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ABSTRACT

TIPTOP is a python library that is able to quickly compute Point Spread Functions (PSF) of any kind of
Adaptive Optics systems. This library has multiple objectives: support the exposure time calculators of future
VLT and ELT instruments, support adaptive optics systems design activities, be part of PSF reconstruction
pipelines and support the selection of the best asterism of natural guide stars for observation preparation. Here
we report one of the last improvements of TIPTOP: the introduction of the error given by a single conjugated
laser, commonly known as the cone effect. The Cone effect was not introduced before because it is challenging
due to the non-stationarity of the phase. Laser guide stars are at a finite distance with respect to the telescope
and probe beam accepted by the wavefront sensor has the shape of a cone. Given a single spatial frequency in an
atmospheric layer, the cone effect arises from the apparent magnification or stretching of this frequency when it
reaches the wavefront sensor. The magnification effect leads to an incorrect estimation of the spatial frequency.
Therefore, we estimate the residual power by calculating the difference between two sinusoids with different
periods: the nominal one and the magnified one. Replicating this for each spatial frequency we obtain the
power spectrum associated with the cone effect. We compare this estimation with the one given by end-to-end
simulation and we present how we plan to validate this with on-sky data.
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1. INTRODUCTION

Adaptive Optics (AO) is a technique used to compensate the effects of atmospheric turbulence and it is becoming
increasingly popular among current and future astronomical instruments of large ground based telescopes (a
non exahustive list is [1], [2], [3], [4], [5], [6], [7] and [8]).

Numerical simulations are playing an important role in the sizing, development, and analysis of AO
systems and several libraries are used to numerically simulate AO systems, like Refs. [9], [10], [11], [12]
and [13]. TIPTOP [14] is one of these libraries: it is an analytical simulator developed in Python that
works in the Fourier domain that can quickly∗ produce the AO Point Spread Function (PSF) of several
kind of systems. It is available on github at https://github.com/astro-tiptop/TIPTOP and on pypi at
https://pypi.org/project/astro-tiptop/. The goals of TIPTOP are many: from supporting AO system
design and observation preparation, estimating the PSF for exposure time calculation, to being part of the PSF
reconstruction activity (it is also part of the tools developed in the context of the ESO ELT working groups,
see Ref. [15]).

In this work we focused on a new feature of TIPTOP†, the ability to simulate the cone effect of a Single
Laser guide star Adaptive Optics (SLAO) system like ERIS [16] and KECK Laser Guide Star (LGS) AO
system [17, 18].

In the past, attempts have been made to find a solution to introduce the cone effect into Fourier simulation
(for example in Ref. [19] and [20]). As described in Ref. [21], in the case of the classical AO, modeling the cone
effect using a filter on the PSD is not feasible due to the non-stationarity of the residual phase. In the case of
tomographic AO, the situation is different, as information from several stars is used for volume estimation. The
residual phase is no longer given by the simple difference of a plane wave and a spherical wave, but from the
result of turbulent volume estimation by several spherical waves and the plane wave. The residual phase thus
regains a certain stationary character.

In this work we followed a different approach based on sinusoids and on the magnification effect seen by the
wavefront sensor and given by the spherical wave propagation. This method is described in Sec. 2 and it is
combined with the other error sources of TIPTOP and the tilt filter (tilt filter is presented in Sec. 3) to produce
the so called high orders PSF, that is the PSF generated by the LGS correction without the tip and tilt errors
associated with the sensing and correction of the natural guide star. We compared the results from TIPTOP
with the one of end-to-end simulation in Sec. 4. Finally, we conclude the paper with a few comments in Sec. 5
and we present a possible alternative approach in Appendix A.

2. CONE EFFECT IN THE SPATIAL FREQUENCY DOMAIN

In this section we present the method to compute the error associated with the so called focal anisoplanatism
or cone effect for a SLAO system. Let’s consider a single spatial frequency f < fDM

c (DM is deformable mirror,
and fDM

c the DM’s maximum correction frequency linked to the actuator pitch). The correction of f in a system
with the source at infinity is perfect, if we exclude aliasing, measurement errors, and reconstruction errors.
However, in a system with a source at finite distance, the wavefront sensor can be tricked by a magnification
effect due to the systems geometry. As shown in Fig. 1(a)), only the central part of the wavefront is measured
by the sensor. This measurement is then used to control the DM on the full pupil. This leads to a mismatch
between the wavefront seen by the observed star and the corrected wavefront. The magnification of the wavefront
at a distance h from the entrance pupil is equal to

m =
hNa

hNa − h
. (1)

With hNa the altitude of the LGS and h the altitude of the atmospheric layer observed. If x is the pupil
position going from −r to r (r is pupil radius) and considering a sinusoidal signal with unitary amplitude,

∗especially when GPU/CUDA acceleration is available.
†available from version 1.1.

https://github.com/astro-tiptop/TIPTOP
https://pypi.org/project/astro-tiptop/


(a) Scheme of the geometry. Black
curve is the input signal on the
right.

(b) Input signal (wavefront to be corrected), reconstructed signal
(wavefront seen) and error, 0 phase shift case. X-axis units are
radius units.

Figure 1: Example of the magnification given by the cone effect on a spatial frequency with 1.5 period in the
diameter at a distance from the entrance pupil that is half the distance between the source and the
entrance pupil. The sensed signal has a spatial frequency that is half the one of the input.

s(f, x) = sin(2πfx), the reconstructed signal, srec, is:

srec(f, x,m, ϕ) = A(f,m) sin

(
2π

f

m
x+ ϕ

)
(2)

where ϕ is the phase shift and A(f,m) is approximated as:

A(f,m, ϕ) = argmin
A


√√√√∫ r

−r

(
sin(2πfx+ ϕ)−A sin

(
2π

f

m
x+ ϕ

))
x2dx

 . (3)

The minimization found in equation 3 is an approximation of the closed loop behaviour. The AO closed
loop is able to minimize the measurement of the phase seen by the WFS but on x = [−r/m, r/m] instead of
x = [−r, r]. Additionally there are some cross-talks between spatial frequencies. Note that in open loop A is 1

if f/m > 0.25/r and A =
sin(2π f

m r)
sin(2πfr) otherwise.

The error, e(f, x,m), is:

e(f,m, x, ϕ) = s(f, x, ϕ)− srec(f, x,m, ϕ) = sin(2πfx+ ϕ)−A(f,m, ϕ) sin

(
2π

f

m
x+ ϕ

)
(4)

An example of this error for ϕ=0 is shown in Fig. 1(b), and this error can be used to derive the filtering
function. We approximate that the spatial frequencies found in the error signal are the same as the one seen at
the wavefront sensor. This approximation is negligible when the magnification is close to 1, but can introduce
large errors when the magnification is much greater than 1. Fortunately, the maximum value of m is around 1.3
when considering sodium laser (hNa ≃ 90 km) and standard C2

n profile (max(h) ≃ 20 km). The filter coefficient,
k(f,m), is described as:

k(f,m) =

Nϕ−1∑
j=0

1

Nϕ

σe(f,m, 2πi
Nϕ

)

σs

(
f,m, 2πi

Nϕ

) (5)



Figure 2: Single dimension filter values from the brute force approach for an 8 m telescope
with source at 90 km, zenith angle of 30 deg and a Cn2 profile with altitudes of
[30, 140, 281, 562, 1125, 2250, 4500, 7750, 11000, 14000] m.

Figure 3: 2D filter values from the brute force approach for an 8 m telescope with source at 90 km, zenith angle
of 30 deg and a Cn2 profile with altitudes of [30, 140, 281, 562, 1125, 2250, 4500, 7750, 11000, 14000]
m (the first 5 values correspond to the first row of images, the last 5 values to the second row).
Spatial frequencies range from -5 to 5 m−1, with a cut at 2.5 m−1 due to the DM pitch of 0.2 m.

where σe is the standard deviation of e, the error, σs is the standard deviation of s, the signal and Nϕ is the
phase shift. An example of the filter coefficients, k, for an 8m telescope is shown in Fig. 2.

As depicted in Figure 3, the cone effect in the spatial frequency domain has circular symmetry and depends
only on the norm of the frequency vector f = (fx, fy). This simplifies the computation of k(fx, fy). Using a
PSD the cone effect can be described as:

Wcone(f) =

Nlayer∑
i=1

C2
n(i)k

2(f ,mi)Wturb(f) (6)

where 0 < C2
n(i) ≤ 1 is the fraction of C2

n associated to the layer i and Wturb is the PSD of the turbulence. An



Figure 4: Comparison of estimated PSFs considering a r0(500 nm)=0.14 m on the line of sight. Left, seeing
limited, center, fitting error only (pitch=0.2m), right, fitting error and cone effect. The SR in K
band (2200nm) is 0.92 in case of fitting error only and 0.76 in case of fitting error and cone effect
for a source at 90 km (based on the brute force computations).

example of the PSFs produced with this estimation is reported in Fig. 4.

3. TILT FILTER

(a) (b)

Figure 5: Example of the tilt estimated on a sinusoidal with a period twice the pupil size. (a), 0deg phase
shift, (b), 108deg of phase shift.

As an approximation in laser-based AO systems, the computation of the high-order PSF was performed
using only a piston filter in TIPTOP. The calculation of the high order PSF should exclude any errors related
to the tilt as they have already been accounted for in the low-order calculation. To achieve this, a tilt filter is
required for the high order PSD. In this section, we present this tilt filter and follow the same method as the
one in Section 2 for the cone effect. The base idea is to compute what should be the tilt contribution to the
high order depending on the atmospheric layer we are looking at, and use that information to remove the tilt
from the PSD.

Let’s consider a single spatial frequency f < fDM
c , impacted by a tilt offset. The tilt filter coefficient for

this frequency will be given by:

k(f) =

Nϕ−1∑
j=0

1

Nϕ

σe(f, 2πi/Nϕ)

σs(f, 2πi/Nϕ)
(7)

where σ is the standard deviation, e(f, x, ϕ) = s(f, x, ϕ)− slin(f, x, ϕ), s(f, x, ϕ) = sin(2πfx+ ϕ) and slin is
the linear fitting of s. An example of these signals is shown in Fig. 5, and the filter coefficients, k, for an 8m
telescope is show in Fig. 6. As for the cone effect, the tilt filter in the spatial frequency plane has a circular
symmetry, so we can compute the filter map, k(fx, fy), deduce a PSD from it, and remove that PSD from the
high-order PSD. An example of the PSFs produced with this estimation is reported in Fig. 7.



Figure 6: Single dimension tilt filter values.

Figure 7: Comparison of estimated PSFs considering a r0(500nm)=0.14m on the line of sight. Left, seeing
limited, center, fitting error only (pitch=0.2m), right seeing limited without tilt. SR in K band
(2200nm) is 0.92 in case of fitting error only and 0.03 in case of seeing limited without tilt.

Finally, we compared TIPTOP with the end-to-end simulator PASSATA [12]. We compute the amount
of power associated with tip and tilt in the case of a line-of-sight seeing of 0.87 arcsec. During the 5-second
simulation performed using PASSATA, it was observed that the quadratic sum of the two tilt axis exhibits
900nm Root Mean Square (RMS). By comparison, using TIPTOP resulted in an 850nm RMS. TIPTOP’s
value is lower, yet the agreement remains satisfactory and suitable for a single occurrence of relatively brief
turbulence in PASSATA. Additionally, the total turbulence RMS of TIPTOP for this situation is 1240 nm and
of PASSATA 1230 nm.

4. RESULTS

In this section we present the results of a simulation of a single LGS AO system like ERIS [16]. We compared
TIPTOP with an end-to-end simulator, PASSATA [12]. We consider an atmosphere with a seeing of 0.87 arcsec
at the zenith and an average wind speed of 11m/s. The laser sensing is given by a 40×40 Shack-Hartmann
sensor while the visible WFS of the natural guide star is a 4×4 Shack-Hartmann sensor. The correction is given
by a deformable mirror with 1156 actuators [22]. The comparison is shown in Fig. 8(a) considering a zenith
angle of 0 deg and a laser spot at 90km. An additional test with a LGS source at 45km is reported in Fig. 8(b).
As can be seen in these two figures the agreement of TIPTOP with an end-to-end simulation is good with a
difference of a few percents.



(a) LGS source altitude is 90km (z=0deg). The ratio of the K band SR (TIPTOP over PASSATA) is
0.97.

(b) LGS source altitude is 45km (z=0deg). The ratio of the K band SR (TIPTOP over PASSATA) is
0.93.

Figure 8: Comparison of estimated PSFs in K band (2200nm) for the ERIS LGS mode. Left PASSATA,
center TIPTOP and right absolute value of the difference.

5. CONCLUSION

We presented a new feature of TIPTOP, the ability to simulate the error associated to the so called focal
anisoplanatism, or cone effect. This feature enables TIPTOP to estimate the PSF of AO systems like ERIS,
KECK LGS AO system or the future GRAVITY+ systems [23]. We show that this new feature gives results
consistent with the end-to end simulation PASSATA [12] of the aforementioned systems. TIPTOP is a python
library under development. We heavily rely on user feedback to improve the library and provide new functionality.
The aim for the future of TIPTOP is to provide a library that is both stable and accurate, with ample examples
and improved documentation that can be utilised by the entire AO community.

APPENDIX A. A POSSIBLE ALTERNATIVE APPROACH

In this section we present a possible alternative approach for computing the cone effect error (in addition to the
one presented in Ref. [19] and [20]) in TIPTOP. This approach is based on the statistics of the turbulent phase:
starting from eq. 24. of Ref. [24] and considering that R = R1 = R2, A1l = 0 and A = A2l we can write:

W i
cone(f) = Wϕl

(f)

[
J1
(
2πR(K − 1)f

)
πR(K − 1)f

− J1 (2πRf)

πRf

J1
(
2πR(1−A)f

)
πR(1−A)f

]
(8)

where W i
cone(f) is the PSD related to cone effect for the layer i. Then if we make the difference with the

classical filter function for piston removal we get:

W i
cone(f) = Wϕl

(f)

[
1−

(
J1 (2πRf)

πRf

)2

−
J1
(
2πR(K − 1)f

)
πR(K − 1)f

+
J1 (2πRf)

πRf

J1
(
2πR(1−A)f

)
πR(1−A)f

]
(9)



that can be written as:

W i
cone(f) = Wϕl

(f)

[
1− J1 (2πRAf)

πRAf
+

J1 (2πRf)

πRf

(
J1
(
2πR(1−A)f

)
πR(1−A)f

− J1 (2πRf)

πRf

)]
(10)

This equation gives the power spectral density (PSD) of the error associated with the cone effect. Please note
that:

• A is the ratio h/hNa, where hNa is the distance between the pupil to the laser guide star and h is the
distance between the the pupil and the observed atmospheric layer. A is therefore the description of how
the atmospheric layer is stretched because of the cone effect.

• K = 1−A
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