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FINITE VOLUMES FOR THE GROSS-PITAEVSKII EQUATION

QUENTIN CHAULEUR

ABsTrACT. We study the approximation by a Voronoi finite-volume scheme of the Gross-Pitaevskii
equation with time-dependent potential in two and three dimensions. We perform an explicit split-

ting scheme for the time integration alongside a two-point flux approximation scheme in space.

We rigorously analyze the error bounds relying on discrete uniform Sobolev inequalities. We also

prove the convergence of the pseudo-vorticity of the wave function. We finally perform some

numerical simulations to illustrate our theoretical results.

1. INTRODUCTION

Let  be an open bounded connected polygonal or polyhedral subset of R? with d = 2 or 3 and
with Lipchitz boundary 0€2. For T' > 0, we consider the Gross-Pitaevskii equation

(GP) 0+ Ay = [P + V(L z)Y

in (0,7") x £ with homogeneous Dirichlet boundary conditions ¥ (t,z) = 0 for (¢,x) € (0,T) x 9Q
and initial condition ¥ (0) = 1y. Equation (GP) appears as a fundamental model to describe the
evolution of Bose-Einstein condensates, a state of matter near absolute zero temperature whose dy-
namics can be described by a single wave function 1. The time-dependent potential V =V (t,z) € R
then both act as a magnetic confining potential and a stirring perturbation induced by laser beams.
When set to rotation in a strong confinement regime, Bose-Einstein condensates exhibit complex
nonlinear phenomena such as quantum turbulence, which have drawn more and more attention
from the scientific community over the last decades. In particular, the nucleation of vortices with a
quantized circulation, which are related to superfluid properties, as well as their interactions, played
an important role for irreversible energy transfer mechanisms in quantum turbulent fluids [26].
The recent developments of laser trapping and cooling has made BEC experiments very precise
in a number of complex configurations with various geometries. On the other hand, numerical
simulations are usually made on periodic fields to allow the use of the Fast Fourier Transform in
order to retain spectral accuracy, or with finite differences [4] on square or cubic lattices. This
motivates the development of new methods in order to efficiently simulate the Gross-Pitaevskii
equation on more general geometries. Here we will only assume that €2 is an open bounded connected
polygonal set, and we analyze a numerical scheme based on a finite volume approximation in space.
We perform a Two-Point Flux Approximation (TFPA) finite volume scheme, which stands as a very
popular method in numerous applications, as it is both straightforward to implement and robust.
Note that to the best of the author’s knowledge, this is the first contribution to the numerical
analysis of a finite volume scheme in the context of nonlinear dispersive PDEs. Even in the case of
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linear Schrodinger equations, the only work we are aware of is the recent paper of Bradji [6], in the
context of hybrid finite volume scheme on general nonconforming meshes.

Finite elements methods has also recently been developed for the simulation of quantum fluids, in
particular with the works of Henning and Malqvist [17] on convex domains, with GPElab developed
by Antoine and Duboscq [2, 3| or the toolbox developed by Vergez, Danaila, Auliac and Hecht [24] on
the FreeFEM++ software. Finite element methods are based on variational formulas, and usually
require an adequate functional framework that we avoid here with our finite volume approach.

For the time integration of equation (GP), we will perform a standard Lie-Trotter splitting
scheme. Alongside Runge-Kutta methods, splitting schemes are fairly popular for the explicit
numerical integration of nonlinear Schrédinger equation as pointed out in the review paper [1], and
we refer to the seminal works of Lubich [18] and Gauckler [14]. In the context of geometric numerical
integration [16], splitting methods has the advantage of being easy to implement and efficient
in terms of memory cost, while naturally preserving some important invariant of the continuous
equation, such as the mass conservation of the Gross-Pitaevskii equation

()l z2@) = 1Yol z2(@)
for all ¢+ € R. Note that equation (GP) also satisfies the energy balance law

d
< B() :/QatV(t,a:)h/J(t,x)\gdx
where
1 2 1 4 2
B() = 5IV¥lEa + 51Ol + [ Vol

In particular, if V' = 0, the energy E is also conserved over time, and it is now a common feature
that splitting methods nearly conserved such energy over long times, see for instance [12].

From the theoretical point of view, the only work dealing with the Cauchy problem of nonlinear
Schrodinger with time dependent potential seems to be [7]. In particular this paper ensures the
existence of a unique global solution of equation (GP) on the whole space R? for d < 3, under
the condition that V(t,x) is real-valued, locally bounded in time and subquadratic in space. A
particular emphasises is also made on the growth of Sobolev norms of the solution over time.

Throughout all this paper we make the following assumption on the potential:

Vec(o,T], H*()).

We also suppose that this assumption would reasonably induce global existence and unicity of a
smooth solution ¢ € C([0,T], H?(Q2)) with initial condition 1y € H5(2) on the open bounded
subset 2 of R?. Note that this H°-regularity assumption is already reguired for splitting schemes
with finite differences [4, Theorem 4.3.]. Following the notations from [18], we write
my = sup |[(t)|gr) fork=1,...,5.
te[0,T]

This paper is organized as follows. In section 2, we will recall some notations about finite volume
schemes in order to state our main result Theorem 1. Section 3 introduces some useful discrete
functional properties for the Hilbert space H}. In section 4 we prove an error estimate for the
semi-discretization in space of the linear free Schrodinger equation. Section 5 and section 6 are
then both devoted to the proof of Theorem 1, with respectively the convergence analysis of the
semi-discrete in time and the fully-discrete schemes. In section 7, we show the L'-convergence of
the pseudo-vorticity of the wave function, a quantity which is of interest for efficient detection of
vortices. Finally, in section 8 we perform some numerical simulations to illustrate our results.
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2. DISCRETE FRAMEWORK AND MAIN RESULT

2.1. Finite volume notations. In order to perform a finite volume scheme on Voronoi meshes
for the Gross-Pitaevskii equation (GP), we first need to set a choice of spatial discretization. To
this end, we consider finite-volumes admissible meshes in the sense of the following definition, as
introduced in the seminal book of Eymard, Gallouét and Herbin [10].

Definition 1. (Admissible finite volume mesh).
An admissible finite-volume mesh T of Q (see Figure 1) is given by a family of open polygonal (if
d = 2) or polyhedral (if d = 3) and convex subsets K of Q, called control volumes of T, satisfying
the following properties:
e O =Uger K.
o IfK,L €T with K+# L then int K Nint L = 0.
e IfK,L €T, with K # L then either the (d — 1)-dimensional Lebesgue measure of K N L is
0 or KNL is the edge (if d = 2) or face (if d = 3) of the mesh denoted o = K|L separating
the control volumes K and L.
e To each control volume K € T, we associate a point x5 € K (called the center of K) such
that if K, L € T are two neighboring control volumes, the straight line between the centers
xx and xy, is orthogonal to o = K|L.

FIGURE 1. Notations of the mesh 7T associated with 2.

In the case of Voronoi meshes, each control volume K € T associated to a center xg of the is

defined by
K={zeQ||z—zk|<|r—=aL|, VoL €T, zp #xx}.
We denote by hx = diam(K) for K € T, and
h = sup hg
KeT

the mesh size of T, as well as d, € N the number of control volumes K € T of the finite-volume
mesh. We also denote by £ the set of edges/faces of the mesh T, and we denote by e;, the number
of edges in the mesh 7. We respectively define

Emp ={0€&|ogdN} and Euy ={c€&|oecdN}

the subsets of interior and exterior edges of £. In the same vein, we denote by Ex the set of edges
of any K € T, as well as |K| := A\y(K) the area of the control volume K, where \; stands for the
d-dimensional Lebesgue measure. In fact, regular Voronoi meshes often satisfy

(boundary) Ex NEext £ = xx € 00,
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a property that we will always assume in the following. Moreover, for K and L two neighboring
control volumes of T, we denote by 0 = K|L € & their common edge, and by |o| = Ag—1(0) the
length (for d = 2) or area (for d = 3) of 0. We also denote by dg/;, the distance between zx and
zr, and by dg , the length of the segment between xzx and o, orthogonal to o, if o € &£ine. Once
again, we refer to Figure 1 for an illustration of these notations in dimension d = 2. Note that in
the case of (isotropic) Voronoi meshes, we have

d
(iso) dg o = I;lL, for o = K|L € &,

)

a property which will be useful in our upcoming analysis.

The use of the Voronoi method to produce admissible finite volume meshes goes back to the work
of Mishev [20] and has now proven being powerful in a number of applications [13]. As pointed in [10,
Example 9.2], an advantage of the Voronoi method is that it easily leads to meshes on non polygonal
domain 2, which might be of interest for physical applications. Note also that a relationship can be
established between TPFA scheme on Voronoi meshes and generalized mixed-hybrid mimetic finite
difference method, and super-convergence can occur [9].

In two dimension, a usual way to construct meshes satisfying the orthogonality property (x g, zr) L
o is to partition  into a conforming triangulation with acute triangles called Delaunay triangula-
tion, and to take each zx as the circumcenter of K. This method is one of the most popular in
computational mesh generation, and the dual mesh then corresponds to a Voronoi admissible finite
volume mesh, leading to the use of discrete duality finite volume (DDFV) schemes [21]. Note that
we will not exploit this duality property in the forthcoming analysis.

We will also assume the following regularity constraint on the mesh 7 there exists 0 < £ < 1
independent of A such that

(reg) hxé <dgo, <hg and hE'¢ <|o| <hi?
for any K € T and o € k. We define the following discrete norms:

Definition 2. (Discrete spaces).
Let U = (Uk)k € C¥ and 1 < p < co. We define the L} and L;° norms of U by

105, = 7 KUK and U]z = max [Us|,
KeT

as well as the H}L semi-norm by

o
HU”?{IZ E 7| | |UL — Uk |2
h dK\L
O'Egint

Note that the discrete Poincaré inequality (see [10, Lemma 9.1]) gives that
ULz < diam()[[U |13

so that the semi-norm [|-[|; is in fact a norm. Finally we define the pointwise evaluation operator P,
of any continuous function f € C(2) by

(th)K = f(l‘K) VK eT.
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2.2. Splitting, finite volume scheme and main result. Let 0 < 7 < 1 be the time step size
and t, = n7 for n € {0,..., N} such that T = N7. We denote by U° = Pj,(¢g) the projection
of the initial state ¥y. We denote by A the matrix of the discrete Laplace operator defined for all
K eT by

_ 1 lo|

] (U — Uk).
oc€EKNEing K|L

We also denote by
Gpn(1,2) = / V(tn + s, x)ds
0

the time antiderivative of V for all z € Q, and we will assume that G,, can be evaluated exactly.
We then define recursively our numerical scheme by a classical Lie-Trotter split-step

(LT) Un — ei‘rAefiPhGn(T)efiT|Un,1|2Un717 Uo — Py (o),

for 0 < n < N, where multiplication between vectors of C% has to be taken pointwise. We now
state the main result of this work:

Theorem 1. Let T be an admissible finite-volume Voronoi mesh of Q0 satisfying the regqularity
properties (boundary)-(iso)-(reg). Let g € H®(Q) and T > 0. We assume that there exists a
unique solution ¢ € C([0,T]; H®(Q)) of the Gross-Pitaevskii equation (GP) with 1(0) = 1. Let
UY = Puipo, and we denote by (U™)o<n<n the sequence defined via the splitting method (LT). Then
there exists 7o > 0 and hg > 0 such that for 0 <n < N =T/, for all0 <7 <715 and 0 < h < hg
satisfying the CFL-condition T|logh|?> <1 for d =2 or 7 < h for d = 3, we have

1Puth(tn) = Uy < Clh+7),
where C = C(ms, T, |V||Lsoms, €) and recalling that ms = sup,cio 1y V()| 55 0)-

We make the following comments:

e As mentionned in the introduction, this splitting scheme naturally preserves the L?-norm
of the solution
[U™ |z = IU°]|2 YO <n <N,

making the scheme (LT) unconditionnaly stable in L?.
e One may also consider the Strang splitting scheme recursively defined by

no_  —iZ|Un 1|2, P0G 1(3) it A —iPyGn(Z) —iZ|Un_1|>77n—1
U —e zlﬂlle n+3 e e v n(g)e Q‘n 1|U ,

%, taking advantage of computing once the Laplace operator part at each

with tn_,’_% =
step (which will be the most costly from the finite volume perspective) along theoretically
recovering a second order method in time which still preserves the L?-norm of the initial
state. Note however that the proof is more tedious so we omit it here. Higher order methods
for the time discretization can thoroughly be considered, and we refer the interested reader
to the book of Hairer, Lubich and Wanner [16].

e On the contrary, higher order methods for space discretization is generally a challenging
task in the finite volume framework, and might be an interesting topic of research for future
works.

We end this section with some notations. The LP(2) and H*(Q) spaces will be written with the

compact notation LP and H* in equation mode for conciseness purposes, as there is no ambiguity
with the finite-dimensional spaces L} and H, L. The same way, the uniform norm on a time interval
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[0, 7] will be denoted || - || We also refer to polygonal control volumes K and edges o as in
the two-dimensional case d = 2, even if it means polyhedral and faces for d = 3. If not mention
otherwise, an edge o € &, is systematically associated to control volumes K and L € T such that
o = K|L in summations.

3. DISCRETE FUNCTIONAL ANALYSIS
3.1. Discrete gradients.

Definition 3. (Discrete gradient).

We denote by V% the discrete gradient operator mapping scalar fields U € C% into vector fields
of (C2?)¢n (where we recall that ey, denotes the number of edges in the mesh T ), where VAU =
(V'g,g)geg 1s defined by

U, —U
deiKyKﬂ ifo=K|L € En,

VEU =4
— d VK,G’ ZfO' S gext~

dg|L

Note that V’SLU is considered as a piecewise constant function on the diamond cells D, for any
edge o € &, which are defined (see Figure 2) as the open quadrangle whose diagonals are the edge o
and the segment [zx, x| for 0 = K|L € .

FiGURE 2. Diamond cell D, for o € &y

We also state the discrete equivalent of the usual integration by parts formula in the context of
finite-volume schemes: for U, U € C%, we have

Z Z ] (U = UL)Ug = Z u (U = Up)(Ux —U1)

d d
KeT c€€xNEint KL 0E€Eint K|L

rearranging the sum on the left-hand side.

3.2. Discrete Gagliardo-Nirenberg inequalities. From classical Sobolev embeddings, we know
that ||fHLoo(Q) < CQ7E||fHH1+E(Q) with d = 2 or ||fHLoc(Q) < CQ7E||f||H%+E(Q) with d = 3 for
any € > 0, however these estimates do not hold for ¢ = 0. However, taking advantage of the
discrete structures of the space H}, and relying on inverse estimate for discrete Lebesgue space as
well as discrete Sobolev embeddings [5] for L} norms, one can show non-uniform discrete Sobolev

embeddings for L7 norm.
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Lemma 1. Let Q C R? be a connected bounded open polygonal or polyhedral set, and T an admis-
sible finite-volume mesh with mesh size h > 0 satisfying the regularity property (reg). Then there

exists a constant C' = Cq ¢ > 0 such that
loghl|[Ul gy ifd =2,
[UllLse < Case 1 .
R ifd=3.

Proof. We only sketch the proof for d = 2, which can also be found in [8, Corollary 1] for d = 2, 3.
There exists Ko € T such that [|U|| = = |U(Ko)|, so

1Vl < Ch™7 Ul
where C' = C(§) depends on the regularity of the mesh. From [5], we then have the discrete
Gagliardo-Nirenberg inequality
Uy < Caep|Ullm; -
as the constant C(p) depends linearly on p > 1 in the proof of [5, Theorem 4.3]. We then infer that
|Ullzge < Ch™7p|| U]l
so taking p = |log h| gives the result. O

Lemma 2. Let Q C R? be a connected bounded open polygonal or polyhedral set, and T an admis-
sible finite-volume mesh with mesh size h > 0 satisfying the reqularity property (reg). Then there

exists a constant C' = Cq ¢ > 0 such that
[log hl[lUN| Wk if d =2,
[UW g < Co 1 .
W2 Ul (W[ if d = 3.

Proof. We write

me me Mo
W iE: = > EWLWL—UKWKPS > T\UL|2|UL—UK|2+ > E|VVK|Q|UL—UK\2

o€t 0C€Ems  © o€Eint
so that
1OUWliy S (10122 IW Ly + 101 W s )

and we conclude using Lemma 1. O

We finally state an estimate which will be useful in the analysis of the stability of the nonlinear
discrete flow of our splitting method.

Lemma 3. Lett € R and U, W € C%, then there exists a constant C = Cq¢q > 0 independent
of h such that

Heit\U|2U _ 6it|W|2HH1
h
<1+ Cl (192U Lze (I0llage + IW lege) (L + 10 zge) + W32 ) 10 = W .
Proof. Let’s first recall that

Heit\U|2U_ eit\W|2WH%[1 _ Z |o|
h dK|L
o€Eint

2
. 2 . 2 . 2 . 2
MU — WPy — U Py e WPy [
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We can write that

. 2 . 2 . 2 . 2
MUK 1 — Wiy UL 7 4 gitl W] WL‘

MU (U = UL) = WP (Wi — W) 4 (0006 ) U

_ (ez‘tuwﬁ—wm’") _ 1) eit\WK\QWK‘

(eit(\UleflUK\"‘) _ 1) Uk — (eitqumme _ 1) Wi
4 (ez’tuULlHUK\"‘) _ 1) (ez‘tuum"’f\vvm"’) _ 1) UK‘
<|Uk =UL) = Wk = Wr)| + [t|[lUx = UL|(Uc| + [WL|) UL — Wi
n ‘(emwm*wz«ﬁ) _ 1) Uk — (eit<|wL|2f|WK|2> _ 1) WK’

= AK,L

+ 2 (JUL| + |Uk|) UL — Uk ||Uk| (JUL| + |WL|) [UL — W],
and we can bound the third term Ag 1 by

A = ‘(eituUuZ—wz«P) _ 1) (Ux — Wi) + (ev:t<\UL|2—|UK\2) _ ez‘t<|WL|2—|WK|2>) WK‘

<|t| (ULl + |Uk|) UL = Uk ||lUkx = Wk| + [t| |lUL]* = [Uk|* = Wi |> + W |*| [Wk]
<ULl + |U) UL = Uk||Uk — Wk| + [t|[Wk||UL — Uk | (UL — Wi| + |Ux — Wk])
+ Wk | (IWL| + [Wk|) UL — W — Uk + Wk|

after elementary computations and using that ||a| — |b|| < |a — b| for any a,b € C. In order to get
the final estimate, we first remark that for o = K|L € &4, we have
2

o Uk - U
AP g v Wi~ Uil = ot [P YL Wi — v
K|L K|L
VAU 2 2
S T‘O’W}{’AWK — UK|
IVEU|7
S Tfh (‘O’|dK,a|WK—UK‘2+‘O’|dL’g|WL—UL|2)

using the regularity assumption of the mesh 7, so summing over o € &, we infer that

o VLU|2
Z | | |UK7UL|2|WK*UK|2§ || £2||L
Uegint dKIL d g

Estimating each term in the given order, we then infer that

> KWk — Uk,

KeT

i 2 it|W)?
[T — e"WEW | gy < |U = Wl + 1CaellVEU s (1Ulge + W llzge) |U = Wiz
F2/W7 U = Wy + 2| VEU e Ul e (1ULge + W e ) 1U = W2,

and we get the result using the discrete Poincaré inequality. O
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3.3. Interpolants. In this section we compare the pointwise interpolant P, with the mean inter-
polant 7, defined by

1
= = —_— d
()i = o = i [ ploa
for all K € T and ¢ € L*(Q).

Lemma 4. There exists a constant C¢ > 0 depending only on the regularity & of the mesh T such
that for all p € H* (), we have

Imnellmy < Cellellar
Proof. We recall that
o]
(1) ||7Th90||§1; = Z d7|‘PK — ol
o KIE

For o € &, we denote
: /
o = [ plz)dy(z).
o] Jo

From [9, Lemma B.6.] we infer that there exists C¢ > 0 such that

C,
foic = o1l? <2 (lpic = gl + I — 1) < T& (hK [ 1ve@Pasn |w<x>|2dx) .

Multiplying this inequality by |o|/dg | and summing over the edges o € Eing, we get that
o]

> 2Ptk = uf? <2C [ [Vola) s
Uegint dKlL Q

where 55 > 0, recalling that
hk hk <l
dgi.  dxo+drs ~ dio

which gives the result by Poincaré inequality. O

<¢!

)

Lemma 5. Let ¢ € H3(Q), then
[ Pre — maepllap < Chllol| 2

In particular, we infer that

[Prellm < C(llellar + Rllelas) < Cllellas

as soon as h < 1.

Proof. The second inequality of this lemma is direct in view of Lemma 4, so we focus on the first
one. First we write that

g
|1Poe — 3 = Z u|<P(JUK) —ox —p(er) + el
" o€Eint dK‘L

For K € T and for a.e. x € K, we have by Taylor expansion that

1
o) — p(rg) = /0 Voltex + (1 —t)x) - (z — zx)dt.
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Integrating this expression over x € K and dividing by |K|, we get that

1 1
o — plrr) = K] /K/O Vo(lteg + (1 —t)x) - (z — zx)dtde.

As |z — zi|* < h3, this implies that

| o]
e = pe)l” = T——hi sup [Vep(y)|*.
o K,o yeK

|o
dx

)

We conclude remarking that
|o|

dg |1

so summing over o € &y gives that

1Pngp = mnpllzy < B3IVl S R2[lels

~

_ 2 _ 2
o) = prc = plan) + oul? < 2lo] (1A AT lon Zemll ),

4. THE LINEAR CASE

We first state a useful isometry property concerning the linear flow of the discrete Schrodinger
operator with respect to discrete Hilbert Sobolev spaces, which plays a fundamental role in the
study of dispersive equations:

Lemma 6. For allt € R and U € C%, we have
e AUy = Uy -
Proof. We denote by (-,-)7 the L?-inner product induced by the mesh T, defined by
UW)r = > |K[UxWi
KeKk

for all U, W € C%. From the definition (2.2) of the discrete laplace operator A and by discrete
integration by parts, we have

_ 1 o g
AU U)r = 3 |K[Tx <K| D (UL—UK>> = Y Luc-vip =i,

d
KeT 0€EKNEint KL 0E€Eint ’

In particular, as A is a real and symmetric matrix with respect to the inner product (-, )7, so e**4
is unitary for all ¢ € R and we get that
e AUy = (A" AU, AU )7 = (AU, " 4U) 7 = (AU, e A" U7 = U] .
O

We now focus on the error performed by the TPFA scheme (2.2) on the semi-discretization of
the linear flow on our Voronoi mesh:

Proposition 1. Let p € H>(Q) and t > 0, then
|Pre™ — e Pugll g1 < Ohtllol s (o)
where C' = C(d,Q,€) > 0.
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Proof. By the isometry property of Lemma 6 we define ¢ such that
[Pre’™ g — e Puplly = [l e " Pre™ o — Pag |l
3 N , D HH,
=:¢(t) =¢(0)
so differentiating with respect to time we get that ¢ satisfies the equation
Orp = —iAgp +ie AP, AeP o
= —iAp +ie MAAP, AP o + ie T TA(PyA — AP)e R
= ie (P, A — APy)e R
ie A (P A — mp A)et B o 4 ie T A (1, A — AP,)et R o

Integrating and by isometry, we infer
t T
@ 1O =00l < [ PRS- m A Sl + [ = APy
From Lemma 5 we know that
t
/0 I(Pad = mu )™ gll g1 < CHIAE gl|rs < Chtll gl

We now focus on the estimate for the second term on the right hand side of (2), and we denote by
u=e*p e H(Q), so that Au € H3(Q) C C(Q) as d =2, 3. We write that for any K € Ty,

u(rk) /
APyu — 7, Au) E —s R \ ~dy( E o)
( hrlU Th u | ‘ ( dK‘L |O’| U - VK, ’y |K‘ ‘O’|R}€

UES cefk

where Ry , denotes the consistency error of the flux approximation. By Taylor expansions

u(zr) — u(mK) = (xp — k) Vulzg) + %(mL —zx) - H(zg)(xp — zk)

/ z

d d
1k=1/¢=1

8xjazk8zeu(txk + (]. — t)xL)(acL,j — LCK’j)({ELyk — xK,k)(‘TL,Z — xK’g)t2dt

and

1 d d
Vu(z) = Vu(rg)+H(zg)(r—2k)+= /ZZ —2k ) (k=T k)0, O, Vu(te g +(1—t)x)tdt,

0 j=1k=1

so integrating the last equation on ¢ and recalling that vg , = ng_\fL’ we infer

/ Vu(z) - vi ody(z) = |o|Vu(zk) - de;xK + H(zg) /(a: —ZK) VK ody(x)
o K|L o

/ / — 25 j) (@ — Trk)0r,; On, Vu(tog + (1 — t)x) - v ody(z)tdt.

j= 1k 1
As |z — x|z — x| < 2h for all z € o, we have
1

dr|L 0,00y O ultay + (1 = )y )||lrp — wk|® < Ceh?(|0r, 00, Oyt Lo
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and
1
m/ |x — :EK|2 |6mj6kau(th +(1-1t)z)- VK’Ud’)/(.T)’ < h2||3xj8mkVuHLoo

for all 1 < j,k,¢ < d and 0 < t < 1 by regularity assumption on the mesh (reg) and as u € H®(),
similarly to the proof of [10, Theorem 9.3] we then get that

%H(m;{) /U(x —2K) - vk ody(x) + O(h?).

lry, -2k
Ry, = — L %K
Ko™y di|L

We now decompose our vector x € o as

. H(ZL‘K)(ZL‘L — xK) —

TL — TK

r=2k +dio Jrs(sv)(foacK)l

dg|r

where s is a parametrization parameter, which allows to write that

/H(iﬂ — 1K) - Vi,ody(T) L(wL - 2x)  Vk,ody(z) + /
) Lo

o
(xp — k) -

_ dK7O'

s(z)(zp — 2K)"  vKody(2)

dgr
dK,a
A1

as we know that the segments [zx, 2] and o are orthogonal. Now we exploit the fact that on

Voronoi meshes satisfying assumption (iso), we have 2dk , = dg |1, 50 Ri,c = O(h?). Note that if

K € Text, a similar proof holds taking u(zx) = 0 as xx € 9Q. Summing over o € g, we get that
2

dg |1

o]

1
APy — mpAulZy = > — > [#lRkz - Y. |5lRks
" o=K|L dKIL |K| TEEInNEK ‘L| cEEMNEL
o (] 1 SR 2
g _ ~
) 7 & > [olRxs| + 1z > 5Rks
o=K|L KL Te€intNEK GEEInNEL
o] (] 1 SR 2
g
S gl 2 g 2 e
o=K|L KL TEEmNEK GEEnNEL
S Z |U| h2 s Ch2,
o=k|L KIL

where we have used the fact that there is a uniformly bounded number of edges (or faces) by control

volume K, as
> >

c€EKNEing c€EKNEing

he 1€k, 4

dgz - de2 T

|J|dK,a

hic > |K| =
which ends the proof.

5. SEMI-DISCRETIZATION IN TIME AND SPLITTING INTEGRATION

5.1. Scheme, notations and first properties. We now describe the semi-discretization in time
of the Gross-Pitaevskii equation using a Lie-Trotter scheme. The analysis of such splitting methods
for nonlinear Schrédinger equations are now well understood (in particular we refer to the recent
work [23]), and we briefly give its proof here mainly for clearness and completeness purposes.
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The operator splitting methods for the time integration of equation (GP) are based on the
following splitting

Op = A(Y) + B(),
where
A(p) = iAy,  B(y) = —i[p[*y — iV,

and the solutions of the subproblems

i0w(t, x) = —Av(t, x), v(0,z) = vo(x),

i0yw(t, ) = |w(t, z)Pw(t,z) + V(t,2)w(t,z), w(0,z) = wo(z),
for all x € Q2 and ¢ > 0. The associated operators are explicitly given for ¢ > 0 by the flows

v(T) = BT (vo) == 2wy
and
’LU(T) _ (I)téT(wO) — efi jOT V(t+s)dsfi7'|w0|2w0.

We denote by u® = 1 the initial state. The Lie-Trotter splitting scheme then recursively reads as

(LTSP) ut =@t T (), > 1, T = 0T 0 Y

for t > 0. The analysis of such splitting method relies on two main ingredients. We will extensively
use the algebra property of Sobolev spaces in dimension d = 2 or 3, namely

19l < Call fllasllgll ms

where Cy = C(d,Q2) > 0, as well as other classical Sobolev estimates for products. We also
emphasize that the flows ®7 and <I>§§T enjoy the following isometric properties: for all k € N,

2% ()|l x = llull e and |27 (w)l|z2 = [[ullz2

for any ¢t > 0. It then naturally follows that the (LTSP) scheme preserves the L2-norm of the initial
state, namely for all ¢ > 0,

[ut |z = @7 (" )Lz = [lu" Mgz = - = [[u’llz2 = [[¥oll L2,

which makes it particularly appealing from the numerical point of view.

5.2. Error estimate. We denote by
B, = {v S H3(Q) | ||| gs < mg}

the ball of radius m3 = [[¢)|| e 3. We rely on two properties of the flow ®*7 in order to show its
first order convergence, the stability property and the local error in H3()), that we now state and
prove:

Lemma 7. (Stability).
Let f,g € By, and 0 <t <T — 7, then

|87 f — @ gl s < M7 f — gl|ao
where M = M(d, m3, ||V ||Lsems) > 0.
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Proof. Let’s first note that for any u € H3(R), we have V(e~") = —2ir Re(@aVu)e v/’
A(ef”luﬁ) = —2i7 (Vu - Vu +TAu — 2iT Re(uVu) - Re(uVu)) ef”luﬁ,
and

VA(e—z‘Tlu\z) = —2i7 (V(Vu - Vu) + tVAu + VuAu — 2i7V(Re(aVu) - Re(uVu))
—2i7 Re(@Vu) (Vu - Vu + TAu — 2ir Re(@Vu) - Re(@Vu))) e~

so taking L?-norms of the above expressions, we infer by Holder’s inequality and Sobolev embedding
HY(Q) C L(Q) and H?(2) C L>(£) that

le™ ™ s < OO+ o).
The same way, we get that
et I3 VD g < L+ [V 2 p0),
so taking now u € B,,,, we have
9%l s < C3le I VD3 o e sl 17 < Mol s

where Mo = Mo(d,t,ms, ||V s ms) > 0. By Duhamel’s formula, we can write that
WL = [ V)0 fe)ds+ [ 105 f6)PO f(e)as,
and the same formula holds for @%T g, so applying ®7, and by isometry we infer

@57 f — "7 gllgs < ||f — gllas + Cd||V||L%oH3/ @55 f — ®bg|| gads
0

3 T
+5C8 (19" 11+ 197 glfn) [ 184 = 8| yuds

§2M§m§

and we get the result by Gronwall lemma. O

Lemma 8. (Local error).
For any 0 <n < N, we have

9 (tns1) = @47 (D(ta)) | s < CT2,

where C = C(d, ms, ||V rgems) > 0.
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Proof. The idea is to compare Taylor expansions in Duhamel’s formula
T
Bltas1) = TBG(L) — i / T (Vb + ) + [(tn + 5)[2) $(tn + 5)ds
0

_ Byt — i ( / Vit + s)ds> Bltn) — e () P (1)

] T 1 )
_eimA / / e U (sA) (V(tn + 5) + [¢(tn + 5)°) ¢(tn + 5)d0ds
0 0
=Z1(s)

— g8 /OT [V(tn +8)(W(tn +5) = Y(tn)) + [U(tn + 3)‘2¢(tn +5) — |¢(tn)|2w(tn)] ds

=:Z5(s)

and
‘bt,r(w(tn)) _ 6iTA67if07 V(thrS)dS*iTW(tn)\Qw(tn)

() — i ( / Vit t s)ds) lta) — e A () P E)

1 T 2
A / (1 — 9)e=i0UT V (tuta)dstrlit) ) gg ( / V(tn+8)ds+T¢(tn)|2) (tn)
0 0

=73

so that i
[9(tns1) = 5T (W (tn)) | s < /O (IZ2 () s + [|Z2(s) | s) ds + I

by isometry. Using Sobolev estimates we readily bound the first term
T
| 1@ s < 726 (1Vlgae + )
0

as well as the third term

1Zslls < 72 Cimas (IV 13100 +m3) sup
0<0<1

o107V (tnts)+7|9(tn)?)

H3
recalling from the proof of Lemma 7 that

—1 T n+s8)+T D12
o105 V(tnts)+7|v(tn)] )HH3 < C(d,ms, ||V Lz =)

as 0 < 0 < 1. Finally,

| B lsds < Ca (Wllzerms +m3) [ ot + ) = vt msds
0 0
< 72C(dym3, |Vl pgo 3) 10 || Lo 115,
so we just need to show that [|049)[| e s < oo. In fact, we directly read from equation (GP) that
10c )| e s < 1A Lge s + [0 Y | nge s + 1V oo s < g + Cm3 + Cams||V || oo s,
which ends the proof. O

We now give the main result of this section, which states the first order time convergence of the
(LTSP) scheme:
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Proposition 2. Let g € H?(Q)). We denote by v the solution of equation (GP) with initial
data ¥(0) = o, and by (u™)o<n<n the numerical solution defined by the Lie-Trotter splitting
scheme (LTSP) with initial data u® = . Then, there exists 7o > 0 such that for all 0 < 7 < 79
and all0 <n < N,

[¢(tn) — u"|lms < C,
where C = C(d, ms5, ||V | Lgems) is independent of N =T/7.
Proof. We will prove by induction that the numerical solution (u™)o<n<n is uniformly bounded
in H3(Q), which will induce the convergence result. More precisely, we will show that for all
0<n<N,u" € By,4+1. The case n = 0 stands as u® = 1)y. We now assume that u* € By, 41 for
all 0 < k <n < T/7, so we need to prove the result on u"*!. Using both Lemma 7 and Lemma 8,
we infer that

(1) = u" s < [9(tnsr) = @57 (W(E)) s + 1957 ((t0)) — 57 ()| s
< O 4 M|y (tn) — u”||ps

n
< CTZ e]\/IkT
where the last inequality is obtained by a recursive procedure. As a sum of terms of a geometric
sequence we get that
eMT 1
(3) [ (tns1) = w" | gs < 6777

sofor0 <7 <719 := % we have that

[u M azs < e (tns) s +1 < msg +1

so u"™ € By,,+1, which ends the induction proof. The convergence result then follows from
equation (3). O

5.3. Boundedness of higher Sobolev norms. We end up this section with a last property
which will be useful afterwards, stating that the semi-discrete numerical solution (u")p<p<n is in
fact uniformly bounded in H5().

Lemma 9. Let 0 <7 <7y and My > 0 independent of N and T such that

sup ||u"||gz < Ms.
0<n<N

Then there exists M5 > 0 independent of N and T such that
sup ||u"]| gs < Ms.
n

Proof. We note that &% ¢ is solution of the ODE
i =|el*n+V(tyn, n0(0) =g,
so by Sobolev estimates we get that
1) ms S lelFelln@las + el ln@azllellas + 1V Ellas 0] w@s-

Integrating in time and recalling that u"*1 = &7 (u") we infer that

tn+1
127 ()| < flu” (| gs (1 + 7M3) + (2M5 + ||VHL°T°H2)/ 197 (") rsds

tn
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by isometry, so from Gronwall lemma we get that

2
" s < (14 M227>6T(2M2+”VHL%°H5)

™[l 125
which in turns recursively gives that
2
™| s < eT(3M2 +HVHL§9H5) ||UOHH5
for all 0 < n < N, which gives the result as u® = 1. O

6. CONVERGENCE OF THE FULLY DISCRETE SCHEME

Having now all the tools at hand, we turn to the proof of Theorem 1. First of all we write for
0 <n < T/7 that

[P0 (¥ (tns1)) = U™ Mgy < [Pu(@(tns1)) = Pu(@™ )y + [P (u™h) = U g
From Lemma 5 and Proposition 2 we can easily bound the first term by
[P0 (¥ (tns1)) = Pa(w" )|y < Cello(tnsn) —u™ s < O,
where C' = C(&,d, ms, |V Les 15 ). For the other term, by isometry and definition of U we have
1Pn (") = U™ gy < || Pre’™ 20" — e Py gy
+ HPh(e—iGn(T)—iT\u"\zun—l) - e—iPhGn(T)Ph(e—iT\u"\zun)HH:L
T ”efiphc;n(f) (Ph(efi7|u"|2un) B efiT|U"|2Un) HH,{-

As the pointwise interpolant P, satisfies Py, (fg) = Py (f)Pn(g) for any f,g € C(Q2) (and so Pref =
enT), by regularity of V' and u" the second term in the above estimate vanishes. A direct bound
on the first term comes as a consequence of Proposition 1, so that

| Pre’™u™ — €T Pyu”|| gy < Chr,

where C' = C(ms,d, £, M5) > 0. Finally, by discrete Sobolev inequality Lemma 2 and stability of
the interpolant P, Lemma 5 we get that

||6_ip"G”(T) (e_iT‘P’LunPPhu" - e_iT‘UTL‘2Un) HH}l < Cllog h|T||Ph(e_iT|“"

|2un) o e—irlU"lenHH}lL
where C' = C(d, &, || V|| ze r+) in the case d = 2 (the same hold in dimension d = 3 with h~% instead
of |logh| in the previous estimate). From the CFL condition /7|logh| < 1ifd =2o0r 7 < h
if d = 3, we infer the existence of a 7y > 0 independent of 7 and h such that C|logh|r < 1 or
Ch™2h < 1, so gathering the bounds we have

(4) ”Ph(un—i-l) _ Un+1||H}1L S Chr + He_iT‘PhunPPhun _ e_iT|U7L|2Un||H}1L,

In the same vein of the proof of Proposition 2, we will now prove that the numerical solution (U™),,
is uniformly bounded in Lj°. We recall that Ms = supy<, <y [|[u" | z5(q) is independent of N in
view of Lemma 9, and we define

B ={U € L(Q) | |U|Lx < R}

be the ball of radius R in L () with R = CyMs, where Cy > 0 denotes the constant appearing
in the continuous Sobolev embedding

[ullzee < Callullgs-
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We will show by induction that for all 0 < n < N, U™ € B?Hl. The case n = 0 is direct from
properties of P, and Sobolev embedding, namely

1U° e < 1P| Lo < Wbl < Calltbollm < R

We now assume that U™ € B}h%_H for all 0 < k < n. Going back to estimate (4), in view of Lemma 3
taking U = Ppu™ and W = U™ , we write that

1Pyu™*t — U™ ya < Chr + e TP Py — =m0 F |
< Chr + (1+ Cag,or(M5 + R?))||[Phu™ — U™ 12
as ||V§Phu"||Lzo < d||Vu"||L~ < CMs, so by a recursive argument as in the proof of Proposition 2
we infer that
eCae,oT(MZ+R?) _ 1
Caea(M2+ R?)

() [Phu ! = U™ | gy < Ch

as UY = P,u’. In view of equation (5), we now compute (for the case d = 2) that
JU™ e < (|1 Pau” | Loe + || Pau” T — U™ oo
<"z + Callog hll| Pru™* = U™
eCacoT(M{+R?) _ 1
Caca(Mi+R?)

< R+ Cqlloghlh

so as |loghlh — 0 as h — 0, for 0 < h < hg small enough we have

U Lo <R+1

and the induction proof is completed (the same holds in dimension 3 as h=%h — 0 as h — 0). In
particular, R is independent of 7 and h, and we infer the first order convergence of P,u"t! — Un+!
in Hj-norm from equation (5), which ends the proof.

7. PSEUDO-VORTICITY

In quantum fluid mechanics, the vorticity of the fluid is equal to an identically zero field except
at the vortex points where it corresponds to a Dirac é-function, making it difficult to use in order
to numerically identify vortices. On the other hand, the pseudo-vorticity field of the wave function
1) constitutes a very accurate, efficient and robust numerical method to track vortex points in 2D or
vortex lines in 3D [22, 25]. This quantity can be defined as w(¢)) = 3V x J, where J = Im (V1))
denotes the density current of the quantum fluid. A simple calculation shows that the pseudo-
vorticity can be expressed as

_ 1

v-9
4i '

w(®) -

_ _ N
(v¢xv¢—vwxv¢):v<1/’21”)xv< ):Rewxlmw,
where the latter expression has the numerical advantage of only requiring the computation of one
derivative of the wave function 1. Also note that for a regular v, the pseudo-vorticity field w remains
regular even at the axis of the vortices. One can also remark that the pseudo-vorticity corresponds
to a finite positive or negative field at the vortex core, depending on the winding number +1 of the

vortex, and vanishes outside.
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In order to reconstruct a discrete gradient V?— of a vector U € C% on each control volume
K € T, following [11, Definition 2.3] we define
1 o]

h =
(VH0)x = 1

(Ur —Uk)(re — k),

d
o€E&mNEK K|L

where z, denotes the intersection point between the line (zx,z1) and the edge 0. We now state a
property showing that our numerical scheme can also be used to accurately compute the pseudo-
vorticity field:

Proposition 3. We assume that ¢ and (U™)o<n<n are given by Theorem 1. We denote by
wp(U™) = Re VAU" x Im VAU™,
then
[Paw(t(tn)) —wn(U)|lLy < C(7 + h).

Proof. First of all, we emphasize that for ¥(t) € H?(Q), w(y) € WH4(Q) which is continuous
by Sobolev embeddings, so P,w(t)(ty)) is well defined. We focus on the two-dimensional case, as
the three-dimensional case can be proven analogously. For d = 2, the field w(1)) corresponds to
a scalar, and we will decompose our analysis between the semi-discrete error and the full-discrete
error, namely

(6) N Phw(@(tn)) —wn(U")lLy = 1Pn (w(@(tn)) — w(@™)) Ly + [1Pa(w(w”)) — wn(U")]|L; -
To estimate the first term, we get by Taylor expansion that
1Prp — 7l < Chllollwrae
for any p € WH(Q), and that
Imnelles = D 1K I(Tmhp)e = Y /Klso(x)ldw: lellzr,

KeT KeT

so we infer
1Py ((@(tn)) = w(u™) [ < Ch (w(@(t)lwirg) + lw@™) lwiig)) + llw@(tn)) = wp o

As ¢ € C([0,T], H3(2)) and from the Sobolev embbeding H?(Q) C W (w) (as Q is bounded), we
get that [|w((tn))|lw11(q) and [lw(u")||w1.1 () are uniformly bounded with respect to 7 thanks to
Lemma 9. On the other hand, writing that

w(p(tn)) —w@w™) =Re Vip(ty) x (Im Vip(t,) — Im Vu") + (Re Vip(t,) X Re Vu'™) x Im Vu',
by Cauchy-Schwarz we have
[w(®(tn)) = willer < (V)2 + [Vu™|[L2) [V (tn) — Vu©|| L2
so gathering these bounds and thanks to Proposition 2, we get that
[P (w((tn)) = w(u™)) [y < C(h+ 7).

We now bound the second term in the right hand side of equation (6). As Prw(u”™) = P,(V Reu) X
P, (VImu™), we again get by Cauchy-Schwarz that

M IP) = wn@lly < (1PV" 2 + V50" 2 ) [ PaTu" = 50" 2.
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We directly infer

el = 3 161 (7 w(x)dHC)QS S [ let@)Pas = el

KeT KeT
by Jensen inequality, and [|(P, — 7m)¢llrz < Chll¢|[gs by Taylor expansion, so [P Vu®|[zz is
uniformly bounded with respect to 7 and h. On the other hand, from [11, Lemma 2.2] we know
that
IVFU |2 < CellU™| gz S I1Pwu™ |l gy + | Pa”™ = U™ || gy < C(1+ h)
applying Theorem 1. We then bound the remaining term of equation (7) using the results from
Section 6, so

[PuVu"™ = VEU| g2 < [[PaVu"™ = ViPyu™| gz + [ ViPou” = VU ||z

SC&HP},,U”*U” 1<Ch
h

(%

In order to estimate the strong convergence of the discrete gradient V?Phu” towards the pointwise
interpolant of the gradient P,Vu™, we rely on [11, Lemma 2.5] which states that

lmn VU™ = Vi Pyu®|| 2 < Ceahllu”||as,
so we write that

[PhVu" = ViPyu™| gz < [|PyVu™ — m,Vu|| g2 +|mn Vu™ = ViPuu™| gz,

<Ch|lull s

which ends the proof. O

8. NUMERICAL SIMULATIONS

In this section, we report numerical results in dimension d = 2 of the proposed numerical method.
We take € as a polygonal approximation of the open disk D(0,2) of center (0,0) € R? and of
radius 2. To generate an admissible finite volume mesh, we use the GMSH software [15] with the
"Frontal-Delaunay" option. Although not stricly giving a Voronoi mesh, this procedure provides a
Delaunay triangulation with equilateral triangles on most of the inner part of the disk (which locally
stands as a Voronol mesh), and acute triangles on the boundary. This triangulation is composed
of dp, = 57048 triangles with a stepsize control parameter h = 0.04.

The initial condition is taken as a radial centered Gaussian ¢g(z) = e , and the time-
dependent potential is an harmonic trap of size Vj perturbed by a rotating sinusoidal stirrer of size
e and frequency w, which writes

V(t,x) = Vor? (1 +ecos(20 — wt)), == (r,0),
in polar coordinates. In the upcoming simulations we will take V; = 100 and £ = 0.2. We also put

a positive constant A = 100 in front of the cubic nonlinearity [1|?¢ in equation (GP) in order to
enhance vortex nucleation. The linear flow ®7 is computed using a two-order Padé approximant

—2|z|?

. T —1 T

e (Iddh - ZEA) (Iddh + 1514)

which also preserves the L2-norm of the numerical solution. We emphasize that the matrix A is a
sparse matrix, so that the resolution of the linear system AX = B can be efficiently precomputed
using its sparse LU decomposition. All codes are available on the GITLAB page https://plmlab.

math.cnrs.fr/chauleur/codes/-/tree/main/FVGP_codes.


https://plmlab.math.cnrs.fr/chauleur/codes/-/tree/main/FVGP_codes
https://plmlab.math.cnrs.fr/chauleur/codes/-/tree/main/FVGP_codes
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8.1. Accuracy test. Let At > 0. We denote by UX,, Ui,, and U%, the numerical solutions ob-

2
tained at time ¢ = T with the scheme (LT) applied to initial condition U° = Pty with respectively
T =At, 7 =2At and 7 = §!. A classical estimate for the time order mpr of the scheme (LT) is
then given by the extrapolation formula

U2t = Unillg

m = 10 —_—
wre e ( Uni — Use [z

) log(2) ™' + O (At).

We perform several simulations of (GP) with 7' = 0.1, w = 1 and N = 2* time discretization
points for varying k € N*, which we report in the following table, corroborating the first order time
convergence proven in Theorem 1.

k 5 6 7 3 9 10
myr | 1.0923 1.0438 1.022 1.011 1.0055 1.0028

8.2. Vortex detection. We now perform our simulation with 7" = 5 and time step size 7 =
0.001 so that N = T'/7, denoting by (U, )o<n<n the numerical solution obtained by the numerical
scheme (LT) with Uy = Pptbg, and w = 30. We observe vortex nucleation in a similar way as
[19]. In order to numerically track these vortices, we compute the approximation of the pseudo-
vorticity wp(U™) as described in Proposition 3 and we numerically detect the local extrema of
the fiel |wp,(U™)|. We plot the results obtained at final time 7" = 5 in Figure 3. More numerical
experiments will be performed in a forthcoming work in various settings of physical relevance.

0.4
0.3
0.2
0.1

b io=nw

FIGURE 3. Plots of the density |[UY|, of the phase arg(U”) € [~ 7 and of the
vortex detection algorithm results (from left to right).
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