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Key Points:

« An Eddy-Diffusivity Mass-Flux parameterization is carefully derived from first prin-
ciples, making the underlying assumptions explicit

 Closed energy budgets between resolved and subgrid energy reservoirs are outlined,
including a new formulation of vertical TKE transport

e Comparisons with Large Eddy Simulations show that the new scheme successfully
reproduces TKE and its vertical transport
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Abstract

This study aims to introduce a new convective vertical mixing scheme rooted in the Eddy-
Diffusivity Mass-Flux (EDMF) approach, itself derived from first principles. The inte-
gration of the mass-flux (MF) concept with the Eddy-Diffusivity (ED) approach has long
been studied and applied in global and regional atmospheric models for parameterizing
convection, both dry and cloudy, and sees a growing interest in ocean models. This type
of closure involves separating vertical turbulent fluxes into two components: a diffusion
term that addresses local small-scale mixing in a near isotropic environment and a mass-
flux transport term that accounts for the non-local transport due to vertically coherent
plumes within the environment. Here, we exploit the multi-fluid averaging technique un-
derlying the MF concept to propose an original formulation of a scheme that possesses
properties not satisfied by most existing EDMF formulations. Consistent energy bud-

gets between resolved and subgrid scales are derived for different multi-component flu-

ids including seawater and dry atmosphere (in Boussinesq and anelastic cases). This guar-
antees that all mean kinetic, potential, and internal energy sinks and sources as long as
turbulent kinetic energy (TKE) transport associated with EDMF terms are exactly added
or subtracted to the TKE budget, effectively rectifying energy biases existing in prior
EDMEF schemes. Notably, this analysis facilitates a clear separation of convective and
turbulent small-scale energy reservoirs. In addition to bulk energy transfers, we provide
guidelines to avoid spurious energy fluxes at the fluid’s boundary when using EDMF.

We illustrate the performance of the proposed energetically consistent EDMF scheme

in the context of oceanic convection. When compared with Large Eddy Simulations (LES)
of oceanic convection, our scheme can reproduce mean fields as well as higher-order mo-
ments such as TKE, vertical fluxes, and turbulent transport of TKE. The energetic con-
sistency is key to obtaining realistic TKE and turbulent transport of TKE profiles. To
further illustrate that the MF concept is a credible alternative to the traditional approaches
used in the oceanic context (using an enhanced vertical diffusion or a counter gradient
term @ la KPP) the proposed scheme is validated in a single-column configuration against
observational data of oceanic convection from the LION buoy. Last but not least, dur-
ing the theoretical development of the scheme, we maintain transparency regarding un-
derlying assumptions and systematically assess their validity in the light of LES data.

Plain Language Summary

In Earth system models, various important processes occur on scales that are too
fine to be resolved with usual grid resolutions. Parameterizations have to be used to ap-
proximate the average effect of such processes on the scales resolved by a numerical model.
The general objective of the proposed work is to approach the parameterization prob-
lem for boundary-layer turbulence and convective plumes in a “consistent” manner. Here
the notion of consistency integrates various aspects: global energetic consistency, con-
sistency with a particular averaging technique for the scale-separation, and the rigorous
reduction of a physical system to a scale-aware parametric representation based on well-
identified and justifiable approximations and hypotheses. An originality is to jointly con-
sider energy budgets including a subgrid energy reservoir on top of the resolved ener-
gies allowing the proper coupling between the parameterization and the resolved fluid
dynamics. This research is fundamental to obtain an apt representation of mean fields
and higher-order turbulent moments and to pave the way toward an alternative method-
ology to parameterize oceanic convection across scales. Numerical simulations demon-
strate the adequacy of the proposed parameterization.
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1 Introduction

1.1 Convection in the ocean and atmosphere and its parameterization
in numerical models

Boundary layer convection occurs in the atmosphere and the ocean due to buoy-
ancy fluxes at the surface, which trigger gravitational instabilities. Buoyant plumes then
tend to overturn and mix the fluid. When looking at the mean properties of the fluid,
it leads to the formation of a well-mixed layer. The accurate representation of such bound-
ary layers is of paramount importance for short-term forecasts as well as for climate pro-
jections in the atmosphere (Bony et al., 2015; Schneider et al., 2017) and the ocean (Martin
et al., 2013; Piron et al., 2016; Moore et al., 2015; Fox-Kemper et al., 2019). Regarding
current computational capacities, plumes are still unresolved in regional and global nu-
merical models, and thus their effects require parameterization. Moreover in ocean mod-
eling, beyond the requirement in terms of grid resolution, hydrostatic equations used in
the overwhelming majority of regional and global studies are not suitable for resolving
convective phenomena explicitly (Marshall et al., 1997).

For any quantity X, standard turbulent mixing models are based on the closure
of vertical turbulent fluxes w’X’ proportional to the local mean gradient in the form —Kx8,X
(which corresponds to the so-called Eddy-Diffusivity (ED) closure). Such a closure leads
to a diffusion of X, which is often justified by considering that turbulent fluctuations re-
semble Brownian motion (Vallis, 2017; Resseguier et al., 2017). Although the ED clo-
sure has been widely used in many industrial and geophysical applications, it is known
to potentially predict incorrectly higher order moments and even mean fields for com-
plex flows (e.g. Schmitt, 2007). For instance, the inadequacy of ED closures for atmo-
spheric convection has long been highlighted (Deardorff, 1966). Indeed fluctuations are
carried by non-local structures, the buoyant plumes, that can be coherent over the whole
mixed layer. In particular, in such a layer, mean gradients are close to zero (9, X =~ 0)
while transport is ensured at leading order by non-zero vertical fluxes w’ X’ which may
even be up-gradient. Indeed, using the assumption of a mixed-layer 9,X ~ 0 into a tur-
bulent transport equation of the type 6;X + d,w’' X’ = 0 implies that w’X’ varies lin-
early with z. Such linear variation of fluxes in the mixed layer is well-supported by ob-
servations and numerical experiments (Garratt, 1994b; Denbo & Skyllingstad, 1996).

To circumvent ED hypothesis, Deardorff (1966) proposed to introduce a constant
non-local term 7 in the form w' X’ = —Kx(9,X — vx). Later on, such a formula-
tion has been refined, where both Kx and yx were prescribed by a self-similar profile
function depending on external characteristics of the boundary layer such as surface forc-
ing, stratification at the atmospheric top (or oceanic base) of the mixed layer and im-
plicitly defined mixed layer height (see Troen and Mahrt (1986); Holtslag and Moeng
(1991) for atmospheric models, Large et al. (1994) for oceanic models). This approach
is still in use in some present-day ocean models (e.g. via the CVMIX library, Van Roekel
et al., 2018). Furthermore, in the context of ocean models, two other types of convec-
tive parameterization are sometimes used: (i) a buoyancy sorting scheme (a.k.a. adjust-
ment scheme or non-penetrative scheme), in which static instabilities are eliminated in
one time-step by mixing downward neighboring vertical levels until a neutral buoyancy
profile is attained (e.g. Madec et al., 1991) (4) an enhanced eddy-viscosity scheme in
which the vertical diffusivity coefficient is artificially increased to a high value as soon
as static instabilities are found on the density profiles. These two approaches are not grounded
on a physical derivation.

The present work builds on the combined Eddy-Diffusivity and Mass-Flux (EDMF)
parameterization schemes (Hourdin et al., 2002; Soares et al., 2004). The ED compo-
nent aims to represent turbulent transport in a nearly isotropic environment, in which
convective plumes -modeled by MF terms- support a non-local advective transport. The
MF concept was originally introduced in the atmospheric context to represent deep con-
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vective clouds (Arakawa & Schubert, 1974), then it has been adapted to represent shal-
low and dry boundary layer convection in combination with ED schemes. It is intrin-
sically based on a multi-fluid averaging (Yano, 2014; Thuburn et al., 2018) of the fluid
equations. In ocean models the EDMF concept has been first introduced by Giordani
et al. (2020), and has been gaining increasing attention (e.g. Garanaik et al. (2024), or
a recent implementation in Oceananigans, Ramadhan et al. (2020)).

1.2 Parameterization development and physics dynamics coupling

The general objective of the proposed work is to approach the parameterization
problem in a “consistent” manner. Here the notion of consistency integrates various as-
pects: consistency with the laws of physics, energetic consistency at both continuous (e.g.
Eden, 2016; Jansen et al., 2019; Eden & Olbers, 2014) and discrete (e.g. Burchard, 2002)
levels, consistency with a particular choice of scale-separation operator (Higgins et al.,
2013; Lauritzen et al., 2022), and the rigorous reduction of a physical system to a scale-
aware parametric representation based on well-identified approximations and hypothe-
ses (Honnert et al., 2016; Tan et al., 2018).

Regarding boundary layer parameterizations, eddy-diffusivity intensity often scales
with the turbulent kinetic energy (TKE) which is computed via a parameterized prog-
nostic equation. TKE represents a subgrid kinetic energy that exchanges energy with
the resolved reservoirs. The use of mass-flux terms leads to energy transfers and redis-
tributions that must be taken into account in the TKE equation to ensure energetic con-
sistency between resolved and subgrid scales. In addition, the boundary conditions of
the mass-flux equations must be consistent between ED and MF to avoid double-counting
and artificial energy fluxes at the fluid boundary. Apart from a brief discussion in Tan
et al. (2018) for unsteady plume models, the energetically consistent coupling of TKE
and standard EDMF schemes has not been, to our knowledge, discussed in the litera-
ture. Some modifications of the TKE equation when using a mass-flux model have been
proposed for the buoyancy production term (Witek et al., 2011b) and the vertical tur-
bulent transport of TKE (Witek et al., 2011a; Han & Bretherton, 2019). However, these
studies are not motivated by considerations of energetic consistency.

1.3 Goals and organisation of the paper

The aim of this paper is two-fold. First, we intend to provide an introductory, self-
contained, and pedagogical derivation of EDMF schemes starting from first principles,
to guide consistency considerations. Second, we derive theoretical energy budgets and
provide guidelines to obtain energetically consistent EDMF models. Consequently, this
paper is intended to both the oceanographic community as a pedagogical introduction
to EDMF, and the atmospheric community seeking to reduce energy biases in EDMF
models. The paper is organized as follows. In section 2, we expose the derivation of an
EDMEF scheme from first principle, systematically discuss the successive assumptions at
stake, provide closures according to state-of-the-art practice, and discuss consistent bound-
ary conditions. In section 3, we recall the theoretical resolved and subgrid energy bud-
gets of a horizontally averaged Boussinesq fluid without closures. In section 4, we ex-
pose the necessary modification of the parameterized turbulent kinetic energy (TKE)
equation to obtain closed energy budgets when using EDMF. Furthermore, we derive ver-
tically averaged energy budgets to reveal the role of boundary conditions on the energy
fluxes. In section 5, we analyze the assumptions used in the derivation of the scheme in
light of data from Large Eddy Simulation (LES) of idealized oceanic deep convection.
Then we evaluate the energetically consistent EDMF scheme against such data, and against
realistic data of oceanic deep convection events in the Mediterranean Sea. In appendices,
we provide discretization details for interested model developers and energy budgets in
the anelastic setting which are more commonly used by the atmospheric community.
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2 Derivation of EDMF scheme
2.1 Formal derivation

We start from the unaveraged Navier-Stokes equations under the Boussinesq as-
sumption in a cubic domain L, x L, x H:

V-u = 0 (1)

Ou = -V-(u®u)-— inpT + be, +vViu (2)
0

he = —V-(¢u)+ S, (3)

b = beos() (4)

where u = (u,v,w) denotes the velocity field in a local Cartesian frame of reference (e, ey, e.),
z ranges from 0 to H in the atmosphere and —H to 0 in the ocean, pg is a constant ref-
erence density, the pressure has been decomposed as p = pyet(2) + p'(z,v, 2, t) with
0.pref = —pog, b is the buoyancy acceleration, ¢ is any entropic variable describing each
component of the fluid, S, is an additional source term (typically molecular diffusion).
For instance, in the context of a dry atmosphere modeled as an ideal gas, a simple choice’
would be ¢ = 0, where 6 is the potential temperature, and beos(8) = g(6 — 6p) /6. In
the context of ocean dynamics, one would choose conservative temperature and salin-
ity (¢ = 6,5) and a linear equation of state, beos(8,S) = ga(0—00)—gB(S—Sy) where
«a and f are thermal expansion and haline contraction coefficients, respectively, and 6y
and Sy are reference temperature and salinity. Details on source terms Sy are given in
section 3. For the sake of simplicity, we do not include the Coriolis term in the present
study. Since the Coriolis force is energetically-neutral it does not interfere with the deriva-
tions made throughout this paper. Next, we explicit the framework in which vertical mix-
ing parameterizations are usually developed. We adopt a semi-discrete approach, where
the horizontal fluid domain is divided into a IV, x N, mesh. Each horizontal grid cell
has length Az, and width Ay;, and we denote (x;,y;) its center. Note that the time and
vertical coordinates z are kept continuous. The spatial domain can be thought of N, x
N, vertical columns stacked together. In a numerical model discretized on such a mesh,
the computed variables would be interpreted in a finite volume approach (LeVeque, 2002).
For any field X = wu, ¢... one can define the following horizontal average and fluctua-
tion
— o 1 ;o —
X(xi,y;,2,t) := AviAy, /AxiXij X(z,y, z,t) dzdy, X' =X-X
If we recast (1)—(3) in the generic form 0, X + V - (uX) = Sx, and then apply such a
horizontal average, we obtain

__ . 1 _
0 X + 0, (WX +wX'’ +7% Xup -dn=Sx (5)
( ) Az AY; Joaw,xAy))

where up, = (u,v,0) denotes the horizontal velocity vector and dn is an outward point-

ing line integral element, i.e. wy-dn = udy—vdz. The boundary integral in (5) is the

total (resolved and subgrid) horizontal flux of X. In a numerical model, X would be in-
terpreted as the resolved variable, X’ would be an unresolved fluctuation, the precise form
of the horizontal flux would depend on the numerical scheme (and possibly on param-
eterizations), and the vertical subgrid flux w’ X’ has to be closed by a parameterization.
When focusing on the parameterization of vertical mixing processes, it is common to con-
ceptually isolate one vertical column of fluid to work with a one-dimensional Single-Column

1 In both oceanic and atmospheric context, we use simple thermodynamic descriptions allowing convec-
tion. Although these descriptions are inaccurate for real-world applications, they are sufficient to expose
how to build energetically consistent EDMF parameterizations. Energy budgets for the anelastic approxi-

mation can be found in Appendix E
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Model (SCM) (e.g. Zhang et al., 2016). Any quantity is assumed statistically invariant
along the horizontal direction, meaning that in practice the horizontal fluxes and pres-

sure gradients are neglected. We further simplify the problem with two additional as-
sumptions: First, the bottom of the column is considered flat. Along with a non-penetration
condition, this leads to wW(z = 0) = 0. Now the averaged volume conservation under

the horizontal homogeneity 9,w = 0 implies that w(z) = 0 at any level z. Second, in

the vertical momentum budget, the momentum flux divergence 0,w'w’ is neglected, lead-
ing to the hydrostatic approximation 0,p" = b. The SCM equations are then

o, = —O.wul, (6)
%6 = -0, + 8, (7)

where the molecular viscosity can be safely neglected in the mean momentum budget.

The remainder of this article will use these SCM assumptions, and indices ¢, j will be dropped.
For readers interested in the inclusion of horizontal fluxes, we refer them to Yano (2014)

and Tan et al. (2018). As an alternative to the semi-discrete description presented above,

a fully continuous description can be carried out by replacing the horizontal average by
smoothing kernels on the scale of the grid size (see for example Thuburn et al. (2018)

in the context of mass-flux schemes).

We now assume a formal decomposition of the horizontal column area Az x Ay
into two horizontal subdomains of areas A.(z,t) and A, (z,t) which also depend on depth
and time. Such decomposition is meant to isolate the coherent convective structures usu-
ally referred to as plumes (occupying the subdomain of area A,(z,t)) from the rest of
the flow, referred to as the environment (occupying the subdomain of area A.(z,t)). We
introduce the following notations to characterize the subdomain averaged field and frac-
tional area (for i = e, p):

1
X; = 7/ X(iL’,y,Z,t)dl’dy
Ai(2:) J 4,20

Ai(z,t)/(Az x Ay)

%
Any mean field can then be decomposed as
X = a.X.+ ap Xy

In particular, when X =1 we get the constraint a. = 1—a,. After some algebra, any
turbulent flux can be recast as

w' X" = acw, X/ + apw, X + ac(we —W)(Xe — X) + ap(wp — w) (X, — X) (8)

h
where 1

nggzi/ X — X;)(w — w;) dady
Ai(z,1) .Ai(z,t)( ) )

For each subdomain, the a;(w; —w)(X; — X) terms in (8) account for the ”mass-flux”
(i.e. the contribution of coherent structures to the flux), whereas the a;w}X/ terms are
a contribution from internal variability. Applying the subdomain average to any conser-
vation law of the form 9; X + V - (uX) = Sx and using Reynolds transport theorem
leads to (see appendix A of Tan et al. (2018) and Yano (2014) for full derivation)

— 1
8,5((11‘Xi) + 0, (aiwiXi + alw;Xl’) + I Xu, -dn = a,'SXJ (9)
1 JOA,

where the relative horizontal boundary velocity is u,, = u, — 07y, — wd, 1, and rp, =
(zp(z,t),yp(2,1)) is the position vector of boundary elements. The three terms that con-
situte u,. indicate that boundary fluxes can arise respectively due to horizontal veloc-
ity across the boundary, to (apparent) horizontal velocity of the boundary, or to verti-
cal velocity if the boundary of the 3D plume is vertically tilted (i.e. 9,7 # 0).
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2.2 Standard assumptions
2.2.1 Plume-Environment decomposition

The first standard assumption we have already made is to consider only two sub-
domains, the convective plume and the environment. This is justified since in convec-
tive situations the main contribution to the fluxes comes from the plumes. However, the
framework is flexible enough to incorporate an arbitrary number of components. In par-
ticular, several studies of the atmospheric convective boundary layer (CBL) underline
the importance of returning coherent structures around the plumes, often referred to as
CBL downdrafts (Schmidt & Schumann, 1989; Couvreux et al., 2007; Brient et al., 2023).

2.2.2 Entrainment/Detrainment and Upstream approximation

Net fluid exchange at the horizontal boundary of the plume domain can be further
decomposed into fluid entrained into the plume from the environment, and fluid detrained
out of the plume into the environment, namely

1 1 1
— u,-dn = — uT-dn—f——]{ u, -dn
Ap 0A, Ap OAp,ur>0 Ap OAp,ur-<0
= D-F

where E(> 0) is called entrainment rate and D(> 0) is called detrainment rate. We fur-
ther assume that the value of X at the boundary is either equal to the mean value in
the environment when entrainment is occurring, or the mean value in the plume when
detrainment is occurring. This is the so-called upstream approzimation, formulated as?

1
— ¢ Xu,-dn=X.E-X,D (10)
Ap Joa,

As a result of this approximation, the plume equation reads

O(apXp) + 0x(apwpXy) = —('L(apr’DXZ’)) +EX. —DXp+apSxp (11)
In particular when X = 1, we get the plume area conservation equation:

Owap + 0. (apwp) = E— D (12)

2.2.3 Steady plume hypothesis

A common hypothesis is that the plume domain is in a quasi-steady regime, thus
neglecting the temporal tendency compared to vertical advection. The relevance of this
hypothesis is numerically tested using idealized cases in section 5.3. An a priori scal-
ing estimation can also be performed. Introducing 7, h, and W the characteristic time,
depth, and vertical velocity scales of the plume, the order of magnitude of the ratio be-
tween the temporal tendency and vertical advection can be estimated as follows

0 O (apXp) _ % ~ Went (13)
0. (apwpX,) w w
where weny = %h is the boundary layer vertical entrainment velocity. In the limit of

free convection triggered by a surface buoyancy loss By < 0 into a fluid of constant strat-
ification NZ, the classical convective scalings h oc \/—Bo/NZt and W = (—Byh)/3
(Turner, 1979; Deardorff, 1970) lead to

Went 1

W N7 (14)

2 In the context of 3D models, the plume boundary 9.A, can cross the horizontal boundary of the grid
cell. The corresponding contribution to the integral can be interpreted as a resolved flux divergence across
the grid cell, namely Vy, - (apup,pXp + apu), szl?) (see section 5.1 of Yano (2014)).
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In a different context, that of the development of a shear-driven mixed layer forced by
surface wind stress pou?, Kato and Phillips (1969) showed that wens /u. o u2/NZh. In
such a layer W ~ wu,, leading to a scaling similar to (14). These scalings suggest that

as long as the surface forcings (represented here by u, and By) are evolving slowly com-
pared to 1/Np, the steady plume hypothesis remains valid. Under such a hypothesis, the
plume equation for any field X now reads

0. (apwpX,) = faz(apw;X;,) +EX.— DX, +apSxp (15)

As a summary, we rewrite the coupled resolved/plume system in an advective form us-
ing area conservation and X = (1 — ap) X, + a,Xp:

8ty = —3zw’X’ + SX (16)
1 _
X &= anwP(XP - X)+ (1 —-ap)wl X, + apwy, X, (17)
1 — -
apywpd, X, = R E(X, — X) = 0.(apw, X)) + apSx p (18)
P

Several authors have recently proposed to relax the steady plume hypothesis (Tan et al.,
2018; Thuburn et al., 2018). However, the overwhelming majority of mass flux schemes
implemented in realistic models considers a plume domain in a quasi-steady regime.

2.2.4 Small area limit

A last standard hypothesis is that the fractional area of the plume is small com-
pared to that of the environment (see section 5.3 for a direct evaluation against LES).
This generally means considering the formal limit a, — 0 and a. — 1 in the previous
equations while keeping non-zero mass-flux a,w, and source terms. Yano (2014) proposes
to assume a,w, = O(w.) and a,Sx, = O(Sx.) to retain an order one contribution
of a,w,(X,—X) in (17), and to keep an order one contribution of advection and forc-
ings in (18). In the small area limit, any environmental field X, (except w,) can be ap-

proximated by the mean field, the vertical turbulent flux (17) becomes
WX = apwy(Xy — X) + wiX] (19)
and the plume equation (18) now reads
apwp0, X, = —E(X, — X) + apSx p (20)

In the remainder of this study, we will adopt such a small area limit. Noteworthy is the
effort by some authors to relax this hypothesis to explore the ”grey zone” of atmospheric
turbulence or to devise scale-aware parameterization schemes when the grid is refined

to the point where a,, is no longer small (Honnert et al., 2016; Tan et al., 2018). For the
sake of completeness, we include in Appendix A the system of plume equations obtained
when relaxing the small area limit while still neglecting subplume fluxes wy, X, (in line
with Tan et al. (2018)). This system only deviates by factors 1/(1—a,) from the ”small-
area” system, making it simple to implement in practice.

Remark: To our knowledge, the interplay between the small area limit and the steady
plume hypothesis has been only discussed in Yano (2014) where the author argues that
the formal limit a,, — 0 implies 0;(a.X.) — 0,X, and thus recovers the steady-plume
hypothesis 9;(a,X,) — 0 using (8). Using such formal limit and a,w, = O(w,) im-
plies that w, — oo. Since plume properties are advected by w,, such infinite velocity
assumption is interpreted as an instantaneous adjustment to any surface perturbation,
consistently with the steady-plume hypothesis. Using Yano’s scaling, an estimate of the
ratio between temporal tendency and vertical advection is now

O (tamiey) = i

—0 ifa, =0
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which shows that such scaling indeed implies stationarity. However, the alternative scal-
ing we proposed in (13) decouples the small area limit from the stationarity assumption
and is found to be validated in numerical simulations (see 5.3). Moreover, our scaling
analysis seems more general since it merely takes into account scales for each field, with-
out further assumptions, and thus justifies the potential use of stationary equations while
relaxing the small area assumption.

2.3 Standard Closures

Thanks to the assumptions made so far, we have arrived at equations of the gen-
eral form (20) for the plume, and (19) for vertical turbulent fluxes. At this stage, addi-
tional closure assumptions are required to express the entrainment and detrainment rates,
the flux w’, X/, and the pressure gradients appearing in the Sy, , and S, ) terms.

2.3.1 Plume vertical pressure gradient

Plume vertical pressure gradients are usually parameterized as the combination of
a virtual mass term (e.g. Bretherton et al., 2004) — representing the reduction of plume
buoyancy due to pushing and pulling on the environment —, a reduced entrainment term
and a quadratic drag term. Several formulations have been proposed (see Roode et al.
(2012) for an intercomparison in the context of shallow cumulus convection). In line with
usual practices in the atmospheric context (e.g. Pergaud et al., 2009; Rio et al., 2010)
we consider

1
ap (('LpT) = (a—1)apB, + (b —1)(—Ewp) + Vayw; (21)
Po »
leading to the plume vertical momentum budget
apwpd.w, = aapB, — bEw, — oV apw; (22)

where a, b and b’ are positive parameters, oy = +1 in the atmosphere and —1 in the
ocean, and B, = b, — b. Note that in the case of dry atmosphere or seawater with a

linearized equation of state, we have b, — b = beos(dp) — beos(®).

2.3.2 Horizontal momentum budget

Based on the work of Rotunno and Klemp (1982) and Wu and Yanai (1994), Gregory
et al. (1997) proposed a parameterization of the plume horizontal pressure gradient as
an advective correction of the form

1
ap (VhpT> = a,w,C, 0, up (23)
Po »

where C, is a parameter. We show in Section 4.5 that energy cosntraints impose 0 <
Cu < 1.

2.3.3 FEddy-Diffusivity closure

The environment is thought of as a subdomain where only small-scale turbulence

occurs, thus supporting the hypothesis of a closure of the vertical flux with an eddy-diffusivity,

w! X! = —Kx0.X, f_z<1 —Kx0.X. This leads to the eddy-diffusivity mass-flux clo-
ap

sure of subgrid fluxes

WX = -Kx9,X +apyw,(X, — X) (24)
—_— — 4}/ —
ED MF

In the present study, the eddy viscosity K, and diffusivity Ky in turbulent vertical fluxes
are computed from a turbulence closure model based on a prognostic equation for the
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turbulent kinetic energy (TKE) k£ = u/ - u//2 and a diagnostic computation of appro-
priate length scales (a.k.a. 1.5-order turbulence closure). For the numerical tests in the
oceanic context presented in Sec. 5, we use a formulation close to that of the Nucleus
for European Modelling of the Ocean model (NEMO, Madec et al., 2019). The eddy-
viscosity and diffusivity are classically assumed to be related to TKE by

K, = cmlm\/%
Ky = K,(Pry)™*

with [,,, a mixing length scale, Pr; the non-dimensional turbulent Prandtl number, and
¢m is a constant (further details on the computations of these quantities are given in Ap-
pendix B). Details of the prognostic equation for &, in connection with energetic con-
sistency requirements, are given in Sec. 3. We acknowledge that since ED represents tur-
bulence in the environment, one should use the environmental TKE 1/2u/, - u/ instead
as it is done in Tan et al. (2018). Although no significant effect could be seen in prelim-
inary idealized numerical tests, this point should be further explored.

2.3.4 FEntrainment and detrainment closures

Entrainment and detrainment closures are still a topic of extensive research in the
atmospheric modeling community. One difficulty is that a given closure can only be spe-
cific to a certain type of convection (de Rooy et al., 2013). To close entrainment and de-
trainment rates®, we adapt the formulation proposed by Rio et al. (2010), namely

E = a,81 max(0, 0,w,) (25)
D = —a,fomin(0, 0,w,) + o§apwydo (26)

where the two parameters 81 and [, are positive, dg is a positive minimum detrainment.
In order to guarantee 0 < a, < 1, it is sufficient to impose 0 < f; < land 1 < 35 <
2 (see Appendix F).

To summarize the formal derivation made so far, the closure of fluxes and associ-
ated plume equations of the resulting EDMF scheme are provided in Tab. 1.

2.4 Consistent boundary conditions for mean and plume equations
2.4.1 General concepts

Under the aforementioned assumptions, the budget equations governing plume quan-
tities simplify into a system of non-linear first-order ordinary differential equations with
respect to the variable z. Accordingly, a single boundary condition at z = 0 (i.e., the
top of the water column or the bottom of the air column depending on the fluid under
consideration) is sufficient for the computation of plume variables. At the boundary z =
0, consistent boundary conditions for the plume variable X, and the mean variable X
must comply with the EDMF flux decomposition (24)

wX'(0) = —Kx0:X(0) + a,(0)w,(0)(X,(0) — X(0)) (27)

Such a constraint should guide modeling choices concerning boundary conditions. In-
deed, it systematically guarantees the correct partition of surface fluxes, and thus avoids
double-counting biases linked to non-physical energy sources/sinks at the boundary (see
Sec. 4.5). For instance, suppose the values of w’X’(0), a,(0), w,(0) and X, (0) are jointly

31In the literature, closures are usually provided for fractional entrainment and detrainment rates, re-
spectively e = E/(c%apwp) and § = D/(c%apwyp), where —apwy is the oceanic mass-flux and +apwy, is the

atmospheric mass-flux.

—10—



371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

w'd = ayw,(dy, — @) — K00 Vertical turbulent flux for component ¢
wu), = apwy(upp —Tp) — K0, Vertical turbulent momentum flux
0.(apwp) =E-=D Plume area conservation equation
apWp0,0p, = E(¢d — ¢p) Plume equation for component ¢
apwpO,uy,, = E(@, —wy,,) + apw,C,0,ay, Plume horizontal momentum equation
apWp0, = —bEw, + ap {aBp — a3¥'( )%} Plume vertical velocity equation
By, = beos(?)) — beos(®) Buoyancy forcing term
= comlmVk Eddy-viscosity
= K, (Pry) " Eddy-diffusivity

Table 1: Summary of the vertical turbulent flux formulation and plume equations in the
small area limit under the steady plume hypothesis detailed in sections 2.1, 2.2 and 2.3.
The mean terms quantities &y, and ¢ are the prognostic variables of the model and the
equation for k is given in Sec. 4 and in Tab. 2.

specified. Then (27) would turn into a Robin (a.k.a type 3) boundary condition for the
X equation which arises naturally in advection-diffusion equations (e.g. Hahn and (")zigik
(2012), chapter 1-5). At the boundary z = 02 H, a no-flux condition is imposed for the
mean equation. For the specific case of oceanic convection reaching the ocean bottom,

a possibility is to add a penalization term to ensure the condition w,(z = —H) = 0.

2.4.2 Oceanic context

For oceanographic applications, we consider that a surface flux w’X’(0) is prescribed.
The mass flux component becomes non-zero close to the surface as soon as the entrain-
ment rate (25) is itself non-zero. In this case the conservation of volume reads

w

1
0. (apwy) = apw, (61 O, wp, + (5())
P

which can be easily integrated vertically to obtain
B1
ay(2)wy(2) = (a,(0)w, (0 eéoz(wp(z))
(2D (2) = (ap(0)w >>( 0]

As B < 1, non-trivial solutions are obtained if and only if non-zero boundary values
for a, and w, are chosen. In the remainder, we adopt the following simple choice,

X,(0) = X(0), a,(0) = ap, w,(0) = wy

where ag and wZO, are parameters. According to (27), it implies that all the surface flux

is allocated in the ED component, as advocated by Tan et al. (2018). This particular choice
of boundary condition is also motivated by the fact that it implies at the discrete level

that convection is triggered as soon as the surface Briint-Viiséla frequency 0,b(0) is neg-
ative (see Appendix F for further details). As a result, (27) turns into the Neumann bound-
ary condition —Kx9,X (0) = w’X’(0), which is standard practice for ED-only closures.

Alternatively, Soares et al. (2004) proposed that close to the surface, the plume/mean
buoyancy difference B, should depend on the surface buoyancy flux, leading to

Wb (0)
Vk(2)

bp(2) = b(2) + B (28)

—11-
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where 3 is a constant. We show in Appendix C that our formulation is in fact equiva-
lent to (28) for if 8 = z/(cplp(0)) and k(z) ~ k(0). However, when using this type of
boundary condition exactly at the surface (as in Pergaud et al., 2009), special attention
must be paid when providing the ED flux, since the EDMF decomposition (27) imposes

ap(0)wp(0)8 W(O)
k(0)

which is different from the standard Neumann condition used for ED-only closures.

—K34(0)0.6(0) = (1 -

2.4.3 Atmospheric context: consistency with Monin-Obukhov theory

For atmospheric applications, boundary conditions for the mean variables are com-
monly imposed using Monin-Obukhov similarity theory (MOST), which assumes that
in a surface layer located between z = 0 and z = z; fluxes are constant, and mean vari-
ables obey a quasi-logarithmic profile. To properly include a surface layer obeying MOST,
then the EDMF flux decomposition must be imposed at the new model boundary z =
21, namely

W(Zl) = _KX(Zl)azy(Zl) + ap(21)wp(21)(Xp(21) — Y(Zl)) (29)

At this stage, we can point the following ambiguity. When the MF term is non-zero, it

is not clear whether the flux arising from MOST — which is an ED flux — should be al-
located to the ED term —Kx(21)0,X (z1), or to the total flux w’X’(2;) using the con-
stant flux assumption. Although not discussed transparently, it seems that the second
option is a common practice. However, in such a case, special attention would be required
to compute the total flux entering in energy budget computations.

Although beyond the scope of this article, we would like to point out that MOST is known
to fail in strongly unstable conditions (Johansson et al., 2001; Li et al., 2018). Recently,
Li et al. (2021) proposed corrections to formulate departure from MOST in the form of
an EDMF closure including updraft and downdraft contributions. This approach could
potentially help provide physically consistent boundary conditions to EDMF models.

At this stage, we have provided all the elements and underlying assumptions re-
quired to formulate an EDMF-type scheme (see Appendix F for the discretization as-
pects). Before studying the energetic impacts of using MF components, we derive the-
oretical horizontally averaged energy budgets.

3 Horizontally Averaged Energy budgets

The total specific energy FEiq; of the fluid is the sum of the mean kinetic energy Ej =
(@, -wp)/2, the turbulent kinetic energy k = (u’ - u’)/2, the potential energy E, = gz
and the mean internal energy F;. In the following sections, we recall the expression of
these energy reservoirs under the Boussinesq approximation, and we derive budgets for
each of these reservoirs, regarless of flux parameterization. For completeness, energy bud-
gets for anelastic models of dry atmosphere are derived in Appendix E.

3.1 Kinetic energies

Under the SCM assumptions exposed in Sec. 2.1, we can derive budgets for the re-
solved kinetic energy Ej and the turbulent kinetic energy k:

O Ey, + 8ZTEk = w’uﬁl -0,y (30)
ok +0.T, = —w'u) -0, +wb —¢, (31)

where €, = v0.u/ - 0,4’ is the viscous dissipation of energy, whereas T, = w'u}, - Uy,

Tu

and T}, = w'*5% + Lwpt" —v0, k resdistribute energy on the vertical. Exchanges be-
tween the resolved and subgrid reservoirs of kinetic energy are done via the mechanical

—12—
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shear term w/u}-0,uy. To close the budgets, we provide in the following sections a bud-
get for internal and potential energy.

3.2 Internal and Potential energies

For a generic fluid, the unaveraged specific internal energy can be written as

& = h(p,d) — § (32)

where £ is the specific enthalpy and ¢ is any entropic variable describing components
of the fluid. Under the Boussinesq approximation, internal energy is (Tailleux & Dubos,
2023)

Dref

&= ﬁ(pOa ¢) + (pref - pO)apﬁ(pO’ ¢) - 00

(33)

where we recall that pee(z) = —pogz—+po, and the specific volume is by definition 1/p :=

Oph. In particular, this implies that under the Boussinesq approximation b(¢) := —g(p(po, ¢)—

00)/p(po, d) (e.g. sec. 3.4 of Eldred & Gay-Balmaz, 2021). The sum of unaveraged in-
ternal and potential energies can then be written as

Po

&+ Ep =2(g — b) + h(po, ¢) — o (34)
which leads to the unaveraged budget (Young, 2010; Tailleux, 2012)
(& + Ep) + V- ([(A(po, ) + gzl u) =€, — wb (35)
Upon averaging and using the SCM assumptions, the budget of mean internal energy
E; = &; and potential energy reads
Ou(E; + Ep) + 0:(0sho w'¢/) = € — 0:(6w' Dy g + ¢'w' O ) — w'V! (36)

where we introduced the notation fig(¢) := A(po, ). Remark that if A(pg, ¢) is linear

in ¢, we have closed relations A(pg, @) = A(po, ®) and b(¢) = b(¢).

As a summary, the budgets of mean kinetic energy, turbulent kinetic energy and
the sum of mean internal and potential energy are

O E), + 6zTEk = w’u;l -0, uy,
Ok + 0, T, = —w'u} - O,y + W'l — €, (37)
O(E; + Ep) + 0.(0show'¢') = —0,(dpw' Osh) + ¢'w'Ouh}) — w't + 7%,

where conversion of E}, into k occurs via mean shear, conversion of k into E; occurs via
viscous dissipation, and conversion of k into E; + E, occurs via buoyancy fluxes.

In the following, we illustrate these budgets for dry atmosphere and seawater.

3.2.1 Dry atmosphere
The specific enthalpy for a dry atmosphere modeled as an ideal gas p = pRyT is
P Ra/cp
)=, (2) 0 (39)
bo

which is linear in the potential temperature § = T' (p/po)_Rd/c". Using (33) the sum
of mean internal and potential energy within the Boussinesq approximation is

Ei—l—Ep:(cp—gj)Q—l—ng—iz (39)

—13—
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and buoyancy is b(6) = g(0 — 6p)/6o. The budget of E; + E,, is
_ 0o\
O(E; + Ep) = (Cp - gz) 0 =€, — 0, <cpgow’b’> —w'b (40)
where w'l/ = FLw'’. As a summary, the budgets of mean kinetic energy, turbulent ki-

0
netic energy and the sum of mean internal and potential energy for a dry atmosphere within
the Boussinesq approximation are

OB + 0.TE, = w'uj, - 0, uy
Opk + 0, Tk, = —w'uj, - 0.y + gw'0 —E, (41)
(co— )08+ -0. (o) =—gwt +5,

3.2.2 Seawater with linearized equation of state

For an ocean with a linearized equation of state, Boussinesq buoyancy is

b(0,5) = ga(0 — o) — gB(6 — So) (42)
and specific enthalpy is
h(po, 0, 5) = cpb — g2(1 + (0 — o) — 5(0 — So)) (43)
Using (33), the budget of mean internal and potential energy is
Oy (cpg — ZB) =%, — 0, (CPW — ZW) —w'b (44)

The budgets of mean kinetic energy, turbulent kinetic energy, and the sum of mean in-
ternal and potential energy for seawater with a linearized equation of state are

O Ey + 0.Tg, =w'u}, - 0, up
Ok + 0, T} = —w'u}, - O uy + w'b —F, (45)
Oy (cpg - zg) + 0.1, +E, —w't + €,

Using the salt budget 0,5 = —0,w’S’, we can split this last equation as

— €

00 = —F— —0.w0 (46)
cp — gz
_ b = Eil’ 1B — 2/l 4
O (—2b) zgacp - + 0, (zw'b) — w'b (47)

Since the energy increase due to viscous dissipation is negligible in the ocean, —zb is of-
ten used as a proxy for "potential” energy (e.g. McDougall, 2003; Olbers et al., 2012).
We nevertheless retain this dissipative heating in (46) to work with a properly closed en-
ergy budget in theoretical descriptions.

4 Consistency of TKE equation with EDMF closures

Based on the energy budgets described in the previous section, we provide a new
parameterization of the TKE budget to obtain an energetically consistent model mim-
icking (37). Indeed, the following TKE equation is commonly used in TKE-based nu-
merical models regardless of whether ED or EDMF closure is used,

Ok + 82(*Kkazk) = K,0,uy, - 0,up, — K¢625 — €y (48)

where k represents the turbulent kinetic of the whole grid cell, i.e. 1/2u’ - u/. In (48),
turbulent fluxes have been closed using ED. However, we argue that if an EDMF clo-

sure is used in the mean equations (for momentum, temperature, and salinity or humid-
ity), the TKE equation should be modified by MF terms to ensure energetic consistency
as shown below. Note that Tan et al. (2018) made a different choice by considering a bud-
get for the environmental TKE, k. = 1/2u/, - u’,.
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4.1 Shear and Buoyancy terms

We have seen in (37) that sources of turbulent kinetic energy could arise from the
mean kinetic energy via mean shear —w’w), - 0,Up, or from internal and potential en-
ergies via buoyancy production w’d’.

~When the EDMF approach is used to close fluxes in the diagnostic equations of uy,
and ¢, then the same closures must be used in turbulent kinetic energy budget to en-
sure energetic consistency. As a consequence, the shear term must be closed as

—w'u), - 0.y e [~ K, 0. upn + apwy(upp — )] - 0,0 (49)

In the case of dry atmosphere, the buoyancy production term is

g — —
'y BORE B [—K90.0 + apw,(6, — 0)] (50)

whereas in the case of seawater with linearized equation of state and Ky = Ky = Kg,
w'b = g« [ngazg + apwp (0, — 5)} —gp [ngazg + apwp(Sp — ?)}

EDMF
= —Ku0.b+ apyw,(b, —b)

4.2 Fluxes of TKE

The redistribution terms of TKE are often little discussed in turbulence parame-
terization since they do not contribute directly to the vertically integrated energy bud-
gets. However, they are of great importance in convective conditions where non-local trans-
port dominates (Witek et al., 2011a). For instance, in the atmosphere, the TKE produced
close to the surface due to destabilizing buoyancy fluxes is then transported by coher-
ent plumes in the mixed layer. Taking into account MF transport of TKE is thus essen-
tial to achieve local energetic consistency, and model accurately TKE at any level z.

Turbulent fluxes of TKE arise from the contribution of a TKE transport term, a
pressure redistribution term and a viscous flux,

T, = lw’u’ cu' 4 iw’p’ — v,k (51)
2 Po

For atmospheric and oceanic flow, the viscous flux is negligibly small and will be omit-

ted. We will assume the pressure redistribution term to be small compared to the trans-

port of TKE, as it is usually done in CBL schemes (e.g. Mellor, 1973). In numerical mod-

els, TKE transport is usually parameterized via K-diffusion, namely

APy
0. (w®=" ) ~ —0,(K.0.k 52
2

However, within the framework exposed in section 2.1, we can apply the two-domain de-
composition of the horizontal average to get the exact relation

u -u 1—
w! 5 = E aiiu’i ~uiw) 4+ a;(u; — @) - ww; (53)
; —_—
Z:e,p\ﬁlf_/ I,

11— 1
+ai(wi - E)gu; . U; —&—alg(ul — E)Q(wi — E)
II1; IV,

where: I; is an intra-subdomain turbulent TKE transport; II; is a transport of Reynolds
stress by the coherent velocities; III; is a transport of subdomain TKE by the coherent
velocities (i.e. transport of TKE by mass-flux); IV, is a transport of convective kinetic
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energy by coherent velocities. Based on LES simulations (see Sec. 5.3), we found that:
(7) I, can be neglected, consistently with the small area limit; () II. and II, are almost
compensating, thus the sum Il + II, can be neglected. Using a,w, = —a.w., we can
conveniently reformulate the remaining terms:

1 1
M, + 10T, + IV, + 1V, = aywy, 7—— (kp + §|\up —@|]? — k) (54)
P

where we have used the following exact decomposition of TKE:

1 1
k= §ae||ue_EHQ"‘aeke""iapHup_ﬂ||2+apkp (55)
and k; := 1/2u} - u} (i = e,p). In EDMF closures, turbulence is assumed isotropic in

the environment, thus we close %u’e -ulw! with K-diffusion, similar to the standard prac-
tice for TKE-only schemes. Then assuming ﬁ ~ 1 (i.e. the small area limit) we have
P

. ul 1
w' T — K 0.k + ayw, (k:p —k+ §||up — u||2> (56)

ED
MF

It is interesting to note that we can recover existing formulations from the proposed clo-
sure (56): if apw, = 0 it boils down to the classical eddy-diffusivity closure; if k, = k
and uy,,, = uy, the term 1/2w§ proposed by Witek et al. (2011a) is recovered; if u, =

u then the formulation proposed by Han and Bretherton (2019) is recovered. However,

we should mention that the latter authors treat TKE as a tracer to include the term a,w)(k,—

k). This justification is incorrect because w/u’ - u//2 is not a second-order moment, but
a third-order moment which requires a proper treatment as seen in (53).

Finally, one still needs to provide a value for k,. Without any assumption, its prog-
nostic equation reads (Tan et al., 2018, eq. (11))

Olapky) + 0:(apwpky) = —apwyuy - .upp + apwyb,

1
+8 (Kt gllu = wl?) - Dk,

u - u! 1
—9 r1_P_P o (YpT)
B (apwp 5 + apu, ,00( D )p
—ap(ey)p

As a first attempt, we propose to retain advection, entrainment, detrainment and dis-
sipation terms, which lead to the simplified form of the previous equation:

1
o.apupty) = Bkt glu— wl?) - Dk, - ay(e), 57)
1 a 1 1
= E — P — _ )2 — D —
(1 . (ka 1— ap kp + 1— ap 2(”17 'LL) > kp a’p(GV)p (58)

where we have used the identity (u.—wu,)? = m(up —u)? and substituted k. us-
D
ing (55). Using area conservation, we get the advective form

1 1
apwp0k, = FE <k —kp+ - (up — u)2> —ap(e)p (59)
1—a, 2
Finally assuming ay = 1 (i.e. the small area limit) we have
1 2
apwpdiky, = Ek—k,+ §(up —u)* | —ap(e)p (60)
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As a summary, the proposed closure of TKE transport is given by

— 7 1

w's 2u = —Ki0.k + apw, (k:p —k+ §||up - u||2> (61)
1

apwydzkp = E <k —kp + 5(“17 - u)2> — ap(€v)p (62)

4.3 Viscous dissipation

The total viscous dissipation rate is often parameterized as €, = %k“r‘/ 2 in stan-
dard ED schemes, we do the same for the plume viscous dissipation rate

Ce
(61/ )P = Z kg/Q

where ¢, = \/5/ 2 is a numerical constant and the dissipation length is lc = /lupldwn
(e.g. Gaspar et al., 1990) with I, and lgwn defined in Appendix B.

4.4 Boundary conditions

In general, providing physically relevant boundary conditions for the TKE equa-
tion is a complex question that we do not intend to answer in this study. However, once
modelling choices are made, we can provide guidelines to utilize such boundary condi-
tion consistently within an EDMF scheme.

4.4.1 Generic constraint

According to (61), the boundary condition should verify at z = 0

u - u 1 _
w’ 5 = —Kpo.k+ apw, (k:p —k+ §||up - u||2> (63)

In general if plume variables are specified at z = 0, then (63) is again a Robin bound-
ary condition for the TKE equation.

4.4.2 Oceanic context

In the ocean, we will assume the following boundary conditions,

along with u,(0) = (@(0),7(0), wY). In this case, (63) implies the following Neumann
condition for TKE,

1
Ky 0:k(0) = Sap(wp)® (64)
Our formulation could handily include non-zero TKE flux at the surface, as proposed

in the presence of wave-breaking (Craig & Banner, 1994; Mellor & Blumberg, 2004).

4.4.3 Atmospheric context

In atmospheric models, a value of TKE depending on friction and convective ve-
locities is usually imposed at or near the surface, following field measurements of Wyngaard
and Coté (1971). As long as the plume contribution to the surface TKE flux is imposed
to be zero, the previous approach can be still used. If not, special care would have to be
taken to enforce (63) and avoid spurious energy fluxes.
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4.5 EDMPF-parameterized budgets

Within the Boussinesq approximation, the budget of resolved kinetic energy, sub-
grid kinetic energy, and resolved internal+potential energy for a dry atmosphere with
EDMF closure is

8tEk + azTEk - _[(u(azﬁh)2 + apwp(uh,p - ﬁh) . 8zﬁh
Ok + 0. Ty, = £ [-K90.0 + apwy (6, — 0)] + Ko (0:Wn)? — apwy(wnp — W) - 0-5 — &,
0 [ (e~ 82)8] + 0T 15, =~ [~Ko0B + auyp(6, — B)] +5,
(65)
where the flux terms are
TEk = (7Kuazﬂh -+ apwp(uh’p — ﬂh)) - up (66)
1
T, = —Ki0.k+ayw, (kp —k+ §\|up — u||2> (67)
Tp+p, = —cpK¢0.0+ cpa,w,(0,—0) (68)
Equivalently, in the case of seawater with linearized equation of state
O Ey, + 8ZTEk = —Ku(azﬂh)Q + apwp(uh’p — ﬂh) - 0,uy,
Oik + 0. T}, = —K40,b + apwy (b, — b) + Ky (0,un)? — apwy(up p, —up) - 0.0 — €,
O (cpg — 25) +0.Tep,yB, =— (—K¢825 + apwp(by — 5)) + €,
(69)
where the flux of internal and potential energy is
TEi+Ep = —82 (Cp (—K(z,aZ? + apwp(Gp — ?)) —Z (—K¢azg + apwp(bp — B))) (70)

and the conservative temperature equation is

- € _ _
8t9 = m — 82 (—K¢8Z9 + apwp(ﬁp - 0))

A summary of EDMF energy budgets is provided in Fig. 1 and in Tab. 2.

4.6 Vertically integrated energy budgets

In this section, we provide global energy budgets to highlight the role of mass-flux
terms in bulk energy exchange as well as sinks/sources at boundaries. Let us intrgduce
the vertical average (X), = 1/(c%H) foa"H X dz, and the boundary operator [X]J°" =
1/(c¢H)(X (2 = 02H) — X(z = 0)). Then for any advected field X with source term

Sx, we have (see Appendix D for a detailed derivation):

<0
<0
5 —_—— _
%at (X*) = “(Kkx(0.X7) —<E+D<X,,—X)2>
+ <Y§X>z + <ap(SX)p(Xp - Y)>z
(X, ~%)2]""
]

z
z

- [Xw’X’ + apwy

0
Consequently, the entrainment and detrainment processes contribute on average to de-
creasing the mean variance, similar to eddy-diffusivity terms. Although not sufficient in
the context of nonlinear equations, monotonically decreasing variance is usually a nec-
essary property to ensure analytical well-posedness of transport partial differential equa-
tions (e.g. Evans, 2010). Interestingly, the last term of the budget implies that a non-
zero MF flux at the boundary leads to an additional sink of resolved variance (which is
exactly compensated by an equal and opposite boundary source for X'2).
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Figure 1: Schematic representation of bulk and boundary energy fluxes within EDMF
closure (KE: kinetic energy, TKE: turbulent kinetic energy).

We use (71) to get the vertically integrated mean kinetic energy budget,

Oy <Ek>z = - <Ku(azﬂh)2>z - <M(Uh7p — uh)2>
oclH

o

rgH { apwy

a7, . anlag! 27 )\2
{“h W, 30— Oy Uhw uh)]

0
and the vertically integrated TKE budget

O (k), = —(Ku0:b) + (apwy(b, — b)),

+ <Ku(8zﬁh)2>z + <2(Ellch,u)(’U,h7p — uh)2>

. v oy
ey e e | Y )2
@), = 5 + | 52 vy — )
It is interesting to note that the parameterization of the plume horizontal pressure gra-
dient introduced in 2.3.2 and characterized by the parameter C, induces a hyperbolic
enhancement of the transfer from Ej to k due to entrainment/detrainment processes.
Additionally, the vertically integrated potential energy and resolved internal energy bud-
get reads

0

- - _ oo HH
Oy (Ei + Ep>z = <K¢azb>z - <apwp(bp - b)>z + <€V>z - I:TEiJFEp}O (71)
To illustrate potential biases, let us examine the atmospheric surface flux at z =0

Tois,(0) = —cpKod8(0) + ey (0)uy(0)(6,(0) — B(0)
and assume that the boundary condition is —K»d,0(0) = w’0’(0) (for instance using
MOST), along with a plume initialization of the form (28). Then we would have
ap(0)wy(0)8

Tp,+5,00) = w0 (0)+ cw'é(0) T0)
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OEL+0.Tg, = —Ku(0.41)*+ apywy(un, —ay) - 0,1y, Resolved kinetic energy budget
0y (E; + Ep) +0.Tg, o5, = — (—K¢825 + apwp(by — 6)) + €, Internal and potential energy budget
Ok — 0, (K0,k) = Ku(azﬁh)z — K¢8ZB - ED related TKE production terms
—apwy(Upp — p) - O.0p +a,w,(b, —b) | MF related TKE production terms
-0, ( ) MF related TKE transport term
—€, TKE dissipation
apw,0.k, =FE (k —kp + %Hup - u||2> —ap(e)p Plume related TKE
K, = cplmVk TKE eddy-diffusivity

Table 2: Complementary equations to those presented in Tab. 1, derived from energy con-
sistency constraints in Sec. 4.

where the second term leads to an unphysical source of energy for a,(0)w,(0) # 0. This
bias is due to an inconsistent partioning of the physical boundary flux ¢,w’6’(0)into ED
and MF fluxes.

5 Evaluation of the EDMF-Energy scheme using a single column model

In this section, we numerically evaluate the proposed EDMF formulation on three
cases of oceanic deep convection. The first two cases are performed in an idealized set-
ting and compared to Large Eddy Simulation (LES) data, whereas the last case is ini-
tialized and forced with realistic data and compared to in situ measurements at the LION
buoy in the Mediterranean Sea.

5.1 Description of idealized cases

The two idealized cases considered are reminiscent of typical deep convective con-
ditions in the ocean (e.g. Marshall & Schott, 1999), where convection into a initially rest-
ing ocean of constant stratification A = 1K/1000m (corresponding N = 1.962 x
107%s72) is triggered by a surface cooling of Qo = —500 Wm~2 (corresponding to a
surface buoyancy loss of By = —2.456 x 10”7 m?s~3). In both cases, salinity is kept
uniform at S = 32.6 psu. The first case (FC500) consists of free convection, where no
wind stress is applied. In the second idealized case (W005_C500) a uniform wind stress
along the meridional direction, of magnitude (u%)? = 0.05m?s~2, is applied. A sum-
mary of the parameters for each case can be found in table 3. To characterize wind-shear
effects, we introduce the Froude number (Haghshenas & Mellado, 2019)

o

u
Fr,=— 72

where the length scale Ly = (By/N§)'/? can be interpreted as an Ozmidov scale (g,/N3)!/2
(Garcia & Mellado, 2014) which is a measure of the smallest eddy size affected by a back-
ground stratification N in a turbulent field characterized by a viscous dissipation rate

€. After ty = 72h of simulation leading to a mixed layer depth h (defined as the depth

at which the buoyancy flux is minimum) of several hundred meters, various non-dimensional
numbers can be used to characterize the flow. Their values can be found in Tab. 4. The
ratio of the mixed layer depth to the Obukhov length (Obukhov (1971) and Zheng et
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Table 3: Idealized cases parameters

Case QWn Y wrm’s?Y) NGI ;O Fn
FC500 —500 0 1.962 x 10~ 72 0
W005_C500 —500 0.05 1.962 x 10~ 72 0.56

Table 4: Idealized cases non-dimensional parameters after 72 h of simulation

Case h/LOb Rih Ri*
FC500 00 00 97
W05_C500 9.7 310 97

al. (2021) in the oceanic context) h/Loyp, where

0)\3

(ug)
L =
%~ B,

is an estimate of the depth at which the production of TKE by turbulent shear is of the
same order of magnitude as the production of TKE by buoyancy fluxes. Noting w, =
(—Boh)'/? the convective velocity scale (Deardorff, 1970), we get

h Wy 3
== 73
Low <u* > (73)
We also recall that the oceanic friction velocity u? satisfies p,(u2)? = pq(u?)?. The Richard-
son number at the mixed layer base,

2

_~0

u? 2
(%)
measures the destabilization by surface shear stresses of a stably stratified water column.
At ty = 72h, the case W005_C500 can be described by h/Lop >~ 5.7 and Rij, ~ 310,
which corresponds to a regime of strong deepening of the MLD according to Legay et

al. (2023). Finally, for free convection cases (no wind) a convective Richardson number
can be built as

Rip, =

RZ* = = T

N2 _ N§h4/3 i Lo 2/3
(we/h)2 ~ (=Bp)?/3 — "

It can be interpreted as follows. The time evolution of the mixed layer depth can be ac-
curately described by the scaling (Turner, 1979; Van Roekel et al., 2018)

h o hene (74)

where the encroachment depth is henc(t) := 4/ (_NBQO)t. Then the ratio of the entrain-
0

1/3

ment velocity w, = %h to the convective velocity w, = (—Bgh)*/® reads

% x Ri;! (75)

5.2 LES model description and conditional sampling

The LES data have been generated by the Ocean-LES version of the non-hydrostatic
model Méso-NH (Lac et al., 2018). It is solving an anelastic Lipps-Hemler system adapted
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Figure 2: Temporal evolution of the normalized plume tendency 0;(a,X,) and plume
advection 0, (apw,X,) terms, for the case FC500.

to the ocean, along with a linearized equation of state. The model uses a second-order
Runge-Kutta time stepping and spatial discretization of advection operators is performed
with a fourth-order centered scheme. Explicit subgrid scale closures are computed via

a 3-D turbulence scheme based on a prognostic equation of the subgrid turbulent kinetic
energy using a mixing-length scale, computed from the volume of a grid cell (Cuxart et
al., 2000). The domain size is 1000 m on the vertical and 7.5kmx7.5km on the horizon-
tal, where doubly periodic conditions are applied. A resolution of 10 m on the vertical
and 15m on the horizontal is used. Each configuration is run for 72h with a time-step

of 10s. To assess the quality of the simulations, we checked that the subgrid TKE was
never exceeding 20% of the TKE explicitly resolved by the LES (Pope, 2004). Via anal-
ysis of the total TKE budget, we checked that a quasi-steady regime is reached after a
few hours of simulation (e.g. Garcia & Mellado, 2014). Moreover, at the end of the sim-
ulations, the typical size of coherent structures, which can be quantified by the horizon-
tal integral length scale in the bulk of the mixed layer, is of the order O(500m) < 7.5km.
This suggests that the horizontal domain is large enough to provide a satisfactory sam-
pling of turbulent structures.

To identify plumes, we use a velocity-based conditional sampling adapted from Pergaud
et al. (2009), namely the plume area is defined as

Ay(z,t) = {(att,y7 z,t) such that w(z,t) — w(z,y,z,t) > m x max(\/ﬁ(z,t),omin(z,t))} (76)

where the minimum standard deviation is chosen as omin(2,t) = 0.05/(—z) fzo \/ﬁ(z', t) dz’.
We checked that the qualitative results were not sensitive to m, and used m = 1 for

the remainder. We do not use the tracer-based sampling of Couvreux et al. (2010) since

it is valid only for small variations of the mixed layer depth. We neither utilize the ”strong
updraft” sampling of (Siebesma et al., 2007) since it assumes that a, is a given constant.
However, we checked that similar conclusions could be drawn from such samplings (not
shown).

5.3 Validity of the steady plume hypothesis and small area limit

In this section, we directly evaluate the validity of the assumptions made in Sec.
2.2 during the derivation of the proposed EDMF scheme against LES data. Fig. 2 shows
that the plume temporal tendency terms are O(10~2) smaller than plume advective terms
which is consistent with the scaling in 1/(Nopt) derived in 2.2.3. This justifies the use of
the steady plume hypothesis. Fig. 3 shows vertical profiles of temperature, vertical ve-
locity, plume fractional area, and temperature flux for the FC500 case. The small area
assumption is roughly validated, with values of a,(z) between 10% and 20% of the to-
tal area, as exposed in previous studies (e.g. Couvreux et al., 2010). This justifies ques-
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Figure 3: LES vertical profiles of (a) temperature, (b) vertical velocities, (c¢) plume frac-
tional area, (d) temperature flux and (e) TKE flux for the FC500 case after 72h of simu-
lation. For each field, the black lines represent an horizontal average over the whole grid
cell, the blue lines represent an average over the plume area and the orange lines represent
an average over the environment area. In panel (b) the blue dotted line represents a,w,,
and the gray dashed line represents the value of the free convective velocity scale w,. In
panel (d), total flux is in black, plume fluxes in blue (MF is dashed and subplume is dot-
ted), and environment fluxes in orange (same linestyles). In panel (e) are represented the
total flux (black) and the contributions from the combined terms I. + III, + III, + IV,
(blue), II.  + 1II, (dashed gray), I, (dash-dotted gray) and III, (dotted gray) (see 4.2 for
details).

tioning the relevance of this assumption and considering the system described in Appendix
A. The convective velocity w, is found to be a good estimate of the plume vertical ve-

locity w,. The contribution of the mass-flux term a,w, (8, — 6) to the total tempera-
ture flux is increasing with depth, until reaching a quasi-perfect match in the entrain-

ment layer. The rough validity of assumption a,w, (0, —0) > apw,0,,, acw, (0. — ) is
consistent with the rough validity of a, < 1. The plume/environment decomposition

of the vertical transport of TKE 1/2w'u’ - u/ is presented in Fig. 3(e). The dominant
terms exposed in (54) explain well the total flux.

All the previous findings are also verified for the W005_C500 case (not shown).

5.4 SCM evaluation

In this section, we evaluate three different configurations of the SCM against LES
data. First, a setup where only an eddy-diffusivity closure is used (refered as "ED”), and
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where the TKE equation (48) does not contain MF terms, which is equivalent to setting
apw, = 0. Second, an EDMF scheme in which an ED closure of the TKE equation (48)
is used (referred as "EDMFE”). This configuration is not energetically consistent as ex-
plained in Sec. 4. It would be the result of a naive independent coupling of TKE and
MF schemes. Finally, the third configuration consists of the previously detailed EDMF
scheme in which the TKE equation is modified as in (69) to include the contribution of
MF terms to energy transfers (referred to as ”EDMF-Energy”). Since the small area hy-
pothesis is approximately valid in LES, we also tested the relaxed version of table 1. How-
ever, we could not identify significant impacts on such an idealized setup (not shown).
For the three configurations, the constants c¢,,, ¢, ¢, used in the ED terms are the same
as the constants used in the TKE equation of the LES model. The parameters used for
the plume equations closures have been chosen as 81 = 0.99,8; = 1.99,a = 1.0,b =
1.25,¥' = 0.003m~*,C, = 0.5, ag =0.2,60 = 0.005m~!. A careful tuning and uncer-
tainty quantification of the parameters, using for instance statistical method (e.g. Souza
et al., 2020; Couvreux et al., 2021), is left for future studies.

The examination of mean temperature and flux of temperature profiles shows that
ED fails to reproduce the so-called vertical entrainment zone (e.g. Garcia & Mellado,
2014), in which penetrative convection generates negative temperature flux and sharp-
ens the temperature gradients at the base of the mixed layer. The lack of penetrative
convection is known to reduce the deepening rate (e.g. chap. 6, Garratt, 1994a), thus
producing an important bias of a hundred meters regarding the mixed layer depth com-
pared to LES. On the other hand, EDMF and EDMF-energy equally perform in repre-
senting these profiles. The absence of a noticeable effect of the energetic consistency on
the temperature mean and flux profiles is a consequence of the small value of the ED fluxes
(dashed lines) in the mixed layer. When considering the TKE profile, ED can model the
correct order of magnitude, however, the TKE does not penetrate enough. EDMF fails
to reproduce TKE due to energetic inconsistency. Indeed, looking at temperature and
velocity fluxes allows us to infer that the losses of resolved energy due to buoyancy and
shear are dominated by the MF contributions. However, such contributions are not in-
cluded as sources of TKE for the EDMF scheme, leading to the very low levels of TKE
observed in the simulation. EDMF-energy can reproduce accurate profiles of TKE. The
main discrepancies arise close to the surface and at the base of the mixed layer. Neither
ED nor EDMF can reproduce the vertical transport of TKE, whereas EDMF-energy re-
produces well the profile. Similar conclusions are drawn from the WC005_C500 case (see
Fig. 5).

In Fig. 6, we represent the vertically integrated energy budget of the SCM for the
case W005_C500 (FC500 is similar), namely the quantity

0

H (77)

0
/ O (Ex+k+ E; +Ep) dz + [TEk + Tk +TEi+Ep]
—H

As expected, EDMF-energy conserves energy, whereas EDMF does not. The energy loss
due to inconsistent energetics is equal to

0
/ (—apwy,(by — b) + apwp(unp — wy) - 0.y) dz (78)
-H

and scales with Bgh.

5.5 Realistic case: Hymex/ASICS-MED campaign

We now move to more realistic situations corresponding to a sequence of strong con-
vective events which were documented in the Northwestern Mediterranean during the
winter 2013 of the HyMeX/ASICS-MED experiment at the LION buoy. This experiment
was also carried out by Giordani et al. (2020) and we use a similar setup here (similar
vertical grid as well as similar initial and surface boundary conditions). The experiments
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Figure 4: Vertical profiles of (a) temperature, (b) temperature flux, (¢) turbulent kinetic
energy and (d) turbulent transport of TKE for the FC500 case after 72h of simulation.
LES data (black dots), ED-only scheme (grey line), standard EDMF scheme (blue line)
and energetically consistent EDMF (orange line) are represented, along with the ED con-
tribution to the temperature fluxes (dashed lines).

are performed with a SCM similar to (6) and (7) but including additional Coriolis and
solar penetration (using a standard Jerlov law) terms. We consider conservative tem-
perature and salinity as entropic variables which are related to buoyancy via a nonlin-

ear equation of state. We also include penalization terms in the SCM to account for the
effect of the bottom (which is at a depth of 2400 m at the LION buoy). Thanks to the
penalization term a no-slip boundary condition is imposed at the bottom and a no-gradient
condition is imposed for tracers. The vertical grid resolution ranges from 1 m near the

surface to 150 m near the bottom located at z = —2400 m. Parameters of the TKE
scheme are set to the standard NEMO values, ¢ = (¢, ¢, ¢i) = (0.1, ?, 0.1).

A series of 30-days numerical simulations were carried out starting from January
15, 2013. The surface boundary conditions are shown in Fig. 7. In particular, very strong
cooling events occurred during the period of interest. Two simulations were made sys-
tematically with an eddy-diffusivity term activated. A first simulation was done with En-
hanced Vertical Diffusion (referred to as ED+EVD) which is the standard practice for
climate simulations using NEMO, a second one using a mass flux scheme on tracers, dy-
namics, and with the additional terms for energetic consistency in the TKE equation (re-
ferred to as EDMF-energy). To get a more concrete idea of the improvements brought
about by the mass flux scheme over the usual practice for NEMO applications (ED+EVD),
we show in Fig. 7 (bottom panel) the temporal evolution of the mixed layer depth Ay
computed from mooring data and single-column numerical simulations. hpy is defined
as the depth where the following criterion is met
Zref
02beos (0, S = 38.5 psu) dz = pipc
0

hmx1

with 2 = 300 m and p. = 0.01 kg m~3. We had to consider a constant salinity in

the buoyancy calculation because the salinity data from the LION buoy are noisy in the
vertical and did not allow for a robust diagnostics.The bottom panel in Fig. 7 illustrates
the fact that the penetration depth of convective plumes is significantly better represented
by the EDMF-Energy scheme than by the ED4+EVD approach. Moreover, a direct com-
parison with temperature and salinity from mooring data is shown in Fig. 8 at differ-

ent times. In particular several phases can be identified during the experiment (e.g. Cop-
pola et al., 2017; Waldman et al., 2017): (4) in the period 15-25 January 2013 winter con-
vection starts to deepen the mixed layer down to around —800 m to the point of erod-
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Figure 5: Vertical profiles of (a) mean temperature, (b) mean zonal current, (c) turbulent
kinetic energy, (d) temperature flux, (e) zonal momentum flux, (d) turbulent transport of
TKE for the FC500 case after 72h of simulation. LES data (black dots), ED-only scheme
(grey line), standard EDMF scheme (blue line) and energetically-consistent EDMF (or-
ange line) are represented, along with the ED contribution to the temperature and mo-
mentum fluxes (dashed lines).
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Figure 6: Time series of the vertically integrated energy budget (77) for the case
WO005_C500 (see text for details).
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flux By (m? s~3, middle panel) computed from atmospheric forcings. Time series of mixed
layer depth Ay (m, bottom panel) obtained from observations at the LION buoy (red
line) and from single column numerical experiments using ED+EVD (solid gray line) and
EDMF-Energy (solid black line). The vertical blue lines correspond to the dates at which
the vertical temperature and salinity profiles derived from observations and numerical
simulations are compared in Fig. 8.

ing the Levantine intermediate waters. (4) in the period 26-29 January 2013 the mixed
layer keeps thickening to the depth of the western Mediterranean deep water (= —1250 m)
(44) in the period 4-9 February 2013 a new intense convective event associated with a
strong Mistral event contributes to deepen the mixed layer down to the bottom (reached
in 9 February). This is followed by a restratification phase involving horizontal processes
that cannot be represented in our SCM formalism which explains why we do not ana-
lyze solutions beyond February 9.

6 Discussion and conclusion

In this work, we have presented the theoretical derivation of an EDMF scheme with
special attention paid to energetic aspects in a simple thermodynamic setting, for both
dry atmosphere and seawater with linearized equation of state. During the derivation,
we systematically reviewed the approximations used and provided both a priori scaling
estimations, and direct evaluations of their validity on two idealized LES of oceanic con-
vection. Closed energetics at the SCM level is a necessary step to obtain energetically
consistent 3D models and thus reduce spurious energy biases. Theoretical horizontally
averaged energy budgets are guiding the derivation of consistent energy budgets for SCM
with EDMF closure. In particular, we have exposed the necessary modification of the
standard TKE equation that incorporates EDMF terms to obtain closed energy budgets.
Besides taking into account MF terms in shear and buoyancy terms, we propose an MF
parameterization of TKE transport based on LES diagnostics. It generalizes previous
formulations and implies the consideration of a subplume TKE (Han & Bretherton, 2019).
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Figure 8: Temperature (°C, top panels) and salinity (psu, bottom panels) profiles
obtained from single column experiments at the location of the LION buoy using an
eddy-diffusivity closure with enhanced vertical diffusion (ED-EVD, solid gray lines) and
energetically-consistent EDMF (EDMF-Energy, solid black lines). Results from numerical
experiments are compared to observations from the LION buoy (dashed red lines) for 4
dates represented on the Fig. 7 by vertical blue lines.
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We also show that boundary conditions on both mean and plume variables should be
consistent with the EDMF decomposition to avoid spurious energy fluxes at the bound-
ary and subsequent inconsistent energetics. We evaluate the performance of the proposed
energetically consistent EDMF scheme in the context of idealized oceanic convection. When
compared with LES of idealized oceanic convection, our scheme can reproduce mean fields
and vertical fluxes of temperature and momentum as well as a non-energetically closed
EDMF scheme. However energetic consistency is key to obtaining realistic TKE and tur-
bulent transport of TKE profiles. To further illustrate that the MF concept is a cred-

ible alternative to the traditional approaches used in the oceanic context (using an en-
hanced vertical diffusion or a counter gradient term a la KPP (Large et al., 1994)) the
proposed scheme is validated in a single-column configuration against observational data
of oceanic convection from the LION buoy.

Even if the proposed derivation may seem tedious, the energetically consistent pa-
rameterization obtained is rather simple to implement, whether in a code with an ex-
isting "non-energetically consistent” EDMF scheme or, more generally, in any code re-
lying on a prognostic TKE equation. The MF terms are obtained by solving a straight-
forward system of ODEs and take the form of vertical advection terms in the mean equa-
tions (see Appendix F for practical details). The proposed approach can also be applied
in the case where the ED closure does not use TKE. In this case, it would require to add
a prognostic or diagnostic TKE equation (even if it does not interact with the ED term)
to enforce energetic consistency.

This paper was intentionally oriented toward the theoretical description of ener-
getically consistent EDMF schemes. The first idealized test cases were not conclusive on
several new aspects which should be further assessed using more realistic SCM/LES in-
tercomparisons in future studies. Among these aspects, we can mention: the impact of
choosing the total TKE k instead of the environmental TKE k. to compute eddy-diffusivities
(sec. 2.3.3); the impact of relaxing the small-area assumption presented in Appendix A;
the impact of energetic consistency on the accuracy of the mean fields.

The development of energetically consistent EDMF schemes can be continued in
several ways. First, for real-world applications, the present work has to be extended to
more complex thermodynamics models (i.e. moist atmosphere, Pauluis (2008), and sea-
water with a non-linear equation of state, Tailleux and Dubos (2023)). As a starting point,
we provided in Appendix E a derivation of EDMF energy budgets in the anelastic set-
ting from a dry atmosphere. The proposed framework is flexible enough to be readily
extended to other coherent structures of the boundary layer contributing to transport,
such as atmospheric downdraft (Han & Bretherton, 2019; Brient et al., 2023). For at-
mospheric models, the ED-based Monin-Obukhov similarity theory should be reconciled
with the EDMF representation of fluxes (Li et al., 2021) to provide unambiguous and
consistent boundary conditions and thus avoid potential spurious boundary energy fluxes.

To implement and then assess the impact of this energetically consistent param-
eterization on realistic 3D oceanic simulations a calibration of the remaining ”free” pa-
rameters must be achieved (Hourdin et al., 2017; Couvreux et al., 2021). It should be
performed on parameters whose universality can sometimes be statistically assessed (Souza
et al., 2020), and should be mathematically and physically constrained as much as pos-
sible (see e.g. section 4.6). We believe that designing energetically consistent parame-
terization is a way to achieve more realistic models before their tuning.

Appendix A Relaxing the small area limit

The small-area assumption can be relaxed with no additional complexity if the sub-
plume fluxes wy, ¢}, are still neglected. A summary of the EDMF-Energy parameteriza-
tion in such a regime is presented in Tab. Al.
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1

N

Rescaling coefficient

1—a,
w'g = aaywy(¢p — @) — Ky, Vertical turbulent flux for component ¢
wu), = aapwp(Upp — Up) — K0, Vertical turbulent momentum flux
0.(apwp) =E—-D Plume area conservation equation
apwpd.pp = aE(p— ¢p) Plume equation for component ¢
apywpOup, = aE(@, —up,p) + apw,C,0,uy, Plume horizontal momentum equation
apwpd;w, = —(ab)Bwy + a, {aB, — o (b )w) } Plume vertical velocity equation
By = beos(¢p) — beos () Buoyancy forcing term
Ok — 0, (Kr0.k) = Km(azﬂh)2 — K40, b ED related TKE production terms
—aapwp ((Uhp — @p) - 8 up, — MF related TKE production terms

—b))
0. (ayup |y = k+ 5y - uﬂ)

—€,

MF related TKE transport term
TKE dissipation

~ 1
apywp0.k, =aF <(k —kp) + §Hup - u|2) — ap(en)p Plume related TKE

Table Al: Same as table 1, but with a relaxation of the small area limit. Note that under
the small area limit we would have a = 1.

Appendix B Mixing length computations

For the oceanic applications detailed in this article, we have chosen a formulation
of eddy-diffusivity and viscosity close to that used in the NEMO ocean model (Madec
et al., 2019). The eddy-viscosity and diffusivity are classically assumed to be related to
TKE by

Ku = lem\/E
Ky = K,(Pry)™*

with /,,, a mixing length scale, Pr; the non-dimensional turbulent Prandtl number, and
¢m is a constant (¢, = 0.1 in NEMO). The mixing length [, is calculated in two steps
by considering separately the length scales Iy, and lgwn associated respectively to up-
ward and downward movements : (1) Iy, and lqwn are initialized assuming lyp, = lgwn =
V2kToq With Teq a characteristic time equal to 1/N = (9,b)~! (2) a physical limitation

is used to guarantee that l,, and lgwn do not exceed the distance to the top and the bot-
tom, this limitation amounts to controlling the vertical gradients of I, and lgwn such
that they are not larger that the variations of depth (e.g. Madec et al., 2019). Once Iy,
and lqwn are computed the mixing length is taken as I,, = min (lyp, lawn). The turbu-

lent Prandtl number is modelled by Pr; = min (Prj"**, max (Ri/Ri., 1)) with Ri = N?/||0,a]/?,

Pry"®* =10 and Ri, = 0.2.

Appendix C Boundary condition for plume equations

Near the surface, we linearize the plume and mean buoyancy in the form b ~ %+
V2. Then the plume equation for b, reads at order O(z°):

-0
agwpb, = —Eo(b) —b)
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The boundary condition bg =7 implies that b;, = 0. Thus we get
by (%) :50, B:B°+N§z

Then near the surface, the buoyancy force - which is a source of plume momentum and
kinetic energy 1/ 2w12, - is at first order b,—b >~ —NZz. Consequently, any static insta-
bility at the surface will result in the absolute growth of the plume vertical momentum
(—NZz > 0 in the atmosphere and —NZz < 0 in the ocean).

The boundary condition b,(0) = b(0) implies that at = = 0, all the surface flux is al-

located in the ED component. Consequently, N3 = w'd(0)/(—Kp(0)) = w'd'(0)/(cly(0)/k(0)).

The boundary condition b,(0) = b(0) thus implies that close to the surface
w'b(0)

by(z) ~b(z) + mz

Appendix D EDMF Mean Variance Equation

Start from the mean and plume equations, and the turbulent flux decomposition

(X = —-0.wX +Sx (D1)
wX = —Kx0,X + aywy(X, — X) (D2)
apwp0,X, = —FE(X,—X)+a,Sx, (D3)

Multiplying the mean equation (D1) by X leads to
1 .
5atXQ = —0.(XwX')+wXd.X+XSx
= —0.(XwX") — Kx(0,X)?+ apwy(X, — X)0,X + X Sx (D4)
To rewrite the second term of the right-hand side, we use the plume equation (D2):

:Xp+(Y—Xp)
~~

apw, (X, — X)0, X = —B(X,—-X)>+ (X, — X)apSx
1 _
fapwp§8z(Xp —X)?

= —E(X, - Y>2 + (Xp — y)%SX,IJ
1 _
_8Z(apwp§(Xp - X)Q)

(B = D)3 (X, - X

1 — —
= —(B+D)5(X, - X+ (X, — X)aySx,p
1 —
_8z(apwp§(Xp -X)%)
Using this expression into equation (D4), then vertically integrating the variance bud-
get leads to the desired equation (71).

Appendix E Anelastic energy budgets

In this appendix, we derive energy budgets for a general anelastic model commonly
used in atmospheric models. We start with the unaveraged anelastic mass and momen-
tum budgets:

Vo (prerw) = 0 (E1)
pT

ref

atu = —V(u@u)—fxu—V( )+bez+yv2u (EQ)
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where prer = pref(2) is a reference density profile, and the total pressure is p(z,y, z,t) =
Pret(2) + pT (2, y, 2,t) where by definition 9,pret(2) = —pretg-

As in section 3, we keep the same notations for the specific mean kinetic energy
E, = (- @p)/2, the turbulent kinetic energy k = (u’ - wu’)/2, the potential energy
E, = gz and the mean internal energy F;. Note however that these specific energies
have to be multiplied by p,et to get corresponding energies.

E1 Kinetic energies

By using the SCM assumptions exposed in Sec. 2.1, we can derive budgets for the
resolved kinetic energy Ej and the turbulent kinetic energy k:

1 -
O Ey, + —f@ZTEk = w’u’h -0, up, (E3)
1 -
Ok + 0.7, = —w'uj-0.u,+wl —F¢, (E4)
ref

where €, = v0,u’ - 0,1’ is the viscous dissipation of energy, T, = presw’u), - up and

sl “ +w'pt’. Exchanges between the resolved and subgrid reservoirs of ki-

Tk = PrefW
netic energy are done via the mechanical shear term w’u},-0,%y. To close the budgets,

we will provide in the following sections a budget of internal and potential energy.

E2 Internal and Potential energies
For a generic fluid, the unaveraged specific internal energy can be written as

& = h(p,¢) -2 (E5)

where £ is the specific enthalpy and ¢ is any entropic variable describing each compo-
nent of the fluid. Within the context of anelastic approximation, internal energy becomes

Dref

gi = ﬁ(preﬁ (b) - . (EG)
In particular, it implies within the anelastic approximation that b(¢) := —g(p(pret, @) —
Pret)/ P(Pref, @), where the specific volume can be defined as 1/p(pref, @) = Ophi(Pret, @)-
The unaveraged budget of internal and potential energy then reads
1
at(gz + Ep) + A [prcf(ﬁ(prcfa ¢) + gz)u} =€y — wb (E7)

Pref

Upon averaging and using the SCM assumptions, the budget of mean internal energy
E; = &; and potential energy reads

1 — 1 — _
O(E; + E,) + ;az(prefaqjﬁref w'¢') =€, — ;Bz(pref(gb WOy ¢ + W Ok ;) — w'b (E8)
where we introduced the notation fief(¢) = A(prer, ¢). Remark that if A(pref, @) is lin-

ear in ¢, we have closed relations A(pyet, @) = A(pret, @) and b(¢) = b().

As a summary, the budgets of mean kinetic energy, turbulent kinetic energy and
the sum of mean internal and potential energy are

O Ey, + 8ZTE,C = w’uﬁl -0,y
Ok + 0, Ty, = —w’u}b Oy +w'b — ¢, (E9)
at (Ez + Ep) + iaz (prefa¢>ﬁref w/¢/> =€ — (pref¢w a(i) ref + ¢l IadJﬁl ) W

where conversion of E}, into k occurs via mean shear7 conversion of k into F; occurs via
viscous dissipation, and conversion of %k into E; 4+ E, occurs via buoyancy fluxes.
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For a dry atmosphere modeled as an ideal gas p = pRyT, the specific enthalpy
reads

ﬁ _ pref Rd/Cp
(Pret; 0) = ¢p 0 (E10)
Po

)" R4/¢ and buoyancy is b(d) =

which is linear in the potential temperature 6 = T" (p/po
g(0 — bef) /Ores. The budget of E; + E, is

DPref Ralep a 1 DPref Rafep 9 —77
O(E; + Ep) =c¢p ( ) 0,0 =€, — 0x | pretcp <p0> w'd | — o—w’H(Ell)

Do Pref ref

—Rg/cp

where 0, = (%) ﬁ. As a summary, the budgets of mean kinetic energy,

turbulent kinetic energy and the sum of mean internal and potential energy for a dry at-
mosphere within the anelastic approximation are

O E), + azTE,c = w’u% - 0,y

Otk + 0. Ty = —w'uj, - 0.y + gLw'0 — (E12)

Pref Rd/c"ag = 1Ly Dref Ra/ey 0 9 W0
p ( Po ) t7 T G T g Oz | PrefCp ( Po ) w T W

E3 EDMF-parameterized budget

Within the anelastic approximation, the budget of resolved kinetic energy, subgrid
kinetic energy and resolved internal+potential energy for a dry atmosphere with EDMF
closures is

O Ey, + i@zTEk = —Ku(azﬁh)2 + apwp(u;hp — ﬂh) - 0,uy,
Ok + i@ﬂ;k/ = L [—K90.0 + apwy (6, — 0)] + Ku(0:1n)? — apwp(ug, — @p) - 0.0, — €,
d/cp — _ _ _
) [cp (PT) 9} = L 0.Tpm, + & — g% [~Ko0:0 + ayw,(6, — )]
(E13)
where the flux terms are
T, = pPref (_Kuazﬁh + apwp(u,hp — ﬂh)) -up (E14)
1
T, = —prekaazk) + PretGpWyp (/fp —k+ §Hup — u||2) (E15)
pret ) - B
TEi—Q—Ep = PrefCp < ;; > (7K9629 + apwp(ép — 9)) (EIG)

Appendix F Discretization of energetically consistent EDMF equa-
tions

We start from the standard grid arrangement used in oceanic models which are usu-

ally discretized on a Lorenz grid in the vertical (density is located in the center of the

cells on the vertical). We consider N grid cells in the vertical with thickness Az; = z;1/5—
zj—1/2 (2172 = —H and zy1/2 = 0 the surface) such that Z;V=1 Az; = —H. Tradi-
tionally, the turbulent quantities like turbulent kinetic energy k and eddy diffusivities

K x are naturally located on the interfaces at z;11/2 to avoid interpolations when com-
puting the vertical gradients of the turbulent fluxes (Burchard, 2002). For the discrete
values, not to interfere with the grid indices, the subscript p for the plume quantities is
now a superscript such that plume quantities are now noted X§7+1/2 = Xp(2 = 2zj41/2)-

In the following, we consider that the plume quantities and k are discretized at cell in-

terfaces and the mean quantities X are zdiscretized at cell centers and are interpreted in
— 1 i+1/2 __
a finite-volume sense (i.e. X; = — X (z) dz). In the remainder, we consider
J Zj—1/2
the oceanic case with 0§ = —1. ’
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F1 Discretization of mass-flux equations

We consider here the mass-flux equations given in Tab. 1 but in conservative form
(except for the vertical velocity and TKE plume equations) :

g
—

0.(apwp) = E—D
0 (apwygp) = Eg — Doy
9, (a,w,U,) = EU — DU,
wpd.wy = —(E/ay)(bwp) + aBy + b'w],

1
apwp0:zkp = E (k —kp+ Q(ﬁp - U)Q) —ap(ev)p

~ o~ =~~~
=
w N

N NS AN NN

where the equation for horizontal momentum has been manipulated to have the same
form as the ¢, equation by taking U, = uy, — C,uy, and U = (1 - C,)uy. The ad-
vective form is used for the w, equation to make the computation of w, independent of
a, (with the closure hypothesis (25) for E, E/a, is independent of a,); the motivations
for this will become clearer later. The mass-flux equations correspond to a first-order
nonlinear set of ODEs. There are a whole lot of methods for solving such initial value
problems. We present here a simple method combining explicit (Euler) and semi-implicit
(Crank-Nicolson) steps as the use of more advanced methods did not produce significantly
different results. In the following, we describe the different steps for the resolution start-
ing from known initial values X7, 4172 at the surface and advancing downward.

F11 Initial conditions

The discrete form of the initial conditions given in 2.4 are obtained by a linear ex-
trapolation of ¢ and (@wp,)n toward the surface.

w§v+1/2 = —Whin
v 202y + Az 1)y — Azndy (F6)
N+1/2 Azy + Azy_q

(2Azn + Azy_1)(Tn) N — Azn(Tn)N—1
Azny +Azn_1

Uz’ﬂl/z =(1-C)

Since the TKE k is already discretized at cell interfaces the boundary condition for &,
does not require an extrapolation. In particular the condition on ¢, leads to the follow-
ing value of the B, term in the topmost grid cell :

BN 75]\]_1 AZN
BY =A = N?
N N (AZN+AZN1) 2 ( )

N-1/2
meaning that using the condition (F6) allows to trigger convection as soon as the Brunt-
Viisild frequency is negative. Indeed a negative value of BY; in the RHS of the wy-equation
(F4) leads to a positive value of (9,w,)n and thus larger negative values of w, when go-
ing downward.

F12 w,-equation

The wy-equation (F4) using the entrainment E given in (25) can be formulated as

azwi + b5 min(@zwg, 0) =2aB, + Qb/wg
which can be discretized in a straightforward way as
B "2 00 = (W)31j0] = 20827 — o3V 82) (@921 + ()2
Bf - beos (¢§+1/2) - beos(&j) (F7)

—34—



947

948

949

950

952

953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

where 8 = 1 + by if aBf — agb’(wp)?ﬂ/2 is negative and # = 1 otherwise. Knowing
w§’+1/2, it is easily found that

(B = b Azj)(wP)3, )
B+bAz

— 2aAz; Bf

(wp)?— 1/2 =

Once this quantity falls below a certain threshold (w?, )2, the plume is considered evanes-

cent. In the oceanic context we consider w;LI /2
culations to guarantee that w’Ll /2 is strictly negative. The upwinding used to compute
B, in (F7) in addition to the fact that the wy-equation does not depend on a, avoid the

need for an iterative process to solve the mass-flux equations.

= —/(wr)?_, , for the rest of the cal-

F13 Continuity and tracer equations

The entrainment E; and detrainment D; rates given in (25) and (26) discretized
on a grid cell j correspond to

1
AzjE; = 3 (a§+1/2 + a§_1/2> Br(6-wP)F

1 _ 50AZ
Az;Dj = 3 (a§+1/2 + a?_1/2> |:_ﬁ2(5zwp)j T ! (w§+1/2 + w?—l/Q):|

+ _ - _ .
where (d,w?); = max (w§+1/2 — Wi 0) and (6,wP); = min (wf+1/2 — Wi, 0).
Integrating from z;_; /5 to 2j41/2 the continuity equation and ¢, equations we obtain

(apwp)j+1/2 — (apwp)j_l/g = AZj(Ej — DJ)
(@PwP Q") ;172 — (@PWPRF) ;12 = Dz Bid; — (Az;D;/2) (¢§+1/2 + ¢§—1/2)
which can also be extended to the horizontal momentum equation formulated using U,.

Since at this stage w? and wé’f are known, the continuity equation is used to com-

j+1/2 1/2
pute a? _ 1 through

p .
o o 2wj+1/2 —EmD;
IR 20t ) + EmD;

EmD, = 61(6zw1’)j + f2(6.wP); + min {502'%(11);7_*_1/2 + 105.’_1/2)7 —Z(wﬁlin)} (F8)
Note that a, is subject to a boundedness requirement as 0 < a, < 1. Assuming 0 <
afﬂ/g < 1, sufficient conditions to guarantee that a?_l/Q < lare 8y < 1land By >

1 and a sufficient condition to guarantee that a?_l 5 > 0is B2 < 2. Moreover a con-
straint is added on the background detrainment dp in (F8) to guarantee that a?_
0 as soon as w —w" . which occurs once outside the plume.

o p 1/2
172 = Wi-12 T

Once a§—1/2 is known, it is possible to compute ¢§_1/2 (as well as UJP—1/2)' The
proposed discretization ensures that the compatibility between the continuity and the
tracer equations is maintained at the discrete level (i.e. we recover the continuity equa-

tion for ¢§+1/2 = ¢§71/2 =1 and aj =1).

The same reasoning can be applied to solve the k, equation, which presents no ad-

o, . . . . o, . p p p
ditional difficulties as all necessary quantities Wiy 90 Ggy o and Ujyq )y ATE known.

In summary, the proposed discretization guarantees that w, is strictly negative, that
ap is bounded between 0 and 1, and that the continuity and tracer equations are com-
patible, without the need for an iterative solution procedure.
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076 F2 Energy consistent discretization of turbulent kinetic energy

or7 In Burchard (2002) an energetically consistent discretization of the turbulent shear
o78 and buoyancy production terms for the TKE equation in the ED case is derived. Such
079 methodology can be extended in the EDMF case to discretize the MF-related TKE pro-
080 duction terms given in magenta and cyan in Tab. 2. Starting from a simple Euler-upwind
081 discretization of mass-flux terms in the @, and ¢ equations which can be written gener-
082 ically for a variable X

J— 1 J—

X;'ZJr - X;'Z _ F}E/? — F;\Eﬂ

At o AZ]'

F;\iﬁ‘/2 = (apwp)j+1/2 <Y?+1/2 — Y;)

083 the kinetic and potential energy budgets can be derived by multiplying the velocity equa-
o84 tions (i.e. X = u) by (ﬂ}”l + @})/2 and the buoyancy equation by —z;. After some
085 simple algebra, we obtain that

_ _ . (wn) 5+ (wn) Ty — (up) ™ — (wn)?
(apwp(up,p —p) - azuh)j+1/2 = (apwp);41/2 ((uh)§+1/2 — (Uh)j) . ( J QJAZJ.+1/2 J J
(apwp(bp - B))jJrl/Q = (apwp)j+1/235

986 where Bf is given in (F7). Using these discrete forms for the MF-related TKE produc-

087 tion terms combined with the discretization of the turbulent shear and buoyancy pro-
988 duction terms derived in Burchard (2002) ensure the proper energy flux between resolved
989 and subgrid energies.
990 F3 Coupling ED and MF schemes
901 In the EDMF approach, the usual vertical diffusion/viscous subgrid terms are com-
902 pleted by an advective term so that the following equation must be advanced in time:

0 X =0, (Kx0.X) — 0. (apwy(X? — X)) (F9)
093 This amounts to couple a boundary layer scheme which provides Kx and a convection
994 scheme which provides a,w, and X?. The numerical treatment of such coupling is rarely
995 discussed in the literature. This problem can be approached in 2 ways: either by inte-
996 grating the 2 schemes sequentially or in parallel. For the numerical experiments discussed
907 in Sec. 5 we chose a boundary layer-then-convection strategy corresponding to the fol-
908 lowing temporal integration for the single-column model (leaving aside the Coriolis and
999 solar penetration terms)

ED step

P"TI = " + AtD, (Ky(k".0")0.¢™ )
up = g At (K (500 )
prtlx beos(¢"+1’*)
MF step
(@, Wy Gpy Wiy kpy Byp] = ME (b 1% ) T1%)
"t = ¢n+1’* — Ato, (apwp(¢p - ¢n+1’*))
wltt = u T - AL, (apwp(uhyp - uZH’*))
TKE update
KT = k" 4 A0, (Kp(k",0") 06" ) + Fe (0" ul T ul ap, wp, whop, by, By)

1000 where the MF(.) function represents the computation of mass-flux quantities as described
1001 previously and Fj, contains the TKE transport and forcing terms. The "ED step” is clas-

—36—



1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

sically computed using an Euler backward scheme. With the proposed approach, the con-
vection scheme sees a state already updated by the boundary layer scheme (and by the
solar penetration and non-solar surface heat flux which are applied during the "ED step”)
The convection scheme thus sees a state whose static stability is representative of the
current time-step and external forcing.

Ultimately, with the proposed approach, the various stages can be expressed di-
rectly as follows

Pt = ¢" + At0, (K¢6Z¢n+17* — apwy(¢p — ¢n+1’*))
[ap, wy, dp] = MF(¢"*+1*)

which reflects the fact that we have good synchronization between the ED part and the
MF part, which see the same mean fields. On the other hand, the approach of simulta-
neously considering the ED and MF parts in a single tridiagonal problem would lead to

"t = @™ + At (K¢az¢n+l — apwy(p — ¢n+l))
[ap, wp, ¢p] = MF(¢™)

In this case, the mass flux is applied to the mean fields at time n thus breaking the syn-
chronization between the ED and MF parts. Indeed ¢, has been computed using ¢™ while
it is applied at time n + 1.
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