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SOME OBSTRUCTIONS TO CONTRACTION THEOREMS ON THE

HALF-SPHERE

MAX FATHI, MATTHIEU FRADELIZI, NATHAEL GOZLAN, AND SIMON ZUGMEYER

Abstract. Caffarelli’s contraction theorem states that probability measures with uniformly log-
concave densities on R

d can be realized as the image of a standard Gaussian measure by a globally
Lipschitz transport map. We discuss some counterexamples and obstructions that prevent a similar
result from holding on the half-sphere endowed with a uniform measure, answering a question of
Beck and Jerison.

1. Introduction

The purpose of this work is to discuss counterexamples to certain conjectured global Lipschitz
bounds on transport maps on the sphere. The motivation comes from the following theorem of
Caffarelli [Caf00]:

Theorem 1. Let γ be the standard Gaussian measure on R
d, and µ be a probability measure with

density of the form e´V γ, with V : Rn ÝÑ R
n Y t`8u a convex function. Then the Brenier map (or

optimal transport map for the quadratic cost) from γ onto µ is 1-Lipschitz.

This theorem has found many applications in probability and analysis, including to correlation
inequalities, eigenvalue estimates and rigidity theorems for concentration inequalities. A remarkable
feature is that the Lipschitz estimate is dimension-free. In particular, it implies that there is a 1-
Lipschitz map from γ onto 1Kγ whenever K is a convex set. The original proof was based on a
maximum principle for the Monge-Ampère PDE that the optimal transport map solves, and more
recently there have been proofs based on entropic regularization of optimal transport and properties
of the Sinkhorn algorithm [FGP20, CP22].

Many comparison theorems in Riemannian geometry for positively curved spaces, such as the
Lichnerowicz spectral gap bound or bounds on logarithmic Sobolev constant, and which admit the
sphere as optimizer, have counterparts for uniformly log-concave measures, and for which the standard
Gaussian is the optimizer (and hence plays the role of the sphere). These Gaussian counterparts (and
some rigid versions of them) can often be easily proved using the Caffarelli contraction theorem,
just by applying the change of variable (see for example [DPF17]). This has led to the question of
whether there is a version of the Caffarelli contraction theorem for the sphere, that would imply the
aforementioned comparison theorems as consequences.
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Since the optimal transport map between nice continuous probability measures is bijective, one
can start by asking for bijective 1-Lipschitz maps. As pointed out in [Mil18] this extra assumption
raises an additional difficulty: positively curved manifolds of the same dimension are not necessarily
diffeomorphic. For example, a particular formulation of the above question would be to ask if there
always is a bijective 1-Lipschitz map sending the uniform measure on the n-sphere to a given measure
on a convex subset of the sphere, with log-concave density. Unfortunately, the answer is trivially no:
there cannot be a bijective 1-Lipschitz map sending the sphere onto a spherical cap, because there
must be a point of discontinuity. This has led to raising the same question on the half-sphere instead
[BJ21], and it is that version of the question we shall address here. More generally, [Mil18] also raises
the question of existence of 1-Lipschitz maps between diffeomorphic positively curved manifolds, but
here we shall only consider the restricted setting of the half-sphere.

Let n ě 2 and S
n be the unit Euclidean sphere of Rn`1, equipped with its geodesic distance dSn .

Denote by S
n
` “ S

n X tx P R
n`1 : xn`1 ě 0u the upper hemisphere and by σ and σ` the uniform

probability measures on S
n and S

n
` respectively.

Recall that theW2 distance with respect to the geodesic distance on S
n is defined, for all probability

measures µ, ν on S
n, by

W 2
2 pµ, νq “ inf

πPΠpµ,νq

ż

d2Snpx, yq dπpx, yq

where Πpµ, νq denotes the set of couplings between µ and ν. According to McCann’s Theorem [McC01],
whenever µ is absolutely continuous with respect to σ, there exists a µ almost surely unique optimal
transport map T sending µ to ν.

The following questions appeared in [BJ21, Section 4] :
Suppose dν “ 1

Z
e´V

1K dσ` is a probability measure supported on a convex subset K of S
n
` with

V : K Ñ R being a convex function on K :

(a) Is it true that there exists an injective 1-Lipschitz map T : Sn` Ñ K transporting σ` on ν ?
(b) Is it true that the W2 optimal transport map between σ` and ν is 1-Lipschitz ?

The purpose of this note is to show that the answers to these questions are both negative in general.

In the sequel, a set K is called convex if for any x, y P K, any minimizing geodesic joining x and
y entirely lies in K. A function f : K Ñ R is called convex if, for any constant speed minimizing
geodesic γ : r0, 1s Ñ K, it holds

fpγptqq ď p1 ´ tqfpγp0qq ` tfpγp1qq, @t P r0, 1s.
By geodesic we will always mean a minimizing geodesic. If x, y P S

n a geodesic joining x to y is the
shorter arc of a great circle passing through x and y.

2. Non-contraction of maps from the half-sphere to uniformly-log-concave

measures

2.1. Optimal transport maps are not 1-Lipschitz in general. First let us see that the question
(b) is negative in general. We will denote by N “ p0, . . . , 0, 1q the north pole of Sn.

Proposition 2. Suppose that ν is a probability measure on S
n
` with a density of the form dνpxq “

fpdpx,Nqq dσ`pxq, where f : r0, π{2s Ñ p0,8q is some positive continuous function. The W2 optimal
transport map between σ` and ν is 1-Lipschitz if and only if ν “ σ`.

The probability measure dνpxq “ 1
Z
e´d2px,Nq

1Sn
`

pxq dσ`pxq then provides a counterexample to

question (b) when K “ S
n
`.
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Remark 3. Proposition 2 can be used to rule out assertion (b) for measures supported on convex
domains K that are close to the half sphere (see also Section 3). Indeed, let ν be the probability
measure defined above and, for any 0 ă r ă π{2, denote by νr the normalized restriction of ν to
the closed ball of center N and radius r. Let rk be some increasing sequence converging to π{2.
According to [Vil09, Corollary 5.23] the optimal transport map Trk from σ` to νrk converges to T
(the σ` almost surely unique optimal transport map between σ` and ν) in probability as k Ñ 8.
Extracting a subsequence if necessary, one can assume that pointwise convergence of Trk to T holds
almost everywhere on S

n
`. If Trk was 1-Lipschitz for all k large enough, then by stability of the class

of 1-Lipschitz maps under pointwise convergence, one would have that T is 1-Lipschitz too. Therefore
there exists a subsequence rk1 converging to π{2 along which Tr

k1
is not 1-Lipschitz.

Proof. For notational convenience we deal only with n “ 2 but the reasoning is general. Let ψ : S2 Ñ R

be a c-concave maximizer of the dual problem for the quadratic transport between σ` and ν :

1

2
W 2

2 pσ`, νq “
ż

ψ dσ` `
ż

ψc dν,

where, for all x, y P S
2, cpx, yq “ d2px,yq

2
, ψcpyq “ infx tcpx, yq ´ ψpxqu and c-concavity of ψ means

that ψcc “ ψ. For any θ P R, denote by Rθ the rotation matrix
»

–

cos θ ´ sin θ 0

sin θ cos θ 0

0 0 1

fi

fl .

Since pRθq#σ` “ σ` and pRθq#ν “ ν for all θ P R, one sees that if ψ is a dual maximizer, then ψ ˝Rθ

also (note that pψ ˝Rθqc “ ψc ˝R´θ). Moreover, if Θ is a random variable uniformly distributed on
r´π, πs, then denoting by ψ̄pxq “ ErψpRΘxqs, x P S

2, one sees that
ş

ψ̄ dσ` “
ş

ψ dσ` and

ψ̄cpyq “ inf
xPS2

Ercpx, yq ´ ψpRΘxqs ě ErψcpR´Θyqs.

Thus,
ż

ψ̄c dν ě
ż

ψc dν.

Therefore, ψ̄ is a dual maximizer and is rotationally invariant : ψ̄ ˝Rθ “ ψ̄ for any θ. Setting ϕ “ ψ̄cc,
it is easy to check that ϕ is rotationally invariant, c-concave and a dual maximizer. According to
McCann’s theorem, the optimal transport map between σ` and ν is given, for σ` almost all x P S

2
`,

by

T pxq “ expxp´∇ϕpxqq.
This optimal transport map T is almost surely unique (and does not depend on the particular dual
potential). Moreover, since ϕ is invariant under all R1

θs, there exists h : r0, πs Ñ R such that
ϕpxq “ hpdpx,Nqq. Thus for almost every x P S

2
`, T pxq belongs to the geodesic connecting x to N .

Now let us assume by contradiction that T : S2` Ñ S
2
` is 1-Lipschitz. By rotational invariance of

ν and σ`, uniqueness and continuity of T , one easily gets that the equality

Rθ ˝ T ˝R´θ “ T

holds everywhere on S
2
`. So RθpT pNqq “ T pNq for all θ and so T pNq “ N . Fix some x such that

dpx,Nq “ π{2 and for all t P r0, π{2s let xt be the unique point on the geodesic joining N to x such
that dpN, xtq “ t. Then, there exists a function r : r0, π{2s Ñ r0, π{2s such that

T pxtq “ xrptq, @t P r0, π{2s.
Moreover,

|rptq ´ rpsq| “ dpxrptq, xrpsqq “ dpT pxtq, T pxsqq ď dpxt, xsq “ |t´ s|
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and so r is 1-Lipschitz. By rotational invariance, the function r is in fact independent of x. Therefore,

T pS2`q “ ty P S
2
` : dpN, yq P rpr0, π{2squ.

Since T pS2`q “ S
2
`, r is necessarily surjective. Therefore, r : r0, π{2s Ñ r0, π{2s is a 1-Lipschitz and

surjective map. The only possibility is that rpxq “ x for all x P r0, π{2s or rpxq “ π{2 ´ x for all
x P r0, π{2s. Indeed, if a, b P r0, π{2s are such that rpaq “ 0 and rpbq “ π{2, then r being 1-Lipschitz,
it holds π{2 ď |a´ b| and so |a´ b| “ π{2. Suppose that a “ 0 and b “ π{2. Since r is 1-Lipschitz, the
function kpxq “ x ÞÑ rpxq ´ x is non-increasing and such that kp0q “ kp1q “ 0. Therefore kpxq “ 0

for all x P r0, π{2s. If a “ π{2 and b “ 0, one sees similarly that rpxq “ π{2 ´ x for all x P r0, π{2s.
Since we know that rp0q “ 0 the only possibility is r “ Id and so T “ Id. �

2.2. Bijective transport maps are not 1-Lipschitz in general. We now want to show that the
answer to question (a) is also negative. The idea is that if the target measure has the half-sphere as
support, then such a map would preserve the boundary, and the 1-Lipschitz constraint would then
force its value along great circles joining opposite points on the boundary. The first part of this
reasoning is given by the following result:

Proposition 4. Assume that T : Sn` Ñ S
n
` is a surjective 1-Lipschitz map. Denote by C “ S

n
` X

txn`1 “ 0u and assume that T pCq “ C. Then T is an isometry fixing N .

The following result is due to Valentine [Val45, Lemma 3].

Theorem 5. Let T : A Ñ S
n be defined on a compact subset A of Sn with Lipschitz constant L ď 1

; if the image of T is not contained in a closed hemisphere, then T is an isometry.

A proof can be found in e.g Appendix D of [BB12] or in §13 of [WW75].

Proof of Proposition 4. Let N “ p0, . . . , 0, 1q P S
n be the north pole. For any x P C, it holds

dpT pNq, T pxqq ď dpN, xq “ π{2. Since T pCq “ C, one gets that dpT pNq, x1q ď π{2 for all x1 P C.
This forces N “ T pNq. If pxtqtPr0,π{2s is a geodesic such that x0 P C and xπ{2 “ N , then yt “ T pxtq
satisfies dpys, ytq ď dpxs, xtq “ |t ´ s| and dpy0, yπ{2q “ π{2. Therefore, pytqtPr0,π{2s is the geodesic
connecting T px0q to N . Therefore the map T is completely determined by its restriction to C. Since
C “ S

n´1 ˆ t0u and T pCq “ C, one sees that T induces a 1-Lipschitz surjective map from S
n´1 to

itself. According to Valentine’s Theorem 5, it is an isometry of Sn´1 and so is the restriction of an
isometry of Rn to S

n´1. In other words, there is an nˆ n orthogonal matrix A such that

T ppz, 0qq “ pAz, 0q, @z P S
n´1.

Now, if x “ pz, xn`1q P S
n, then dpx,Nq “ arccospxn`1q and x is on the geodesic connecting N to

pz{|z|, 0q. So, T pxq is the unique point at distance arccospxn`1q from N on the geodesic going from
N to pApz{|z|q, 0q. Since |Az| “ |z|, one gets T pxq “ pAz, xn`1q. �

Corollary 6. If T : Sn` Ñ S
n
` is a bijective 1-Lipschitz map, then T is an isometry fixing N . In

particular the image of σ` under T is σ`.

In particular, if σ` ‰ ν and K “ S
n
` then there is no injective and 1-Lipschitz map transforming

σ` into ν.

Proof. Denote by S
n
`` “ tx P S

n : xn`1 ą 0u. Since T : Sn` Ñ S
n
` is an homeomorphism, it is clear

that T pSn``q is an open subset of Sn` (for the relative topology of Sn`). Let us show that T pSn``q is
also open in S

n. Let B “ tx P R
n : |x| ă 1u and consider the map S : Sn` Ñ B̄ : x ÞÑ px1, . . . , xnq

and the map U : B̄ Ñ S
n
` : y ÞÑ py,

a

1 ´ |y|2q. The function f : B̄ Ñ B̄ defined by f “ S ˝ T ˝ U is
continuous and bijective. By Brouwer’s invariance of domain theorem, fpBq is an open subset of Rn.
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Therefore, T pSn``q “ U ˝ fpBq is an open subset of Sn. Denoting as before C “ S
n
` X txn`1 “ 0u,

one thus gets that T pSn``q X C “ H. Since S
n
` “ T pCq Y T pSn``q, one concludes that C Ă T pCq.

Denoting by Hn´1 the n´ 1 dimensional Hausdorff measure on S
n, one gets

Hn´1pT pCqq ď Hn´1pCq,
since T is 1-Lipschitz. Thus Hn´1pT pCqzCq “ 0. In particular, C is dense in T pCq. Since C is closed,
one gets T pCq “ C. Using Proposition 4 completes the proof. �

A consequence is the following strong improvement of Proposition 2:

Corollary 7. Suppose that ν has a density of the form dνpxq “ gpxq dσ`pxq, where g : Sn` Ñ p0,8q
is some measurable function such that a ď g ď b for some 0 ă a ă b. Then the W2 optimal transport
map T between σ` and ν is 1-Lipschitz if and only if ν “ σ`.

Proof. Let S be the optimal transport map sending ν onto σ` given by Mc Cann’s theorem and let
us justify that S is continuous. Let ν̄ “ 1

2
ν ` 1

2
ν´, where ν´ is the image of ν under the map

u : Sn Ñ S
n : x ÞÑ px1, . . . , xn´1,´xnq

and denote by S̄ the optimal transport map sending ν̄ on σ. Let us admit for a moment that

(1) S̄pxq “ Spxq, @x P S
n
`.

According to [Loe11, Theorem 2.4], the transport map S̄ is continuous, and so (1) yields that S is
continuous on S

n
`. Let T be the W2 optimal map transporting σ` onto ν and assume that T is

1-Lipschitz. Since ν has full support, T is surjective. According to [McC01, Corollary 10], S and T

satisfy T ˝ Spxq “ x and S ˝ T pxq “ x for σ` almost every x P S
n
`. Since S is continuous, these

identities actually holds for all x P S
n
`. Thus T is injective. Applying Corollary 6, one gets that T

is an isometry fixing N and so ν “ σ`. Now let us show (1). Since ν̄ and σ are invariant under
the isometry u, by uniqueness of the optimal transport map, T satisfies T “ u ˝ T ˝ u, σ a.e and, by
continuity of T , everywhere. Let us show that for all x P S

n
``, T pxq P S

n
`, which will imply (1) by

continuity of T . Suppose, by contradiction, that some x P S
n
`` is such that T pxq P S

n
´´ :“ S

nzSn`.
Then x1 “ upxq P S

n
´´ is such that T px1q “ upT pxqq P S

n
``. By cyclical monotonicity, it holds

(2) d2px, T pxqq ` d2px1, T px1qq ď d2px, T px1qq ` d2px1, T pxqq.
But

x ¨ T px1q “ x ¨ upT pxqq “
n´1
ÿ

i“1

xipT pxqqi ´ xnpT pxqqn ą
n´1
ÿ

i“1

xipT pxqqi ` xnpT pxqqn “ x ¨ T pxq.

The function arccos being decreasing, one gets that

d2px, T px1qq ă d2px, T pxqq
and similarly d2px1, T pxqq ă d2px1, T px1qq, contradicting (2). This completes the proof. �

Remark 8. Let ν be as Corollary 7 and let, as in the preceding proof, S̄ be the optimal transport
map sending ν̄ onto σ and T̄ be the transport map sending σ on ν̄. Reasoning as above, we see that
S̄ and T̄ are both continuous (using again [Loe11, Theorem 2.4]), are inverse of each other, and such
that T pSn`q “ S

n
` and T pSn´q “ S

n
´. Thus

T pCq “ T pSn` X S
n
´q “ T pSn`q X T pSn´q “ S

n
` X S

n
´ “ C.

So, to prove Corollary 7, one could have directly use Proposition 4 instead of Corollary 6.
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Remark 9. Let us give some more quantitative version of Corollary 7. For all ε ą 0, consider a
probability measure of the form

dνεpxq “ 1

Zε

e´ 1

ε
V pxq dσ`pxq

with V some bounded continuous function on S
n
`` admitting N as unique minimizer. As ε Ñ 0,

νε Ñ δN for the weak topology. Let mε “
ş

dpx,Nq dνεpxq and observe that mε Ñ 0 as ε Ñ 0. For ε
small enough, let rε ą 0 be such that

νεpBpN, rεqq “ 1 ´ ?
mε,

where BpN, rεq is the closed ball of radius rε centered at N . By Markov’s inequality, mε ě rε
?
mε,

and mε Ñ 0 as ε Ñ 0. Therefore rε Ñ 0 as ε Ñ 0. Let Tε be the optimal transport map sending σ`

to νε and define Kε “ T´1
ε pBpN, rεqq. As explained in the preceding remark, Tε is a continuous map

such that TεpCq “ C. Thus Kε is a closed subset of Sn` such that KεXC “ H and σ`pKεq “ 1´?
mε.

Denote by Rε “ supxPKε
dpx,Nq, which satisfies Rε ă π{2. Since σ`pBpN,Rεq Ñ 1 as ε Ñ 0, one

concludes that Rε Ñ π{2. If xε is some point in Kε such that dpxε, Nq “ Rε and x1
ε is the unique

point on C such that xε belongs to the geodesic joining x1
ε to N , then one gets

dpTεpxεq, Tεpx1
εqq ě dpBpN, rεq, Cq “ π{2 ´ rε

and so

dpTεpxεq, Tεpx1
εqq

dpxε, x1
εq ě π{2 ´ rε

π{2 ´Rε

and so

LippTεq ě π{2 ´ rε

π{2 ´Rε

Ñ `8

as ε Ñ 0.

Finally, let us recall the following well known fact that the classes of 1-Lipschitz functions from
S
n to S

n with respect to geodesic or Euclidean distances on the sphere coincide. The conclusion of
Corollary 7 is thus also true if Sn is equipped with the ambient Euclidean distance of Rn`1.

Proposition 10. A map T : A Ñ S
n defined on a subset A of Sn is 1-Lipschitz with respect to the

geodesic distance if and only if it is 1-Lipschitz with respect to the Euclidean norm } ¨ } on R
n`1.

Proof. Since dSnpx, yq “ arccospx ¨ yq and cos is decreasing on r0, πs one has

dSnpT pxq, T pyqq ď dSnpx, yq ñ T pxq ¨ T pyq ě x ¨ y.

Since x, T pxq, y, T pyq belong to S
n, it holds }T pxq´T pyq}2 “ 2p1´T pxq¨T pyqq and }x´y}2 “ 2p1´x¨yq,

which completes the proof. �

Remark 11. The conclusion is false for Lipschitz constants ă 1. Namely, let n “ 1 and A “ S
1XR

`ˆR.
For θ P r´π{2, π{2s define upθq “ pcospθq, sinpθqq and consider the map T : A Ñ S

1 defined by
T pupθqq “ upθ{2q, for all θ P r´π{2, π{2s. The map T is 1{2-Lipschitz with respect to the geodesic
distance. Indeed, dS1pupθ1q, upθ2qq “ |θ2 ´ θ1|, for all θ1, θ2 P r´π{2, π{2s. Observe however that T is
not 1{2-Lipschitz for the Euclidean norm on R

2. Indeed, }T pπ{2q´T p´π{2q} “ }upπ{4q´up´π{4q} “?
2 whereas, }upπ{2q ´ up´π{2q} “ 2, so that }T pπ{2q ´T p´π{2q} “

?
2 ą 1 “ 1

2
}upπ{2q ´up´π{2q}.
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3. Other target domains

Corollaries 6 and 7 rule out existence of 1-Lipschitz transport maps when the domain of the target
measure is the full half-sphere. Of course, when the target domain is smaller, it is possible to have
a 1-Lipschitz transport map. However, by mimicking the argument made above, we can see that if
a Lipschitz transport map exists, then the target measure cannot be too concentrated away from its
boundary, in the following sense:

Proposition 12. Let ν be a probability measure supported on a closed subset D Ă S
n
`, and assume

that there is a bijective L-Lipschitz transport map T sending σ` onto µ. Then

ν
`

S
n
`zpBDqr

˘

ď 2 exp
`

´pn´ 1qr2{p2L2q
˘

, @r ă πL

2
.

Here Ar denotes the open r-neighborhood of the set A, with respect to the distance on the sphere,
that is

Ar :“ ty P S
n
`; dpy,Aq ă ru.

Therefore the mass away from the boundary BD cannot be too large. Note that this easily implies
the lack of uniform estimate on Lipschitz norms of transport maps onto log-concave densities on the
half-sphere, as discussed in Remark 9.

Proof. Since T is bijective and continuous on a compact set, it is a homeomorphism, and as a con-
sequence of the invariance of domain theorem, it maps C “ S

n
` X txn`1 “ 0u onto BD. As it is

L-Lipschitz, any point from BpN,Rqc (the complement of the closed ball of radius R around the
north pole, with respect to the spherical distance on S

n
` is mapped to a point at a distance at most

Lpπ{2 ´Rq from BD. Thus, taking R “ π{2 ´ r{L, with r ă Lπ{2, it holds

T pBpN, π{2 ´ r{Lqcq Ă pBDqr

and so

T´1 pDzpBDqrq Ă BpN, π{2 ´ r{Lq.
Therefore

ν pDzpBDqrq “ σ`

`

T´1 pDzpBDqrq
˘

ď σ`pBpN, π{2 ´ r{Lqq.
Finally, recall that the uniform measure σ on S

n satisfies the following Gaussian concentration in-
equality (see e.g [Led01]): for all A Ă S

n such that σpAq ě 1{2,

σpSnzAtq ď e´pn´1qt2{2, @t ě 0.

Applying this inequality to A “ S
n
´ and t “ r{L gives that

σ`pBpN, π{2 ´ r{Lqq “ 2σpSnz
`

S
n
´

˘r{Lq ď 2 exp
`

´pn´ 1qr2{p2L2q
˘

which completes the proof. �

Finally, we would like to stress that the following sub-case of the question of Beck and Jerison does
not seem to be ruled out by our results.

Question. Is there a 1-Lipschitz transport map from σ` onto 1
σ`pKq1Kσ` for any convex subset K

of Sn` with positive volume ?



8 MAX FATHI, MATTHIEU FRADELIZI, NATHAEL GOZLAN, AND SIMON ZUGMEYER

References

[BB12] Alexander Brudnyi and Yuri Brudnyi. Methods of geometric analysis in extension and trace problems. Vol. 1,
volume 102 of Monogr. Math., Basel. Basel: Birkhäuser, 2012.

[BJ21] Thomas Beck and David Jerison. The Friedland-Hayman inequality and Caffarelli’s contraction theorem. J.

Math. Phys., 62(10):101504, 11, 2021.
[Caf00] Luis A. Caffarelli. Monotonicity properties of optimal transportation and the FKG and related inequalities.

Commun. Math. Phys., 214(3):547–563, 2000.
[CP22] Sinho Chewi and Aram-Alexandre Pooladian. An entropic generalization of Caffarelli’s contraction theorem

via covariance inequalities, 2022.
[DPF17] Guido De Philippis and Alessio Figalli. Rigidity and stability of Caffarelli’s log-concave perturbation theorem.

Nonlinear Anal., 154:59–70, 2017.
[FGP20] Max Fathi, Nathael Gozlan, and Maxime Prod’homme. A proof of the Caffarelli contraction theorem via

entropic regularization. Calc. Var. Partial Differ. Equ., 59(3):18, 2020. Id/No 96.
[Led01] Michel Ledoux. The concentration of measure phenomenon, volume 89 of Math. Surv. Monogr. Providence,

RI: American Mathematical Society (AMS), 2001.
[Loe11] Grégoire Loeper. Regularity of optimal maps on the sphere: the quadratic cost and the reflector antenna.

Arch. Ration. Mech. Anal., 199(1):269–289, 2011.
[McC01] Robert J. McCann. Polar factorization of maps on Riemannian manifolds. Geom. Funct. Anal., 11(3):589–608,

2001.
[Mil18] Emanuel Milman. Spectral estimates, contractions and hypercontractivity. J. Spectr. Theory, 8(2):669–714,

2018.
[Val45] Frederick A. Valentine. A Lipschitz condition preserving extension for a vector function. Am. J. Math., 67:83–

93, 1945.
[Vil09] Cédric Villani. Optimal transport, old and new, volume 338 of Grundlehren der Mathematischen Wis-

senschaften. Springer-Verlag, Berlin, 2009.
[WW75] James H. Wells and Lynn R. Williams. Embeddings and extensions in analysis, volume 84 of Ergeb. Math.

Grenzgeb. Springer-Verlag, Berlin, 1975.

Université Paris Cité and Sorbonne Université, CNRS, Laboratoire Jacques-Louis Lions and Labo-
ratoire de Probabilités, Statistique et Modélisation, F-75013 Paris, France, and DMA, École normale
supérieure, Université PSL, CNRS, 75005 Paris, France, and Institut Universitaire de France (IUF)

Email address: mfathi@lpsm.paris

LAMA, Univ Gustave Eiffel, Univ Paris Est Creteil, CNRS, F-77447 Marne-la-Vallée, France.

Email address: matthieu.fradelizi@univ-eiffel.fr

Université Paris Cité, CNRS, MAP5, F-75006 Paris

Email address: nathael.gozlan@u-paris.fr

UMPA UMR5669, Lyon, France

Email address: simon.zugmeyer@ens-lyon.fr


	1. Introduction
	2. Non-contraction of maps from the half-sphere to uniformly-log-concave measures
	2.1. Optimal transport maps are not 1-Lipschitz in general
	2.2. Bijective transport maps are not 1-Lipschitz in general

	3. Other target domains
	References

