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NOTES ON MILNOR-WITT K-THEORY
F. DEGLISE

ABSTRACT. These notes develop the foundations of Milnor—Witt K-theory over
arbitrary fields, without assuming perfectness or separability, and with a sys-
tematic treatment of twists. Extending the works of Morel and Feld, we con-
struct the four fundamental functorialities — restriction, corestriction (trans-
fer), product, and residue — and prove all relations between them, making the
twist isomorphisms explicit. Transfers are defined and computed in full general-
ity through Grothendieck’s differential trace and the Scheja-Storch (Bézoutian)
method, and shown to agree with those obtained by the Bass-Tate approach.
We also establish refined residue and transfer formulas involving quadratic mul-
tiplicities (defect), together with a direct proof of the residue-corestriction rela-
tion. The resulting framework provides the algebraic and functorial foundations
needed for the construction of Chow-Witt groups and quadratic cycle theories
over arithmetic bases.
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1. INTRODUCTION

1.1. Milnor’s K-theory and conjectures. One is retrospectively amazed by
John Milnor’s cornerstone work [Mil70] on K-theory and quadratic forms. At first
sight, Milnor failed to define higher K-groups of a field K, as one now knows that
the K-theory he introduced coincides with higher K-theory only up to degree 2,
by Matsumoto’s theoremEl On the other hand, the graded ring defined by Milnor
was to be recognized more than twenty years laterﬂ as an invariant as fundamental
as algebraic K-theory: it is the (n,n)-part of the motivic cohomology ring of k.
So that Milnor’s definition was truly the first appearance of motivic cohomology,
in its symbolic guise.

Moreover, Milnor had the brilliant insight of relating his new K-theory ring to
two apparently unconnected classical invariants: Galois cohomology of K with
coefficients in the 2-torsion ring Z/2, and the graded algebra associated with the
fundamental ideal of the Witt ring of K. One motivation came from the theory of
characteristic classes MH, and in particular from the so-called Stiefel-Whitney
classes wy, (&) € H"(X,Z/2) of a real vector bundle £ over a smooth manifold X.
Among the inspirations of Milnor was a very short note of Delzant defining
an algebraic analogue of these classes, for a field of characteristic not 2:

w? : CW(K) — H"(Gg,7/2)

TAmong his inspirations, Milnor cites Moore and Matsumoto’s works. See and Re-
mark for a reminder.

By a famous theorem of Totaro [Tot92].

3Recall that this book is based on Milnor’s 1957 lectures!
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where GW(K) is the Grothendieck group of quadratic K-vector Spacesﬂ and the
right-hand side is the Z/2-cohomology of the absolute Galois group of K, or equiv-
alently the étale Z/2-cohomology of Spec(K).

Milnor remarks that Delzant’s Stiefel-Whitney classes factorize through his K-
groups modulo 2, thus obtaining a factorization of w2 as:

GW(K) “= KM(K)/2 X H"(Gr,Z/2)

where hg is sometimes called the norm residue homomorphism or the Galois sym-
bol. The first of the Milnor conjectures states that hx is an isomorphism for all
n> 00

Even more remarkably, Milnor recognizes a way to go backward the map w,,
and formulates another Conjectureﬁ relating the Witt ring with his K-theory ring.
This question was solved more than 30 years later by Orlov, Vishik and Voevod-
sky in [OVV07], after Voevodsky’s proof of the first Milnor conjecture and his
revolutionary idea of introducing motivic homotopy theory.

1.2. Barge and Morel obstruction theory. Extending Milnor’s ideas on char-
acteristic classes, and building on the ideas of motivic homotopy, Jean Barge and
Fabien Morel introduced in [BM00Q] an algebro-geometrical analogue of the Euler
class of real oriented vector bundles (see [MS74 §9, Def. p. 98]). The technical
innovation of their definition is the construction of an appropriate algebraic ana-
logue of the integral singular cohomology of a real manifold, a cohomology ring
that they call the Chow groups of oriented cycles, which one now calls after Jean
Fasel’s foundational works [Fas07, [Fas08] the Chow- Witt groups.

While Milnor K-theory modulo 2 is a suitable receptacle for Stiefel-Whitney
classes (over fields), as seen above, Barge and Morel had the idea of gluing above
this 2-torsion ring the integral information coming from the fundamental ideal
I(K) and the Milnor K-ring K (K): see [BMQ0O, Section 1] or Corollary
here. The resulting graded ring, denoted by J*(K) in loc. cit. is now called the
Milnor-Witt K-theory of K and denoted by KMW (K). The study of this functor
on fields is the main subject of the present expository notes.

Before diving into our motivations, let us come back briefly to the work of Barge
and Morel: based on results of Rost [Ros96] and Schmid [Sch97], they define the
Chow-Witt groups of a smooth k-scheme as the cohomology of a Gersten-like
complex with coefficients in KM"YW, which is now called the Rost-Schmid complex.

4Though Delzant was obviously inspired by the Witt ring introduced in [Wit37], this is the
first occurrence of GW(K) in the literature. See more generally.

5This was later generalized by Bloch and Kato by replacing 2 with an arbitrary prime. A
complete proof of the Bloch-Kato conjecture is available in [HW19], and a detailed account of
the history of the Milnor conjecture can be found in Section 1.7 of loc. cit.

6see question 4.3 of [Mil70] or Theorem of the present paper
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Then they define the Euler class of an oriented algebraic vector bundle and make
various conjectures about it (Conjecture p. 289, Rem. 2.4 in loc. cit.)[]

1.3. Basic aim and scope of these notes. The aim of these notes is to lay
the foundations for the theory of quadratic cycles and Chow-Witt groups, based
on Feld’s axiomatic approach [Fel20]. We will therefore present the theory of the
Milnor-Witt ring of fields, with an emphasis on its functoriality. As motivation, the
hasty reader can take a look at Section [5] for the functoriality properties we aim
to establish. We improve the theory known so far by removing any assumption on
the fields Consideredﬁ providing full detailed proofs, and extending the generality
of some of Feld’s formulas.

Our presentation of Milnor-Witt K-theory mixes two historical approaches. The
first one, due to Barge and Morel, as already mentioned above, gives the construc-
tion as a gluing of Witt’s theory of quadratic formd’] and Milnor’s K-ring. See
Corollary for the statement. The second one, due to Hopkins and Morel,
is much closer to Milnor’s viewpoint, and gives a beautiful presentation of the
Milnor-Witt K-theory ring in terms of explicit generators and relations (Defini-
tion . In fact, the richness of the theory comes from the comparison of these
two approaches. This is based on Milnor’s conjecture: here we refer to [GSZ16]
in characteristic not 2, and to [Car23| in characteristic 2. Except for references
to these two papers, and to basics on Witt rings ([MHT73]) and Milnor K-theory
([BT73], [Kat82]), these notes are self-contained.

As explained in the previous section, the justification for defining Milnor-Witt
K-theory in addition to Milnor K-theory is to be able to develop an algebraic
orientation theory. The concrete manifestation of this orientation theory is the
existence of twists on the former K-theory, which we regard as part of the structure
almost from the outset. The first phenomenon that demonstrates the need to
consider twists is the construction of residues associated to a discretely valued

field (K, v) with residue field &,:
Dy : KMW(K) — KM (ky, w,).

Here the twist w, on the right-hand side is the normal space associated with the
valuation v; see Definition [2.5.3| and therein for details. In our opinion, the consid-
eration of twists sheds light also to Witt’s theory as explained in Example [2.5.7

"The conjecture was partially solved by Morel in [Morl2, Th. 3.12] and was pushed much
further by works of Asok and Fasel; see [AF23] for a survey, and in particular §4.2 for a review
on (Barge-Morel) Euler classes.

8Usually, one considers fields of characteristic not 2, and one assumes that they are finitely
generated over some perfect base field.

90r rather Grothendieck-Witt theory of inner product spaces in order to allow fields of char-
acteristic two;
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1.4. Construction of transfers. In fact, a large portion of the paper is devoted
to the study of transfer maps on Milnor-Witt K-theory. This is no surprise, as it
was a famous problem left open by Bass and Tate for Milnor K-theory ([BT73,
1.85]), only resolved by Kato in [Kat8(), §1.7, Prop. 5]. Given a finite field extension
E/k, or ¢ : k — E, the transfer map has the form (see Definition [4.4.6):

(1.4.0.a) Try)y = ¢ KYW(E, wgp) — KW (k),

where wg/y, is the determinant of the cotangent complex of E/k. (We call this the
canonical module; see Definition M) Here again, the twist is essential, though
it is trivial for (and only for) separable extensions.

For finitely generated field extensions over a perfect base field of characteristic
not 2, these transfer maps were introduced by Morel in [Morl2, Chap. 4], in the
more general context of strongly Al-invariant sheaves but mostly neglecting twists.
The theory was recast for Milnor-Witt K-theory, still with the same restriction on
fields, by Feld in [Fel23].

There are two methods to define transfers on functors defined on fields. The
first one is to follow the approach of Bass and Tate via residue maps and what
is called after Rost the Weil reciprocity formula (see Remark [1.2.4[(2) for the case
of the projective line). The second one is by gluing known transfer maps. This
is closer to the approach of Fasel for defining pushforwards on Chow-Witt groups
(see [Fas08|, Cor. 10.4.5]).

Bass-Tate method. In these notes, we exploit both approaches. For the Bass-Tate
method, we have chosen to introduce Chow-Witt groups of Dedekind schemes.
This serves both as an illustration of the theory and as a convenient framework
to express the Weil reciprocity formula. In fact, we reformulate the latter as the
following computation of Chow-Witt groups of quadratic O-cycles of the projective
line:

Theorem. (see Theorem Let k be a field, and L be an invertible sheaf on
the projective line P. We let Lo, be the restriction of L over the point at oo and
Weo be the conormal sheaf of the immersion i, : {oo} — Pj.

Then the Chow-Witt group of quadratic divisors of P} with coefficients in L is
given by:
GW(k,we @ L) deg(L) even,
Z deg(L) odd.

Explicitly, the isomorphism is given by pushforward along is.

é\ﬁl(P}ﬁ, L) ~ {

This theorem perfectly illustrates the role of twists in Milnor-Witt K-theory and
Chow-Witt groups, which is the major difference with Milnor K-theory and usual
Chow groups. It was first proved by Fasel in [Fas13]. Our proof is more direct, and
allows to drop any restriction on the base field. Applying the above result when
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L is the canonical sheaf w = O(—2) on P} gives the degree map on Chow-Witt
groups:

deg : CH'(PL, w) — GW(k).

This degree map actually encompasses all the transfer maps for Milnor-Witt K-
theory for any monogenic field extension of /{;H This is the geometric interpretation
of the method of Bass and Tate.m The problem with this approach is to show that
these transfers are independent of the chosen generators, and that one can extend
the definition to any finite field extension.

Gluing and differential traces. Instead of proving this directly, as is done by Morel
and Feld, we use the second mentioned approach. On the one hand, one has well-
defined transfer maps on Milnor K-theory after Kato. For the Grothendieck-Witt
part (based on inner product forms to deal with characteristic 2), we show that
one can define twisted transfer maps by directly using the trace morphism that
follows from Grothendieck duality formalism, and which we call the differential

trace map (see Definition [6.2.4)):
Trg )t wen — k.

Using this map and a classical method of Scharlau, one deduces transfers for
twisted Grothendieck-Witt groups. The advantage of these transfers is that they
do not depend on any choice, and yet can be compared precisely to Scharlau’s
ones (see Remark H Moreover, they can be glued appropriately to Kato’s
transfers on Milnor K-theory and induce the desired transfers on twisted
Milnor-Witt K-theory.

The important result is to compare these glued transfers with the one obtained
by the Bass-Tate method. According to the uniqueness property of the latter, this
involves checking a twisted form of the quadratic reciprocity law for the transfers
based on the differential trace maps. This is an enhancement of the classical result
of Scharlau, now valid in arbitrary characteristics (see Theorem for the exact
statement). As a consequence, our definition agrees with that of Morel, and we
also reprove the independence theorem of Morel and Feld (see Proposition .

10We have formulated here the theorem for “Gyp-degree 17 for the sake of clarity. It is
important to note that to get transfer maps in other degrees, one needs to consider the whole
grading on the Rost-Schmid complex, corresponding to the fact that Chow-Witt groups are the
0-th G,,-graded part of a bigraded group (see Definition for more details).

Hsee [BT73, (5.4)], and especially diagram (3)

12Note that this kind of construction of twisted transfers for Witt groups (of Z[}]-schemes) has
been previously considered by several authors including [Gil02, [Nen07) [CH11]. Our treatment is
simple and direct, and is well-suited for explicit computations, as explained below.
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The nice feature of the second way of defining transfers is that it is well-suited
for computing trace maps. In particular, the differential trace map can be com-
puted explicitly using a method of Scheja and Storch[™| It allows us to compute
trace maps in Milnor-Witt K-theory in a way analogous to the method of Kass
and Wickelgren for computing (local) Al-Brouwer degree (see [KW19], [BMP23]).
Indeed, trace maps can be explicitly described in terms of Bézoutians (see Defini-
tions , for recall). This is especially important in the inseparable case.
Let us illustrate this computation with the following statement:

Theorem (see Example [4.4.9(3)). Let k be a field of positive characteristic p > 0,
and a € k* be an element which is not a power of p. Consider the inseparable
extension E = k[a] of k, ¢ = p".

Let Tp,, be the Tate trace map associated with E/k and the choice of o = /a
(see [Tat52, §1, (2)] and Remark . Let w = dt @ (19— a)* be the nonzero

element of the canonical module wg,. Then for any unit u € E*, the following

formula holds in GW (k):
Ty, ((u) @ w) =[5, (u.—)]
where the right-hand side denotes the class of the inner product: (z,y) = 7, (uzy).

This formula was actually one of our motivations for writing these notes. It
once again illustrates the importance of the twists in computations related to
Milnor-Witt K-theory. In particular, in the above formula, changing w usually
completely modifies the result of the computation. We give further examples of
this phenomenon in Example [£.4.9] as well as an analogue of the degree formula
for Milnor K-theory: Corollary [£.4.10]

1.5. Towards Chow-Witt groups. As already mentioned, the development of
the functorial properties of Milnor-Witt K-theory, as axiomatized in the notion
of Milnor-Witt cycle modules in [Fel20], gives a solid foundation for Chow-Witt
groups [Fas08]. As an illustration, we will use in [DFJ25] the formulas established
in Section |5 of the present work to extend the original definition of Fasel [Fas0§| to
singular schemes without requiring the existence of a base field, thereby opening
the theory to arithmetic applications.

We have taken particular care with formula (R3b), proved in Theorem m
This formula allows one to define pushforwards on Chow-Witt groups, and in
particular degrees of quadratic cycles for proper varieties. Therefore, it is central
to applications in quadratic enumerative geometry. To give some background on
this formula, let us recall that it was first stated by Rost in [Ros96], without giving
a proof in the Milnor K-theory case (see |[GS1T, 7.4.3] for one). An argument was
given in [Fas08, Cor. 10.4.5] to deduce from Rost’s formula the case needed for

13The historical reference for this method is [SS75] but we will use [Kun08| as a reference; see
Section for more details.
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Chow-Witt groups. We give here a direct proof of this delicate formula, based on
the theory of valued fields.

Moreover, several fundamental formulas of Milnor-Witt K-theory can be ex-
tended to situations that involve appropriately defined quadratic multiplicities.
This is in particular the case for formula (R3b) that admits a refinement (R3b+),
proved in Theorem [5.3.14], involving multiplicities, and based on the algebraic no-
tion of defect of discrete valuation rings (see Proposition for a reminder on
this notion). This refined formula is new, although it was already alluded to by
Rost in [Ros96, Rem. (1.8)], for Milnor K-theory. Note that defects can appear
only when working in the arithmetic case: if one restricts to schemes essentially
of finite type over a field, the discrete valuation ring that occurs as localization of
such a scheme at a regular point of codimension one is always excellent.

1.6. Reading guide. For readers who appreciate an axiomatic approach, it is
advisable to begin with the list of structural maps of Milnor-Witt K-theory (Sec-
tion and the basic rules they satisfy (Section .

This work is divided into three parts, each of which includes a review of the
necessary background material. We begin by briefly reviewing this background,
which will be used throughout the paper.

First, we review the theory of quadratic forms over fields, but more precisely
inner product spaces to deal with arbitrary characteristics in Section 2.1 It con-
tains results and computations on Grothendieck-Witt and Witt rings relevant to
our purposes.

Second, the reader will find a short recollection on cotangent complexes and
canonical sheaves (or modules) in Section , directed towards explicit computa-
tions.

Finally, we have given in Section [0 reminders on Grothendieck coherent duality
theory, and explain the link with the work of Scheja and Storch, which allows
one to derive explicit calculations. In particular, we define explicitly what we call
the differential trace map, and give various interesting properties and formulas:
the expression of Grothendieck residue symbols (Definition , the computa-
tions in terms of explicit presentations and Bézoutians: see Proposition [6.3.12| and

(6.3.12.4).

Let us now return to the main structure of the paper.

The first part concerns the definition and basic properties of the Milnor-Witt
K-ring of a ﬁeldﬂ this is essentially Section As mentioned, we start with
the presentation by generators and relations (Definition , and then relate
it to the presentation in terms of Milnor K-theory and the fundamental ideal
(Corollary [2.3.7). Recall this relation is a (non-trivial) consequence of the second
Milnor conjecture (stated in Theorem [2.2.3).

186e Remark for the case of rings.
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Explicit computations are given in, for instance, [2.3.1] [2.3.8] [2.3.9, [2.3.10| and
[2.3.11] The main specificity of Milnor-Witt K-theory is twists. We introduce
them in a second step, and use them to define residue maps at the end of Section
2

The second part is devoted to transfers. We start by introducing in Section
the Chow-Witt groups of arbitrary Dedekind schemes, both as an illustration (for
instance, of the use of twists) and as an essential tool for the Bass-Tate method. Re-
call that, compared to classical intersection theory, Chow-Witt groups are twisted
by a line bundle, and come with a bigrading: the first grading is by codimension
and the second one is a G,,-grading, which can be explained by the existence of
Tate twists for motives[”| The main result of the section is the computation of the
twisted Chow-Witt groups of the projective line (partially stated above), see The-
orem m The two key tools used here are Al-invariance of Chow-Witt groups
and the localization long exact sequence. The connection with usual Chow groups
is discussed in 13.1.13| and [3.1.14]

The core study of transfers is done in Section It follows the plan outlined
above. We first introduce in Section trace maps in the monogenic case using
the quadratic degree map of Definition We then revisit a result of Scharlau
(Theorem , by extending it to Grothendieck-Witt groups and incorporating
twists into the statement. We refer to this as the quadratic reciprocity formula.
This allows us to compare the traces obtained in the monogenic case with those
built using the differential trace map in Section [£.4] in Definition [4.3.2]

The third part of these notes, Section[5] gathers the main functorial properties of
Milnor-Witt K-theory, following and extending the axiomatic framework of [Fel20,
Fel23]. We first summarize the existence of four functorialities, built in the previous
sections: corestrictions, restrictions also called transfers, action of units (which is
a particular case of the underlying ring structure) and residues. Then we state
several basic properties that can be easily derived from what was proved before.
There is a major exception, mentioned in the preceding summary: formula (R3b),
stated in Theorem [5.2.6], for which we provide a complete direct proof. We conclude
the section with Subsection [5.3| which contains refined formulas (Rlc+), (R3a+)
and (R3b+), each involving some quadratic multiplicities.

Further applications to Chow-Witt groups can be found in [DEJ25].
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15Beware that G,,-twists refer in practice to twists by Z(1)[1] in motivic notation; moreover,
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mology of [BCDT25|: it is only related to these groups through the coniveau spectral sequence.
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2. MILNOR-WITT K-THEORY AND GROTHENDIECK-WITT GROUPS
2.1. Grothendieck-Witt groups and symmetric bilinear forms.

2.1.1. (cf. [MH73|]) Let K be a field. An inner product space or simply inner
space (E,¢) over K is a finite K-vector space E with a bilinear form

¢ E@xE— K

which is symmetric and non-degenerate: £ — EY, x +— ¢(x, —) is an isomorphism.
The dimension of F/K is called the rank of the inner space (E,¢). A morphism
(E,¢) — (F,7) of inner spaces is a K-linear morphism f : E — F such that
([ (u), f(v) = ¢(u,v).

The category of inner spaces admits direct sums and tensor products:
(E,¢) L(F¢) = (E@F,¢+19)

Therefore the set [k of isomorphism classeﬁ of inner spaces over K is a commuta-
tive monoid for ¢, and a commutative semi-ring for &, ®. The following definition
comes from Milnor and Huseméller [MHT73]. It is a variant of the fundamental
definition of Witt [WitS?]m, using the Grothendieck construction, that apparently
first appeared in the short work of Delzant [Del62].

Definition 2.1.2. The Grothendieck-Witt ring GW(K) of K is the group com-
pletion of the monoid (I, ®), with products induced by the tensor product ®.

16This is indeed a set, in bijection with
Un>oSym,, (K)/ ~

where Sym,, (K) is the set of invertible symmetric (n x n)-matrices with coefficients in K, and
~ is the congruence relation on such matrices: M ~ N if M = PN P?;
Thow called the Witt group, see below
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The rank of inner spaces induces a ring map:
k
(2.1.2.a) GW(K) — Z.

Remark 2.1.3. If the characteristic of K is different from 2, for any K-vector space
V', there is a one-to-one correspondence between symmetric bilinear forms ¢ on
V' and quadratic forms qﬁ Then the Grothendieck-Witt ring can be defined in
terms of isomorphism classes of quadratic forms.

This is no longer true in characteristic 2, but the definition based on inner spaces
is the correct one for A'-homotopy. Nevertheless, one abusively uses terms such
as quadratic intersection theory, in any characteristic.

Example 2.1.4. (1) Let w beaunitin K. Then K@ K — K, (z,y) — u.xy is
an inner space of rank 1. Its class in the Grothendieck-Witt ring is denoted
by (u). Obviously, (uv?) = (u). Therefore, one has a canonical map:

Q(K) := K*/(K*)* = GW(K).

The group Q(K) will be called the group of quadratic classes of K.
(2) Given units u; € K, we put (u, ..., u,) = (ug) + ... + (u,).
A bilinear form on a framed K-vector space is defined by a symmetric
invertible matrix. The above element of GW(K) is represented by the
K-vector space K™ and the diagonal matrix with coefficients ;.

Example 2.1.5. (1) If K is an algebraically closed field the rank map rk :
GW(K) — Z is an isomorphismH More generally, rk is an isomorphism
whenever every unit is a square in K (see Example .

(2) It is well-known that a quadratic form over a real vector space is determined
by its signature. In other words, any o € GW(R) can be uniquely written
as 0 = p.(1) + ¢.(—1), k(o) = p + ¢ and the signature of ¢ is defined as
the pair (p,q). The map GW(R) - Z & Z,0 — (p,q) is an isomorphism.

(3) Let K =F, be a finite field, ¢ = p". Then the following sequence of abelian
groups is exact:

0— Q(F,) - GW(F,) 55 Z —0
a1 —(u)

where Q(F,) is the group of quadratic classes of F, (Example [2.1.4(1)).
Note that this fits with item (1) above!

The preceding sequence is obviously split. Moreover, the abelian group
IFx is cyclic of order (¢ —1). In particular, Lagrange’s theorem implies that

Bg(x) = ¢(w,2), d(x,y) = 3(a(x +y) — a(x) —q(y)) !
19This is obvious in characteristic not 2, as any inner space admits an orthogonal base, and
every element in K is a square.
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Q(F,) is zero if ¢ is even, and Z/2 if ¢ is odd. Consequently:

7 q even,

GW(F,) =
(Fo) {Z/QEBZ q odd.

Consider the notations of Example [2.1.4] The element A = (1, —1) is called the
(class of the) hyperbolic form. One can recover the following famous definition
(and extension in arbitrary characteristic) of Witt.

Definition 2.1.6. One defines the Witt ring of a field K as the quotient ring:
W(K)=GW(K)/(h).

The hyperbolic form being of rank 2, the map (2.1.2.a)) induces a morphism of

rings:
W(K) — Z/2

which is again called the rank map.
Remark 2.1.7. Definition [2.1.2] as well as the previous one, can be extended to
an arbitrary (commutative) ring A instead of a field K (see [Kne77, 1.§4, Prop.
1] for the Grothendieck-Witt ring, and [MHT73| I. 7.1] for the Witt ring): instead

of finite dimensional K-vector spaces, one considers finitely generated projective
R-modules M equipped with a non-degenerate symmetric bilinear form

¢:M®rM— R|¢ : M= Homp(M,R) = MY

and considers the Grothendieck group GW(R) associated with the monoid of iso-
morphism classes of (M, ¢).

It follows from Minkowski’s convex body theorem (see [MHT73, Chap. II, 4.4])
that one can define an isomorphism of rings, called the signature,

o:W(Z) = Z.

The map o associates to the class of (M, ¢) the signature of (M ®z R, ¢ @z R).
As h is non-Z-torsion in GW(Z) (because it is not so in GW(R)), one obtains
that GW(Z) is a free rank 2 abelian group, and:

GW(Z) = Z.(1) & Z.h.

To get a presentation as a ring, we consider the element: ¢ = —(—1). Then one
deduces from the above isomorphism an isomorphism of rings:

GW(Z) = Z[e]/ (e — 1).

We will retain that this ring always acts (by functoriality) on rings of the form
GW(K), and more generally on the invariants of A'-homotopy theory such as the
Milnor-Witt K-theory.
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Definition 2.1.8. We define the fundamental ideal of W(K) as:
[(K) := Ker (rk : GW(K) — Z) ~ Ker (tk : W(K) — Z/2).
Typical elements of I(K) are given by the following Pfister forms associated with
ue K*:
((u)) =1 = (u).

Remark 2.1.9. (1) According to [MHT3|, 3.3], I(F) is the only (prime) ideal of
W(F) with residue field Fs.

(2) This ideal is of fundamental (historical) importance as it is central to the
Milnor conjecture on quadratic forms: see Theorem [2.2.3

Example 2.1.10. Consider the case of a finite field K = F,, ¢ = p". According
to Example [2.1.5] one gets that

0 q even,

I(]Fq) = Q(Fq) = {Z/Q ¢ odd.

So if ¢ is even, W(F,) = Z/2, via the rank morphism. If ¢ is odd, one has (applying
again the preceding example) a short exact sequence:

0—Z/2 = W(F,) 2 Z/2 -0

which is split if ¢ = 1 mod 4, and non-split if ¢ = 3 mod 4. In fact, as a ring,
one gets more precisely:

7)2 q even,
W(E,) = { Z/208)/(t— 1) =1 mod4,
7/4 g=3 mod 4.

In any case, one deduces that I"(F,) = 0 if n > 1.

The following result is an elaboration of Witt’s theorems on quadratic forms
(see [Wit37]).

Theorem 2.1.11. The abelian group GW(K) admits a presentation whose gen-
erators are given by symbols (u) for u € K* (mapping to the elements of Exam-

ple with relations:

(GW1) (uv?) = (u),

(GW2) (u,v) = (u+v, (u+v)uv), u+v # 0,

where we have used the notation (u,v) := (u) + (v).
Moreover, the relation (GW?2) implies the following one:

(GW3) (u, —u) = (1, —1).
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The analogous presentation for the Witt group is well-known (see [MHT73|, Lem.
1.1]). We refer the reader to [Car23, Th. 1.6] for a direct proof (see also [EKMOS,

Th. 4.7)

Remark 2.1.12. (1) If one wants a presentation of GW(K) as a ring, one needs
only to add the relation (uv) = (u)(v).

(2) One can take as generators of the abelian group GW(K') the symbols (u)
where @ € Q(K) is a quadratic class of a unit u € K*. Then one has only a single
relation, given by (GW2) (with u, v replaced by u, v).

(3) Modulo the hyperbolic plane, one recovers the classical presentation of the
Witt group W(K): it is generated by symbols (u) for a unit u € K* subject to
the relations:

(W0) (1,—-1) =0

(W1) (uv?) = (u)

(W2) (u,v) = (u+v, (u+v)uw), u+v #0.
Again, one can start with symbols (@) of a quadratic class u € Q(K), in which
case relation (W1) is unnecessary.

Example 2.1.13. One deduces from the above presentation the following re-
markable property of the Witt group of a field K. The following conditions are
equivalent:

(1) the rank map rk : W(K) — Z/2 is an isomorphism;

(2) Q(K) =1, i.e. every unit in K is a square.

2.1.14. Twists. In what follows, it will be crucial to consider £-valued inner spaces
for an arbitrary invertible K-vector space L. These are K vector spaces V with a
symmetric bilinear form V ® V' — L such that the adjoint map V' — Homg(V, £)
is an isomorphism.

Then one can define as above, using again the orthogonal sum, a GW (K )-module
GW(K, L), called the L-twisted Grothendieck- Witt group of K. After modding out
by h, one obtains a W(K)-module W(K, £), the L-twisted Witt group of K.

The tensor product of K-vector spaces induces an action of the ring GW(K) on
GW(K, L), and more generally an exterior product:

GW(K, L) GW(K, L) = GW(K, L ® L'),
and similarly for the twisted Witt ring.
Remark 2.1.15. Both abelian groups GW (K, £) and W(K, £) are non canonically

isomorphic to their untwisted counterparts. However, these twists can be inter-
preted as local orientations in the theory of Chow-Witt groups.

20Here is the trick to get relation (GW3) from (GW2). One can assume u # —1, and one
writes using (GW2):

(—u,u+ 1y = (1, —u(u + 1)), (—1,1 + u) = (u, —u(l + u)).
Subtracting these two equalities yields (GW3).
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2.2. Definition by generators and relations.

2.2.1. Milnor K-theory. Let us first recall that the Milnor K-theory KM (K) of a
field K is defined as the Z-graded algebra generated by symbols {a} in degree +1
for a € K* modulo the relations:

(M1) {a,1—a}=0
(M2) {ab} = {a} + {b}
where we have put {as,...,a,} = {a1}...{a,}.
Note in particular that: K)'(K) = Z, K{'(K) = K*.

Remark 2.2.2. In general, there is a canonical symbol map with values in (Quillen)
algebraic K-theory:

Ky (K) = K (K)
which is an isomorphism if n < 2. The case n < 1 is easy, but the case n = 2 is

a difficult theorem due to Matsumoto (see [Mat69]). The cokernel of the symbol
map is called the indecomposable part of algebraic K-theory.

We now have all the tools to formulate the Milnor conjecture, now a theorem
due to Kato in characteristic 2, and Orlov, Vishik and Voevodsky in the remaining
cases:

Theorem 2.2.3 (Kato, Orlov-Vishik-Voevodsky). Let K be an arbitrary field and

consider the notation of Definition |2.1.8,
Then for any n > 0, the map K* — I(K),u — ((u)) induces a ring morphism:

p KK 2K (K) = @50 I'(K) / TTH(K)
which is an isomorphism.

See [Mil70, Question 4.3] for the statement of the conjecture, [Kat82] for the
proof when K is of characteristic 2 and [OVV07] (or [Mor05]) for the proof in the
other cases.

2.2.4. Notation.— It is customary to denote by I*(K') the Z-graded W (K)-algebra
where we conventionally put I"(K) = W(K) for n <0, I"(K) for n > 0 is the n-th
power of the ideal I(K) and the product is induced by that of W(K).

Then I(K) induces an ideal in I*(K) and we denote by I'(K) the quotient Z-
graded W(K)-algebraY|so that I"(K) = I"(K)/1""(K) if n > 0, and 0 otherwise.
Note that it is clear that the action of W(K) factors through the rank map so that
I'(K) is actually a Z/2-algebra.

With this notation and the previous theorem, the morphism x defined by Milnor
takes the form of an isomorphism of Z-graded algebras over Z/2:

p KM(K) /2 - T(K).

210ne also finds the notation i"(K) for I"(K);
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Example 2.2.5. The case n = 0 is trivial. In the case n = 1, the map takes the
form 1y : Q(K) — I'(K) = I(K)/I*(K), where Q(K) is the group of quadratic
classes. Then an explicit inverse is given by the discriminant map

d: T (K) = Q(K). [(E,0)] = (=1) V7. det(M,)
where (E, ¢) is an inner space of even rank r, and My is any matrix that represents
it. See [Mil70, Th. 4.1] and [MHT73, Def. p. 77]. For the case n = 2, and the

interpretation of TQ(K ) in terms of Clifford invariant of quadratic forms, we refer
the reader to [MHT3|, Theorem II1.5.8 and its proof.

2.2.6. The following definition, due to Hopkins and Morel (see [Mor04l, Section
5]), gives an extension of Milnor’s theory which mixes generators and relations of
Milnor K-theory and of the Grothendieck-Witt ring:

Definition 2.2.7. Let K be any field. We define the Milnor- Witt ring, or Milnor-
Witt K-theory, KM W(K ) of K as the Z-graded associative algebra with the follow-
ing presentation.

Generators are given by symbols [a] of degree +1 for a € K*, and a symbol 7
of degree —1 called the Hopf element. Let us introduce the following notations to
formulate the relations:

(a1, ... a4, = [a1] ... [ay]
h =2+ n[—1]

Relations are given as follows, whenever they make sense:

(MW1) [a,1 —a] =0

(MW2) [ab] = [a] + [b] + n.[a, b]
(MW3) nla] = [a]n

(MW4) nh =0

Obviously, Milnor-Witt K-theory is a covariant functor with respect to morphisms
of fields. Given such a map ¢ : K — L, there is an obvious morphism of Z-graded
ring (homogeneous of degree 0):

ot KY(K) = KY(L).
This map is sometimes called the restriction (e.g., [Ros96, Def. (1.1), p. 330]).

Remark 2.2.8. Given any ring A, the preceding definition makes sense so that we
can define the ring K W(A) The resulting Z-graded ring is covariantly functorial
in the ring A. This extended definition is useful for example when A is a local ring
as we will see in Theorem 2.5.91

Note that one can directly compute this ring when A = Z:

KY"(Z) = Z[e,n, [-1]] /(€ — 1,e+ 1+ n[-1])

228ee [Schi7, Def. 4.10] for more developments.
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where €, 1, [—1] are respectively in degree 0, —1 and 1@ In particular,
Ky"(Z) = Z[e] /(¢ — 1) = GW(Z)

according to Remark [2.1.7] The ring K" (Z) always acts on rings K" (K) (and
more generally on invariants of A'-homotopy theory).

2.2.9. Relation with Milnor K-theory. One immediately observes that if one adds
n = 0 to the above relations (MW™*), one recovers the relations (M*) of Mil-
nor K-theory. In other words, sending the generators {a} to the class of [a] in
KMW(K)/(n) induces an isomorphism of Z-graded algebras:

K (K) = K (K)/ ().
In particular, for any integer ¢ € Z, one deduces an exact sequence of abelian
groups:
(2.2.9.a) KMW(K) 2% KMY(K) 5 KM(K) — 0.
In the other direction, one can look at the morphism of N-graded algebras
(KX)®* s KYW(K),u1 ® ... @ ug = h.fug, ..., uy)(q > 0).
Because of relation (MW4), this map factors through relation (M1) and (M2), and

therefore induces a well-defined morphism of Z-graded algebras:
H:KM(K) - KMY(K).
Following [BCD™25, Chap. 2, §1], we introduce the following terminology for these

two maps:

Definition 2.2.10. The morphisms of Z-graded algebraF cKMW(K) — KM(K)
and H : KM(K) — KMY(K) are respectively called the forgetful and hyperbolic
maps.

2.2.11. By definition, each of the above maps is uniquely characterized by the
following properties:

F(n) =0, F(d]) = {a}.
H({a}) = h.[al.
Moreover, one deduces the following relationﬂ
FoH=21d
HoF =y,
~ 235ec also [2.2.16] for other occurrences of the important symbol c.

24hoth homogeneous of degree 0
25Use that h modulo 7 is equal to 2 in KMW (K) for the first one
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Remark 2.2.12. . In particular, one can remark that the forgetful map induces a
split epimorphism:

KM(K)[1/2] — KX(K)[1/2].
This fact will be made more precise in Example [2.3.9]

Let us come back to the study of the general groups KM" (K). One obtains the
following presentation of each individual graded components, as abelian groups:

Proposition 2.2.13. Consider an arbitrary field K and an integer n € Z. Then
the abelian group KMW(K) is generated by symbols of the form:

", ai,... a5, 7 >0,0; € K*
modulo the following three relations:
(MW1ab) [n", a1, ..., anr] =0 if a; + aj41 = 1 for some i
(MW2ab) [0",a1,...,aibi, ... Gnr] = [N a1, o Qoo Q] F 7 @1, o by G|+
[ ar, . ai, by Ay
(MW4ab) " a1,...,—1,...  Gpir1] = =2[0" " a1, ...,>T, ... Qpyr1] forr >2
See [Car23| for the proof.

Corollary 2.2.14. Assume that n > 1, then the abelian group K%W(K) s gener-
ated by the elements [uy, ..., u,| for an n-uplet of units u; € K*.

This simply follows from the previous proposition by using relation (MW2ab).

Remark 2.2.15. In particular, the abelian group K}V (K) is generated by symbols
[u] for u € K*. However, beware that the map ¢« : K* — KMV (K), u + [u] is not
a morphism of groups, except when K = 5. Indeed, one can express the addition
law in KMW(K) by the formula:

[u] + [v] = [w] = n.[u, ],
and 7).[u, v] is not zero in general. Note also that the forgetful map
KM(K) 5 KM(K) = K~
is a surjective morphism of abelian groups, but ¢ is a splitting of F only after

forgetting the group structure. In fact, we will give an explicit description of this
group in Example [2.3.8

2.2.16. Following Morel, one considers the following important element in Milnor-
Witt K—theory:ﬁ

e =—(14+n[-1]) € K (K).
Then relation (MW4) can be rewritten as e.n = 7. Moreover, the defect of commu-
tativity of the multiplicative structure of Milnor-Witt K-theory can be precisely
expressed in terms of € as follows.

26Taking into account the isomorphism of Proposition the latter element of Kéw W(K)
corresponds to the element € = —(1) of GW(K) as introduced in Remark (taking into
account the canonical map GW(Z) — GW(K)). This justifies our abuse of notation.
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Proposition 2.2.17. For any field K, one has the following relation:
Y(a, B) € KMW(K) x KMY(K), af = "™ Ba.

One says that the Z-graded algebra KMW (K) is e-commutative. To prove this
formula, one reduces to the case a = [a], § = [b] for units a, b (see [Car23| Cor.
1.5]).

2.2.18. Quadratic multiplicities. One associates to any integer n € Z the following
element of KMV (K):

e.(—n)e n < 0.

o {Z?‘J(—e)" n>0

An equivalent computation:

. m.h n=2m
" )lmh+1l n=2m+1

Beware that the induced arrow Z — K{W(K),n + n, is a monoid morphism for
multiplication

(nm). = neme
but not for the addition (compute 3, and 4).

Remark 2.2.19. (1) A principle of quadratic enumerative geometry (see [Lev20])
is that, under a careful choice of orientations, degrees of classical enumerative
geometry should be replaced by e-degrees as defined above.

(2) With the previous notation, relation (MW4) translates to:

2.m=20

This should remind the reader of the fact that the classical /topological Hopf map
n:S% — S?% induces a 2-torsion element in the stable homotopy groups of spheres,
which accounts for the isomorphism:

3 (%) = Z/2.n

where the left-hand side group is the third stable homotopy group of S2.
(3) In negative degree, the quadratic multiplicities n. become drastically sim-
pler! Indeed, modulo h or equivalently in W(K),

{1 n odd
ne =

0 n even.
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2.3. Relations with quadratic forms. Using the presentation obtained in the
lemma just above, together with the presentation of Grothendieck-Witt groups
Theorem , Morel deduces the following computation (for full details, see
[Car23|, Prop. 1.9, Lem. 1.3]):

Proposition 2.3.1. The following map is well-defined
GW(K) — K" (K), (a) = 1 +1.]a]
and induces an isomorphism of rings.
For any n > 0, the multiplication map: K} (K) Lo KMW(K) induces an
isomorphism:
W(K) = GW(K)/(h) — KM (K).
Finally, for any n > 0, the abelian group KMV (K) is generated by symbols of
the form |ay, ..., a,] for units a; € K*.

As a consequence, we will view the elements of GW(K) as elements in degree 0
of Milnor-Witt K-theory. Note moreover that GW(K) lands in the center of the
ring KMW(K).

Example 2.3.2. The notation A € K{""(K) in relation (MW4) was therefore
justified, as it corresponds to the hyperbolic form in GW(K'). Note that relation
(GW3) in Theorem [2.1.11] can be written as:

(2.3.2.a) Yu e K™, (u).h = h.
Remark also that h? = 2.h (direct computation).

Recall from Theorem that given a unit v € K*, one defines the Pfister
form associated with u as the element ((u)) =1 — (u) of W(K).

Corollary 2.3.3. Let W(K)[t,t™] be the t-periodic Z-graded algebra with t a
formal variable in degree 1.
Then there exists a unique morphism of Z-graded algebra

¢ KM (K™ — WK1, [u] = —((u)).t,n s ¢
and it is an isomorphism.

Proof. The uniqueness of ¢ is obvious. We need to show that it is well-defined.
First note that relation (MW4) implies that 2 = 0 in KM (K)[n~']. Thus, it
suffices to show that the elements —((u)).t and ¢~ of W(K)[t,t™!] satisfy the
relations (MW1), (MW2) and (MW3). Relation (MW1) follows from relation
(W2) in the Witt ring (see Remark 2.1.12|2)). Relation (MW2) follows from the
rule (u)(v) = (uv) in the Witt ring, while relation (MW3) is obvious.

Finally, the preceding proposition shows that multiplication by 7 induces an
isomorphism on the negative part of the Z-graded algebra K" (K). In particu-
lar, the canonical map KMV (K) — KMV (K)[n™!] is an isomorphism in negative
degree. On the other hand, ¢(1 + nlu]) = 1 — 7 {(u)).t =1 — (1 — (u)) = (u).
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Therefore, applying again the preceding proposition, one deduces that ¢ is an iso-
morphism in negative degree. As both the source and target of ¢ are Z-periodic,
one deduces that ¢ is an isomorphism in all degrees. U

2.3.4. As in [Mor04], one can define the Witt K-theory of K as the quotient
Z-graded algebra:
K (K) = K(K)/(h).
Indeed, the relations (MW*) correspond to the relations of loc. cit., Definition 3.1.
On the other hand, one can consider the subalgebra I*(K) of W(K)[t,t™!] gener-
ated by I(K).t (recall Definition [2.1.8 and the notation of [2.2.4). The main result
of loc. cit. is that Theorem [2.2.3] implies the following finer comparison result.

Theorem 2.3.5. Consider the preceding notation. Then there exists a unique
morphism v of Z-graded algebras that fits into the commutative diagram

KY (K) ———T"(K)

2 |

KM (K [ —— W (K)[t, 7]

where v is the canonical map (use relation (MWJ)), and the right-hand vertical
one 15 the obvious inclusion.
Moreover, ¢ 1s an isomorphism.

This theorem was first proved in [Mor04] when the characteristic of K is different
from 2. We refer the reader to [GSZ16, Th. 3.8] for a proof in the latter case, and
to [Car23| for the proof in the characteristic 2 case.

2.3.6. As an application of the previous theorem, one deduces a canonical map:
s KUY (K — K () S 1K)

which can be uniquely characterized, as a morphism g/ : KMW(K) — I*(K) of
Z-graded algebras, as the map which sends [u] to the Pfister form ((u)) € I'(K)
and the element 7 to the class (1) in I7'(K) = W(K).

Corollary 2.3.7. The following commutative square of Z-graded algebras is carte-
sian:
KMW(K) =K (K)
u’l lﬂ
I'(K) ——T'(K)
Here F is the forgetful map (Definition and i 1is the map defined by Milnor
(Theorem |2.2.5 and|2.2.4)

2Trecall it sends a generator {u} to the class of the Pfister form ((u)) € I'(K) modulo I?(K)
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Proof. Indeed, the above square in degree n fits into the commutative diagram:

0— K" (K) 2% KMW () 2 KM () —~ 0

(=D "l u%l lun

0—I"""K) ——=T1"(K) ——=T"(K) — 0,

where %, ,, is induced by multiplication by 7, and the result follows as y/ and F
are surjective and 1) is an isomorphism. U

Example 2.3.8. Looking at degree 1, we deduce the following explicit description
of KMW(K), for any field K. The group KM"(K) is made of pairs ([¢], u) where ¢
is the Witt-class of an inner space ¢ : V®g V' — K of even rank, u € K* is a unit
such that d(¢) = u € Q(K) where d is the discriminant of ¢ (see Example [2.2.5)).
In other words, an element of K"V (K) is given by the Witt class of an inner space
over K of even rank and a lift of its discriminant in K*.

In this description, for any unit u € K*, the symbol [u] € K}V (K) is sent to

the pair ({(u)),{u}).

Example 2.3.9. . As I'(K) is 2-torsion, one deduces from the previous corollary
the following interesting fact which extends Remark After inverting 2,
the canonical maps F' and y’ of the previous corollary induce an isomorphism of
Z-graded rings:

KMW (K [1/2) 5 K2 (K)[1/2] x I (K)[1/2]
Corollary 2.3.10. (1) One has an equality of ideals of KMV (K):
Ker(3,) = (h) = m(H)

where vy, is multiplication by n. In particular the sequence (2.2.9.a)) can be extended
into a long exact sequence:

(2.3.10.a) KM(K) & KMV () 25 KM () D KM(K) = 0
which can be truncated and gives the short exact sequence:
0— I"(K) 2 KMY(K) 5 KM(K) — 0

such that %, is homogeneous of degree —1.

(2) Moreover, the forgetful map F : KMW(K) — KM (K) identifies the principal
ideal (h) with the principal ideal 2KM (K) generated by 2 in the Milnor ring of K.
One deduces a short exact sequence:

0= 2KM(K) & KM (K) 2 1K) = 0

where H sends 2 € KéW(K) to h, and for n > 0, sends a 2-divisible symbol
{ay,...,a,} € KM(K) to the element [ay, ..., a,] € KMV (K).
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Finally, y' 0%, is equal in degree n to (—1)".i,, where i, : I""Y(K) — I"(K) is
the canonical inclusion.

Proof. Indeed, the preceding theorem implies that v is injective, which implies
that Ker(v,) = (h) as ideals of KM" (K). This concludes the first assertion as, by
construction, the image of H is the ideal (h). The first two exact sequences follow
directly, taking into account the isomorphism 1 : KV (K) — I*(K). The last exact
sequence follows from the preceding corollary. U

Example 2.3.11. We finish this subsection with a computation that easily follows
from Corollary and Example [2.1.13| If every unit in K admits a square root,
one has:

7 n=>0
KMY(K)={17/2 n <0
KM(K) n>0.

Recall also that if K is algebraically closed, for all n > 1, KMW(K) = KM(K) is
divisible. These are therefore very large groups!

2.4. Twists. We now introduce twists on Milnor-Witt K-theory, along the lines
of 2.1.14] As already mentioned (see Section , they will account for the local
orientations that appear on quadratic cycles (see Section and in particular

3.1.8). Moreover, they are necessary to obtain canonical residue maps (see Defini-
tion 253

Definition 2.4.1. Let K be a field, and £ be an invertible (i.e. of dimension one
over K') K-vector space. Consider the set L* := £ — {0}. The action of K* on
KMY(K) via the map K* — Ky (K),a ~ (a) (resp. on L£* by scalar multi-
plication), gives a structure of Z[K *]-algebra (resp. Z[K*]-module) on KMV (K)
(resp. Z[L*]). We define the L-twisted Milnor-Witt K-theory of K (or simply the
Milnor-Witt K-theory of the pair (K, £)) in degree n € Z as the following abelian
group:
KMW(K, L) :== KM (K) @gxex) ZIL).

Elements of KMV (K, £) are therefore formal sums of elements of the form ¢ ® 1

where 0 € KMW(K) and [ € £*.

2.4.2. We will identify the untwisted group KM"(K) with K¥Y (K, K) via the
obvious isomorphism:

KMV(K) - KMY(K,K),0 — o ® 1.

Further, given any choice of [ € L*, we get an isomorphism of invertible K-vector
spaces ©; : K — L, A — A.l and therefore an isomorphism:

evi = (O7Y). : KMV (K, £) — KMV (), K) = KMV(K).
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According to this definition, for any v € K>, one has:
evy = (u). ev;.
Given an element o € KMW (K, £), one obtains a function:
a: L% = KMY(K) 1w evi(a)
which is K*-equivariant: a(ul) = (u).a(l). In other words, one further deduces
the following isomorphism@ of Z-graded rings:
KYW(K, L) — Homgx (£, KM (K))
a = a.

Remark 2.4.3. In particular, the twisted groups KMW (K, L) are all abstractly
isomorphic, but via a non-canonical isomorphism.

In the theory of quadratic cycles, the invertible vector space £ will be the space
of local parameters (see e.g., |3.1.8). Then one has two interpretations of the
elements of the twisted groups, in view of the preceding isomorphism:

e in the form o = 0 ® [, o is some coefficient, and [ is a choice of a local
parameter;

e in the form o : £* — KMW(K), we have a functional coefficient which
to any choice of a local parametrization associates some symbol in a K*-
equivariant way.

Both points of view are useful.

Example 2.4.4. Let (K, L) be as above. Then for any n > 0, the isomorphism
of Proposition [2.3.1] induces canonical isomorphisms:

CW(K, L) — KYW(K, L)
W(K, L) — KMY(K, L), for n <0,
where the left-hand side was defined in 2.1.14] Indeed, it suffices to use the iso-
morphism:
GW(K) @z Z[L™] = GW (K, L), [¢] ® [ = [¢.1].

Remark 2.4.5. We consider again the situation of Remark [2.2.8) and assume that
A is regular and semi-local (thus noetherian). Let £ be an invertibld®| A-module.
As A is regular semi-local, £ is trivializable (in other words, Pic(A4) = 0). We let
L* be the subset of £ made by generators (equivalently, bases) of the A-module
L. Scalar multiplication gives an action of A* on L£*. Moreover, the definition of
(a) = 14 n.[a] in K} (A) (recall notation from Remark makes sense for
any unit a € A*. Thus we can define:

K)YW(A, £) = KMY(A) ®zpa4) Z[L]

28To obtain the inverse, choose an arbitrary [ € £, and consider f — f(I) ® [;
29 e. locally free of rank 1
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2.4.6. Basic operations on twisted Milnor-Witt K-theory. We have the following
structure on twisted Milnor-Witt K-theory:

(1) Products:
KMV(K L)@ KMY(K, L) = KMV (K, LR L), (c @, 71) = (o.1,lR1').

n+m

(2) First functoriality: given a morphism of field ¢ : K — L, one gets:
o KK L) = KWL, L @k L), (0,1) = (pu(0), 1 @k 11).

(3) Second functoriality: given an isomorphism of K-vector spaces 6 : L — L’
one gets:

0, : KMV(K, L) — KMY(L, L), (c,1) — (0,0(])).
which is an isomorphism of abelian groups.

Remark 2.4.7. 1t is possible to unite the first and second functorialities. One
considers the category of twisted fields 7% whose objects are pairs (K, L) where
K is a field and £ of an invertible K-vector space. Morphisms are given by

(p,©): (K, L) — (L, L)

where ¢ : K — L is a morphism of fields, and © : LRy L — L' is an isomorphism.
Composition is defined in the obvious way. Then KM% becomes a covariant functor
from the category of twisted fields to the category of graded abelian groups.

The category of twisted fields is cofibred over the category of fields .#. To
interpret correctly the tensor product, via a symmetric monoidal structure, one
has to consider the graded category of twisted fields. This is obtained via the
Grothendieck construction applied to the graded Picard category over fields (see
[Del87] for this category and [Fas2(] for the monoidal structure).

Example 2.4.8. Consider (K, L) as above. Remark that the action of K* on
KMW(K)/n via the map u ~ (u) is trivial: indeed, (u) = 1 mod 7. This implies
that KMW (K, £)/n is canonically isomorphic to KXW (K)/n = KM (K), which we
recall is just the Milnor K-theory of K.

We further extend Definition 2.2.10] as follows.

Definition 2.4.9. Let (K, L) be a twisted field. Then one defines the twisted
forgetful (resp. hyperbolic) maps:

F:KMY(K, L) = KY(K), (c®l)  Fo)
H:KM(K) = KMY(K L), 0~ (ho)®1

where the last formula does not depend on the choice of [ € L*, given Equa-

tion (Z:3.2.).
Obviously, the two relations of [2.2.11] still hold with twists.
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2.4.10. Consider a twisted field (K, L). There exists an action of K* on the
graded algebra I"(K) associated with the fundamental ideal I(K) C W(K) (see
2.2.4)), via its W(K)-module structure. This allows us to define

I*(K, ,C) = I*(K) Qz[K*] Z[,CX]

as in Definition 2.4.1] In fact, one also has I*(K, £) C W(K, £)[t,t™!] where ¢ is a
formal variable as in Corollary The isomorphism of Theorem induces
an obviously defined twisted version, which is still an isomorphism (of Z-graded
W (K)-algebras):

KY(K,L£) % T (K, L).

As remarked in , the action of W(K) on the quotient algebra I'(K, L) is
trivial. Therefore, one deduces as in Example a canonical identification:
I'(K, L) =T(K).

These considerations allow to extend Corollary as follows:

Proposition 2.4.11. The following commutative square of Z-graded algebras is
Cartesian:

KMW(K, £) =~ KM (K)

u'l l#

(K, L) ——=T(K).

Here F' is the twisted forgetful map (Definition |2.2.10), 1 is the L-twisted version
of the map defined in[2.3.6, and p is the map defined by Milnor (Theorem .

2.5. Residues.

2.5.1. Residues are a famous part of the functoriality of Milnor K-theory (see
[BT73, §4]). A discretely valued field will be a pair (K,v) of a field K with a
discrete valuation v. We let O, be its ring of integers, M, the maximal ideal of
O, and k, = O,/ M, its residue field.

Given a valuation v : K* — Z, with residue field x,, one deduces for any n > 0
a canonical morphism:

9y : KN(K) — KM (ko)

uniquely characterized by the property:

Ow({ur, ... un}t) =mdus, ..., 0}

for units u; € K* such that v(u;) = m and for i > 1, v(w;) = 0, w; being the
residue class of u;.

The analogous construction exists on Milnor-Witt K-theory, but the twists are
Now necessary.

Theorem 2.5.2. Consider as above a discretely valued field (K,v). The k,-space
C, := M,/M? is the conormal cone associated with (K,v). It is an invertible
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Kky-space (i.e. of dimension 1) and we let w, = (M,/M?)V be its r,-dual — in
other words, the normal cone associated with (K,v).
Then for any integer n € Z, there exists a unique morphism of abelian groups:

Oy : KMW(K) — KM (ky, w,)
satisfying the two following properties:

(Res1) 0,(n.0) =n.0,(c), for all 0 € KXW (K).
(Res2) For any uniformizer 1 € K and any units uq,...,u, € K* such that
uy = v, v(vy) =0, and v(u;) =0 fori > 1, one has:

a’u([uh Ug,y . .. 7“11]) - m€<U_1>[U_27 ... J/U/_TL} ® ’ﬁ-*
where 7 is the dual vector of 7, where the latter is seen as a basis of the

Ky -vector space M, | M?.

Proof. (See [Morl2], 3.15, 3.21]) We first choose some uniformizing parameter m €
M, of v. Then we introduce the following quotient ring of the indicated polynomial

algebra:

Ae = KM () €]/ (€ — [-1].€)
which we view as a graded ring by putting £ in degree 1. Then the proof reduces
to showing that the canonical map:

K* = A, (u=ar™) — [a] + m(a).£
extends uniquely to a morphism of Z-graded rings
0, : KMV(K) — A,
such that ©,(n) = 7.
Then given o € KMV (K), one can write uniquely:
Or(0) = s5(0) +9;(0) £
so that we get two maps
s KMW(K) — KMW (k)

o7 - KM (K) — KM ()

v

<y

such that s7 is a (homogeneous) morphism of Z-graded ring (obvious).
Both maps depend on the choice of 7 in general. We then get the desired
canonical map by the formula:

(2.5.2.a) Oy(0) = 0] (o) @ "
|

Definition 2.5.3. Consider the notation of the above theorem. The homogeneous
morphism of Z-graded abelian groups

Dy : KMW(K) = KMW (k,, w,)
of degree —1 is called the residue map associated with the valued field (K, v).
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Given a prime 7 of (K, v), one also defines the residue map specialized at 7 as

the map
OF = evz- 00, : KMW(K) — KMW(k,)

with the notation of 2.4.2] Equivalently, this is the unique homogeneous morphism
of Z-graded abelian groups of degree —1 such that relation (2.5.2.a)) holds.

Finally, one defines the specialization map associated with (K, v, ) as the mor-
phism of Z-graded rings

s KMV () - KMV (k)

defined in the above proof.

2.5.4. Let (K,v) be a valued field, 7 a prime of v and v € O, a unit. One can
derive from the previous formula the following rule to compute residues for any

symbol o € KMV (K):
9," (o) = (w)d; (o)
dp((u)o) = ()0, (o)
3v([u] ) = €[u]dy(o)
The first statement follows from [2.4.2] and the other ones follow by using the

formula of the previous theorem and Proposition [2.2.13
The specialization map can be computed by the following formulas (similar

proof):
s(0) = 0 ([r].0) = [-1]87(0) = —€d7([=7].0).
Consider finally a morphism of rings R — O,, and let ¢ : R = K, ¢ : R — K,
be the induced morphisms. Then, for any symbol o € KMW(R) (notation of
Remark 2.2.8)), one deduces the relation (use the same argument as for the previous

relations):

Dy (ps()a) = Pu(a)Dy(0).
This implies that 9, is K" (Z)-linear. In particular, it commutes with multipli-
cation not only by n but also by € and h.

2.5.5. Consider the assumptions of the previous theorem. One can further define,
for any invertible O,-module L, a twisted version:

OF  KMW(K, L) — KMYV(K, w, ®, Ly,)

where Ly = L ®p, E for E = K, k,. The procedure is a bit intricate: take an
element ¢ ® [ on the left-hand side: o € KMY(K) and | € (Lx)*. By definition,
there exists a generator [y € L* of the O,-module £ and an element a € K* such
that [ = lp ®p, a. Then one deduces by definition:

(2.5.5.a) o= ((a)o) ® (lp ®o, 1k).

One puts:
0 (0 ®1) = 0,({a)o) ® (I ®o, 1x,)
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or simply 0, when L is clear from the context.

Remark 2.5.6. The necessity to “renormalize” the parameter, as in (2.5.5.a)), when
considering residues makes the computation in quadratic intersection theory some-
times quite cumbersome! Intuitively, we will be following a given orientation from
open subschemes to the complementary (reduced) closed subscheme (see for ex-

ample B.1.8).

Example 2.5.7. We can specialize the definition of the above residue map to
negative degree. Then according to Proposition [2.3.1] we get a canonical residue
map:

Op : W(K) = W(ky,wy)
such that
0 v(u) even,

0,((u)) = {

(Use Remark [2.2.19] point (3)!) Although untwisted, this residue map is well-

known in Witt theory: after the choice of a prime 7, one has 9T = ! in the

notation of [MHT73| IV, §1], and it is called the second residue class morphism.ﬂ
Note also that in degree 0, we get a more regular formula:

Oy : GW(K) = W(ko, wy), 0s((u)) = me(a) @ 77,
for u = an™, v(a) =0, v(m) = 1.

Remark 2.5.8. Comparing the formulas in and Theorem [2.5.2] it is clear that
the residue in Milnor-Witt K-theory “modulo n” coincides with the residue map
in Milnor K-theory. One can be more precise using the maps of Definition [2.4.9]
Given a discretely valued field (K, v), and an invertible O,-module L, one gets a
commutative diagram:

(ur™*™) @ 7 v(u) odd, 7 any uniformizer.

KM (K) — > KMYV(K, L) —— KM(K)

aM l/ J/av \La]\/l

K*M(Hv> > Ki\/IW("ivv Wy ® Ly) > Ki\/l(“v)

where, for clarity, M is the residue on Milnor K-theory. The commutativity of
the right-hand square was just explained, while the second one follows from the
formula 9,(h.c) = h.0M (o) (indeed h is unramified with respect to v).

Similarly, the second residue morphism on (twisted) Witt K-theory of the pre-
vious example obviously induces a canonical residue map:

O TM(K, L) = 1" kg, wy ® Ly).

On the quotient ring, we get a canonical untwisted residue map: a{ TN(K) —
1" (k,) (because of [2.4.10)). It is now a routine check to prove that all the maps

30The first residue class morphism is defined by the formula ¢° = 1! o Vim-
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of the square of Proposition [2.4.11] are compatible with the corresponding residue
maps.

The following computation is an analogue of the Gersten exact sequence for
Milnor K-theory (see [Ker(9]):

Theorem 2.5.9. Let (K,v) be a discretely valued field, and L be an invertible
O,-module.

(1) Then the following sequence (see Remark|[2.4.5 for the first term) is exact:
KMW(0,, £) 25 KM (K, L) 2% KM (k6 w, @, L) = 0

where v : O, = K is the obvious inclusion and v, is defined as in[2.4.6(2).
(2) If moreover the ring O, contains an infinite field of characteristic not 2,
then the map v, is injective.

Idea of proof for (1): the surjectivity of 0, is obvious: given any (abelian)
generator o = [", V1, ..., Up_14,] 7" of the right-hand side group, 7 € w), v; € K
(see Proposition , there exists lifts u, € O,° of v;, along the epimorphism
O, — ky. Then formulas (Resl) and (Res2) implies that [n", 7, vy, ..., v,] lifts o.

Also, (Res2) implies that 0,v, = 0. Therefore, one only needs to prove that the
induced map Im(rv,) — Ker(d,) is an isomorphism. This is the serious part! We
refer the reader to the proof of [Morl2, Th. 3.22].

Point (2) is the Gersten conjecture for Milnor-Witt K-theory and for the local
ring O,. This is due to Gille, Zhong and Scully: cf. [GSZ16].

3. A DETOUR ON CHOW-WITT GROUPS OF DEDEKIND SCHEMES

3.1. Chow-Witt groups, quadratic divisors and rational equivalence.

3.1.1. Welet X be a connected Noetherian 1-dimensional scheme which is assumed
to be normal (or equivalently regular). Let £ be an invertible sheaf over X. The
main examples are smooth algebraic curves over a field and the spectrum of a
Dedekind ring.

Let x(X) be the function field of X and L, be the pullback to Spec(x(X)) seen
as an invertible x(X)-vector space. We let X be the set of points 2 € X which
are closed (i.e. of codimension 1). This amounts to ask that the local ring Ox ,
is 1-dimensional, and therefore a discrete valuation ring. In particular, z uniquely
corresponds to a valuation v, on k(X ) and we can consider the associated residue

map (Theorem [2.5.2))
O KV (K(X), L) — KXY (Kpy wayx @ Ly)

31We will also use the notation Ly (x) = Le¢ later.
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where £, is the restriction of the invertible Ox-module £ to x(z) and w,,x is the
normal sheaf of (k(X),v,) [ Explicitly:

We/x 1= (MXx/Mﬁ(x)V .

Given an element f € KMW (/i(X )), we will interpret 0,(f) as the KM"-order of
f at x.

Lemma 3.1.2. With the above notations, for any f € KN (k(X)), the set:
{z € X | 0:(f) # 0}

18 finite.

Given the definition of the residue map, and Proposition [2.2.13] this directly
follows from the (more classical) fact:

Lemma 3.1.3. Let u € k(X)* be a unit. Then the set {x € X | vy(u) # 0} is
finite.

Even in our generality, the finiteness is very classical. The alert reader will have
recognized the support of the divisor associated with the rational function u of X
appearing in the previous lemma)

Remark 3.1.4. The fact that the scheme X is noetherian is essential here. However,
in case one withdraw this assumption, everything would still be fine as we will
obtain a locally finite subset of X. The theory of cycles, and quadratic cycles,
would be fine as we will consider locally finite sums. This fits particularly well
with the fact that Chow groups (as well as Chow-Witt groups) are a kind of Borel-
Moore homology in topology, and the latter is represented by the complex of locally
finite singular chains (for suitable topological spaces).

The following definition is a slight generalization of the known definition of
the classical definition of Chow-Witt groups (see [Fas20] for Chow-Witt groups of
schemes separated and of finite type over a perfect base field). We refer the reader
to [DEJ25, §4.1, 4.2] for further developments.

Definition 3.1.5. Consider the previous notation. We define the quadratic divisor
class map as the following sum:

(/ﬁ;fx = Z@x . KiVIW (K,(X),ﬁg) — @ Ki\{vlv(lﬁx,wx/x X ﬁx)
T zeXx @

which is well-defined according to Lemma|3.1.2l This is a homogeneous morphism
of Z-graded abelian groups of degree —1.

We then define the group @”(X, L), for p =0 (resp. p = 1) as respectively the
source (resp. target) of divy with * = ¢ (resp. * = g+ 1), and as 0 otherwise.

32The notation w, /x will take all its meaning in Definition See also Example
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Therefore we have obtained a complex 6*(X , L),, concentrated in cohomological
degree 0 and 1. We call it the (cohomological) Rost-Schmid complex of X.

We define the Chow- Witt group CHP (X, L), of codimension p and G,,-degree g
as the cohomology in degree p of this complex. When ¢ = 0, we call it simply the
Chow-Witt group, written CHP(X, £).

Remark 3.1.6. (1) Beware that the differentials of the Rost-Schmid complex
are homogeneous of degree —1 with respect to the G,,-grading. There are
other possible conventions for the bigrading of C*(X, L), but we will not
use them here.

(2) Even if we are mainly interested in the Chow-Witt groups, the other G,,-
degrees for ¢ # 0 will be crucial for computations. See Section [3.3|

(3) The groups CHP(X, L), are analogues of the higher Chow groups. How-
ever, they do not deserve the name higher Chow-Witt groups as they only
contribute to some part of the latter (that one can interpret as the Milnor-
Witt motivic Borel-Moore homology; see [BY20, BCD™25]). In fact, while
the latter are represented by a full ring spectrum HywZ, the former are
represented by a truncation of HypwZ. On the other hand, the groups just
defined satisfy the same formalism as higher Chow groups.

(4) If one replaces Milnor-Witt K-theory by Milnor K-theory, one obtains
Rost’s (Gy,-)graded Chow groups CHP(X), defined in [Ros96]. This was
in fact the model for the previous definition. We refer the reader to3.1.14
for more discussion.

Example 3.1.7. In codimension 0, éT{O(X , L) is the kernel of the map in degree
0:
GW (5(X), Le) = D Wk, wayx @ La).
zeX@
A virtual inner L¢-space over the function field x(X) which is in the kernel of this
map is said to be unramified (with respect to the curve X).

3.1.8. Quadratic diwisors. Let us explicit the above definition when ¢ = 0. The
abelian group CH!(X, £) is the cokernel of the map in degree 1:

div: K" (k(X), Le) > @ CGW(ka, wayx @ Ly).
zeX )

The abelian group at the target will be called the group of quadratic divisors (or
1-codimensional cycles) of (X, £). These are formal sums of the form

(3.1.8.a) D (i @7 @1).x;
iel
where:
e 1; € X is a closed point,
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e 0, € GW(ky,) is the class of an inner space over £,
e 7; is a uniformizing parameter of the valuation ring Ox .., (equivalently a
local parameter of the closed subscheme {z;} C X)

e [, € L, is a nonzero element.
In practice, one can also view the coefficient (o; ® 77 ® [;) as a virtual inner
(Wz,/x ® Ly,)-space over k(x;). Recall also from the interpretation of this
latter element as a k(z;)-equivariant map from the space of nonzero elements
(Way/x @ Ly,)* to the Grothendieck-Witt group GW (k).

As in the classical case, quadratic divisors which are in the image of div are said

to be principal. Two quadratic divisors are rationally equivalent if there difference
is principal.

Example 3.1.9. In the case X is in addition local, thus the spectrum of a discrete
valuation ring O,, Theorem [2.5.9| implies in particular:

CH?(0,) = {SW(OU) iz(l),Ov D ko

where ko is an infinite field of characteristic not 2. The vanishing of CH*(0,) can
be interpreted by saying that every quadratic divisor of X is principal.

3.1.10. Quadratic order of vanishing. One can also make explicit the definition
of the quadratic divisor class map. Let us fix a point x € XM, and v, the
corresponding discrete valuation v, on x(X). We know that the abelian group
KW (k(X)) is generated by elements [f] for a unit f € x(X)* (see Corollary (2.2.14
and Remark [2.2.15)). Given a rational function f € x(X)* on X, we get with the
notation of the above definition:

(3.1.10.) 0,5 ([f]) = me. (@) ® 7% € GW (Ky, wayx)

where we have chosen a local parameter 7, of z in X (i.e. a uniformizing parameter
of the valuation ring Ox ), m = v,(f) is the classical order of vanishing of f at z,
and u = f.r;™ and @ is its class in k; = Ox;/Mx . The formula, as well as the
fact this element does not depend on the particular choice of 7, directly follows

from Theorem 2.5.2].

Definition 3.1.11. Consider the above assumptions. We define the quadratic

order of vanishing of a rational function f € k(X)) as the element ord,(f) = 9.([f])
in GW (kg, wa)x)-

One can rewrite the definition of the divisor class map when ¢ = 0 in more

classical terms: L —
div([f]) = ) ordy(f).x.
zeX )

33the notation 77 reminds the reader that we consider the element in w,/x = (Mx o,/ M %(x )Y
corresponding to m;
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Remark 3.1.12. One should be careful that the quadratic order of vanishing, as
well as the quadratic divisor class map, is only additive in f with respect to the
addition of KMW (k(X)), which in general differs from the group law of K* (see

Remark [2.2.15]).

3.1.13. Let us consider the previous definitions modulo 7. Then we get in degree
0,1 a map, independent of L:

R(X) =K} (w(X)) =0 @D K (k) = 2'(X)
xeXxX @)
where the right-hand side is the group of (ordinary!) 0-cycles of X. This is precisely
the divisor class map: in fact, one obviously has the formula
ord,(f) = ord,(f) mod 7,

which amounts to say that the rank of the underlying inner space of ord,([f]) is the
classical order of vanishing ord,(f) of f at x (use Formula Equation (3.1.10.al)).
In particular, we get:
o~ ZWO(X) p — O
CHP(X, £)/(n) = 1 ». B
Pic(X) p=1.

Moreover, one can describe explicitly the image of the map:
CH?(X, L) — CHP(X, £)/(n) ~ CHP(X)

It is just induced by the rank map: in degree 0, it sends an unramified inner
L-space o over £(X) to its rank rk(o). In degree 1, it sends a quadratic O-cycle

o Zai ® 7T @ l.x;
el
to the 0-cycle:

k(o) = Z rk(o;).2;.
icl
3.1.14. We can be more precise about the relation between Chow and Chow-Witt
groups, using the definitions of Definition [2.4.9] Indeed, Remark implies that

the following diagram is commutative:
H,
K (1(X)) —= K2 (5(X), £e) K (<(X)

divxl . ldTVX divxl
7(x) —= X, 0 —= s 2(x)

where Z'(X) denotes the group of codimension 1 algebraic cycles (i.e. the Weil
divisors) of X. Taking cokernel, one gets well-defined maps:

CH'(X) & CH'(X, £) & CHY(X)
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whose composite is multiplication by 2. We still call them respectively the hyper-
bolic and forgetful maps.

3.2. Homotopy invariance over a field. Our next result was first proved for
Milnor K-theory by Milnor: see [Mil70, Th. 2.3] (and also [BT73| 5.2]). It was
generalized by Morel in [Mor12, Th. 3.24].

Theorem 3.2.1 (Morel). Let k be an arbitrary field, X = A} with function field
k(t) = k(X). Let ¢ : k — k(t) be the obvious inclusion.
Then the quadratic divisor class map of X fits into the following sequence

. div
0 — KMW (k) 2 KM (k(t) " @ KMV (Ko, wayx) — 0
zeX®)
which is split exact.
In particular,

o K" (k) p=0
CHP(A}), = a

Note that a splitting is easy to get: considering the valuation v = deg on k(t),
the specialization map s!, (Definition gives a splitting. More generally, any
valuation v on k(t) trivial on k£ with uniformizing parameter = will give a splitting
Sy
The proof of this proposition uses the same trick as in Milnor’s proof, and argue
inductively on the degree in ¢. The idea is to filter KM (k(¢)) by the subring Ly
generated by 1 and symbols of the form [P(t)] where P(t) is a polynomial of degree
less or equal to d. We can then argue inductively on the Z-graded KM% (k)-rings
Ly using an explicit presentation of the Z-graded KMW (k)-module Ly/Lg_;.

As an example, the reader is encouraged to work out for himself the case of L;.
The hint is to use the (obvious!) exact sequence:

0= kX =25 k()% =2 Z1(AL) = 0

Given that invertible sheaves on A} are trivializable, one immediately deduces
the twisted version of the previous theorem.

Corollary 3.2.2. Consider the notation of the previous theorem, and let L be an
invertible sheaf on Ai. Then the following sequence of abelian groups is exact:

0 = KMW (k, Lo) 25 KMW (k(1), Lagy) 2 @D KM (ko wayx © Lo) = 0
zeX®)
where Ly (resp. L) is the fiber of L over the point 0 (resp. a closed point x). In
particular, Lo = L@k and the morphism ¢, is defined on twists by the canonical
1somorphism:
L — Loy k[t], 1 — (1 k[t 1) @ 1.
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3.3. Localization exact sequences. In this section, we will illustrate the useful-
ness of considering the G,,-grading of the Rost-Schmid complex (Definition [3.1.5)).
The aim is to compute the Chow-Witt groups of the projective line.

3.3.1. Let again X be a normal connected 1-dimensional scheme, £ an invertible
sheaf on X.

Consider in addition a finite subset Z C X of closed points of X, seen as reduced
closed subscheme, i : Z — X. Let wy/x = (Z(Z)/Z(Z)?)" be the normal sheaf of
i, where Z(Z) C Oy is the ideal sheaf. Let U = X — Z, and j : U — X the open
immersion.

There is an obvious split epimorphism:

7 CY(X, L)y = CYU, L),
whose kernel is the finite sum:
é\f—IO(Z7 wZ/X X »CZ)q = ®Z€Z Ké\/[W (I{Z7WZ/X X Ez)

Remark that this notation fits in with the previous considerations as for any point
z € Z, we have a canonical isomorphism (this can be checked directly, or see
(4.1.7.a))) of invertible k,-vector spaces:

Wz/X & Ez ~ (wz/Z ® WZ/Xlz) &® Lz = Wz & (WZ/X & ['Z)z-

Assembling all this, we get a commutative diagram whose lines are exact:

0 COUX, L)gp1 =— CO(U, L) g1 —= 0

| ol

0 —= CH(Z,wy/x ® L), —— CL(X, L), ——— CL(U, L), —= 0

Definition 3.3.2. Consider the previous notation. The exact sequence obtained
by applying the snake lemma to the preceding commutative diagram:

0z)x

0 — CHY(X, £),41 25 CHOU, Li)gs1 —25 CHY(Z, wzx @ L),
ey CHN(X, £), & CHY(U, L), — 0

is called the localization exact sequence associated with i.

The connecting map 0z/x is called the residue map associated with ¢. It is
induced by the following restriction and corestriction of the quadratic divisor class
map dy:

Z@Z : Ké‘ﬂv (R(X),ﬁg) — Drez Kf]ww (Faz,wz ® Lz).

z€Z
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3.4. Twisted Chow-Witt groups of the projective line.

3.4.1. We now illustrate the usage of the localization exact sequence defined in
the previous section. Let k be an arbitrary field.

Let Py = Proj(k[z, y]) be the projective line, oo = [1 : 0] be the point at infinity
with complementary open subscheme A} = Spec(k[z]). We let i® : {0} —
P} be the natural closed immersion, and j : Al — P} the complementary open
immersion. We fix a line bundle £ over P}, which is therefore determined up to
isomorphism by its degree, deg(L). We let £’ be the restriction of £ to A}.

Then the localization exact sequence of 1>, with (X, Z) = (P}, {oc}), together
with Morel’s homotopy invariance theorem (see Corollary gives us the fol-
lowing exact sequence:

—~ 5% 8 1
oo /P
0 — CHY(P, £)gs1 > K2 (K, Lo) == KW (k, wae ® L)
= CHY(PL, £), — 0
where we have denoted by Lg the restriction of £ to the point 0 in A}, and put
Woo = Wog /Pl with the notation of 3.1.1, The main problem is to determine the
boundary map O /p:.
Lemma 3.4.2. Consider the above assumptions and notations.
Then if deg(L) is even, Oxypr = 0. If d = deg(L) is odd, after choosing an iso-
morphism L ~ O(d), and using the isomorphism w., ~ k given by the uniformizing
parameter 1/x, we get the following commutative diagram:

(900/]})1

K (k, Lo) KM (k,weo ® L)

Nl lN
KM (k) o KXW (k).

Proof. One reduces to the case L = O(d). We consider U = Uy, (resp. Up) the open
complement of oo (resp. 0) in P}, so that U, = Spec(k[z]) and Uy = Spec(k[y]).
The gluing map Uy N Uy, — Uy N Uy is given by mapping x to y~*. Then the line
bundle £ = O(d) is given on Uy (resp. Up) by a free module £/ = k[z|.u (resp.
L) = k[y].v) with a gluing map u +— y~%v.

Note that one has preferred isomorphisms: £y ~, k and L, ~, k. Therefore
we deduce a canonical map

KW () =y KO O, £o) 25 KO (e © L) 0. K (1)

denoted by 0’ _ Jp1-

We compute the image of o € K} (k) under O jpr- First, u; (o) = o @ u.
Then we need to use the map ¢, of Corollary [3.2.2] which sends the latter to

o®u®l)e KN (k(t), Lok k(t)).
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In order to compute its residue at oo, one needs to write it as an element of
K™ (k(t), Lo @ k(t)). Therefore, one uses the above change of variables:

@y v@l)=({y o) e (®l).
Now if d is even, (y~%) = 1 and we get: 9% ((y~%)o) = 0 as ¢ comes from KM (k).
Thus O, (o) = 0.
If on the contrary, d is odd, (y~%) = (y). Therefore
0% (ly™ o) = 0% ({y)o) = n.o
and one deduces that 9 . (0) = 1.0 as expected. O
3.4.3. Let d = deg(L). The lemma and the localization exact sequence gives the
following possibilities:
(1) if d is even, one gets isomorphisms:

j*: CH(P}, £), — CHO(AL, £), =~ KMV (K, L,)
iKMW (kywe ® Loo) = CHY(PE, £),.

(2) If d is odd, and after the choices indicated in the above lemma, we get an
exact sequence:

0 — CHO(PL, £) 441 L5 KM (k) 2% KMW (k) = CH'(PL, £), — 0

q+1

Recall that the cokernel of v, is K}/ (k) (see , and its kernel is 2. K}'(k),
that is the g-th graded part of the ideal generated by 2 in the ring KM (k) (see
Corollary . To summarize, we have obtained the following computation of
(graded) Chow-Witt groups, first proved by Jean Fasel for a perfect base field of
characteristic not 2 (see [Fas13]):

Theorem 3.4.4. Consider the above assumption: k is an arbitrary field, L an
invertible sheaf over Py of degree d. Then
KM (k, Lo) d even

CHY(PL, L), ~
Pk L)a {2}{3%) d odd

~ KMV (k we ® Loo)  d even
q

Recall finally from Remark that: Ker(n) = 2. K} (k) when char(k) # 2.

Let us draw the picture for Chow-Witt groups:
GW(k, Ly) p=0,deg(L) = 2r,
CHP(PL, £) = { GW(k,woo ® Loo) p=1,deg(L) = 2r
4 p=0,1,deg(L

)=2r+1.
In particular, these groups depend on the twist £ when GW (k) is non-triviall
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4. TRANSFERS

4.1. Cotangent complexes and canonical sheaves. Recall for convenience
(and completeness) the following definition.

Definition 4.1.1. Let f : X — S be a morphism of schemes.

(1) f is smoothable if there exists a factorization
f:xLprphg

such that p is smooth and i is a closed immersion.
(2) fis a complete intersection if there exists a factorization

f:x5phs

such that p is smooth and i is a regular closed immersion.

(3) f is a local complete intersection if any point x € X admits an open
neighborhood V' such that the restriction f|y is a complete intersection.
Following a classical abuse, we will simply say that f is lci.

Remark 4.1.2. (1) The second definition first appeared in [SGA6], VIII, 1.1]. For
the first definition, we also refer the reader to [Stack, Tag 068E].

(2) A morphism f is a complete intersection if and only if it is smoothable and
lci (see [SGAGL, VIII, 1.2]).

4.1.3. Cotangent Complexes. For a scheme X, we let D(Ox) be the derived
category of Ox-modules. We can view this category as a stable oo-category (see
[Lurl?, Section 1]). However, we will not use this higher structure and we will only
need the associated homotopy category, with its canonical triangulated structure.

Let f: X — S be a morphism of schemes. Recall that one can associate to f
its cotangent complex Lx,s (see [III7L, III, 1.2.3]), a canonically defined object of
D(Ox) — it is the derived functor of the Kéhler differential functor evaluated at
Ox / fil Os.

If f is a complete intersection, choosing a factorization as in Definition M(Q),
one can explicitly compute its cotangent complex Lx/g. It is quasi-isomorphic to
a complex concentrated in two degrees

Cx/p — Qpys | x

where Cx,p = I; /Z? is the conormal sheaf associated with i, placed in homological
degree +1, and Qp/g is the cotangent sheaf of P/S (the conormal sheaf of the
diagonal of P/S) placed in degree 0 (see [III71, VIII, 3.2.7]). This obviously implies
that if f: X — S is only assumed to be lci, then its cotangent complex is Zariski
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locally in X quasi-isomorphic to a complex concentrated in degree 0 and 1 and
whose terms are freeﬂ In particular, Lx/g is perfect.ﬁ

The interest of the cotangent complex lies in being compatible with composition
in the following sense. Consider a commutative diagram

NS
s

of morphisms of schemes. Then one has a canonical distinguished triangle in
D(Ox) (induced by an exact sequence in the underlying stable co-category):

(413b) (f*ﬁy/s) — LX/S — EX/y.

(4.1.3.a) X Y

4.1.4. Recall from [Del87, Ex. 4.13] that one associates to a perfect complex C
of Ox-modules its rank rk(C') which is a locally constant function X — Z and its
determinant det(C') which is a well-defined invertible sheaf over X. m

Definition 4.1.5. Let f : X — S be a morphism whose cotangent complex is
perfect (e.g., Ici). One associates to f its canonical sheaf:

WX/S = det(ﬁx/s).
We will also say that f is of (virtual) relative dimension d = rk(Lx/s).

When X/S is the spectrum of a ring extension B/A, the canonical sheaf wy/g
is determined by its global sections. We will denote by wp/4 the B-module of its
global sections, and call it the canonical module associated with B/A.

Example 4.1.6. (1) If f : X — S is smooth, the above definition coincides
with the classical definition of the canonical sheaf: the cotangent sheaf of f is
locally free {2x /g, and wy/g is the maximal exterior power of {2x/s as a O x-module.
Note in particular that when f is étale, one has an equality: wx/s = Ox. This
is really an identity, and not just an isomorphism.
(2) If f =1i:Z — X is a regular closed immersion of pure codimension 1, then
Wz/s = C}/X, the dual of the conormal sheaf.

340ne says that £ x/s has perfect homological amplitude in [0, 1].

35A complex K of Ox-modules is perfect if any point of X admits an open neighborhood
U such that K|y is quasi-isomorphic to a bounded complex £ such that for all integers n the
coherent sheaf £" is a direct factor of a finite free Oy-module. See [Stackl Def. 20.44.1/08C4].

36The couple (det, k) is actually the left Kan extension, as an co-functor, from the co-category
of perfect complexes to the co-groupoid of graded line bundles,

Perf(X) — Pick(X)
of the functor sending a locally free Ox-module to its rank and its maximal exterior power

(see [LO21], §5]). It is also obtained by restriction of the canonical functor from the Thomason-
Trobaugh K-theory space K(X) to 2ic?(X) (see [BS17] in the affine case).
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(3) A morphism f : X — S of schemes which is flat, of finite presentation and
lci is called syntomic after Fontaine and Messing. Syntomic morphisms are stable
under composition and base change ([Stackl, Tags 01UH, 01UI}). In this case the
virtual relative dimension of X/S equals the dimension of fibers functions, which
to a point s € S associates the dimension of X, = f~!({s}). This can be seen by
reducing to the case where S is the spectrum of a field as the cotangent complex
of f is stable under (naive) pullbacks.

4.1.7. Let us consider a commutative diagram such that the cotangent
complexes of all three morphisms are perfect (for example, f and g are lci). Then
the above homotopy exact sequence translates into a canonical isomorphism of
invertible sheaves over X:

(4.1.7.a) VA T wx/s > wxy @ (fwyys)
Remark 4.1.8. Tt is also useful to consider commutative squares:
vy % X
J o s
T—S.
; S

Dividing the square into two commutative triangles, and applying the preceding
isomorphism for both triangles, one gets a canonical isomorphism:

Yot wy/x ® (9 wx/s) ~ wyr @ (¢"wrys)-
When the preceding square is affine corresponding to a commutative square of
rings:
D<—C
G
B<—A
one gets the following simpler form, an isomorphism of invertible D-modules:

Ve : Wp/c ®c Weya = Wp/B @B WB/A

where the tensor product on the left (resp. right) is taken with respect to the
induced structure of C-module on wp /¢ (resp. B-module on wp / B)-

Example 4.1.9. Let us consider a finitely generated lci A-algebra B. We assume
that there exists a smooth A-algebra R and a regular ideal I C R such that
B ~ R/I as an A-algebra so that we get an epimorphism ¢ : R — B ﬂ

Assume Spec(A) and Spec(R) are irreducible and let n be the rank of the A-
algebra R, m be the height of I. Then one can compute the canonical module of
B/A as:

O : WB/A = WB/R Xp (WR/A KR B) ~ Arg(f/]2)v RRr 7;,2/14

3"By Noether normalization, this will automatically be the case if A is a field; moreover we
can choose R to be a polynomial k-algebra.
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Indeed, as [ is regular, I/I? is a locally free B-module of constant rank m.
In general, we have an exact sequence of B-modules:

(4.1.9.a) 0= N—=I/I* % Qpa@r B L5 Qpa — 0

where N = Ker(t), ¢ is induced by the composition

I R Qpiy— Qpja ®r B

and the last map is induced by ¢ : R — B. As recalled in [£.1.3] the cotangent
complex Lp/4, that we view as a complex of B-modules, is concentrated in ho-
mological degree [0,1] and one deduces from the above exact sequence and the
homotopy exact sequence the following isomorphisms:

HO(£B/A) = QB/A7
Hl(»CB/A) ~ N.

When B/A is étale, one gets Qp4 = N =0, and n = m. So wgya = B (this is
really an identity), and the isomorphism © : B ~ A"(I/I?)Y @ A"(Qp/a ®r B) is
obtained by transposing the isomorphism ).

Example 4.1.10. We consider a particular case of the preceding example, that
of a finite field extension L/K. We can choose a set of generators (ar, ..., a,),
L = Kloy,...,ap]. If we consider the polynomial K-algebra R = Klty, ..., 1],
then one can write L = R/I, and I = (f1,..., f,) where f; is a polynomial in the
variables tq, ..., t;, monogenic in t;, which is a lift of the characteristic polynomial
of the algebraic element a; of L/K|[ay,...,a;—1]. Thus, I is regular. Then we get
from the previous example a canonical isomorphism:

(4.1.10.a) O :wpk > AF(I/1%)Y @ Vi .
We then get an explicit basis of the invertible B-module wg/ 4, given by the element:
(4.1.10.b) (ih. . AL @(d A .. Adty).

If L/K is separable, as explained at the end of the previous example, 0} K= 0,
so wr/xk = L. According to the description of v, one obtains that the element
(4.1.10.1) goes under ©~! to the unit:

(fi(e) fslon,a0) .. fulan, ... o)) € L*.

We have to take the inverse of the obvious element as © is obtained after trans-
position, as seen in the end of the previous example.
Let us assume on the contrary that L/K is totally inseparable. Let p > 0 be the

characteristic of K. Then o; = (a;)"/%, a; € K — KP. Moreover, in the sequence
(4.1.9.8)) with B/A = L/K, one obtains that ¢» = 0. In other words, one gets
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isomorphisms:
0y 1 Qp/k Qr L = Qr/k,
N~/
In particular, (day, ..., doy, ), which is the image of (dty, ..., dt,) by the isomorphism
©x, is an L-basis of {17,k , which can be identified to Hy (L, ). Similarly, N ~ I/1I?

can be identified with H; (L), and an L-basis is given by (fi, ..., f,) — each f;
goes to zero in Qp/x @p L.

Remark 4.1.11. In the case of a totally inseparable extension L/K, F, C K, one
defines the imperfection module I'r, )i of L/ K by the following short exact sequence:

0— FL/K — QK/IFp R L — QL/IFp — QL/K — 0.

One deduces that H,(Lr/x) ~ I'y/kx. In particular, with the notations of the
previous paragraph, the imperfection module I'y )k is an n-dimensional L-vector
space which is isomorphic to I /1.

4.2. The quadratic degree map.

4.2.1. We will now come back to Theorem and give its fundamental appli-
cation to build transfers on Milnor-Witt K-theory.

Let k be an arbitrary field, and w = wp1 /5, be the canonical sheaf on P}, (Defi-
nition , and let oo (resp. 1) be the point at infinity (resp. generic point) of
P.. We first rewrite the quadratic divisor class map in homological conventions.
Consider a point x € P} with residue field x,. Note that x,/k is not necessar-
ily separable so the canonical sheaf w,, /. can be non-trivial. Nevertheless, the
commutative diagram

Spec(ky) P;

~ Ve
Spec(k)
gives a canonical isomorphism ¥® : Wy, /k = w,p1 ® W[, — see (4.1.7.a)).
In particular, the quadratic divisor class map for P} /k in G,,-degree ¢ € Z and
with twists w can be rewritten as:
div : KM (k(t), wie) — D K)™ (ki weep ) = Co(Ph)g-

1
xe]P’k’(O)

Recall that div is the sum of the residue maps 0, : Ké\ﬂv (k‘(t), wk(t)/k) — Kéuw(/iw, Wi, /&)
for x a closed point in P}, corresponding to a valuation v, on k(t) with residue
field k.. - .

The cokernel of div equals the Chow-Witt group CH'(P},w) and, as the line
bundle w has even degree, Theorem [3.4.4] and paragraph tells us that the
pushforward map

i KMW (k) — CHY(PL, w),
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is an isomorphism. Let us introduce the following deﬁnitionlﬂ
Definition 4.2.2. Using the above notation, we denote by
deg, : CH' (P}, w), — KMV (k)

the inverse of the isomorphism $° and call it the quadratic degree map in G,,-degree
q (associated with Py).

In degree ¢ = 0, we therefore get a map:
deg : CH'(PL, w) — GW(k).

Following Bass and Tate ([BT73, 1.5.4]) and Morel ([Morl2, §4.2]), we can be
more precise about this notion of quadratic degree.

Proposition 4.2.3. Consider the above assumptions and notation. Then there
exists a unique family of maps

Tr,{ /k KMW(K;I,WHZ/]Q) — Kéww(k), x € IP);%,(O)
which fits into the following commutative diagram

Kg' (k)

157

K" (K(t), wre) — Co(P}), —— K" (k)
div > Trxx/k

i such a way that the composition of the horizontal maps is zero.

In particular, the quadratic degree map is defined at the level of cycles:

deg, == > TMN: Co(Ph), — KMV (k).
:L’E[P’IC (0

The last condition in the above statement can be translated by saying that the
quadratic 0-cycles of degree 0 on P}, are exactly the principal (i.e. rationally trivial)
quadratic divisors (using the terminology of [3.1.8]).

Remark 4.2.4. (1) Note that the commutative triangle corresponds to the nor-
malization property: Tr,{ ok = Id.

(2) The formula degodlv = 0 is the quadratic analogue of the Weil reciprocity
formula. Given the preceding normalization property, it can be restated as the

following equation:
Z TI'K /k 300
z€(A})(0)

38This is the mother case of the degree map on Chow-Witt groups. See [DEJ25, 1.4.1, Ex.
4.1.6).
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4.2.5. Quadratic and classical degree. As the pushforward morphism i$° is com-
patible with the forgetful and hyperbolic maps of [3.1.14] we get by definition the

following commutative diagram:

CH'(P}) —— CH!(P},w) —— CH'(PP})
degl/ \Ldrgé l/deg
Z—22 S GW(k) —X 7

Specializing at a point x € P}, with residue field , as before, one gets the following
computation:

(4.2.5.a) Vn € Z, TrKMI%(nh) = (d;n).h,
(4.2.5.b) Vo € GW (kg we, i), 1k (e V(o)) = do. tk(0).

where d, = [k, : k].

Remark 4.2.6. Notice in particular that every quadratic cycle which comes from the
hyperbolic map will have a degree of the form n.h for n € Z and h the hyperbolic
form.

4.2.7. Transfers in the monogenic case. Let E/k be a monogenic finite field
extension. Giving a generator a € E is equivalent to giving a closed embedding
z : Spec(E) — A}, corresponding to the (monogenic) minimal polynomial of a in
E. Therefore, the preceding proposition gives for any integer q € Z a well-defined
transfer map:

Trg ) - KW (B, wepe) — K3 (k),

which a priori depends on the chosen parameter a.
We also define an L-twisted version, for an invertible k-vector space L, as follows:

Try ) Ky (B wep © L) — KW (k, L),
cRQUWRI Trg[/‘;ﬁv’a«u)a@w)@l’

where o € KZIWW(E), w E wg/k, | € L} and we have written: | =0'®u for I' € L*,
u € E* (as according to our notation Lp = L ®; E).

Remark 4.2.8. (1) We will see in Proposition that the above transfers
are independent of the generator o (and extend its definition to the non
necessarily monogenic case).

(2) Our construction is a variation on Morel’s one, as done in [Morl2l, §4.2,
5.1]. The main difference is that one uses appropriate twists (by canonical
sheaves) which allows us to work over an arbitrary base field &, in particular
allowing inseparable extensions from the start.
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Example 4.2.9. One can derive from Proposition the following way to com-
pute the above trace map, for a monogenic extension E/k and an explicit presen-
tation £ = k[t]/(f), where f is the minimal polynomial of the chosen generator
a. Let vy be the valuation on k(t) corresponding to f.

Consider an element o € K%W(E,wE/k). According to Theorem m, there
exists an element ¢ € KXW (k(t), wi()/x) such that for any maximal ideal of k[t],
corresponding to a valuation v,

av(cp) = {U cen

0 otherwise.
Then, one deduces from Remark [4.2.4(2) that
Tey )y () = —0so()
where 0., is the residue map corresponding to the place at infinity of k(¢).

4.2.10. Bass and Tate method, already mentioned, was applied to Milnor K-

theory ([BT73| 1.5.4]). They constructed the transfer map on Milnor K-theory for

monogenic finite extensions, and later, Kato proved that these transfers extend to

arbitrary finite extensions E/k ([Kat80, §1.7, Prop. 5]), giving a transfer mapﬂ:
Try), : KY(E) — KM (k).

In particular, when FE/k is monogenic, this map coincides with Bass-Tate mor-
phism for any choice of generator a of E/k. As the (twisted) hyperbolic and
forgetful maps (Definition are compatible with residues (Remark we
easily derive from the above construction the following compatibility lemma (ex-
tending |4.2.5)).

Lemma 4.2.11. Let E/k be a monogenic finite extension with generator o € E.
Then the following diagram is commutative:

KM (B) —~ KMV (B, wg,) —— KM (E)
Tr%l/k l lTrgj/V:’a lTr%I/k

KM (k) —— KM (k) —— KM (k).

4.3. A variation on Scharlau’s quadratic reciprocity property.

4.3.1. Let E/k be a finite extension field. Recall that Scharlau has defined in
[Sch72] (Definition p. 79) a notion of transfer maps for Witt groups, depending
on the choice of a k-linear map s : £ — k[

39Kato called this the norm homomorphism

40These maps are denoted by s* : W(E) — W (k) in loc. cit., but we will prefer the notation
s« (for obvious reasons). Scharlau originally considered fields of characteristic not 2 but the
definition makes sense in arbitrary characteristic. Moreover, one can replace non-degenerate
quadratic forms by non-degenerate symmetric bilinear forms.
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Using the differential trace map Tr% ), : we/x — k (see Definition , it is
possible to give a uniform definition, which does not depend on such a choice.
Moreover, we will see that it coincides with the trace maps Trg[/zg’a just defined in
degree ¢ < 0.

The definition is very similar to Scharlau’s definition, but motivated by the form
of MW-transfers (see [1.2.7)), we use L-valued inner product spaces (see [2.1.14).
Given an arbitrary wg/,-valued inner product space ® : V ®g V' — wg/i, one can
consider the composite map

'I‘r“}f;./,C

T4, 00 VRV = VepV - wa s k,

which is again a non-degenerate symmetric bilinear k-form. It is compatible with
isomorphisms and orthogonal sums, therefore it induces a well-defined map:

(@] [T, 0Pl

As, by definition, the map vy, : wp — k is k-linear, one deduces that Trf .,
is GW (k)-linear (recall the GW(k)-action on both sides from [2.1.14]).

Definition 4.3.2. Let E/k be an arbitrary finite extension fields. We call the
GW (k)-linear morphism Try ;.. : GW(E, wgx) — GW (k) just defined the (differ-
ential) GW-transfer map.

Modding out by the ideal (h), one gets a (differential) W-transfer map that we
still denote: Try ., : W(E, wgi) — W(k).

Example 4.3.3. If E/k is separable, then wg/, = E and Tty . is just the usual
trace map: Trg/ : E — k (see Corollary . In particular, Tr ;. = Tre k. :
GW(E) — GW(k), W(E) — W(k) is the usual Scharlau transfer associated with
the trace “form” Trg/y.

In the inseparable case on the contrary, Trg,; = 0. The link with Scharlau
traces will be explained in Remark [4.3.5]

Example 4.3.4. One can compute the GW-differential transfer maps more ex-
plicitly.

Consider a monogenic field extension E/k of degree d, written as E = k[a]. Let
f be the minimal polynomial of «, so that for I = (f), E = k[t]/I. Then, as
explain in Example , wrk = (I/1%)Y @ wyyyk. In particular, the invertible
k-vector space wg/, admits an explicit base given by the element f*odt. In
particular, any wg/,-valued inner product space

®ZV®EV—>WE/k

can be written as (z,y) — ¢(z,y) @ (f* ® dt) where ¢ : V ®5 V — E is an inner
product space.
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With this notation, Corollary [6.3.13| gives the following computation:
Tr% i o(p® (ff@d)) = TE/K © P = Tp k()
where we recall that the Tate trace map 1 e E — kis the k-linear form associated

with the element a?~! of the k-base (1,q,...,a?"!) of E.

When E/E is non monogenic, one writes £ = klaq, ..., q,] = klt1, ..., 6]/ (f),
where f = (fi,..., fn) for monic polynomials f; € k[t1,...,t,]. Then combining
the notation Example [4.1.10] and Proposition [6.3.12], one gets the formula:

Trﬁ/kO(Cb@ ((ﬂ /\.../\fn)* ® (dty /\...dtn)>> =T/ 0 ¢,

where 7/ is the Scheja-Storch trace map (Definition [6.3.8) associated with the
presentation f of F/k.

Remark 4.3.5. Comparison with Scharlau transfer. A particular case of Grothendieck
duality (see[6.2.7)) gives the following isomorphism:

WE/k = Homy(E, k), w + 8, 1= Tr“é/k(—.w).
According to Example [2.4.4] one has a canonical identification GW(E,wg/) ~

GW(E) ®z(px) Z[wy ;). With this notation, one can see that the above transfers

incorporate all Scharlau’s transfer maps at once: for o € GW(E) and a non-zero
w € Wg/k, one gets:
TE (0 W) = 500(0).

4.3.6. One easily derives from the previous definition the following basic properties
of the differential GW-trace map, for a finite extension ¢ : k — E of degree d:

(1) For any o0 € GW(E,wg/y), one has rk(Trf 4 (0)) = d.tk(0).

(2) If L/E and E/k are finite extensions, Tr7,p, o Tt p, = Tr ., where we
have hidden the canonical isomorphism wy,/, ~ wr/g @ WE/k ﬂ

(3) Foro € GW(E,wg/x), 0’ € GW(k), one has: Tt 1. (0.p0.(0")) = Tr%/k(o).o’.ﬁ

The main result for the GW-differential transfer map is the following quadratic
reciprocity formula which extends to the Milnor-Witt case a formula due to Schar-
lau first proved in [Sch72, Th. 4.1], with a similar proof.

Theorem 4.3.7. Let k be an arbitrary field. Then the following formula holds:
(4.3.7.a) d M .00, =0,
ze(P})(0)
as maps K™ (k(t), wye)e) — GW(k). Here, the map
Op : K™ (K (t), wiyn) = GW Ky, wiey k)
 41This follows from the functoriality of the differential trace map.

2T his is generically called the projection formula, and more specifically Frobenius reciprocity
in the theory of quadratic forms ([Sch72l p. 80]).
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stands for the residue map associated with the discrete valuation on k(t) associated

to the closed point x € P} (see .

Proof. The abelian group K" (k(t), Wi(t) /k) is generated by elements of the form
[f] @ dt where f € k(t)* is a rational function on P}. So we need only to check
the vanishing on these particular elements.

Consider the prime decomposition of f:

(4.3.7.b) f=uml . g

T

where u € k*, m; € Z and 7; is an irreducible monic polynomial in k[t]. Each
polynomial 7; corresponds to a closed point z; in A} C Pi, with residue field
ki = k(z;) = k[t]/(m;). With this notation, we will write a; € k; for the obvious
generator of k;/k (i.e. corresponding to t).

We first remark that, computing the quadratic order of vanishing of at oo using
the uniformizer 1/¢, we find in GW (k){"]

0o ([f] ® dt) = —d.(u) € GW (k)

where d = deg,(f) = >, m;.
Let us write f; = [[,; f;7, so that f = uf;.m". Applying formula (3.1.10.a)
(with the added twist dt), one gets:

T

Y T odu([fl@dt) =Y (mi)e(u) Ty, ((filew)) © dt @ 77) — de{u).

xE(P,lc)(()) =1

Let us denote by (x) the right-hand side, so that we need to show that (x) is 0 in
GW (k). The (virtual) rank of (x) is

Z m;. deg(m;) — d
i=1

which is obviously zero — according to relation (4.3.7.b)).

Therefore, one needs only to show that the class of (x) is zero in W(k). Obvi-
ously, one can assume that v = 1. Moreover, as n. = 0 for n even in W(k), one
can assume that m; = 1 for all 3.

Let us consider the monogenic k-algebra A = k[t]/(f), and write « its generator.
Recall that A is a finite k-vector space with basis B = (1,a, ..., a?"!). The Chinese
remainder lemma gives an isomorphism of k-algebras:

0:4= Hfii,g = (fi(ai>g(@i))1§¢§r'

i=1

43Note that Wy /k = k so that we identify GW (Koo, wy__ /) with GW (k). With this identifi-
cation, the GW-differential trace map Try /; is just the identity.
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Applying Remark [6.2.5, one deduces that
DT ((file) @ dt @ 77) = T . (D) @ dE @ 7).
i=1

We are now reduced to show the following equality in W (k):
(4.3.7.¢) Trsy e ((1) ® (dt @ [)) = d..

One can apply Corollary [6.3.13[ (see Example |4.3.4)) to compute the left-hand side:
if one denotes by 73, : A — k the Tate trace map associated with A/k and its

generator o, — that is the linear form associated with a?~! in the basis B — this
inner product on the k-vector space A is given by the formula:

Ak A=k (9,9) = m5(99).

One easily computes the form of the symmetric (d x d)-matrix of this symmetric
bilinear in the basis B as:

1
/.
1
But the class of the corresponding inner product space in GW (k) isd. = (1,—1,...)
as it has a totally isotropic subspace of rank n spanned by (1,...,a" 1) if d = 2n
or d =2n+ 1, and its determinant is (—1)%*. This proves (4.3.7.d). 0

Remark 4.3.8. It is interesting to note that the end of the previous proof also
shows the following degree formula, for any finite degree d extension E/k:

T, (1) @ dt) = d.

Remark 4.3.9. Multiplying by 7, and looking modulo the hyperbolic form h (granted
the GW(k)-linearity of each involved operator), the equation gives a
twisted version of Scharlau’s quadratic reciprocity formula: for any class o €
W (k(t), wie)/k) of a wy)k-valued inner product space over k(t), one has:

3 T (0a(0)) = 0.

1
zGIP’k’(O)

In fact, using Example and applying this equality to ¢ = 0y ® dt, one gets
back precisely Scharlau’s formula (see also [GHKST70l §2, Satz] in the characteristic
not 2 case).

The main application of the previous theorem, taking into account the unique-
ness statement of Proposition [4.2.3|is the following comparison result between the
two transfer maps we have introduced.
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Corollary 4.3.10. Let E/k be a monogenic finite extension field. Then for any
generator « of E/k, and any q < 0, one has commutative diagrams

I_MW,oz I_MW,oz
E/k E/k
K{"W(E,wg ) —— K™ (k) Kf]”W(E,wE/k) 0 KfI”W(k)
NT ¢N NT TN

rE/k* rE/k*
where the vertical isomorphisms come from Example|2.4.4].
4.4. General trace maps.

4.4.1. Let E/k be a finite extension with canonical module wg k-

We have already seen (Definition how the Grothendieck differential trace
map induces a transfer map on twisted Grothendieck-Witt and Witt groups. We
now show how to extend these transfers to Milnor-Witt K-theory using Morel’s
fundamental square from Corollary We first need a lemma.

Lemma 4.4.2. Consider the above notation. For any integer n € Z, one has:
TrE 1 (In(anE/k)) C I"(k)

where we have used notation for I" and the transfer map on Witt groups

was defined in Definition [{.3.2,

Using Remark the lemma follows from [Ara75, Satz 3.3]. At this point,
one can easily deduce it from our earlier computations so we give a proof for
completeness.

Proof. The case n > 0 is trivial. We note the case n = 1 is easy (use [1.3.6[1)).
For the other cases, using the functoriality of GW-transfers [4.3.6{2), one reduces
to the case where E/k is monogenic, with say a fixed generator o. This case now
follows from Corollary (4.3.10, Theorem [2.3.5/and the fact Trg/l;gv’a (defined in 4.2.7]
commutes with multiplication by n and h.

In particular we get well-defined transfer maps on the algebra functor I*. As an
intermediate step, we show that these transfers are compatible with the monogenic
transfers obtained so far on the Milnor-Witt K-theory functor (4.2.7)).

Lemma 4.4.3. Let E/k be a monogenic finite extension, with a generator o € E.
Then the following diagram is commutative:

MW,a
E/k

KiWW(E, OJE/k) Kiw(k)

g l l%
Tr,

E/kx

(B, wi ) — T (k).
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Given the previous lemma, and the construction of the morphism g’ (see [2.3.6))
this statement reduces to Corollary [4.3.10

4.4.4. According to Proposition 2.4.11:, K%W(E,wE/k) can be identified with the
abelian group made of pairs (o,7) € I"(E) x K,,(E) such that (o) = u(7). The
following lemma is the last step needed to define the transfer map associated with

E/k on Milnor-Witt K-theory.

Lemma 4.4.5. Consider the above notation. Then one has the following equality
7T( Troé/k*(g)) = M( Tr%[/k(T))'
Proof. By functoriality of the differential trace map (Remark [6.2.6)) and of Kato’s

transfer map on Milnor K-theory, one reduces to the case of finite monogenic
extensions E = k[a]. Then the result follows from the existence of the trace map

TrAE%V’a, and its compatibility with both Kato’s transfer (Lemma [4.2.11)) and the
differential transfer on I (Lemma |4.4.3]). 0

We finally obtain the main definition of this section.

Definition 4.4.6. Let E/k be a finite extension with canonical module wg/k- One
defines the transfer map on Milnor-Witt K-theory by the following formula:

MW
Trg /k

K (B, we ) K (k)
Wy Br) |~ ~ e
(B, wek) X1 (m) K (E) I (k) x- gy K2 (k)
(0, 7) (Tt (o), Trgsy(7))
well-defined according to the previous lemma. The vertical isomorphisms come

from Proposition [2.4.11]
As in the end of [£.2.7] one also defines for an invertible k-vector space £, an
L-twisted transfers:

Tey)ly - KY'W(E,wp ® L) — KW (k, L).

When we denote by ¢ : k — E the structural map of the extension E/k, it is
customary to use the notation ¢* = Tr%%/. We also call it occasionally the trace

map @

Remark 4.4.7. This trace map has all the good properties of its analog on Milnor
K-theory. It is compatible with composition (as this is the case for Tr% s and

40ther terminologies that we prefer to avoid are the norm (Kato) and corestriction (Rost).
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Tr]\g/k). It satisfies the so-called projection formula: for (o, 3) € KMV (E, wp/; ®
Lp) x KMY(k M), one has in KMV (k, £}, @ M):

v (0.0.(B)) = " (0).0.
This follows from [4.3.6{3) and the corresponding formula for Milnor K-theory (see
[BT73, formula (5), p. 378]).

Finally, we note that from a geometric point of view, if one denotes by f :
Spec(E) — Spec(k) the induced morphism, one can also denote: ¢* = f, and
v, = f*. In this way, the previous formula looks like the ”classical” projection
formula (for Chow groups, cohomology,...)

As an immediate corollary of the previous definition, we obtain the following
explicit description of transfers on Milnor-Witt K-theory.

Corollary 4.4.8. Let E/k be a finite extension with canonical module wg i, and

n an integer.
(1) If n =0 (resp. n < 0) then through the identification

Ko™ (B, wp) = GW(E,wgp) (resp. K (E,wg) = W(E,wgyr))
of Proposition one has Trjg/vg = Tr% k. where Trg ) is the differential trace

map (see Definition[{.3.9).

(2) If n > 0, any element o € KQ/IW(E,WE/]C) can be written as a sum of ele-
ments of the form (|¢] ® w,o’) where:
o (V.o : VgV — E) is an inner product space over E, [¢] is its class in
W(E) and [¢] € I"(E),
® W € wgy s a non-zero differential k-form on E of mazimal degree if E/k is
not separable, and just a unit of E if E/k is separable,
o o ={uy, ..., u,} is a symbol in KM (E), for certain units u; € E*.
For such an element, one has:

ey ([8] ® w,0") = ([Triz ), o(.w)], Trgyi (o))

where Try ), o(¢.w) is the class in W(k) (and in fact I"(k)) of the inner product
space on V' over k with bilinear form

(‘Ta y) = Trué‘/k (¢<$, y)w)7
and Tr%[/k is the transfer map on Milnor K-theory.

Example 4.4.9. In general, we refer the reader to Example[d.3.4and Remark[4.3.5]
for the computation of the differential trace map Tr ., on the Grothendieck-Witt
or Witt group. One can single out the following explicit computations.

(1) If E/k is separable, then wg/, = £ and Tr“é/k = Trp;, is the usual trace
map (Corollary [6.3.14). In particular, Ko™ (E,wg/) ~ GW(E) and for
any unit u € EX, Tr'"" ((u)) = [Trg/x(u.—)] the GW-class of the scaled
trace form, (x,y) — Trg(uzy).
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(2) Let E/k be a finite monogenic field extension of degree d, with generator
a

According to Remark [4.3.5] one has an isomorphism
wr/e ~ Homy(E, k), w — sy

In particular, there exists a unique non-zero form w € wgy, such that s, is
the k-linear form which maps a® to 1 and o to 0 for 0 < i < d.

Then for any unit v € E*, and for the particular choice of w made above,
one has:

Trgy ([u] ® w) = [Npgi(u)] € Ki™ (k)

where Ngj, : EX — kX is the usual norm of the finite extension E/k.
According to the previous corollary, this follows from the [Lam05, VII,
Cor. 2.4] for the Witt par@ and [BT73| 1.§5, Th. 5.6] for the Milnor part.

This formula generalizes to arbitrary finite extension provided one chooses
the correct differential form w.

(3) Let k be a field of characteristic p > 0, a € k be an element which is not a
p-th root and F = k[a] = k[t]/(t? — a). Put @« = J/a € E. There exists a
canonical non-zero element w = dt ® (19 — a)* of wg/y, (see Example
with n = 1).

Then for any unit u € E*, and again for the particular choice of w made
above, one has:

MY ((u) @ w) = (75 (u-—)]

where 78, is the Tate trace map associated with the g¢-th root o (see
Remark (6.3.10), and [rj, (u.—)] is the GW-class of the scaled (Tate) trace
form of the k-vector space E:

E®y B — k7 (ZL’, y) = Tg/k(Ul’y)
Note in particular that one gets the following degree formula:
T (1) @ w) = [

In comparison with the last example, one gets the following more general degree
formula in Milnor-Witt K-theory.

Corollary 4.4.10. Let E/k be a finite extension of degree d. We consider a

minimal family of generators (o, ..., ) and the associated presentation E =
Eltr, ... ta)/(fis- .. fn) as in Ezample |4.1.10, Let w = (fi A ... A fo)* & (dt1 A

...dty) be the canonical element of wgy, as in loc. cit.

Then one has in K" (k) = GW(k):
Trgyp ((1) ©@ w) = de
where we have used the notation of|2.2.18.

4Bthe computation of loc. cit. extends in characteristic 2 as well
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Proof. By multiplicativity of d. (2.2.18]), and the functoriality of the MW-trace
map, one reduces to the monogenic case. Then, it follows from Remark 4.3.8 [J

Remark 4.4.11. In general, any element of w' = wg/, can be written as w' =
u.w. One should be careful however that if one replaces w in the above corollary
by w’, this completely changes the above result. For example, in the case of
Example [£.4.9(3), one gets

T (1) @ W) = g (uw.—)].

4.4.12. Finally, we want to compare the previous definition of transfers on Milnor-
Witt K-theory with the original one due to Morel for finitely generated extensions
of some perfect field: [Morl2, Rem. 4.32].

Recall the construction of Morel, for a finite extension E/ k‘m We fix a finite
generating family a = (a4, ..., a,) of E/k, to which we associate a tower of finite
monogenic extensions xk; = klay, ..., ol

kCkiC...Ckp=2EFE.

Then we can define the following composite map, denoted by Trg/lzf’g'
MW,an
E/kp—1

Ké\/[W(EaWE/k) ~ Ké\/[W(anE/nn,l ® Wiy k| E) Kfyw(ffnfl,wnn,l/k)

MW,op, 1

Kn—1/Kn—2

MW
= Kq (Kn-1, Wit /kin—2 & Wﬁn_z/k|nn—1>

TrM‘;‘;;,al
. .Kfyw(m,wm/k) e Kéww(k)

where the morphism Try%[:’”fl is the (wy, , /x)-twisted MW-transfer associated with

(Ki/Ki_1,;), as defined in @

The main result of [Mor12l, §4.2] (see Th. 4.27), is that this composite map, at
least for finitely generated extensions of some perfect base field, is independent of
the chosen family of generators. This result has also been proved later in [Fel23]
by direct transport of the proof of Kato (again under the same assumptions).
Actually, given the method we have chosen, we get another proof of this theorem
(without any restriction on the fields considered).

Proposition 4.4.13. Consider the above notation. Then one has an equality:

MW _ m MW,.a
Trge = Trgy,

where the left-hand side was defined in Definition [4.4.0.

In particular, the computations given above apply to the already known (geo-
metric) transfer map on Milnor-Witt K-theory.

46Note that contrary to the previously known constructions, we do not to assume that £ and
k are finitely generated extensions over some perfect base field.
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Proof. As the transfers of Definition are compatible with composition (Re-
mark [4.4.7)), one reduces to the monogenic case. This is then a consequence (al-

ready observed) of the definition, and lemmas [4.2.11{ 4.4.3] d

5. FUNCTORIALITY OF MILNOR-WITT K-THEORY

We now turn to the last part of this work, where we gather the functorial
properties of Milnor-Witt K-theory established in the preceding sections. These
properties fit into the axiomatic framework of Milnor—Witt premodule theory de-
veloped by Feld in [Fel20], with several significant extensions. First, we work over
all fields, not merely finitely generated ones over a fixed base field. Second, we
make explicit the canonical isomorphisms arising in the twists of Milnor-Witt K-
groups, which are usually left implicit. Finally, we formulate and prove refined
versions of Feld’s structural formulas, and we establish all relations among the
four functorialities in full generality.

Although Feld’s axioms may appear somewhat intricate at first sight, a useful
guiding principle is to regard Milnor-Witt K-theory as a twisted cohomology the-
ory defined on the category of integral O-dimensional schemes — that is, on fields.
Such axiomatic descriptions of functors on fields were pioneered by Rost, with his
theory of cycle premodules [Ros96], and later adapted by Schmid [Sch97] to the
particular case of Witt groups.

5.1. Basic maps. For any triple (E,L,n), where E is a field, £ an invertible
E-vector space, and n € Z an integer, one has an abelian group K¥W(E, £). Tt is
equipped with the following basic maps, the same as in [Fel20, Def. 3.1], except
that we do not restrict to finitely generated extension fields of some base field:

(D1) (see[2.4.6(2)): Given any morphism ¢ : E — F of fields, one has a morphism
of abelian groups:
0. KMY(E L) = KMY(F L ®p F).

(D2) (see Definition [4.4.6): Given a finite morphism ¢ : E — F of fields, one has

a transfer map:
W =Tryp KW (F wpys ®p £) = KW (E, L)

where wp/p is the canonical invertible F-vector space associated with the
finite field extension F//E (see Definition [4.1.5]).
(D3) (seef2.4.6(1)): It has a structure of a bigraded algebra. Given triples (E, £, n)
and (E, M,m), one has a product:
KMY(E L)@ KMV (E,M) = KMV (B L @5 M).

n+m

In other words, KW (E, %) is a bigraded ring, graded with respect to Z and
to the set of isomorphism classes of invertible E-vector spaces.
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(D4) (see Theorem [2.5.2] and [2.5.5)): Let (E,v) be a discretely valued field with
ring of integers O,,, L be an invertible O,-modules and n € Z an integer. We
let , be the residue field, Lr = £ ®p, E. One has a morphism of abelian
groups, called the residue map:

9y : KNW(E, L) = KM (Kp, wy ®0, L)
where w, = (M, /M?)¥ — the normal sheaf of Spec(k,) — Spec(O,).
There is a further functorial property hidden in the axioms of [Fel20] that we now
state explicitly:
(D14) (see[2.4.6(3)) Given an isomorphism 6 : £ — M of E-vector spaces, one

has an isomorphism of abelian groups:
0, : KMV(E L) — KMY(E,M).

Remark 5.1.1. Using Remark and the category of twisted fields defined
therein, one can unify the functoriality data of (D1) and (D1+). In fact, one can
also unify (D1) and (D2) by using the appropriate category of correspondences.
We leave the details to the interested reader.

Remark 5.1.2. In fact, we have seen other examples of theories equipped with the
same basic maps:

(1) The periodized Witt ring W[t,¢!], which therefore becomes a Z-graded
algebra: this comes from the isomorphism ¢ of Corollary and the fact mul-
tiplication by 7 is compatible with data D* on KMW . In particular, the canonical
map

KMW 5 Wit ¢!
is compatible with data D*.
(2) The graded algebra I* associated with the fundamental ideal I of the Witt

group (see [2.2.4): a quick way of seeing that is to use the isomorphism 1 of
Theorem and the fact multiplication by h is compatible with all data D* on

KMW.

In particular, the inclusion T* C W[t,¢7!], as well as the canonical map ' :
KMW _ T* obtained in Corollary ; are compatible with all data D*.

(3) The Milnor K-theory K: a first way of seeing that is the isomorphism
from ]\24.Wm, and again the fact that multiplication by 1 is compatible with data D*
on K.

On the other hand, recall that in this example, one has a canonical isomorphism
KM(E, £) ~ KM(E) (Example . Or in other words, the data (D1+) is trivial
for Milnor K-theory: for any automorphism 6 : £ — L of invertible E-vector
spaces, the map 6, : KM(E, £) = KM(E, L) is equal to the identity. We will say
that KM is orientable.

In this case, the above functoriality (D*) actually corresponds to the functori-
ality of Rost cycle premodules [Ros96l, Def. 1.1]. Moreover, the hyperbolic and
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forgetful maps

KM Ly gMw L, gMw
of Definition [2.2.10] are compatible with data (D*): (D1) and (D1+) are obvious,
D2 comes from Definition [4.4.6] D3 comes from the fact both maps are morphisms

of rings, D4 was observed in Remark [2.5.8,
(4) The graded algebra I" (see again [2.2.4)): a quick way of seeing that is to use

the Milnor conjecture Theorem [2.2.3 and to use the preceding point. One can also
use the fact I* is a subalgebra of W[t,¢7!] and therefore, all data D* descend to
the quotient I", as ¢ on the right-hand side is compatible with all data D*.

Note that I" is also orientable as in the previous point. According to the previous

remarks, one sees that the canonical maps (Corollary [2.3.7))
KY 5T, 5T
are compatible with the data D*.

For more background on these different theories and their relations, we refer the
reader to [DEJ25| §3.4.1].

5.2. Main properties. We now state the properties of the maps (D*) constructed
in Section 5.1} Apart the fact they are valid for any field, they correspond precisely
to that of [Fel20, Def. 3.1], and thus we follow the same numbering. We will state
and prove three sets of properties.

5.2.1. We begin by stating a first list of such rules, involving only (D1) and (D2).

(R1a) (¢ o ¢). = 1.p, for composable morphisms of fields ¢, 1.

(R1b) (¥ o ®)* = &*U* for composable finite morphisms of fields ®, .

(R1c) Consider a morphism (resp. finite morphism) of fields ¢» : E — L (resp.
® . EF — F). Assume that ¢ or ® is separable. Then:

rCFRpL

where 2 runs over prime ideals of F'®g L, with residue field k, = (F®gL)/z,

&, : L — Kk, and ¢, : E — K, are the induced maps, and we have used the

fact wp/p = F, wx,/E = Ka-
Each property follows from the preceding sections. Here is a detailed justifica-
tion. Property (Rla) is clear from Definition while (R1b) follows from
Remark [1.4.7] To prove (Rlc), we use Definition [4.4.6] This reduces to proving
the corresponding formulas for Milnor K-theory and for the differential trace map,
respectively. The case of Milnor K-theory follows from [BT73, (5.8)] and that of
the differential trace map from [Con00, 3.4.1], or can be derived from the explicit

computation in Proposition |6.3.12)).

Remark 5.2.2. We will strengthen (Rlc) in Theorem [5.3.9] following an idea of
[Fel23]. Note however that this formula is enough to develop the theory of Chow-
Witt groups (especially pullbacks).
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5.2.3. Let us consider again a morphism ¢ : F — F of fields, and a finite morphism
® : F — F of fields. In addition, one considers o, ¢’, 5 elements of the Milnor-Witt
K-group so that the next formulas make sense. We now state the properties of
Milnor-Witt K-theory which involves products and data (D1), (D2):

(R2a) p,(0.0") = p.(0).¢.(0)

(R2b) & (0.(7) . B) = o . O*(8)

(R2c) 0 (0 . 0.(8)) = 0(0) .
Given the definition of the Milnor-Witt K-theory ring by generators and relations
(Definition 2.2.7)), formula (R2a) is clear. (R2b) and (R2c) are equivalent by the e-
commutativity of the Milnor-Witt ring (Proposition [2.2.17). Then (R2c) is proved
in Remark [4£.4.7

5.2.4. Let us finally gather the elementary properties that involve the residue map
(D4). One considers discretely valued fields (E, v), (F,w), and O, O, (resp. M,,
M,,) the corresponding valuation rings (resp. maximal ideals). In (R3a,c,d), we
consider in addition a morphism ¢ : £ — F (resp. finite morphism ® : £ — F)
of fields.
(R3a) Assume that woy = v. Thus, one has an induced morphism ¢ : £(v) = K(w)
and an induced isomorphism of invertible x(v)-vector spaces:

0 1 wy vy (W) = Wy
@1 ()
where w, = (M,/M?)V, w, = (M, /M?2)V. Then: 9, 0 p. = 0, 0 P, 0 D,.

(R3c) Assume wo ¢ = 0. Then 9, 0 ¢, =0.

(R3d) Assume wo ¢ = 0 and let ¢ : E — k(w) be the morphism induced by
p: F — E. Let ™ be a prime of w, and consider the resulting trivialization
(sending 7* to 1):

0" :w, > F
so that 0 = 07 0 0, and: sI(0) = 07 0 Oy([7].0).
Then s, o p, = @,.
(R3e) The following formulas hold:
Oy([u].0) = €[u].0,(0),
Op(n.0) = 1.0,(0)

where v € O} is a unit of v.
Formulas (R3a), (R3c) and (R3d) all follow from the construction of the residue
map, and more precisely from Theorem (Res2). Finally, formula (R3e) is
proved in [2.5.4

5.2.5. We have left the property (R3b), following the numbering of [Ros96] and
[Fel20], for the next theorem. It is certainly the most difficult fact to establish,
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even in the case of Milnor K-theory. Indeed, in the Milnor K-theory case, the only
proof of (R3b) in the literature that we are aware of is [GS17, Cor. 7.4.3].

Let us fix the notation. We consider a discretely valued field (£, v), with ring of
integers O,. We fix a finite field extension F'/FE and consider the integral closure
B of O, in F. According to the Krull-Akizuki theorem ([Bou06, VII, §2, n°5,
Prop. 5]), B is a Dedekind ring. In the next theorem, we will make the important
assumption that:

(F) B is a finite O,-algebra.

Notably, this condition holds if F'/E' is separable ([Bou06l, VI, §8, n°5, Th. 2|), or
if O, is Japanese (e.g. excellent, essentially of finite type over a field or over Z).
We will show in Theorem how to modify the next theorem in order to avoid
this assumption.

Recall also that there is a bijection between the discrete valuations w of F
extending v and the non-zero ideals of B ([Bou06, VII, §2, n°5, Prop. 6]). For
such a valuation w, one can consider the commutative diagram

Ry == Ow
@wT e te
Ry =— Ov
and the canonical isomorphism of invertible k,-vector spaces (apply Remark
with ©):
0% wy ®o,, Wo, /0, SN Wy [y Py Wo-

Theorem 5.2.6 (Property (R3b)). Consider the above assumptions and notation.
Then the following formula, involving the basic maps (D2) and (D4) of Milnor-
Witt K-theory, holds:

Dyo®* = ®} 00" 00d,.
w/v
Hiding the isomorphisms #* and using the notation of Definition this
formula can be rewritten as follows:

0, © Tr%vg = Z Trﬁ%v 00, -
w/v
Before going into the proof, we state a lemma which, though not stated in the list
of axioms of [Fel20, Def. 3.1], could also be added to the list of properties of the
basic maps for Milnor-Witt K-theory. It states an anti-commutativity of residues,
analogous to [Dég08, Th. 4.32(3)], [Fel20, Prop. 6.6(4)]. Recall from that
we have put: € = —(—1) in the Milnor-Witt K-theory of any field.

Lemma 5.2.7. Let R be a 2-dimensional local reqular ring with fraction field E
and residue field k.

Let a and b be reqular (i.e. non-zero) non-unit elements of R, v and w be
respectively the a-adic and b-adic valuations on E. We assume that the ideal (a,b)



NOTES ON MILNOR-WITT K-THEORY 61

has height 2: in other words, the intersection of the divisors defined respectively by
a and b is proper, concentrated on the closed point of Spec(R).

The rings A = R/(a) and B = R/(b) are 1-dimensional local regular rings,
therefore discrete valuation rings. Let w' and v' be the respective valuation on
their fraction fields, k, and k,, respectively. Note that the residue fields of w' and
v’ are both equal to k.

Then the following formula, involving the basic map (D4) of Milnor-Witt K-
theory, holds:

0, 0 Oy 00y = €.60, 0 0y 00y,

where we have considered the canonical isomorphisms:

0ot wa/R @A Wy ™~ WR/K
O : WB/R DB Wy ~ WRYK

associated with the commutative squares:

R—-A

YNV

B—k

Proof. According to the presentation of Milnor-Witt K-theory, and the rules to
compute residues from Theorem [2.5.2] one reduces to prove the formula once
applied to a symbol of the form [a, b].y where v = [uy, ..., u,] for units u; € EX
with respect to both v and w.

Let us fix @’ (resp. V') a uniformizer of B (resp. A). By assumption A®g B is an
Artin local ring. We let e be its length, which is also the intersection multiplicity
of the divisors V(a) = Spec(A) and V(b) = Spec(B) in Spec(R). One deduces
that there exists units a« € A*, € B* such that:

a=a.a° € B,
b=B.b° € A,
where @ (resp. b) is the class of @ in B = R/(b) (resp. bin A = R/(a)).
particular, letting ¥ = [ty, ..., @,] € KMW(k), one can compute:
) -
wr © Ou([a,0].7]) =(a).ec7 @ (a A D)
2 1 _
By 0y ([, 0]4]) 2y 0 du(e.[b,a]A]) ¥ e.(8).eci® (b A ).
where equalities (1) follow from the relations of Theorem 2| and equality (2)

from Proposition [2.2.17] Therefore, one can conclude using the relation
Ou(a ANV) =aB L.o,(bAd),

which follows from the comparison of the associated basis of the k-vector space
WR/k- O
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Proof of Theorem[5.2.6. Reduction to F being local. Let O" be the henselization
of the local ring O,, which is again a discrete valuation ring, and let E* be the
fraction field of O"). Then the B’ = B ®p, O" is a finite O"-algebra, according to
assumption (F]), and it is reduced as O" is ind-étale over O,. As O" is henselian,
one deduces that B’ is a product of henselian valuation ring, and in fact:

B ®p, O" = HOZ}

w/v

Putting F" = Frac(O"), one further deduces that F ®@p E" = 1./, Fh. Using
(R3a), and (Rlc) applied to the separable field extension E"/E and the finite
one F/E, one reduces the problem to the case where E is henselian. In that
case, there is only one valuation w extending v, one has B = O, and O,/O,
is a finite extension of henselian discrete valuation rings. Fixing an element o €
KMW(F, wp/g) for the remaining of the proof, we are restricted to show the relation:
(5.2.7.a) 8U(Tr¥/‘g(0)) = TeMW (9,(0))

Kw [ Ko

where we have hidden the isomorphism 6,,. In fact, we will hide all similar isomor-
phisms in the following proof as they play no significant role.

Induction. We now prove by induction on the degree of the extension of
residue fields k,,/k,. We first start by the inductive step. We assume this degree
is positive. Then there exists an element o € O,, such that @ € (K, — k,). Put
Ko = ko[, seen as an intermediate field extension of k,/k,. Let f € O,[t] be a
monic polynomial which lifts the minimal polynomial of & in k,/k,. According
to [Ser79][I, §6, Prop. 15, 16|, f is irreducible in E[t], Fy = E[t|/(f) is a non-
trivial intermediate extension of F/E, By = O,[t]/(f) is a (henselian) valuation
ring which is the integral closure of O, in Fp, and with maximal ideal M,.Bj.
The valuation wy on Fj is an unramified extension of v, with residue field x,, =
Ko. If Ky, C Ky, by compatibility of traces with composition (rule (R1b)), and
induction, we are done. In the other case, using again rule (R1b), assuming the
initial step of the induction (trivial residual extension), we are restricted to the
case of Fy/E, unramified extension of henselian discretely valued fields, such that
the corresponding extension of valuation rings is monogenic.

The unramified monogenic case. Let us go on with the notation of the previous
paragraph. To simplify, we now let F' = Fy, Kk, = ko. As F = E[t]/(f) is
monogenic, we can use the method of Example to compute Tr%‘,g(a): we

pick an element ¢ € K} (E(t), wp,r) such that for any irreducible polynomial

g € EJt], one has
o g=1/,
9.(0) —
g(tp) {O otherwise



NOTES ON MILNOR-WITT K-THEORY 63

where 0, denotes the residue map with respect to the g-adic valuation on E(t).
Then one gets:

(5.2.7.b) Tr%vg(a) = — 0o ().

Let m, be a uniformizer of v, and v be the valuation on E(t) corresponding to the
regular element m, € O,[t]. We put:

= e.0,(p) € KT (ku(t)).

Applying Lemma to the ring R = (O,[t])(r,.f), With regular elements a = m,,
b = f, one deduces the relation:

05(1)) = €.070,(9) = D0y (0) = Ou(0).

By using the above construction and same lemma but replacing f with any irre-
ducible polynomial of k,[t], one further deduces that d;(¢) = 0 for any irreducible
polynomial g # f. One deduces from Example the relation:

(5.2.7.c) Try' . (0(0)) = —0x (1) = €.0x0, ()

Kw [ Ko

Then formula ((5.2.7.a]) follows from relations (5.2.7.b)), (5.2.7.c|), and Lemma
applied to the regular ring R = (O,[t™'])(x, 1) and the regular elements a = 7,
b=t".

The totally ramified case. It remains to prove the initial case of the induction,
when k, = k,. We have assumed that O,/O, is finite, which implies that the
ramification index e of w over v is equal to the degree n = [F' : E] (see [Bou06, VI,
§8, n°5, Th. 2]). According to [Ser79l I, §7, Prop. 18], there exists an Eisenstein
polynomial f € O,[t] such that O, = O,[t]/(f) and F = E|t]/(f).

As in the previous case, we can use Example [4.2.9; one find an element ¢ €
KMY (E(t),wr()r) satisfying the same properties as in the previous case, which
guarantee that relation (5.2.7.b) is still valid, this time considering the Eisenstein
polynomial f. We next apply Lemma to the ring R = (O,[t])(r, 1), with

regular elements a = m,, b= f E| One deduces the relation:

0:0, () = €.0,0¢(p) = €.0y(0)

where v is again the m,-adic valuation on E(t). Here 0; denotes the residue map
corresponding to the t-adic valuation on k,(t) = k,(t). We have generically de-
noted by 9., the valuation at co of k,(t), that is with respect to the (t7!)-adic
valuation. In particular, one deduces the following relation from the properties of
the residue map (see Theorem : 0, = €.05. In particular, we can combine
the two relations just obtained and get:

(5.2.7.d) 0500, (¢) = Du(0).

4TNote that this time, the intersection multiplicity of the effective Cartier divisors V(a) and
V(b) at the closed point of Spec(R) is e.



NOTES ON MILNOR-WITT K-THEORY 64

Then relation ((5.2.7.a)) follows in our case from relations (5.2.7.b), (5.2.7.d) and
by a last application of Lemma with the ring R = (Oy[t™"])(x,+-1) and the

clements @ = m,, b =t"1. l

Remark 5.2.8. (1) The proof of the preceding theorem, and formula (R3b), is
equally valid for Milnor K-theory. As said before, the only proof of (R3b)
for Milnor K-theory that is known to us is in [GS17, Cor. 7.4.3]. The proof
is based on initial results due to Bass-Tate and Kato. The above proof,
based on structural theorems of finite extensions of discretely valued fields,
is more direct.

(2) In the case of Milnor-Witt K-theory, one can derive a proof of (R3b) for
essentially smooth valuation k-algebra from [Morl2, Th. 5.26]. One can
also find an argument in [Fas08, Cor. 10.4.5], when k has characteristic
different from 2%

5.2.9. It remains to state the last property, which is specific to Milnor-Witt K-
theory. Let us first remark that, given an invertible E-vector space L, one has an
isomorphism:

E* — Autg(L),u — (I — u.l).
Given an F-automorphism © of L, one denotes by dg € E* the corresponding
unit.

(R4a) For any automorphism © of an invertible E-vector space £, and any o €

KMW(E. L), one has ©,(c) = (de).0.

Remark 5.2.10. Given a base scheme S, we say S-fields for a field E together with
a morphism Spec(FE) — S essentially of finite type.

(1) Let S be a scheme essentially of finite type over a field. The data and rules
seen so far, except that one has to consider the slightly stronger property
(R3a+) (see Proposition show that KMW restricted to S-fields forms
a MW-premodule in the sense of [Fel20, Def. 5.1].

(2) Let S be a Noetherian scheme equipped with a dimension function. Then
the data and rules obtained above show that KMW restricted to S-fields
forms a cohomological MW-premodule in the sense of [DFJ25, Def. 3.2.1]

5.3. Finer properties and quadratic multiplicities. In this section, we for-
mulate, following [Fel20, [Fel23], stronger forms of properties (Rlc) and (R3a)
involving multiplicities, as in the theory of cycle modules [Ros96]. We also give a
refinement of (R3b) which, even for Milnor K-theory, is new.

Note that the main difficulty compared to Rost’s theory is the necessity to
describe what happens on twists. Compared to the formula given by Feld, we
make explicit the isomorphisms needed to get coherent formulas.

48Beware that the indicated corollary is claimed for arbitrary regular schemes, but the theorem
on which the corollary is based, loc. cit., Th. 2.3.1 and 8.3.4, are only proved for essentially
smooth k-schemes.
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5.3.1. We start with the stronger form of (R3a). We consider a ramified extension
¢ : E — F of valued fields (E,v), (F,w) with ramification index e > 0: woyp = e.v.
We still denote by ¢ : O, — O, the induced morphism on the ring of integers,
and by ¢ : K, — Ky, the induced map on the residue fields.

Let us choose uniformizers n, € O,, 7, € O,, respectively for v and w. One
deduces a canonical isomorphism of x,-vector spaces:

0wy Qg Ky — Wy Ty @ 1 70

where w, = (M,/M?)V (resp. w, = (M,/M?2)") are the respective normal
sheaves.
Note that there exists a uniquely defined unit u € Oy such that ¢(m,) = u.7,.

Proposition 5.3.2 (Property (R3a+)). Consider the above hypothesis and no-
tation. Then the following diagram commutes:

KM (E) 2 KM (1(0), w,)
.. l l<a>.ee.(¢*®en

KMW(F) 25 KMW (1(w), w).

Moreover, the right vertical map does not depend on the choice of uniformizers m,
and Ty.

Proof. Consider an element 0 € KM"(E). As all maps commute with multipli-

cation by 7, one reduces to consider a symbol of the form o = [uy,...,u,]. By
using relation (MW2) of Milnor-Witt K-theory, the fact w(p(m,)) > 0, and the
properties of the residue map, one reduces to the case where o = [my, ug, . . ., Uy,

with u; € O,°. We compute the composite of the maps through the left-down right
corner:

0 (p-(0)) = u ([0, p(ua). . p(ua)]) = (@) [liia), .., pl0)] @ 7oy

where the last equality follows from Theorem W(RGSQ). Another application of
loc. cit. gives 0,(0) = [, ..., U, ® T, and so the first assertion follows.

For the second assertion, we write 7/, = w,my,, T, = UyTy, With w,, u, units.
Then a straightforward computation reduces to show the equality in GW(k,,):

(5.3.2.a) (U ).€c = (U).ec.

If e is odd, one gets (uf)) = (u,) and therefore (5.3.2.a)) is true. If e = 2n is even,
ec = n.h. But for any unit @ € &, one has: (a).h = h (Theorem [2.1.11 GW3)).
U

w?

Thus (5.3.2.a)) holds true in that latter case.

Remark 5.3.3. In the preceding proposition, one cannot avoid in general the pres-
ence of the correcting unit « in the formula of the right vertical map. Using
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property R4a, it is possible to give a more compact definition of this map. Indeed,
working in the abelian group

ZIHom,,,, (wy ®u, Kuw,wy)] = Z[Hom, (wy, wy)],

one can define the element:

e—1
€ — .
Qu = E 511(,1)1 of
=0

with the notation of (R4a). With that definition, the formula of the preceding
proposition reads:

By 0 s = (. ®65) 00,

This last formula agrees with the computation of the A!-homotopical defect of the
purity isomorphism done in [Fel21l Th. 2.2.2].

5.3.4. The preceding formula has interesting corollaries. Let us set up the notation
before stating the first one.

We let ¢ : E — F be an arbitrary field extension, ¢’ : E(t) — F(t) the induced
extension. A closed point x € A}E,(O) corresponds to a monic irreducible polynomial
7, € E[t] and we denote by v, the corresponding 7,-adic valuation on E(t). One
can consider the prime decomposition in F'[t]:

¢me) =]

y/x

The product runs over a finite family of closed points y € AE(O), corresponding
to the irreducible polynomial 7, € F[t], and the integers e,/, are some multiplic-
ities. Equivalently, the m,-adic valuations v, on F(t) runs over the extensions of
the valuation v,, such that v, o ¢}, = e,/,.v,. As for the preceding proposition,
we consider w, and w, the respective normal sheaves associated with v, and v,
respectively. Then one considers the isomorphism 0, : w, ®,, K, — w,, sending
T, @1 tom,. Welet ¢, : k(z) — k(y) be the induced morphism.

Corollary 5.3.5. Consider the above notation. Then the following diagram com-
mutes:

d
0 —— Kin(E) —_— KiWW(E(t)) — @xEA}E,(O) KiVIW(K“(x% wg) —=0

w*l/ Cp;l/ (2) \l]zu/x ey/ﬁ,e'(@y*(@@y*)
00— KMV (F) = KMV (p(1)) -2 KMW
M (F) - KV (F (1) §S

= Dyenr,

(k(y),wy) —0

0

where the two horizontal sequences are the split short exact sequences deduced from

Theorem [3.2.1].
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Proof. The commutativity of the left-hand square is the easy formula (Rla). For
square (2), we consider an element o € KXW (E(t)). As all maps involved commute
with 7, one can assume o = [f1,..., fo], fi € E(t)*. Let S C A}E,(O) be the finite set
of points such that the family (7,).cs is exactly made of the irreducible polynomials
appearing in the prime decomposition of the f;. Thus, dg(o) =" ¢ 0, (0).
Similarly, let T C A}a(o) be the finite set such that the family (7,),er is made

of the irreducible polynomials appearing in the prime decomposition of the ¢'( f;).
Then de(¢,(0)) = 3=y 9o, (¢4(0).

With this notation, the conclusion comes from applying Proposition to
each point y € T and then taking the sum of the resulting formulas. U

Remark 5.3.6. Considering the Rost-Schmid complex as defined in Definition |3.1.5),
the right vertical map of the diagram can be seen as the definition of a pullback
map

fr: CH(Ap). — CH(AR).
associated to the flat morphism f : AL, — AL (note that in this particular case,
though f is not of finite type, it is quasi-finite). In fact the commutativity of

square (2) gives (after adding twists with a line bundle £ over A}) a well-defined
morphism of complexes, called the flat pullback:

[ C* (AL, L) — C*(AL, f1L).

The definition of pullbacks on Rost-Schmid complexes, and thus Chow-Witt groups,
associated with smooth morphisms is well-known (see e.g., [Fel20]). Contrary to
the case of Chow groups, pullbacks with respect to flat morphisms have been
left open since the foundational work of Fasel, [Fas08]. It will be treated in the
forthcoming paper [FJ25].

Using the Bass-Tate approach to transfers in the monogenic case, and especially
the characterization obtained in Proposition [4.2.3 one deduces from the commu-
tativity of square (2) in the previous theorem the following result, which we state
as a lemma for the next statement.

Lemma 5.3.7. Let ¢ : E — F be an arbitrary field extension, and consider the
notation of the previous corollary. Then the following square is commutative:

MW
Zz Trn(z)/E

Diery, K™Y (K (@), ita)/5) K ()
Zy/z ey/z,e-(‘ﬁy*@)ey*)l/ j@*
o T
Dyery, , Ko (5 (Y), Wiy ) ——— K (F)

where the sum on the vertical left-hand side runs over the point y € PL which lies
above x € PL, ey/z 15 defined as in the previous corollary and es /oo = 1. We have
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abused notation by denoting 8, the isomorphism induced by the one of the previous
corollary; explicitly:
Oy : We(a)/E = We @ WL, fr(z) = Wy @ WAL n(y) = Waly)/F
T, ®dt — 7, ®dt.
Indeed, it suffices to apply the preceding corollary, Proposition together
with (R3a) for the case of the valuation at infinity on E(t).

5.3.8. We are now ready to state the stronger form of axiom (R1c), without any
assumption of separability. Namely, we consider a commutative square of rings:

E2L
ey
F—R

where E/, F', L are ﬁeldsﬂ ® is finite, and we have put: R = F ®g L. Then R is
a not necessarily reduced ring.

We choose a presentation L = F[tq,...,t,]/(m1,...,7,) as in Example [4.1.10]
In other words, letting «; be the image of ¢; in the above quotient, one has L =

Flay,...,a,). Moreover, 7; is a polynomial with coefficients in F' involving only
the variables tq, ..., t;, and m;(ay, . .., ®;_1,t;) is the minimal polynomial of a; over
F[O[l, c. ,Otl',l].

Then, m; seen as a polynomial in ¢; can be uniquely factored in F' as:
m= [y
NS
where 7y ; is an irreducible polynomial in F'[t;], and e; ; a positive integer. Arguing
inductively, one obtains the following presentation of R:

R=[] Fltr,- - tal/ (7157w

zeX
such that for any (i,z) € [1,n] x X, m;, is a polynomial in (¢y,...,%;) such that
Tiz(01,...,0;-1,1;) is a prime divisor of m;(av, ..., a;-1,;) in Flag, ..., o1, 8]
Moreover, the indexing set is X = Spec(R), the set of prime ideals of R.
Let us fix a point € X. Asa prime ideal of R, one can write = (71 4, ..., Tpz)-

The local Artinian ring R, is of length:
e :=1g(Ry) = €x1 " €xn.

Moreover, the residue field x(z) := R/x is finite over F' and one can define an
isomorphism of F-vector spaces:

(935 WL/E Xr, F ;> We(z)/F»
(TN AT @Aty Ao Ndty) — (e Ao A Te) @ (dty AL A dty)

49only the positive characteristic case is relevant
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The following result gives a more precise form of [Fel23, Th. 3.8].

Theorem 5.3.9 (Property (Rlc+)). Consider the above notation. Then the
following diagram is commutative:

*

KMY(L,wpp) KMYV(E)

Zzez,&%?m*@az* Px
@*

B x KM (15, w0, ) —=e KM (F)

where x runs over the prime ideals of R = L @p F', and the map ®, : ' — Ky,
Yo+ L — kK, are induced respectively by ®, .

Moreover, the left-hand vertical map is independent of the chosen parametriza-
tion of L/E.

Proof. The proof follows that of loc. cit. By multiplicativity of the symbol 7. (see
the end of , and compatibility of the isomorphism 6, with the number of
variables n, one reduces to the case where L/FE is monogenic, i.e. n = 1 with our
previous notation. To simplify the notation, we write t, «, 7w, ...for t1, aq, 1,
etc. ..

Then the first statement to be proved is a particular case of Lemma [5.3.7],
obtained by considering only the point 2’ € A}L(O) such that L = k..

Finally, the second statement follows from (the last statement of) Proposi-
tion [5.3.2 O

Remark 5.3.10. This theorem is in fact the projection formula f*p, = ¢.¢g* in
(graded) Chow-Witt groups for the Cartesian square:

PL —> Spec(F)
9y %
PL, —~ Spec(E).

This is in fact one of the main properties needed for a flat pullback. Compare to
[Fel23], we have avoided the need of a (perfect) base field, and we have described
the isomorphisms needed to change the twists (i.e., the map 6,.).

Surprisingly, f is induced by an arbitrary field extension, not necessarily finitely
generated.

5.3.11. As a corollary of the preceding theorem, one can refine Theorem [5.2.6]
Therefore, we consider the assumption of without assuming condition (F).
So (E,v) is a discretely valued field, F'/E any finite field extension. We let A = O,
be the ring of integers of (E,v) and B be the integral closure of A in F.

As recalled in loc. cit., the maximal ideals of B are in bijection with the set I
of discrete valuations w on F' that extends E. For such a valuation w, we let e,
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be the ramification indez, such that w|g = e,.v. We also let f, be the residual
degree, that is the degree of the induced extension of residue fields k,,/ k..

We will also consider A" (resp. A) the henselization (resp. completion) of the
discrete valuation ring A, and E" (resp. E) its fraction field. To simplify, we
abusively denote by v the canonical valuation on E® (resp. E) Then, as A"/A
is ind-étale, B ®4 A" is reduced, semi-local, and a product of discrete valuation
rings indexed by I:

BwjA"=]]B,
w/v
where B" is the localization of B® 4 A" at the prime corresponding to the valuation
w/v. We let E" be the fraction field of B". Tt follows that F"/E" is finite, and
that B! is the ring of integers of the unique valuation w" on F" that extends v"
(see e.g. [EV02, (2.8) Theorem]|). Note that, by considering total ring of fractions
in the preceding identification, we also have the canonical identity:

FopE" = H "
w/v

Moreover, F" coincides with the henselization of the discretely valued field (F,w).
One deduces the relation:

[F:E]=> [Fi:E".
w/v
On the other hand, the ring B ®4 A is non-reduced in general, as well as the

ring F @p E (see [BouO6, VI, §8, n°2, Prop. 2]). It is still semi-local, and one has
an identification (see loc. cit.):

B ®A A = H B(w)
w/v
where B(w) is the localization of the ring B ®4 A at the prime corresponding to
w. The reduction of B(w) coincides with complete discrete valuation ring (’)w,

completion of the ring of integers of (F,w). Letting F,, be the fraction field of O,
we also get the identification:

(F KR E)red - HFw
w/v
We can now state the following result of valuation theory, which enlightens prop-

erty (F) of f2

Proposition 5.3.12. Consider the above notation. Given a valuation w on F
which extends v, there exists a unique integer d,, = p™, where p is the character-
istic exponent of E, such that

(5.3.12.a) [El: B = dy.ey fo
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Moreover, the following conditions are equivalent:

(i) dy, = 1.

(ii) B! is a finite A"-algebra.

(111) B(w) is reduced.
Further, one has:
[ - B
[E, : E]
Following [Kuhl11], we call d,, the defect of (F,w) over (E,v).

(5.3.12.b) dy = = lg(Bw))-

Proof. According to the preceding discussion, we can reduce to the case where
A = A" is a henselian local ring, so that (E,v) is a henselian discretely valued
field and there is only one discrete valuation w on F' extending v. In particular,
one has F = F" E = E" We put F = F,, and write e = e,, for the ramification
index, f = f,, for the residual degree.

We know from [Bou06, VI, §8, n°5, Th. 2/Cor. 2| that: [F': E] = ef. Moreover,

as F @y F is a local Artinian ring with fraction field F', one gets:
dimg(F) = dimg(F ®p E) =1g(F ®5 E). dlmE(F).

In particular, we can put d, = 1g(F ®p E), in order to get relation (5.3.12.a]). It
follows that d,, is a power of the characteristic of E. Moreover, d@?ﬂ)lqows
from what was already said, and the fact that F' ®pg E is a localization of B®4 A.
The equivalence between (1) and (iii) is obvious according to this definition. The

equivalence between properties (i) and (ii) follows from [Bou06l, VI, §8, n°5, Th.
2]. O

Remark 5.3.13. In particular, the defect d,, for various w over v, and various finite
field extensions F'/ E measures the failure of the valuation ring O, to be Japanese.

Examples of discrete valuation rings with non-trivial defect are given in [Liu02|
Ex. 2.31], [Tem1ll Ex. 2.3.5], [Stack, Tag 09E1].

Based on the notion of defect of a finite extension of valuation ring, we can refine
formula (R3b) of Theorem by removing the assumption (F).

Theorem 5.3.14 (Property (R3b+)). We consider a discretely valued field (E,v)
and a finite field extension F/E. For any valuation w on F extending v, we let

d,, be its defect, as defined above. Then the following formula involving the basic
maps (D2), (D3) and (D4) of Milnor-Witt K-theory holds:

0, 0 ®" = Z(dw)e@; 0 6Y 0 0y.
w/v

Proof. The formula is obtained by combining (R1c+) with respect to the field ex-

tensions F/E and E/E, and (R3b) with respect to each extension (F,,, w)/(E,v).
4
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Remark 5.3.15. After taking reduction modulo 7, the previous formula is valid for
Milnor K-theory, where one can replace the quadratic form (d,). by the integer
dy. In this form, it makes explicit Remark (1.8) of [Ros96].

6. APPENDIX: COHERENT DUALITY, TRACES AND RESIDUES
6.1. Categorical duality and traces.

6.1.1. We recall the classical categorical framework for expressing duality. We
refer the reader to [MacT1], Section XI.1 (resp. VIL.7), for references on symmetric
monoidal categories (resp. closed symmetric monoidal categories). To simplify the
exposition, we will apply Mac Lane’s coherence theorem (loc. cit., XI.1, Th. 1)
and consider that any composite of coherence isomorphisms (i.e. expressing unity,
associativity, commutativity of the symmetric monoidal structure) is an identity.
The historical references for the next two definitions are [DP80] and [SRT72].

Definition 6.1.2. Let (C,®,1) be a symmetric monoidal category and M an
object of C. We say that M is strongly dualizablﬂ if there exists an object MV
and morphisms:

T MM —-1,6:1— M @M,

respectively called the duality pairing and co-pairing, such that the following com-
posite maps

M OMES o MY o M EES g
MY 22 MY o Mo MY 0T MY
are the identity. One says that M" is the dual of M.
The triple (MY, 7, §) uniquely determines M" as the dual of M. It follows from
the definition that the functor 75y = (M ® —) is both left and right adjoint to the

functor 7pyv = (MY ® —). In particular, 7pv is the internal Hom functor with
source M, and one gets a canonical isomorphism, bifunctorial in M and N:

MY ® N ~ Hom(M, N).

When the monoidal category C is closed, there is an isomorphism M"Y ~ Hom(M, 1),
uniquely characterized as the evaluation at 1 of the canonical isomorphism 7, >~
Hom(M, —).

Example 6.1.3 (exercise). Let A be a (commutative) ring, and A-mod be the
closed symmetric monoidal category of A-modules. Then the following conditions
are equivalent:

(i) M is strongly dualizable in A-mod;

(ii) M is a finitely generated projective A-module.

50 Another terminology which appears in the context of the Tannakian formalism is rigid.
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Example 6.1.4. The preceding example generalizes to a quasi-compact quasi-
separated scheme X. Let D(Ox) be the derived category of Ox-modules, endowed
with its closed symmetric monoidal structure via the derived tensor product. Let
K be an object of D(Ox). Then the following conditions are equivalent (see for
instance [Stack, Ex. OFPC, Lem. 0FPD, Prop. 09M1]):

(i) K is strongly dualizable in D(Ox);

(ii) K is a perfect complex of Ox-modules;

(iii) K is compact.

Definition 6.1.5. Consider the above setting and let M be a strongly dualizable
object with dual (MY, 7, ). We define the trace of an endomorphism f : M — M
as the following element of the ring End¢(1):

trae(f) 15 Mo MY 51
where f’ is obtained by adjunction from f. This defines a map:
try - Ende(M) — Ende(1).

Remark 6.1.6 (exercise). One can derive the following formulas for the traces just
defined:

o try(fog)=try(gof).
o tryen(f ®g) =tru(f) @ tra(g).
o try(Af) = A try(f), A € Ende(1).

Example 6.1.7. Consider the setting of Example [6.1.3] Obviously, 1 = A and
End4(A) = A, as a ring,

Given a strongly dualizable A-module M, the trace map Trys : Enda(M) — A
defined above coincides with the classical notion in number theory. In particular,
when M admits a (global) A-basis (fi, ..., f,), through the induced isomorphism
Endy (M) ~ M, (A), the map Try, is the usual trace map of matrices.

6.1.8. Consider again the abstract situation of a symmetric monoidal category
(C,®, 1), and a strongly dualizable object M of C with dual (M"Y, 7,0).
We remark that the trace map try; is induced by an internal trace map:

try, : Hom(M, M) ~ MY @ M ~ M & M" 5 1.

This means that try, = Hom(tr,,, 1).
Assume now that M admits a product map p: M ® M — M (for example, M
is a monoid, [Mac71, VII.3]). Then one gets a p-trace morphism:

T, M 5 Hom(M, M) 224 1
As a particular case, one gets back the following classical definition from algebra:

Definition 6.1.9. Let A be a ring and B be a commutative A-algebra which is
projective and finitely generated as an A-module.
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Then B is a strongly dualizable A-module and we define the trace morphism
Trp JA - B— A

as the A-linear map associated above with respect to the multiplication map B ® 4
B — B.

Concretely, the trace of an element b € B is the trace of the endomorphism
v such that y,(z) = b.x. It can be computed locally by choosing bases of the
A-module B and using the trace of matrices. The local definitions then glue using
faithfully flat descent.

Let us recall the following classical result.

Proposition 6.1.10. Let B/A be a finitely generated projective ring extension.
Then the following conditions are equivalent:
(i) B/A is étale.
(ii) For every prime ideal q in B, p being its inverse image in A, L = B/q,
K = A/p, one has: Trx # 0.
(iii) The bilinear form B @4 B — A,x ® y +— Trp/a(zy) is non-degenerate —
i.e. induces by adjunction an isomorphism B — B of A-modules.

In particular, o finite field extension LK is separable if and only if Trp i # 0.

Therefore, the above notion of trace map is inadequate for inseparable field
extensions, since it yields the zero map. This justifies the use of a finer duality
theory, which was introduced by Grothendieck. We recall the abstract setting to
end up this section.

Definition 6.1.11. Let (C,®, 1) be a closed symmetric monoidal category. Let
K be an object of C, and write Dg (M) = Hom(M, K). The evaluation map
M ®@Hom(M, K') induces by adjunction a canonical map wy; : M — Dg oDy (M).

One says that K is dualizing if the natural transformation w : Id¢ — Dg o Dy
is an isomorphism.

In words, D (M) is called the weak K-dual of M, and the definition asks that
any object M is isomorphic to its double weak K-dual, by the canonical map wy,.

Remark 6.1.12. (1) In the original definition of a dualizing complex ([Har60,
Definition p. 258]), one had additional assumptions (finite injective dimen-
sion and lower boundedness). One has progressively dismissed this kind
of assumptions, in order to extend Grothendieck’s theory to other context
(torsion étale sheaves [ILO14, VII, 6.1.1], constructible pro-étale sheaves
[BS15], 6.7.20], D-modules, motivic homotopy [Ayo07], 2.3.73] and motivic
complexes [CD19| 4.4.24]).

(2) The seminal definition of Grothendieck has been extended in several direc-
tions. We refer the reader to [BD13| for further developments.
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6.1.13. Consider a dualizing object K of C as in the above definition. Then one
has the following basic properties:

(1) The map 1 — Hom(K, K), deduced from Idx by adjunction, is an isomor-
phism.
(2) For any object M, N in C, one has an isomorphism:

Dg (M ® Dg(N)) ~ Hom(M, N).

(3) An object K’ of C is dualizing if and only if there exists a ®-invertible
object L such that K/ = K ® L.
Moreover, in this case, one has L ~ Dg/(K) = Hom(K, K').

(4) If M is a strongly dualizable object in C with dual MY, then Dy (M) ~
MY ® K.

(5) The dualizing object K is strongly dualizable if and only if it is invertible.

We give the arguments for completeness:

(1) use the isomorphism 1 ~ Dg(Dk(1)) and Hom(1,—) ~ Id¢ (as a right
adjoint to the functor (1 ® —)).

(2) Use the sequence of isomorphisms:

Dy (M@Dg(N)) = Hom (M&Dg(N), K) =~ Hom (M, DgDg(N)) =~ Hom(M, N).

(3) «: use Hom(M, N ® L) ~ Hom(M ® L™', N) ~ Hom(M, N) @ L.
= one reduces to proving that M — M ® Dg(K’) is an equivalence. It
suffices to apply the equivalence D, point (2) to reduce to the fact that
Dy is an equivalence.

(4) Follows from definitions.

(5) Follows from point (4).

Example 6.1.14. In the category of locally compact abelian groups, the unit
circle T = R/Z is a dualizing object. We will see more examples in the next
section.

6.2. Grothendieck differential trace map and duality.

6.2.1. Let f : X — S be a morphism of quasi-compact and quasi-separated
schemes. We have an adjoint pair:

We say that a complex K of D(Oy) is quasi-coherent if its cohomology sheaves
are quasi-coherent. We let D..(X) be the full sub-category of D(Ox) made of
quasi-coherent complexesﬂ Both functors Lf* and R f, preserves quasi-coherent

complexes (see [Stackl, Lemmas 08DW, 08D5]). The following theorem is one of
the essential part of Grothendieck’s duality theory.

5lFor Noetherian schemes, this category is equivalent to the derived category of the abelian
category of quasi-coherent sheaves: see [Stackl Prop. 09T4].
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Theorem 6.2.2. Consider the above assumptions.
(1) The functor Rf, : Dqc(X) — Dg(S) admits a right adjoint. When f is in
addition proper, we denote this right adjoint by f': Dge(S) — Dge(X).
(2) If f is proper smoothable lci with canonical sheaf wx/s and relative dimen-
sion d (see Definition , there exists a canonical isomorphism.:

pr:wxssld) = f(Og)

with the notation of the preceding point. It is called the purity isomorphism
associated to f.

Proof. The first statement is Neeman’s theorem (see [Nee96], [Stackl 48.3.1]).

We could not find an appropriate reference for point (2). However, it follows
from the results of [Har66], with some complements brought by many years of
improvement. Let us summarize the arguments from the literature. We now erase
the symbols L and R for readability.

First, we fix a factorization of f as X — P 2 S such that i is a regular closed
immersion and p is a smooth morphism. We will consider the functors ' and p'
restricted to D (X), which is legitimate thanks to [Stack, Lemma 0A9I].

According to [Stackl Lemma 0AT76], there exists a canonical isomorphism (uniquely
characterized by the adjoint property) of functors i' ~ ¢° where 4’ : DE.(P) —
DZ.(X) is the functor defined in [Har66, I1I. §6]. As i is a regular closed immer-
sion, there exists a canonical isomorphism of functors by [Har66), III. Cor. 7.3]:

pi : wx/p[—m] = wx/p[—m] ®i*(Op) ~ " (Op) ~i'(Op)

where m is the codimension of 4.
As p is proper and smooth, there exists a canonical isomorphism of functors, as
defined in [Nee20), 4.1.6]:

Py - wrys[n] = (wpysln] @ p*(Os)) = p'(Os)
where n is the dimension of p. In particular, the complex p'(Qg) is perfect.
We now build the desired map as the following composition:

wysld] ~ wx pl—m] @ i*(wpysn]) 223 (0p) @ i*(p(O))

W N Op © P (05)) ~ f(Os)

where the isomorphism (x) exists as ¢ is lei ([Stackl, Lemma 0A9T]).

To justify the word “canonical”, one needs to prove that the above isomorphism
does not depend on the choice of the factorization. The steps for this fact are
well-known. The main points may be found in [Har66l, §I11]: 2.2, 6.2, 6.4, 8.1 (see
also the proof of Th. 3.3.2 [DJK21]). O

Remark 6.2.3. In fact, the purity isomorphism can be generalized in the coherent
context as follows. For any bounded quasi-coherent complex K, one defines an
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isomorphism by the following composite maps:

(), s ! Pro px
FHE) == [(K) @ f1(Os) = [*(K) @ wys[d],
where the isomorphism (x) follows from [Har66l III, 8.8].
Note this is specific to the coherent case. The analogue isomorphism does not
hold in other six functors formalism such as the étale /-adic or motivic one, unless
further restrictions to f are assumed (e.g., f is smooth, or a nil-immersion).

Definition 6.2.4. Assuming f is proper smoothable Ici of relative dimension d,
we will denote by

TI"‘}J : Rf*(wx/g)[d] — Og

the map in D.(S) obtained by adjunction from py and call it the differential trace
map associated with f.

When f is finite lci, the source and target of the map Tr} are concentrated
in degree (0. Therefore, it gives, by taking cohomology in degree 0, a canonical
morphism of coherent Og-modules, and we will consider it as such. Taking global
sections, we will also consider the induced trace map:

TI‘;J(/S : F(X, wX/S) — P(S, Os)

Finally, if X/S is the spectrum of a finite lci ring extension B/A the above map
will be denoted by:

Tr5 /4 wpa — A
Remark 6.2.5. The above definition clarifies several properties of the differential
trace map. It is functorial with respect to flat base change in X, and compatible

with disjoint sums in X.
This means in particular that if we have an isomorphism of finite lci A-algebras:

©:B 5[] B
iel
the following diagram is commutative:

CH
wp/a ——=—>[Lic; wni/a-

Ty /A\ A i B, /A

Remark 6.2.6. The compatibility with composition of the trace map is more in-

volved. Consider a factorization X % YV 2 S of f by proper smoothable and
lci morphisms, of respective dimensions n and m. First recall that there exists a
canonical isomorphism (see |4.1.7)):

VY wxs 2 wxy @ (ffwys).
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The compatibility with composition of the differential trace map is expressed by
the following commutative diagram (again we discard the symbols R and L for
readability):

Tr§/s
felwxys)ld] Og
fap |~
fe(wxyy @ (g*wyys))[d]
~ (1, @1 T s
hi (g (wx/v)[n] ® wys)[m] (15 o) h(wy/s)[m] / Os

The second vertical map is obtained by the so-called projection formula, which
holds here either because g is proper or even simply as wyys is an invertible sheaf.
This statement follows from [Har66l III, 10.5] (see also [Con00, Th. 3.4.1]).

In the affine case, X = Spec(C'), Y = Spec(B), S = Spec(A), f, g and h being
finite, the diagram takes the following simpler form:

TrY,
c/A
wC/A A
vy~ T, @1d v 4 ”
We/B OB WB/A WB/A A.

6.2.7. A particular case of duality. For any quasi-coherent complex K over X,
and any proper smoothable lci morphism f : X — S| the adjunction property of
the pair (Rf,, f') gives an isomorphism:

Homp(o,) (K, wx/s[d]) = Homp(og) (Rf(K), Os),
(u: K — wyysld]) — (Tr‘)”(/s oRf.(u)).

In the case of a finite lci ring extension B/A, and for a B-module M, this boils
down to an isomorphism:

Homp(M,wp/a) = Homa(M, A),

(u: M — wpa) — (Tr‘é/A ou).
Taking M = B, we get an isomorphism between A-linear forms on B and elements
of wp/a:

wB/A :> HomA(B,A),

w e (Py: A Tr“é/A()\.w)).

Example 6.2.8. We end-up this section with a few classical examples of duality
in the case of coherent sheaves.

(1) A concrete case of duality is obtained when S is the spectrum of any field £,
X a proper smoothable lci k-scheme. In that case, the first isomorphism of
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applied to K[n| where K is a bounded complex with coherent cohomology, gives
an isomorphism of k-vector spaces:

Ext$ (K, wxm) = H*(X, K)*
The trace map Try ), induces what I will call the Gysin map associated with f:
frr HY(X, wxr) = k

and the above duality isomorphism is induced by the Poincaré duality (perfect)
pairing:

Exth (K, wx) @ H'(X, K) = k
(@,y) = filz.y).

(2) In the case of a proper smoothable lci morphism f : X — S, one can
interpret Grothendieck duality, for K = Oy, by saying that Rf.(Ox) is strongly
dualizable (Definition [6.1.2, Example with dual given by R f.(wx/s)[d]. One
of the pairings coming from this duality is a relative version of the Poincaré duality
pairing:

T
R/.(Ox) @ Rf.(wx/s)ld] = Rf.(wxs)ld] — Os
where the first map comes from the fact Rf, is weakly monoidal (as the right
adjoint of a monoidal functor).

(3) Of course, the theory can be considerably generalized - but we will only
need the case of finite field extensions! Indeed, Grothendieck’s main objective was
to obtain duality for any proper morphism f : X — Spec(k). He achieved this
by constructing a dualizing complex Ky = wx/x, which is no longer an invertible
sheaf in general (except if X is Gorenstein, see [Har66, V, 9.3]). We refer the
reader to [Har66l [Con00] or [LH09, Chap. 1].

6.3. Grothendieck and Scheja-Storch Residues.
6.3.1. We consider a commutative diagram of schemes:
i P P
N

X S

such that f is finite lci, p is smooth of relative dimension n, and i is a closed
immersion with ideal sheaf Z C Op. The hypothesis imply that i is regular of
codimension n.

Recall that we can associate to the above commutative diagram a canonical

isomorphism (see paragraph [4.1.7)):
O : wx/s >~ wx/p ®(9X i*wp/s >~ (An(I/IZ))V ®0P QTILD/S
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Definition 6.3.2. Consider a global differential n-form w € I'(P,Q}/5) and a

global regular parametrization (fi,..., f,) of Z. We define the Grothendieck
residue (symbol) of w at (fi,..., fn) as the element of I'(S, Og):

Resps { L fJ C T (A AT @1 ()

where we have used the differential trace map of Definition and we have
considered the element (fi A ... A f,)* ® i*(w) as an element of wp/a via the
isomorphism ©.

This definition agrees with that of [Har66, I11, §9] and that of [Con00, Appendix
A, (A1.4)]

6.3.3. We now explain a method of Scheja and Storch to compute the above
residue, and therefore the differential trace map. Our reference is [Kun08, §8].

We will restrict to the affine case. Let B be a finite projective A-algebra: in
other words, B is strongly dualizable as an A-module, see Example [6.1.3]

In what follows, we will use a set of indeterminates t = (¢1,...,t,), and put
Alt] = Alty,....,t,) for brevity. We assume that B is a complete intersection
A-algebra: there exist elements o« = («y,...,q,) € B" which generate B as an
A-algebra and the kernel of the surjective map

A[ﬂ — B,tz = oy

admits a regular parametrization I = (fi,..., f,) for polynomials f; € A[t]. We
say that f = (fi1,..., fn) is a presentation of the lci A-algebra B.

Putting S = Spec(A), X = Spec(B), P = A% = Spec(AJt]), we are therefore in
the conditions of paragraph . Consider the composite mapﬂ:

c:B[j>B®,BL B

where p is the multiplication map, and the first arrow is the natural surjection
coming from the identification B ®4 B = B ®4 A[t]/I = Blt]/I. We consider the
ideals:

J =Ker(u) C B®y B,

K = Ker(o) C Bl[t].

2The sign in the latter can be explained as:

(AN AF) =FEN L NfE= (=)= D2 N LA FE

93Geometrically, this map corresponds to the graph v; : X — X xg P of the closed immersion
1: X — P. As i is regular and P/S is smooth, «; is regular. Algebraically, it is just the map
evaluating t; at «;.
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Moreover, K admits a regular parametrization, K = (t; — aq, ..., t, — a,) and one
obtains the identification J = K/I as obviously I C K asideals of B[t]. Therefore,
there exist polynomials ¢;; € BJt] such that

n

Vi € [1,n],f1 = Zcij.(tj - Oéj).

j=1
Finally, the element

Ay = det (Cij(@)lgi’jgn) € B®y B
is independent of the chosen polynomials ¢;; (see [Kun08, Lemma 4.10]).
Definition 6.3.4. Consider the above notation: B/A is a finite projective com-
plete intersection and f = (f1,..., fn) € A[t]" is a fixed presentation of B/A. Then

the element Ay € B®y B is called the Bézoutian associated with the presentation
f of B/A.

Remark 6.3.5. This definition is of course an extension of the classical Bézoutian
(or rather the determinant of the Bézout matrix) arising from Euler and Bézout
elimination theory, which corresponds to the case where A = k is a field and n = 2.

6.3.6. Consider again the setting of We put B* = Homu(B, A), which is
the (canonical) dual of the strongly dualizable A-module B (see Definition [6.1.2)
and what follows).ﬁ As B is strongly dualizable, the canonical map:
®: B®y B — Homa(B*, B),
bR — (¢ @(b).b)
is an isomorphism. The following lemma is now a formality (see [Kun08| 8.13];

beware to translate the notation: I (resp. wp/a) in loc. cit. is what we denote by
J (resp. B*) here.)

Lemma 6.3.7. Consider the above notation. Recall that J = Ker(B®4 B % B),
seen as an ideal of B ®4 B. Then ® induces an isomorphism:
Ann(J) = Homa(B*, B).
With this lemma in hand, we see that there exists a unique A-linear map 7y :
B — A, equivalently 7y € B* such that:
(637&) (I)(Af)(Tf) = 1B
Definition 6.3.8. Consider the above notation, as in Definition [6.3.4f We call

the A-linear map 74 : B — A the Scheja-Storch trace map associated with the
presentation f of B/A.

54Following the usage, we identify the set of morphisms Hom 4 with the internal Hom-functor
in the category of A-modules.
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Example 6.3.9. We consider the monogenic case:

B = Alo] = A[t]/(f)
where f is a monic polynomial in one variable ¢:
fit)=ag+ -+ an_1.t"F + 1"
Thus B is a free A-module with basis 1,a,...,a" . Then one can compute A;
explicitly and one finds that
= (@) a8

Remark 6.3.10. In the above example, the map 7y does depend on the chosen gen-
erator v of B/A, or more explicitly on the chosen presentation of B/A. Therefore,
it is sometimes customary to put:

TB/A = Tf-

In view of [Tat52, §1, (2)], corresponding to the case where B/A is an inseparable
extension field, the map 7 is sometimes called the Tate trace map (cf. [Kun0§]).

Theorem 6.3.11. Consider the assumption of the above definition.
Then the A-linear map 74 : B — A is not B-torsion, and in fact is a B-basis of
Homy (B, A).

In other words, the symmetric bilinear form
0 B®aB— Abb — 7,(0)
18 non-degenerate: the associated map
B — B* = Homyu(B,A),b— b1y = ps(b,—)
18 an isomorphism.

Proof. Using the definitions of [6.3.3 one obtains that Ann(J) is a principal ideal
generated by the Bézoutian Ay; a result attributed to Wiebe, see [Kun08, Cor.
4.12]. According to the previous lemma, Ann(J) ~ Hom,(B*, B) is also an invert-
ible B-module. So Ay is a B-basis of the B-module Ann(.J). Relation (6.3.7.a))
then implies that 7 is a B-basis of B* as expected. The other assertions are formal
consequences of this fact. O

We are now ready to state the link between the concrete construction of Scheja
and Storch and the theory of Grothendieck residue symbols (Definition [6.3.2)).

Proposition 6.3.12. Recall the situation of the previous theorem and definition:

e B is a complete intersection, finite and projective A-algebra
e fis a presentation of BJA: f = (fi,..., fa) is reqular sequence of elements
of R=Alty,...,tn], I = (f1,..., fn) and B = R/I.
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Recall that we have a canonical isomorphism (see Example
O :wp ~ A" (1/1%)" ®r Q/a-
Then, for any X\ € R, with image \ in B = R/I, we get:

A'dt}l/\- - fi\ dtn] — 0.

In other words, if we let w = (fi A ... A f,)* @ i*(dt; A ... A dt,) seen as an
element of wp/4 via the isomorphism ©, for any b € B, one gets:

Resg/a [

(6.3.12.a) Trp a(bw) = 74(b).
Or equivalently, with the notation of [6.2.7} 1, = 7.

Proof. In the case where A = k is a field (the only case we will need!), this is
[Kun08, Prop. 8.32]. In general, one can reduce to this case by base change: we
need to compare two trace maps associated with f : X = Spec(B) — Spec(A4) = S
which is finite and syntomic. Both traces Tr%,, and 7; are compatible under
arbitrary base change (as syntomic finite morphisms are stable under base change)
so that we can reduce to residue fields of S.

Alternatively, both definition of residues, via respectively Grothendieck and
Scheja-Storch methods, satisfy the properties (R1)-(R10) of [Har66, 111, §9] (see re-
spectively [Con00, Appendix A] and [HL79, [Hop83|). This uniquely characterizes
the residue symbol. U

In view of Example|6.3.9] we deduce the following comparison of the Grothendieck
differential trace map and the Tate trace map (Remark |6.3.10)).

Corollary 6.3.13. Suppose B/A is a monogenic extension ring, of the form B =

Alt]/I where I = (f) for a monic polynomial f € A[t]. We identify wg,a with the
B-module (I/1*)* @ ap Qapa (via the isomorphism © of Example .
Then for any b € B, one gets:

(6.3.13.a) Te 4 (b.f* @ dt) = 75,4(b)
with the notation of Remark|6.5.10

Corollary 6.3.14. Let B be a finite étale A-algebra. Then wpa = B and the
following diagram commutes:

w
Wh/A B/

L T=A
B—t.
I'p/A

where Trp 4 is the “usual” trace map (Definition .
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Proof. This is asserted without proof in [Har66, Remark p. 187]. As both trace
maps are compatible with composition, the proof reduces to the case where B/A
is monogenic, B = Ala] = A[t]/(f), f being a monic polynomial in one variable ¢
such that f'(a) € B*. Note that under the identification

©:B :COB/A ~ (I/_[Q)*®Q}A[t]/14

one has O~ '(f ® dt) = f'(a)~" (as explained in Example [4.1.10} separable case).
Example shows that 7; = ("~ !)* where n is the degree of f in .

Therefore, the relation of the corollary follows from the previous corollary and
the “Euler formula” (see for instance [NS03, Prop. 1]):

Trpa (f/(@)7A) = (@) (V).
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