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SOME OBSTRUCTIONS TO CONTRACTION THEOREMS ON THE HALF-SPHERE
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Caffarelli's contraction theorem states that probability measures with uniformly logconcave densities on R d can be realized as the image of a standard Gaussian measure by a globally Lipschitz transport map. We discuss some counterexamples and obstructions that prevent a similar result from holding on the half-sphere endowed with a uniform measure, answering a question of Beck and Jerison.

Introduction

The purpose of this work is to discuss counterexamples to certain conjectured global Lipschitz bounds on transport maps on the sphere. The motivation comes from the following theorem of Caffarelli [START_REF] Caffarelli | Monotonicity properties of optimal transportation and the FKG and related inequalities[END_REF]:

Theorem 1. Let γ be the standard Gaussian measure on R d , and µ be a probability measure with density of the form e ´V γ, with V : R n ÝÑ R n Y t`8u a convex function. Then the Brenier map (or optimal transport map for the quadratic cost) from γ onto µ is 1-Lipschitz. This theorem has found many applications in probability and analysis, including to correlation inequalities, eigenvalue estimates and rigidity theorems for concentration inequalities. A remarkable feature is that the Lipschitz estimate is dimension-free. In particular, it implies that there is a 1-Lipschitz map from γ onto 1 K γ whenever K is a convex set. The original proof was based on a maximum principle for the Monge-Ampère PDE that the optimal transport map solves, and more recently there have been proofs based on entropic regularization of optimal transport and properties of the Sinkhorn algorithm [START_REF] Fathi | A proof of the Caffarelli contraction theorem via entropic regularization[END_REF][START_REF] Chewi | An entropic generalization of Caffarelli's contraction theorem via covariance inequalities[END_REF].

Many comparison theorems in Riemannian geometry for positively curved spaces, such as the Lichnerowicz spectral gap bound or bounds on logarithmic Sobolev constant, and which admit the sphere as optimizer, have counterparts for uniformly log-concave measures, and for which the standard Gaussian is the optimizer (and hence plays the role of the sphere). These Gaussian counterparts (and some rigid versions of them) can often be easily proved using the Caffarelli contraction theorem, just by applying the change of variable (see for example [START_REF] De | Rigidity and stability of Caffarelli's log-concave perturbation theorem[END_REF]). This has led to the question of whether there is a version of the Caffarelli contraction theorem for the sphere, that would imply the aforementioned comparison theorems as consequences.

Since the optimal transport map between nice continuous probability measures is bijective, one can start by asking for bijective 1-Lipschitz maps. As pointed out in [START_REF] Milman | Spectral estimates, contractions and hypercontractivity[END_REF] this extra assumption raises an additional difficulty: positively curved manifolds of the same dimension are not necessarily diffeomorphic. For example, a particular formulation of the above question would be to ask if there always is a bijective 1-Lipschitz map sending the uniform measure on the n-sphere to a given measure on a convex subset of the sphere, with log-concave density. Unfortunately, the answer is trivially no: there cannot be a bijective 1-Lipschitz map sending the sphere onto a spherical cap, because there must be a point of discontinuity. This has led to raising the same question on the half-sphere instead [START_REF] Beck | The Friedland-Hayman inequality and Caffarelli's contraction theorem[END_REF], and it is that version of the question we shall address here. More generally, [START_REF] Milman | Spectral estimates, contractions and hypercontractivity[END_REF] also raises the question of existence of 1-Lipschitz maps between diffeomorphic positively curved manifolds, but here we shall only consider the restricted setting of the half-sphere.

Let n ě 2 and S n be the unit Euclidean sphere of R n`1 , equipped with its geodesic distance d S n . Denote by S n `" S n X tx P R n`1 : x n`1 ě 0u the upper hemisphere and by σ and σ `the uniform probability measures on S n and S n `respectively.

Recall that the W 2 distance with respect to the geodesic distance on S n is defined, for all probability measures µ, ν on S n , by

W 2 2 pµ, νq " inf πPΠpµ,νq ż d 2 S n px, yq dπpx, yq
where Πpµ, νq denotes the set of couplings between µ and ν. According to McCann's Theorem [START_REF] Mccann | Polar factorization of maps on Riemannian manifolds[END_REF], whenever µ is absolutely continuous with respect to σ, there exists a µ almost surely unique optimal transport map T sending µ to ν.

The following questions appeared in [BJ21, Section 4] : Suppose dν " 1 Z e ´V 1 K dσ `is a probability measure supported on a convex subset K of S n `with

V : K Ñ R being a convex function on K :

(a) Is it true that there exists an injective 1-Lipschitz map T : S n `Ñ K transporting σ `on ν ? (b) Is it true that the W 2 optimal transport map between σ `and ν is 1-Lipschitz ?

The purpose of this note is to show that the answers to these questions are both negative in general.

In the sequel, a set K is called convex if for any x, y P K, any minimizing geodesic joining x and y entirely lies in K. A function f : K Ñ R is called convex if, for any constant speed minimizing geodesic γ : r0, 1s Ñ K, it holds f pγptqq ď p1 ´tqf pγp0qq `tf pγp1qq, @t P r0, 1s.

By geodesic we will always mean a minimizing geodesic. If x, y P S n a geodesic joining x to y is the shorter arc of a great circle passing through x and y.

2. Non-contraction of maps from the half-sphere to uniformly-log-concave measures 2.1. Optimal transport maps are not 1-Lipschitz in general. First let us see that the question (b) is negative in general. We will denote by N " p0, . . . , 0, 1q the north pole of S n .

Proposition 2. Suppose that ν is a probability measure on S n `with a density of the form dνpxq " f pdpx, N qq dσ `pxq, where f : r0, π{2s Ñ p0, 8q is some positive continuous function. The W 2 optimal transport map between σ `and ν is 1-Lipschitz if and only if ν " σ `.

The probability measure dνpxq " 1 Z e ´d2 px,N q 1 S n `pxq dσ `pxq then provides a counterexample to question (b) when K " S n `.

Remark 3. Proposition 2 can be used to rule out assertion (b) for measures supported on convex domains K that are close to the half sphere (see also Section 3). Indeed, let ν be the probability measure defined above and, for any 0 ă r ă π{2, denote by ν r the normalized restriction of ν to the closed ball of center N and radius r. Let r k be some increasing sequence converging to π{2. According to [Vil09, Corollary 5.23] the optimal transport map T r k from σ `to ν r k converges to T (the σ `almost surely unique optimal transport map between σ `and ν) in probability as k Ñ 8. Extracting a subsequence if necessary, one can assume that pointwise convergence of T r k to T holds almost everywhere on S n `. If T r k was 1-Lipschitz for all k large enough, then by stability of the class of 1-Lipschitz maps under pointwise convergence, one would have that T is 1-Lipschitz too. Therefore there exists a subsequence r k 1 converging to π{2 along which T r k 1 is not 1-Lipschitz.

Proof. For notational convenience we deal only with n " 2 but the reasoning is general. Let ψ : S 2 Ñ R be a c-concave maximizer of the dual problem for the quadratic transport between σ `and ν :

1 2 W 2 2 pσ `, νq " ż ψ dσ ``ż ψ c dν,
where, for all x, y P S 2 , cpx, yq " d 2 px,yq 2 , ψ c pyq " inf x tcpx, yq ´ψpxqu and c-concavity of ψ means that ψ cc " ψ. For any θ P R, denote by R θ the rotation matrix

» - cos θ ´sin θ 0 sin θ cos θ 0 0 0 1 fi fl .
Since pR θ q # σ `" σ `and pR θ q # ν " ν for all θ P R, one sees that if ψ is a dual maximizer, then ψ ˝Rθ also (note that pψ ˝Rθ q c " ψ c ˝R´θ ). Moreover, if Θ is a random variable uniformly distributed on r´π, πs, then denoting by ψpxq " ErψpR Θ xqs, x P S 2 , one sees that ş ψ dσ `" ş ψ dσ `and ψc pyq " inf xPS 2 Ercpx, yq ´ψpR Θ xqs ě Erψ c pR ´Θyqs. Thus,

ż ψc dν ě ż ψ c dν.
Therefore, ψ is a dual maximizer and is rotationally invariant : ψ ˝Rθ " ψ for any θ. Setting ϕ " ψcc , it is easy to check that ϕ is rotationally invariant, c-concave and a dual maximizer. According to McCann's theorem, the optimal transport map between σ `and ν is given, for σ `almost all x P S 2 `, by T pxq " exp x p´∇ϕpxqq. This optimal transport map T is almost surely unique (and does not depend on the particular dual potential). Moreover, since ϕ is invariant under all R 1 θ s, there exists h : r0, πs Ñ R such that ϕpxq " hpdpx, N qq. Thus for almost every x P S 2 `, T pxq belongs to the geodesic connecting x to N . Now let us assume by contradiction that T : S 2 `Ñ S 2 `is 1-Lipschitz. By rotational invariance of ν and σ `, uniqueness and continuity of T , one easily gets that the equality R θ ˝T ˝R´θ " T holds everywhere on S 2 `. So R θ pT pN qq " T pN q for all θ and so T pN q " N . Fix some x such that dpx, N q " π{2 and for all t P r0, π{2s let x t be the unique point on the geodesic joining N to x such that dpN, x t q " t. Then, there exists a function r : r0, π{2s Ñ r0, π{2s such that T px t q " x rptq , @t P r0, π{2s.

Moreover, |rptq ´rpsq| " dpx rptq , x rpsq q " dpT px t q, T px s qq ď dpx t , x s q " |t ´s| and so r is 1-Lipschitz. By rotational invariance, the function r is in fact independent of x. Therefore, T pS 2 `q " ty P S 2 `: dpN, yq P rpr0, π{2squ. Since T pS 2 `q " S 2 `, r is necessarily surjective. Therefore, r : r0, π{2s Ñ r0, π{2s is a 1-Lipschitz and surjective map. The only possibility is that rpxq " x for all x P r0, π{2s or rpxq " π{2 ´x for all x P r0, π{2s. Indeed, if a, b P r0, π{2s are such that rpaq " 0 and rpbq " π{2, then r being 1-Lipschitz, it holds π{2 ď |a ´b| and so |a ´b| " π{2. Suppose that a " 0 and b " π{2. Since r is 1-Lipschitz, the function kpxq " x Þ Ñ rpxq ´x is non-increasing and such that kp0q " kp1q " 0. Therefore kpxq " 0 for all x P r0, π{2s. If a " π{2 and b " 0, one sees similarly that rpxq " π{2 ´x for all x P r0, π{2s. Since we know that rp0q " 0 the only possibility is r " Id and so T " Id.

2.2. Bijective transport maps are not 1-Lipschitz in general. We now want to show that the answer to question (a) is also negative. The idea is that if the target measure has the half-sphere as support, then such a map would preserve the boundary, and the 1-Lipschitz constraint would then force its value along great circles joining opposite points on the boundary. The first part of this reasoning is given by the following result:

Proposition 4. Assume that T : S n `Ñ S n `is a surjective 1-Lipschitz map. Denote by C " S n `X
tx n`1 " 0u and assume that T pCq " C. Then T is an isometry fixing N .

The following result is due to Valentine [Val45, Lemma 3].

Theorem 5. Let T : A Ñ S n be defined on a compact subset A of S n with Lipschitz constant L ď 1 ; if the image of T is not contained in a closed hemisphere, then T is an isometry.

A proof can be found in e.g Appendix D of [START_REF] Brudnyi | Methods of geometric analysis in extension and trace problems[END_REF] or in §13 of [START_REF] Wells | Embeddings and extensions in analysis[END_REF].

Proof of Proposition 4. Let N " p0, . . . , 0, 1q P S n be the north pole. For any x P C, it holds dpT pN q, T pxqq ď dpN, xq " π{2. Since T pCq " C, one gets that dpT pN q, x 1 q ď π{2 for all x 1 P C. This forces N " T pN q. If px t q tPr0,π{2s is a geodesic such that x 0 P C and x π{2 " N , then y t " T px t q satisfies dpy s , y t q ď dpx s , x t q " |t ´s| and dpy 0 , y π{2 q " π{2. Therefore, py t q tPr0,π{2s is the geodesic connecting T px 0 q to N . Therefore the map T is completely determined by its restriction to C. Since C " S n´1 ˆt0u and T pCq " C, one sees that T induces a 1-Lipschitz surjective map from S n´1 to itself. According to Valentine's Theorem 5, it is an isometry of S n´1 and so is the restriction of an isometry of R n to S n´1 . In other words, there is an n ˆn orthogonal matrix A such that T ppz, 0qq " pAz, 0q, @z P S n´1 . Now, if x " pz, x n`1 q P S n , then dpx, N q " arccospx n`1 q and x is on the geodesic connecting N to pz{|z|, 0q. So, T pxq is the unique point at distance arccospx n`1 q from N on the geodesic going from N to pApz{|z|q, 0q. Since |Az| " |z|, one gets T pxq " pAz, x n`1 q.

Corollary 6. If T : S n `Ñ S n `is a bijective 1-Lipschitz map, then T is an isometry fixing N . In particular the image of σ `under T is σ `.

In particular, if σ `‰ ν and K " S n `then there is no injective and 1-Lipschitz map transforming σ `into ν.

Proof. Denote by S n

``" tx P S n : x n`1 ą 0u. Since T : S n `Ñ S n `is an homeomorphism, it is clear that T pS n ``q is an open subset of S n `(for the relative topology of S n `). Let us show that T pS n ``q is also open in S n . Let B " tx P R n : |x| ă 1u and consider the map S : S n `Ñ B : x Þ Ñ px 1 , . . . , x n q and the map U : B Ñ S n `: y Þ Ñ py, a 1 ´|y| 2 q. The function f : B Ñ B defined by f " S ˝T ˝U is continuous and bijective. By Brouwer's invariance of domain theorem, f pBq is an open subset of R n . Therefore, T pS n ``q " U ˝f pBq is an open subset of S n . Denoting as before C " S n `X tx n`1 " 0u, one thus gets that T pS n ``q X C " H. Since S n `" T pCq Y T pS n ``q, one concludes that C Ă T pCq. Denoting by H n´1 the n ´1 dimensional Hausdorff measure on S n , one gets H n´1 pT pCqq ď H n´1 pCq, since T is 1-Lipschitz. Thus H n´1 pT pCqzCq " 0. In particular, C is dense in T pCq. Since C is closed, one gets T pCq " C. Using Proposition 4 completes the proof.

A consequence is the following strong improvement of Proposition 2:

Corollary 7. Suppose that ν has a density of the form dνpxq " gpxq dσ `pxq, where g : S n `Ñ p0, 8q is some measurable function such that a ď g ď b for some 0 ă a ă b. Then the W 2 optimal transport map T between σ `and ν is 1-Lipschitz if and only if ν " σ `.

Proof. Let S be the optimal transport map sending ν onto σ `given by Mc Cann's theorem and let us justify that S is continuous. Let ν " 1 2 ν `1 2 ν ´, where ν ´is the image of ν under the map u : S n Ñ S n : x Þ Ñ px 1 , . . . , x n´1 , ´xn q and denote by S the optimal transport map sending ν on σ. Let us admit for a moment that (1)

Spxq " Spxq, @x P S n `.

According to [Loe11, Theorem 2.4], the transport map S is continuous, and so (1) yields that S is continuous on S n `. Let T be the W 2 optimal map transporting σ `onto ν and assume that T is 1-Lipschitz. Since ν has full support, T is surjective. According to [START_REF] Mccann | Polar factorization of maps on Riemannian manifolds[END_REF] Corollary 10], S and T satisfy T ˝Spxq " x and S ˝T pxq " x for σ `almost every x P S n `. Since S is continuous, these identities actually holds for all x P S n `. Thus T is injective. Applying Corollary 6, one gets that T is an isometry fixing N and so ν " σ `. Now let us show (1). Since ν and σ are invariant under the isometry u, by uniqueness of the optimal transport map, T satisfies T " u ˝T ˝u, σ a.e and, by continuity of T , everywhere. Let us show that for all x P S n ``, T pxq P S n `, which will imply (1) by continuity of T . Suppose, by contradiction, that some x P S n ``is such that T pxq P S n ´´:" S n zS n `.

Then x 1 " upxq P S n ´´is such that T px 1 q " upT pxqq P S n ``. By cyclical monotonicity, it holds (2) d 2 px, T pxqq `d2 px 1 , T px 1 qq ď d 2 px, T px 1 qq `d2 px 1 , T pxqq.

But

x ¨T px 1 q " x ¨upT pxqq "

n´1 ÿ i"1 x i pT pxqq i ´xn pT pxqq n ą n´1 ÿ i"1
x i pT pxqq i `xn pT pxqq n " x ¨T pxq.

The function arccos being decreasing, one gets that

d 2 px, T px 1 qq ă d 2 px, T pxqq
and similarly d 2 px 1 , T pxqq ă d 2 px 1 , T px 1 qq, contradicting (2). This completes the proof.

Remark 8. Let ν be as Corollary 7 and let, as in the preceding proof, S be the optimal transport map sending ν onto σ and T be the transport map sending σ on ν. Reasoning as above, we see that S and T are both continuous (using again [Loe11, Theorem 2.4]), are inverse of each other, and such that T pS n `q " S n `and T pS n ´q " S n

´. Thus T pCq " T pS n `X S n ´q " T pS n `q X T pS n ´q " S n `X S n

´" C. So, to prove Corollary 7, one could have directly use Proposition 4 instead of Corollary 6.

Remark 9. Let us give some more quantitative version of Corollary 7. For all ε ą 0, consider a probability measure of the form

dν ε pxq " 1 Z ε e ´1 ε V pxq dσ `pxq
with V some bounded continuous function on S n ``admitting N as unique minimizer. As ε Ñ 0, ν ε Ñ δ N for the weak topology. Let m ε " ş dpx, N q dν ε pxq and observe that m ε Ñ 0 as ε Ñ 0. For ε small enough, let r ε ą 0 be such that

ν ε pBpN, r ε qq " 1 ´?m ε ,
where BpN, r ε q is the closed ball of radius r ε centered at N . By Markov's inequality, m ε ě r ε ? m ε , and m ε Ñ 0 as ε Ñ 0. Therefore r ε Ñ 0 as ε Ñ 0. Let T ε be the optimal transport map sending σ to ν ε and define K ε " T ´1 ε pBpN, r ε qq. As explained in the preceding remark, T ε is a continuous map such that T ε pCq " C. Thus K ε is a closed subset of S n `such that K ε XC " H and σ `pK ε q " 1´?m ε . Denote by R ε " sup xPKε dpx, N q, which satisfies R ε ă π{2. Since σ `pBpN, R ε q Ñ 1 as ε Ñ 0, one concludes that R ε Ñ π{2. If x ε is some point in K ε such that dpx ε , N q " R ε and x 1 ε is the unique point on C such that x ε belongs to the geodesic joining x 1 ε to N , then one gets dpT ε px ε q, T ε px 1 ε qq ě dpBpN, r ε q, Cq " π{2 ´rε and so

dpT ε px ε q, T ε px 1 ε qq dpx ε , x 1 ε q ě π{2 ´rε π{2 ´Rε
and so

LippT ε q ě π{2 ´rε π{2 ´Rε Ñ `8

as ε Ñ 0.

Finally, let us recall the following well known fact that the classes of 1-Lipschitz functions from S n to S n with respect to geodesic or Euclidean distances on the sphere coincide. The conclusion of Corollary 7 is thus also true if S n is equipped with the ambient Euclidean distance of R n`1 . Proposition 10. A map T : A Ñ S n defined on a subset A of S n is 1-Lipschitz with respect to the geodesic distance if and only if it is 1-Lipschitz with respect to the Euclidean norm } ¨} on R n`1 .

Proof. Since d S n px, yq " arccospx ¨yq and cos is decreasing on r0, πs one has d S n pT pxq, T pyqq ď d S n px, yq ñ T pxq ¨T pyq ě x ¨y.

Since x, T pxq, y, T pyq belong to S n , it holds }T pxq´T pyq} 2 " 2p1´T pxq¨T pyqq and }x´y} 2 " 2p1´x¨yq, which completes the proof.

Remark 11. The conclusion is false for Lipschitz constants ă 1. Namely, let n " 1 and A " S 1 XR `ˆR. For θ P r´π{2, π{2s define upθq " pcospθq, sinpθqq and consider the map T : A Ñ S 1 defined by T pupθqq " upθ{2q, for all θ P r´π{2, π{2s. The map T is 1{2-Lipschitz with respect to the geodesic distance. Indeed, d S 1 pupθ 1 q, upθ 2 qq " |θ 2 ´θ1 |, for all θ 1 , θ 2 P r´π{2, π{2s. Observe however that T is not 1{2-Lipschitz for the Euclidean norm on R 2 . Indeed, }T pπ{2q´T p´π{2q} " }upπ{4q´up´π{4q} " ? 2 whereas, }upπ{2q ´up´π{2q} " 2, so that }T pπ{2q ´T p´π{2q} " ? 2 ą 1 " 1 2 }upπ{2q ´up´π{2q}.

Other target domains

Corollaries 6 and 7 rule out existence of 1-Lipschitz transport maps when the domain of the target measure is the full half-sphere. Of course, when the target domain is smaller, it is possible to have a 1-Lipschitz transport map. However, by mimicking the argument made above, we can see that if a Lipschitz transport map exists, then the target measure cannot be too concentrated away from its boundary, in the following sense: Proposition 12. Let ν be a probability measure supported on a closed subset D Ă S n `, and assume that there is a bijective L-Lipschitz transport map T sending σ `onto µ. Then ν `Sn `zpBDq r ˘ď 2 exp `´pn ´1qr 2 {p2L 2 q ˘, @r ă πL 2 .

Here A r denotes the open r-neighborhood of the set A, with respect to the distance on the sphere, that is A r :" ty P S n `; dpy, Aq ă ru. Therefore the mass away from the boundary BD cannot be too large. Note that this easily implies the lack of uniform estimate on Lipschitz norms of transport maps onto log-concave densities on the half-sphere, as discussed in Remark 9.

Proof. Since T is bijective and continuous on a compact set, it is a homeomorphism, and as a consequence of the invariance of domain theorem, it maps C " S n `X tx n`1 " 0u onto BD. As it is L-Lipschitz, any point from BpN, Rq c (the complement of the closed ball of radius R around the north pole, with respect to the spherical distance on S n `is mapped to a point at a distance at most Lpπ{2 ´Rq from BD. Thus, taking R " π{2 ´r{L, with r ă Lπ{2, it holds T pBpN, π{2 ´r{Lq c q Ă pBDq r and so T ´1 pDzpBDq r q Ă BpN, π{2 ´r{Lq. Therefore ν pDzpBDq r q " σ ``T ´1 pDzpBDq r q ˘ď σ `pBpN, π{2 ´r{Lqq.

Finally, recall that the uniform measure σ on S n satisfies the following Gaussian concentration inequality (see e.g [START_REF] Ledoux | The concentration of measure phenomenon[END_REF]): for all A Ă S n such that σpAq ě 1{2, σpS n zA t q ď e ´pn´1qt 2 {2 , @t ě 0.

Applying this inequality to A " S n ´and t " r{L gives that σ `pBpN, π{2 ´r{Lqq " 2σpS n z `Sn ´˘r{L q ď 2 exp `´pn ´1qr 2 {p2L 2 q which completes the proof.

Finally, we would like to stress that the following sub-case of the question of Beck and Jerison does not seem to be ruled out by our results.

Question. Is there a 1-Lipschitz transport map from σ `onto 1 σ`pKq 1 K σ `for any convex subset K of S n `with positive volume ?
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