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Abstract

Score-based generative models (SGMs) aim at estimating a target data distri-
bution by learning score functions using only noise-perturbed samples from the
target. Recent literature has focused extensively on assessing the error between
the target and estimated distributions, gauging the generative quality through
the Kullback-Leibler (KL) divergence and Wasserstein distances. All existing
results have been obtained so far for time-homogeneous speed of the noise schedule.
Under mild assumptions on the data distribution, we establish an upper bound for
the KL divergence between the target and the estimated distributions, explicitly
depending on any time-dependent noise schedule. Assuming that the score is
Lipschitz continuous, we provide an improved error bound in Wasserstein distance,
taking advantage of favourable underlying contraction mechanisms. We also
propose an algorithm to automatically tune the noise schedule using the proposed
upper bound. We illustrate empirically the performance of the noise schedule
optimization in comparison to standard choices in the literature.

1 Introduction

Recent years have seen impressive advances in machine learning and artificial intelligence,
with one of the most notable breakthroughs being the success of diffusion models,
introduced by Sohl-Dickstein et al. (2015). Diffusion models in generative modeling
refer to a class of algorithms that generate new samples given training samples of an
unknown distribution mga,. This method is now recognized for its ability to produce
high-quality images that appear genuine to human observers (see e.g., Ramesh et al.,
2022, for text-to-image generation). Its range of applications is expanding rapidly,



yielding impressive outcomes in areas such as computer vision Li et al. (2022); Lugmayr
et al. (2022) or natural language generation Gong et al. (2023), among others, see Yang
et al. (2023) for a comprehensive overview of the latest advances in this topic.

Score-based generative models (SGMs). Generative diffusion models aim at
creating synthetic instances of a target distribution when only a genuine sample (e.g.,
a dataset of real-life images) is accessible. It is crucial to note that the complexity of
real data prohibits a thorough depiction of the distribution mq.:. through a conventional
parametric model, and its estimation via traditional maximum likelihood methods.
Standard strategies based on non-parametric density estimation such as kernel smoothing
are also generally ruled out due to the high dimensionality of the data in play.

Score-based Generative Models (SGMs) are probabilistic models designed to address
this challenge using two main phases. The first phase, the noising phase (also referred
to as the forward phase), involves progressively perturbing the empirical distribution
by adding noise to the training data until its distribution approximately reaches an
easy-to-sample distribution m,,. The second phase involves learning to reverse this
noising dynamics by sequentially removing the noise, which is referred to as the sampling
phase (or backward phase). Reversing the dynamics during the backward phase would
require in principle knowledge of the score function, i.e., the gradient of the logarithm
of the density at each time step of the diffusion. However, knowing the score amounts to
knowing the distribution at time ¢ = 0, 7.e., knowing the distribution mg.t. according to
which we wish to simulate new examples. To circumvent this issue, the score function
is learned based on the evolution of the noised data samples and using a deep neural
network architecture. When applying these learned reverse dynamics to samples from
the distribution 7., we obtain a generative distribution that approximates mqaza.

Related works. Significant attention has been paid to understanding the sources of
errors that affect the quality of data generation associated with SGMs (Chen et al.,
2023a,b; Block et al., 2020; De Bortoli, 2022; Lee et al., 2022, 2023; Benton et al., 2023).
In particular, a key area of interest has been the derivation of upper bounds for distances
or pseudo-distances between the training and generated sample distributions. Note
that all the mathematical theory for diffusion models developed so far covers general
time discretizations of time-homogeneous SGMs (see Song and FErmon, 2019, in the
variance-preserving case), which means that the strength of the noise is prescribed to be
constant during the forward phase. De Bortoli et al. (2021); Chen (2023) provided upper
bounds in terms of total variation, by assuming smoothness properties of the score and
its derivatives. On the other hand, the upper bounds in total variation and Wasserstein
distances provided by Lee et al. (2023) also require smoothness assumptions on the data
distribution and involve non-explicit constants. More recently, Conforti et al. (2023)
established an upper bound in terms of Kullback-Leibler (KL) divergence avoiding
strong assumptions about the score regularity, and relying on mild conditions about
the data distribution assumed to be of finite Fisher information w.r.t. the Gaussian
distribution. Regarding time-inhomogeneous SGMs, the central role of the noise schedule



has already been exhibited in numerical experiments, see for instance Chen (2023);
Nichol and Dhariwal (2021); Anonymous (2023). However, a rigorous theoretical analysis
of it is still missing.

Contributions. In this paper, we conduct a thorough mathematical analysis of the
role of the noise schedule in score-based generative models.

e We establish an upper bound on the Kullback-Leibler divergence between the data
distribution and the law of the SGM. This bound holds under mild assumptions
and explicitly depends on the noise schedule used to train the SGM.

e We illustrate, through numerical experiments, the upper bound obtained in practice
in regard of the effective empirical KL divergences. These simulations highlights
the relevancy of the upper bound, reflecting in practice the effect of the noise
schedule on the quality of the generative distribution.

¢ By making an additional assumption on the Lipschitz property of the score function,
we establish a sharper bound of the error due to the mixing time in terms of
Wasserstein distance, by leveraging from the contraction of the drift not only of
the forward, but also of the backward stochastic diffusion.

e Finally, we propose to exploit the theoretical bound obtained to drive and improve
the implementation of SGMs in practice. We indeed suggest a procedure to
jointly optimize the score network and the noise schedule using a loss function
encompassing the proposed upper bound.

2 A theoretical analysis of the noise schedule in
SGMs

In this section, we provide a theoretical analysis of the effect of the noise schedule used
when training an SGM. Its impact is theoretically captured through a bound on the KL
divergence between the data distribution and the generative one.

2.1 Notation and definitions

Forward process. Denote as 3 : [0,7] — R.g the noise schedule, assumed to be
continuous and non decreasing. Although originally developed using a finite number of
noising steps Sohl-Dickstein et al. (2015); Song and Ermon (2019); Ho et al. (2020); Song
et al. (2021b), most recent approaches consider time-continuous noise perturbations
through the use of stochastic differential equations (SDEs) Song et al. (2021h). Consider,
therefore, a forward process given by

ax, = —%de VBB, Xo ~ Tauta (1)



We denote by p; the density of ?t at time ¢ € (0,T]. Note that, up to the time change
t— f; B(s)/2ds, this process corresponds to the standard Ornstein-Uhlenbeck (OU)
process, solution to

aX, — —%Zdt + V2B, Xo~ T,

see for instance Karatzas and Shreve (2012, Chapter 3). Due to the linear nature of the
drift with respect to (X;):, an exact simulation can be performed for this process. The
stationary distribution of the forward process is the Gaussian distribution with mean 0
and variance o%I; and is denoted by 7.

Note that in the literature, when ((t) is constant equal to 2 (meaning that there is
no time change), this diffusion process is referred to as the Variance-Preserving SDE
(VPSDE, De Bortoli et al., 2021; Conforti et al., 2023; Chen et al., 2023b), leading
to the so-called Denoising Diffusion Probabilistic Models (DDPM, Ho et al., 2020).
Understanding the effects of the general diffusion model (1), in particular when reversing
the dynamic, remains a challenging problem, to which we devote the rest of our analysis.

Backward process. The corresponding backward process is initialized at the station-
ary distribution 7, and can be written as

d?t = n(t, yt)dt + 4/ B(t)dB;, ?0 ~ Too s

where

B(t) =BT —1)
n(t, X0) = B0 X/ (20%) + AtV logpr— (X))

We denote by Qr € P(C([0,T],R?)) the path measure associated with the backward
diffusion. We consider the marginal time distribution of the forward process divided by
the density of its stationary distribution, introducing

_ x

Ve e RY, pi(x) = pi() : (2)
Po? (l’)

where .2 denote the density function of 7., a Gaussian distribution with mean 0 and

variance 02l;. Thus, the backward process can be rewritten as

axX, =7 (t, f?t) dt + \/%dBt, No~ 7 (3)

where 7(t, yt) = —%?t—kﬁ(ﬂv log ﬁT_t(yt). The benefit of using the renormalization
Py in our analysis results in considering the backward equation as a perturbation of
an OU process. This trick is crucial to highlight the central role of the relative Fisher
information in the performance of the SGM. It has already been used by Conforti et al.

(2023).



Score estimation. Simulating the backward process means knowing how to operate
the score. However, the (modified) score function V log p;(z) = V log p;(z)+z/0? cannot
be evaluated directly, because it depends on the unknown data distribution. To work
around this problem, the score function V log p; needs to be estimated. In Hyvarinen
and Dayan (2005), the authors proposed to estimate the score function associated with
a distribution by minimizing the expected L?-squared distance between the true score
function and the proposed approximation. In the context of diffusion models, this is
typically done with the use of a deep neural network architecture sy : [0, 7] x R¢ — R¢
parameterized by # € ©, and trained to minimize:

S (T, ?T> — Vlogp, (?T> HZ} ,

with 7 ~ U(0,T) independent of the forward process (?t> . However, this estimation
>0

problem still suffers from the fact that the regression target is not explicitly known. A
tractable optimization problem sharing the same optima can be defined though, through
the marginalization over Ty, of p, (see Vincent, 2011; Song et al., 2021a):

Eexplicit(9> =E |:

»Cscore(g) =E [||30(7—7 ?7') - VIngT(?T|XO>H2] )

where 7 is uniformly distributed on [0, 7], and independent of Xy ~ 7gat. and ?T ~
pr(+|Xo). This loss function is appealing as it only requires to know the transition kernel
of the forward process. In the classical setting of diffusion models given by (1), this is a
Gaussian kernel with explicit mean and variance.

Discretization. Once the score function is learned, it remains that, in most cases,
the backward dynamics no longer enjoys a linear drift, which makes its exact simulation
challenging. To address this issue, one solution is to discretize the continuous dynamics
of the backward process. In this way, Song et al. (2021b) propose an Euler-Maruyama
(EM) discretization scheme in which both the drift and the diffusion coefficients are
discretized recursively (see 26). In particular, introduce 34(t,z) := sy(t,z) + /0
and consider the time discretization 0 =: t, < t; < --- < ty := T, the EM scheme
corresponds to

AXPM — (—52 (;’;) XEM 4 3(1)5 (T _— f?gM)) dt + \/B(ty)dB, .

The Euler Exponential Integrator (EI) (see Durmus and Moulines, 2015), as already
used in Conforti et al. (2023), only requires to discretize the part associated with the

modified score function. Let <§f> o be such that, for t € [tg, tgi1],
te[0,T

axX? = 3@ (—T;Yf +5 (Tt f?fk)> dt +/3(t)dB;



This scheme can be seen as a refinement of the classical Euler-Maruyama one as it
handles the linear drift term by integrating it explicitly. We consider therefore such a
scheme in our further theoretical developments.

We denote by Q%% € P(C([0,T]),R%)) the path measure associated with this dis-

cretized version of the backward diffusion and by W(B 9 the marginal probability density
of ?9 under an N-time discretization (recall that ye ~ T ).

2.2 Main result: nonasymptotic Kullback-Leibler upper bound
depending on the noise schedule

In this section, we present theoretical guarantees on time-inhomogeneous SGMs with an
explicit dependency on the noise schedule t — [5(t).

Statement. The data distribution mga. is assumed to be absolutely continuous with
respect to the Gaussian measure 7. Define the relative Fisher information Z(7gata|meo)

by
dﬂ'd 2
I(ﬂ—datah—oo) = / HVIOg ( dﬂ::a) H dﬂ—dataa

and consider the following assumptions.

H1 The noise schedule is continuous, non decreasing and such that fooo p(t)dt =

H2 The data distribution has finite Fisher information w.r.t. the normal distribution,
i.€., T(Tgata| Too) < 00.

H3 The parameter § € © and the schedule § satisfy

o {3 [[0] (-0 %) 50 (r- %)) a}] <.

where 3(t, ) := Vlog pi(x) corresponds to the score function up to the renormal-
ization (2) by the stationary distribution.

Assumption H1 is necessary to ensure that the forward process converges to the
stationary distribution when the diffusion time tends to infinity. Assumption H2 is
inherent to the data distribution, as it involves only the L2-integrability of the score
function. Such a kind of hypothesis has already been considered in the literature, see
Conforti et al. (2023). We stress that we do not require extra assumptions about the
smoothness of the score function. Lastly, Assumption H3 is the guarantor of a good
approximation of the score by the neural network sy, weighted by the level of noise in
play. We are now in position to provide an upper bound for the relative entropy between
the distribution %\](\?’9) of samples obtained using the discretized reverse-time process,
and the target data distribution 7q.¢,. This theoretical guarantee on the quality of the
generated samples explicitly depends on the noise schedule ¢ — §(t).
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Theorem 2.1. Assume that H1, H2 and HS3 hold. Then,

KL (Wdata

A7) < &) +E(0.8) + E(B).

where
T
£.(8) = KL (ﬁdatauﬂoo)exp{—é/o ﬁ(s)ds} ,

52(975) = iE[HVIOgﬁT% <?T—tk> — S (T — g, ?Tftk)

h3(T)
402

2 tet1
} B(t)dt
t

k

&x() = 2o max { 1) 1 Tl

with h = supyeqr vyt — ti-1) and to == 0.

The obtained bound is composed of three terms, all depending on the noise schedule
B, through either its integrated version over the diffusion time, or its final value at time 7.
Note that if the result is derived for the EI discretization scheme, it could be adapted to
the Euler one up to minor technicalities. Remark also that relying on Pinsker’s inequality,
the obtained bound could be transferred in terms of total variation. To understand the
origin of each term of the upper bound, we propose to give the main ideas of the proof
in what follows. Our approach to establish Theorem 2.1 falls into the category of the
Girsanov-based approach as in De Bortoli et al. (2021); Chen et al. (2023b); Conforti
et al. (2023), adapted to obtain sharp upper bounds in time-inhomogeneous cases.

Elements of proof. We are interested in the relative entropy of the training data
distribution mgat. With respect to the generated data distribution 7T(ﬁ 9 Denoting by
(Q¢)iejo;r) the semi-group of X; (we drop the dependence on the noise schedule 3 in the
notation for the ease of readability) and leveraging the time-reverse property we have':

KL (ﬂ-data 77](\5 0)) KL (pTQT‘ )A(ﬁ ) > .

By the data processing inequality,

KL (pTQT‘ h}(\g,e)) <KL (pT@T‘ ‘Woo@}gv’a) :

1F01r any probability density p and any kernel @, pQ is the probability density given by pQ@ : x —
J p(u)Q(u, z)du where Q(u,-) is the probability density of Q(u,dx).



Writing the backward time 7, = T' — t and its discretized version 7, = T' — t, we have
(by Lemma B.2) that

KL (den/ﬁ}éﬂ))
< KL (prll¢s2)

+3 OT ngE ‘ i Ko 1)V o, (K0)
— (—%yt + B(t)3y (Tk, ytk)) ]dt-

From there, the KL divergence can be split into the theoretical mixing time of the
forward OU process and the approximation error for the score function made by the
neural network, as follows:

2

]dt.

KL <7TdataH7T(69 )
By discretizing the interval [0, 7] using 0 =ty < t; < ... <ty =T, one can disentangle
the last term as follows:

1 (T 1
<KL (prll¢s2) + 5 | =—=E

5L 5 B(1) (g(n,?t)—ge(m,fitk))

KL (mauia [70”)
<KL iprlloe + 23 [ 50 5 (. %2) 50 (5B
k=0 *tk
< Ei(B) + Ex(0, B) + E3(8),
where
Ey(8) = KL (prll¢s2) , (4)
- /“ﬂ“ B0)E |5 (. K)o (7 K [ 5
k: 0
. /“f“ B)E |3 (. 5%0) = 5 (e ) ] e 0

Finishing the proof of Theorem 2.1 amounts to obtaining upper bounds for F;(f),
E5(0,8) and E5(5). This is done in Lemmas A.1,A.2 and A.3, so that E,(5) < & (p),

E2<97ﬁ) < 82(97B) and E3(ﬁ) < 53<ﬁ)



Dissecting the upper bound. The upper bound of Theorem 2.1 involves three
different types of error that affect the training of an SGM. The term &; (or E; in the
proof) represents the mizing time of the OU forward process, arising from the practical
limitation of considering the forward process up to a finite time 7". Indeed, & is shrinked
to 0 when 7" grows to infinity. Note that the multiplicative term in &; corresponds to
the KL divergence between 7gata and m,, which is ensured to be finite by Assumption
H2. The second term & (or Fj in the proof) corresponds to the approzimation error,
which stems from the use of a deep neural network to estimate the score function.
Note that if we assume that the error of the score approximation is uniformly (in time)
bounded by Mjy (see De Bortoli et al.; 2021, Equation (8)), the term & admits as a crude
bound My fOT B(t)dt, with the disadvantage of exploding when 7" — +o00. Otherwise, by
considering Conforti et al. (2023, Assumption H3), one can make this bound finer and
finite, by balancing the quality of the score approximation, the discretization grid and
the final time 7'. Finally, & (or Ej in the proof) is the discretization error of the EI
discretization scheme. This last term vanishes as the discretisation grid is refined (i.e.,

h —0).

Comparison with existing bounds. Under perfect score approximation, i.e. (with

=T — 1),
;E[HVIOQ’% <?Tk> — 3 (Tk,?m) 2] —0,

and infinitely precise discretization, 7.e., h — 0, we recover that the Variance Preserving
SDE (VPSDE, De Bortoli et al., 2021; Conforti et al., 2023; Chen et al., 2023b) converge
exponentially fast to the target distribution. Beyond this idealized setting, the bound
established in Theorem 2.1 recovers that of Conforti et al. (2023, Theorem 1) when
choosing a constant noise schedule 3(t) = 2, the stationary variance as 02 = 1/2, fixing
the final time 7" at 1, and using a discretization step size h < 1.

3 On the tightness of the upper bound

3.1 A refined version

In this section, we focus on the framework of “perfect score approximation” and infinitely
precise discretization, i.e., (6, B) = E5(0, B) = 0. This allows to assess the sharpness
of the term & (/) in the upper bound of Theorem 2.1.

When restricting the data distribution to be Gaussian N (g, >o), one can exploit
the backward contraction assuming that A\pax(3g) < 02, where Apax(Xo) denotes the
largest eigenvalue of ¥y. In this specific case, we can obtain a refined version for & (see



Proposition C.1), given by

9 T
KL (WdataHSDoQQT) S KL (Wdata||¢02) exXp (_;/ B(S)d‘S) .
0

In the literature, much attention is paid to derive upper bounds with other metrics
such as the (sliced)-Wasserstein. In Lee et al. (2023), the authors obtain a control
for the Wasserstein and total variation distances. However, those results rely on
strong smoothness assumptions on the score function as in De Bortoli (2022), and with
additional assumptions on 7., (assumed to have bounded support).

Hereafter, we also propose a control in Wasserstein distance under the following
assumption.

H4 For any ¢, there exists C; > 0 such that Vz,y € RY,

(Vlog jy(z)—Vlogpi(y)) (z —y) <—Cillz —y||* .

Assumption H4 includes a notion of smoothness for the score accounting for its
sign, which plays a crucial role in terms of contraction of the backward SDE. This is
a key element that has already been identified in OU processes for instance for which
contraction is indeed well-established and serves as the foundation for the convergence
of SGMs.

Proposition 3.1. Suppose that x +— ¥ log p,(x) is L;-Lipschitz, fort € (0,T]. Then,

T
Ws (Tdata, 902 Qr)” < Wa (1, 902)” exp (—/ % (1—2Lw0?) dt) : (7)
0

Moreover, under Assumption Hj, we have

T
W2 (Wdataa 9002QT)2 S WQ (pT, 9002)2 €xXp (_ / % (1 + 2Ct0'2) dt) . (8)
0

Remark that Assumption H4 is a more restrictive hypothesis compared to the
Lipschitz continuity of the score, as the former implies the latter. This stringency is
reflected in the upper bound, as the contraction strength is always improved under
Assumption H4 by involving the term 1 + 2C,0? instead of 1 — 2L;0? when the score
is only assumed to be Lipschitz. Note that C; could take negative values to a certain
extent, and still preserving the contraction property.

Note also that Assumption H4 or the Lipschitz property of the score are both satisfied
when the target distribution is assumed to be Gaussian and provided some conditions
on its covariance structure. Indeed, when 7., is a Gaussian distribution N (pug, o),
the score can be expressed by a closed-form formula, leading to a fine evaluation of the
constant C; (and L;).

10



Lemma 3.2. Assume that Tya. is a Gaussian distribution N (po, Xo), satisfying that
Amax(X0) < 0. Then, the error bound (8) holds with a contraction dictated by the
following constant

mf (02 - AmaX(EO))

Cy = .
C m2 A max (Do) 4+ 02 (1 —m2)

This result, restricted to the Gaussian case, sets the focus on the importance
of calibrating the parameter o2 depending on the covariance structure of the data
distribution, in order to accelerate the convergence speed of the algorithm.

3.2 Numerical illustration

To illustrate the upper bound, we consider the setting where the true distribution is
Gaussian in dimension d = 50 with mean 1, and different choices of covariance structure.

1. (Isotropic) £0s°) = 0.51,.

2. (Heteroscedastic) L(heterose) ¢ Rdxd s a diagonal matrix such that EE?EWOSG) =10

for 1 < j <5, and E;?eterosc) = 0.1 otherwise.

3. (Correlated) (™) € R¥*4 ig a full matrix whose diagonal entries are equal to one
and the off-diagonal terms are E(‘;?H) =1/\/lg— 7 for 1 <j#j <d.

J
(iso) (heterosc (corr)

The resulting data distributions are respectively denoted by ..., Ti.a ) and T ata -
Theorem 2.1 provides a generic Kullback-Leibler upper-bound:

['sched(97ﬁ> = 81(6> + 82(075) + 53(ﬁ) . (9)

We propose to evaluate (9) for the different data distributions above, and for a noise
schedule of the form

Ba(t) oc (e = 1)/(e" = 1), (10)

with a € R ranging from —10 to 10, see Figure 1. To do so, for each value of a, and
each data distribution, we train with n = 10000 Gaussian samples an SGM with 200
discretization steps of the time interval [0, 1]. In all our numerical experiments, we use
an Euler-Maruyama scheme, as being the most encountered in practice. The score is
learned using a dense neural network with 3 hidden layers of width 256 over 100 epochs,
see Figure 7. We compare the obtained value of (9) with empirical KL divergence
between samples from the data distribution and samples from the trained model %1(5“’9).
Note that in a Gaussian setting, the evaluation of the bound or the KL divergence relies

on closed-form formulas; see Appendix D.1.
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Figure 1: Evolution of noise schedules 3, w.r.t. time, for different values of parameter
between —10 to 10. The original choice of noise schedule in the VPSDE case (Ho et al.,
2020) is shown as a dashed line, corresponding to a linear noising function.

When the parameter a ranges from —10 to 10 with a unit step size, i.e.,a €
{—10,-9,...,9,10}, the results are displayed in Figure 2. They highlight in all the sce-
narios that the noise schedule involved in the SGM impacts the value of KL(Wdata||5r\](V’B’9)),
and thereby the quality of the learned distribution.

In the isotropic case (Figure 2 (a)), the behavior of the upper bound of Theorem
2.1 does not exactly match the one of KL(WdataH%](\f“’e)) suggesting that the refinement
relying on contraction arguments specific to the Gaussian setting (see Lemma 3.2) is
indeed more informative in such a case.

When considering data distributions less naive such as Wé};i;erosc) and 7'('((1:;2) (Figure
2 (b) and (c)), the upper bound of Theorem 2.1 remains clearly relevant to assess the
efficiency of the noise schedule used during training. Note that in all these experiments
(Figure 2 and 3), the generic upper bound provided by Theorem 2.1 indicates a window of
possible values for a improving over the classical linear noise schedule. This suggests that
optimizing this upper bound with respect to the noise schedule through the parameter
a could enable us to lower the discrepancy between mg.t. and the estimated one %](\?“’9),
and thus improving the quality of the generated samples.

For all the settings (isotropic, heteroscedastic and correlated), we also verify these
findings by making the dimension of the inputs vary in {5, 10,25,50}, and we compare
the empirical KL obtained by (i) classical VPSDE (Song and Ermon, 2019), with a linear
noise schedule (i.e.,a = 0), (ii) a time-inhomogeneous SGM involving a cosine schedule
as in Nichol and Dhariwal (2021), and (iii) the one obtained by our time-inhomogeneous
SGM. For the latter, we adopt the noise schedule to be $* = 3, where the parameter
a* € {—10,-9,...,9,10} corresponds to the minimizer of the estimated upper bound

(9). In Figure 4, we observe that whatever the dimension is, %\]%*9 always outperforms
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the state-of-the-art diffusion models in terms of KL divergence, see Table 1 in the
appendix for precise KL values. It appears to produce more stable generative models,
as its variance in terms of KL over the different runs is clearly reduced compared to
competitors when the dimension increases.

KL(Tdata, 1) (NN) i KL(Tdata, ) (NN) i
KL(Mgata, 1) (exact score) T KL(Mdata,1T) (exact score)

i VPSDE (NN) VPSDE (NN) r
-100 -75 -50 -25 0.0 25 5.0 75 10.0 -10.0 -75 -50 -25 0.0 25 5.0 75 10.0
Values of a Values of a

(a) Isotropic setting (b) Heteroscedastic setting

KL(MTgata, ) (NN)
KL(Mgata, 1) (exact score) L
VPSDE (NN)

-100 -75 -50 -25 0.0 25 5.0 75 10.0
Values of a

(c) Correlated setting

Figure 2: Comparison of the empirical KL divergence (mean value 4 std over 10

runs) between maat, and %%3’9) (in orange) and the upper bound (9) (in blue) w.r.t. the
parameter a used in the definition of the noise schedule (,, for d = 50. We also represent

the KL divergence obtained with the VPSDE model (dashed line) and the one obtained

with our model (dotted line) when the score is not approximated but exactly evaluated.
The data distribution 7ga, is chosen Gaussian, corresponding to (a) 742 (b) i)

and (c) 7%, The parameter a ranges from —10 to 10 by a unit step size.

4 Noise schedule optimization
Algorithm. Building on the previous numerical experiments, we propose to exploit

the theoretical upper bound (9) to tune the choice of the noise schedule. To this aim, we
design an iterative method to jointly optimize the weights 6 of the NN score estimator
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KL(Mgata,1) (NN - Euler) ] KL(Mgata,1T) (NN - Euler) i
KL(Mgata,1T) (exact score - Euler) [~ KL(ndalaﬁ) (exact score - Euler) |
VPSDE (NN) i VPSDE (NN)
1 2 3 4 5 6 1 2 3 4 5
Values of a Values of a
(a) Isotropic setting (b) Heteroscedastic setting

KL(gata,1) (NN - Euler)
KL(Mgata,1T) (exact score - Euler)
VPSDE (NN)

Values of a

(c) Correlated setting

Figure 3: Zoom of Figure 2 by refining the grid for a: the parameter a ranges from 0.8
to 5.8 with a step size of 0.1.

and the noise schedule 3, see Algorithm 1. The admissible functions /3, for the noise
schedule are given in (10). For fair comparisons, we train both the VPSDE network and
the adaptive scheduling network with 10000 samples over 100 epochs using the same
learning rate. For the latter, the noise schedule, through the parameter a, is initialized
at a = 0 and updated every 10 epochs.

Results. We assess the performance of Algorithm 1 by considering a Gaussian data
distribution ﬂé(;c;:). On Figure 5, along the epochs, we display the empirical KL
divergences w.r.t. the generated distribution via Algorithm 1, vs. the regular VPSDE
generator. From the very first epochs, Algorithm 1 produces better samples than the
standard VPSDE model. As expected, the value of a selected by Algorithm 1 tends
to be shifted to positive values with some stabilization around optimal values already

observed in Figure 2.
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2 202 *
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c
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[}
2
© .
< 0.05 w
. ok
0.001 &<
5 10 25 50

(c) Correlated setting

Figure 4: Comparison of the empirical KL divergence (mean value + std over 10 runs)
between 7mq.n and the generative distribution 7 for different values of the dimension.
The generative distributions considered are %5\?’9) (blue plain) obtained by the time-
inhomogeneous SGM for (., the one obtained by a standard VPSDE model (yellow
dashed), and the one obtained using a cosine schedule (orange dotted). The data

distribution maa, is chosen Gaussian, corresponding to (a) o), (b) 71" and (c)

(corr)
data -
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Algorithm 1 Iterative optimization of the noise schedule and the score function
0)

Input: N training samples, initial schedule 8, with a = a(?, initial parameter ().
Set a* = a(¥)
for e = 0 to number of epochs do

Compute t1) using score matching with noise schedule §,+ and initial estimate

0().

if e mod10 = 0 then

Update a* € argmin, Loenea(0HY, B,).
end if

end for

0.35+1
Optimized schedule

0.30- VPSDE
0.25
0.20-

0.15+

0.10-

50 100 150 200

Figure 5: Empirical KL divergences (median and quartiles over 10 runs) between mqa¢,
and the distributions obtained by Algorithm 1 (blue) and the VPSDE model (yellow).

5 Discussion

In this paper, under mild assumptions, we have established an upper bound on the
Kullback-Leibler divergence between the data distribution and that of score-based
generative models with an explicit dependency on the noise schedule. We have also
proposed a new procedure to jointly optimize the score network and the noise schedule.
The tightness of the upper bound as long as the performance of the optimization
procedure were illustrated empirically in Gaussian settings to allow fair comparisons
with existing approaches and sampling methods based on exact score functions. Many
extensions can be considered to exploit such upper bounds in order to improve the
sampling performance of these models. Obtaining explicit and generic upper bounds
for (sliced)-Wasserstein distances, when the data distribution is assumed to have only
finite Fisher information would be useful as these metrics are highly valuable in practice.
Extending our theoretical results to multi-dimensional noise schedules would also be of

16



particular interest to be able to deal with target distribution with complex covariance
structures. Last but not least, establishing lower bounds either for Kullback-Leibler
divergences or Wasserstein distances remains an exciting open problem, which would
shed light on the performances and limitations of score-based generative models.
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Notations and assumptions. Consider the following notations, used throughout
the appendices. For all d > 1, u € R? and definite positive matrices ¥ € R4, let
©,,5 be the probability density function of a Gaussian random variable with mean
and variance Y. We also use the notation ¢,2 = ¢ ,21,. For all twice-differentiable
real-valued function f, let Af be the Laplacian of f. For all matrix A € R™ " ||A|p:
is the Frobenius norm of A, i.e., [|[Alm = (327, Y0 [4i1H)Y2

Let my be a probability density function with respect to the Lebesgue measure on
R?and o : R — R and g : R — R be two continuous and increasing functions. Consider
the general forward process

dX, = —a(t)Xdt + g(t)dB,, Xo~ 0, (11)

and introduce p; : = +— py(x)/p,2(x), where p, is the probability density function of ?t.

The backward process associated with (11) is referred to as (X4).cjo,7] and given by

aX, = { (a(t) - @) - X+ g (t)V log pr—q (f?t) } dt + g(t)dB, Xy~ pT(,lz)

with a(t) := a(T —t) and g(t) := g(T — t) and B a standard Brownian motion in R?.
Moreover, consider

o == exp (—2 /Otoz(s)ds) /Ot g*(s) exp (2 /Osa(u)du) ds. (13)

A Proof of Theorem 2.1
Lemma A.1. For any noise schedule [3,
1 [T
E1(B) = KL (pr||¢sz) < KL (Tgatal|©02) €xp <_F/ 6(s)ds> )
0

Proof. The proof follows the same lines as Franzese et al. (2023, Lemma 1). The
Fokker-Planck equation associated with (1) is

dipi(z) =

%div (zpi(2)) + @AM"”) - @div (%xpt(m) i th(x)) ’

for t € [0, 7],z € RY. Combing this with the derivation under the integral theorem, we
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get

9, 0 x
SRLGller) = 5 [ 108 2 0y
R

ot ot 0o (1)
9 pi() () Oppy ()
= — 1 dx + d
R 3tpt(x) °8 o2 (1) v () v
B 0 () 0
=/, apt(x) log g002(x)dx + apt(a:)dx
_ [ B8O, pe(x)
= /. div <02pt(m) + th(x)> log o (x)dm
- B(t) / . pi()
- /. div (=Vlog o2 (z) pe(x) + Vpi(x)) log o)
__b®) / B T pe(x)
- 2 Rd ( v log Po2 (I‘) pt(x> + th(x)) v log Do (37) dx
20 [ ) (V108 00) + Vg (@) Viog L4
2 R4 9002 (ZB)
Bt) / ‘ pi() |
= ——= pe(x) ||V o dx .
2 R4 t( ) & Po? ({L‘)
Using the Stam-Gross logarithmic Sobolev inequality given in Proposition B.3, we get
0 t
I KL () < ~2OKL (i)
o

Applying Gronwall’s inequality, we obtain

1 T
KL (prlleos) < KL Gullge)exp {7 [ plogas}

which concludes the proof. n
Lemma A.2. For all 0 and all 3,

50,9 = S [T e, (%) 5 (. 3.

where Ey(0, ) is defined by (5).
Proof. By definition of Ey(0, (),

) ter1
} Byt

k

N-1

E60,8)=Y " BE {HVIog pro (Xu) =50 (T -1, %) 2] dt
k=0 “tk

=S E[[Vioeprn (K) ~s (1 a5 [ s0ar

k=0 k
_ i::E {vagﬁtk (X0) =50 (8. X ﬂ /t:+ B(t)dt,
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where the last equality comes from the fact that the forward and backward processes
have same marginals since X ~ prp. O

Lemma A.3. Assume that H1 holds. For all T,o > 0, 0 and all (3,
hB(T)

402

Es(5) < 2hp(T) max { 1} Z(Paata|Too) 5

where E3(f) is defined by (6).
Proof. By Lemma B.4,

B(t) /5

By applying I[t6’s lemma to the function z — ||z]|?, we obtain

A = (e + Bz ) e By zas,

Fix § > 0. From Baldi (2017, Theorem 7.3), we have that ([, g(s)Y,” Z,dB,)wecjo.r—s)
is a square integrable martingale if

E UOHg?(s) ||Y8TZS||2ds] < 0.

From Cauchy-Schwarz inequality, we get that

E[|[v7Z|I,] <EWI31203] <E 3] E (208"

Applying Lemma B.5 and B.6, we get that both E[||Y;]|3] and E[|| Z,||3] are bounded by
a quantity depending on ar_ﬁt. As the term a}ft is uniformly bounded in [0,7" — ¢] and
by Fubini’s theorem, we get

E UOT92<8> HYSTZSH2ds} - /0T92<5)E YT z,)| ds < oo.

Therefore, ( fot g(s)YsTZSdBS> [ ] is a square integrable martingale. This means
te[0,T—6
that, on one hand, we have

E[[¥V?] - E[I%:,IP] =E [ [ imappas+ | @<s>||zs||%rds} |

2
& o
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and, on the other hand,

' 2
E[IY, - Y;l] = / \/B(s)2,aB,
< 2E + 2E
— . _ k2
< 2FE %/ \/B(s)—vi(S)sts + 2E

1 tht1 tk+1
<o [ e[y ppal

k

tht1
R [ [ ez ds]

173

k1 3(5)ds
5 zm{f# 1} (& (Yo 7] ~ E (1%, 17) -

g

Without loss of generality, we have that ty_; = Ts. Then, the discretization error can
be bounded as follows

> / " BE {vag pr (%) - Viogr o, (X.,) ﬂ dt
k=0 7tk
k=0 vtk

Kang tkHﬁ 2 2
<2y [ ﬁ(t)maX{f =z 7}(E[|mm||}—laﬂmku])dt

k=0
N-1 lkt1 5
B(s)ds a1
<2 m{T1 (B (¥ ] - E [ ) [ Bty
k=0 ti
2
N—-1 ftk+l B(S)ds tk+1
¢ _
o3 e U - L[ s e )~ i)
k=0 b
(Ji Bs)ds) s
§20<r/7cn<a1\}/<—1 Hax 402 ’ Bls)

By H1, ¢t — B(t) is increasing, so that ¢ ~— [3(t) is decreasing. Therefore, defining
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O = thr1 — Uy,

" B0E [ |[Viosprs (K0) - Vioepr (K)o
k=0 'tk
<2 max {maX {%‘?))2, 5k5(tk)}}E [“VlogﬁT—tNl (ytN,l)

0<k<N-1
hQBQ (tk)

<2 max {max{ 12 ,hB(tk)}}I(pdataQT6|7Too)

0<k<N-1

N-1

|

< 2h5(0) max { hf;g) ; 1} Z(PaataQr5|7o0)

hB(T)
402 7’

< 2hfB(T) max { 1} Z(PdataQr—6]To0) -

Finally, following the steps of the proof of Conforti et al. (2023, Lemma 2), we can
take the limit for § that goes to zero, under Assumption H2, concludlng the proof.
O
B Technical results
Lemma B.1. Assume that H1 and H2 hold. Let (?t> be a weak solution to the

>0
forward process (1). Then, the stationary distribution of (Yt> 1s Gaussian with
>0

mean 0 and variance o*1,.

Proof. Consider the process

_ 1 t
Xt = exXp (T"Q/O 5(8)(18) ?t
[t0’s formula yields

Z:exp(—ifotﬁ(s)ds)( 0+/\/_exp</ﬁ )dB) . (14)

First, we have that
. 1 !
Jim exp (_ﬁ/o 6(5)d5> ?0 =

Secondly, we have that the second term in the r.h.s. of (14), by property of the Wiener
integral, is Gaussian with mean 0 and variance o?1,, where

2 _ exp <—— / B(s ) / B(s)els B/ dugg _ o2 (1—eXp (—é /0 t 5(3)013)) |

By H1, lim;_,o, 02 = ¢, which concludes the proof. O
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Lemma B.2. Let T > 0 and by, by : [0,T] x C([0,T],R?) — R? be measurable functions
such that for i € {1,2},

AX{ = by (1 (XO)sepoy) dt + /BT = 0dB, 15)

admits a unique strong solution with X( ~ 7r0 Suppose that (b;(t, (ngi))se[ﬂ,t]»te[O,T]
15 progressively measurable, with Markov semi-group (Pt( ))tZO- In addition, assume that

o {3 [ oo o (5 X)) = 2 (5 ) ) [} ] < oo

(16)
Then,

KL( D POl P(2>> <KL (mg”uw(@)

/5 -t [Hbl( Xil))ue[oﬁ})_b2<8’(X751))u6[0,S])H2}dt

Proof. For i € {1,2}, let u be the distribution of (X, )te[g 7 on the Wiener space
(C([0, T);RY), B(C([0, T); RY))) with X ~ 7{". Define u(t,w) as

u(t,w) = BT = )72 (by (6 (XD) ) — b2 (6 (X)) -

and define dQ/dP(w) = Mz (w) where, for ¢ € [0,T],

M) =ep{- | san— [ (s, s

From (16), the Novikov’s condition is satisfied (Karatzas and Shreve, 2012, Chapter
3.5.D), thus the process M is a martingale. We can then define an equlvalent probability
measure, denoted by Q, such that dQ/dP := My. Applying Girsanov theorem, dB; =

dB; + ul(t, (Xgl))se[o,t])dt is a Brownian motion under the measure Q. Therefore,

X = by (£ (X0) ) 4t + VBT = DdB,
= by (t, (xy))ue[o’ﬂ) dt + /(T — t)dB; .

Using the uniqueness in law of (15), the law of X! under PP is the same as the one of
X® under Q, with X® solution of (15) with i = 2 and X(gz) = 7r(() ). Denote by i(® the
law of X® . Therefore,

p(A) =P(XW e 4) =QXP e 4) = / La(X®?(w)Q(dw) = / Myp®(dy) ,
A
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which implies that

du®
—dﬂ(l) = Mryp.

| d/lgrl)
0g
RN
I L[
— 1 (n1) + 35 | [ atsrTas+ [ hutsolPas

= KL (71'(()1) 7r(()2)>

Hence, we obtain that

KL (1| = KL (ﬂgn 7T(()2>> E

11
+ 5/0 BT =" [”bl(t, (X )sero) = balt, (Xﬁl))se[ovﬂ)HQ] dt,

which concludes the proof. ]
Lemma B.3. Let p be a probability density function on R. For all 0® > 0,

KL (p0) o a)) = [ o) tog 222 dr< / vag plz) rp(x) dz.

Po2 (1‘) Po2 <$)
Proof. Define f,2 : x = p(x)/pq2(z). Since V?log p,2(x) = —o 21,4, the Bakry-Emery
criterion is satisfied with constant 02 ', see Bakry et al. (2014); Villani (2021); Talagrand
(1996). By the classical logarithmic Sobolev inequality,
o [ [Vfe(x)|?
2 for ()
which concludes the proof. O
Lemma B.4. Define Y, := VlogﬁT_t(yt) and Z; := V? logﬁT_t(§t), where {§t}t20

is a weak solution to (11). Then,

/ fo2(7)10g fo2 (2) g2 (x)dr < ©o2 (2)dz,

v, = (@ - @(t)) Yidt — = (§2(t) - @(t)) Nt + g0 ZdB.  (17)

o? o2 \ 202
Proof. The Fokker-Planck equation associated with the forward process (11) is
g°()
2
for € RY. First, we prove that p, satisfies the following PDE

A log py(x) = d (a(t) -~ g2(t>> + (Vlog pi(z), z) (@(t> - gQ(Qt))

Oipi(x) = a(t)div (zp,()) +

Api(x) , (18)

202 o
4 ”Ux—! (gzo(r’;) _ a(t)) 4+ 9 2(t> A;ES) | (19)
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Using that Vlog ¢,2(z) = —x/0?, we have
div(zpi(z)) = d pi(a) + po(x) 2"V log py(w)

— palo) (o) + i) Vo) o - 12])
= @y2(7) (d pi(x) + V(o) T2 — @ﬁt(x)) :

Then, since Ap,2(z) = (pqo2(7)/0?) (||z]|*/0? — d), we get
Api(x) = pi(2)Ape (x) + 2V () T Vo2 (@) + o2 () Apy ()

= py2(7) (M (M - d) - %Vﬁt(x)Tw + Aﬁt(m)) :

o2 o2

Combining these results with (18), we obtain

85,(@) = d (2] <a(t) B 922:;)) + Vpi(2) e (a(t) _ 9(27(215))
P Ll <@ - a(t)) + 205,

o2 202 2

Hence, diving by p; yields (19).
The previous computation, together with the fact that Ap;/p; = Alog ps+|V log py||%,
yields that the function ¢;(x) := log pr_(x) is a solution to the following PDE

Bup(z) = —d (a(t) - M) —Véu(2) (a(t) - @) (20)

202 o?
lzl* (3*(t) 92( )
2 5~ a(t) ) — (Agy(x) + [Vre(2)]]?) - (21)
o o
Following the lines of the Conforti et al. (2()23, Proposition 1), we get that, since

a and ¢ are continuous and non-increasing, the map p;, solution to (18), belongs to
CH2((0,T] x RY). Moreover, (12) can be rewritten as follows, with respect to p

aX, = { (a(t) - gz(;)) N+ POV ogpr_s (f?t> } dt +g(t)dB,, Xo~pr,

This means that, as Y; = V¢, (&t), we can apply It6’s formula and obtain

v, = {atwt( )+v @( /) (( ﬂ?) X, + #(1)Ve, (f?t)>

))

g Awt } dt + §(t) V2, (?t) B,
+ (@(t) — @) V2¢t (yt) §t] dt + g(t)v2¢t <§t> dB,,

[ (30 (5) 22 (s (5) ()
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using that 2V2¢;(2)V i (z) = V||V, (z)||?. Using (20), we get

dY; = {— (d(t) — @) Vi, (?J + % (@(t) — 92<t)> ?t

202

+ (a(t) - %) V2o, (X)) ?t} dt + ()26, (X.) dB,

with ¢ (z) := V¢,(z) "z. With the identity V (2" V(z)) = Vy(z) + V3¢ (2)z, we
have

dY; = [(gz(;) — a(t)) Vo, (YJ + % (a(t) - g2(t>> ?t] dt + g(t) V¢, (?t) dB,

202
g*(t 2 g (t _
(Y i)Y v+ 2 (e - 2O 5 a4 g0 2B
o? o? 202
which concludes the proof. O

Lemma B.5. Let Y, :=V logjﬁT,t(§t), with X satisfying (12). There exists a constant

C > 0 such that
4
D | (22)

Proof. The transition density ¢,(y, ) associated with the semi-group of the process (11)
is given by

(1717 < ¢ (o B[N+ [ s

with N ~ N(0,13) and o? as in (13).

2
pan [l ves (= fats)as)|
@(y,x) = (2m07) " exp > :
20}

Therefore, we have

Vlog pr4(x) = pT_lt(x) /p()(y)vqu_t(y,x)dy
XP A\~ foT_t a(u)du) —z
N pTlt(SL’) / b O(y)y < o2, ) qr—¢(y, )dy .

This, together with the definition of p, yields

V logﬁT_t <?T_t> = U;zt]E [?Oe_ foT*t a(u)du _ ?T—t

?T_t} + U_QYT_t .
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Using Jensen’s inequality for conditional expectation, there exists a constant C' > 0
(which may change from line to line) such that

St (1.
<C <0T E [?oe_ S tatsds _ ?T_t} (4 L8 H?T‘t 4)
o (ot [[Re w3 [ R ] e [Fof)

Note that ? has the same law as exp(— [, a(s )ds)?o +oyN, with N ~ N(0,1;). This
means that we have that
1
1)

E { Viogpr o (Xr)

4

| <ot (2UN1 £ ]|

Finally,
E[|YI'] =E [HV log pr— (X }
~E U\v1ogﬁm (?H) ﬂ <ot E[IN]]
<o (ot +oe [ %] ])
which concludes the proof, 0

Lemma B.6. Let 7, := V? log]b'T_t(?t), where {yt}tzo is a weak solution to (12).
There exists a constant C > 0 such that

E[|Z]I"] < C (o075 + o) (E[INI3] +d) (23)
with N ~ N(0,1;) and o? as in (13).

Proof. Let q;(y,x) be the transition density associated to the semi-group of the process
(11). Write

VZlog pr—i(2)

1 ye Jo ~"als)d S —1x
=V —/ _¢(y,x)d
(pT_t(x) po(y) — qr—+(y, ) y)

T—t T
Vpr_i(x ye~ Jo Tels)ds _ 4
_ Vbroilz) ( [y

Pr—y () T—t

1 e*fo ols)ds _
+ v / po(y) 2 dr—i(y, 2)dy

pr—i() Op_y

e (S () () o
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1 T—¢ T—¢ T
i / - <y€7 Jo Ta(s)ds _ I) <y67 Jo Ta(s)ds _ I‘) th(y’m)pO(y)dy> .

07—t

Therefore,

V2 logpr_o (X7-)

T—t YT—t) T
= — 21 E (Vp ( ) Yoef Jo " ats)ds YT—)& ?Tt] + Id)
91—t ( Pr—t <7T—t> ( )

+ U;étE [(Yoe Jo " als)ds _ 7T*t> (?Oe* Jo ~fals)ds _ YT{/)T YTt} + 0%y,
?Tft]> <E [Y0€7 Jy "t els)ds _ ?Tft YTt})T

+ UfitE {(YU‘T Jo "telsds _ YT—’J) (?06_ o oderds ?T—JT

R
There exists a constant C' > 0 (which may change from line to line) such that
s |[[voser . (%o
HIE [Yoe_ Jo "t ede)ds YT—t

+C (075 +07%) d!

e (Ruer 7o Ry (R it %)’

< Co;E

%rn]

R B[Ry o0 %,

|
J

As in the previous proof, we note that ?t has the same law as e~ Jo a(s)dsyo + oy N,
with N ~ N(0,1;). Therefore, using Jensen’s inequality,
%[
]
Fr

[ [Foe e - Ry R B[R 700~ R
X

<E U‘E [Yoe— I tatsas _ ?T_t} :‘ E [Yoe— I tatsas _ R,
<E l]E M?Oe— I tatsas _ R,

8
<o/E[IN]3]

+ CoSE

E

y

oo
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and

E

HE [(?06_ Bttt X ) (Rpem i et — 7T_t)T

:J
Jr.]

Fr

<E|E

B[] (1)

<o/E[|N]3] -

Hence, we can conclude that

E [HZtH;r] =E [HV2 log pr—; (YT#,)

H (?06_ STt a(s)ds _ ?T_t) (}06— S a(s)ds _ ?T_t>T

N\

4

FJ < C (o7t +07%) (BIN]] +d") .

C Proof of Proposition 3.1

To establish (7), let z € R? (resp. y € RY) and denote by K= (resp. yg) the solution of

(3), with initial condition ?0 = x (resp. ?g = y). Applying It6’s formula and using
Cauchy-Schwarz inequality, we get

HY;«"Q@ g

202 )5 - 5o
+2 /0 A(s) (Viogpr—. (X3) ~ Viegpr— (§2)) (X7 - K7) as
<z —y|* - /Ot % (1 —2L,0%) ‘Y;” - ?i{ 2d8

Therefore, applying Gronwall’s lemma, we obtain
sup Hfi el <exp( / £l (1-2L,o )dt) lz — yl|? .

t€[0,T]
From this, we can show contraction (7) in the 2-Wasserstein distance by taking the
infimum over all couplings.
To establish (8) note that, under Assumption H4, we have

Hy §y 202 ? yy
+2 /0 A(s) (v tog o (X2) — Viogpr—, (X2)) (57 - K7) as
]?g _ 5| as

t
lz = ylI* +2
0

= [lz—y H2+2

<flo -yl - [ 2 (142007
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Therefore, applying Gronwall’s lemma, we obtain
sup H? yy ] Sexp(—/ &(14—200) t) |z —y|?
0

t€[0,7]
From this, we can show contraction (8) in the 2-Wasserstein distance by taking the
infimum over all couplings.
Note that a similar assumption as Assumption H4 is used in De Bortoli et al. (2021,

Proposition 10,11,12), in particular to bound the conditional moments of ?0 given
for t > 0. However, in this paper the authors also require additional assumptions, in
particular that the score of mga, has a linear growth.

C.1 (Gaussian case: proof of Lemma 3.2

In the case where 4., is the Gaussian probability density with mean g and variance
Yo, we have

Viogpi(x) = — (m{o + 071a) "z — mypo) + 0%,

with m; = exp < 7 B(s)ds/(20 )> and oy = 0%(1 — m?). Let ¥, = miSo + o7l be

the covariance of the forward process ?t and b; = gt_ 1mtu0 so that
. . (e
Viegpi(z) = Ayx + b, with A, = P o 1) . (24)

Note that, if we denote by Aj < --- < A\ the eigenvalues of Xy, which are positive as ¥
is positive definite, we have that the eigenvalues of A; are

1 1

No——— 1L
i .
miNy+ o o?

It is straightforward to see that )\tl <. < )\f. Moreover, we always have that in this
case

d 2
¢l =yl

(Vlogpi(z) — Viegpu(y)) " (v —y)
| A e =l

HV logﬁt(x) -V log]b}(y)\

which entails that we can define

<
< max { |/\%

Ly := max{|)\i|,

M} Cyi= -\,

and apply Proposition 3.1.

The condition \¢ < 0, or equivalently 02 > A\nax(Xo), vields a contraction in 2—
Wasserstein distance in the backward process as well in the forward process from
Proposition 3.1. This shows that, in specific cases, with an appropriate calibration of
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the variance of the stationary law with respect to the initial law, we have a contraction
both in the forward and in the backward flows.
As a consequence, note that

1 T
Wa (a0 Qe)? < W r e esp (=5 [ (01 + 200
0

Using Talagrand’s Ty inequality for the Gaussian measure Wk (1, g002)2 < 202KL (1| 002)
and Lemma A.1 we get

2 T
W (T aata, gpngT)Z < 202KL (Tdatallpo2) €xp (—;/ B(t)(1+ QCtaz)dt> )
0

Proposition C.1. Assume that Taaa is a Gaussian distribution N (ug, Xo) such that
Amax(20) < 0% where Amax(Xo) denotes the largest eigenvalue of Xo. Then,

9 T
KL (a2 Q) < KL (rasalleor)exp (-2 [ als)as)
0

Proof. In this Gaussian case, the backward process is linear (see (24)) and the associated
infinitesimal generator writes, for g € C2,
B(t)

Tiglo) = ata)” (=503 + B0 +8)) + 550Aa(a),

l\)l)—l

where A, = Ap_, and by = by_;.

Our objective is to monitor the evolution of the KL divergence, KL(prQ:|v,2Q+),
for ¢t € [0,T]. We follow Del Moral et al. (2003, Section 6) (see also Collet and Malrieu,
2008). Let ¢ = prQ; and ¢, = p,20Q); two densities that satisfy the Fokker-Planck

%
equation, involving the dual operator L} of the infinitesimal generator £

F
O = Liq, qo(z) = pr(o)

F*
e = L, ¢o(z) = po2(z) .
Let f; = q/¢r. By definition of KL(g|/¢:) = [In(fi(z)) g:(x)dz we have

OKL (¢l ) = / In (f,()) Bhae()da + / 001n (f,(x)) g (x)dz
- / In (f;(x)) Aoy ()l — / F(@)Dh(x)de

By emgoylng the Fokker- Planck equation and the adjoint relation, which states that
e
[ f(x) (z)dz = [ Lf(x)g(x)dz we obtain

DKL (] ) = / Tl (£) () (a)dz — / T 1(@)on(x)dz
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%
The infinitesimal generator £ satisfies the change of variables formula (see Bakry et al.,
2014) so that

() = 2T - QLfﬁt(f, 1.

f

where ?t is the “carré du champ” operator associated with ft defined by ?t( f, )x) =
B(t)|V f(x)[>. We then obtain

OKL (]| 60) = /Eft mgdx /5 ‘Vft;” (g;)dx—/fft(x)qst(x)dx

_ B®) IVft( )|
B 2 / fi(x)

To obtain a control of the Kullback-Leibler divergence we need a logarithmic Sobolev

¢u(x)de. (25)

inequality for the distribution of density ¢, = ¢,2Q;. In this Gaussian case, if
N(0,0?) then for all ¢ € [0,T] the law of X, is a centered Gaussian with covariance

matrix %t given by

S, = o%exp (/Ot —@ v 2BsAsds> n /Otﬁ(s) exp (/t —@ v QB(u)Audu> ds

where we use the matrix exponential. As mentioned before, if A\pn.x(3g) < o2, the

eigenvalues of A, for s € [0, T], are negative. We can easily deduce that A\yax(2¢) < o2
We recall the logarithmic Sobolev inequality for a normal distribution (see Chafai, 2004,
Corollary 9)

L[ Muas(S0) [ [V fi()?
KL <= \Y ngv x)p(x)dr < x)dz.
(@le) < 5 [ V@ ST pwnaar < 20 [ )
Plugging this into (25) we get
t
OKL(al6) < ~SVKL(alo,).

Therefore, recalling that gy = pr and ¢y = @,2

T B(s
L (grlles2Qr) < KL(pr([¢s2) exp (—/ 5§2)d3) :

0

We conclude using Lemma A.1. ]
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D Additional experiments

D.1 Exact score and metrics in the Gaussian case

Lemma D.1. Assume that the forward process defined in (1) :

dxX, = —%??tdt +VBMAB, X~ o,

15 initialised with my the Gaussian probability density function with mean po and variance
Yo. Then, the score function of (1) is:

Viogpi(z) = —(mio + 01y) " (x — mypuo)
where p; is the probability density function of ?t, my = exp{— fotﬁ(s)ds/(202)} and
2 _ 2 2
o; =0°(1—my).
Proof. Note the following equality in law

?t = mth + 0'13]\77

= =

for N ~ N(0,1,) independent of Xy. Therefore ?t ~ N (mypo, 3t) with Xy = m23 +
0214 which concludes the proof.

O

Lemma D.2. The relative Fisher information between Xo ~ N (o, 30) and Xoo ~
N(0,0%1y) is given by:

1 2d
(Tr (o) + [lol*) — =t Tr (357 .

I(QDMO,EOHQDUQ) - ;

Proof. The relative Fisher information between Xy and X, is given by

2
0,240 :C
Z(aslen) = | Hv1og (90—“) H sy ()

g002(.1')
Write
Do, 5 () z -
VIOg :;(;251,) —;_201(1’_#0)7
so that,
2
Puo.50 (T) r - 2
ey I EREA TS
x _ T/ _
= (%) (=% mw)
[z]? 2 1o Te—2
=1~ 37 Yo (= po) + (x — po) Xg*(x — o) -
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First,

B |50 | = 2 (o) + )

04
Then,
2 2
E [;XOTEEI(XO - Mo)} = =5 (T (50" [XoXq ]) — pg X o) -

Using that E [XOXOT] = Yo + poptg yields

2 2
. L Xy Xy (Xo — uﬂ)} = =5 (Tr (S (o + poptg ) = 119 %" o)

2
— A+ Tr (S5 popd ) — 11 S5 o)

0—2
2d
T2
Finally,
E [(Xo — p10) " %% (Xo — )] = E [Tr ((Xo — p0) '35 (Xo — 0)) ]
= E [Tr (3*(Xo — p0)(Xo — p10) )]
= Tr (35°E [(Xo — p0)(Xo — p10) '])
= Tr (Z57%)
=Tr (Z") ,
which concludes the proof. O]

D.2 Stochastic differential equation exact simulation

In certain cases, exact simulation of stochastic differential equations is possible. In
particular, due to the linear nature of the drift the forward process (1) can be simulated
exactly. Indeed, the marginal distribution of (1) at time ¢ writes as

Yt =muXo + o2,

with Z ~ N (0,1) mdependent of Xo, Xo ~ m, my = exp{— fo s)ds/(20?)} and

o? = 0(1 — exp{— [, B(s)/o*ds}). Therefore, sampling from the forward process only
necessitates access to samples from my and N (0, L,).
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Ty O¢

Figure 6: Evolution of m; and o, over time, depending on the noise schedule £, used
(see Section 3.2 for the definition of 3,). The values for a range from -10 to 10. The
dashed line corresponds to the case of a diffusion with a linear schedule, as proposed in
VPSDE models (Song et al., 2021b).

D.3 Discretization details of the diffusion SDE

In contrast to the forward process, described in Equation (1), which is simulated exactly,
the backward process needs to be discretized. Recall that the backward process of (1) is
given by:

aX, = ?t + BV Iogpr(X)dt + /BB, Xo~ e

Our numerical study explores two distinct discretization approaches for the backward
process, as detailed below. Consider time intervals 0 < ¢, < ¢t <t < T, with

ty = Zle v and T = Zgzl Vi

e The Euler-Maruyama discretization is defined recursively for ¢ € [tx, t11] by
AXEM = _ t’“ PUOKEM 4 B(1)Vlog pri (X EM)dt + /B(ty)dB,,  XEM ~ 7
e The Exponential Integrator discretization is defined recursively for t € [tg, tx41] by
dXE = 3(1) <—%f§ff + Viogpr, (T —ti. §E1>) dt +/B(t)dB,, (26)
for ?531 ~ Too-

D.4 Implementation of the score approximation

Although the score function is explicit when mg., is Gaussian, see Lemma D.1, we
implement SGMs as done in applications, ¢.e., we train a deep neural network to witness
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the effect of the noising function on the approximation error. We train a neural network
architecture sq(t, z) € [0, 7] x R? — R? using the actual score function as a target:

Lexplicit(0) = E {HSO (T’ YT) — Vlogp, (YT) HQ}
il

= {Hse (7’, YT) — (m2% + afId)_l(YT + m o)
where t — m; and ¢t — o are defined in Lemma D.1 and 7 ~ (0, T) is independent of

. The neural network architecture chosen for this task is described in Figure 7. The
width of each dense layer mid features is set to 256 throughout the experiments.

Linear
layer
output

X
Linear layer

Figure 7: Neural network architecture. The input layer is composed of a vector x in
dimension d and the time ¢t. Both are respectively embedded using a linear transformation
or a sine/cosine transformation Nichol and Dhariwal (2021) of width mid_features.
Then, 3 dense layers of constant width mid_features followed by ReLu activations and
skip connections regarding the time embedding. The output layer is linear resulting in
a vector of dimension d.

D.5 Additional numerical results

We investigate the expressivity of the upperbound from Theorem (2.1) in the Gaussian
setting. We use as a training sample 10 samples with distribution N (14,%) for
d € {5,10,25,50} with different choices of covariance structure.

1. (Isotropic) ¥ = 0.5I,.
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2. (Heteroscedastic) $"os¢ € R4 is a diagonal matrix such that X3¢ = 10 for
1<j<d, and E?jﬁems‘: = (.1 otherwise.

3. (Correlated) ¥ € R4 is a full matrix whose diagonal entries are equal to one
and the off-diagonal terms are given by X557 = 1/4/]j — j'| for 1 < j # j' < d.

When first introduced, Song et al. (2021b) originally proposed a linear schedule
t — Bin(t), for t € [0, 1] setting £™(0) = 0.1 and B(1) = 20. We study a parametric
family of schedules of the form f3,(t) o< (e* — 1)/(e*T — 1) sharing the same starting
and ending values as the linear schedule (see Figure 1). Our goal is to assess the impact
of the noising function on both the data distribution generation and the upper bound.

For the upper bound, we leverage the Gaussianity of the target distribution to
compute explicitly both the relative entropy and the Fisher information in the upper
bound. On the one hand, the relative entropy in &, KL (gatal|Too) i computed using
the analytical formula for KL-divergence between two random Gaussian variable. On
the other, the relative Fisher information in &, Z(mgata|Tso), is computed using Lemma
(D.2). Moreover, as the noising function and its primitive are analytically known, every
occurrences of either of them are explicitly computed. Finally, it remains to estimate
the expectations in £ (0, §). This is done via Monte Carlo estimation on 500 samples
from the forward process for every discretization step.

For the data generation, we either use the exact score function from Lemma D.1 or
use the deep neural network architecture discussed in section D.4 to generate 10 000
samples. The batch size is set to 64 and Adam otpimizer was used for the learning
phase. In Figures 2 and 3 we represent on the same graph, for different values of a:

e in blue the upper bound from Theorem 2.1.

e in orange (plain line) the KL divergence between the target data mqai. and the
empirical mean and covariance of the data generated using the neural network
architecture described above to approximate the score function.

e in orange (dotted line) the KL divergence between the target data mgat. and the
empirical mean and covariance of the data generated using the true score function.

e in orange (dashed line) the KL divergence between the target data mgai. and the
empirical mean and covariance of the data generated by the VPSDE presented in
Song and Ermon (2019).

Due to the stochastic nature of our experiments, each was repeated ten times to
improve statistical reliability. In our graphs, we have plotted the mean value of these
results and we employed a ‘fill-between’ plot to illustrate the range between the mean
plus or minus the standard deviation over the ten runs.
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Dimension

5

10

25

50

Upper bound min a*

Generation value in a*

1.3
0.00177 £+ 0.00067

1.6
0.00535 £ 0.00067

2.2
0.03286 £ 0.00624

2.5
0.10551 £ 0.00563

Isotropic VPSDE 0.00239 + 0.00061 0.00785 £ 0.00206 0.04150 £ 0.01206 0.13084 + 0.03173
’ Cosine schedule 0.00226 + 0.00099 0.00709 £ 0.00191 0.04193 £ 0.01305 0.11165 £ 0.01577
% gain (vs VPSDE) +25.95 % +31.83 % +20.81 % +19.36 %
% gain (vs Cosine) +21.68 % +24.54 % +21.63 % +5.50 %
Upper bound min a* 1.5 1.2 1.3 2.0
Generation value in a* 0.00424 £+ 0.00163 0.01162 4+ 0.00154 0.07845 + 0.01778  0.22621 £ 0.04355
Heterose VPSDE 0.00660 + 0.00164 0.01577 £ 0.00394 0.09295 + 0.02180 0.27483 + 0.03355
‘ Cosine schedule 0.00931 + 0.00331 0.01983 £ 0.00539 0.19442 + 0.09075 0.35763 + 0.07769
% gain (vs VPSDE) +35.76 % +26.32 % +15.60 % +17.69 %
% gain (vs Cosine) +54.46% +41.40 % +59.65 % +36.75 %
Upper bound min a* 1.5 1.2 2.1 2.1
Generation value in a* 0.00171 £ 0.00056 0.00632 & 0.00201 0.03877 £ 0.00602 0.12750 £ 0.013361
Correlated VPSDE 0.00198 + 0.00069 0.00684 £ 0.00233 0.04163 £ 0.01055 0.15132 £ 0.02597
Cosine schedule 0.00261 + 0.00079 0.00701 £ 0.00109 0.04926 £ 0.01002 0.15051 % 0.02178
% gain (vs VPSDE) +13.63 % +7.60 % +6.87 % +15.74 %
% gain (vs Cosine) +34.48 % +9.84 % +21.29 % +15.29 %
Parameters Learning rate le-4 le-4 le-3 le-3
Epochs 20 30 50 100

Table 1: Comparison of the KL divergence between the target value and the generated
value at a* (the minimum value of the upper bound (9)) with the KL divergence
between the generated value by VPSDE and the target distribution. The target
distributions are chosen to be Gaussian with different covariance structures: isotropic

(735 heteroscedastic (') and correlated (7o)

D.6 Analysis of the discretization error

While Theorem 2.1 does not explicit exhibit dependency on the choice of the noising
function f,, our numerical experiments suggest otherwise. Indeed, our derivation
of &(B,) depends on f3, only through its terminal value (3,(7"), which we set in all
experiments to 3,(T) = 20. Figure 8 shows the KL divergence between mqa, and
sample from the data generated using the exact score function for different numbers
discretization steps. It clearly appears that, the KL divergence is non constant with
respect to the noising function tested.
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25

num_steps = 20
num_steps = 50
num_steps = 100
num_steps = 200

2.0

Isotropic case (1)

0.0

Heteroscedastic case (2)
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3.0
—~
)
~ 25
o}
n
< 2.0
o
e
s 1.5
+—~
2
o) 1.0
o
S
0.5
o
00 T
-10 -5 0 5 10 -10 -5 0 5 10

Figure 8: Empirical KL divergence between m4.t, and the generated distribution using
the exact score function for different values of a in the noising function f,, with either
Euler-Maruyama discretization (left) or Exponential Integration discretization (right)
and num_steps discretization steps.
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0.40+ Optimized schedule

0.35- VPSDE

0.30+
0.25+
0.20+
0.15+

0.10+

50 100 150 200

Figure 9: Empirical KL divergences (mean + std over 10 runs) between 7mg,, and the
distributions obtained by Algorithm 1 (blue) and the VPSDE model (yellow).
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