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ABSTRACT. — We give a new proof of a theorem of Giordano, Putnam and Skau charac-
terizing orbit equivalence of minimal homeomorphisms of the Cantor space in terms of their
sets of invariant Borel probability measures. The proof is based on a strengthening of a theorem
of Krieger concerning minimal actions of certain locally finite groups of homeomorphisms, and
we also give a new proof of the Giordano-Putnam—Skau characterization of orbit equivalence
for these actions.

RESUME. — Nous donnons une nouvelle preuve d'un théoréme de Giordano, Putnam et
Skau qui caractérise I’équivalence orbitale d’homéomorphismes minimaux de I’espace de Cantor
a l'aide de leurs ensembles de mesures de probabilité boréliennes invariantes. La preuve est
basée sur une amélioration d’un théoréme de Krieger, qui s’applique aux actions minimales de
certains groupes d’homéomorphismes localement finis. Nous donnons également une nouvelle
preuve du théoreme de Giordano—Putnam—Skau caractérisant 1’équivalence orbitale pour de
telles actions.
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260 J. MELLERAY & S. ROBERT

1. Introduction

This paper is concerned with continuous actions of countable groups by homeo-
morphisms on the Cantor space X; we say that such an action is minimal if all of
its orbits are dense. Two actions of countable groups I'; A on X are orbit equivalent
if there exists a homeomorphism ¢ of X such that

Vo,o'e X @vyelqx)=2)e 3Xe Ag(x)) =g(2))

In words, the actions of I' and A are orbit equivalent when the equivalence relations
that they induce are isomorphic. In what follows, we will often see I', A as subgroups
of Homeo(X), and then we simply say that I, A are orbit equivalent.

For any minimal homeomorphism ¢ of X (i.e. a homeomorphism such that the
associated action of Z on X is minimal), denote by M () the set of all p-invariant
Borel probability measures. Our motivation here is to give a proof of the following
famous theorem of Giordano, Putnam and Skau, which we call throughout the paper
the “classification theorem for minimal homeomorphisms”.

THEOREM (Giordano—Putnam—Skau [GPS95, Theorem 2.2]). — Assume that ¢, ¢
are minimal homeomorphisms of the Cantor space X. The following conditions are
equivalent.

e The Z-actions induced by  and v are orbit equivalent.

e There exists a homeomorphism g of X such that g.M(p) = M().
(where g.M(p) = {gp: p € M(¥)}, with g.pu(A) = u(g~'(A)) for any Borel
subset A of X.)

The implication from top to bottom above is easy to see, and any g witnessing
that ¢ and v are orbit equivalent is such that g.M(p) = M(v)). The converse
is much more surprising, and somewhat mysterious; in particular, two minimal
homeomorphisms may have the same invariant Borel probability measures but induce
different equivalence relations on X. The original proof in [GPS95] uses homological
algebra in an essential way; different arguments have been proposed since then (see
for instance [Put10] or [Put18], as well as the “elementary” proof given in [HKY11])
but it remains difficult to “understand the dynamics that lie beneath”, to quote
Glasner and Weiss [GW95].

Our aim in this paper is to present a self-contained proof of the classification
theorem for minimal Z-actions. We exploit a connection with minimal actions of
certain locally finite groups, which was already noticed by Giordano, Putnam and
Skau. Recall that a subgroup I' of Homeo(X) is a full group if

I'={g € Homeo(X): 3 Afinite CI' Ve e X Ive Ay(z) =1}

The condition above says that I' coincides with the group of homeomorphisms which
are obtained by gluing together finitely many elements of I" (see Section 2.1 for some
more details on full groups, as well as more background on other notions that we
use in this introduction. In the context of minimal Z-actions on the Cantor space,
full groups were first investigated in [GPS99]). Following Krieger [Kri80], we say
that a subgroup I' of Homeo(X) is ample if it is a countable, locally finite full group
such that {x: v(z) = x} is clopen for every v € I'. Equivalence relations induced by
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From invariant measures to orbit equivalence, via locally finite groups 261

minimal ample groups correspond to the “affable” equivalence relations introduced
by Giordano, Putnam and Skau, which play an important part in their theory
(see [GPS04] and [Put18]). For any ample group I, the set M (I") of all I'-invariant
Borel probability measures on X is nonempty, and Giordano, Putnam and Skau
established the following result, which we call the “classification theorem for minimal
ample groups” (see also Putnam [Put10] for an interesting take on this result).

THEOREM (Giordano-Putnam—-Skau [GPS95, Theorem 2.3]). — Let X be the
Cantor space. Given two ample subgroups of Homeo(X) acting minimally, the fol-
lowing conditions are equivalent.

e The actions of I" and A are orbit equivalent.
e There exists a homeomorphism g of X such that g.M(I') = M(A).

Giordano, Putnam and Skau observed that every minimal Z-action is orbit equiv-
alent to an action of an ample group (the group in question is naturally associated
to the Z-action, see Section 2.3) and then pointed out that one can deduce the
classification theorem for minimal Z-actions from the corresponding classification
theorem for actions of ample groups. Our strategy is the same, although our proof
of this fact (Theorem 6.1 here) is new. Like Giordano, Putnam and Skau we use
an “absorption theorem” (Theorem 5.1) to establish the classification theorem for
minimal ample groups.

As an example of such an absorption theorem (indeed, a fundamental particular
case), consider the relation Ey on {0, 1}N, where for all ,y € {0, 1}N one has z Eyy
iff (n) = y(n) for all large enough n. This relation is induced by the countable,
locally finite group I' of all dyadic permutations; these are the homeomorphisms of
{0, 1}N obtained by first choosing a bijection o of some {0, 1}" to itself, then setting
d(u ~ z) = o(u) —~ x. Denote by ¢ the dyadic odometer (which corresponds to
“adding 1 with right-carry”), which is a minimal homeomorphism; the relation R,, is
obtained from Ej by gluing the classes of 0° and 1 together (indeed, ¢ can only
change finitely many coordinates at a time, except for the special case p(1°°) = 0%).
Giordano, Putnam and Skau’s absorption theorem implies in particular that Rp
and R, are isomorphic; this means that there exists a homeomorphism g of {0, 1}
which turns Ej into the relation obtained from Ej by gluing two orbits together. This
extraordinary fact is quite hard to visualize, and we do not know of any “concrete”
construction of such a g. Clemens, in unpublished work [Cle08], gave a nice explicit
construction of a minimal homeomorphism inducing Ey (via a Bratteli diagram) and
asked whether Fj can be generated by a Lipschitz automorphism of {0, 1}.

While our absorption theorem (and its strengthening, Theorem 6.5) follows from
known results ([GPS04, Lemma 4.15], itself generalized in [GMPS08, Theorem 4.6]
and [Mat08, Theorem 3.2], its proof is relatively elementary, and based on the
following strengthening of a theorem of Krieger which we find interesting in its own
right.

THEOREM 1.1 (see Krieger [Kri80, Theorem 3.5]). — Let I', A be two ample

subgroups of Homeo(X); assume that for any A, B € Clopen(X) there exists v € I'
such that v(A) = B iff there exists A € A such that \(A) = B.
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262 J. MELLERAY & S. ROBERT

Assume additionally that K is a closed subset of X which intersects each I'-orbit
in at most one point; L is a closed subset of X which intersects each A-orbit in at
most one point; and h: K — L is a homeomorphism.

Then there exists g € Homeo(X) such that gL'g~' = A, and g;x = h.

In terms of the Polish topology of Homeo(X), the original statement of Krieger’s
theorem (i.e. with K = L = () above) can be seen as saying that two ample groups
I', A are conjugate in Homeo(X) as soon as their closures are. A lemma due to
Glasner and Weiss (Lemma 3.5 below), which is essential to our approach, implies
that, whenever ¢ is a minimal homeomorphism, the closure of its full group is equal
to the group of all homeomorphisms which preserve every measure in M (p). Also,
two homeomorphisms ¢ and i are orbit equivalent if and only if their full groups
are conjugate in Homeo(X). Thus one can see the classification theorem for minimal
Z-actions as the statement that the full groups of two minimal homeomorphisms
are conjugate as soon as their closures coincide, which suggests a relationship with
Krieger’s theorem. That is the motivation for our approach.

Say that an ample subgroup I" of Homeo(X) acting minimally is saturated if

I'={g € Homeo(X): V€ M) gpo = u}

It follows from Krieger’s theorem and a variation on the aforementioned result of
Glasner and Weiss (Lemma 3.4 below) that two saturated ample groups I', A are
conjugate iff there exists ¢ € Homeo(X) such that ¢g.M(I') = M(A). In particular,
a strong form of the classification theorem, in the special case of saturated ample
groups, follows directly from a combination of Glasner—Weiss’s compactness argument
and Krieger’s theorem: two saturated minimal ample groups which preserve the same
Borel probability measures are conjugate.

It is then natural to try and prove the classification theorem by establishing
that any minimal action of an ample subgroup of Homeo(X) is orbit equivalent
to a minimal action of a saturated ample subgroup (a closely related strategy was
suggested in [IM17]). This is the approach that we follow here.

We need to control some tension between two equivalence relations, one on clopen
subsets of X and the other on points. Starting from an ample group I', we want
to coarsen the relation induced by the action of I" on Clopen(X) so as to make I
saturated; but this changes the relation induced by the action of I" on X, and the only
technique we have at our disposal to control this relation is via our strengthening of
Krieger’s theorem. Given a minimal ample I', we manipulate Cantor sets K U o(K),
where ¢ is a homeomorphic involution, which intersect each I'-orbit in at most one
point, and consider the relation Rr g which is obtained by joining the I'-orbit of
z and o(x) together for all x € K, and leaving the other orbits unchanged. By
Theorem 3.11, for any two such K, L the relations Rr x and Rr; are isomorphic.
Then we prove that there exists such a K for which Rp g is induced by an ample
group with the same orbits as I" on Clopen(X) (hence this ample group is conjugate
to I'); and another such K for which Rr x is induced by a saturated minimal ample
group. It follows that I' is orbit equivalent to a saturated minimal ample group,
thereby establishing the classification theorem for minimal ample groups. This is
where we need, and prove, an absorption theorem: the argument above establishes
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From invariant measures to orbit equivalence, via locally finite groups 263

that Rp is isomorphic to the relation obtained by gluing together the orbits of x and
o(x) for each x € K.

We conclude this introduction by a few words about the structure of this article,
which we tried to make as self-contained as possible, in the hope of making the proof
accessible to a broad mathematical audience. Sections 2 and 3 mostly consist of
background material, the exception being Theorem 3.11, which is the main driving
force in our proof of the classification theorems. Section 4 develops an auxiliary
combinatorial tool which we need to extend an ample group to a saturated ample
group while having some control on the equivalence relation induced by the bigger
group (the underlying idea is related to work from [IM17]). Then we use our tools
to prove the classification theorem for minimal ample groups. In the last section, we
explain how to deduce the classification theorem for minimal Z-actions.
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2. Background and terminology
2.1. Full groups.

DEFINITION 2.1. — Given a subgroup I' of Homeo(X), we set
F(I') ={g € Homeo(X): 3 A finite CT' Ve e X Fye Ag(zx)=(z)}

We say that F(I') is the topological full group associated to the action of I" on X;
and that T is a full group if I" = F(I).

Notation 2.2. — Below, whenever I" is a subgroup of Homeo(X ), we denote by
Rr the equivalence relation induced by the action of T, i.e.

Vez,ye X (xRry)e (3yel y(z)=y)

For ¢ € Homeo(X), we simply denote by R, the equivalence relation induced by
the action of {¢": n € Z}.
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264 J. MELLERAY & S. ROBERT

DEFINITION 2.3. — Let R be an equivalence relation on X. The full group of R

is
[R] = {g € Homeo(X): Vz g(z)Rx}

Note that [R] is indeed a full group as defined above; also, two actions of groups
['; A on X are orbit equivalent if and only if there exists g € Homeo(X) such that
9[Rrlg™" = [Ra].

When ¢ is a homeomorphism of X, we can consider the topological full group of
the associated action of Z, which we denote F'(¢); or the full group of the equivalence
relation R, induced by the action, which we denote [R,|. The standard notations
for these objects are [[¢]] for what we denote F'(¢), and [p] for [R,]; F(y) is called
the topological full group of ¢, and [¢] the full group of ¢. We find these notations
potentially confusing, especially in this paper where it will be important to keep in
mind the difference between the full group associated to an action of a countable
group, which is a countable group of Homeo(X'), and the full group associated to an
equivalence relation, a typically much bigger group. We refer the reader to [GPS99],
where topological full groups of minimal homeomorphisms are investigated in detail.

2.2. Invariant measures for minimal actions

Notation 2.4. — Whenever I' is a subgroup of Homeo(X), we denote by M (I")
the set of I'-invariant Borel probability measures. For any ¢ € Homeo(X), we simply
denote M () for M({¢": n € Z}).

The set M(I') is nonempty as soon as I' is amenable, which is the case for the
groups we are concerned with, namely Z, some locally finite groups (the ample
groups considered in Section 3), and full groups associated to these groups and the
equivalence relations they induce.

LEMMA 2.5. — Assume that I' is a countable subgroup of Homeo(X). Then
M(T') = M([Rr]).
Proof. — Since I' is contained in [Rr|, we have M ([Rr]) € M(I") by definition.

Conversely, let u € M(I") and g € [Rr]. There exists a Borel partition (B,) of X
and elements v, € I' such that g, = 7, p, for all n. For any Borel A, we have

1(g(A)) = > u(g(ANn By))

neN

= > u(w(ANB,))

neN
= Z n(AN By,)
neN

= p(A) O

Given two homeomorphisms ¢, 1, an orbit equivalence from R, to R, is the same
as a homeomorphism g of X such that g[R,]g~" = [Ry]. Hence whenever g is an orbit
equivalence from R, to Ry we have g.M([p]) = M([¢]), that is, g. M (p) = M(¥).
This establishes the easy direction of the classification theorem for minimal Z-actions.

We collect some well-known facts about invariant measures for minimal actions.
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LEMMA 2.6. — Let I' be a countable subgroup of Homeo(X) acting minimally;
assume that M(T') # (). Then:

o Any u € M(I") is atomless.

e For any nonempty clopen U, we have inf,, ¢ yrry u(U) > 0.

e Fix a compatible distance on X. For any € > 0, there exists 0 > 0 such that
for any clopen A of diameter less than §, one has sup,, ¢ yry H(A) < €.

In particular, any I'-invariant measure has full support.

Proof. — Fix x € X and p € M(I'). The set {y(z): v € I'} is infinite, so
p({x}) = 0.This proves the first property.

To see why the second property holds, fix a nonempty clopen U; since I' acts
minimally, we have U, crv(U) = X, so by compactness there exist 71, ..., v, € T’
with X = U, %(U), whence u(U) > + for any € M(T).

For the third point, we use the same argument as in [BMO08, Proposition 2.3].
Arguing by contradiction, we assume that there exists a sequence of clopens (A,,)
of vanishing diameter and p,, € M (I") such that pu,(A,) = € for all n. Up to some
extraction, we may assume that (A,) converges to z € X for the Vietoris topology
on the space of compact subsets of X, and (u,) converges to u € M(I). If O is
a clopen neighborhood of z, we have that A, C O for large enough n so that
pn(O) = pn(An) = €, whence p(O) > ¢ for all n. Hence pu({z}) > €, contradicting
the fact that p is atomless. ([l

The following observation will also play a part later on.
LEMMA 2.7. — Let I" be a subgroup of Homeo(X). Denote
Gr = {g € Homeo(X): V€ M) g.p = u}
Then Gr is a full group and M(Gr) = M(T').

Proof. — Clearly Gr is a full group; since I' C Gr we have M(Gr) C i
Conversely, for any g € Gr and any u € M(T") we have g,u = p, so M(T' C M(Gr)).

N
A

2.3. Kakutani—Rokhlin partitions

In this subsection, we fix a minimal homeomorphism ¢ of X. For any nonempty
U € Clopen(X), we have X = U, cz ¢™(U), thus by compactness of X there exists

N such that
N

—1 2N
x= U ew=- U ¢o=Ueo
n=—N n=—2N-1 n=0
This proves that the forward and backward orbit of any x € X are both dense. For
any x there exists some n > 1 such that ¢"(x) € U, and we define

ny(z) =min{n > 1: ¢"(z) € U}
Since U is clopen, the map ny is continuous, so it takes finitely many values on U
since U is compact. Let [ = ny(X) and U; = {x € U: ny(x) = i}. Each U; is clopen
and for any 4,5 € I and any n < i — 1, m < j — 1 we have ¢"(U;) N "™ (U;) = 0 as
soon as (i,n) # (j,m). This leads us to the following definition.
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266 J. MELLERAY & S. ROBERT

DEFINITION 2.8. — A Kakutani-Rokhlin-partition of X is a clopen partition
(Uij)ier,j<n; such that for any ¢ and any j < n; — 1 one has p(U, ;) = U; j11.

The base of the partition is U = \J; c ; U, and its top is ¢~ (U) = U;e 1 Uiny—1-

We say that (U; j)o<j<n, is a column of the partition, and that n; is the height of
this column.

The construction outlined before the definition of Kakutani—-Rokhlin partitions
shows that for any nonempty clopen U there exists a Kakutani—Rokhlin partition
whose base is equal to U.

DEFINITION 2.9. — Let A = (Ui,j>i61,0<j<ni and B = (Bk,l>keK,0<l<mk be two
Kakutani—Rokhlin partitions.

We say that B refines A if every By is contained in some A; ; and the base of B
is contained in the base of A (then the top of B is also contained in the top of A).

Note that if B refines A and By, is contained in some atom A, ; with j <n; — 1,
then I < my — 1 and By 11 = p(Bgy) C A, j41; one often says that the columns of
B have been obtained by cutting and stacking from the columns of A. Going back
to the example of a Kakutani-Rokhlin partition defined from the first return map
to some clopen U, the intuition is that if we shrink the base to some V C U then
©*(y) can only belong to V if it belongs to U; and if ©*(z) € U \ V, then before
coming back to U one will have to go through the whole column containing = for
the Kakutani-Rokhlin partition based on U (see Figure 2.1 below).

DEFINITION 2.10. — A Kakutani—-Rokhlin partition A is compatible with
U € Clopen(X) if U belongs to the Boolean algebra generated by A.

LEMMA 2.11. — Let A be a Kakutani-Rokhlin partition, and U € Clopen(X).
There exists a Kakutani-Rokhlin partition B which refines A and is compatible
with U.

Proof. — The proof only involves cutting, and no stacking. Let A= (U; j)icr,0<j<n;-
For any 7 € I, consider the equivalence relation R; on U, defined by

(zRy) & (Vj <ni (¢ (@) €U & ¢ (y) €V))

The equivalence classes of R; are clopen, call them D, for k € K.
Then the Kakutani-Rokhlin partition B whose columns are (¢’ (D},))o< j < n, refines
A and is compatible with U. d

Note that if A is compatible with some U € Clopen(X), and B refines A, then B
is also compatible with U.

Since there are countably many clopen sets, it follows from the previous discussion
that, given any x € X, we may build a refining sequence of Kakutani—Rokhlin
partitions (A,) with the following properties:

(1) For any U € Clopen(X), there exists n such that A, is compatible with U
for all m > n.

(2) The intersection of the bases of A, is equal to {x} (and then the intersection
of the tops is equal to o' ({z})).

We fix such a sequence of partitions (A4,,) for the remainder of this section.
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Remark 2.12. — Let k be a given natural integer. The fact that ¢ acts minimally
(aperiodicity of the action would suffice) and condition (2) ensure that for any big
enough n, the base B of A, is such that B, p(B), ..., ¢*71(B) are pairwise disjoint,
and thus every column of A,, is of height larger than k.

DEFINITION 2.13. — For any n € N, we let I',, consist of all g € Homeo(X) with
the following property: for every atom U, ; of A, there exists an integer k;; with
0 < j+ ki; <n; and such that g(y) = p*i(y) for all y € U, ;.

Set T',(¢) = U, ', (note that T, is a subgroup of T, 1 for all n, see Figure 2.1
below).

: Base of A,11

An An—{— 1

~ €€ I'p v € Fn—|—1 ;>
I
]

Z

|

|

| Q )
| AN

\

’ﬂ
’ﬂ

Figure 2.1. Cutting-and-stacking procedure, and I';, < I';;14

By definition, I';(¢) is a subgroup of the topological full group F(¢p).

Each v € T', induces a permutation of the atoms of each column of A,; and if
we know how v permutes the atoms within each column then we have completely
determined v (this will lead us to the concept of unit system in the next section). In
particular, each I, is finite (and is isomorphic to a direct product of finite symmetric
groups). So [';(¢p) is locally finite.

Since each clopen is eventually a union of atoms of A, I'.(¢) is a full group.

[t seems from the definition that the group I';(¢) depends on the choice of sequence
of Kakutani—-Rokhlin partitions, but it only depends on the choice of z; and even
then, we will later see as a consequence of Krieger’s theorem that I';(¢) and I'y(p)
are conjugate in Homeo(X) for any =,y € X.

LEMMA 2.14. — Denote Ot (z) = {¢™(x): n = 0}, O~ (x) = {¢"(x): n < 0}.
Then T',(¢)x = OT(2), To(p)p ' (z) = O (z), and for any y which is not in the
p-orbit of x we have I',(v)y = {¢"(y): n € Z}.
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268 J. MELLERAY & S. ROBERT

Further,
Ta(p) = {g € Flp): g(0*(x)) = O*(x)}

Proof. — Fix k > 0 and let n be such that each column of 4, has height bigger
than k. Letting U, ¢ be the atom of A,, containing x, we then have oF(x) € Ui, and
there is an element of I',, which is equal to ©* on U, so ¢*(z) € T',(¢)x. Hence
OT(x) C T,(p)r and a similar argument (or this argument applied to ¢!) shows
that O~ (x) C Tp(p)p~(z).

The converse inclusions are immediate from the definition of I',(¢): for & > 0, and
any n such that the height of each column of A, is bigger than k, the I',,-orbit of
©*(z) consists of z, ..., "(z) (and similarly for negative k).

Next, denote by U, the base of A,,. If y does not belong to the y-orbit of x, then
for any sufficiently large n y does not belong to U,, U o~ (U,). If we denote by V,,
the atom of A,, which contains y, this means that the map which is equal to ¢ on
V, and ¢! on o(V,), as well as the map which is equal to ¢! on V,, and ¢ on
¢~ 1(V;,) both belong to T',,. Thus y belongs to the same I',(¢)-orbit as p*!(y), so
L.(e)y = {¢™(y): n € Z}. This completes the description of the I',(¢)-orbits.

We still have to prove the second assertion. One inclusion comes from what we
just established. Let g € F/(¢) and set

F = {k:e Z: 3z g(x) chk(:z;)}

F'is a finite set; for any sufficiently large n, on any atom U, ; of A, there exists k € F’
such that g(y) = ¢*(y) for all y € U, ;. If g does not belong to I',(), there must
exist some k € F such that for infinitely many n there exists some atom U, ; of A,
such that either k4 j > n; or k+j < 0. Considering only a subsequence of (A,,), we
may assume that we are always in the first case and n; — j is constant equal to some
integer m (since 0 < n; — j < k, only finitely many values are possible); or always
in the second case and j is constant. In the first case, g maps =™ !(z) € O~ (x) to
©*"™m(z) € OF(z); in the second case g maps @’ (z) € O (x) to P (x) € O~ (x).
We just proved that if g € F(p) \ I's(¢) then g(O*(z)) # OT(x), which is the
contrapositive of the implication we were aiming for. O

3. Ample groups and a pointed version of Krieger’s theorem

Now we go over some notions from Krieger [Kri80]. We will in particular establish
a strengthening of the main result of [Kri80] (Theorem 3.11 below).

3.1. Ample groups

DEFINITION 3.1 (Krieger [Kri80]). — A subgroup I' of Homeo(X) is an ample
group if
e [' is a locally finite, countable, full group.
o Forally € I, {z: v(z) = x} is clopen.
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Our main example comes from the objects introduced in the previous section: given
a minimal homeomorphism ¢ and z € X, the group I';(¢) is an ample group (the
fact that for each « the set {x: v(x) = x} is clopen comes from the fact that ¢ has
no periodic points, since it acts minimally). Actually, all minimal ample groups are
of this form, see Theorem 4.7.

DEFINITION 3.2 (Krieger [Kri80]). — Let I' be a subgroup of Homeo(X), and A
be a Boolean subalgebra of Clopen(X). We say that (A,I') is a unit system if:

e Every v € T induces an automorphism of A.

e Ifv €T is such that y(A) = A for all A € A, then v = 1.

e If g € Homeo(X) induces an automorphism of A, and for any atom of A
there exists y4 € I' such that a4 = gja, then g € I'.

We say that (A,T") is a finite unit system if A is finite (in which case I is finite also).

By definition, if we know how + € I' acts on atoms of A then v is uniquely
determined. We say that a unit system (B, A) refines another unit system (I, .A) if
I'CA and ACB.

LEMMA 3.3 (Krieger). — Let I' be an ample group. There exists a refining se-
quence (A, T',) of finite unit systems such that

Clopen(X) =JA, ; =T,
We say that such a sequence of unit systems is exhaustive.

Proof. — Fix enumerations (7, )nen of I'and (U, ), e N of Clopen(X). We construct
inductively a refining sequence of finite unit systems (A, ';),insn such that

VneN,U, € A, and ~, € T,,.

Assume vy = id and Uy = X, so that ({X,0}, {70}) is already a unit system, and
set Ag = {X,0}, To = {70}

Then assume (A,,T',) is constructed for some n > 0, and let I, denote the (finite)
group generated by I',, and ~,41. Fix v € I'). For any integer p, the set U,(vy) of
points which have period exactly p for v is clopen. Let () denote the (finite) set
of all p such that U,(y) # 0.

Whenever p > 2 and x € Uy(7), we can find some clopen neighborhood V,, of  such
that V,,7(V},), ..., ¥*71(V},) are pairwise disjoint. Since U,(7) is covered by finitely
many such V,, we can then produce a clopen W, () such that for any p € I(y) one
has

Then the family (v*(W,(7))per.0<k<p-1 forms a clopen partition, which generates
a finite Boolean subalgebra B, of Clopen(X). For any atom A of this partition, either
7 is equal to the identity on A, or v(A4) N A = 0.

Let A,, 11 denote the coarsest I' -invariant Boolean subalgebra of Clopen(X') which
refines each B, as well as A,, and the subalgebra {0, U, 11, X \ Up41, X }. It is a finite
subalgebra of Clopen(X).
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Finally, let I',, ;1 denote all v € T" such that for any atom U of A, there exists
0 € I, which coincides with v on U.

By construction, I") is contained in I',41, and U,1; € A, ;. It remains to point
out that (A, 41, 41) is a unit system; to see this, choose v € I’ and U an atom of
A, 41 such that y(U) = U. Then U is contained in some atom A of B,, and either v
coincides with the identity on A or y(A) N A = (). Since U C A and y(U) = U we
must be in the first situation, which concludes the proof of Lemma 3.3. ([l

The following result is an analogue of a lemma due to Glasner and Weiss [GW95,
Lemma 2.5 and Proposition 2.6]; the argument we use in the proof is essentially the
same as in [GW95].

LEMMA 3.4. — Let I' be an ample group; recall that M(T") is the set of all
I'-invariant Borel probability measures on X. Let A, B be two clopen subsets of X.

(1) Assume that u(A) < u(B) for all p € M(T"). Then there exists v € I" such
that v(A) C B.

(2) Assume that pu(A) = p(B) for all u € M(I") and that I' acts topologically
transitively. Then there exists g € [Rr| such that g(A) = B.

We only assume that I' acts topologically transitively above because that is the
natural hypothesis to make the argument work. Since our concern is with minimal
actions, we mostly stick with the minimality assumption throughout the paper but
make an exception here.

Proof. —

(1) Find an exhaustive sequence (A, I',) of finite unit systems. There exists m € N
such that for all n > m both A and B are unions of atoms of A,,. For U an atom of
A,,, we may thus consider

a,(U) =V e, U: V C A}|
bo(U)={V el ,U:V C B}

(where |F| stands for the cardinality of a finite set F')
Assume that for any n > m there exists p > n and an atom U, € A, such that
a,(Up) = by(U,); pick z, € U, and set

1
Hp = ﬁ Z Oy (ay)

Plyely
where ¢, stands for the Dirac measure at y € X. Then p, is a I',-invariant Borel
probability measure for all p, and p,(A) > p,(B). Using compactness of the space
of all Borel probability measures on X, we may take a cluster point p of (u,), and
p is a P-invariant measure such that p(A) > u(B), contradicting our assumption.

Hence we see that, for any sufficiently large n > m, any atom U of A,, is such that

a,(U) < b,(U). From this we obtain the existence of v € I';, such that y(A) C B
(any permutation of the atoms of a column of A, is induced by an element of T,,).
(2) We may (and do) assume that A, B are nonempty and AN B = (); we fixa € A
and b € BN Ta (here we are using topological transitivity).
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Fix a compatible ultrametric d on X; we use a back-and-forth argument to build
sequences of clopen subsets (U,,), (V,,) of X, and a sequence (7,,) of elements of T’
such that for all n:

e U, CA ac A\U,, and U, "YU, U; = 0.

eV, CB, b A\ V,,and V,, NU'S V; = 0.

e The diameters of A\ U, U; and B\ U}, V; converge to 0.

e For all n, v,(U,) = V,.
Assuming that this is indeed possible, we obtain the desired g by setting g = v,, on
Un, g =", on V,, g(a) =b, g(b) = a (and g is the identity outside AU B).

We use even steps of the process to make the diameter of X \ U, U; decrease, and
odd steps to control X \ Ui, V;; since the conditions are symmetric, let us explain

what we do when Uy, Vo, ..., U,_1, V,,_1 have been defined and n is even. Set
n—1 n—1
i=0 i=0

Then a € A, b€ B, and pu(A) = ,uN(B) for all p € M(T).
Pick ¢ > 0 such that B(a,e) C A. If follows from Lemma 2.6 that for small enough
0 > 0, we have

A\ B(a,e)) < inf B\ B(b,§

MES%ZF)M( \ B(a,e)) uel?m)“( \ B(b,9))

Set U,y = A\ B(a,¢); use (1) to find 4,1 € T such that ,41(Unyi) € B\ B(b,6)).
We set V11 = Y11(Uns1) and move on to the next step. d

For future reference, we state the original lemma of Glasner and Weiss, whose
proof is very similar to the proof of Lemma 3.4.

LEMMA 3.5 (Glasner-Weiss [GW95, Lemma 2.5]). — Let ¢ be a minimal homeo-
morphism, and let A, B be two clopen sets such that u(A) < u(B) for any p € M(p).

Then there exists an integer N such that, whenever A is a Kakutani—Rokhlin
partition compatible with A, B and such that all columns of A have height > N, for
any column C of A one has

HaoeC:al A} < |[{aeC:aC B}

We reformulate Lemma 3.4 using the Polish group topology of Homeo(X); we recall
that this topology can be viewed either as the topology of compact-open convergence
on X, or as the permutation group topology induced by the action of Homeo(X)
on Clopen(X). Using this last point of view, a neighborhood basis of the identity is
given by the subgroups

G4 = {9 € Homeo(X): VAec Ag(A) = A}
where A ranges over all clopen partitions of X.
LEMMA 3.6. — Assume that I is a minimal ample group. Then

[Rr] = {g € Homeo(X): V p € M(I) gipp = i}
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Proof. — Any element g of [Rr] must be such that g,u = u for all up € M(T") (see
Lemma 2.5) and {g: g.uu = pu} is a closed subset of Homeo(X) for all p. This proves
the inclusion from left to right.

To see the converse inclusion, take g such that g.u = p for all p € M(T"). Let U
be a neighborhood of g in Homeo(X); by definition of the topology of Homeo(X),
there exists a clopen partition A of X such that

{h € Homeo(X): VAec Ah(A)=g(A)}CU

Lemma 3.4 shows that for any A € A there exists hs € [Rr| such that ha(A) = g(A),
whence there exists h € [Rp] N U obtained by setting h(z) = ha(z) for all z € A and
all A e A 0

The heart of the above argument is the fact that, for a full group G contained
in Homeo(X), the closure G consists of all homeomorphisms h such that for any
A € Clopen(X) there exists g € G such that h(A) = g(A).

The following lemma will help us deduce the classification theorem for minimal
homeomorphisms from the classification theorem for minimal ample groups.

LEMMA 3.7. — Let ¢ be a minimal homeomorphism, and x € X.
Then M(T',(¢)) = M(yp), and

[Rr. ()| = [R,] = {g € Homeo(X): ¥ 1€ M(¢) gupn = i}
Proof. — To simplify notation, denote I' = I',(¢).
Since I' C [R,], we have [Rr| C [R,] and M(¢) = M([R,]) € M(T).
Pick u € M(T), and let U € Clopen(X); assume first that o(U) NU =, and U

does not contain ¢~1(x). Then the involution 7 equal to ¢ on U, »~! on p(U) and
the identity elsewhere belongs to I'. Thus

w(eU)) = p(y(U)) = u(U)

If U € Clopen(X) is any clopen not containing ¢! (x), we an write it (by exhaustion)
as a disjoint union of clopens U; such that ¢(U;) N U; = 0, so that

ZN zi:,u Uz )

=1

Finally, if p~!(z) € U, we can find a clopen V containing x and such that V and
©(V') both have arbitrarily small diameter (for some compatible distance), thus if
we fix £ > 0 we can find a clopen V' C U such that ¢ *(z) € V and u(V), u(p(V))
are both < e. Since p(U \ V) = u(p(U) \ ¢(V)), we have

)

11(U) = pu(p(U)] = (V) = plp(V))| < 2

)
This is true for any € > 0, so u(p(U)) = p(U) for any clopen U: in other words,
pe M(p).
This establishes the first assertion; the second one is an immediate consequence of
this, since then we have by Lemma 3.6 the equality

[er(@} = {g € Homeo(X): V u € M(p) gipp = i}
and the right-hand side of this equality is closed and contains [R,|. 0
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3.2. A strengthening of Krieger’s theorem

We turn to the proof of a version of Krieger’s theorem that is instrumental to
our approach. The proof is based on a back-and-forth argument already present in
Krieger’s proof.

DEFINITION 3.8. — Let I' be a subgroup of Homeo(X). Given U,V € Clopen(X)
we write U ~rp V' if there exists v € I" such that v(U) = V.

DEFINITION 3.9. — Let I', A be two ample subgroups of Homeo(X). We say that
I, A have isomorphic closures if there exists g € Homeo(X) such that gT'g™' = A
or, equivalently,

VU,V € Clopen(X) (U ~r V)< (g(U) ~xg(V))

The fact that both conditions in the previous definition are equivalent follows
from the remark immediately following Lemma 3.6; they are also equivalent (in
our context) to what Krieger calls “isomorphism of dimension ranges”, though we
formulate it in the way which we find most suitable for our purposes in this article.

DEFINITION 3.10. — Let I" be a minimal ample group. We say that a closed
subset K of X is I'-sparse if each I'-orbit intersects K in at most one point. For
such a K, we say that a finite unit system (A, ) with ¥ < I' is K-compatible if
any Y-orbit (for the action of ¥ on the atoms of A) has at most one element which
intersects K.

Our aim in this subsection is to prove the following strengthening of Krieger’s
theorem [Kri80, Theorem 3.5]. This result plays a crucial role in our proof of the
classification theorem for minimal ample groups.

THEOREM 3.11. — Let I', A be minimal ample groups with isomorphic closures.
Let K, L be closed subsets of X such that K is I'-sparse, and L is A-sparse. Assume
that h: K — L is a homeomorphism.

Then there exists g € Homeo(X) such that gAg~* =T', and g;x = h.

Remark 3.12. — Although we do not need this result here, we note that whenever
¢ is a minimal homeomorphism of X, I';(¢) and T'y(¢) induce the same relation
on Clopen(X) for any z,y € X (see [Rob23] for an elementary proof), and it then
follows from Theorem 3.11 (with K = L = {)) that they are conjugate.

We begin working towards the proof of Theorem 3.11.

LEMMA 3.13. — Let I' be a minimal ample group, and K a I'-sparse closed subset
of X.

e For any finite unit system (A,Y) with ¥ < T, there exists a K-compatible
finite unit system (B, %) with B refining A.

e There exists a refining sequence (B,,,1",) of K-compatible finite unit systems
such that Clopen(X)=UB, and I' = T,.

Proof. — Fix a finite unit system (A, Y) with ¥ < T
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Choose Uy, ..., U, representatives of the A-orbits. For each i, the A-orbit of
Ui is of the form U; U, U; U ...7;4,U;. For all z in U;, at most one element of
{z,vi1(x), ..., ik (x)} can belong to K.

So we can write U; = |JiL, U;;, where, for every j, U;; Uy Usj ... Ui Ui
intersects K in at most one point.

Finally, let B be the algebra whose atoms are the (U, ;), v € %.

This proves the first part of the lemma’s statement; the second part immediately

follows from the first part and Lemma 3.3. 0
LEMMA 3.14. — Let I' be a minimal ample group, and K be a I'-sparse closed
subset of X.

Let U be a nontrivial clopen subset of X, and A be a clopen subset of K. Let
V' € Clopen(X) be such that AC VN K and u(U) < p(V) for all p € M(T).
There exists U' € Clopen(X) such that UNK = A, U’ C V, and U' ~p U.

Proof. — Fix some integer N. Let (I';,) be an increasing sequence of finite groups
such that |J,, I, = I'. Assume first, for a contradiction, that for all n there exists
rn € X such that [',x, has cardinality < N. By compactness, we may assume that
(x,) converges to z; since I' acts aperiodically, we can find vq,...,vy such that
vi(z) # vj(x) for all i # j. Then we also have v;(z,) # 7v;(z,) for n large enough
and i # j, which is the desired contradiction.

Thus, for any n large enough, every I',-orbit has cardinality > N. Thus there
exists a finite unit system (A, ¥) with ¥ < I' such that every orbit for the action of
Y on the set of atoms of A has cardinality > N. This allows us to find v € I" such
that every x € X has a y-orbit of cardinality > V.

Since K, ...,yNV7}(K) are closed and pairwise disjoint, we can find disjoint clopens
B; such that v(K) C B; for all i € {0, ..., N — 1}. Then B = By NnUN ' 77(B))
is clopen, contains K, and B, ..., vV"}(B) are pairwise disjoint.

So there exists B € Clopen(X) containing K and such that u(B) < + for all
p € K. Hence we can find B clopen, containing K, and such that u(B) < u(U) for
all p e M(T).

There exists C' € Clopen(X) such that A = K NC, so D = BN C is clopen,
DNK = A, and u(D) < p(U) for all p € M(I"). Similarly we can find E € Clopen(X)
such that ENK = K\ A, u(E) < (X \ U) for all u € M(T), and EN D = {).

There exists v € T such that y(D) C U, v(E) C X \U; set W =y~ 1(U). We have
WNK=Aand W ~p U.

Set V! =V N W,; it is clopen, contained in V', and V' N K = A. Since there are
clopen subsets of arbitrarily small measures containing K, there exists a clopen V"
contained in V', disjoint from K, and such that pu(U) < (V") for all € M(T"). So
p(WAV) < w(V"\ V') for all 4 € M(T"). Hence there exists Y ~p W\ V' such that
Y Cc V"\ V. We may finally set U’ = V'UY. O

Notation. — For the remainder of this section, we fix two minimal ample groups I,
A, and assume that ~r and ~, coincide (we reduce to this situation by conjugating
A if necessary). We denote this equivalence relation on Clopen(X) by ~. We also fix

closed subsets K, L such that K is I'-sparse and L is A-sparse, and a homeomorphism
h: K — L.
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DEFINITION 3.15. — Let A be a finite subgroup of ', 3 a finite subgroup of A,
and assume that (A, A), (B,X) are finite unit systems.

A Boolean algebra isomorphism ®: A — B respects ~ if for any A € A one has
P(A) ~ A. We say that ® conjugates (A, A) on (B,X) if Ljp = PA 41

DEFINITION 3.16. — Let A be a finite subgroup of ', ¥ a finite subgroup of
A, and assume that (A, A) is a K-compatible finite unit system, and (B,X) is a
L-compatible finite unit system.

We say that a Boolean algebra isomorphism ®: A — B is h-compatible if:

(1) ® respects ~.
(2) @ conjugates (A, A) on (B,X).
(3) For every atom a € A, (o) N L = h(a N K).

LEMMA 3.17. — Assume that (A, A), (B, X) are respectively K - and L-compatible
finite unit systems with A <T', ¥ < A, and ®: A — B is a h-compatible Boolean
algebra isomorphism.

Let (A’ A") be a K-compatible finite unit system refining (A, A) with A’ < T.

Then one can find a L-compatible finite unit system (B',%') refining (B, ), with
¥ < A and a h-compatible isomorphism ®': A" — B’ which extends ®.

Proof. — For every orbit p of the action of A on the atoms of A, we choose a
representative A,. If p intersects K, we choose A, so that A, N K # () (and it is the
unique such atom in p, because A is K-compatible).

For every A € p, we denote by 6(p, A) the element of A which maps A to A4,, A4,
to A, and is the identity everywhere else. This is an involution (and it is uniquely
defined by definition of a unit system); in the particular case where A = A, we have
d(p, A,) = id. Similarly, we denote o(p, A) the involution of ¥ exchanging ®(A) and
®(A,) and which is the identity everywhere else.

For every p we have

A, = | ] C
C € atoms(A’): CCA,

Let (4, ..., C, denote the atoms of A" contained in A,. Applying Lemma 3.14,
find a clopen U(C}) ~p Cy contained in ®(A,) and such that U(Cy)NL = h(C1NK);
then a clopen U(C3) ~p Cy contained in ®(A,) disjoint from C; and such that
U(Cy) N L =h(CyN K); and so on.

We now have

(4,) = L] u(c)
C eatoms(A’) : CCA,
where U(C) ~ C, and U(C)NL = h(C N K) for all C.

We define the algebra B’ by setting as its atoms all U(C), for C' an atom of A’
contained in some A,, as well as all o(p, A)(U(C)) for A € p and C contained in A,
(see Figure 3.1). We obtain an isomorphism ®': A" — B’ by setting ®(C) = U(C)
for every atom of A’ contained in some A,; and then for any atom C' of A’ contained
in some A € A whose A-orbit is p,

®(C) = a(p, A)(U5(p, A)(C)))
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L - o(n) : - (7

Figure 3.2. Construction of ' imitating the behavior of A’ on the image of a
A’-orbit 7w containing four A-orbits

We now need to construct the group ¥'. In the remainder of the proof, the letter
7 always stands for an orbit of the action of A on the atoms of A’, and the letter 7
for an orbit of the action of A’ on the atoms of A’. For any 7 there exists a unique
m which contains 7.

For any 7 we choose a representative B,, and among all B, contained in a given 7
we choose one B, (). For every 7 contained in 7, we choose an involution A(7,7) € A
mapping ®'(B;(x)) to ®'(B;), and equal to the identity elsewhere. Let X' be the group
generated by ¥ and {A(7,7): 7 C w}. Then (B',Y’) is a finite unit system (because
we have added at most one link between any two X-orbits) and &’ conjugates (A’, A')

o (B,Y).

For every atom A of A" we have ®(A)N L = h(AN K) by choice of U(A). Since ¢’
conjugates (A', A") to (B, %), for any two atoms C, D of A" which intersect K, ®'(C)
and ®'(D) belong to different >'-orbits. This proves that (B',%') is L-compatible,
and completes the proof of Lemma 3.17. U
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End of the proof of Theorem 3.11. Fix sequences (A,,[',) and (B, A,,) of respec-
tively K and L-compatible finite unit systems as in Lemma 3.13, with
AQ = BQ = {@,X} and FQ == AO = {ld}

Then (A, I'g), (Bo, Ao) are respectively K and L-compatible finite unit systems,
and ®5 = id is h-compatible.

Applying Lemma 3.17 we build inductively refining sequences (A,,I"7), (resp.
(B],,Al)) of K-compatible (resp. L-compatible) finite unit systems contained in
(Clopen(X),I") and (Clopen(X),A) respectively, as well as h-compatible isomor-
phisms ®,, conjugating (A,,I")) to (B],Al) such that for odd n (A!,T",) refines
(A, Iy,), and for even n (B),, A]) refines (B,, A,,).

To see why this is possible, assume that we have carried out this construction up
to some even n (the odd case is symmetric). We pick & > n + 1 such that (Ag, ')
refines (A!,17). The unit system (A, I'x) (resp. (B, Al)) is K-compatible (resp. L-
compatible), so applying Lemma 3.17 gives us some L-compatible finite unit system
(B.,.1,\l ;) contained in (Clopen(X), A) which refines (B;,, A,,), and a h-compatible
isomorphism ®,,11: Ay — B}, ;. Setting A, ., = Ay, I, = Iy, we are done.

This construction produces an isomorphism @ of Clopen(X) (the union of the
sequence ®,,) such that ®I'®~! = A (here, I and A are viewed as subgroups of the
automorphism group of the Boolean algebra Clopen(X)). By Stone duality, there
exists a unique g € Homeo(X) such that g(U) = ®(U) for any U € Clopen(X), and
we have gI'g~! = A.

Clopen subsets of the form o N K, where « is an atom of some A/, generate the
topology of K. For each such clopen we have ®(a) N L = h(a N K), in other words
g(a) N L = h(aN K). It follows that gx = h, and we are done. O

DEFINITION 3.18. — We say that an ample group I is saturated if T = [Ry].

The classification theorem for minimal actions of saturated ample groups follows
immediately from Krieger’s theorem.

THEOREM 3.19. — Let I', A be two saturated ample subgroups of Homeo(X)
acting minimally. Then the following conditions are equivalent:

(1) T and A are conjugated in Homeo(X).
(2) I and A are orbit equivalent.
(3) There exists g € Homeo(X) such that g.M(I') = M(A).

Proof. — Clearly the first condition implies the second, and we already know that
the second implies the third. Now, assume that I', A are saturated ample groups
acting minimally, and M(I') = M(A) (as usual, we reduce to this situation by
conjugating A if necessary).

Then we have [Rr] = [Ra] (see Lemma 3.6), hence also ' = A. So T, A are
conjugated by Theorem 3.11. O

4. Balanced partitions

In this section, we fix an ample group I' acting minimally, and an exhaustive
sequence (A,,I',) of finite unit systems.
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DEFINITION 4.1. — We consider two equivalence relations on Clopen(X), defined
as follows:

o U ~rp V iff there exists g € I' such that g(U) = V.
o U~ Viff u(U) = u(V) for any p € M(T') (equivalently, there exists g € [Ry|
such that g(U) = V).

The main difficulty in our proof of the classification theorem comes from the fact
that ~ may be strictly coarser than ~r.

DEFINITION 4.2. — An equivalence relation ~ on Clopen(X) is full if for any
clopens A, B, whenever A =||A;, B=|1B; and A; ~ B; for all i, we have A ~ B.

The relation ~r is full: indeed, consider (A4;), (B;) as above; applying Lemma 3.3
we find a finite unit system (A, A) with A a finite subgroup of I, such that for all
i A; and B; are unions of atoms of A, and there exists §; € A such that §;A4; = B;.
We then see that there exists 6 € A such that 6(L] 4;) = L B;.

It is immediate that ~f is full. We note the following question: is ~, full whenever
A is the full group associated to a minimal action of a countable group 7

DEFINITION 4.3. — Let ~ be a full equivalence relation on Clopen(X).
A ~-partition of X is a clopen partition A = (A; ;) j)er such that

Vi gk ((i,) € I and (i,k) € I) = A;; ~ A

We denote I; the set {j: (i,7) € I}. For any element o = A;; of A, the set
{A; ) k € I} is called the A-orbit of o and denoted O().
Given an orbit O = (A, ),e1,, a family of clopens (B, j);e1, such that

VJ e I Bz’,j C Ai,j and \V/j, kel Bi,j ~ B“g
is called a fragment of O.

Fragments of orbits are the abstract counterpart to the copies of columns that
appear during the cutting procedure for Kakutani-Rokhlin partitions. For A C «,
with « an atom of A, we may abuse notation and talk about O(A) to designate a
fragment of O(«) containing A (such a fragment is obviously not unique, but we
usually do not care about the particular choices we are making when selecting the
atoms of our fragment).

DEFINITION 4.4. — Let ~ be a full equivalence relation on Clopen(X).

A ~-partition A is compatible with a given clopen set U if U is a union of elements
of A (equivalently, if U belongs to the Boolean algebra generated by A).

If A is compatible with U, and O is a A-orbit, we let no(U) be the number of
elements of O which are contained in U.

DEFINITION 4.5. — Let ~ be a full equivalence relation on Clopen(X), and A,
B be two ~-partitions.
We say that B refines A if:
e B refines A as a clopen partition;
e Whenever «, 5 belong to the same A-orbit, we have no(a) = no(f) for any
B-orbit O. By analogy with Kakutani-Rokhlin partitions, we say that there
are no(«a) copies of the A-orbit of a contained in O.
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LEMMA 4.6. — Any two ~rp-partitions A, B admit a common refinement.

Proof. — For n big enough, A,, is compatible with any atom of A, and for any «,
S belonging to the same A-orbit, there exists v € I';, such that v(«) = 3. Hence in
any A,-orbit O we have np(a) = no(f) for large n. So any A, refines A as long as
n is large enough, and it follows that A, B have a common refinement. 0

This implies in particular that, for any ~p-partition A and any clopen U, there
exists a refinement of A which is compatible with U.

We seize the opportunity to note the following fact, closely related to [GPS95,
Lemma 6.1] and [GPS04, Theorem 4.8]. This result will not be needed in our proof
of the classification theorems (though we use it at the end of the paper to prove
Theorem 6.5).

THEOREM 4.7. — There exists a minimal homeomorphism ¢ and x € X such
that I' = T', ().

Proof. — We consider ordered ~r-partitions, i.e. I'-partitions A where each orbit
is totally ordered. Given two ordered I'-partitions A, B, we say that B refines A if:

e B refines A as a ~p-partition.

e For any B-orbit O, each fragment O 4(«) of A-orbit contained in O is an
interval for the ordering of O, and the ordering on each O 4(«) induced by B
coincides with the ordering induced by A.

Given an ordered ~p-partition and a A-orbit O, we call base(O) the minimal element
of O, and top(O) its maximal element; the base of A is the union of the bases of all
A-orbits, and we similarly define the top of A.

If A is an ordered I'-partition, and B is a ['-partition which refines A, then we
may turn B into an ordered I'-partition refining A.

We fix a compatible metric on X. We build a sequence B,, of ordered ~p-partitions,
and a sequence A, of finite subgroups of I', such that (when we forget the ordering
on B,) the sequence (B, A,) is an exhaustive sequence of finite unit systems and
the diameters of the top and base of B,, both converge to 0. Assume for the moment
that this is possible. Then there exists a unique homeomorphism ¢ of X such that,
for every n and every atom [ of B,, which does not belong to top(B,), # is mapped
by ¢ to its successor in O(f); and ¢ maps the top of B, to the base of B,. Let
{z} =N, base(B,,). Then B, is a sequence of Kakutani-Rokhlin partitions for the
minimal homeomorphism ¢, and I';(¢) has the same orbits as I' on Clopen(X). We
deduce from Krieger’s theorem that T' is conjugate to I';(¢) in Homeo(X), which
gives the desired result.

[t remains to explain how to build (B,, A,). We let By be the trivial partition and
Ag = {id} to initialize the construction. Assume that B, has been constructed. By
cutting an orbit if necessary, we may assume that B,, has two orbits O, O’ such that
a = base(0) and f = top(O’) have diameter less than 27".

Next, we find N big enough that I'y contains both A, and I',;; Ay refines both
A, and B, (as unordered I'-partitions); and each Apy-orbit contains a fragment of
O as well as a fragment of O (this last property holds for any large enough N by
minimality of I'). Then we may turn Ay into an ordered [-partition refining B,, and
such that each B,-orbit has its base contained in a and its top contained in 5. We
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let B,41 = Ax (endowed with such an ordering), A, y; = I'y. This concludes the
proof. O

We turn to a construction that is more specifically needed in our proof of the
classification theorem for minimal ample groups.

DEFINITION 4.8. — Let U,V be two clopen sets, and A be a ~p-partition com-
patible with U and V.
o We say that a A-orbit O is (U, V)-balanced if no(U) = no(V).
e We say that a pair of A orbits (O(«), O(8)) is (U, V')-balanced if

no()(U) = now) (V) = now) (V) — no)(U)

and p(a) = p(B) for all € M(T).
o We say that U,V are A-equivalent if no(U) = no(V') for any A-orbit O.

Note that two clopens U,V are A-equivalent for some ~p-partition A if and only if
U~p V.IEU ~} V but U o V, there cannot exist a ~p partition A such that U, V'
are A-equivalent; it is however convenient to manipulate ~p-partitions which are
as close as possible to making U, V' A-equivalent. This is what leads us to consider
balanced pairs of orbits, and motivates the next definition and lemma.

DEFINITION 4.9. — Let U = (Uy,...,U,), V = (V4, ..., V,,) be tuples of clopen
sets. Let A be a ~p-partition. We say that U and V are almost A-equivalent if
A is compatible with each U;,V; and there exists k < n and A-orbits C, ..., Cy,
D+, ..., Dy, such that:

e Any A-orbit which does not belong to {Cy, ..., Cx, Dy, ..., Dy} is (U;, Vj)-
balanced for all j.
o Foranyi e {1, ..., k} andanyj € {1, ..., n}, (C;, D;) is a (U;, V;)-balanced
pair of orbits.
We call Cy, ..., Cy, Dy, ..., Dy the exceptional A-orbits.

In the above definition, we allow k = 0, in which case U,V are A-equivalent.

PROPOSITION 4.10. — Let A be a ~p-partition. Assume that U = (Uy, ..., U,),

V = (V4, ..., V) are two tuples of clopen sets such that U; ~} V; for all i €
{1, ..., n}.

Then there exists a ~p-partition B which refines A and is such that (U,V) are
almost B-equivalent.

Additionally, one can ensure that the following condition holds: denote

N;(B) = max {|no(U;) — no(V;)| : O is a B-orbit}

Let N(B) = >, N;(B) and denote by h be the number of atoms of A. Then any
exceptional B-orbit contains more than 3hN (B)) copies of every A-orbit.

The proof of the proposition is based on an argument initially used in the proof
of [IM17, Proposition 3.5]; it is the key combinatorial step of our argument. The
proof is elementary and based on repeated applications of Lemma 3.4, but somewhat
tedious. The last part of the statement plays a technical part in the proof of the
classification theorem for minimal ample groups (in the language used in the proof
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of that theorem, it is used to ensure that the T-orbits of singular points are distinct)
and can safely be ignored on first reading.

We prove the first part of the statement (before “additionally...”) by induction
on n. We treat the case n = 1 separately.

The casen =1. — Fix A and U,V such that U ~} V.
There exists a ~p partition B which refines A and is compatible with U, V; for
such partitions we simply denote

N(B) = max {|no(U) —no(V)| : O is a B-orbit}

Consider a partition B refining .4 and for which N(B) is minimal (denote it N from
now on); we assume that N > 1, otherwise (U, V) are B-equivalent and we have
nothing to do.

Let O(ay), ..., O(a,) enumerate the B-orbits for which no(U) —no(V) = N (if
any such orbit exists). Let also O(f1), ..., O(f,) enumerate the orbits such that
no(V) > no(U)

We have, for all p € M(T'),

(o) (V) = noge,) (U)) u(B))

1) £

q

> Np (Iil ai) - JNM (J;l 51)

Since p(U) = p(V) for all u € M(T"), we must have that

p q
Ve M(T) u(l_l O‘i) < (I_I ﬂj)

i—1 j=1
and there can be equality only if |no(V) — no(U)| = N for any orbit such that
no(V) # no(U). If we are not in this situation, we may apply Lemma 3.4 to find
an element vy of I' mapping | |}_; a; into [J}_, 8;; from this, we can produce a ~rp-
partition C refining B, and such that there does not exist any C-orbit for which
no(U) —no(V) = N. Let us detail a bit here how C is produced; this explanation is
intended for readers who are not familiar with the cutting-and-stacking procedure
and every partition produced in the remainder of this proof will be obtained similarly.
Take the ~p-partition B’ obtained by cutting B (as in Lemma 2.11) to refine the
v(a;)’s and the y71(5;)’s. Call, for all i < p,j < g,

;5 = a; N 771(5;') and  G;; = £; Ny(w)

Clearly, for all i < p,j < ¢, one has that 5, ; = y(a;;). We now form a new ~rp-
partition by joining the B'-orbit of a; j and f; ;, for each 4, j, and leaving the other
orbits unchanged (this is the analogue of what we call stacking for Kakutani-Rokhlin
partitions). Denote by C this new ~p-partition.

Using the same argument with the roles of U and V' reversed, we see that we can
build a ~p-partition D refining C and such that N(D) < N, unless any orbit O of C
which is not (U, V')-balanced is such that |no(U) — no(V)| = N. By definition of N,
we must thus be in that particular case.
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Let again O(o), ..., O(a,) enumerate all C-orbits O with no(U) > no(V'), and
O(B1), ..., O(B,) enumerate those with no(V) > no(U). Assume that p > 2. There
exists v € I' mapping ||]_, a; into ||}_, 3;. By forming appropriate clopen partitions
of | [i_y v, LJI—; B; and matching them together (similarly to how we defined C above),
we produce a ~p-partition with only one orbit O for which no(U) > no(V'). Applying
the same argument to this new partition, with the roles of U and V reversed, we
obtain a ~p-partition with exactly one orbit O for which no(U) —no(V) > 0, and
one orbit P for which np(V) —np(U) > 0. If O = O(«a), P = O(f), we must have
p(a) = p(p) for all p € M(T'), since

Ve MT) 0=plU)—puV)=Nule) = Nu(p)
This proves the first part of the Proposition’s statement in case n = 1. O

Now we assume that the first part of the statement of Proposition 4.10 has been
established for some n, and need to explain why it is true for n + 1.

We fix A, (U, ..., Upq1) and (Vi, ..., V,41) which are such that U; ~f V; for all
ie{l,...,n+ 1}. To simplify notation below we let U = U,,4; and V =V, ;1. We
consider partitions B refining 4 and such that (U, ..., U,), (Vi, ..., V,,) are almost
B-equivalent (these exist by our induction hypothesis), as witnessed by exceptional
orbits O(a®),...,0(c8), O(BF),...,0(BP) for some k < n.

For such a B, we denote

X\u( BYuo(sh))

LEMMA 4.11. — Assume that there exists B refining A, such that (Uy, ..., U,)
and (Vy, ..., V,,) are almost B-equivalent and each pair (O(a?),O(8P)) is (U,V)-
balanced. Then there exists a ~p-partition C refining A and such that (Uy, ..., U,41)
and (Vi, ..., Vo41) are almost C-equivalent.

Proof. — We may assume that Y'? is nonempty: if it is empty, take 7 C o, then
find 7 C 45 such that 7 ~p 7 (Lemma 3.4 shows that this is possible). Then form
a partition C refining B by stacking together the B-orbits of 7 and 7, and having
OB\ 1), O(BF \ 7) form an exceptional column pair. This partition is still such
that (Ui, ..., V,,) and (V4, ..., V,,) are C-equivalent, and Y° is nonempty since it
contains 7.

Assuming that Y5 is nonempty, note that U N Y? ~% V NY5; we simply repeat
the argument of the proof of the case n = 1 of Proposition 4.10, working inside Y5.
The point is that for each ¢ the construction joins together fragments of orbits which
are (U;, V;)-balanced for all i < n, and these new orbits are still (U;, V;)-balanced for
each i < n.

This produces the desired C; every C-orbit outside Y coincides with a B-orbit.
This adds at most one exceptional pair of orbits to the exceptional pairs of orbits of
B (which remain exceptional for C). O

Inductive step of the proof of Proposition 4.10. — For a ~p-partition B refining
A and for which (U, ..., U,), (V4,...,V,) are almost B-equivalent, we denote

M(B) = max |nos) (V) + nos(U) = nogs (V) = nogs) (V)]
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Take B so that M(B) is minimal (denote it M from now on). Our goal is to prove
that M = 0, for then we obtain the desired result by applying Lemma 4.11.

A key point to note here is that, if we join together a fragment of some O(a?) with
a fragment of O(8P) (using Lemma 3.4 as we did earlier) to form a finer partition
C, this finer partition satisfies the same conditions as B, and the new orbit obtained
after this joining is contained in Y.

Now, assume for a contradiction that M > 1. Up to reordering (and exchanging
the roles of U and V'), we suppose that

Now@s)(U) + nosy(U) — noes) (V) — nogsy (V) = M

If there is no orbit O in Yz such that no(V) —np(U) = K > 0, there must exist
1 < j < k such that

108 (V) + 1o(ss) (V) = no@s) (U) = nos)(U) > 0

As we already mentioned above, if we join together (using I') a fragment of O(oz§g )
with a fragment of O(ﬁf), we create a partition C refining B, satisfying all the
relevant conditions, and such that an orbit O with no(V) —no(U) = K exists in
Y¢; so we may as well assume that such an orbit exists in Y5.

Let K = gM +r be the euclidean division of K by M. If ¢ > 0, we can join together
a small fragment of O(a¥), one of O(3F) and one of O to create a finer partition B’
along with an orbit O contained in Yz and such that no/(V) —no/(U) = K — M.
Repeating this ¢ — 1 times, we obtain a finer partition B” along with an orbit O(J)
inside Y% such that

0< no((s)(V) — n0(5)(U) =M+r<2M

If ¢ = 0 then choose ¢ such that O = O(6); the above inequality is also satisfied.
Again to simplify notation, we assume that such an orbit already exists in B (since
we just reduced to that case).

Choose o inside of such that 0 < p(a)) < u(6) for all u € M(T).

Then find v € T such that y(a}) C 8P, and set 3] = (o). Cut the orbit of ¥ to
form two orbits O(c)) and O(a® \ o}); do the same to the orbit of 82. Then join
together the orbit of o \ o/ and the orbit of 32\ 3] (thus producing an orbit which
is (U;, V;)-balanced for all i € {1, ..., n}); and the orbit of o with a fragment of
O(6), which is possible because p(af) < p(9) for all p e M(I).

We obtain a ~rp-partition C which refines B, and such that (Uy,...,U,) and
(V4, ..., V,,) are almost C-equivalent with exceptional C-orbits of the form

O(a}),0(a), ..., 0(ap), O(B), ..., O(BF)
Further,
700y (U) + 11057 (U) = noay) (V) = nogs;) (V)| < M

Applying this argument repeatedly, we conclude that there exists a ~p-partition D
refining B and such that M (D) < M (B). This is a contradiction, so we conclude
that M = 0 as promised. O
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7

End of the proof of Proposition 4.10. — Let us now see why the “additionally
part holds true. We first pick a ~p-partition B satisfying the conditions in the first
part of the lemma, and denote as before O(a), ..., O(a?), O(BB), ..., O(BF) the
exceptional B-orbits and

X\LI( B)uo(sP))

By joining together fragments of some O(a?) and O(3P) if necessary, we can guar-
antee that for every A-orbit O there is a fragment of O contained in Y?. Then,
by joining together some sufficiently small fragments of orbits contained in Y2, we
ensure that in YZ there exists an orbit O(§) which contains more than 3hN(B))
copies of each A-orbit.

Again by joining together if necessary some fragments of O(a?) and O(3F), we
can assume that 2nu(a®) < p(d) for all p € M(T) and all 4. Then we may join for
each i a fragment of O(d) and a fragment of O(a?), as well as a fragment of O(9)
and a fragment of O(8P). Each orbit in these new exceptional orbit pairs contains
many copies of each A-orbit. OJ

The fact that £ < n in the lemma above does not play a part in our arguments;
but it is important to have some control over the exceptional orbits.

In the remainder of the paper, we often identify a clopen partition A with the
Boolean algebra it generates (and start doing this in the lemma below).

LEMMA 4.12. — Let ~ be a full equivalence relation on Clopen(X), and (B,,) be
a sequence of ~-partitions such that
e For all n, B, 1 refines B,,.
e For each clopen U, there exists n such that B,, is compatible with U.

Then there exists an ample group A = U,, \,, such that
e For all n, (B,,A,) is a unit system.

e For all n, all o« € B,,, the B,,-orbit of a coincides with A, c.
e For any clopen A and any \ € A one has A ~ \(A).

Proof. — Denote by O, the set of B,-orbits, enumerate it as (O7, ..., O} ), and
for i € {1, ..., k,} denote by h}' the cardlnahty of OF'. Each group A will be
isomorphic, as an abstract group, to [, Sor.

Let B_; be the trivial partition, and A_; = {id} to initialize the process; then
assume that A, has been constructed. For every i, denote by (A,-,j)j<h? an enuiner-
ation of OF, and by T; the transposition (A;;, A; ;1) of Gor for j < b —1. We
first use the fact that B, refines B, to extend each 7 to a permutation of the
atoms of each O}™; to see how this is done, fix some 7 = 7/, and let o, f € O be

the two only atoms that are not fixed by 7. For any B, - orblt Ot there are as

many atoms of, ..., aF contained in « as there are atoms S, ... ,ﬁl"“ contained in £,
because B, 1 refines B,,. So we can extend 7 to a permutation of the atoms of B, 1,
by setting 7(af) = BE  7(8%) = aF for every k, m (we note here that our extension

depends on the choice of enumerations of the atoms «f, 3F; this freedom will be
used during the proof of the classification theorem for minimal ample groups).
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Once this is done for every Tij , we see A\, as a subgroup of the permutation group

Since any clopen set eventually belongs to some B,,, we can view each A € A as an
automorphism of Clopen(X), that is, a homeomorphism of X.

By construction, A is then an ample subgroup of Homeo(X), and the B,,-orbit of
any « € B, coincides with A, «.

To check the last point, fix a clopen A and A € A. There exists n such that A is a
union of atoms ay, ..., a, of B,, and A belongs to A,,. Then

MA) = [ Mam)

and for all n, we have that A(a,,) ~ «,, since B, is a ~-partition. Since ~ is full, this
establishes the final condition of the lemma. [l

kn,
Ap1 =T127" Spn+1 and can move on to the next step.
7

5. The classification theorem for minimal ample groups
5.1. An absorption theorem

We now prove an “absorption theorem,” which is a particular case of [GPS04, The-
orem 4.6]; see also the further generalizations in [GMPS08, Lemma 4.15] and [Mat08,
Theorem 3.2].

THEOREM 5.1. — Let I' be an ample subgroup which acts minimally. Assume
that K = K, U o(K) is a closed subset of X without isolated points, where K is
closed and o € Homeo(K) is an involution, and that K is I-sparse.

Denote by Rr k the finest equivalence relation coarser than Rpr and for which
k,o(k) are equivalent for all k € K. Then there exists an ample group ¥ whose
action induces Rr j; furthermore ¥ and I' are orbit equivalent.

At the end of the paper, we explain how one can remove the assumption that K
has no isolated points from the above statement.

Proof. — The strategy of proof is as follows: we show first that there exists a
[-sparse set S U7 (.S1) without isolated points (with m a homeomorphic involution),
such that Rr g is induced by an ample group which is orbit equivalent to I'. Then
we use Theorem 3.11 to conclude that this result holds for Rr k.

First, we fix a refining sequence (A, I',,) of finite unit systems such that I' = U, [',,,
Clopen(X) = U, A,, with the additional property that for all n there exists two
disjoint A,-orbits O, (cv,), O,(5,) (which we call the ezceptional orbits) such that:

e For all n, o, and f3,, are A, 1-equivalent.

e For all n, denote by h, the cardinality of A,. Then O, 1(a,+1) contains at
least 2h,, copies of O, (a,), and O, 41(5,+1) contains at least 2h,, copies of
On(B):

It is straightforward to build such a sequence using the same techniques (cutting
and stacking, and Lemma 3.4) as in the previous section, so we do not give details
here. We denote by A, the refinement of A, obtained by joining together O(as,)
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and O(f3,) (the corresponding orbit is called the exceptional orbit of A.,). Since each
orbit of A, 41 is (ay, B,)-balanced, A, 1 refines A,,.
We define inductively a homeomorphic involution 7 with the following properties:

e For all n, 7 induces an automorphism of A,,, which maps each non-exceptional
orbit to itself. B B

e Denoting by A, the subgroup of Aut(.A4,,) generated by I',, and 7, (A, A,,) is
a unit system and the A,-orbit of any atom of .Zln coincides with its ./Tn—orbit.

e Say that an atom « of A,, is singular if m does not coincide with an element of
I, on a (o must belong to one of the two exceptional orbits, and be mapped
by 7 to the other exceptional A,,-orbit). Then for every atom « of A, there
exists at most one singular atom in I',a; and for every singular atom « of A,
there exist at least two singular atoms of A, ;1 contained in a.

Initialize the construction by setting 7(ag) = 5o, 0(5y) = v, and 7 is the identity
on the other atoms of Aj. B

Next, assume that we have extended 7 to an automorphism of A,, satisfying the
various conditions above. In particular, on all nonsingular atoms of A,, we have
already declared 7 to be equal to some element of T',, hence the extension of 7
to atoms of A, 1 contained in a nonsingular atom is already defined. Since each
A,-orbit is (o, m(«v))-balanced for every singular atom of A4,,, we can also extend 7
to all nonexceptional A, i-orbits so that it coincides with an element of I',,1 on
these orbits.

It remains to explain how to extend 7 to the two exceptional orbits O, 1 (a,11),
Ont1(Bnt1). Let 7, ..., 7, be singular atoms of A,, which belong to distinct 7-orbits
and such that for any singular atom « of A, there exists ¢ such that « = 7; or
a = 7(7;). For all 4, we set aside two distinct atoms 60}, 6% of O,,,1(a,11) contained in
7;, and two distinct atoms 87, 8% of O,11(B,41) contained in 7(7;). We do this while
ensuring that no two of these atoms belong to the same I'),-orbit (which is possible
since there are many copies of O, () in Oy 41(,41), and many copies of O,(5,) in
On41(Bny1)). Next we set w(0}) = 0%, w(07) = 6.

For any i € {1, ..., p}, there remain as many atoms of O, 1(,+1) contained in
7; on which 7 is yet to be defined as there are such atoms in 7(7;); so we can extend
7 so that it coincides with an element of I',;; on those atoms. We do the same in
Opn+1(Bns1) to finish extending 7 to an involutive automorphism of jnﬂ.

Say that € X is singular if the atom «,,(x) of A,, which contains z is singular for
all n. Since any singular atom of A,, contains at least two singular atoms of A, 1,
we see that the set S of singular points does not have any isolated point. Also, for
every singular point x, ay,11(2) is the unique singular atom contained in I';a, 41 (),
which means that x is the unique singular point in I',z. Thus S is I'-sparse (clearly
S is closed since it is an intersection of clopen sets).

Let A be the full group generated by I' and 7. It is an ample group since (ﬂn, Ay)
is a sequence of finite unit systems and A = (U, A,. Ra is obtained from Rr by
gluing together the T'-orbits of x and 7(x) for all x € S; in other words, it is the
finest equivalence relation coarser than Rr and such that x, 7(z) are equivalent for

all z € S.
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By construction, the actions of A and I' have the same orbits when they act on
Clopen(X). Hence A and I' are orbit equivalent by Krieger’s theorem.

We can find a closed subset S; of S such that S = S; Un(S;). Let h: S — K,
be any homeomorphism (both K; and S; are Cantor sets), and extend h to a
homeomorphism from S to K by setting h(n(z) = o(h(z)) for all z € S;.

By Theorem 3.11, there exists g € Homeo(X) such that gI'g~' =T, and gs = h.
Then X = gAg™' is an ample group which induces Rr x. This ample group is
conjugate to A, hence orbit equivalent to I'. 0

5.2. Proof of the classification theorem for minimal ample groups

We are now ready to prove the key result leading to the classification of minimal
Z-actions on the Cantor space.

THEOREM 5.2 (The classification theorem for minimal ample groups). — Let X
be the Cantor space. Given two ample subgroups of Homeo(X) acting minimally,
the following conditions are equivalent.

e The actions of I" and A are orbit equivalent.
o There exists a homeomorphism g of X such that g.M(I") = M(A).

We fix an ample group I' acting minimally on X, and reuse the same notations as
in the previous section.

We saw earlier (cf. Theorem 3.19) that Krieger’s theorem gives a proof of the
classification theorem for saturated minimal ample groups. Thus our work consists
in proving that I is orbit equivalent to a saturated, ample subgroup A of Homeo(X).

The idea of the proof is as follows: using ideas similar to those of the previous section
(and Proposition 4.10) we build a Cantor set K, and a homeomorphic involution 7
such that K N7(K) =0, K Un(K) is I'-sparse, and the equivalence relation induced
by gluing together the I'-orbits of x and 7(x) for every z € K is induced by an action
of a saturated minimal ample group A. The absorption Theorem 5.1 yields that T is
orbit equivalent to A, from which we obtain as desired that I' is orbit equivalent to
a saturated minimal ample group.

We now begin the proof. Let (U,,V,) be an enumeration of all pairs of ~jf-
equivalent clopens, and assume for notational simplicity that Uy, Vj are disjoint
and Uy o Vj.

LEMMA 5.3. — We may build a sequence of ~r-partitions (A,,), with distin-
guished orbit pairs O(af), ..., O(ay ),0(87), ... O(BE,) (k, > 1 for alln) satisfying

the following conditions.

(1) ko =1, Y =Ty, B =Vy and Ay = {af, 8), X \ (U BY)} (three orbits of
cardinality 1).

For all n one has:

(2) A, 11 refines A,.
(3) If U,, ~r V,, then U,, and V,, are A,,-equivalent.
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4) (af,...,af ,Upyr) and (BT, ..., B, Vag1) are almost A, 1-equivalent, as wit-
nessed by the exceptional orbits

O(ai™), ..., O(ag ), OB, ..., OB 1))

n+1 kn+1
(5) For all i,j o o1 f..
(6) Let h,, be the number of atoms of A,,; denote

N = max {|no(a]') —no(B)| : O is a A1 — orbit} (i < k)
kn
N =5 N
i=1

Then every exceptional A, 1-orbit contains more than 3h, N™ copies of every
A,.-orbit.

Proof. — Assume the construction has been carried out up to some n (the case
n = 0 being dealt with by the first condition above).

If Uyiq ~r Vpi1, find a ~p-partition B refining fln and such that U,,; and V,,
are B-equivalent; such a partition exists because there exists a ~rp-partition for
which U, ; and V,,,, are B-equivalent, and any two ~p-partitions have a common
refinement. Then apply Proposition 4.10 to this partition and (af, ..., of ) and
(BT, ..., BE ). Choose A, with a minimal number of exceptional columns, which
ensures that no o/;“ and 5}1“ belong to the same I'-orbit.

If U,i1 %1 Vaga, apply Proposition 4.10 (again, with a minimal number of excep-
tional columns) to A,, (af, ..., af ,Uny1) and (87, ..., BL, Vas1). O

We obtain a sequence of ~f-partitions (B,) by joining together the A,-orbits of
each o and " (i.e. every pair of exceptional orbits of A,, are joined together so as to
form a single B,,-orbit consisting of two A,-orbits; the other orbits are unchanged).
The construction ensures that, for all n:

e B, refines B,,. Indeed, for all n and i < k,,, o' and ' are B,,41-equivalent
(since they are almost A, i-equivalent, and we have joined together each
exceptional pair of orbits of A, 41 to form a single B,,;1-orbit). And any two
atoms belonging to the same non-exceptional A,-orbit are A, -equivalent,
hence B,,;1-equivalent.

e For any n, U, and V,, are B,-equivalent: If U, ~r V,, then U, and V,, are
already A,-equivalent and B, refines A,; if U, 4r V, then stacking the
exceptional A,-orbits together makes them B,-equivalent. It follows that U,
V,, are B,,-equivalent for all m > n.

LEMMA 5.4. — We may build:
° én ample group = U, [, such that (:4,1,1:”) is a unit system and the
I',-orbit of any atom « of A,, is equal to I',cv.
e An involution w such that for all n w induces an automorphism of B,, satisfying
m(al) = " for allm and alli € {1, ..., k,}, and 7 is trivial outside of oL 3Y.

Denoting by A, the subgroup of Aut(B,) generated by T, and m, we ensure that
(B, Ay,) is a unit system and the A,-orbit of any atom of B, coincides with its
B,,-orbit.
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We say that atoms of fn on which  does not coincide with an element of fn are
singular; for every such atom a 7(«) does not belong to I'y,cv.
We also ensure that the following conditions hold:

() For every atom « of A, there exists at most one singular atom of A,
contained in f‘na.
(xx) For every singular atom « of A, there are at least two singular atoms of
A, 11 contained in a.

Proof. — The construction proceeds as follows: first, we define f‘o, which is the
trivial group. Then we define an involution 7 € Aut(By) by setting 7(aj) = 34,
m(63) = af, and 7 is the identity on the other atom. Our desired conditions are
satisfied for n = 0.

Now assume that we are at step n of our construction, i.e. we have built T, and an
automorphism 7 of B, satisfying our conditions. First, we extend T, to Fn+1 as in
the proof of Lemma 4.12, which is possible since A, 1 reﬁnes A,.. On atoms of B,
contained in an atom of \A,, which is not singular, we have no choice for the extension
of 7: it must coincide with the extension of an element of I',, to an automorphism of
Aut(B,+1), and that extension has already been defined.

Let a be a singular atom of A4,, and S be an atom of A, ;1 contained in «. If the
A,1-orbit O(f) is not exceptional, then it is («, 7(«))-balanced, so we may find an
involution € I',41 such that v(8) C m(a) for all atoms § of O(S) contained in o
Declare 7 to be equal to v on those atoms.

So the real work consists of extending 7 to the atoms of the exceptional A, -
orbits contained in some singular atom of A,,. Let 74, ..., 7, be singular atoms of A,
belonging to distinct m-orbits and such that for every singular atom « of A,, there
exists ¢ such that « = 7; or @ = 7(7;) (we use below the fact that p < h,,, since there
are fewer singular atoms than there are atoms in A,,). Let (O, O’) be an exceptional
pair of A, 1-orbits. Note that (O, 0’) is a (7;, 7(7;))-balanced pair of orbits for all 7.

Denote for all i mo(i) = no(r;) — no(m(7;)). We need to do something to balance
the columns for which |mo(i)| > 1; we distinguish two cases.

e If mp(i) = 1, choose two atoms 6, (7), O2(i) of O contained in 7;, and one atom
05(1) of O Contalned in 7(7;); as well as two atoms 61(7), d2(¢) of O’ contained
in 7(7), and an atom d3(¢) of O’ contained in 7;. If mp(i) = —1, do the same
thing but with 6, (i), 62(7) in w(7;) and 03(7) in 7;; and 6;(4), d2(7) in 7; while
93(7) belongs to 7(7;).

o If mp(i) > 2, we set aside atoms 6 (i), ..., ;) (2) of O contained in 7;, and
atoms 01(%), ..., 0my()(7) of O’ contained in 7(7;); similarly, if mo(i) < —2
we set aside atoms 01(i),...,0mn,@)(¢) of O contained in w(7;), and atoms
01(7), - -+, Ome(i)(4) of O contained in 7;.

Overall, this involves choosing fewer than 3h, N atoms in each of O, O', so we can
additionally ensure that no two of these atoms belong to the same I',,-orbit. We then
set w(d;(2)) = 60;(3), m(0;(z)) = 0;(¢) for all 7, j.

We do this for all exceptional orbit pairs (O, O’) and all i. Now, in each exceptional
orbit O of A,,.1, and for any i, there remain as many atoms of O contained in 7;
on which 7 is yet to be extended as there are such atoms contained in 7(7;). This
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means that we can extend 7 so that it coincides with an element of an on those
atoms.

This enables us to move on to the next step. Condition (x) has been guaranteed
when we chose our new singular atoms in distinct I',-orbits. To see why Condition ()
holds, let a be a singular atom of A,. Since w(a) %r «, there must be some
exceptional column of A, which is not (o, 7(«))-balanced; and we took care to
include more than two singular atoms contained in « in such a column (this is why
we singled out the case |mo(i)| = 1 above). O

We let I = U, T,, A= U,, An.. They are both ample groups, and A is the full group

generated by I' and 7.

LEMMA 5.5. — For any U,V € Clopen(X) such that U ~f V| there exists A € A
such that A(U) = V.

Proof. — First, note that for any clopen U,V such that U ~p V, there exists
some n such that (U,V) = (U,,V,), so that (U,V) are A,-equivalent, hence also
B,-equivalent, so there exists A € A, such that A(U) =V. So U ~, V.

If U #p V but U ~} V, there exists n such that (U, V) = (Uy,, V,,), so (U, V) are
B,-equivalent and U ~, V. O

LEMMA 5.6. — A acts minimally on X; M(A) = M(T'); and A is a saturated
ample group.

Proof. — Given any nonempty clopen set U, there exists vq, ..., 7, € [' such that
X = U, 7(U), since I' acts minimally. By Lemma 5.5, for all ¢ there exists some
Ai € A such that \;(U) = v,;(U), whence A also acts minimally.

Let Gr = {g € Homeo(X): V u € M(T") g = pu}. By construction, A C Gy since
each B, is a ~f-partition (see Lemma 4.12).

If U,V € Clopen(X) are such that u(U) = p(V) for all p € M(T'), we know by
the previous lemma that there exists A € A such that A(U) =V, so A contains Gr.
Hence A = G, thus for any Borel probability measure ¢ on X we have

pe MA) < e M(A)
= U e M(GF)
S pe M) (recall that M(T") = M(Gr), see Lemma 2.7)

Thus A = Gr = [Rr], and [Rr| = [Ra] since M(A) = M(T') (see Lemma 3.6).

Hence A = [R,], i.e. A is saturated. O

LEMMA 5.7. — The orbits of the action of I' on Clopen(X) coincide with the
orbits of the action of I' on Clopen(X).

Proof. — One inclusion is immediate from the definition of T.

If U,V are two clopens such that U ~r V, then there exists n such that (U, V') are
A,-equivalent, so there exists v € T, such that v(U) = V (recall that the A,-orbit
of any atom « of A,, coincides with fna). O

Using Krieger’s theorem, we conclude that I' and T are conjugate.
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DEFINITION 5.8. — We say that x € X is singular if for any n the atom «,(x)
of B,, which contains x is singular (recall that this means that m does not coincide

on o, () with an element of T,,; and then m(oy,(x)) does not belong to Ty an(z)).

If z € X is not singular, then 7 coincides on a neighborhood of x with an element
of T. Since A is generated, as a full group, by I and 7, this means that R, is the
finest equivalence relation coarser than Ry and such that x is equivalent to 7(z) for
each singular point z. Denote by S the set of singular points. It is closed since it is
an intersection of clopen sets.

LEMMA 5.9. — S'is f—sparse and has no isolated points.

Proof. — Condition (x) from the construction of 7 implies that, for any n, there
is no singular point besides x in f’nan+1(a:). In particular, x is the unique singular
point in T,zNS for any n. This proves that S' is f—sparse.

Let x be singular, and U a clopen subset containing x. There exists n such that
an(x) C U; Condition (x*) implies that there exists a singular atom of A, con-
tained in «,(z) and disjoint from c,,(x). Since each singular atom contains a
singular point, there is a singular point distinct from x and belonging to U. So S
has no isolated points. U

Let us recap what we have done. Starting from a minimal ample group I', we built
two new minimal ample groups T, A. The group T is conjugated to I' since their
actions on Clopen(X) have the same orbits; A is saturated. The orbits of the action
of A on X are obtained by gluing together pairs of orbits for the action of T along a
f‘—sparse closed subset which has no isolated points, so Theorem 5.1 tells us that r
is orbit equivalent to A.

Hence I is orbit equivalent to A; we have finally proved that every minimal ample
group is orbit equivalent to a saturated minimal ample group, and this concludes
the proof of the classification theorem for minimal ample groups.

6. The classification theorem for minimal homeomorphisms

The following theorem is a consequence of [GPS95, Theorem 2.3], as well as a
particular case of [GPS04, Theorem 4.16]; it can be seen as an absorption theorem
where one only needs to glue two orbits together.

THEOREM 6.1. — Let ¢ be a minimal homeomorphism, and x € X. Then the
relations induced by ¢ and by I',(¢) are isomorphic.

Proof. — Fix an element y € X which does not belong to the yp-orbit of z, and
consider the ample group A = I';(¢) N T',(¢), which acts minimally (we skip the
proof of this fact since we prove a more general statement below when establishing
Theorem 6.4).

For any integer N, we can find a clopen U such that z,y € U and UNy*(U) =  for
any i € {1, ..., N}. By considering a Kakutani—-Rokhlin partition with basis such a
set U, we see thanks to Lemma 3.5 that for any clopen A, B such that pu(A) < u(B)
for any p € M(T'), there exists 6 € A such that §(A) C B.

TOME 6 (2023)



292 J. MELLERAY & S. ROBERT

As in the proof of Lemma 3.6, it follows that

[Ral={9€G: V€M) g =p} = [Rr,p)

Then the classification theorem for minimal ample groups implies that A is orbit
equivalent to I';(¢).

Since Rr, (,) is obtained from R by joining the A-orbits of y and ¢~!(y) together,
and I',(¢) is orbit equivalent to A, we see that Ra is isomorphic to the relation
obtained from Ra by joining the Ra-orbits of y, o~ (y) together.

Hence, there exist z,t with distinct I';(p)-orbits such that Rr, () is isomorphic to
the relation obtained by joining the orbits of z and ¢ together; and by Theorem 3.11,
there exists g which realizes an isomorphism from Rp, () to itself, with g(z) = x and
9(t) = ¢~ ().

Finally, Rr, () is isomorphic to the relation induced from Rr, ) by joining the
orbits of 2 and p~!(z) together, which is equal to R,. O

The classification theorem for minimal homeomorphisms follows immediately from
this and the classification theorem for minimal ample groups.

Proof of the classification theorem for minimal homeomorphisms. — Assume that
@, 1 are two minimal homeomorphisms of X such that M (¢) = M (¢). Recall that
for any « we have M (I';(p)) = M(p) and M(T',(¢)) = M ().

Thus if M(p) = M () then I';(¢) and I';,(¢)) are orbit equivalent by the classifi-
cation theorem for minimal ample groups, and then by the previous theorem ¢ and
1 are orbit equivalent. O

Using the same approach, we can also recover [GPS04, Theorem 4.16]. We first
note the following easy fact (we have used earlier in this paper an analogue of this
for minimal ample groups).

LEMMA 6.2. — Assume that ¢ is a minimal homeomorphism of X, and that Y is
a closed subset of X which meets every @-orbit in at most one point. Then for any
N one can find a clopen subset U containing Y and such that U N ¢"(U) = 0 for all
ie{l,...,N}.

Proof. — Fix N. Since Y, o(Y), ..., ™ (Y) are closed and pairwise disjoint, there
exist disjoint clopen sets U; such that ¢'(Y) C U; for all ¢ € {0, ..., N}. Set
N
U=N¢"(U)
i=0

Then U is clopen, contains Y, and UNg"(U) C UgNU; = Pforalli € {1, ..., N}. O

Notation 6.3 (see [GPS04, Theorem 4.6]). — Let ¢ be a minimal homeomorphism,
and Y be a closed set meeting each @-orbit in at most one point. For y € Y, recall
that

O (y) ={¢"(y): n =0} and O (y) = {¢"(y): n <0}

We denote by Ry the equivalence relation obtained from R, by splitting the p-orbit
of each y € Y into O"(y) and O~ (y), and leaving the other R-classes unchanged.
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THEOREM 6.4 (|[GPS04, Theorem 4.16]). — Let ¢ be a minimal homeomorphism,
and Y be a closed set which meets every @-orbit in at most one point. Then Ry and
R, are isomorphic.

Proof. — Consider the group I'y = N, cy I'y(¢). It is ample since it is an intersec-
tion of ample groups.

We saw that for any given IV there exists a Kakutani-Rokhlin partition for ¢ with
base a clopen set U containing Y and such that UNe*(U) = @ for alli € {1, ..., N}.
Fix x whose orbit does not intersect Y, and find such a partition with 2 not belonging
to U or ¢ 1 (U) (just shrink U if necessary) and say N = 2. Looking at the atom
which contains z, we see that ¢(z) and ¢~!(z) are both TI'y-equivalent to x (since
the restriction of ™! to some neighborhood of = belongs to I'y). This proves that
the I'y-orbit of any element whose y-orbit does not intersect Y coincides with its
@-orbit: we can always move via ¢*! along this orbit.

By definition of I'y, the orbit of each y € Y splits in at least two I'y-orbits; and
for each n > 0 and y € Y, the restriction of ¢™ to some neighborhood of y belongs to
Iy (take a partition as above with N = n); same argument for negative semi-orbits.
Thus Ry is the relation induced by I'y, and in particular I'y acts minimally.

As in the proof of Theorem 6.1, we deduce from the existence of Kakutani—-Rokhlin
partitions with arbitrarily large height and basis containing Y that [Ry] = [R,], so
by the classification theorem Ry is isomorphic to R,. 0

We conclude this paper by improving our absorption Theorem 5.1 (the result below
is still a particular case of the absorption theorems in [GMPS08, GPS04, Mat08g]).

THEOREM 6.5. — Let I' be an ample subgroup acting minimally. Let K be a
closed set such that K = K, U o(K;), where K; is closed and o € Homeo(K) is an
involution. Assume that K is I'-sparse.

Denote by Rr x the finest equivalence relation coarser than Rp and for which
k,o(k) are equivalent for all k € K. Then there exists f € Homeo(X) such that
fr =t induces Rr i (hence Rr x and Rr are isomorphic).

Proof. — By the constructions used in the previous section, we know that we can
find a nonempty closed subset F' of X without isolated points, and a homeomorphism
7 of F, such that x # m(z) for all x € F' and the intersection of any I'-orbit with
F' is either empty or equal to {z,m(x)} for some x € F. Note that there exists a
homeomorphic embedding ¢g: K — F' such that g(o(z)) = 7w(g(z)) for all z € K.
Recall that K = K7 Uo(K7); let Y = g(K7).

Let ¢ be a minimal homeomorphism of X and x € X such that I' = T',(¢) (see
Theorem 4.7). We can assume that z is not in the p-orbit of any element of Y. As
in the proof of Theorem 6.4, denote I'y = N, cy I'y(¢). We know that I'y is orbit
equivalent to I';(¢) = I', so there exists A conjugate to I' in Homeo(X ) and which
induces Rr, .

Further, Rp is obtained from Rp, = R by joining together the A-orbits of y and
e l(y) forally € Y.

Consider the homeomorphism h: Y U ¢ 1Y) — K defined by h(y) = g (),
h(o ' (y)) = o(g~*(x)) for all y € Y. Applying Theorem 3.11 to A, T’ and h, we
obtain a homeomorphism f of X such that fAf™' =T and fly ,-1(v) = h.
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Then fT'f~! induces the relation obtained from Rp by gluing together the I'-orbit
of h(y) and h(o ' (y)) = o(h(y)) for all y € Y. This relation is exactly Rr k. O
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