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Key Points:

e An Eddy-Diffusivity Mass-Flux parameterization is carefully derived from first prin-
ciples, making the underlying assumptions explicit

e Closed bulk energy budgets between resolved and subgrid energy reservoirs are
outlined using modern anelastic and Boussinesq energetics

e Energy budgets and mass-flux hypotheses motivates the consistent formulation
of TKE equation, boundary conditions and transport of TKE
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Abstract

This paper provides a self-contained derivation from first principles of a convective ver-
tical mixing scheme rooted in the Eddy-Diffusivity Mass-Flux (EDMF) approach. This
type of closure involves separating vertical turbulent fluxes into two components: an eddy-
diffusivity (ED) term that addresses local small-scale mixing in a near isotropic environ-
ment, and a mass-flux (MF) transport term that accounts for the non-local transport
performed by vertically coherent plumes within the environment. Using the multi-fluid
averaging underlying the MF concept, we review consistent energy budgets between re-
solved and subgrid scales for seawater and dry atmosphere, in anelastic and Boussinesq
settings. We show that when using an EDMF scheme, closed energy budgets can be re-
covered if: (7) bulk production terms of turbulent kinetic energy (TKE) by shear, buoy-
ancy and transport include MF contributions; (#7) boundary conditions are consistent
with EDMF, to avoid spurious energy fluxes at the boundary. Moreover we show that
lateral mixing due to either entrainment or detrainment induces a net production of TKE
via the shear term, and such production is enhanced when horizontal drag increases. Through-
out the theoretical development of the scheme, we maintain transparency regarding un-
derlying assumptions. In a companion paper (Perrot and Lemarié (2024); hereafter Part
IT) we assess the validity of such hypotheses and the sensitivity of the scheme to mod-
elling choices against Large Eddy Simulations (LES) and observational data of oceanic
convection, detail an energy-conserving discretization, and quantify energy biases of in-
consistent formulations.

Plain Language Summary

In Earth system models, various important processes occur on scales that are too
fine to be resolved with usual grid resolutions. Parameterizations have to be used to ap-
proximate the average effect of such processes on the scales resolved by a numerical model.
The general objective of the proposed work is to approach the parameterization prob-
lem for boundary-layer turbulence and convective plumes in a “consistent” manner. Here
the notion of consistency integrates various aspects: global energetic consistency, con-
sistency with a particular averaging technique for the scale-separation, and the rigorous
reduction of a physical system to a scale-aware parametric representation based on well-
identified and justifiable approximations and hypotheses. An originality is to jointly con-
sider energy budgets including a subgrid energy reservoir on top of the resolved ener-
gies allowing the proper coupling between the parameterization and the resolved fluid
dynamics. This research is fundamental to reduce energy biases in models, and to pave
the way toward an alternative methodology to parameterize oceanic convection across
scales. In a companion paper, numerical simulations demonstrate the adequacy of the
proposed parameterization.

1 Introduction

1.1 Convection in the ocean and atmosphere and its parameterization
in numerical models

Boundary layer convection occurs in the atmosphere and the ocean due to buoy-
ancy fluxes at the surface, which trigger gravitational instabilities. Buoyant plumes then
tend to overturn and mix the fluid. When looking at the mean properties of the fluid,
it leads to the formation of a well-mixed layer. The accurate representation of such bound-
ary layers is of paramount importance for short-term forecasts as well as for climate pro-
jections in the atmosphere (Bony et al., 2015; Schneider et al., 2017) and the ocean (Martin
et al., 2013; Piron et al., 2016; Moore et al., 2015; Fox-Kemper et al., 2019). Regarding
current computational capacities, plumes are still unresolved in regional and global nu-
merical models, and thus their effects require parameterization. Moreover in ocean mod-
eling, beyond the requirement in terms of grid resolution, hydrostatic equations used in
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the overwhelming majority of regional and global studies are not suitable for resolving
convective phenomena explicitly (Marshall et al., 1997).

For any quantity X, standard turbulent mixing models are based on the closure
of vertical turbulent fluxes w’X’ proportional to the local (in height) mean gradient in
the form —K x9,X which corresponds to the so-called Eddy-Diffusivity (ED) closure (where
w is vertical velocity, z is the vertical height and (.) is a Reynolds average). Such a clo-
sure leads to a diffusion of X, which is often justified by considering that turbulent fluc-
tuations resemble Brownian motion (Vallis, 2017; Resseguier et al., 2017). Although the
ED closure has been widely used in many industrial and geophysical applications, it is
known to potentially predict incorrectly higher order moments and even mean fields for
complex flows (e.g. Schmitt, 2007). For instance, the inadequacy of ED closures for at-
mospheric convection has long been highlighted (Deardorff, 1966). Indeed fluctuations
are carried by non-local structures, the buoyant plumes, that can be coherent over the
whole mixed layer. In particular, in such a layer, mean gradients are close to zero (9, X ~
0) while transport is ensured at leading order by non-zero vertical fluxes w’X’ which may
even be up-gradient. Indeed, using the assumption of a mixed-layer 9,X ~ 0 into a tur-
bulent transport equation of the type d; X + 0w’ X’ = 0 implies that w’ X’ varies lin-
early with z. Such linear variation of fluxes in the mixed layer is well-supported by ob-
servations and numerical experiments (Garratt, 1994; Denbo & Skyllingstad, 1996).

To circumvent ED hypothesis, Deardorff (1966) proposed to introduce a constant
non-local term ~yx in the form w' X’ = —Kx (827 — 7x). Later on, such a formula-
tion has been refined, where both Kx and vx were prescribed by a self-similar profile
function depending on external characteristics of the boundary layer such as surface forc-
ing, stratification at the atmospheric top (or oceanic base) of the mixed layer and im-
plicitly defined mixed layer height (see Troen and Mahrt (1986); Holtslag and Moeng
(1991) for atmospheric models, Large et al. (1994) for oceanic models). This approach
is still in use in some present-day ocean models (e.g. via the CVMIX library, Van Roekel
et al., 2018). Furthermore two other types of convective parameterization are sometimes
used: (i) a buoyancy sorting scheme (a.k.a. adjustment scheme or non-penetrative scheme),
in which static instabilities are eliminated in one time-step by mixing downward neigh-
boring vertical levels until a neutral buoyancy profile is attained (e.g. Madec et al., 1991)
(i) an enhanced eddy-viscosity scheme in which the vertical diffusivity coefficient is ar-
tificially increased to a high value as soon as static instabilities are found on the den-
sity profiles (Madec et al., 2019). These two approaches are ad-hoc and cannot be de-
rived from first principles.

The present work builds on the combined Eddy-Diffusivity and Mass-Flux (EDMF)
parameterization schemes (Hourdin et al., 2002; Soares et al., 2004). The ED compo-
nent aims to represent turbulent transport in a nearly isotropic environment, in which
convective plumes -modeled by MF terms- support a non-local advective transport. The
MF concept was originally introduced in the atmospheric context to represent deep con-
vective clouds (Arakawa & Schubert, 1974), then it has been adapted to represent shal-
low and dry boundary layer convection in combination with ED schemes. It is intrin-
sically based on a multi-fluid averaging (Yano, 2014; Thuburn et al., 2018) of the fluid
equations. In ocean models the EDMF concept has been first introduced by Giordani
et al. (2020), and has been gaining increasing attention (e.g. Garanaik et al. (2024), or
a recent implementation in the code Oceananigans, Ramadhan et al. (2020)).

1.2 Parameterization development and physics dynamics coupling

The general objective of the proposed work is to approach the parameterization
problem in a “consistent” manner. Here the notion of consistency integrates various as-
pects: consistent dynamical and thermodynamical approximations between resolved and
subgrid models, energetic consistency at both continuous (e.g. Eden, 2016; Jansen et al.,
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2019; Eden & Olbers, 2014) and discrete (e.g. Burchard, 2002) levels, consistency with

a particular choice of scale-separation operator (Higgins et al., 2013; Lauritzen et al., 2022),
and the rigorous reduction of a physical system to a scale-aware parametric represen-
tation based on well-identified approximations and hypotheses (Honnert et al., 2016; Tan
et al., 2018).

Regarding boundary layer parameterizations, turbulent kinetic energy (TKE) or
its budget can serve to compute viscous dissipation, which is key to close the total en-
ergy budget. Moreover some schemes use prognostic TKE to scale the intensity of eddy-
diffusivity. By using energy arguments, we aim to remove ambiguity around three prac-
tical topics: how to interpret TKE in the model; whether to use ED or EDMF fluxes in
the source terms of TKE; what are consistent boundary conditions? The question of the
fluxes appears ambiguous in the litterature. Some studies use ED fluxes (Giordani et al.,
2020; Hourdin et al., 2019; Han et al., 2016). Other studies use explicitly the full EDMF
fluxes (Han & Bretherton, 2019; Witek et al., 2011). However the majority of studies
and documentations are ambiguous or not explicit about this point, and modelling choices
are often motivated by simulation outputs rather than consistency. In this paper, we ar-
gue that energy conservation constraints can guide without ambiguity such choices. TKE
represents a subgrid kinetic energy that exchanges energy with the resolved reservoirs.
The use of mass-flux terms leads to energy transfers and redistributions that must be
taken into account in the TKE equation to ensure energetic consistency between resolved
and subgrid scales. In addition, the boundary conditions of the mass-flux equations must
be consistent between ED and MF to avoid double-counting and subsequent artificial en-
ergy fluxes at the fluid boundary.

The aim of this paper is two-fold. First, we intend to provide an introductory, self-
contained, and pedagogical derivation of EDMF schemes starting from first principles,
to guide consistency considerations. Second, we derive theoretical energy budgets and
provide guidelines to obtain energetically consistent EDMF models. Consequently, this
paper is intended to both the oceanographic community as a comprehensive introduc-
tion to EDMF, and the atmospheric community seeking to reduce energy biases in EDMF
models.

1.3 Organization of the paper

The paper is organized as follows. In section 2, we expose the derivation of an EDMF
scheme from first principle, systematically discuss the successive assumptions at stake,
provide closures according to state-of-the-art practice, and discuss consistent boundary
conditions. In section 3, we recall the theoretical closure-agnostic resolved and subgrid
energy budgets of a horizontally averaged anelastic (or Boussinesq) fluid, including ra-
diative heating. In section 4, we expose analogous energy budgets when using an EDMF
closure, including consistent TKE equation, and propose a new formulation for TKE trans-
port. Furthermore, we derive vertically averaged energy budgets to reveal the net con-
tribution of shear and the role of boundary conditions on the energy fluxes. In a com-
panion paper (Perrot and Lemarié (2024); hereafter Part I1T) we assess the validity of hy-
potheses and the sensitivity of the scheme to modelling choices against Large Eddy Sim-
ulations (LES) and observational data of oceanic convection, detail an energy-conserving
discretization, and quantify energy biases of inconsistent formulations.

2 Derivation of EDMF scheme
2.1 Formal derivation

We start from the unaveraged anelastic non-hydrostatic system in conservative form
(e.g. eq. (76-80) of Tailleux & Dubos, 2024) in a cubic domain L, x L, x H, describ-



162 ing either a dry atmosphere or a salty ocean:

1 f 1
PR PR(Z) PR
V- (pr(z)u) = 0 (2)
1
o0 = ——V- (pR’Uﬂ) + Py (3)
PR
1
oS = ——V-(pruS) (4)
PR
pEOS — PR(?)
b = —g————= (5)
PEOS
peos = pros(0,S,pr(2)) (6)
163 where u = (u,v,w) denotes the velocity field in a local Cartesian frame of reference (e, ey, e.),
164 z ranges from 0 to H in the atmosphere and —H to 0 in the ocean, pr(z) is a reference
165 density profile, the pressure has been decomposed as p = pr(2)+pf(z,y, z,t) with d.pr =
166 —pRry, b is the buoyancy acceleration, 6 is potential temperature, .S is the mass concen-
167 tration of an additional component of the fluid (in kg/kg; typically salt in the ocean or
168 any passive tracer in the atmosphere), Py is an additional source of potential temper-

160 ature that will be specified in E3 via energy constraints, 7 = v1/2(Vu + VuT) is the
170 viscous stress tensor.

71 Remark that by specifiying pr(z) = po = cst, we obtain a Boussinesq system
172 with buoyancy given by (5) instead of the more traditional form —g(pros—po)/po (Tailleux
173 & Dubos, 2024; Eldred & Gay-Balmaz, 2021). This so-called Boussinesq-anelastic for-

174 mulation has the advantage to possess ”potential energy and thermodynamic potentials
175 that are nearly identical to their exact counterparts so that their energetics is more eas-
176 ily comparable to that of the fully compressible equations and do not require the intro-
177 duction of artificial and ad-hoc thermodynamic potentials” (Tailleux & Dubos, 2024).
178 For simplicity, we restrict to the case of a dry atmosphere and of seawater with a lin-

179 earized equation of state!. Moreover we do not include the Coriolis term in the present
180 study. Since the Coriolis force is energetically-neutral it does not interfere with the deriva-
181 tions made throughout this paper.

182 Next, we detail the framework in which vertical mixing parameterizations are usu-
183 ally developed. We adopt a semi-discrete description, where the horizontal fluid domain
184 is discretized into a N, x N, mesh whereas time and vertical coordinates z are kept as

185 continuous variables. Each horizontal grid cell has length Axz; and width Ay; (i = 1,..., Ny;
186 j =1,...,N,), and we denote (z;,y;) its center. The spatial domain can be thought

187 of Ny x N, vertical columns stacked together. In a numerical model discretized on such

188 a mesh, the computed variables would be interpreted in a finite volume approach (LeVeque,
189 2002): for any field X = u,0,S... one can define the following horizontal average and

190 fluctuation

— 1

X(zi,yj,2,t) == ——— X(z,y,z,t) dedy, X'=X-X
(wo0322:0) = 5y /AA (2,9, 2,1) dady

101 If we recast (1)—(6) in the generic form 0; X + piRV - (pruX) = Px, and then apply
102 such a horizontal average, we obtain

- 1 — — 1 _
0 X + —0, prWX + ppw' X’ +7% Xup -dn = Py (7)
PR ( ) AziAY; Joaw, xAy;)

1 In both oceanic and atmospheric context, we use simple thermodynamic descriptions allowing convec-
tion. Although these descriptions are inaccurate for real-world applications, they are sufficient to expose

how to build energetically consistent EDMF parameterizations.
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where up, = (u,v,0) denotes the horizontal velocity vector and dn is an outward point-
ing line integral element, i.e. u-dn = udy —vdz. In a numerical model, X would be
interpreted as the resolved variable, X’ would be an unresolved fluctuation, the bound-
ary integral in (7) would be interpreted as the divergence of the total (resolved and sub-
grid) horizontal flux of X (precise form of the horizontal flux would depend on the nu-
merical scheme and possibly on parameterizations), and the vertical subgrid flux w’X’
has to be closed via a parameterization.

When focusing on the parameterization of vertical mixing processes, it is common
to conceptually isolate one vertical column of fluid to work with a one-dimensional Single-
Column Model (SCM) (e.g. Zhang et al., 2016). Any quantity is assumed statistically
invariant along the horizontal direction, meaning that in practice the horizontal fluxes
and pressure gradients are neglected. We further simplify the problem with two addi-
tional assumptions: First, the bottom (or top for the ocean) of the column is considered
flat. Along with a non-penetration condition, this leads to w(z = 0) = 0. Now the hor-
izontal homogeneity assumption implies that 0, (pru) + 9y (prv) = 0, thus mass con-
servation reads 9, (prw) = 0. Along with the non penetration condition it implies w(z) =
0 at any level z. Second, in the vertical momentum budget, the momentum flux diver-
gence 0,w'w’ is neglected, leading to the hydrostatic approximation 0,p' = b. The re-
sulting SCM equations are then

1 _
o, = ——0, (pr/’U,/h) (8)
PR
_ 1 -
0 = ——0,(prw'0’") + Py (9)
PR
_ 1 _
0SS = ——0,(prw'S’) (10)
PR

where the molecular viscosity can be safely neglected in the mean momentum budget.

The remainder of this article will use these SCM assumptions, and indices i, j will be dropped.

For readers interested in the inclusion of horizontal fluxes, we refer them to Yano (2014)
and Tan et al. (2018). As an alternative to the semi-discrete description presented above,
a fully continuous description can be carried out by replacing the horizontal average by
smoothing kernels on the scale of the grid size (see for example Thuburn et al. (2018)

in the context of mass-flux schemes).

We now assume a formal decomposition of the horizontal column area Az x Ay
into two horizontal subdomains of areas A.(z,t) and A,(z,t) which also depend on depth
and time (see fig. 1). Such decomposition is meant to isolate the coherent convective struc-
tures usually referred to as plumes (occupying the subdomain of area Ay,(z,t)) from the
rest of the flow, referred to as the environment (occupying the subdomain of area A.(z,t)).
We introduce the following notations to characterize the subdomain averaged fields, fluc-

tuations and fractional area (i = e for environmental variables and i = p for plume
variables):
X L / X( t)dxd X =X-X
7 = Y x,Y,z, xray, P = - 7
Ai(2,8) Ja,(20)
a; = Ai(z,1)/(Az x Ay)

Any mean field can then be decomposed as
X= aX.+ apXp

In particular, when X =1 we get the constraint a. = 1—a,. After some algebra, any
turbulent flux can be recast as

w' X" = a.w, X/ + apw, X], + ac(we —w)(Xe — X) + ap(w, — W) (X, — X) (11)
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Figure 1: Schematic of representation of: (a) a 3D plume (blue volume) embedded into
the environment. At a given level z, horizontal grid cell Ax  x Ay is decomposed into
plume area A, (blue shading) and environment area A, (orange shading). Fluxes of fluid
and tracers across the boundary 0.4, are due to horizontal velocity across the boundary
up, to (apparent) horizontal velocity of the boundary d;7), and to vertical velocity if the
boundary of the 3D plume is vertically tilted (0,7, #  0). (b) Horizontal and vertical
fluxes of tracer X into the equivalent ”single” plume, within the upstream approximation.
See text for details.

h
where 1

ngl(:i/ X - X)) (w — w;) dedy
Ai(z,t) Ai(z,t)( ) )

Here we kept w for generality, however as explained above the horizontal homogeneity
assumption implies @ = 0. For each subdomain, the a;(w; —w)(X; —X) terms in (11)
account for the "mass-flux” (i.e. the contribution of coherent structures to the flux), whereas
the a,w] X/ terms are a contribution from internal variability within subdomain i. Ap-
plying the subdomain average to any conservation law of the form 0; X +piRV-(pRuX )=
Px and using Reynolds transport theorem leads to (see appendix A of Tan et al. (2018)
and Yano (2014) for full derivation)

8t(aiXi) + i(’)z <pRaiwiXi + pRaiM) + i X’U,r -dn = aiPX’i (12)
PR Ai Joa,
where the relative horizontal boundary velocity is u, = up — 01y, — wd, T, and 7, =
(zp(z,1),yp(2,t)) is the position vector of boundary elements. The three terms that con-
stitute u, indicate that boundary fluxes can arise respectively due to horizontal veloc-
ity across the boundary, to (apparent) horizontal velocity of the boundary, or to verti-
cal velocity if the boundary of the 3D plume is vertically tilted (i.e. 9,7, # 0; see fig.

1(a)).
2.2 Standard assumptions

2.2.1 Plume-Environment decomposition

The first standard assumption we have already made is to consider only two sub-
domains, the convective plume and the environment. This is justified since in convec-
tive situations the main contribution to the fluxes comes from the plumes. However, the
framework is flexible enough to incorporate an arbitrary number of components, such
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as multiple updrafts or downdrafts. In particular, several studies of the atmospheric con-
vective boundary layer (CBL) underline the importance of returning coherent structures
around the plumes, often referred to as CBL downdrafts (Schmidt & Schumann, 1989;
Couvreux et al., 2007; Brient et al., 2023).

2.2.2 Entrainment/Detrainment and Upstream approximation

Net fluid exchange at the horizontal boundary of the plume domain can be further
decomposed into fluid entrained into the plume from the environment, and fluid detrained
out of the plume into the environment, namely

1 1 1
— u,-dn = — uT-dn—f——% u, -dn
Ap 0A, Ap OAp,ur>0 Ap A, ur<0
= D-F

where E(> 0) is called entrainment rate and D(> 0) is called detrainment rate. We fur-
ther assume that the value of X at the boundary is either equal to the mean value in
the environment when entrainment is occurring, or the mean value in the plume when
detrainment is occurring. This is the so-called upstream approzimation, formulated as?
1
T Xu, -dn=X.E - X,D (13)
p JoA,

As a result of this approximation, the plume equation reads (fig. 1(b))

1 1
O(apXp) + p—R@Z(pRapprp) = —p—Raz(pRapw;,XI’j) +EX. - DX, +a,Px, (14)
In particular when X = 1, we get the plume area conservation equation:
1
Owap + —0,(prapw,) = E — D (15)
PR
from which we can rewrite the plume equation in advective form,

1 -
apOi Xp + apwp0, X, = 7p—R82(pRapw;)XI’)) + E(X. — Xp) +apPxp (16)

2.2.3 Steady plume hypothesis

A common hypothesis is that the plume domain is in a quasi-steady regime, thus
neglecting the temporal tendency compared to vertical advection. The relevance of this
hypothesis is numerically tested in idealized LES cases in Part II. An a priori scaling
estimation can also be performed. Let h be the boundary layer depth, which can also
serve as a length scale for the mean plume. A characteristic time scale for the mean plume
is 7, = h/W where W is a plume vertical velocity scale. A time scale associated to the
boundary layer growth and mean fields evolution is Tpr, = h/Went Where weny = dh/dt
is the boundary layer vertical entrainment velocity. In the limit of free convection trig-
gered by a surface buoyancy loss By < 0 into a fluid of constant stratification NZ, the
classical convective scalings h o« +/(—Bo/NZ)t and W = w, = (—Boh)'/? (Turner,
1979; Deardorff, 1970) leads to

Tp Went 1

_p _ - 17
TBL w = (Not)2/3 (17)

2 In the context of 3D models, the plume boundary 9.A, can cross the horizontal boundary of the grid
cell. The corresponding contribution to the integral can be interpreted as a resolved flux divergence across
the grid cell, namely Vy, - (apup,pXp + apu), szl?) (see section 5.1 of Yano (2014)).
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In a different context, that of the development of a shear-driven mixed layer forced by
surface wind stress pou?, Kato and Phillips (1969) showed that wens /u. o u2/NZh. In
such a layer W ~ wu,, leading to a scaling similar to (17). These scalings suggest that

as long as the surface forcings (represented here by u, and By) are evolving slowly com-
pared to 1/Np, the steady plume hypothesis remains valid. Under such a hypothesis, the
plume equation for any field X and the plume area conservation now read

1 1 -
p—Raz(pRapprp) = —p—Raz(pRapw;,XI’)) +EX. — DX, +a,Px, (18)
O:(prapwpXp) = E—D (19)
As a summary, we rewrite the coupled resolved /plume system in an advective form us-
ing area conservation and X = (1—a,)X.+a,X, and the identity (X.—X) = 1__{;’; (Xp—
X) (a summary of useful identities can be found in Appendix A):
_ 1 _
WX = ——0.(prw'X")+ Px (20)
PR
- 1 _ o .
wX = qapwp(Xp = X) + (1 = ap)w, X} + apw;, X (21)
1 — 1 -
apw,0, X, = - EX,-X)— —8Z(pRapw;Xz’7) + apPxp (22)
1 —ap PR

Several authors have recently proposed to relax the steady plume hypothesis (Tan et al.,
2018; Thuburn et al., 2018). However, the overwhelming majority of mass flux schemes
implemented in realistic models considers a plume domain in a quasi-steady regime.

2.2.4 Small area limit

A last standard hypothesis is that the fractional area of the plume is small com-
pared to that of the environment (see Part II for a direct evaluation against LES). This
generally means considering the formal limit a, — 0 and a. —+ 1 in the previous equa-
tions while keeping non-zero mass-flux a,w, and source terms. Yano (2014) proposes to
assume a,w, = O(w,) and a,Px, = O(Sx,.) to retain an order one contribution of
apwy(Xp—X) in (21), to neglect subplume fluxes w/, X7 and to keep an order one con-
tribution of advection and forcings in (22). In the small area limit, any environmental
field X, (except w.) can be approximated by the mean field, the vertical turbulent flux
(21) becomes

WX = apwy(X, — X) + w, X/ (23)

and the plume equation (22) now reads
apwp0, X, = —E(X, — X) + a,Px (24)

In the remainder of this study, we will adopt such a small area limit. Noteworthy is the
effort by some authors to relax this hypothesis to explore the ”grey zone” of atmospheric
turbulence or to devise scale-aware parameterization schemes when the grid is refined

to the point where a,, is no longer small (Honnert et al., 2016; Tan et al., 2018). For the
sake of completeness, we include in Appendix B the system of plume equations obtained
when relaxing the small area limit while still neglecting subplume fluxes wy, X}, (in line
with Tan et al. (2018)). This system only deviates by factors 1/(1—a,) from the ”small-

area” system, making it simple to implement in practice.

2.3 Standard Closures

Thanks to the assumptions made so far, we have arrived at equations of the gen-
eral form (24) for the plume, and (23) for vertical turbulent fluxes. At this stage, addi-
tional closure assumptions are required to express the entrainment and detrainment rates,
the flux w/, X/, and the pressure gradients appearing in the P, , and P,, , terms.
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2.3.1 Plume vertical pressure gradient

Plume vertical pressure gradients are usually parameterized as the combination of
a virtual mass term (e.g. Bretherton et al., 2004) — representing the reduction of plume
buoyancy due to pushing and pulling on the environment —, a reduced entrainment term
and a quadratic drag term (Simpson & Wiggert, 1969; Romps & Charn, 2015). Several
formulations have been proposed (see Roode et al. (2012) for an intercomparison in the
context of shallow cumulus convection). Alternatively several authors point out the im-
portance of non-local (in height) effects (Peters, 2016; Kuo & Neelin, 2022), leading to
recent formulations on e.g. velocity divergence (Weller et al., 2020), or adaptive updraft
radius (He et al., 2021; Peters et al., 2021). A detailed intercomparison of these differ-
ent closures is out of the scope of this paper. Here we adapt some usual practices in the
atmospheric context (e.g. Pergaud et al., 2009; Rio et al., 2010) and consider

1
—ap (8Z(pT/PR))p = (a—1)apBy + (b —1)(—Ewp) + blﬁapwg (25)
leading to the plume vertical momentum budget
1
apwpd,w, = aapB, —bEw, — agblﬁapwz (26)

where a, b and b’ are positive non-dimensional parameters, ¢ = +1 in the atmosphere

and —1 in the ocean, and B, = b, — b. The plume vertical extent h = h(t) is com-

puted as the height (or depth) at which the plume vertical velocity w, goes to zero. Since
plumes are structures of aspect ratio close to 1, h provides an acceptable scale to sub-

stitute the constant plume radius classically used in the drag term (Simpson & Wiggert,
1969; Romps & Charn, 2015; Tan et al., 2018; Weller et al., 2020). The main advantage

of our formulation is to avoid the introduction of a constant dimensional radius coeffi-

cient which would restrict parameterization universality. Note that in the case of dry at-
mosphere or seawater with a linearized equation of state, we have b,—b = beos(0p, Sp, Pr(2))—

beos (0, S, pr(2)).

2.3.2 Horizontal momentum budget

Based on the work of Rotunno and Klemp (1982) and Wu and Yanai (1994), Gregory
et al. (1997) proposed a parameterization of the plume horizontal pressure gradient as
an advective correction of the form

t

—ayp (Vhp) = a,w,Cy, 0 Uy, (27)
PR/

where (', is a parameter. It imposes a relaxation of the plume shear towards the grid-

scale shear. We show in Section 4.4 that energy constraints impose 0 < C,, < 1.

2.3.3 FEddy-Diffusivity closure

The environment is thought of as a subdomain where only small-scale turbulence
occurs, thus supporting the hypothesis of a closure of the vertical flux with an eddy-diffusivity,

wi X! o —-Kx0.X, . 1<J< ) —Kx0,X. This leads to the eddy-diffusivity mass-flux clo-

sure of subgrid fluxes

WX = -Kx0,X +apyw,(X, — X) (28)
—_— — 4}/ ——
ED MF

In order to compute the eddy-diffusivity coefficient K x, various approaches relying ei-
ther on self-similar empirical profiles (e.g. Siebesma et al., 2007; Han et al., 2016) or on
prognostic turbulent kinetic energy (e.g. Hourdin et al., 2019) can be found in the lit-
terature. However the practical choice of a closure do not directly affect energy budgets
of the SCM.

—10-
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W' = a,w,(0, —0) — Ky0,0 Vertical turbulent flux of temperature
w'S = apw,(S, —8S) — Ks8,5 Vertical turbulent flux of component S
w'up, = apwy(upy — ) — K0, Vertical turbulent momentum flux
0.(apw,) =FE -D Plume area conservation equation
apWp0,0p = E(¢p— &p) + Pyp Plume equation for component ¢ = 6, S
apwpl,uy, = E@n, —up,) + apw,Cu0,up Plume horizontal momentum equation
apwp0; = —bEw, + a, {aB, — ot/ (w,)?} Plume vertical velocity equation
By = beos(?p) — beos (@) Buoyancy forcing term
= el VE Eddy-viscosity
= = K, (Pry)" Eddy-diffusivity

Table 1: Summary of the vertical turbulent flux formulation and plume equations in the
small area limit under the steady plume hypothesis detailed in sections 2.1, 2.2 and 2.3.

2.3.4 Entrainment and detrainment closures

Entrainment and detrainment closures are still a topic of extensive research in the
atmospheric modeling community. One difficulty is that a given closure can only be spe-
cific to a certain type of convection (de Rooy et al., 2013). To close entrainment and de-
trainment rates®, we adapt the formulation proposed by Rio et al. (2010), namely

E = a,8; max(0, 0,w,) (29)

1)
D = —a, 2 min(0, d,wp) + Ugapwpﬁo (30)

where the two parameters §; and By are positive, dp/h is a positive minimum detrain-
ment (some authors also include a minimum ”turbulent” entrainment, e.g. Cohen et al.
(2020)).

To summarize the formal derivation made so far, the closure of fluxes and associ-
ated plume equations of the resulting EDMF scheme are provided in Tab. 1.

2.4 Consistent boundary conditions for mean and plume equations
2.4.1 General concepts

Under the aforementioned assumptions, the budget equations governing plume quan-
tities simplify into a system of non-linear first-order ordinary differential equations with
respect to the variable z. Accordingly, a single boundary condition at z = 0 (i.e., the
top of the water column or the bottom of the air column depending on the fluid under
consideration) is sufficient for the computation of plume variables. At the boundary z =
0, consistent boundary conditions for the plume variable X, and the mean variable X
must comply with the EDMF flux decomposition (28)

WX(0) = —Kx0,X(0) + a,(0)w,(0)(X,(0) — X(0)) (31)

31In the literature, closures are usually provided for fractional entrainment and detrainment rates, re-
spectively e = E/(c%apwp) and & = D/(c%apwp), where —apw)p is the oceanic mass-flux for downdrafts

and +apwyp is the atmospheric mass-flux for updrafts.
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Such a constraint should guide modeling choices concerning boundary conditions. In-
deed, it systematically guarantees the correct partition of surface fluxes, and thus avoids
double-counting biases linked to non-physical energy sources/sinks at the boundary (see
Sec. 4.2). For instance, suppose the values of w’X’(0), a,(0), w,(0) and X, (0) are jointly
specified. Then (31) would turn into a Robin (a.k.a type 3) boundary condition for the
X equation which arises naturally in advection-diffusion equations (e.g. Hahn and (")zigik
(2012), chapter 1-5). At the boundary z = 02 H, a no-flux condition is imposed for the
mean equation. For the specific case of oceanic convection reaching the ocean bottom,

a possibility is to add a penalization term nudging the solution towards the condition
wy(z=—H)=0.

2.4.2 Oceanic context

For oceanographic applications, we consider that a surface flux w’X’(0) is prescribed.
The mass flux component becomes non-zero close to the surface as soon as the plume
is accelerating and entrainment rate (29) is itself non-zero. For simplicity we consider
here §p = 0. In this case the conservation of volume reads

1
0. (apwy) = apwy (5182“)17)
Wp

which can be easily integrated vertically to obtain

B1
ap(2)wp(2) = (ap(0)w,(0)) <<ZZE(§;> )

Except fot singular case 8; = 1, non-trivial solutions are obtained if and only if non-
zero boundary values for a, and w, are chosen. In the remainder, we adopt the follow-
ing simple choice,

X,(0) = X(0), a,(0) = af, w,(0) = u

where a) and wy are parameters. According to (31), it implies that all the surface flux

is allocated in the ED component, as advocated by Tan et al. (2018). This particular choice

of boundary condition is also motivated by the fact that it implies that convection is trig-

gered as soon as the surface Briint-Viisild frequency 9,b(0) is negative (see Appendix

C for further details). As a result, (31) turns into the Neumann boundary condition —Kx9,X (0) =
w'X’(0), which is standard practice for ED-only closures.

Alternatively, Soares et al. (2004) proposed that close to the surface, the plume/mean
temperature difference should depend on the surface heat flux, leading to

W (0)
Vk(2)

where 3 is a constant. We show in Appendix C that our formulation is in fact equiva-
lent to (32) for if 8 = z/(cplp(0)) and k(z) =~ k(0) (where ¢, is a constant and I, a mix-
ing length associated to buoyancy). Thus our simple choice is equivalent to a forcing of
the plume by surface buoyancy loss. However, when using this type of boundary con-
dition exactly at the surface (as in Pergaud et al., 2009), the boundary condition for
must be modified in order to avoid double-counting of heat flux at the surface (see sec-
tion 4.5).

0,(2) =0(z) + B

(32)

2.4.3 Atmospheric context: consistency with Monin-Obukhov theory

For atmospheric applications, boundary conditions for the mean variables are com-
monly imposed using Monin-Obukhov similarity theory (MOST), which assumes that
in a surface layer located between z = 0 and z = z; fluxes are constant, and mean vari-
ables obey a quasi-logarithmic profile. To properly include a surface layer obeying MOST,
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then the EDMF flux decomposition must be imposed at the new model boundary z =
21, namely

wX'(z1) = —Kx(21)0:X (21) + ap(21)wy(21) (Xp(21) — X (21)) (33)

At this stage, we can point the following ambiguity. When the MF term is non-zero, it

is not clear whether the flux arising from MOST — which is an ED flux — should be al-
located to the ED term —Kx(21)0,X (z1), or to the total flux w’X’(2;) using the con-
stant flux assumption. Although not discussed transparently, it seems that the second
option is a common practice. However, in such a case, special attention would be required
to compute the total flux entering in energy budget computations.

Although beyond the scope of this article, we would like to point out that MOST is known
to fail in strongly unstable conditions (Johansson et al., 2001; Li et al., 2018). Recently,
Li et al. (2021) proposed corrections to formulate departure from MOST in the form of
an EDMF closure including updraft and downdraft contributions. This approach could
potentially help provide physically consistent boundary conditions to EDMF models.

At this stage, we have provided all the elements and underlying assumptions re-
quired to formulate an EDMF-type scheme (see Part II for the discretization aspects).
Before studying the energetic impacts of using MF components, we derive theoretical
horizontally averaged energy budgets.

3 Horizontally Averaged Energy Budgets

In this section, we derive horizontally averaged energy budgets regardless of flux
parameterizations. As a starting point, we recall the closed energy budgets of the un-
averaged anelastic system (or Boussinesq system if pr(z) = po) derived for reference
in Appendix E:

O (prEx) +V - [u (prE) +p') + prvu - 7| = prwb — pre
Oi(prE) +V - [w(prEi +pr) +V - [prF;] = —prgw — prbw + pr(€ + Graa)  (34)
9t(prEp) +V - [uprEy) = PRYW

where the (unaveraged) total material energy has been divided into kinetic energy pgr(2)&; =
pr(2)3u - u, internal energy pr&; = pr(A(n, S,pr(2)) — pr(2)/pr(2)) —whith £ the
specific enthalpy—, and potential energy pr&, = prgz (see e.g. Tailleux and Dubos (2024),
where these authors referred to & + &, as "potential energy”). Moreover, the viscous

stress tensor and viscous dissipation of kinetic energy have been written 7 and € := —Vu :

T = v||Vu||?. Fj is the (molecular) diffusive flux of enthalpy. The radiative heating ¢raq

is treated as an external energy source; consequently one would need to include the ra-
diative energy &, to the material energy in order to close the energy budget (see Appendix
E for details).

Now, we will focus on the horizontal averages of these energies. First let us recall
that the SCM assumptions (sec. 2.1) implies W = 0. Then the averaged kinetic energy
&, can be advantageously split into the kinetic energy of the horizontal resolved flow Ej =
(Wr -wp)/2 (usually referred as mean or resolved kinetic energy) and the residual tur-
bulent (or subgrid) kinetic energy k = (u’ - u’)/2. We will denote also by E;+, =& + &,
the sum of averaged internal energy and potential energy. Upon averaging and apply-
ing the SCM assumptions, the budgets of the horizontally averaged energies Fy, k and
E;ip read

Oi(prEr) + 0-(prTE,) = prw'u), - .
Or(prk) + 0. (pRrTk) = —prw'uy, - 0.y + prw't — pre (35)
O (prEi+p) + 0:(prTE,,,) = —prRW'V + pR(E+ ¢raq)
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and the transport terms that redistribute energy on the vertical are

TEk: = ’U}/U?L - up,
Ty, =W/ 4 %Rw’pf' —v0,k (36)
Tg =w'h

it+p

where we made the classical approximations that dissipation of mean KE is negligible,
i.e. v||Vul||? ~ 0,v|Vu'||? ~ € and neglected the (molecular) diffusive flux of enthalpy.

Now we are going to specify temperature equation, heat flux w’'f’ and buoyancy
flux w’d’ for two fluids with simplified thermodynamics.

3.1 Dry atmosphere

For dry air in the anelastic approximation, specific enthalpy and buoyancy reads

HOr() = o7 g0 () (37
b = —az<ﬁ+gz>=gw (39)

where ¢, is a constant specific heat capacity of dry air, pg is a constant pressure refer-

Ppo
potential temperature profile, Ry is the specific dry air ideal constant, Kk = Ry/c,. We

straightforwardly obtain an equation for the unaveraged potential temperature using the
enthalpy budget (E13):

—K
ence, 6 is the potential temperature, 0g(2) = pgr (pR—(Z)) /(prRy) is the reference

K 1 K 9 - 9
Cp (pR) 00 + —V - (pch <pR> Ou + PRFﬁ) = —gw— giR(z)w + €+ raa (39)
Do PR Do QR(Z)

which can be rewritten after some algebra as

—K — K

00 + Ly, (prOu) + L (m) V- (prFj) = L (pR> (€ + raa) (40)
PR Cp \ Po Cp \ Po

unveiling the advantage of working with potential temperature. The linearity of enthalpy

with respect to 6 allow to easily derive the following heat flux, buoyancy flux, internal

and potential energy and mean temperature equation (again neglecting (molecular) dif-

fusive fluxes),

wh =c, (pR) w'e, Wb = iw’@’, Eitp =0 <pR> ~PE gz (41)
bo Or Po PR
_ 1 — 1 - -
5t0 + 7az (prlel) = (Z’R) (g + Qrad) (42)
PR S \ Po

3.2 Boussinesq seawater with a linearized EOS

For seawater with a linearized EOS in Boussinesq approximation (pr(z) = po)
buoyancy reads

b=—-0,(h+gz) =ga(d —0y) — B(S — So) (43)
and a corresponding enthalpy can be formed as
—gz
—

K0, 5, pr(=)) = e + p"*j‘p (1+ (8 — 60) — A(S — So)) (44)
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where ¢, is a constant specific heat capacity of seawater, py and py are constant pres-
sure and density references, « is the thermal expansion coefficient and 3 is the haline
contracion coefficient. For a linearized equation of state potential and conservative tem-
perature coincide, and they are denoted by 6. We show in appendix E32 that the un-
averaged energetically consistent temperature equation is

29_ € + Grad +—V-Fﬁ—|—ngV-Fg
Dt _cp—agz cp — agz

(45)

where Fg is the (molecular) diffusive salt flux. The energy increase due to viscous dis-
sipation is small and usually neglected in the ocean (e.g. McDougall, 2003; Olbers et al.,
2012). In appendix E32 we show that by doing so it leads to unclosed energy budgets
but justifies the "standard” usage of —zb as a Boussinesq potential energy by the oceano-
graphic community (e.g. sec. 2.4.3 of Vallis, 2017), because E;y, = cpg — 2b + gz
However since viscous dissipation is an important quantity for turbulence modelling, we
retain this dissipative heating in the temperature budget (45) to work with a properly
closed energy budget.

We are now able to specify heat flux, buoyancy flux and mean temperature equa-
tion (again neglecting (molecular) diffusive fluxes),

wh = 't — gz(aw'd — fuw'S") = c,w'd — 2w’ (46)

w'bt = awd — puw'S (47)

0,0 +0.w0 = €+t drag (48)
cp — gz

Remark that even with very simple thermodynamic modelling such as linearized EOS,
the consistent inclusion of salinity as an active tracer lead to non-trivial expression of
heat flux.

4 Emnergy budgets of the SCM
4.1 Consistency of TKE equation with EDMF closures

In this section, we discuss the energetic consistency of a parameterized TKE equa-
tion based on the horizontally averaged TKE equation:

1 -
Ok + —0.(prTk) = —w'u) -0, up +w'b —€ (49)
PR

By using energy arguments, we aim to remove ambiguity around three practical
topics: how to interpret TKE in the model; whether to use ED or EDMF fluxes in the
source terms of TKE; what boundary conditions should be used? Regarding the fluxes,
some studies use ED fluxes (Giordani et al., 2020; Hourdin et al., 2019; Han et al., 2016).
Other studies use explicitely the full EDMF fluxes (Han & Bretherton, 2019; Witek et
al., 2011). However the majority of studies and documentations are ambiguous or not
explicit about this point, and modelling choices are often motivated by realism of sim-
ulation results based on few test cases. Here, we argue that energy conservation constraints
can guide without ambiguity such choices.

If we aim to mimmick the energy budgets of the averaged system (35), then k rep-
resents the turbulent kinetic of the whole grid cell, i.e. 1/2u’ - u’. We keep this choice
to stay in line with previous practices. However note that Tan et al. (2018) made a dif-
ferent choice by considering a budget for the environmental TKE, k. = 1/2u/, - u’.

In (49) sources of TKE arise from the mean kinetic energy via mean shear —w'u)},-
d.up, or from internal and potential energies via buoyancy production w’b’. When the
EDMEF approach is used to close fluxes in the diagnostic equations of wy, # and S, then
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the same closures must be used in the TKE budget to ensure energetic consistency. As
a consequence, the shear term must be closed as

—w’uﬁl oM TA ED:MF — [—Kuazﬂh + apwp(uh,p — ﬁh)] -0, (50)

In the case of dry atmosphere, the buoyancy production term is

JRN— g — —
Wb e on [—K90.0 + apw, (6, — 0)] (51)

whereas in the case of seawater with linearized equation of state and K, = Ky = Kg,
w't e 9% [—K90.0 + apw, (0, — 0)] — g8 [~Ks0.5 + apwy(S, — 5)]
= —Kpd.b+ apw,(b, —b)
The flux of TKE T}, is of great importance in convective conditions where non-local trans-
port dominates (Witek et al., 2011). Within the framework exposed in section 2.1, we

can apply the two-domain decomposition of the horizontal average to get the exact re-
lation

W P
w2 - Zaiiu;.u;wg—f—ai(ui—ﬂ)-u;wg (52)
ize’pﬁ_’_’ 11,

i

1—— 1
—I—ai(wi —E)iu; ’U:; —|—al§||u1 —ﬂ\|2(wi — w)

111, IV;

Based on a conditional sampling of plumes on LES, we derive in Part II a simplified EDMF
parameterization of T} encompassing previous approaches existing in the literature, namely

Han & Bretherton 2019  Witek et al. 2011

,ul ! ’ \ 3 apWp — 2
W = —Kp0.k+  apwy(k, —k) + apw, + > llwn,p — @] (53)
ED new EDMF

4.2 EDMPF-parameterized budgets

Within the anelastic approximation, the budget of resolved kinetic energy, subgrid
kinetic energy, and resolved internal+potential energy for a dry atmosphere with EDMF
closure is

O Ey, + piRaz(pRTEk) = *Ku(azﬁh)Q + apwp(uhvp — ﬁh) - 0,up,
Ok + i@z(pRTk) = 5= [—Kp0.0 + apwy (6, — 0)] + Ku.(0:wn)? — apwy(un,p —up) - 0. — €
0iBisp + 5=0-(prTE,,,) = —7= [~K00:0 + apwy(0y — 0)] + €+ draq
(54)
where the flux terms are
TEk = (7Kuazﬁh + apwp(uh,p — ﬁh)) S Up (55)
Tp,, = —cK¢0.0+ crapwy(b,—0) (56)
and the associated consistent potential temperature equation is
_ 1 — - 1 (pr " — =
O+ —0. [pR(—KgazQ + apwp (0, — 9))] =—|= (€+ draq) (57)
PR Cp \ Po

Equivalently, in the case of seawater with linearized equation of state within the Boussi-
nesq approximation (pgr(z) = po),

O Ey, + 8ZTEk = —Ku(azﬁh)Q + apwp(uh,p — Eh) -0, uy,
Ok + 0. T}, = —Kp0,b + apw, (b, — b) + K, (9.w1)? — apwy(wn,p — W) - 0.0, — €
OEirp+0.Tp,,, =-— (_Kbazg + apwp(by — B)) + e+ Emd

(58)
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Figure 2: Schematic representation of bulk and boundary energy fluxes within EDMF
closure (KE: kinetic energy, TKE: turbulent kinetic energy).

where the flux of internal and potential energy is

Tg —0. (Cp (_K9az§ + apwy (0 — 5)) -z (_Kbazg + apwy(by — 5))) (59)

i+p

and the conservative temperature equation is

8,0 = Et b 9. (—K40.0 + apuwy (0, — 0))
cp — agz

A schematic of EDMF energy budgets is provided in Fig. 2.

4.3 Viscous dissipation and eddy-diffusivity

In order to conserve energy we have seen in the previous section that viscous dis-
sipation must be converted into heating. It can be computed in two manners. Either by
implementing in the SCM the TKE equation of (54) and using the closure

Ce 1:3/2

le

where c. is a numerical constant and [. an appropriate length scale. This approach is usu-
ally used when eddy-diffusivity is computed as Kx = cxlxVk (with cx a constant and
lx a mixing length). Alternatively dissipation can be computed by assuming a station-
ary TKE equation and neglecting the transport term, leading to

€ =

e=w't —w'uj - 0,up (60)

which is commonly done in SCM using empirical K-profiles (e.g. Han et al., 2016).

4.4 Vertically integrated energy budgets

In this section, we provide global energy budgets to highlight the role of mass-flux
terms in bulk energy exchange as well as sinks/sources at boundaries. Let us introduce
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the vertical average (X), =1/(c2H) fOUgH X dz, and the boundary operator [X], H -
1/(02H)(X(z = 02H) — X(z = 0)) (with 2 = 1 in the atmosphere and —1 in the
ocean). Then for any advected field X with source term Py, we have (see Appendix D
for a detailed derivation):

<0

Lo, (pnX®) = Tlomkx 0.%0), -—QmE*I%xp—XV>Z (61)

+ <pRY?X>z + <pRap(SX)p(Xp - Y)>Z

== o H
—— X, - X)*
— |:PRXU)/X'+pRCprp(p2):|
0

Consequently, the entrainment and detrainment processes contribute on average to de-
creasing the mean variance, similar to eddy-diffusivity terms. Although not sufficient in
the context of nonlinear equations, monotonically decreasing variance is usually a nec-
essary property to ensure analytical well-posedness of transport partial differential equa-
tions (e.g. Evans, 2010). Interestingly, the last term of the budget implies that a non-
zero MF flux at the boundary leads to an additional sink of resolved variance (which is
exactly compensated by an equal and opposite boundary source for X'2).

<0

We use (61) and the specific source of plume momentum budget (see Appendix D)
to get the vertically integrated mean kinetic energy budget,

_ E+D _
O (prEy), = —(prK.(9:un)%) — <pRMIIuh,p - uh”2>z
_ ogH apW _ oo H
- [pRUh : wluﬁl}o - [PRg(lp_aL)”uh,p - Uh||2]0
Vertically integrating the TKE equation (58) leads to
O (prk), = — <pRKb6Z5>Z + <pRapwp(bp — 5)>z

_ E+D _
+ (prK.(0.un)*), + <PRQ(1_Cu)||uh,p - Uh||2>

z
= 7,19 GpWp —_— 7ot

R e e
where again the MF contribution to shear has been reformulated into a sign-definite bulk
production and a boundary term (Appendix D). It allows a clear interpretation: lateral
mixing due to either entrainment or detrainment induces a net production of TKE via
the shear term, and this production is hyperbolically enhanced if the horizontal drag co-
efficient C, is increased. Moreover this provides an energy constraint on C),, namely 0 <
C, < 1. Additionally, the vertically integrated potential energy and resolved internal
energy budget reads

O (prEisp), = (prKb0:b)_ — (prapwp(by, — b)) + <PR(5+‘?)rad>z - [TEi+£p]gz(%2)

In the three budgets presented above, two different types of source terms appear. The
terms in angle bracket (-)_ corresponds to bulk conversions of different type of energy
and must compensate within each other (excepted for radiative transfer), sicrllce no to-
tal energy can be created inside the fluid. The terms in square brackets [-]g”H are in-
puts of energy at the boundaries of the fluid which are a net source/sink of total energy
(e.g. bottom heating of the atmosphere of surface wind work in the ocean).

4.5 Incomnsistent boundary conditions and spurious energy fluxes

In this section, based on the choices made in Pergaud et al. (2009) we provide an
example of inconsistent boundary conditions for the plume temperature and the mean
temperature resulting in spurious surface heat fluxes in the system.
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572 If we assume that the boundary condition for the mean temperature equation is

573 ~K0,0(0) = w0 (where w'@'y. is a prescribed surface flux), and that the plume
574 boundary condition is prescribed following Soares et al. (2004)
a wlelsfc
000 =00 + 5 (63)
575 then using (56) the resulting surface flux of E;, is
Te,,,(0) = —cpKg0:0(0) + cpap(0)wy,(0)(6,(0) — 6(0))
= pr/(g/sfc + prle/sfc ap(O):(pO()O)ﬁ
576 where the second term of the r.h.s. is an unphysical source of energy. This bias is due
577 to an inconsistent partioning of the physical boundary flux c,w’6s into ED and MF
578 fluxes. In Pergaud et al. (2009), w,(0) = /2/3k(0) and 5 = 0.3 leading to biases from
579 a few percents up to 25 % depending on the surface value of a,. In order to correct this
580 bias, on can start from imposing the physical energy flux Tg;1,(0) = cpw'¢ g, then
581 by using its EDMF decomposition (56) and Soares-type plume boundary condition we
582 obtain the consistent Neumann boundary condition for mean temperature
“E000.8(0) = W — a,(0)w,(0)(8,(0) — 5(0))
_ (1 ap(O)wp(O)ﬂ> .
k(0)
563 5 Discussion and conclusion
584 In this work, we have presented the theoretical derivation of an EDMF scheme with
585 special attention paid to energetic aspects for both dry atmosphere and seawater with
586 linearized equation of state in the anelastic and modernized Boussinesq approximations
587 (Tailleux & Dubos, 2024). Moreover, we provide energy budgets of the scheme, includ-
588 ing radiative processes. The derivation systematically reviews approximations used and
589 provides a priori scaling estimations. We also documented all necessary subsequent clo-
590 sures necessary to obtain a mass-flux scheme, in order to propose a self-contained intro-
501 duction to EDMF for oceanographers. Closed energetics at the SCM level is a necessary
502 step to obtain energetically consistent 3D models and thus reduce spurious energy bi-
503 ases. Theoretical horizontally averaged energy budgets are guiding the derivation of con-
504 sistent energy budgets for SCM with EDMF closure. Besides taking into account MF
505 terms in shear and buoyancy terms, we propose a new MF parameterization of TKE trans-
596 port. It generalizes previous formulations and implies the consideration of a subplume
597 TKE (Han & Bretherton, 2019). We also show that boundary conditions on both mean
598 and plume variables should be consistent with the EDMF decomposition to avoid spu-
599 rious energy fluxes at the boundary. Finally we provide a clear interpretation of MF con-
600 tribution to shear: lateral mixing due to either entrainment or detrainment induces a
601 net production of TKE via the shear term, and such production is enhanced when hor-
602 izontal drag increases. In a companion paper (Part II, Perrot & Lemarié, 2024), we eval-
603 uate EDMF hypotheses in the light of LES of oceanic convection, detail an energy-conserving
604 discretization of the SCM, quantify energy biases of inconsistent formulations.
605 The development of energetically consistent EDMF schemes can be continued in
606 several ways. First, for real-world applications, the present work has to be extended to
607 more complex thermodynamics models (i.e. moist atmosphere, Pauluis (2008), and sea-
608 water with a non-linear equation of state). The proposed framework is flexible enough
609 to be readily extended to other coherent structures of the boundary layer contributing

610 to transport, such as atmospheric downdraft (Han & Bretherton, 2019; Brient et al., 2023).
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w Uy,

9. (apwp)
apwp0;dp
apWp0, Up p
apWp0, Wy
B

p

Bk — 0, (Kyd.k)

1
1—a,

= Uapwp(¢p - 6) - K¢3z$7 ¢ = 97 S
= Uapwp(uh’p = ﬁh) - K,,0,uy,
—E-D

=oE(¢— ¢p)

= O’E(ﬁh — uh,p) + appruazﬁh
—(ob)Ewp, + ap {aB, — a3(ob )w }
= beOS(¢p) - beos(¢)

- ]:{77’L(azﬂh)2 -

K,0,b

—oapwy ((uh =

) 8’U,h7

—b))
—0, <Uapwp [k —k+ - ||up - u||2]>

—€

B (= k) + (1+ )5y = wl?) -

ap(€v)p

apwp0k, =

Rescaling coefficient

Vertical turbulent flux for component ¢
Vertical turbulent momentum flux

Plume area conservation equation
Plume equation for component ¢
Plume horizontal momentum equation
Plume vertical velocity equation
Buoyancy forcing term

ED related TKE production terms
MF related TKE production terms
MF related TKE transport term

TKE dissipation

Plume related TKE

Table B1: Same as table 1, but with a relaxation of the small area limit. The small area

limit is recovered if c =1 and ¢ = 0.

For atmospheric models, the ED-based Monin-Obukhov similarity theory should be rec-
onciled with the EDMF representation of fluxes (Li et al., 2021) to provide unambigu-
ous and consistent boundary conditions and thus avoid potential spurious boundary en-

ergy fluxes.

Appendix A Useful identities

apu)p = —QAeWe (Al)

X~ X = o (X%,- %) (A2)

= %(Xe - X) (A3)

ap(wy — W) (Xp — Y) + ae(we — W)(Xe — Y) = ap(l —ap)(wy —we) (X, — Xe) (A4)

= (wp — W)(X, — X) (A5)

1—a,

Appendix B Relaxing the small-area assumption

The small-area assumption can be relaxed with no additional complexity if the sub-

plume fluxes w), X/ (X
parameterization in such a regime is presented in Tab. B1.
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Appendix C Boundary condition for plume equations
Near the surface, we linearize the plume and mean buoyancy in the form b, ~ bg+
bz, b~ ? N¢z. Then the plume equation for b, reads at order O(2°):

adwiby, = —Eqo (b)) — BO)

The boundary condition bg = BO implies that b; = 0. Thus close to the surface we have

bp(2) :EO, 5250+N§z
Then near the surface, the buoyancy force - which is a source of plume momentum and
kinetic energy 1/2w? - is at first order b,—b ~ —Ngz. Consequently, any static insta-
bility at the surface will result in the absolute growth of the plume vertical momentum
(—N@gz > 0 in the atmosphere and —NZz < 0 in the ocean).
The boundary condition b,(0) = b(0) implies that at z = 0, all the surface flux is al-
located in the ED component. Consequently, NZ = w'b'(0)/(—K3(0)) = w't/(0)/(cylp(0)1/k(0)).
The boundary condition b,(0) = b(0) thus implies that close to the surface

wwo)
ols(0)vko

which has the same form as the Soares-type boundary condition (63).

bp(2) = b(z) +

Appendix D EDMF Mean Variance Equation

Start from the mean and plume equations, and the turbulent flux decomposition

5t(pRY) = —pRaZ’LU/X’ + pR?X (Dl)
wX' = —Kx90.X + apwy(X, —X) (D2)
apwpd. X, = —E(X,—X)+a,Px, (D3)
Multiplying the mean equation (D1) by X leads to
1. — 1 —_— = =
5atxz = ——0,(XwX')+wX0,X +X Py
PR
1. — e
= ——0,(XwX') - Kx(0.X)* + apw,(X, — X)0.X + X Px  (D4)

PR
To rewrite the second term of the right-hand side, we use the plume equation (D2):
:XPJF(Y*XP)
~~ o o
apwp(Xp — X)0: X = —B(X,- X)? + (Xp — X)apPx,p
1 —
_apwp§aZ(Xp - X)?

= —B(X, - Y)2 + (Xp — Y)GPPXVP
1 1 _
_7az(PRapwp§(Xp - X)Z)
PR
1 _
HE - D) (X, X

1 — _
_(E+D)§(Xp _X)2 + (Xp — X)apPx p
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Using this expression into equation (D4), then vertically integrating the variance bud-
get leads to the desired equation (61).

We can adapt these computations to deduce the MF contribution to shear produc-
tion of TKE, knowing that P,, , = C,w,0.u. Thus the first equality of the compu-
tation is

apWp(Upp —WR)0;U, = —E(upp— ﬁh)z + Cuapwp(un,p —un)0,up,

1 _
—apWp 532 (Unp — “h)2

= (1 - Cu)apwp(unp — ur)0.un

—E(unp —up)®
1 _
*apwpgaz (un,p — “h)2

and the rest of the computation follows similarly, justifying the factor 1/(1-C,,) in (62).

Appendix E Anelastic energy budgets

In this section, we recall how to derive energy budgets of the anelastic system, fol-
lowing the derivation for compressible fluids of Tailleux (2010) (sec. 2.2), including ra-
diative heating (Weiss, 1994). We then derive temperature equations from the energet-
ically consistent enthalpy budget. Let us start again from the anelastic non-hydrostatic
system in advective form coupled to a budget for the specific energy of radiation &,.:

D pt ) 1

—u = -V +be, + —V - T E1l

D (pR(z) (o) (E1)
V- (pr(z)u) = 0 (E2)

D 1

e = Tr— —V- F, E

i U pRV (prFy) (E3)

D 1

- - ___v. F E4

DtS pRV (prFs) (E4)

b = —g pPEOS — PR(%2) (E5
PEOS

pros = pros(n,S,pr(2)) (E6

D 1

— Cr = - : Fr - .ra E

Dtg pRV (prRF}) — Grad (E7)

where 7 is the viscous stress, 7 is the specific entropy of the fluid (not including entropy
of radiation), 7 is the irreversible production of entropy, F, is the (molecular) diffu-
sive flux of entropy, S is the concentration of an additional component in the fluid (typ-
ically salt in the ocean), Fs is the (molecular) diffusive flux of S, pr(%) is a reference
density profile, pr(z) is an associated hydrostatic pressure, i.e. dpgr/dz = —prg, F;

is a non-advective radiative flux and ¢,»q is an energy transfer term due emission and
absorption of radiation, D/Dt = d; + u - V is the Lagrangian derivative.

In contrast with section 2.1 we use specific entropy 7 instead of potential temperature

0 as a state variable. This is motivated by the fact that thermodynamic relationship are
written more naturally using 7; a consistent equation for 6 will be further derived.

The total energy of this system can be advantageously divided into kinetic energy
PrEK = prEu-u, internal energy pr&; = pr(A(n, S, pr(2))—pr(2)/pr(z)) —with £ the
specific enthalpy—, and potential energy pr€, = prgz (in Tailleux and Dubos (2024)
the sum &;+&, is referred as potential energy), and radiation energy pr&,. Kinetic en-
ergy budget can be derived straightforwardly by taking the scalar product of (E1) with
PRU, namely

D
pr—~—E = —V-(up')+prwb+V-(ppu-7)— prT:Vu (E8)
Dt —_—
PRE

where € is the viscous dissipation.
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E1 Enthalpy budget

Let Fy(zy,2s,%p) be the mathematical function defining the enthalpy of a fluid,
ie. if z,, g, ), are respectively equal to the parcel’s entropy, mass of component .S and
pressure then FJ,(x,,zg,xp) is the parcel’s entropy. Since enthalpy, entropy and mass
of component S are extensive variables, we have by definition that for any scalar A,

Frn(Axy, Axg, xp) = AFp(2y, s, Tp) (E9)

which in turn implies that by virtue of Euler’s homogeneous function theorem,

JF}, JF,
Fh(xn7x5’axp) = 337, +x Sa Z

(E10)
Now let Y and SV be respectively entropy and mass of component S per unit volume

of the fluid, i.e. B = pr(2)k, nV = pr(2)n, SY = pr(2)S. Previous properties on

F}, allow to define the enthalpy per unit volume,

OF]
R = Fy,(n",SY,p) = prh=n 7(77V7 SY.p)+ SV%:(U‘/, SV, p) (E11)
"7

Finally, equating the gradient of £ = Fj,(n", SV ,p) and of £V = nv%(nv, SV . p)+

SV gfg (nV',SY,p), we derive the useful relation:
OF}, OF OF
=Y, 8V, p)Vp=n"V=L(n",5".p) + SV (", SV, p) (E12)
Tp Ty Oxg
Now, on can compute the evolution of £V,
F) F I
WiV +V - (R u) = Qamv + Qaf,sv + Qatp
Oz, Ozs Oz,
OFy, OF},
iV v
(0 8V )
_ OF) % v
= (Om” +V-(n"u))
OFh o v v
OF},
F JF] OF;
1% h 1% h h
S _ .
i (8337,)—1— (al's) Oz vp
—0,(E12)

Now using dAY = pgrVdp + Tdn¥ + udSY (where p is the chemical potential of S)
and V' = 1/pros, we obtain th( V,SV.p) =T, ‘3? (n",8Y,p) = pr/peos = 1+
b/g, gfg( V. SV.p). Evaluatmg the enthalpy equation at p = pgr, using 1 and .S bud-

gets and integrating by part leads to

O (prh) + V- (prhu) = (1+0b/9)(—prgw) (E13)
+pr (T’r.]irr + Fr] VT + FS ' Vﬂ')
=V - (pr [T'F, + pFs))
where the first source on the right-hand side corresponds to the work of pressure forces,
the second one is a production of enthalpy due to irreversible production of entropy and

diffusion of entropy and S, and the last term is the divergence of a diffusive flux of en-
thalpy. In the remainder of this section, we will denote it F; = T'F,, + uFs.
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E2 Total energy conservation and entropy production

Using relation & = A — pr/pr, we can combine the previous expression to ob-
tain the total energy budget in advective form
D .
pRE(gk +&+E+E) = V-(prFiot) + prEtot (E14)
where the non-advective flux of total energy and the net production of total energy are
prFwi = —u(p' +pr)+pru-1— TF, — pFs — F,] (E15)
pRStot = PR (Tﬁirr + Fn -VT + FS . V/’L —€— q.rad) (ElG)

Thus total energy is conserved if and only if Eiot vanishes, leading to the constraint

E—Fn'VT—FS'vN+ q.rad

7.7irr = T T (E17)
~—~
material prod. radiative prod.

In order to illustrate the energy conversion between the different energy reservoirs,
one can write

pRD%gk =V (—up' + pru - 7) + prwb — pre

pr1Ei =V - (—upr + pr [~TF, — pFs]) = prgw — prwb + pre + prirad

PREEY = PRYW

prRE:Er = =V - (pRF:) = PRrad

(E18)

E3 Temperature equation

The constraint on entropy production derived above ensures that the enthalpy bud-
get (E13) is energetically consistent. It is more convenient to work with temperature than
enthalpy, since enthalpy is not observable. In this section, we will derive temperature equa-
tions from enthalpy budgets, which ensures that temperature budgets remain energet-
ically consistent.

E31 Anelastic dry air

For dry air in the anelastic approximation, specific enthalpy and buoyancy reads

BOon(:) = e = (P10 (E19)
b = —-0.,(h+gz)= gm (E20)

where ¢, is a constant specific heat capacity of dry air, pg is a constant pressure refer-

—K
ence, 6 is the potential temperature, 0g(2) = pgr (p’;—(()z)) /(prRq) is the reference
potential temperature profile, Ry is the specific dry air ideal constant, K = Ry/c,. We
straightforwardly obtain an equation for potential temperature using the enthalpy bud-

get (E13):
K 1 r 0 - 0
& (pR) 90+ —V - (pch (”) fu + pRFﬁ) — —gu—g? ) fa(E21)
Po PR Po Or(2)

which can be rewritten after some algebra as

<pR>Kv.gmppj'<pR>'%e+qm@ (E22)

1 1
80+ —V - (prou) + —
PR cp \ Do » \Po

P

The elimination of the buoyancy flux —wb on the r.h.s of the budget unveils the advan-
tage of working with potential temperature instead of in situ temperature.
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708 E32 Boussinesq seawater with a linearized EOS

709 For seawater with a linearized EOS in Boussinesq approximation (pr(z) = po)
710 buoyancy reads
b=—-0,(h+gz) = ga(d —0y) — (S — So) (E23)
m and the corresponding enthalpy can be formed as
—gz
T
RrR(Z) — Do
A0, S, pr(2)) = cpf + % (1+ a0 — 0) — B(S — So)) (E24)
0
2 where ¢, is a constant specific heat capacity of seawater, py and py are constant pres-
713 sure and density references, « is the thermal expansion coefficient and 3 is the haline
714 contraction coefficient. For a linearized equation of state potential and conservative tem-
715 perature coincide, and they are denoted by 6. They are related to in-situ temperature
716 T by the formula
T—<1+apR_pO)0 (E25)
PoCp
77 Inserting the enthalpy expression (E24) into the enthalpy budget (E13) leads to
D D D )
CPEH—F E(—zg)—l—ﬁ(—zb) = —wg—wb+e+Gag— V- Fj (E26)
D D .
- CpDiteithb = E‘i’Qrad*v'Fﬁ (E27)
718 Since D%S = —V - Fg, we have %b = gozD%0+g,BV - Fs. Thus using (E27) we obtain
719 the energetically consistent conservative temperature equation
D frad — V - F V. F
== € + Grad AT Zgﬂ S (E28)
Dt cp — agz
720 Again the elimination of the buoyancy flux in the r.h.s of the budget unveils the advan-
1 tage of using conservative temperature. It can be use to compute the budget of the ”pseudo”-
™ potential energy —zb,
D hrad — V - F V. F
—(—2b) = —wb — zozg6 T Grad it 298 S + 289V - Fy (E29)
Dt cp — agz
3 Let us remark that the sum of potential and internal energy is & +&, = A—pr/pr+
724 gz = cpfl — zb + gz. Neglecting molecular diffusion, viscous dissipation and radiative
75 heating, this splitting justifies the common use of —zb as a proxy for ”potential” energy
726 in oceanography (e.g. Olbers et al., 2012). We nevertheless retain these terms in the tem-

727 perature budget (E28) to work with a properly closed energy budget.

728 Open Research
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