
spond to significantly higher function values than the
others, hence particles that are very likely stuck in
bad local minima. This is done by removing particles
using their function values and the distance between
their previous and actual positions. More precisely, if
these two quantities are respectively higher than the
g-th and lower than the p-th percentiles of the func-

tion values and ”previous-to-actual” distances of the
particles, then the particle is removed. The difference
between SBS and this variant is visualized in Fig. 1.
One can see that, in SBS-PF, the least promising can-
didates are rapidly removed without being replaced,
so that the remaining particles are more likely to con-
verge to the global minimum. This strategy results in
a significant reduction of the budget used, while hav-
ing comparable optimization results to SBs. Note that
the strategy to prove Theorem 3.1 is not directly ap-
plicable to SBs-PF, thus, the asymptotic convergence
of SBS-PF is not guaranteed. However, the empirical
results show that SBs-PF is efficient in practice, and it
is a good alternative to SBS when the budget is limited.

SBS-HYBRID. This variant is based on the idea of
using SBS or SBS-PF as a continuation for particles- or
distribution-based methods, such as WOA or CMA-ES.
Indeed, the design of SBS allows to initialize the par-
ticles with the result of one such method, and then
resume the optimization process with an SBS variant.
More specifically, we introduce SBS-HYBRID that runs
few iterations of both cMA-ES and WOA to choose the
most promising result, and then continues the opti-
mization with SBS (see Alg. 2). Both woA and CcMA-
ES are efficient methods, thus, a small number of it-
erations allows to find a good starting region for SBS.
Moreover, both methods are not well-suited for a large
budget, but for different reasons: CMA-ES uses early
stopping rules (e.g. the condition number of the co-
variance matrix), and WOA takes more time to run
than sBSs for the same budget. SBS-HYBRID can be
seen as a combination of the asymptotically consistent
SBS method, on top of very efficient but non-consistent
methods. Among the strengths of SBS-HYBRID, we can
mention that: i) it empirically provides high-quality
results, and ii) it is still asymptotically consistent,
since the initial distribution of the particles induced
by WOA and CMA-ES meet the assumptions of Theo-
rem 3.1.
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Figure 4: Illustration of the exploration/exploitation trade-off in sBS with different values of o. In black, the function

x +— cos(bx) +x/5+1; in grey, the distribution of the particles; in blue, the BD m®. When o is too small, the particles
are uniformly distributed over X*. When o is too large, they are uniformly distributed over the whole domain .

5 Choice of hyperparameters

In this section, we discuss the choice of the hyperpa-
rameters of SBS and its variants. We focus on the
choice of k and o, which carry complex information
about the behavior of the method.

Choice of k. As detailed earlier, x controls the shape
of the BD from which svGD samples. The bigger & is,
the more the mass of the distribution gets concentrated
around the global minimizers of the function. Intu-
itively, the optimal x such that a satisfying amount
of the mass is around the global minimizers depends
on the geometry of the function around local minima
(the asymptotic behavior of the BD depends on the
local geometry, see [14]). Nevertheless, one can see in
Fig. 5a that, in practice, the choice of k does not sig-
nificantly affect the performance of sBs. The reason is
that, if the modes of the BD that contain most of the
density mass are the ones around the global minimiz-
ers, then SVGD would succeed in moving some particles
in the areas of those modes, provided there are enough
particles. The three following parameters control how
the mass is repartitioned: the value of x, the ratio be-
tween the volume of the region of local minimizers and
the volume of the region of global minimizers, and the
value of the function at the local minimizers. These
three parameters are interdependent: the value of one
can compensate for the value of the others. It is rather
unlikely to encounter a function where these three pa-
rameters do not compensate each other. It would re-
quire the function to have an arbitrary small volume
ratio or an arbitrary small distance between the local
and global minima (see Fig. 2). Thus, a very large x,
such as 103, compensates almost all potential issues
related to the geometry of the function and ensures a
good performance on average.

Choice of o. All sBs variants use the RBF kernel
with a bandwidth o, the choice of which is crucial for
their performance. As detailed in Sec. 7, the size of o
controls the forces developed between particles. When
a lot of particles are close together, they repel each

other. This behavior enforces the exploration of the
function domain, but at the same time it prevents SBS
from converging at narrow regions where global mini-
mizers could be located. A natural choice is o0 = #,
where N is the number of particles, which ensures that,
when the particles are few, o gets large enough and SBS
explores the domain. On the other hand, with a lot a
particles the exploration is ensured by the initial uni-
form distribution py and the small induced o allows
the particles to converge to the global minimum, even
in narrow regions. For the SBS-PF variant, ¢ changes
during the optimization process, as particles are being
filtered out. For the SBS-HYBRID variant, as the initial
particles are supposed to be already well-positioned
and possibly close to the global minimum, o is set to
a very small value, e.g. 0 = 10719,

6 Experimental evaluation

Among the $BS variants, we provide one named SBS-
PF-HYBRID that employs SBS-PF as the final step of
SBS-HYBRID. In our numerical comparison, we com-
pare the SBS variants with the following state-of-
the-art global optimization methods: CMA-Es [13];
WOA [28], a particle-swarm method; ADALIPO [25];
BAYESOPT [26], a similar method to SBS but using
MALA instead of svGD [12, 39, 31]; and CcBO [29] that is
a stochastic particle-based method similar to SBS (we
implemented the algorithm as presented in [29]).

We use classical two dimensional benchmark functions
for global optimization. Some are noisy and multi-
modal (Ackley, Drop wave, Egg Holder, Holder Ta-
ble, Michalewicz, Rastrigin, Levy), others are smooth
(Branin, Goldstein Price, Himmelblau, Rosenbrock,
Camel, Sphere) (see more information in [36]). We
provide the implementation of this experiment'. For
the results of Tab. 1, we ran each method 10 times on
each function.

lgithub.com/gaetanserre/
Stochastic-Global-Optimization
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(a) Log-distance between the computed solution and the global minimum vs. the value of x for SBs.

Himmelblau

—— AdaLIPO
CMA-ES

15 SBS

—— BayesOpt

10! 10? 10°
Number of evaluations (log scale)

Levy
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—— AdaLIPO
CMA-ES
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time (s)
=
5

10* 10? 10°
Number of evaluations (log scale)

(b) Execution time vs. the number of evaluations for BAYESOPT, ADALIPO, CMA-ES, and SBS

Figure 5: Insights for the compared algorithms: a) shows the low impact of £ on the performance of sBs. b) shows the
time to run for BAYESOPT and ADALIPO grows exponentially and is significantly higher than for CMA-ES or sBs. In each
case (a) and (b), the left plot is for the Himmelblau, and the right is for the Levy function.

In the literature, the budget is defined as the number
of function evaluations, however, the actual computa-
tional time can vary significantly between the methods
and needs to be taken into account. Thus, the budget
is set in order for the methods to stop in a reason-
able time when run on a personal computer?. As one
can see in Fig. 5b, the running time of ADALIPO and
BAYESOPT is significantly higher than for the other
methods. For this reason, their budget is set lower
than for the other methods: 2K for ADALIPO, 100 for
BAYESOPT, and 800K for the rest.

We introduce the following empirical competitive ratio:

ECR(m) = % Z min (100, ZJ}:) ,
feF

where F' is the set of benchmark functions, dfy, is the
distance between the global minimum of f and the
approximation found by the method m, and df* is
the smallest distance among all the methods. ECR
provides information about the average precision com-
pared to the best method (lower is better, and the best
is 1).

In the results of Tab. 1, one can see that SBS outper-
forms almost all state-of-the-art methods and scores
the fourth rank on average. SBS-PF achieves compara-
ble results on average with significantly less function
evaluations (~ 97% budget reduction). Moreover, SBS-
HYBRID and SBS-PF-HYBRID outperform all the other

2The experiments were performed on an Apple M2 chip
with 8 cores and 16GB of RAM.

methods on average. They combine the efficiency of
either CMA-ES and WOA with the suitability of SBS for
large budgets, while the addition of particle filtering
reduces the budget by ~ 67%. In parallel, SBS, SBS-PF-
HYBRID, and SBS-HYBRID score respectively the 3™,
274 and 1% rank on the competitive ratio measure,
showing that their approximations are precise on av-
erage compared to the other methods.

In the appendix, we provide the results of the same
experiment on 50 dimensional benchmark functions,
by restricting to only methods that can run in low
computational time (see Tab. 2). There, the budget
is set to 8M. One can observe that SBS and its vari-
ants outperform all competitors, and SBS-PF achieves
the best results with a budget reduction of ~ 97%,
compared to SBS. However, the budget reduction of
SBS-PF-HYBRID is less significant (~ 16%), due to the
fact that the high dimensionality of the functions and
the initial distribution makes the less promising par-
ticles harder to distinguish. Overall, all SBS variants
seem robust to function shapes, contrary to CMA-ES
for instance, which is very precise on valley-shaped
functions but struggles on the multimodal functions.

7 Discussion

Link with Simulated Annealing. The link between
sBs and Simulated Annealing [16] is not difficult to see.
Indeed, both algorithms are asymptotic methods that
sample from the BD. However, the way they sample
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Table 1: Comparison between all SBS variants with several state-of-the-art methods on two dimensional benchmark
functions. For each function, we report the average distance to the global minimum and standard deviation (lower is
better). The precision is truncated. SBS-HYBRID runs 1K iterations of CMA-ES and WOA. As one can see, SBS-HYBRID
and SBS respectively rank 1% and 4" while sBs-PF-HYBRID and SBS-PF achieve competitive results with significantly less
evaluations (respectively ~ 67% and ~ 97% budget reduction).

STATE-OF-THE-ART

PROPOSED METHOD AND VARIANTS

FUNCTIONS LANGEVIN BAYESOPT CBO ADALIPO CMA-ES WOA ‘ ‘ SBS-PF SBS SBS-PF-HYBRID SBS-HYBRID
Ac 6.8 0.1 0.0 1.3 19.8 8e 8 0.0 8e 4 le™® 7e~
KLEY +1.7 +0.1 +0.0 +0.7 +0.0 +5e=8 || £9e7% 3.4 415 436
BRANIN 8e ™ 2e4 0.4 0.0 3e~7 1e© 5e~"7 3e~ 7 3¢~ 7 3e~ "
) +1le~* +1le * +0.3 +0.0 +0 +1e6 +2e~7 431 +0 +5e16
. 0.9 0.2 0.1 0.1 0.3 1le 15 0.0 0.0 0.1 0.0
DropP WAVE +1e-16 +0.1 +0.1 +0.0 +0.3  +41e-15 || +0.0 +0.0 +0.0 40.0
2008.8 90.3 833.5 40.0 393.6 3e~ 5 18.0 8.0 7.8 21.5
EcG HoLDER 12018 £60.6  +le'0 187 45e7!%  45e—10 || £19.0  £10.2 +9.6 £32.0
391387.4 8.3 4e~4 0.4 8.1 1e=6 6e~ "7 1e™® 6e~ 14 6e~13
GOLDSTEIN PRICE  {301031.1  46.6 4904  +0.3  +24.3 477 || 456-7 499 16e—15 Tle—12
) 47.5 Te 4 0.1 0.0 9e¢ 16 1e=6 1e”7 5e~ 11 4e~19 1e—20
HIMMELBLAU £31.0 £9e-1 01 £00 1 410 || 437 tde 1! 7719 +1e20
Ho Ta 3.4 0.4 0.0 0.0 5.0 2¢~ ¢ 2e~ 6 2¢76 2e~ 6 2¢~ 6
LDER TABLE +0.5 £0.9  47¢7% £0.0 £5.0 42678 || £1e7  +2e7° t1e~10 1710
M 9.6 7.9 8.6 7.9 8.0 7.9 7.9 7.9 7.9 7.9
ICHALEWICZ +0.2 +1e~3 +0.0 +0.0 +0.3  £le S || £1e7® L1 'O +8¢~ 14 +d4e™1°
e 30.5 2.2 9e 4 0.2 5.4 6e 1° 5¢~ 6 5¢~? 0.5 0.3
RASTRIGIN +3.7 +1.2 47e-4  £0.2 458  470-15 || £3¢=6 18 +0.7 +0.6
X 6852.4 0.2 0.0 0.1 4e716 2¢~7 6e™° 2¢~6 517 1e 17
ROSENBROCK +4943.7 +0.2 +0.0 +0.0  47¢=16  41e=7 || £9¢=5 446 4817 41e—17
CAMEL 397.9 0.0 0.0 0.0 2¢75 2e¢75 2e¢~° 2¢~5 2¢~5 2e~°
' +9.0 +0.0 +0.0 +0.0 +le 1 42e78 +1e™ 7 +le ! +0 +1e 16
LEvY 83.5 0.1 0.0 0.0 1.0 8e? 9e~8 le™12 3e~ 19 9e 20
’ +12.9 +0.1 +0.0 +0.0 +2.1 479 || £8¢=8 42e-12 48e—19 42619
SPHERE 9e~° 5e~4 0.0 0.0 5¢~16 1e—16 5e~8 6e12 le™ 1 1le™ 2
+6e° +5e% +0.0 +9e™*  L1e715 A8 7T || £7e8  Lre 2 +2¢ 10 +3e 21
ECR 62.2 46.8 46.7 46.7 24.0 22.4 | 46.7 20.8 16.2 15.4
AVERAGE RANK 9.38 7.85 7.46 7.15 6.69 3.00 | 4.15 3.38 3.15 2.77
FINAL RANK 10 9 8 7 6 2 [l 5 4 3 1

from that distribution is different. Simulated Anneal-
ing is a Markov Chain Monte-Carlo method [2], while
SBS is a deterministic variational approach. The min-
imum temperature parameter of Simulated Annealing
is the inverse of the x parameter of SBS. Thus, any
scheduler for Simulated Annealing’s temperature can
also be used in sBS. However, there is an extra degree
of exploration/exploitation in SBS, brought by the ker-
nel bandwidth employed by the SVGD sampling.

Locality of the kernel. In classical SVGD imple-
mentations, the RBF kernel used is: k(z,z') =
exp (—||z — 2'||3/20%), as it is in the Stein class of
any smooth density supported on R%. The bandwidth
o controls the locality of the attraction and repulsion
forces applied on the particles, expressed as:

attr(z) = Eyop, [Viogw(a’)k(z, 2)],
rep(r) = Euro, [Vark(z,27)].

The first term attracts remote particles to a close clus-
ter of particles, and the second term repels particles
that are too close to each other. Hence, they are
respectively exploitation and exploration forces. In-
deed, the attraction allows particles to “fall” in local
minima, wherein a lot of particles are already stuck.
The repulsion prevents particles from getting stuck to-

gether at a narrow region of the search space, and
forces them to explore the space. o controls the range
of these forces. A small o value leads to a weak repul-
sion and thus more exploitation. An arbitrary small o
leads to a uniform distribution over the local minima.
In the contrary, a large o leads to more exploration,
as the particles will repel themselves even from a very
far distance. An arbitrary large o leads to a uniform
discretization of the space. These behaviors are illus-
trated in Fig. 4. In the case of SBS, the value of ¢ is a
user parameter.

Some weaknesses. Because of the gradient approx-
imation by finite difference that occurs in SBS, our
methods require a large budget. That is a common
issue in gradient-based optimization algorithms. How-
ever, in the contrary of more frugal approches (e.g.
BAYESOPT), SBS and its variants have a way smaller
execution time. Another weakness of SBS is the dif-
ficult choice of the kernel. As explained above, the
kernel controls the particles movements and the perfor-
mance of one specific kernel choice highly depends on
the geometry of the objective function. This choice is
crucial and future users should tune this hyperparame-
ter carefully. A way to mitigate this problem would be
to find an adaptive kernel that uses only evaluations
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of the objective function to choose the best way for
the particles to interact. However, we believe that is
a quite complex subject that is out of the scope of the
current study, and should be investigated in a more
general point of view.

8 Conclusion

In this paper, we introduced the Stein Boltzmann
Sampling (sBS) method for global optimization, along
some variants. We proved that it is asymptotically
consistent using the theory of the SVGD algorithm that
we extended to a more general class of target distribu-
tions, thanks to the compactness of the domain. This
new SVGD framework is particularly suitable for global
optimization, as it allows to sample from the BD of
any continuous function given integration constraints
on its 1% order weak derivatives. We showed in our
experimental evaluation that SBS outperforms state-
of-the-art methods on average on classical benchmark
functions, that SBS-PF can lead to drastic reduction of
the needed computational budget while having compa-
rable performance than the original SBS version, and
that SBS-HYBRID outperforms all the other methods
in practice. This work suggests that, for obtaining
the best trade-off between accurate approximations
and low budget, SBS should be used as a continua-
tion for others particles or distribution-based methods,
conjointly with particles filtering strategies (SBS-PF-
HYBRID). As future, the convergence rate of sBs and
its components can be further studied, and more so-
phisticated particle filtering strategies can be designed
to make it more appealing for global optimization in
real-world applications.
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Table 2: Comparison between all SBS variants with several state-of-the-art methods on 50 dimensional benchmark
functions. For each function, we report the average distance to the global minimum (lower is better). The precision is
truncated. SBS-HYBRID runs 1K iterations of CMA-ES and WOA. As one can see, SBS-PF ranks 1°, as SBS, while having a
significant budget reduction (~ 97%). Moreover, SBS-PF-HYBRID outperforms SBS-HYBRID while having a budget reduction
of ~ 16%. The high dimensionality of the functions makes the particle filtering of SBS-PF-HYBRID less efficient.

STATE-OF-THE-ART H PROPOSED METHODS
FUNCTIONS LANGEVIN  CBO WOA CMA-ES || SBS-HYBRID  SBS-PF-HYBRID SBS SBS-PF
ACKLEY 21.5 21.1 19.8 19.6 19.5 19.6 19.0 19.0
e +0.0 +0.1 +0.1 +0.0 +0.1 +0.1 +0.1 +0.1
M . ; 8.6 0.8 4.4 25.8 24.2 24.1 3.8 2.4
ICHALEWICZ +0.6 +0.5 +0.2 +2.4 +1.8 +2.5 +0.4 +0.8
RASTRIGIN 884.4 841.1 593.8 107.4 114.5 115.0 280.5 280.5
+202.5 +302.9 +22.2 +20.9 +24.9 +10.9 +17.2 +17.2
ROSENBROCK 367368.5 176596.0 20145.3 0.4 28.9 28.7 39.5 25.3
) +22139.8 +0 +3609.2 +1.2 +1.3 +2.0 +1.4 +4.0
LEVY 2931.7 349.8 224.5 75.3 81.1 70.4 55.9 57.8
+88.4 +38.3 +13.4 +27.0 +19.6 +23.2 +2.6 +4.4
SPHERE 0.0 5000.0 646.3 le 14 7e” 20 2¢7 19 2¢710 le %
’ +3e7* +0 +31.5 +2e¢718 +1e 20 +2¢719 +1e~ 1! +5¢76
ECR 43.9 36.0 35.3 1.5 I 13.4 13.2 18.1 28.2
AVERAGE RANK 7.17 6.17 5.83 3.67 [l 3.67 3.50 3.00 3.00
FINAL RANK 7 6 5 4 [l 3 2 1 1

Table 3: Collection of all notations and their meanings

Notation Definition
f function to minimize
d dimension of the domain of f
Q compact subset of R?, domain of f
X set of global minimizers of f
we.m Sobolev space of functions with p-integrable m-th order weak derivatives
Hm™ W2,m
A Lebesgue measure
m(®) density of the BD with parameter s
Ay the Stein operator associated to the measure p
S(p) the Stein class of the measure p
P2(2) the set of probability measures supported over Q with density in H?!
™ target distribution, the BD of f in SBS context
Ho the foundational RKHS of svGD
k the kernel of the RKHS Hg
the product RKHS of SvGD constructed using Ho
Ty an integral operator from Li(Q) to Ho
Su an integral operator from Li(Q7 Q) to H constructed using T},
¢Z the optimal transport vector field in H constructed by svap
R(p|m) the Kernelized Stein Discrepancy
(pi)ien sequence of measures constructed by sVvGD
fi empirical measure of the SVGD particles
(Bt)teRrs net extension of (u;);en
®:Rxq X 7_72(9) the flow of measures associated to (it)ier-,

A Theoretical foundations

In this section, we introduce fundamental results related to the Boltzmann distribution (BD) and the svGD
theory. Please note that, concerning the BD, those results are not new. Concerning SVGD, we adapt its generic
theoretical framework, allowing more general target distributions. We prove classical results of SVGD theory in
this novel framework. The purpose of this section is to provide a self-contained presentation of the theory behind
SBS for the reader and to show the consistency of our adapted svGD framework.
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A.1 Boltzmann distribution

Recall that the BD has been formally defined, in Definition 2.1. The BD is a well-known distribution in statistical
physics. It is used to model the distribution of the energy of a system in thermal equilibrium. The parameter x
is called the inverse temperature. The higher k is, the more concentrated the mass is around the minima of f.
When x tends to infinity, the BD tends to a distribution supported over the minima of f. The BD is typically
used in a discrete settings, i.e. where the number of states is finite. The continuous version can be defined using
the Gibbs measure. The following properties come from [24]. For the sake of completeness, we provide the proofs
in Appendix B.1.

Properties A.1 (Properties of the Boltzmann distribution). Let m(%) be defined as in Definition 2.1. Then, we
have the following properties:

o If \(X™*) =0, then, Vz € Q,

lim m®(z) =

[amde el

oo ifxe X*
0  otherwise.

o If 0 < A(X™), then, Vz € Q,

lim m® (z) =

[mde el

AMXH)™E ifre X*
0 otherwise.

o Vf e COR),
lim [ f(z) m"™(z)dz = f*.

[mde el Q

A visual representation of the BD is given in Fig. 2a. One can see that, as & increases, m(*) becomes more and
more concentrated around the minima of f. We use the BD induced by the density m(*) (also noted m(%) for
simplicity) of Eq. 3. We provide the proof of the properties in Appendix B.1. To sample from this distribution,
we need to compute the integral [, e~*f() dt, which however, is likely to be intractable for a general f.

A.2 Stein Variational Gradient Descent

Sampling from an intractable distribution is a common task in Bayesian inference, where the target distribution
is a posterior one. Computation becomes difficult due to the presence of an intractable integral within the
likelihood. The Stein Variational Gradient Descent [22] is a method that transforms iteratively an arbitrary
measure [ to a target distribution 7. In the case of sBs, 7 is the BD defined in Definition 2.1, for any x > 0. The
algorithm is based on the Stein method [34]. The theory of svGD has been developed in several works over the
years. Note that recently, [17] introduced a new sampling algorithm based on the same objective to svVGD, less
sensitive to the choice of the step-size but not suitable for non-convex objectives. The remainder of this section
introduces key definitions and theoretical results related to SVGD and shows that they hold when considering a
compact domain Q and a target distribution density in H'(Q2): a adapted framework particularly suitable for
global optimization that we use to prove the consistency of SBS (see Sec. 3).

A.2.1 Definitions

For any natural number n, we start by defining the set of probability measures on 2 that have a density w.r.t.
the Lebesgue measure and are in W™ (Q). Let P,,(£2) denote the set of probability measures on §2 such that

Vi € Pu(Q), p <A A p(-) € WH(Q) A supp(u(-) = 2,
where p(-) is the density of p w.r.t. A. In svaD theory, u and 7 must belong to Pa(€2). Thus, their densities lie

in H'(Q). The condition on their support ensures that the KL divergence is well-defined. In the following, we
denote the density w.r.t. A of a measure p by the function p: @ — Rx>g.
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A.2.2 Stein discrepancy

The Stein method defines the Stein operator associated to a measure p [20]:

A, CHQ,Q) — CO(LR),
¢ Viogu(-) ¢() + V- ¢(),

where (V) and (V) are respectively the gradient and the divergence operators, in the distributional sense. We
denote this mapping by A,¢, for any ¢ in C'(,9). It also defines a class of functions, the Stein class of
measures.

Definition A.2 (Stein class of measures [21]). Let p € P2(Q) such that p < A, and let ¢ : @ — Q. As Q is
compact, the boundary of Q (denoted by 99) is nonempty. We say that ¢ is in the Stein class of p if ¢ € H(2)
and

¢ @yt i) ds(a) =0,
o0
where 7i(x) is the unit normal vector to the boundary of Q. We denote by S(u) the Stein class of p.

The key property of S(u) is that, for any function f in S(u), the expectation of A, f w.r.t. p is null.
Lemma A.3 (Stein identity [34]). Let u € P2(Q2) such that p < A, and let ¢ € S(p). Then,

Eonnl[Aug(z)] = 0.

(See proof in Appendix B.3). Now, one can consider:
EzopnlAro(z)] , where ¢ € S(m). (4)

If p # 7, Eq. 4 would no longer be null for any ¢ in S(w). In fact, the magnitude of this expectation relates
to how different 1 and 7 are, and is used to define a discrepancy measure, known as the Stein discrepancy [11].
The latter considers the “maximum violation of Stein’s identity” given a proper set of functions F C S(7):

() = max {Eam [ And(@)]} )

Note that S(u, ) is not symmetric. The set S(m) might be different to S(), and even if they are equal, inverting
the densities in the expectation leads to a different result. The choice of F is crucial as it determines the
discriminative power and tractability of the Stein discrepancy. It also has to be included in S(). Traditionally,
F is chosen to be the set of all functions with bounded Lipschitz norms, but this choice casts a challenging
functional optimization problem. To overcome this difficulty, [21] chose F to be a universal vector-valued RKHS,
which allows to find closed-form solution to Eq. 5. The Stein discrepancy restricted to that RKHS is known as
Kernelized Stein Discrepancy.

A.2.3 Kernelized Stein Discrepancy

From now on, we consider u,m € P2(Q2) such that 7 is the target distribution. Next, we define the vector-valued
RKHS that will be used in the Kernelized Stein Discrepancy.

Definition A.4 (Product RKHS [22]). Let k: 2 x  — R be a continuous, symmetric, and integrally positive-
definite kernel such that Vo € Q,k(-,z) € S(u) N S(w) and V, k(z,y) € L2(Q) (in the distributional sense).
Using the Moore-Aronszajn theorem [1], we consider the associated real-valued RKHS Hg. Let H be the product
RKHS induced by Ho, ie. Vf = (f1,...,fa)", f € H <= V1 <i<d,f; € Hyo. The inner product of H is
defined by

<fvg>'H = Z <fiagi>7~[o~

1<i<d
For more details, see Lean formalization ®.

3gaetanserre.fr/assets/Lean/SBS/html/RKHS.lean.html
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Let Li(Q) be the set of functions from Q to R that are square-integrable w.r.t. p. Let Li (©, Q) be the set of
functions from € to € that are component-wise in L?(€2), i.e.

2 - 2
Ve L,(Q,Q),V1<i<d fieL,(Q).

As k is integrally positive-definite, Ho is dense in L?(Q) (see [33]), which shows its expressiveness. We proved
that the integral operator

T, : Lﬁ(Q) —>L3(Q)
o /Q K(2) () dpu(z)

is a mapping from L2 () to Ho, i.e. Ty, : L2(Q) — Ho. (See proof in Appendix B.4). This allows to define
another integral operator
Sy LZ(Q,Q) —H
P (T, T )T,
where T}, is applied component-wise. The proof in Appendix B.4 also shows that # is a subset of Li(Q, Q).

Thus, we can define the inclusion map
t:H— LZ(Q,Q),

whose adjoint is ¢* = S,. Then, have the following equality:
VfeLANQ),Vg €N,
(frug) ez = (" f, 9)n = (Suf. 9)n-

We can now define the KSD.

Definition A.5 (Kernelized Stein Discrepancy [21]). Let H be a product RKHS as defined in Definition A.4.
The Kernelized Stein Discrepancy (KSD) is then defined as:

Rlplr) = max By [ Ax f(2)] [ 1]l < 13-

The construction of H was motivated by the fact that the closed-form solution of the KSD is given by the
following theorem.
Theorem A.6 (Steepest trajectory [21]). The function that mazimizes the KSD is given by:

*

ol = e {Bep[Ae @) [ 1f]ln < 1)
M

where ¢, = By [Vog m(2)k(-, 7) + Vik(-, )], As supp(r) = Q, ¢}, is well-defined. It is the steepest trajectory
in H that mazimizes R(u|w). The KSD is then given by

R(plm) = Exnp[Ar by, (2)].

The proof strategy is to remark that, for any function f € H, Ex~pu[Axf(2)] = (f, ¢};)2- Then, the result follows
from the Cauchy-Schwarz inequality. (See proof in Appendix B.5). This leads to the following result of the sSvGD
theory.

Theorem A.7 (KL steepest descent trajectory [22]). Let H be a product RKHS (Definition A.]). Let ¢, € H
be as defined in Theorem A.6. Let ¢ > 0 and

T.: (2= Q) = Q

¢ Ig+ e
Then, . M
argmin {V.KL(T.(¢)gpl|m)|e=0 | ¢l < 1} = —F—,
sen 167 [l

and  VKL((Ig + ) ) pl|m)|e=0 = —R(ulm).
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(See proof in Appendix B.6). This last result is the key of the svGD algorithm. It means that ¢}, is the optimal
direction (within H) to update p in order to minimize the KL-divergence between p and . As 0 € H (that
nullifies the gradient), the result ensures that the gradient of g : & — KL(T:(¢}, /¢, ll2¢) #pl|7) is at most 0 and
thus ¢ is decreasing over [0, d], for § > 0 small enough. Consequently, SVGD iteratively updates p in the direction
induced by ¢, with a small step size e:

pit1 = (Ia +edj, ) ppi- (6)
Furthermore, we have the following lemma.

Lemma A.8. Let H be a product RKHS as defined in Definition A.j. Then, ¢}, € H as defined in Theorem A.6.
We have that

K(pulm) = |05l -

Proof. We showed in Appendix B.5 that

Eonp[Anf(2)] = (f, &) 2

for any f € H. Thus, Bz p[Az¢) (2)] = (8], &))n- |

In order to use results in Sec. 3, we need to prove that ¢;, € S (). Given the assumptions of the kernel, @}, lies
in H'(Q). Moreover, as ¢%, € H and k(-,z) € S(u), [21, Proposition 3.5] gives the rest of the proof. This allows
to use Lemma A.3 with ¢}, for any 1 € P2(2). We can now study the time-derivative of the measure net and
the KL-divergence between p and .

Theorem A.9 (Time derivative of a measure flow [20]). Let ¢ : R>oxQ — Q, ¢(t,-) = ¢:(-) be a vector field and
€ Pa(Q). Let (Ti)o<t : Q@ — Q be a locally Lipschitz family of diffeomorphisms, representing the trajectories
associated with the vector field ¢y, and such that To = I4. Let iy = Tyup. Then, py is the unique solution of the
following nonlinear transport equation:

{Oa“; ==V (), vt >0 (7)

Ho = K

where (V-) is the divergence operator, in the distributional sense (see details in Appendiz B.7). Moreover, the
sequence (u;)ien, constructed by SVGD, is a discretized solution of Eq. 7, considering the vector field ¢},,- One
can consider the resulting flow of measures:

D : RZO X 7)2(9) — PQ(Q),
(t, ) = @o(p) = e

We give a new proof of this theorem in Appendix B.7, using optimal transport theory. That proof is more
general in T', but less constructive. We also prove that the sequence (u;);en is a discretized solution of Eq. 7
(note that Eq. 7 has also been extensively studied in [23]). This result allows to study the time-derivative of the
KL-divergence between p; and .

Theorem A.10 (Time-derivative of the KL-divergence [20]). Let (T})o<¢ : 2 — Q be a locally Lipschitz family
of diffeomorphisms, representing the trajectories associated with the vector field ¢y, = S5,V log ﬁ, such that
To = 14. Let py = Tyypp. Then, the time derivative of the KL-divergence between py and m is given by

OKL(uy|)

Moreover, as R(u|m) is nonnegative, the KL-divergence is non-increasing along the net of measures.

The proof is in Appendix B.8.
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B Proofs

In the following sections, we provide the proofs of the theorems and lemmas stated in the main text. We also
provide Lean proofs of some results. The Lean proofs are available here *. Note that a collection of all key
notations and their meanings is available in Tab. 3. We also introduce a new quantifier %, such that, given a
predicate P and a measure pu,

[%x cFEC Q,P(m)} £ [FAC E, u(A) = u(E),Vz € A, P(x)].

This quantifier means that the predicate P is true for almost all z € £ w.r.t. the measure . When the considered
measure is the standard Lebesgue measure, we simply write V. This quantifier can be found in Mathlib (the
mathematics library of Lean), noted V™ x du, P x.

B.1 Proof of Properties A.1

The continuous BD is a special case of the nascent minima distribution, introduced in [24], that has the generic
form

() () — () () — T S(@)

myg(z) =m"™(z) = ; (8)
re Jam(f (1)) dt

where 7 : R — R+ is monotonically decreasing. We have the following theorems for general 7.

Theorem B.1 (Nascent minima distribution properties). Let m") and T be defined in Eq. 8. Then, we have
the following properties:

o If \(X*) =0, then, Va € Q,

- (K) () —
LR

{oo ifx e X*

0 otherwise

o If0 < A(X™), then, Va € Q,
AX)! ifre X*

K—00 0 otherwise

lim m®)(z) = {

Proof. Let’s prove the two properties together. Let p = 7(f(z')) > 0, V2’ ¢ X*. Then, 3Q,,, such that 0 < \(€,),
p < 7(f(t)),ie. f(t) < f(z’). Thus,

K

m) (x/> _ . p .
Jo, @) A+ Jo 0, TF(F(E)) dt

p/‘i}
= T @) d
1
T Top U@

For any ¢ in €, p~'7(f(t)) > 1. Therefore lim,_, « [, p~"7"(f(t)) dt = co. Hence,

va' ¢ X*, lim m®)(z) = 0.

K—00

4gaetanserre.fr/assets/Lean/SBS/index.html
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Now, let’s consider any " € X* and p = 7(f(«")). We have

m(n)(x//) _ p’Ii
Jo o (f()) dt
1

T e @) A fo e pr(f(1) d
1 N _
T At Jy ey T =)
1
CONX) A+ Joxe pETE(f(E) dE
For any t in Q/X*, p~t7(f(t)) < 1. Therefore, lim, fQ/X* p~"rH(f(¢t)) dt = 0. Thus,

o HFAX*) =0

Ve € X*, lim m(2") = { ,
K—00 otherwise

1

AXT)

Theorem B.2 (Convergence of expectation). Vf € C°(Q,R), the following holds
lim [ f(z) m"(z)dz = f*.

K—r 00O Q

Moreover, if X* = x*, we have

lim [ zm™(z)dz = 2*.
KR— 00 O

Proof. If f is constant, it is straightforward as m(*) is a PDF. Suppose f not constant on €. For any € > 0, let

0<d= oo Fo =) = & As [ is continuous, 35 = {x € Q| f(z) — f* < 6}, the corresponding level set.
Using Theorem B.1, 3K € N such that
/ m"™ (z) dz < &
Q/9s

holds Vx > K, as m(*® tends to 0 Vx ¢ X*. Thus,
0 ) (z) dz — f*
< [ Ham @) d - £
:/ f(z)ym™ () d — f*/ m") (z) dz
Q Q
= [ (@) = @) da

:/Q (f(2) - F)m) (x) da
z) — FYm) () dz
+/Q/Q5<f<> Fym® () d

<6 | m"(x)de
Qs

+mze f@) -~ 1) [ e do
zeQ Q/Qs
<o(l-9)+ (meag)l(f(x) — )0
< (1+ (max f(z) — 1))6 =<
The proof is similar for the second statement, by setting

Qs = {z € Q||z — z*|| < d}.
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Letting 7 = z — e~ gives Properties A.1.

B.2 Proofof f € CO(Q) NnW'(Q) = m™ € H'(Q)
Proof. As f and exp(-) lie in C°(2), e/ is also in C°(Q). As Q is compact, e~2%f is bounded. Thus, e~*/ lies
in L?(Q):
/ e 2@ dz < Q) % C < 0.
Q
Moreover, Ya € N such that |a| < 1, we have
D%(e ") = —ke "I D f.

As fis in W4(Q), Df is in L*(Q). Thus, D*(e~"7) is also in L%(Q):

/ (Do“(ef"”"f(”:)))2 dxr = / —ke 25 @) (D f(2))? da
Q Q
= (—re 2 (D f)*) L2(0y
< e |y (097 L,

= | =re™|| Ly 1D fI710

< Q.

B.3 Proof of Lemma A.3.

Proof. As u(+) and ¢ are in H'(Q), and as € is smooth, one can apply the integration by parts formula in Q C R?
(see [9)):

Eop[Aud(z)] = /Q Vlog u(x) T (z) + V - 6(z) dpu(x)
— [ @)V og @) (@) dx + [ ()7 6la) do
Q Q

- /Q () (V log () T ¢()) dla — / Viu(z) T é(z) da
_ /Q V()T o) de — / V()T ¢(x) da
=0

B.4 Proof of T, is a map to Hg

Proof. As k is continuous, symmetric, and positive-definite and as 1(2) < oo and as T, is a self-adjoint operator,
we can apply the Mercer’s theorem to obtain a sequence of eigenfunctions (¢;);en and a sequence of eigenvalues
(Ai)ien of T), such that (¢;);er is an orthornormal basis of Li(Q), such that (\;);en is nonnegative and converges
to 0, and such that the following holds:

VS,t S Q, k‘(S, t) = Z )\qul(s)@(t)
i=1
The above series converges absolutely and uniformly on 2 x . Let define the set

f= i)\iai@ A i&a? < OO} .
i=1 i=1

Hy = {f € L;,()
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endowed with the inner product

Vf,9 € M, (f,9) <ZA m,ZA bz¢>l> = Niabi. 9)

Hi =1

Routine works show that Eq. 9 defines a inner product and therefore that Hy, is a Hilbert space (for more details,
see Lean proof ). Let’s show that Hj is a RKHS with kernel k, i.e., Vt € Q, k(t,-) € Hy and, Vf € Hy,
f@) = (f k(t, ))n,. Let t € Q. First,  is compact, u(2) = 1 < oo, and k(t,-) is continuous on €, thus
k(t,-) € L2(Q). Then, we have that

t,:) = ZAi¢¢(t)¢i,
i=1
and

i N2 (t) = k(t, t) < oo.
=1

Thus, k(t,-) € Hg. Let f € Hi. One can write

<fa k(t’ )>Hk =

—
ﬂMg

=

Niaidi, Z Nidhi(t >
Hr

Aia;d;(t)

1

1

).

.
Il

Il
~
—~

Therefore, Hy, is indeed a RKHS with kernel k. The Moore—Aronszajn theorem ensures that, given k, there exists
an unique RKHS such that k is its kernel. Thus, Hj = Ho. That’s prove that Ho C L? (Q) = HCLADQ).
Let’s now prove that Vf € L2( ), Tuf € Ho. Let f € L2( ). We begin by proving that T,.f€L? 2 (92).

T, (1)) = ] [ )65 s

< /Q (2, 9)] 1 £(5)] dua(s)

= (k) 1) 22 @)
< [Ik(t:)

Then,

IOl gy = [ ITLFOR a

2 2
< [Ny 2 1115 o
= Ikl23 10

< 00.

Sgaetanserre.fr/assets/Lean/SBS/html/RKHS_inner.lean.html
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We now prove that T, f € Ho.

T, f = /Q k(- 5)/(5) du(s)

|
Z@
\
&h
§
=
=

As (¢i)ien is an orthonormal basis of L? () we have that

/ Gipj dp = Lgi—jy,
Q

which implies, using Parseval’s equality, that
i@ﬁ ¢i>2Lg(Q) = Hf||2ig(n) < 0.
i=1
As (\)ien converges to 0, 3I € N such that Vi > I, \; < 1. Thus,
2 i f, 00)7 2@ = Z)\ (f, i) L2(Q + Z Nilf, i L2(Q

i=I+1

< Z/\i<f7 ¢i>2Li(Q) + Z (fs ¢z‘>2Lg(Q)

i=1 i=1+1

I
< Z/\i<f7 ¢z’>2Lg(Q) + ||f||2Lg(Q)

i=1
< 00.

Therefore, Vf € LZ(Q)7 T.f € Ho, which proves that T}, : Li(Q) — Ho. |

B.5 Proof of Theorem A.6
Proof. First, we show that ¢}, € H, i.e. V1 <i <d, (qﬁ;)(i) € Hp. Let define the function
fD:0 SR,

0log %(1:)

T +—
axi

As supp(p) = Q, f® is well-defined and, as 7 and p are in H(Q), f@ is in L*(Q). Then, as Vo € Q,
k(,x) € S(u), it is easy to show that

(67" =T,/ € Ho.
Thus, ¢, = S#VIOgﬁ € H. Next, we prove that

Vf € H, Eonp [Anf ()] = (f, dp)n
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d

(Fr0mn =3 (O Ean |V logm® @)k(e) + Vak (@, )] )

(=1 Ho

[ d
= ]ExNN Z<f(l)v \Y IOg 7T(£) (I)k‘(, ‘r) + vxk(g) ('ra ')>Ho]

Lé=1

d
= ]E:CNM Z V]ogﬂ'(a (‘T)<f(e)7 k(? ZC)>H0 + <f(2)7 vxk(f) ('1:5 ')>H0]

[ d
=Epny | Y Viogr (2) £ (z) + of E)(x)] [40]

=E,, [Viogn(z)" f(z) + V- f(z)] .

Moreover, using the Cauchy-Schwarz inequality, we have that

(s dpm < I fllaell ol

Thus, as ||f|lx <1,
R(p,m) < |9l

*

Finally, by letting f = \Mﬁ%’ we have that
n

Ea:NM [A‘n'f] <f7¢ >7-l - H¢ ”H

B.6 Proof of Theorem A.7
Proof. Note T. =T, jup) the density of T p w.r.t. A. First, when ¢ is sufficiently small, 7" is close to the identity

and is guaranteed to be a one-to-one. Using change of variable, we know that Tq;lw admits a density mp-1
w.r.t. A and

mr—1y(x) = (T (x)) - |[det V., T'(z)|, Vo € Q.

Remark B.3. It is easy to see that, if T" is a one-to-one map, then

Vo e Q, (pry o T) (x) = ().
Let’s show that KL(Txpl||r) = KL(MHT;?W)'

KL(Tpullr) = / oy (50 aTy (o

T
log ( V4712 ) e

o' (T o
(&

O, T]OT ) x
1(9)1 & T-1] o~ 1OT)( )) d'u( )

:/ ‘@ ‘””)log(m( )

B (w = ) (@) = {z[T7' @) e Q} =)

- KL(MIT
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For more details, see Lean proof®. Thus, we have

VKL (p||T, ') :VE/Qu(a:) log (’“”(:”))) dx

7T[T—1] €T
= [ ). log(u(a) = tog (1) (@))] da
= —/Q,u(:zc)v6 log (mp-1)(x)) da

_]Ewwu [VE log (7T[T71](x))] .
Now, let’s compute V. log (W[T—l](x)).

Velog (mp-1)(x)) = Velog (n(T(x)) - |det(V,T(x))])
= V.logn(T(x)) + V. log|det(V,T(x))|
(
(

= V(g logn(T x)) ' V.T(x) 4 V. log|det(V,T(z))|

(
= Vi log n(T(2)) TV.T(x) + mvs det(V,T(2))

1
m Z (vava(x)ijCij)

ij

= V() log (T (x))"V.T(z) +

= Vi) log m(T(2)) V.1 (2 +Z (V9T (@) (VT (@)}, )

= V@ logm(T(2)) " V.T(z) + trace (V. T(z)) " - V-V, T(2)),

where C is the cofactor matrix of V,T'(z). Finally, the result of the theorem is a special case of the above result.
Indeed, V¢ € H, if T = I; + ¢, then

o T(@)]emo = 7

o VT(z) = ¢(x);

L VIT(.’IJ”&:O = Id;

o V.V, T(x) =V,o(x).
This gives

VKL (Tl 1) om0 = ~Epey [V log ()T 6(2) + V - 6(2)]
Applying Theorem A.6 ends the proof. |

B.7 Proof of Theorem A.9

Proof. First, as € is a subset of a metric space (Euclidean space) and is compact, it is also complete for the
induced metric. In addition, as it is connected, it is also path-connected. These properties combined with the
fact that Q is smooth ensure that € is a smooth complete manifold. Finally, as (T})o<¢ is a locally Lipschitz
family of diffeomorphisms representing the trajectories associated with the vector field ¢, and as p; = Tigpp,
then, a direct application of [37, Theorem 5.34] gives that p; is the unique solution of the nonlinear transport
equation

Y

e 1V () = 0,Vt >0,
Ho =K

where the divergence operator (V-) is defined by duality against smooth compactly supported functions, i.e.
VM € M(Q)7v¢ (= viw € CEO(Q)v <TV'(¢;L)7<)0> = _<Tu7¢ ' V@)a

Sgaetanserre.fr/assets/Lean/SBS/html/KL.lean.html
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where M () is the set of measures on €, for any p in M(), T}, is the distribution associated with p, and, for

any ¢ in C*(Q), (T, ) = [o ¢ du (see also [38]). Furthermore, as piy1 = (Ig + 9%, )4 (see Eq. 6), one can
write

/ ¢ dpiv =/ po (lg+edy,) dui, Vo € CZ(Q).
Q Q
s /Q o +e(Vo-oy,) du (Taylor expansion of ¢(z) at x + EP),. (z))
z/so dﬂi‘i‘/E(V(P'(ﬁ;i) dp
Q Q
:/ © d,ui—/ap d (V- (nidy,))
Q Q

= /w dum—/w duiz—e/w d (V- (uid},)) -
Q Q Q

This shows that iteratively updates p in the direction I4+e¢7, , given a small €, corresponds to a finite difference
approximation of the nonlinear transport equation. |

B.8 Proof of Theorem A.10

Proof. Using the Leibniz integral rule, the time derivative of the KL-divergence writes

OKL(pe||m) 9 / dpu
a1 ot ), 108 ~ar
¢(z)
_ [ dmla) () / Olog 5
f/ﬂ 5t log (@) dz + Q,ut(x 5
_ [ Om() () / log ()
_/Q o log @) dz + Q,ut(x) 5 d
_ O () pe (@) /3/%(1‘)
_/Q ot log () dz+ o Ot do
Q () ot Jo
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Furthermore, u; is the unique solution of the nonlinear transport equation of Theorem A.9, where ¢}, =
S, Vlog i (see Appendix B.5). Thus, we have

T [9 Gula)e, (o)) 10 2 4o

/,ut( )¢ ( )+ Vliog 7T((£E)) dx (¢;t GSM)

/ ., () - Vlog ((x)) dyue ()
<L¢M,V10g >

L2(Q,Q)

= <¢;t, S, Viog —>H

= <¢m’ -5, Vlog Ht>7.¢
= 7<¢;t’¢;t>’f{

— 15,
—R(pe| ).

B.9 Proof of Lemma 3.2

Proof. We recall that, using Appendix B.5,

K(ulm) = || 6515, = Eamu [As0]]

The right implication is straightforward. Assume that y = 7. We know that ¢}, isin § (1) = S(m), thus, using
Lemma A.3, we have that

»qu [ w?b*} (M|7T) =Egrn [Aﬂd);] =0
The left implication is more involved. Assume that £(u|7) = 0. In Appendix B.5, we have shown that
N T
¢, = 5,V log o
This implies that

R <S v1og .S, Vlog = > <Vlog7r,LS“V1og7r> .
M/ H K/ Lz,

Thus, one can rewrite the KSD as
S //Vlog (xﬂm)Vlog%(x’) du(z) du(z').
Since k is positive definite, we have that
R(ulr) =0 <= Vlog%(x) =0,V € Q.

Moreover, as the density of u is supported over 2, there is no set E C Q such that A(E) > 0 and u(E) = 0.
Thus, a predicate P(z) is true for almost all z € Q, w.r.t. p if and only if P(x) is true for almost all z in €,
w.r.t. A

Finally, if Vz € Q, Vlog 7(x) = 0, it implies that 3¢ € Rso such that, pu(z) = em(z). As p() and n(-) are
probability densities over 2, ¢ = 1:

u(Q):I:/Qu(:c) dx:/ﬂmr(x) da = en(Q) = c.
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Thus,
Vlog%(x) =0 < n(z) = p(z), vz € Q.

For more details, see Lean proof”. |

B.10 Proof of Lemma 3.3

Proof. We first show that 7 is a fixed point of (u : P2(2)) — P¢(p), i.e. P¢(mw) = . To do so, recall that
2
R(r|m) = |07l -
Using the right implication of Lemma 3.2, we have that
2
167113 =0,

which implies that

= ¢k(x) =0,%z € Q.

Thus, Y,z € (,
T:(z) =x+eol(z) ==,

implying ®;(7) = 7.
Then, suppose that Jv € P5(Q) such that v # 7 and ®;(v) = v for any ¢t > 0. We have that

OKL(®¢(v)]|)

=0=—R(v||m).
- (v]17)
However, using the left implication of Lemma 3.2, we obtain a contradiction.

For more details, see Lean proof”. |

B.11 Proof of Theorem 3.1

Proof. By construction of Pa(£2), KL(p||7) is finite. Moreover, as stated in Theorem A.10, t — KL(u||7) is
decreasing. Thus, it exists a positive real constant ¢, such that, for any sequence (¢,)nen such that ¢, — oo,
KL(uy,||m) — c¢. It implies that, for any such sequence (t,)nen, it exists a subsequence (t;)gen such that
P, — oo, meaning that @, (u) — peo (see [3, Theorem 2.6]). Therefore, by continuity of R(:|7), ueo is a fixed
point of ®;, for any p € P2(Q) such that KL(u||7) is finite. Finally, using Lemma 3.3, we have that yoo = 7. W

"gaetanserre.fr/assets/Lean/SBS/html/KSD.lean.html
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