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Abstract

Based on the proofs of the continuity of the conditional entropy by Alicki, Fannes, and
Winter, we introduce in this work the almost locally affine (ALAFF) method. This method
allows us to prove a great variety of continuity bounds for the derived entropic quantities. First,
we apply the ALAFF method to the Umegaki relative entropy. This way, we recover known
almost tight bounds, but also some new continuity bounds for the relative entropy. Subsequently,
we apply our method to the Belavkin-Staszewski relative entropy (BS-entropy). This yields novel
explicit bounds in particular for the BS-conditional entropy, the BS-mutual and BS-conditional
mutual information. On the way, we prove almost concavity for the Umegaki relative entropy
and the BS-entropy, which might be of independent interest. We conclude by showing some
applications of these continuity bounds in various contexts within quantum information theory.
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1 Introduction

Entropic quantities have proven essential in characterizing the information-processing capabilities
both of classical and quantum systems. As the real world cannot be measured to infinite precision,
such quantities need to be continuous to contain meaningful information about physical systems.
Often, however, we do not only want to know whether an entropic quantity is continuous but also
to quantify this continuity. That means we are interested in estimating for an entropic quantity f

sup{|f(p) — f(o)| : p,o € So,d(p,0) < e}.

for some subset Sy of the quantum states and some appropriate distance measure d such as the
trace distance, for example.

Already in 1973, Fannes [30] proved that the von Neumann entropy is uniformly continuous
and gave a concrete dimension-dependent bound, which was later improved to a sharp version
in [4,64]. Similar results in the line of almost concavity for the von Neumann entropy were provided
in [50], [26], [49] or [5], among others. Another example of a concrete continuity estimate is the
Alicki-Fannes inequality for the conditional entropy [1], which was subsequently improved to an
almost tight version by Winter [88]. Applications of this kind of continuity bounds include, but
are not limited to, entanglement measures [60] and the capacities of quantum channels [52,69]. We
refer the reader to textbooks such as [87] for a thorough discussion of continuity bounds and their
applications.

The importance of the Alicki-Fannes result in [1] goes beyond its quantification of the continu-
ity of the conditional entropy, but their method and its improved versions [59, 79, 88] work quite
generally for entropic quantities. Most clearly, this has been realized by Shirokov, who has named
this approach the Alicki-Fannes- Winter method [72,74]. We continue this line of work by gener-
alising the Shirokov approach further to what we call the almost locally affine (ALAFF) method.
The aim of this generalization is to apply it to entropic quantities beyond those derived from the
Umegaki relative entropy [83], such as the conditional entropy. In particular, we are interested in
the Belavkin-Staszewski relative entropy (BS-entropy) [13] and its derived entropic quantities. As
the Umegaki relative entropy, it generalizes the Kullback-Leibler relative entropy of classical sys-
tems [51], but it is less well studied (see [16,18,43,56,57] for some recent results). The BS-entropy
and the related family of geometric Rényi divergences have recently found an application for es-
timating channel capacities [29]. Moreover, generalizations of the mutual information and other
entropic quantities based on the BS-entropy have been defined [68,89]. The BS-mutual information
has been instrumental in proving that the mutual information in one-dimensional quantum Gibbs
states of finite-range, translation-invariant Hamiltonians decays exponentially fast [17] and that
Davies generators in one dimension which converge to those Gibbs states, in the commuting case,
satisfy a positive modified logarithmic Sobolev inequality at every temperature, and thus rapid
mixing [9, 10].

A short version of the current manuscript, with new applications in the context of quantum
entropic uncertainty relations, has been published in [19].



2 Main results

This section summarizes the main results of this article. The focus of this work is not so much on the
continuity bounds themselves, but more on the introduction of the method which allows deriving
all of them in a systematic way (section 4). Our approach is summarized in fig. 1. For a given
divergence, in this paper either the Umegaki relative entropy [83] or the BS-entropy [13], we need to
prove two properties: its (joint) convexity and its almost (joint) concavity. Both of these properties,
under certain conditions on the remainder function, then directly translate into almost local affinity
(definition 4.5) of the entropic quantities derived from the divergence at hand on a suitably defined
subset Sp of S(H). Serving as input to the ALAFF method, the remainder estimates get translated
into continuity bounds for said quantities. The entropic quantities include, for example, versions
of the conditional entropy and the (conditional) mutual information, as defined in fig. 1. The
necessity of Sy as a restriction of S(#H) becomes obvious when trying to prove continuity bounds
for the Umegaki relative entropy, for example. It is known not to be continuous on the set of
all pairs of states (p,o), which makes a careful choice of Sy inevitable. To this end, we define
s-perturbed A-invariant convex subsets of S(H) (definition 4.3) for which we can show that the
ALAFF method works and which are general enough to capture all situations of interest. For the
formal statement of the ALAFF method, we refer the reader to theorem 4.6.

Divergence

D(|)

Convexity Almost concavity
pD(p1llo1) + (1 — p) D(pz2lloz) = D(pllo) D(pllo) > pD(p1llor) + (1 — p) D(p2llo2) — f(p)
/ ALAFF method /

I
Uniform continuity & Continuity bounds

L 2 L 2 l

L 2 L 2

Divergence Divergence Conditional - - " -
. . Mutual information Conditional divergence
(fixed first argument) (fixed second argument) mutual information ) AlB)
I : B) = H B) :=
ID(pller) — D(pllo2)] ID(p1lo) — D(p2llo)] I,(A: C|B) := o 2 P . ° .
< fpadlor = o2lln) < fp2(ler — p2lln) D, (BIC) — Dp(ABIO) el e
Divergence Divergence bound
ID(p1llo1) — D(p2llo2)| D(plle) < foe(llp = oll1)
< fpo(ler = p2ll1. llor — o2]l1)

Figure 1: A flow chart demonstrating how convexity and almost concavity of a divergence can be
used to obtain uniform continuity and explicit continuity bounds on entropic quantities derived
from that divergence. The subscripts of the functions fp;/, and fpp stand for divergence first,
second argument and divergence bound respectively.

Thus, we are left with proving convexity and almost concavity for the divergences we are
interested in, namely the Umegaki relative entropy (section 5) and the Belavkin-Staszewski entropy
(section 6), and deriving the precise continuity estimates. For the convexity, we can rely on well-
known results from the literature both for the Umegaki relative entropy [55] and the BS-entropy



[43,56]. For the Umegaki relative entropy, given by
D(p|lo) := Tr[p(logp — logo)] if kero C kerp ,

or + oo otherwise, we prove almost concavity in theorem 5.1 and find that it is tight. The
application of the ALAFF method then allows us to recover in section 5.2 the almost tight results
for the conditional entropy [88] and the mutual and conditional mutual information (which can be
derived from the conditional entropy [87]), but also to derive in section 5.3 new versions of what
we call divergence bounds [7,8,21,86], i.e. bounds on D(p||o) in terms of 3||p — o||;. Furthermore,
our technique produces a new result, which is the uniform continuity of the relative entropy itself
(in both arguments, on a suitable set Sp), as well as an explicit continuity bound.
For the BS-entropy, given by

D(pl|lo) :=Tr [plog(p'/?c~p*?)| if kero Ckerp ,

or 4+ oo otherwise, we prove the almost concavity in theorem 6.3.

The ALAFF method yields novel explicit bounds in particular for the BS-conditional entropy,
the BS-mutual and BS-conditional mutual information that we gather in section 6.2. We expect
these new continuity bounds and those provided for quantities derived from the relative entropy to
find applications in proving the continuity of various quantities in diverse fields related to quantum
information theory. In particular, we provide here a number of applications of our results in
the context of quantum hypothesis testing (section 7.1), to show that states that are hard to
discriminate have almost the same performance in terms of hypothesis testing, as well as in quantum
thermodynamics (section 7.2), to show continuity of the distillable athermality. We also reprove that
a state is an approximate quantum Markov chain if and only if it is close to being recovered by the
Petz recovery map (section 7.3), and use our most general continuity bounds for the relative entropy
to obtain bounds for the difference between the relative entropy and the BS-entropy of two quantum
states (section 7.4). Additionally, we show a new result of weak quasi-factorization for the relative
entropy, i.e. with an additive error term and no multiplicative error term (section 7.5). Finally, we
include continuity bounds for the relative entropy of entanglement as well as the analogously defined
BS-entropy of entanglement (section 7.6), and subsequently lift these results to show continuity of
the Rains information induced by the relative and the BS-entropy respectively (section 7.7).

3 Preliminaries

3.1 Notation and basic concepts

We denote a Hilbert space by H which, throughout this paper is assumed to be finite. The dimension
of such a Hilbert space will be called d and for its elements, we use |¢), |¢) and |i) for i € N, possibly
with additional indices. If we are concerned with a bipartite or tripartite system, we will always
use capital letters in the index to identify objects associated with the respective subsystems. If we
have, for example, the bipartite space H = H 4 ® Hp and consider the dimension of H 4, we write
da.

The set of (bounded) linear operators on a Hilbert space H is B(H) and the subspace of positive
semi-definite operators with trace one, i.e., the quantum states or density matrices, is denoted by
S(H). If we want to restrict this set even further, we indicate this with a subindex. Thus, the set
of positive definite quantum states becomes Sy (#), or if we want to restrict moreover to the set
of quantum states that have minimal eigenvalue greater than m, we write S>p,(#). On the set of



quantum states as well as on the set of self-adjoint operators, the relation < is meant to be the
partial order in the Lowner sense. That is, p > o if and only if p — o is positive semidefinite.

We use Tr [ -] for the usual matrix trace and || - ||; = Tr[| - |] and || - || ., to denote the trace norm
and the spectral norm on B(H), respectively. Quantum states in general are denoted by lower
Greek letters such as p,o and 7, for example. For Hermitian operators in B(#) we usually use
upper Latin letters such as X,Y. For any such X, we denote by [X]; and [X]_ its positive and
negative parts, respectively.

As we later want to formally control the dependence on the states p and ¢ that are given as
arguments to the divergences, we further introduce H x H the cartesian product of the Hilbert
space H with itself. Moreover, on a bipartite system Hap = Ha ® Hp, we set pa to be the state
on Hy that p € S(Hap) is mapped to under the partial trace with respect to the subsystem B
which is a completely positive trace-preserving (CPTP) map. Furthermore, we denote by 1 4 the
identity matrix on A and, in a slight abuse of notation, we denote by Tr4[-] both the partial trace
with respect to A as well as the complemented map on Hap by tensorizing with 1 4.

3.2 Entropies and derived quantities

The von Neumann entropy of p € S(H) is given by

S(p) == —Tr[plog(p)] -

For two quantum states p,o € S(H), their (Umegaki) relative entropy [83] is defined as

D(p|lo) Tr[plogp — plogo] if kero C kerp,
o) =
P 400 otherwise,

and their Belavkin-Staszewski (BS) entropy [13] by

5( 1) Tr [plogpl/QJ_lpl/Q] if kero C kerp,

o) =
g +00 otherwise .
In the event of p and 0 commuting, the two entropies coincide. Otherwise, the BS-entropy is strictly
larger than the relative entropy [43]. We further note that both can also be defined in terms of
positive semi-definite operators A, B (without normalisation), by just replacing p with A and o
with B. We make use of this alternative definition when we define the conditional entropy and the
BS-conditional entropy, for example. Using this notation we can write the conditional entropy of p
as

H,(A|B) := 5(pap) — S(pB) = —=D(papl 1a @ps),

with the last equality being a straightforward calculation. The subscript AB in pap = p just
emphasises the fact that p stems from S(H4 ® Hp) and to distinguish it from its partial trace
pB, for example. It is noteworthy that the conditional entropy admits the following variational

expression

Hy(A|B) = ,max - D(pasll1a®0op). (1)

Furthermore, in a similar manner as for the conditional entropy, one obtains the representation of
the mutual information in terms of the von Neumann entropy and the conditional entropy

I(A: B) := S(pa) + S(pp) — S(pap) = S(pa) — Hy(A|B) = D(papllpa ® pp) -



Finally, on a tripartite system H = H4 ® Hp ® Hc the conditional mutual information of a state
p € S(H) is given by

I,(A: B|O) = S(pac) + S(ppc) — S(pc) — S(papc)
= H,(A|C) — Hy(A[BC) (2)
=1,(A:BC)—-1,(A:C).

The last equalities are again straightforward. One easily checks that both the mutual information
and the conditional mutual information are symmetric under the exchange of the A and B system.

Let us proceed now to introduce the analogous quantities from the BS instead of the relative
entropy. In this framework, we cannot construct them as sums and differences of von Neumann
entropies, which, for every BS-entropic quantity, gives rise to a zoo of different possible definitions.
Some of them have already appeared before in [18,68,89]. For a bipartite state p € S(Ha @ Hp),
inspired by the notion of conditional entropy, we define the BS-conditional entropy as

F,(AB) i= —D(pasll 14 ©pp) (3)
and building on the mutual information, we define the BS-mutual information as
I,(A: B) := D(pagllpa ® pp) -

Finally, the analogue of the conditional mutual information in this setting is a more subtle matter.
Indeed, two natural ways to construct such a quantity would be either as a difference of BS-
conditional entropies or of BS-mutual information, as shown in eq. (2), which in general do not
coincide. Given papc € S(HAQ@Hp @ He):

e We define the (one-sided) BS-conditional mutual information (os BS-CMI in short) by

I9(A: B|C) := Hy(A|C) — Hy(A|BC) = D(papcl|1a @ppc) — Dlpacll1a®@pc).  (4)

e We define the (two-sided) BS-conditional mutual information (ts BS-CMI in short) by

I(A: B|C) := I,(A: BC) — I,(A: C) = D(papcllpa ® ppc) — D(pacllpa ® pc) .

Note that both notions are clearly non-negative, as a consequence of the data processing inequality
for the BS-entropy. In this project, we focus for simplicity on the first definition, i.e. the one-sided
one. We will therefore drop the “os” notation, as there is no possible confusion.

Let us emphasize at this stage that the difference between the aforementioned two definitions of
BS-conditional mutual information is partly related to the pathological behaviour of the BS-entropy
with respect to continuity in general, and more specifically to the fact that the BS-conditional
entropy is discontinuous on the set of positive semi-definite quantum states (cf. proposition 6.7).
We suspect that as a consequence thereof, the variational definition of the BS-conditional entropy
(generalizing eq. (1)) does not agree with the one we have given in eq. (3), namely

Hy(AIB)< sup —D(pap|1a®op). ()
O'BES(HB)

We have numerical results that suggest that the inequality in the eq. (5) is strict, at least in some
cases. A plot of those numerics can be found in appendix A. Moreover, we will indeed formally
show that both quantities are different in general in remark 7.17.



4 From almost convexity to continuity bounds

As depicted in fig. 1, our approach is based on the convexity and almost concavity of a divergence.
More precisely, it is based on its joint convexity and almost joint concavity, but for the sake of
better readability, we will just speak of convexity and almost concavity.

It is immediately clear what is meant by convexity and this property is often even a defining
property of a divergence [44] or a direct consequence thereof! [81, Proposition 4.2]. The almost
(joint) concavity, however, needs yet to be defined.

Definition 4.1 (Almost (joint) concavity of a divergence)

A divergence D(-||) is called almost (jointly) concave on a convex set So C S(H) x S(H) if, for
(p1,01), (p2,02) € Sop, there exists a continuous function f : [0,1] — R with f(0) = f(1) = 0 such
that, for all p € [0, 1],

D(pllo) = pD(prllor) + (1 = p) D(pzlloz) — f(p) (6)

holds. Here, p = pp1 + (1 — p)p2 and o = poy + (1 — p)oe. It is important to emphasise that f in
general depends on the states involved.

Remark 4.2 We note that the definition of almost concavity presented above is not itself a very
strong property. For example, one could just choose f to be the remainders that give equality in
eq. (6). It is the behaviour of the remainder functions that is pivotal, i.e., it becomes independent
of pi,0i, i = 1,2 under certain restrictions on the states, e.g. requiring that o; is a marginal of p;.

Our approach, therefore, does not only need joint convexity but a well-behaved remainder
function. If we find such a function and combine it with the boundedness of the divergence (or
underlying entropic quantity), ALAFF directly gives uniform continuity through explicit continuity
bounds.

As we already discussed in the introduction, the predecessor of ALAFF was developed and used
by Alicki and Fannes [1], as well as Winter [88], to prove uniform continuity and give an explicit
continuity bound for the conditional entropy. Shirokov then noticed the potential beyond this
specific application and moulded a method that can be applied to functions defined on convex and
A-invariant subsets of S(H) [72,74]. Independently, similar techniques were already used in [59].
In short, A-invariance means that for two elements their normalised positive and negative part
again lies in the set (see also Definition 4.3). This definition of A-invariance will, however, turn
out to be a limitation when trying to prove the uniform continuity of the relative entropy, while in
the case of the BS-entropy, it is unfitting even from the beginning, i.e., even for the BS-conditional
entropy. The problem is due to A-invariance being a rather strong property that sets like S, (H)
or {(p,o) : kero C kerp} do not have. Yet, those sets, or modified versions thereof, are the
relevant sets for the relative and, in particular, the BS-entropy.

In light of those problems and in an effort to make our approach as general as possible, we
propose the almost locally affine (ALAFF) method, a generalisation of the Alicki-Fannes-Winter-
Shirokov method that reduces to one implication of the former in a special case. First of all,
we define a perturbed version of the A-invariant subset, with the perturbation controlled by a
parameter s.

!Some authors define divergences as functions on two density operators fulfilling a data processing inequality;
however, note that convexity for a divergence implies a data processing inequality and follows from it together with
additional properties, as shown in [44, Corollary 4.7].



Definition 4.3 (Perturbed A-invariant subset)
Let s € [0,1). A subset So C S(H) is called s-perturbed A-invariant, if for p,o € Sy with p # o
there exists 7 € S(#H) such that the two states

AF(p,o,7) =7+ (L= s)e [p—ols (7)

lie again in Sy. Here € := % |p — ol|; and [A]+ denotes the negative and positive part of a self-
adjoint operator, respectively. For s = 0, we recover the definition of A-invariant subset used
in [74].

We want to give the reader some intuition about those s-perturbed A-invariant sets.

Remark 4.4 1. Let So C S(H) be s-perturbed A-invariant convex set. Then for t € [s,1) it
is t-perturbed A-invariant as well. In particular, being O-perturbed is the strongest condition.

2. If So C S(H) has non-empty interior with respect to the 1-norm, then it is s-perturbed for
some s € [0,1).

3. If So C S(H) is s-perturbed A-invariant containing more than one state, then there exist
p,0 € So with % lp—oll; =1—s. This follows directly from the definition.

In order to get well-behaved remainder functions, we define a stronger property that we call
“almost local affinity”.

Definition 4.5 (Almost locally affine (ALAFF) function)
Let f be a real-valued function on the convex set Sy C S(H), fulfilling

—ag(p) < f(pp+ (1 —p)o) —pf(p) — (1 —p)f(o) < bs(p) (8)

for all p € [0,1] and p,0 € Sp. The functions ay : [0,1] = R and by : [0,1] — R are required to
vanish as p — 0T, to be non-decreasing on [0, %}, continuous in p and independent of p,o € Sy. We
then call f an almost locally affine (ALAFF) function.

The notion of almost locally affine functions has appeared previously in the literature, also under
the name “approximate affinity” (see e.g. [20]). We can now formulate the following theorem, whose
proof is inspired by Shirokov [74].

Theorem 4.6 (Almost locally affine (ALAFF) method)

Let s € [0,1) and So C S(H) be an s-perturbed A-invariant convex subset of S(H) containing
more than one element. Let further f be an ALAFF function. We then find that f is uniformly
continuous if

Cpi= sup  |f(p)— f(o)] < +oo.

p,0E€S)
Lllp—oll;=1—s

In this case, we have for e € (0,1]

€ l1—-s+¢ €
. . <CS Emax( )7
sw o) = foll = O+ B (T3 (9)
Lilp—olly<e

with .
t
BP L [0,1) 5 R, pHE?awp):(l—p)max{f” : osmp},

where Ey = ay +by. Note that on e € (0,1 —s] Ey and E}™ coincide.



Proof. Let s € [0,1) and € € (0,1]. Let further p, o € So with 3 [|p — o||; = . Then by the property
of s-perturbed A-invariance there exists 7 € S(H) such that v+ := A%(p,0,7) € Sp defined as in
eq. (7). For every such v4 with a representation in terms of p, 0 € Sp and a 7 € S(H) we have

that
1—s € 1—s

. €
1—s+€p+ 1—s+€7_ YT 1—3—|—€J+ 1—s+e¢
which can be easily checked by inserting the explicit form of v+ and using that [p—o] — [p—0o]_ =
p—o. Now w* € S8y as Sy is convex, which allows us to evaluate f at w* and use eq. (8) for both
of the representations we have for the state in question. This gives us

—ay(p) < f(W*) = (1 =p)f(p) —pfly-) < bs(p),
—ay(p) < f(W") = (1 =p)f(o) —pflr+) < bs(p),

where we set p = p(¢) = ;=53 for better readability. Note that p € (0, 7] C[0,1) as e € (0,1]

and s € [0,1) and further that p(e) is monotone with respect to €. We recombine the above to get

(1=p)(f(p) = f(0)) <p(f(ys) = F(7-)) + ap(p) + bs(p)
(1=p)(f(o) = f(p)) <p(f(7-) = F(4)) +ar(p) + bs(p) -

Those two inequalities immediately give us

(I =p)f(p) = f(@)| <plf(ye) = F(y=) + (ag +bs)(p) -

If we now insert Ky = ay + by, we obtain

T+

£6) = 1)) < 72150 = FO00) + T By o).

In the case that C7 is finite, we can take the supremum over all p, o € So with % lp—oll; =€ of

the last equation and even extend to % |p — ol|; <€ in two steps. The first step is upper bounding

l—ipEf(p) with ﬁE}nax(p) and the second one using that ﬁE}nax(p) is engineered to be non-

decreasing on [0, 1) and thereby for the specific p = =S € [0, ﬁ] C [0,1), is non-decreasing in &
as well. Since the 4 and y_ created from p and ¢ obviously fulfill v+ € S and % v+ —7=Il; = 1—s,
we immediately get the upper bound in eq. (9). The reduction of EP®™ to Ef one € (0,1 — ]
follows immediately from E; being non-decreasing on [0, %] meaning further that Eye inherits the
vanishing property of E; as p — 0. This directly translates into E}“ax(p(e)) — 0 if ¢ — 0T, hence

concluding the proof of uniform continuity. O

The method presented in theorem 4.6 is named the “ALAFF method” to highlight the required
ALAFF property necessary, for this technique to be applicable. We will refer to this theorem by
that name in subsequent sections.

Remark 4.7 For s = 0, one recovers one implication of the method by Shirokov, i.e., the defi-
max

nitions for perturbed A-invariance and A-invariance coincide, E% reduces to Ey on the relevant
domain € € [0, 1], and eq. (9) becomes

- <Cret(14eo)E(-=
s 1flp) ~ f(o)] < Cfe (1 + )y (1)
Lllp—olly<e
with
Cy= sup |[f(p)—f(o)l= sup |f(p)— f(o)|=:CF,
p,0ES p,0€ES)
Lllp—oll1=1 Trlpo]=0

as states with maximal trace distance have orthogonal support.
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In the next sections, we will use theorem 4.6 together with the almost concavity of the relative
entropy and the BS-entropy, respectively, to derive a plethora of results of uniform continuity and
continuity bounds for entropic quantities defined through them. Depending on the case, we will
sometimes have to employ the whole machinery devised in theorem 4.6, whereas at other times the
simplification provided in remark 4.7 will be enough.

5 Almost concavity and continuity bounds for the Umegaki rela-
tive entropy

In this section, we apply the ALAFF method introduced in section 4 for the particular case of the
relative entropy, as well as some other entropic quantities derived from it.
All the results provided in this section are summarized in fig. 2.

Relative
entropy

D(pllo)

. Almost concavity
Convexity
D(p1lle) + (1 — ) D(palloa) = Dlalle) D(plle) = pD(p1llor) + (1 — p)D(p2lloz) — f(p)
S 2o = with £(p) = h(0)} llp1 = p2lly + fer eq ()
ALAFF method
theorem 4.6 and remark 4.7

Uniform continuity & Continuity bounds

theorem 5.1

corollary 5.11 corollary 5.9 corollary 5.6

1
corollary 5.7 arv 5.5
. corollary 5.5

Conditional

Mutual information

Relative entropy
(fixed first argument)

[D(pllo1) — D(pllo2)|

Relative entropy
(fixed second argument)

|D(p1lle) — D(p2llo)|

mutual information

[Tp(A: B|C) — I5(A: B|C)|

< 2elogmin{d,dp}

[Ip(A: B) — Io(A: B)|
< 2clogmin{da,dp}

Conditional entropy
|Hp(A|B) — Ho (A|B)| <
2elogdg + (1 + E)h(ﬁes)

Selogmgt + (1 +o)h(5) +20 + o)h(5z)
< fre1(lor — o2ll) +2(1 + 9h(15)

. 1
with € < Llp — olly

with & < 1lp1 — p2ll1

with e < 1o — oy

with e < o — ol

theorein 5.13 corolla;‘y 5.10

Relative entropy Divergence bound

ID(p1llor) — D(pzllo2)]

< fre(lp1 = p2ll1; llor — o2(l1)

D(pllo)
<elogmy! + (14 s)h(ﬁ)

with e < 3lp = a1

Figure 2: In this flow chart we collect the main results from this chapter, starting with the almost
concavity of the relative entropy, which together with the ALAFF method outputs a collection
of continuity bounds for related entropic quantities. For the convexity and almost concavity, we
are setting p = pp1 + (1 — p)p2 and o = poy + (1 — p)og, with p € [0,1]. We denote by m, the
minimal non-zero eigenvalue of ¢. The specific bounds obtained for the relative entropy fixing
the first argument and in the general case (modifying both arguments) are omitted due to their
technicality.
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5.1 Almost concavity for the relative entropy

The (joint) convexity of the relative entropy is a well-established result with proofs found for
example in [87]. In this section, we complement this result with almost concavity and further prove
that the bound we obtain is tight.

Theorem 5.1 (Almost concavity of the relative entropy)
Let (pl, o-l)a (p2a 02) € Sker with

Sier := {(p,0) € S(H) x S(H) : kero C ker p}

and p € [0,1]. Then, for p=pp1 + (1 —p)p2 and 0 = poy + (1 — p)og,

D(pllo) = pD(pillo1) + (1 — p)D(p2llo2) — h(P)% o1 = p2lly = fer,ea () - (10)
Here,
h(p) = —plog(p) — (1 — p)log(1 — p),
fer,ea(p) = plog(p + (1 —p)er) + (1 — p) log((1 — p) + pea)

with the first one being the binary entropy. The constants in f., ., are non-negative real numbers
and are given by

o
it—1 —it—1
cy = /dtﬁg(t) Tr [p1012 090, * ] < 00,

—00

o0
it—1 —it—1
Co = /dtﬁo(t) Tr [p2022 0104y 2 ] < 00.

—0o0
Here, By is a probability density on R (see eq. (13) for a concrete expression). It is noteworthy that
fl,l(') =0 and f01,02(0) = f01,02(1) = 0.

Proof. 1t is clear that Sye, is a convex set and that the bound holds trivially for p = 0 and p = 1.
Hence let p € (0,1) and (p1,01), (p2,02) € Sker in the following. We find that

pD(p1llo1) + (1 — p)D(p2llo2) — D(pllo) = —pS(p1) — (1 — p)S(p2) + S(p)
+ (1 = p)Tr [p2(log o — log a2)]
+pTr [p1(log o — log o))

1
< hp)g oy = p2lly + ferea (P)
where we split the relative entropies and used that the von Neumann entropy fulfils [5, Theorem
14]
1
5(p) < 5 llpr = pally p) +pS(p1) + (1 = p)S(p2) - (11)

Furthermore, we upper bound the remaining terms by f, ¢, (p), estimating the two separately. We
will only demonstrate the derivation for the second term, as it is completely analogous to the first
one. We have

pTr [p1(log(o) —log(a1))] = p Tr [exp(log(p1)) (log(o) — log(a1))]

< plog Tr [exp (log(p1) + log(o) —log(o1))]
(12)

o0
it—1 —it—1
§plog/dtﬁo(t) Tr[plal2 oo, ? ] .
— o

12



The first estimate follows immediately using the well-known Peierls-Bogoliubov inequality [62].
The second one involves a generalisation of the Araki-Lieb-Thirring inequality [3,54] by Sutter et
al. [76, Corollary 3.3] with
us 1
)= —
Bo(t) 2 cosh(mt) + 1
a probability density on R. In the above steps, i.e. eq. (12), we relied on p;,01 and o to be full
rank. If this is not the case one obtains the same result, however, the procedure is more involved.
A thorough discussion can be found in appendix B. Note here that in the most general case, -~*
in the RHS of eq. (12) is the Moore-Penrose pseudoinverse. The trace in the integral can now be
estimated for each t by

(13)

it—1 —it—1 it—1 —it—1
Tr [plal > oo, ? } =p+(1—p)Tr [plol * o090, ? ] . (14)

Here, we just split o and used that Tr[p;] = 1. To see that ¢; < oo, we upper bound o2 by 1
and o U hy ﬁl;ll 1 where m,, is the smallest non-zero eigenvalue of o;. This can be done, since
kerop C ker p;. We end up with ¢; < ﬁz;ll < oo. Inserting eq. (14) into eq. (12), we obtain the
first part of f;, ¢, (p) and repeating the steps for (1 — p)Tr [p2(log(c) — log(o2))] the second one as
well. This concludes the proof. ]

We remark that eq. (10) provides a result of almost concavity for the relative entropy in the
sense of definition 4.1. Indeed, the additive “correction” term obtained for such an inequality to
hold behaves well enough, in the sense that it reduces to the previously known bounds for quantities
derived from the relative entropy, e.g. the von Neumann entropy or the conditional entropy, and it
is almost tight in general. To illustrate that, we provide now two propositions that put the almost
concavity of the relative entropy into perspective.

Proposition 5.2 (Almost concavity estimate of the relative entropy is well behaved)
The function fe, c, + hi ||p1 — p2ll, obtained in theorem 5.1 is well behaved in the following sense:
For j =1,2 and (pj,0;) € Sker, we have the following:

1. If o1 = 09, then ¢y = ca = 1, resulting in fe ¢, + % llp1 — p2lly h < h.
2. If for m > 0 we have mp; < o, then fo, o, +h3 [|p1 — p2|l; < fa-1m1+h.

3. If H = Ha®Hp is a bipartite space and furthermore o; = d;ll 14®pjB, then fe e, +
hy o1 = paly < h.

4. For my,mo > 1 we find that both p — fpfml,mg (p) and p — ﬁh(p) are non-decreasing on
[0,1).

We hence find that in the cases listed above the bound becomes independent of the states
and further that the remainder functions have a desirable non-decreasing property. The proof is
straightforward and can be found in appendix C.

Remark 5.3 The different cases discussed in proposition 5.2 are used in the following to find
almost concavity results with a function that does not depend on the specifics of the states involved,
as necessary for applying the ALAFF method.

o [fo) = 09, we are reducing eq. (10) to a result of almost concavity only in the first input. This
case was addressed in [20], where they obtained h(p) as a correction for almost concavity, a
bound we are tightening here. Moreover, this case will yield a continuity bound for the relative
entropy with fized second input as shown in corollary 5.9.
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e Point 3 of proposition 5.2 can be interpreted as a result of almost convezity for the conditional
entropy. Moreover, it will yield a continuity bound for the conditional entropy in corollary 5.5.
Since the latter result is almost tight, this shows the good behaviour of the bound obtained in
theorem 5.1.

e Point 2 of proposition 5.2 is the most general setting for full-rank states o;, with j = 1,2,
and will be essential for deriving the most general continuity bounds for the relative entropy
in theorem 5.13.

Finally, we conclude this subsection with some discussion of our almost concave bound.

Proposition 5.4 (Almost concavity estimate of the relative entropy is tight)
The bound presented in theorem 5.1 is tight. More specifically, there are some density operators
p1,p2,01,02 on S(H) which saturate the inequality in eq. (10).

Proof. We can assume that the dimension of the underlying Hilbert space is dyy > 2. We then find
two orthonormal states |0),|1) € H that we use to create

p1 = [0X0],
p2 = [1)1],
o1 :=t|0)(0] + (1 — ) [1)(1],
oz = (1 =) [0X0] + ¢ [1)(1],

for t € (0,1). We find, as of the orthonormality, that for p € [0, 1] and
p:=pp1+ (1 —p)p2,
o :=poy + (1 —p)oz,
the relative entropy between the states given by the convex combinations takes the value
D(pllo) = Tr[plog(p) — plog(c)]
= —h(p) — plog(pt + (1 = p)(1 = 1)) = (1 = p)log((1 —p)t + p(1 — 1)),

and
D(pillor) = —log(t),

D(pz|loz) = —log(t).
This gives us
pD(p1llo1) + (1 = p)D(pzllo2) — D(pllo)
1—t

= h(p) + plog <p+ (1 —p)¥> + (1 —p)log ((1 -p) +pT) :

(15)

As [p;,05] = 0 for i, j = 1,2 and further [p;0j,0;] = 0 we find that the constants in theorem 5.1 are
given by

_ 1-—-t
ci =Tr [piai 10j] = —5
for i,7 = 1,2, i # j. Since p; and py orthogonal we get %le — p2ll; = 1. We hence obtain the
RHS of eq. (15) from the almost concavity estimate in eq. (10). This concludes the claim. O
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5.2 Reduction to almost tight previously-known continuity bounds for the rel-
ative entropy

In this section, we will show that a number of almost tight previously-known continuity bounds
for quantities derived from the relative entropy can be obtained as corollaries of the results of
almost concavity in theorem 5.1 and proposition 5.2 in combination with the results concerning the
ALAFF method, i.e. theorem 4.6 and remark 4.7.

5.2.1 Uniform continuity for the conditional entropy

Let us first consider a bipartite space and the conditional entropy of a density matrix with respect
to one of the subsystems. Note that, in this case, we are able to prove a result of uniform continuity
for any positive semidefinite matrix (with trace one), but we do not require positive definiteness.
The following coincides with the result of Winter [88], which he proved to be almost tight.

Corollary 5.5 (Uniform continuity of the conditional entropy)
The conditional entropy over the bipartite Hilbert space H = H A ® Hp is uniformly continuous on
So = S(H) and for p,o € So with & ||p— o, <e <1, it holds that

|H,(A|B) — Hy(A|B)| < 2elogda + (1 + 6)h(1 i ) .
€
Proof. First of all, Sy is clearly 0-perturbed A-invariant. Setting f(-) = H.(A|B), we find that it is
ALAFF with ap (ap) = 0 as H.(A|B) is concave, and by 45y = h since the result in theorem 5.1
becomes independent of the states as we go to H.(A|B) using point 3 of proposition 5.2. Finally,
we find that
CF = swp |H,(AB) — H,(AB)| < 2logda,

p,0E€S)
Tr{pc]=0

where we used —logdyx < H.(X|Y) < logdx shown, for example, in [87]. Using theorem 4.6 in the
form of remark 4.7, we can infer the claimed continuity bound. O

5.2.2 Uniform continuity for the mutual information

For the mutual information, it is straightforward to derive a continuity bound for such a quan-
tity just by combining the bounds of [4] and [88] for the von Neumann and conditional entropy,
respectively:

IL(A: B) — I,(A: B)| < 3clogmin{d, dp} +2(1 + e)h(lg?) ,

where ¢ := % |p—ol|;. For an early version, see [41, Exercise 5.40]. The multiplicative factor in
the first term of the right-hand side was subsequently improved to 2v/2 in [70] and to 2 in [72].
Moreover, we can adapt corollary 5.5 to obtain the following bound on the mutual information,

which coincides with the tightest previously-known continuity bound for the mutual information
(see e.g. [72]).

Corollary 5.6 (Continuity bound for the mutual information)
The mutual information on a bipartite Hilbert space H = Hao Q@ Hp is uniformly continuous on
So = S(H) and for p,o € So with & ||p— o, <e <1, we find that

IL(A: B) — I,(A: B)| < 2¢logmin{da, d} +2(1 + 5)h<m) .
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Proof. First of all, Sy is clearly 0-perturbed A-invariant. With f(-) = I.(A: B) = S(-4) — H.(A|B)
one can immediately conclude almost local affinity of I.(A : B) as S(-4) is concave and fulfills
eq. (11) and —H.(A|B) is almost locally affine with a_p 4y = 0 and b_p (4;p) = h. Combined
we get ay = h and by = h. We further have that

CJ% = sup |[[,(A:B)—1I,(A:B)| < sup I,(A:B)<2logmin{da,dp},

p,0ES) PESH

Tr[po]=0
where we used that 0 < I.(A: B) and I.(A : B) < 2logmin{da,dgr} [87]. Applying theorem 4.6 in
the form of remark 4.7, we can conclude the claim and obtain the given continuity bound. O

5.2.3 Uniform continuity for the conditional mutual information

We can also provide a continuity bound for the conditional mutual information of two tripartite
states papc,oapc € S(Ha® Hp ® He) from corollary 5.5, by viewing it as the difference between
two conditional entropies. The following result coincides with the best previously-known bound for
the named quantity and appeared explicitly in [71, Lemma 4], and with a worsening of a factor 2
previously in [77] and [41, Exercise 5.41].

Corollary 5.7 (Uniform continuity of the conditional mutual information)
The conditional mutual information with respect to H = Hao Q@ Hp Q@ Heo is uniformly continuous
on So = S(H) and for p,o € So with 3 ||p — o||; < e <1, we find that

II(A: B|C) — I,(A: B|O)| < 2¢log min{d4, d} + 2(1 + a)h(l%e) .
Proof. The procedure is now familiar. We first note that Sg is 0-perturbed A-invariant. Without
loss of generality, we can assume that dy < dp and rewrite f(-) = (A : B|C) = H.(A|C) —
H.(A|BC). With this representation, we can immediately conclude that I.(A : B|C) is ALAFF
with ay = h and by = h. Finally, we have that

C]Jc‘ = sup |[,(A:B|C)—-1,(A: B|C)|
p,0ES
Tr[po]=0
< sup I,(A: B|C)
pESo
= sup H,(A|BC) — H,(A|C)
PESO

< 2logdy = 2logmin{da,dp},

as the conditional mutual information is non-negative and again —logdy < H.(X|Y) < logdx.
Using theorem 4.6 in the form of remark 4.7, we can conclude the claim and obtain the given
continuity bound. O

5.3 New continuity bounds for the relative entropy

Now, we prove some new continuity bounds for further quantities derived from the relative entropy
as a consequence of the results of almost concavity in theorem 5.1 and proposition 5.2 in combination
with the results concerning the ALAFF method, i.e. theorem 4.6 and remark 4.7. All bounds in
this section can be simplified using the following lemma:s:
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Lemma 5.8 Using the notations introduced in theorem 5.1 and remark 5.3, we have the following
estimates for the error bounds obtained in all results of this section:

(1 +s)h(1%6) <2, (16)

I + €

€ € e 1
S < —logm " +log (1 — . 1
I T 1’m1<l7"7‘l+€)_lﬁl s +Og< +lﬁl+€ffl> (17)

Proof. The first inequality appeared in [75] before and its proof follows from some elementary
calculus. For the second inequality note that € € [0,1] and m € (0,1), it holds that l;7 =1 —m €
(0,1), allowing us to estimate 1 < £ and lfﬁ < 1. This results in:

lm—+€f~ B ( € )——f;k) € L lm 1 o € lﬂ+ l7
I mh At I+ € _lm & l;m,+e Iz +em & s, +em Iz +e

€ 5 1
< —logm ' +1log (1 — .
= ogm +0g< +lm—|—€m>

5.3.1 Divergence bounds for the relative entropy

In this section, we prove an upper bound on the relative entropy D(p||o) which involves the trace
norm distance of p and o. The literature calls these bounds upper continuity bounds [6,67,86], for
which we would expect an upper bound of |D(p;||o1) — D(p2|lo2)| in terms of the norm distance of
p1 and pa, and o1 and o9, respectively. We hence propose the name “divergence bound” for this
kind of bound, a fitting name, since we are relating the strength of divergence (between p and o)
to a fixed distance measure (the trace norm).

We now give the divergence bound we obtain when using the convexity and almost concavity
of D(p|lo) together with theorem 4.6 by going through uniform continuity of the relative entropy
in its first argument.

Corollary 5.9 (Uniform continuity of the relative entropy in the first argument)
Let 0 € S(H) be fixzed. Then D(-||o) is uniformly continuous on So = {p € S(H) : kero C ker p}
and, for p1,p2 € So with 3 ||p1 — pall; < e <1, it holds that

[D(p1llr) = Dipao)| < eloging* + (1+ £)h( (18)

Proof. Sy is clearly convex and 0-perturbed A-invariant as for two operators A, B, ker ANker B C
ker(A — B) and [A — B]+ are orthogonal. We set f(-) = D(-||o). Using theorem 5.1 and point 1 of
proposition 5.2, we find that D(-||o) is ALAFF with ay = h and by = 0. At last, we have that

Cf= sw  [D(pillo) ~ D(pallo)l < sup Dipllo) < logim, ™.
p1:P2€Sp pES(H)
Llp1—p2ll=1

In the first inequality, we used that D(p|lo) > 0, and in the second one that m,p < o hence
D(p|lo) <logm;!. Using theorem 4.6 in the form of remark 4.7 concludes the claim. O
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We can compare eq. (18) with the findings of [35, Eq. (43) and (44)], based on the previous [36],
where it was shown that

1 — p2ll
_ < 1P1 = P2lloo
IDlpallr) = Dipalo)] < mpslog 1+ 1A=L) (19)

whenever p; > 0 and mi% mp, > ||p1 — p2||- Here m,, is the minimal eigenvalue of p; for i = 1,2
=1,

and correspondingly m, the one of o. This expression presents the advantage with respect to

ours of depending on the operator norm of the difference of p; and po, instead of the trace norm.

However, when p; = pa, the upper bound in eq. (19) can be approximated by %’2, and thus

the dependence with m ! is linear, instead of logarithmic as in eq. (18). Further in eq. (19) one

needs p; and ps to be full rank and has a condition on their minimal eigenvalues.
We can subsequently use the corollary 5.9 to prove a divergence bound for the relative entropy.

Corollary 5.10 (Divergence bound for the relative entropy)
Let p,o € S(H) with kero Ckerp and % |[p— o, <e <1, we have

) < <1+%)61/2.

with my the minimal non-zero eigenvalue of o. The second inequality follows from (16) and the
fact that € < /e for any € € [0,1].

D(pllo) < elogn;! + (1 +a)h(1L+€

Proof. In the context of corollary 5.9, we just set p1 = p and ps = o, giving us that % lp1 — p2ll; =
21lp —oll; < e < 1. Furthermore, D(ps||c) = D(c||o) = 0 and |D(p1]|o)| loses the absolute value,
as D(+]|-) > 0. The bound follows immediately. O
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Figure 3: Two plots comparing the divergence bounds from table 1.
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Bound by not not Bound on D(p||o)
full rank p full rank o
corollary 5.10 ve v elogmyt + (1+ 5)h<1ig)
Audenaert & Eisert S mpte
[8, Theorem 1] v x (mo +¢) log( mo ) T log( mp )
Vershynina log m , —log My
[86] * * 2eM e
Bratteli &
Robinson X X mztlp— ol
[21]

Table 1: A comparison of different divergence bounds. Here ¢ = % ||p — o||; and m. and . are
the minimal and the minimal non-zero eigenvalue of the quantum state in the index, respectively.
Further A, is the maximal eigenvalue of p. The bound of Audenaert & Eisert in the case m, = 0
has to be understood as the limit m, — +0.

There exist results on divergence bounds in the literature which predate ours. In [7,86], the
authors present some linear bounds for the relative entropy in terms of the trace norm difference
between those states, with some multiplicative factors depending on the eigenvalues of the states
involved, whereas in [21] a similar bound is provided in terms of the operator norm of the difference
between the states. One of the bounds in [7] is further generalised in [8] and is closely related
to our bound as both of them are non-linear in the trace norm (resp. operator norm) difference
between the involved states, and show a dependence on the inverse of the minimal eigenvalue of
o only logarithmically. This is partly an advantage over the bounds in [21,86]. There further
exists a bound in [37, Proposition 5.81] which has an explicit dependence on the dimension in
addition to the dependence on the minimal eigenvalue of ¢ and therefore was not investigated. The
bound might have an advantage in low-dimensional settings. In table 1 and fig. 3 we compare the
aforementioned bounds from [8,21,86]. From fig. 3a it is clear that our bound, in the majority
of the cases, outperforms the bound by Vershynina and the one by Bratteli & Robinson. This is
because of the logarithmic scaling with the inverse minimal eigenvalue of ¢ of our bound versus the
linear scaling with the inverse minimal eigenvalue of ¢ of theirs. We hence reduce the discussion to
a comparison between Audenaert & Eisert’s and our bound. From the first fig. 3a and second plot
fig. 3b we conclude a slight advantage of theirs. The numerical experiments suggest, however, that
the difference between both bounds is bounded by two, hence as the minimal eigenvalue decreases
both bounds should converge asymptotically. Furthermore, our bound has the advantage that it
does not need o nor p to be full rank. This fact and its simple representation might give some
advantages in applications.

5.3.2 Continuity bounds for the relative entropy

We conclude our section on continuity bounds with the most involved continuity bound until now.
It concerns the relative entropy and regards it in all its power as a function of two variables, i.e., it
constitutes a continuity bound both for the first and the second input simultaneously. This presents
some challenges that need to be dealt with, as the relative entropy exhibits discontinuity whenever
the kernel of the second input is not contained in that of the first one. To overcome these issues,
we need to employ the ALAFF method in its full generality.

In the first step, we fix the first input of the relative entropy and provide a continuity bound
for the relative entropy in the second argument.
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Corollary 5.11 (Uniform continuity of the relative entropy in the second argument)
Let p € S(H) be fizred and 1 > m > 0. Then, D(p||-) is uniformly continuous on

So={ceSH) : mp<oc}.
We further get that, for o1,09 € So with % lor — o2y <e,

lm+e¢

ID(pllor) = Dipllo2)| < = log( ) + = fros i ()

€ € 1
<2—logm *+log (1 —

I

where Iz = 1 —m. The second inequality follows from (17).

Proof. We have that Sy is clearly convex as, for 01,09 € Sp and A € [0, 1],
Ao+ (1= X)og > Amp + (1 — N)mp = mp,

giving the kernel inclusion as well as the condition for the smallest eigenvalue on the support of
p. Furthermore, Sy is s-perturbed A-invariant with s = m. This is because one can perturb with
7 = p and get subminorization by mp. Employing point 2 of proposition 5.2 we further find that
f(-) = D(pl|-) satisfies eq. (8) with by = 0 and ay = fz-1 51, hence Ef = f5-1 5-1. Using again

proposition 5.2 (point 4, since m < 1) we conclude E}na" = fm-1m-1. At last, we have that

Cy = sup  [D(pllor) — D(pllo2)]
01,09€S8
%\\01—02\\1:1—771

< sup D(p|lo)
ceSo

<log(m ™),

where we used that D(p||-) > 0 and for the last inequality that mp < o for all 0 € Sg. Employing
now theorem 4.6 we obtain uniform continuity and the claimed continuity bound. O

As in the case of the continuity bound for the relative entropy in the first input, we can compare
eq. (20) with [35, Eq. (39) and (40)], as an extension of the previous [36], in which it was shown
that

g1 — O
D(pllon) — D(pllow)| < masx —log (1 _ ”12‘00) , (21)
i=1,2 Mme.

7

where m,, is the minimal eigenvalue of o; for i = 1,2. In the

whenever m1112 Mg, > ||o1 — 02l s

=1,
low ¢ regime the bound in eq. (21) as well as the bound in eq. (20) scale linearly in m!.
In the above corollary, two choices need some more justification. The first choice is 1 > m and
the second one is s = m. We want to put them into context by the following lemma, demonstrating

that these assumptions are necessary to obtain a non-trivial Sp.

Lemma 5.12
Let p € S(H) and s € [0,1) with rank p > 2, further m € (0,00) and

So:={c€S(H) : kerod Ckerp, mp<oc}.

Then, the following is true:
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1. If 1 > m, then Sy is s-perturbed A-invariant if and only if s > m.
2. If 1 =m, then Sy = {p}.
3. If 1 <m, So = 0.

We will only give proof for the first one in appendix D and leave the last two for the reader.
Next, we proceed to state and prove the main result of this subsection on continuity bounds, namely
the uniform continuity bound for the relative entropy in both arguments on a suitable subspace.
Since we have already explored the cases in which we either fix the second (corollary 5.9) or first
(corollary 5.11) density operator, we now combine both results in the proof of the next theorem.

Theorem 5.13 (Uniform continuity of the relative entropy)
Let1>2m >0 and

So=A{(p,o) : po € S(H), kero C kerp, 2m < m,},

with My the minimal non-zero eigenvalue of o. Then, D(-||-) is uniformly continuous on Sy and
we find that for (p1,01), (p2,02) € So with 5 [|p1 — p2|| <€ <1 and 5 |lo1 — 09|, <5 <1

B . e i+ 0 B
_ < _ ~ 1~
[D(palon) = Dpallo)| < (= + 1= ) los ™) + (14 (157 ) + 275 famre (=55

) 6 1
< ~ 1\ 1/2 L 9 0y o ~—1 o 1
_(\/§+logm )5 +3lﬁllogm +210g<1+lm+6m> ,
(22)
with l; =1 —m. The second inequality follows from (17) and € < /e for e € [0,1].

Proof. We will prove the uniform continuity by proving that the bound eq. (22) holds. Therefore,
let (p1,01), (p2,02) € So with 3 ||p1 — po|| < e < 1 and 4 |01 — 02| < 6 < 1. We define

_ 1 n 1 (23)
g = 20‘1 20‘2,
and obtain
1., 1 1)
glle—oily=Zllor -0l <5 <1,
1., 1 1)
gllo—oaly =7 llor—oofly <5 <1

Using this, we get
[D(p1llor) — D(pzllo2)| < |D(pillor) — D(p1l[a)| + |D(pil[e) — Dp2l|a)] + |D(p2llo) — D(p2lo2)] -

The middle term can be bounded using corollary 5.9 and the fact that

—1
g1 ?

log m>" < log(2max{m ﬁz;zl ) < logm 1.

One obtains

7) — 7| < m ! ).
D(p1][7) = D(palf?)] < clog " + (1 +)h ()

The other two terms are bound using corollary 5.11 and the fact that mp; < %01 <7 and mpy <
%02 < @ by construction of Sy and the definition of &, respectively. We therefore obtain

) w4271 271§

_ F) < — moo = e = 7
ID(palon) = D(plo)| < 5 Tos( ™) + = friet ot (= gmr5)
— 5 ~ -1 lffL + 2_15 2_15
ID(pall7) = Dlpallora)| < 5 To( ™) + == fruot s (=g mr5)-
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Combining the bounds and further using that

lm+2716 2716 lg +0 )
o < o
I Jrt 1<l,%+2715) =5 Tt 1(1m+5>’
we obtain the claimed bound, and thereby also uniform continuity. O

Let us conclude this section by emphasizing that there might be some room for improvement
in the previous result. For instance, it should be possible to improve the interpolation between o
and oy considered in eq. (23) by optimizing over the interpolation parameter instead of setting it
to 1/2. However, we believe this would not change the appearance of the bound drastically and
thus the reason for not performing this optimization.

6 Almost concavity and continuity bounds for the Belavkin
-Staszewski entropy

Following the same lines as in the previous section, now we apply the ALAFF method introduced
in section 4 for the particular case of the BS-entropy. For that, we need to prove a result of almost
concavity for the BS-entropy, which we do in section 6.1. However, in contrast to the case of the
relative entropy, our result for the BS-entropy is not tight. We leave the discussion on the almost
concavity bound and the difficulties that appear in the BS-entropy case to the next subsection.

Subsequently, we combine our result of almost concavity for the BS-entropy with the ALAFF
method to provide certain results of uniform continuity and explicit continuity bounds for entropic
quantities derived from the BS-entropy in section 6.2. All the results provided in this section are
summarized in fig. 4.

6.1 Almost concavity for the BS-entropy

In this section we prove the almost concavity of the BS-entropy and thereby complement the
established result of convexity [56, Theorem 4.4], [44, Corollary 4.7]. We first want to give some
auxiliary results that will be needed later. The first of those concerns an operator inequality for
the term inside the trace in the definition of the BS-entropy.

Lemma 6.1
Let Ay, Ay € B(H) positive semi-definite, p € [0,1] and

A=pA + (1 — p)AQ.

Then
—Alog(A) < —pAjlog(Ar) — (1 —p)Azlog(Az2) + ha, a,(p) 1

with ha, a,(p) = —plog(p) Tr[A1] — (1 — p)log(1 — p) Tr[As] @ distorted binary entropy.
Proof. Tt holds that

—Alog(A) + pAilog(Ar) + (1 — p) Az log(A2)

< |- Alog(A) + pAs log(Ar) + (1 — p)As log(As)], 1 24

Now, since = — —x log(z) is operator concave [25, Theorem 2.6, we have

—Alog(A) > —pAilog(A;) — (1 — p)Azlog(As),
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BS
entropy

D(plo)

. Almost concavity
Convexity _ _ _
Blowllon) + (1 yBipallon) = Dlello) D(plle) = pD(p1llor) + (1 — p)D(p2llo2) — f(p)
G pIiealion) = Se with £(p) = &0(1 — 8py pp)h(0) + oy .05 (P)
ALAFF method
theorem 4.6 and remark 4.7

Uniform continuity & Continuity bounds

[44, 56]

| [
corollary 6.11 corollaiy 6.10 corollary 6.9 corollary 6.8

BS-conditional ] - "
BS-entropy . . BS-mutual information BS-conditional entropy
fixed q " mutual information
(fixed second argument) _ R Tp(A: B) ~ I,(4: B)| 17, (AIB) — Ao (AlB)| <
D D Fp(ed = TEfe)) =LAl e el < 21 e(logmin{d s, d logm~1) 2 elogdy + mte
[D(p1llo) = Dipalio)| < 2e1=1 logmin{ia, VITES) S 2 c(logmin{da,dp} + logm mlelogda + ke
_ _ <26l , _ _
< clog(mz 1) + (1 +e)mz h( 155 ) B (e pelptec i+ 0 (o) +m ) (g )
+2=(f =1 1 M ”)(tm+z
with e < L lp1 — p2ll1 ) . with Iy, = 1 —dyym, €< $llp—olh with Iy, = 1 —dyym, €< Lllp—oll
with Iy =1—dym, &< 1lp—ol1

corolla*ry 6.12

Divergence bound

D(pllo)
< elog(mzd) + (L +e)m; (152 )

with € < Llp — oll1

Figure 4: In this flow chart we collect the main results from this section, starting with the al-
most concavity for the BS-entropy, which together with the ALAFF method outputs a plethora of
continuity bounds for related entropic quantities. For the convexity and almost concavity of the
BS-entropy we are setting p = pp1 + (1 — p)p2 and o = po1 + (1 — p)oy, with p € [0,1]. We denote
by my the minimal eigenvalue of ¢. In the almost concavity bound, ¢q is the maximum of Hal_ ! HOO
and Ha;l HOO Additionally, we assume in all the continuity bounds that m < Hn‘l HOO, for n = o, p.

giving us that
—Alog(A) + pAilog(Ar) + (1 — p)Azlog(A2) >0,

and hence
|- Alog(A) + pA;log(Ar) + (1 — p)Azlog(A2) | (25)
= Tr[—Alog(A) + pAilog(A1) + (1 — p) Az log(Az)] -
We now use the operator monotonicity of the logarithm to find
—Tr[Alog(A)] = —pTr A1 log(A)] — (1 — p)Tr [Azlog(A)]
< —pTr[Aylog(pAi)] — (1 — p)Tr [Azlog((1 — p)A2)]
= —pTr[A;log(A1)] — (1 — p)Tr [Azlog(A2)] + ha,,a,(p)
Inserting this into eq. (25) and then into eq. (24) yields the claimed result. O

The next auxiliary result concerns an equivalent formulation for the BS-entropy constructed
from the function z — zlogz and has already appeared in the literature (see e.g. [62, Eq. (7.35)]).
We include here a short proof of this result for completeness.
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Lemma 6.2
Let p e S(H) and 0 € S+(H), then

D(pllo) = Tr [0(0’”2/}0’1/2)log(a’”zpa’m)

Proof. Slightly misusing notation, we can replace the regular log with a log that evaluates to 0 at
0 and thereby artificially add 0 to the domain. This changes neither the RHS nor the LHS but
allows us to derive

ﬁ(pHU) - Ty [plog(pl/QO_flpl/Z)} Ty [log(p1/2071/20*1/2p1/2)p1/2071/201/2p1/2]
Tr [ 1/2,-1/2 log(0_1/2p0_1/2)01/2p1/2}

=Tr [ (o2 po~ 1/2)log(0_1/2pa_1/2)] .

We used the cyclicity of the trace several times, and the well-known fact that we have f(L*L)L* =
L*f(LL*) in case the spectrum of L*L and LL* lie in the domain of f [47, Lemma 61.]. O

Building on the previous results from this section, we proceed to prove now the main result,
namely the almost concavity for the BS-entropy. This falls in the line of results of almost concavity
discussed in definition 4.1.

Theorem 6.3 (Almost concavity of the BS-entropy)
Let (p1,01), (p2,02) € Sker,+ with

Ster 1= {(p,0) € SH) x SR + o € S4(H))
and p € [0,1]. Then, for p=pp1 + (1 —p)p2, 0 = po1 + (1 — p)oa, we have

D(pllo) = pD(p1llor) + (1 — p)D(pallo) — co(L = 8, o) A(D) = for,00 (D)
with
h(p) = —plog(p) — (1 — p)log(1l — p),
fer,e0(p) = plog(p + ¢1(1 — p)) + (1 — p)log((1 — p) + éap),
5 1 ifpr=p2
prpz 0 otherwise

and the constants

o :=max{[|or o [loz o}

o0

b= /dtﬁo(t) Tr [Pl(p}ﬂal LoV 5 oy P anp P (pr? flpm)%tﬂ :
ks (26)

o0

Gy = /dtﬁo(w Tr {P2(P2/ o; 1p1/2)1t+1p—1/20_1p2—1/2(p;/20—1p1/2)*zt+1:| 7

—00

with the probability density By defined as in eq. (13).
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Proof. The formula for p = 0,1 is trivial, hence let p € (0,1). We find that

pD(p1l|o1) + (1 — p) D(palo2) — D(p|lo)
< p(D(p1llo1) — D(p1]|o)) + (1 — p)(D(pllo2) — D(p2|o)) + éoh(p).

Indeed, as of lemma 6.2 and then lemma 6.1 with A; = 0_1/2p10_1/2, Ay = 0_1/2p20_1/2

tively, we can prove

~D(pllo) = Tx [ (~o ™20~ log(0~2p0 ) )|
< pTr {a (—0_1/2/)10_1/2 log(a_1/2p10_1/2)>}
+(1—p)Tr [a (—0_1/2,020_1/2 log(a_l/QpQJ_l/Q))} + hay 4, (P)

= —pD(pillo) — (1 — p)D(p2llo) + hay, 4, (p) -

respec-

At last we can estimate Tr [A;] = Tr [0_1;)]-] < Ha_l Hoo < ¢g for j = 1,2 using Holder’s inequality,
giving us ha, 4,(p) < éoh(p). R R

We now have to estimate terms of the form D(p;||o;) — D(pj||o) for j = 1,2. This is done using
the Peierls-Bogoliubov inequality [62] and the multivariate trace inequalities of Sutter et al. [76]:

ﬁ(ijUj) — B(pJHO') — TI' (log( 1/2 ] lp;/Q) log( 1/2 _1p;/2)):|

< T [oxp (log(p5) + log(p; "7 ") ~ log(o} "o~} |

<Tr eXp <10g(p])+10g( 1/2 o; 1p1/2)+10g( 1/20_[);1/2))}

_ 'Lt+1 _ _ _ —it41
glog(/dtﬁo( )T [p]( 12 o; 1pjl/2) 0] 1/20pj 1/2(0;/2%- 1p}/2) t D

—00

_ Jloglp+(L=p)&r) j=
log((1 —p) +pé2) j=2
(27)
In the third line, we use that

~log(py o p/?) < log(p; ap; %)

J

which is true since for P,, the projection on the support of p;, we have

P, (PyoP,) 'P,, <P, 07 'P,,

as ¥ — ! is operator convex and hence fulfills the Sherman-Davis inequality [25, Theorem 4.19).
Note that o is invertible and that by (P, O'ij)_l we mean the Moore-Penrose pseudoinverse. We
find

~log(p; "o~ p}*) = —log(p} *Py,0 Py, )
< —log(p}/* Py, (P, 0F,,) " By )

p] 7
1 ~1/2
=log(p; /* Py 0P, p7 "%

(o 71/20/)71/2).

= log s
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The argument why the inequalities in eq. (27) hold in the case of p; not being full rank is simpler
than in the case of the corresponding inequality for the relative entropy (cf. theorem 5.1 and
appendix B). For the BS-entropy, we can already restrict eq. (27) to the support of p; as all operators
involved, pj, p]l/20;1p]1/2 and p;/Qa_lpjlﬂ, commute with the projection onto this support. In the
last step we split ¢ and evaluated the first term to p in case j = 1 or the second term in case j = 2

to (1 — p) and left the other one untouched, respectively. This concludes the proof. O

Remark 6.4 We strongly suspect that theorem 6.3 can be improved because of two reasons. The
first one is that we would expect the results of almost concavity of the relative and the BS-entropy
to coincide in the case that the involved states commute. The reason is that in this case, both
quantities reduce to the classical relative entropy. A straightforward calculation shows that then
¢1 = c1 and ¢y = ¢, hence fe, co = fe1,60 » but h < éoh with equality if, and only if, o1 and o2 are
pure, which in addition to o1 and o9 being full rank means H = C.

The other reason is given by the continuity bound we obtain for the BS-conditional entropy
in corollary 6.8. Numerics suggest an almost convexr bound that is independent of the minimal
eigenvalue (cf. fig. 5) if the inputs are full rank?. Hence we would also suspect that an optimal
almost concave remainder of the BS-entropy reduces to an eigenvalue independent bound in the case
of the BS-conditional entropy.

Analogous to the case of the relative entropy we provide an additional proposition to give
context to the above result, i.e. to provide simpler expressions if the involved states satisfy specific
conditions.

Proposition 6.5 (Almost concavity estimate of the BS-entropy is well behaved)
The function coh+ fe, &, obtained in theorem 6.3 is well behaved in the following sense: Let j = 1,2
and (pj,0;) € Sker,+. We have the following:

1. If o1 = 09, then ¢; = 1, resulting in fe, & + Coh = Coh.

2. If the oj have a minimal eigenvalue that is bounded from below by m > 0 respectively, then
f61,62 + éoh < fm—17m_1 1+ m~Lh.

3. If H = Ha®Hp is a bipartite space, pj has a minimal eigenvalue bounded from below by
m >0, and further o; = d;ll 14 ®pj B, then f& & + coh < fr—1 pm-1 + m~h.

4. We find for mi,mg > 1, p+— ﬁipfml,mQ(p) and p — ﬁé@h(p) are non-decreasing on [0, 1).

This result should be compared to proposition 5.2, its analogue for the relative entropy. The
proof can be found in appendix E. We will use the reductions from proposition 6.5 to simplify the
terms in theorem 6.3 for the various applications presented in the subsequent section.

6.2 Continuity bounds for the BS-entropy

In this section, we will use the almost concavity for the BS-entropy from theorem 6.3 together with
the ALAFF method in its full generality.

Before we dive into the continuity and divergence bounds, we want to collect some lower and
upper estimates of entropic quantities derived from the BS-entropy (see section 3.1 for the specific
definitions).

2The full rank requirement is necessary, as we will show in proposition 6.7 that the BS-conditional entropy is
discontinuous in the presence of vanishing eigenvalues
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Proposition 6.6 (Bounds on BS-entropic quantities)
For pe S(Ha®Hp), we find:

1. For the BS-conditional entropy:
—logmin{da,dp} < H,(A|B) <logda. (28)

2. For the BS-mutual information:

0< Z,(A : B) <logmin{da,dp} + logmin{HpZIH

75 [l (29)

oo’

with -1 the Moore-Penrose pseudoinverse.
3. For p e S(HA®Hp®@Hc), we find that the BS-conditional mutual information satisfies:
0 < I,(A: B|C) <logmin{d%,dapc}.

The first two bounds are shown to be tight. For the third one, we expect that similar reasoning
should also show its tightness.

The proof can be found in appendix F. We further want to remark that the scaling of the bound
with respect to Hp;ll HOO or Hpgl HOO is justified. The reasoning can be found in appendix F as well.

6.2.1 Uniform continuity for the BS-conditional entropy

We encounter a slight complication when it comes to the uniform continuity of the BS-conditional
entropy compared to the uniform continuity of the conditional entropy that we have covered in
corollary 5.5. This is because the almost concave bound of the BS-entropy depends on the minimal
eigenvalue of the second argument (see eq. (26)), i.e. it has to be full rank. This means the input to
the BS-conditional entropy has to be full rank as well. Although we think that the result of almost
concavity for the BS-entropy can be improved, we know that there is no extension of uniform
continuity nor continuity for the BS-conditional entropy to positive semi-definite states, as this
quantity is not continuous on those. This is the content of the next proposition. We also refer the
reader to [31, Remark 3.3] for a similar behaviour of the sharp quantum Rényi divergences.

Proposition 6.7 (Discontinuity of the BS-conditional entropy)
The BS-conditional entropy is discontinuous on the set of positive semi-definite operators over
Ha®Hp if da,dp > 2.

Proof. Since dy > 2 as well as dg > 2, we find orthogonal |iq) € Ha, |ip) € Hp, i = 0,1. For
e € (0,1) we then define

ler) = V1 —¢€|0B) +VelpB) ,

which is clearly normalised. Furthermore,
1
po = 5(104X0a] + [1aX14l) @ [05)X05] ,

1 1
pe = 5 104K04] @ [05)05] + 5 [1aX1al @ lep)es| |
The above are states and fulfil
1
lpo = pelly = 5 I1aX1al @ (|05X05] — lenXerD

1 (30)
= 5 105)05] — eaXesll, = Ve.
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To see the last equality, we can identify the subspace spanned by [0g) and |15) with C? and then
get that

|oB><oB|—><(1) 8) and |€B><5BH<\E1\/_1% Vv —5>‘ s1)

Calculating the eigenvalues of the difference and taking the sum of their absolute value gives 2,/
and thereby eq. (30). Since clearly [po, 1 ® Tra[po]] = 0, the BS and conditional entropy coincide
and we find

Hyy(A|B) = Tr [|05)05|log[0)05]]
1 1
=T | 00401 + [LaKLAD ® [08X0s oz 510201 + [LaXL) & 0505
=0-1 L_ log 2
=0—log 5 =log2.
The result for p. cannot be calculated so easily. We have that

A, (A|B) =~ Tr [105)05] 10805405/ (|e5)e ] + 105)05]) " [05X05]/%)

— 5T [lenXenlloa(les)esl (en)es] + 105X08]) " les)esl"?)]

1 (32)
= — 5 log T [105)(05| (les)es] + 105)05) ]

1 _
— 5108 Tx [len)es| (lenXesl +08X08) '] ,
where in the first equality we used that |0p)X0g| |[1pX15| = |1)X15||05)X0ps| = 0 and in the second
equality that |ep)ep| and |0p)0p| are rank-one projections. We find, using again the matrix
representation in eq. (31), that

1 e—1
(1eael + 02X081) " - ( o G ) '
Vevl—e €

By forming matrix products and calculating the trace, we can immediately conclude that

Tr [leses| (lenXen| + [05)05) "]
Tr [|0)08] (leB)ep| + [0)05]) ']

L,
1.

If we insert this into eq. (32), we get Iprg (A|B) =0. O

This previous result shows in particular that we could only expect continuity and uniform
continuity for the BS-conditional entropy on the set of full-rank states. The presence of the minimal
eigenvalue of the states in the continuity bound provided below is thus not surprising.

Corollary 6.8 (Uniform continuity of the BS-conditional entropy)
The BS-conditional entropy over the bipartite Hilbert space H = Ha®@ Hp is for d;il >m > 0
uniformly continuous on Sg = S>m(H) and for p,o € Sy with % lp—oll; <e <1 it holds that

I + €

Im

|Hy(AIB) — Ho(A|B)| < 2 e logda + "= (fyus g +m 7 0) ().

Im + €

with lm =1- dem
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Proof. We find that Sy is s-perturbed A-invariant with s = mdy. The justification of this choice
is completely analogous to the reasoning in lemma 5.12 with p = d;{l 1, i.e. the maximally mixed
state. Furthermore, f(-) = H.(A|B) is ALAFF with ay = 0 as H.(A|B) is concave, and by =
m~th+ Jm~—1,m—1 since the result in section 6.1 becomes independent of the states as we restrict to
H.(A|B) using point 3 of proposition 6.5. We further find that

C3 < sup |H, (A|B) — Hp,(AB)| < 2logda,
p1,p2€ES(H)

using proposition 6.6. This allows us to apply theorem 4.6 where E}naX coincides with Ey as of
point 4 in proposition 6.5. This concludes the claim. ]

Even though a continuity bound for the BS-conditional entropy can only be proven for positive
definite states, numerical simulations show us that we could expect a tighter bound on the previous
proposition coinciding with that of corollary 5.5, i.e., without the dependence on the minimal
eigenvalues of the states involved. One can find a visualisation of those numeric simulations that
underlie the conjecture in fig. 5. The possibility of obtaining such a tighter bound is left for future
work.

pr+(1—p)<7(A|B) _pHP(AlB) - (1 _p)HU(AlB)

Figure 5: We investigate the dependence of the almost convex remainder term of the BS-
conditional entropy on the minimal eigenvalue of the involved states. For the minimal eigenvalues
1074,1078,10716,10732 we sampled five hundred pairs of qubits (p, o) both of them with con-
trolled eigenvalues. We then sampled for every state pair ten values of p, the convex interpolation
parameter, and plotted the remainder. As can be seen from the plot, the remainder appears to be
independent of the minimal eigenvalue and the shape suggests a binary entropy or Gini impurity.
The result shows a similar pattern if the dimension is increased.

6.2.2 Uniform continuity for the BS-mutual information

Let us address now the case of the BS-mutual information. Since the BS-conditional entropy is a
particular case of the latter (by assuming that one of the reduced states of p4p is maximally mixed),
the discontinuity issues presented in the previous subsection are expected to arise in the current
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one as well. More specifically, the example of discontinuity of the BS-conditional entropy presented
in proposition 6.7 also constitutes an example of discontinuity of the BS-mutual information. Thus,
we can only expect to prove uniform continuity for the BS-mutual information for full-rank states

However, there is a subtle difference between the settings of the BS-conditional entropy and
the BS-mutual information. As shown in proposition 6.6, the former is bounded between the same
values as the (usual) conditional entropy, whereas the latter presents some pathological behaviour.
Pathological in the sense that its (tight) upper bound depends on the minimal eigenvalues of
the reduced state, as shown in eq. (29). For this reason, a continuity bound for the BS-mutual
information will necessarily depend on the minimal eigenvalues of the states involved.

Corollary 6.9 (Uniform continuity for the BS-mutual information)
The BS-mutual information on a bipartite Hilbert space H = HaQHp is for d;[l >m > 0
uniformly continuous on So = S>p, and for p,o € So with % lp—oll; <e <1 we find that

~ - lm
[I,(A: B) = I,(A: B)| <21, e(logmin{d4,dp} +logm™") + z+€zm(z €+s>

- 2logmin{da,dg} + 4logm™ + (V2 +2)m~' + 2

Im

Ve,

with l,, =1 —mdy and

Zm(p) = 2fm*1,m*1(p) + (mil + 1)}1(])) :
For the second inequality, we used lemma 5.8, log(1 +x) <z for 0 <z, e < /e for e € [0,1] and
o <l + €.

Proof. As in the case of the BS-conditional entropy, we find that So is s-perturbed A-invariant
with s = mdy. To conclude that [.(A : B) is ALAFF we first note that because of the convexity
of DCI), )
Lppr+(1—p)pa (A + B) < pD(p1llp1,a ® (pp1, + (1 = p)p2,B))
+ (1= p)D(pallp2.a @ (pp1.5 + (1= p)p2,B))
< plyy (A2 B)+ (1= p)Lpy(A: B) + h(p).

In the last step, we used that D(-||-) is monotone decreasing in its second argument, and pp1.B <

pp1,B + (1 —p)p2,B, (1 —p)p2, < pp1,B + (1 — p)p2,B, respectively. Hence by = h. We follow
similar lines to obtain ay. Starting with theorem 6.3 and point 2 in proposition 6.5 using that
HpElHoo < HP;UIE%HOO? and analogously for pp, we find

~

Lyt (1—pyps (A B) > pD(p1]|p1,a ® (pp1,5 + (1 — p)p2,5))

+ (1= p)D(p2llp2,a ® (ppr, + (1 —p)p2,p)) — M h(D) = frn—tm-1(p)
> pl,, (A: B)+ (1= p)I,(A: B) = m " h(p) = 2fr-1,m-1(p)

In the last step we used again that D(-||-) is monotone decreasing in its second argument and that
ppr.a+ (L=p)p2,ap < (p+ (L —p)m ™) p1.ap and pp1,ap + (1 —p)p2.ap < (m™1p+ (1 —p))p2, a8,
giving us another f,,-1 ,,-1(p). Hence ay = m~th+ 2fm-1,m-1. We conclude the proof by noticing
again that Hpngoo < HPZ}BHOO < m™!, yielding the upper bound
C; < su‘g) KD(A : B) <logmin{ds,dg} +logm™".
PESO

max

Finally, we apply theorem 4.6 and get the claimed bounds as E coincides with Ef , due to point
4 in proposition 6.5. O
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6.2.3 Uniform continuity for the BS-conditional mutual information

Next, we provide a result of uniform continuity for the BS-conditional mutual information, defined
in eq. (4). As a difference between two BS-conditional entropies, it will not present the pathological
behaviour from the BS-mutual information, as the BS-conditional entropies are bounded between
the same limits as the (usual) conditional entropies. See proposition 6.6 for the specific bounds on
all these BS-entropic quantities.

Nevertheless, the continuity bound we obtain below for the BS-conditional mutual information
also depends on the minimal eigenvalues of the states involved, as happened in the case of the
BS-conditional entropies.

Corollary 6.10 (Uniform continuity of the BS-conditional mutual information)
The BS-conditional mutual information over H = Ha Q@ Hp Q@ Ho is for d;_ll > m > 0 uniformly
continuous on Sy = Ssp(H) and for p,o € Sy with % ||p — oll; < e <1 we find that

1,(A: B|C) = I,(A: B|C)| < 2¢1,! logmin{da, V/dapc} + 20m(c)
< 2logmin{da, Vdagc} +2logm™ +2(v2 + 1)m™! JE

Im

)

with L, =1 — mdy and
Iy, + €

Im

gm(e) = (fm-1m-1 + mAh)(%) .

m T €
For the second inequality, we used lemma 5.8, log(1 + z) < x for 0 < x, e < /e for e € [0,1] and
Il <l + €.

Proof. We have that Sy is s-perturbed A-invariant using the same reasoning as in the proof of
corollary 6.8. Because of the representation I.(4 : B|C) = H.(A|C)—H.(A|BC) we can immediately
conclude that T(A : B|C) is ALAFF with ay = f,,-1,,-1+m ™ *hand by = f,-1 -1 -+m ™ 'h arguing
along the same lines as in corollary 6.8. Using proposition 6.6 we can conclude

C3 < sup fp(A : B|C) < 2logmin{da,\/dapc} -
pES(H)
Applying theorem 4.6 and using point 4 of proposition 6.5 we get that Ey = E}nax and thereby
conclude the assertion. O

6.2.4 Divergence bound for the BS-entropy

We conclude this section by following the same lines as in the case of the relative entropy to
provide a divergence bound for the BS-entropy. Firstly, we will prove the uniform continuity of the
BS-entropy in the first argument and subsequently derive from that result the divergence bound.
These results should be compared to their relative entropy analogues, namely corollary 5.9 and
corollary 5.10, respectively.

Corollary 6.11 (Uniform continuity of the BS-entropy in the first argument)
Let 0 € S1(H) be fized. Then D(:||o) is uniformly continuous on So = S(H), and for p1,p2 € So
with 1 ||p1 — pa|| < e <1 we find that

|D(pallor) = D(pal|o)| < elog(my ) + (1 +€>m31h(1ig> !

with my the minimal eigenvalue of o.
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Proof. The procedure is familiar. First, Sp is 0-perturbed A-invariant. Second f(-) = ﬁ(HU) is
ALAFF with ay = m, th and b; = 0 employing theorem 6.3 and point 1 of proposition 6.5. Further

Cf < sup D(p|lo) < logm,*
pES(H)

since p'/20~1pl/2 < 1 m;'. Applying now remark 4.7 gives the claimed result. O

Utilizing the above result we obtain a divergence bound for the BS-entropy which constitutes
the analogue to the one of the relative entropy in corollary 5.10. Note that even the divergence
bounds obtained in both cases are similar, except for the presence of a factor m_! in the second
term of the bound.

Corollary 6.12 (Divergence bound for the BS-entropy)
Let p € S(H) and 0 € S, (H), then for i |p— o, <e <1, we have

D(pllo) < elogm;! + (1 (=
(pllo) < clogmy” + (1 +)my h(1—) .

with my the minimal eigenvalue of o.

Proof. In the context of corollazy 6.11, we jEst set p1 = p and p2=0, giving us that % lp1 — p2ll; =
sllp—oly < e < 1. Further D(psllo) = D(c|lo) = 0 and |D(p1]/o)] loses the absolute value, as
D(:||-) = 0. The bound follows immediately. O

With this, we conclude our section on continuity bounds for entropic quantities derived from
the BS-entropy. We have deliberately omitted the analogues of corollary 5.11 and theorem 5.13 for
the BS-entropy, due to their high technicality and the complexity of the continuity bounds that
we would obtain with our method. However, the same procedure as for the relative entropy would
give analogous continuity bounds also in this setting.

7 Applications

In this section, we use some of the previously derived bounds to provide applications in various
contexts within the field of quantum information.

7.1 Quantum hypothesis testing

In this section, we interpret our bounds in terms of hypothesis testing. Quantum state discrimina-
tion and quantum hypothesis testing are both well-studied tasks in quantum information theory.

In quantum state discrimination, you are given a source which prepares quantum states p; and
p2 with equal probability. The task is to perform a measurement in order to identify whether the
state prepared by the source is p; or ps. In this setting, the optimal probability of successfully
identifying the state is given in terms of the trace distance as

1 1
Psuce = 5 [ 1+ *le - :02”1 (33)
2 2
using the Helstrom measurement (see textbooks such as [61]).

In quantum hypothesis testing, we consider an asymmetric setting with n copies and we are
interested in the asymptotic performance. Again, the task is to discriminate between p and o, using
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a measurement {E£, 1 —FE} where 0 < E < 1. Upon the first outcome, the guess is p, and upon the
second o. Therefore, we define the errors of the first and second kind as

a(E)n = Tr[p®"(1 - E)]

and
B(E), = Tr[c®"E].

We now want to fix the error of the first kind to be at most € and define
Be(p"]|0®") := min{B(E), : a(E), <€},

where the minimum runs over 0 < E < 1. Then, the quantum Stein’s lemma [45,64] states that

: 1 n n
Jim . —log[:(p™"(|o“")] = =D(pllo).

Therefore, we can interpret the continuity bound in the way that two states that are hard to
discriminate have almost the same performance in terms of hypothesis testing. We can illustrate
this with corollary 5.9, just by taking 1 + ¢ there to be 2pgycc following eq. (33).

Corollary 7.1 Let o0 € S(H) be fized, 0 < ¢ < 1 and let us consider a source which produces p1,
pa with equal probability. Moreover, let p be an upper bound on the probability psuce of successfully
identifying the state. Then, the difference in the asymptotic error exponent in hypothesis testing is
bounded by

2p71>

1 1
Jim —log[Be(pi"||o®")] = lim —log[Be(p5"||o®")]| < (2p—1>logﬁz;1+2ph( %

with m_ ' the minimal non-zero eigenvalue of .

7.2 Free energy

In section 7.1, we already saw one interpretation of our results in terms of hypothesis testing. This
section gives another interpretation using the language of quantum thermodynamics.

A ubiquitous quantity in quantum thermodynamics is free energy. To define it, we need to fix
a Hamiltonian H € B(H), H = H*, and some inverse temperature 8 > 0. The Gibbs state of this
system, describing a quantum system in thermal equilibrium, is

e_BH

pp(H) = m :
Now, we can define the free energy as
F(p) = tr[Hp] — B7'S(p).

It can be related to the relative entropy as

D(pllps(H)) = B(F(p) = F(ps(H))), (34)

which can easily be verified by direct computation.
Inspired by quantum information theory, in particular entanglement theory, during the last years
various descriptions of quantum thermodynamics as a resource theory have emerged. Resource
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theories are described in terms of free states and free operations. In quantum thermodynamics,
the free state is pg(H), whereas the choices of free operations can differ. Possible choices include
the thermal operations (TO), their closure (CTO), and the Gibbs preserving covariant operations
(GPC). Instead of giving a formal definition here, we refer the reader to [34, Section II.C]. In
entanglement theory, we are interested in the distillation of EPR pairs from other states, possibly
taking many copies. In the same spirit, in quantum thermodynamics, the corresponding task is the
distillation of athermality. The asymptotic distillable athermality is quantified by the free energy
difference in eq. (34) [20,34]. Theorem V.1 of [34] states that for the asymptotic distillation rate
of athermality

Distilly(p, ps(H)) = D(p||ps(H)),

where § € {TO,CTO, GPC}. Again, we refer the reader to [34] for the formal definitions. Thus,
we can interpret corollary 5.9 as quantifying the continuity of distillable athermality.

Corollary 7.2 Let H be a fizred Hamiltonian with mazximal eigenvalue Amax, minimal eigenvalue
Amin, and > 0 an inverse temperature. Then, for p1, p2 € S(H) such that 1||p1 pl1 <e<l,
it holds that

|Distilly (p1, pg(H)) — Distilly (pa, ps(H))| < e (mm +log(Tr [efﬁH} )) F(1+ €)h< i )

9
).
9

o =

< B8(Amax — Amin) + £log(d) + (1 + s)h(l

_l’_

where § € {TO,CTO, GPC}.

7.3 Approximate Quantum Markov Chains

In this section, we consider a tripartite Hilbert space Hapc = HAaRHp® Hc and papc €
S+ (Hapc). We further consider the conditional mutual information of p4pc between A and C' con-
ditioned on B. The well-known property of strong subadditivity of the von Neumann entropy [53]
is equivalent to the non-negativity of the conditional mutual information, which is furthermore
known [42,63] to vanish if, and only if,

2
PABC = PA/BPB /2 PBCPR 2 PA/B7

i.e., whenever psapc is a quantum Markov chain. In particular, if we denote Pp_ap(ppc) =

2 —-1/2 1
pA/BPB / PBCPp / PA/Ba we have

IPB—)AB(,UBC)(A :C|B) =0.

Moreover, by the decomposition of the CMI of psp¢ in terms of a difference of conditional entropies,
as well as the data processing inequality, we have

I,(A: C|B) = H,(C|B) — H,(C|AB) < Hp,, _,,(one(C|AB) — H,(C|AB).

Here we w.l.o.g. assumed that d4 < d¢ using the symmetry of the CMI in A and C. Therefore,
we can apply our continuity bound for the CE from corollary 5.5 (which provides, in this case, a
tighter result than corollary 5.7), cf. also [88], to obtain an upper bound on the CMI of pspc in
terms of how far it is from being recovered with the Petz recovery map, i.e., in terms of

1/2 —1/2 1/2
PABC — PapPp PBCPB
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A similar direction was previously explored in [77, Eq. (26)]. Note that, as a direct consequence of
corollary 5.5, we get the following bound for any state papc € S(Hapc):

I,(A:C|B) < 2eclogmin{dy,dc} + (1 + 5)h(1i+5) )

with

—-1/2 1/2
2 HPABC’ PA/BPB /2 PBCPR / pA/BH

Moreover, we can use the following inequality

x
1 — ) < V2
( +£E)h<1+x>_ x,

for every x € [0, 1], as well as the fact that, since ¢ € [0, 1], then & < /e, to upper bound the CMI
of papc by

~1/2 ~1/2 1/2H1/2 ' (35)

I,(A:C|B) < (\[logmm{dA,dc}—i-l) H,oABC pA/BpB PBCPE ' PAR

This bound should be compared to lower bounds for the conditional mutual information. On the
one hand, Fawzi and Renner proved in [32] the following lower bound for such a quantity in terms

of the fidelity F = H\f\le
I,(A:C|B) > —log F(papc, Re—aB(pBC)),

where Rp_, 4p is another recovery map, the so-called rotated Petz recovery map, which was explicitly
constructed in [46]. Several results have been provided in this line in the past decade. Here we
specifically focus on [27], in which Carlen and Vershynina proved:

1A 018) = (§) o' | loabell 2 [oasc — olfios oncos o3 0

Therefore, by combining eq. (35) with eq. (36) we obtain the following “sandwich” for the condi-
tional mutual information of a tripartite density matrix papc in terms of its trace distance to its
Petz recovery map:

(5) o512 Noaboll 2 (Joasc — ozon 2oncon o
<I,(A:C|B)

B B 1/2
< 2 (logmin{da,dc} +1) HpABC — ,0114/;,031/203 PBI/ZPZ/E%H .

In particular, this implies that a state papc € S(Ha®@ Hp® Hce) is an approximate quantum
Markov chain [75] (i.e. I,(A: C|B) <€) if, and only if, it is close to its reconstructed state under
the Petz recovery map. This idea was used in [48] to prove that a Gibbs state of a one-dimensional
local Hamiltonian is an approximate quantum Markov chain, and subsequently, in [40] to provide
an estimate on the time it takes for a Markovian evolution of a density matrix to become an
approximate quantum Markov chain. Moreover, a similar inequality has recently been employed
in [78] to study the decay of the CMI for purely generated finitely correlated states.
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7.4 Difference between relative entropy and BS-entropy

It is well-known that the BS-entropy is an upper bound on the Umegaki relative entropy [43,56,62],
i.e., that R
D(pllo) < D(pl|o),

and they coincide if and only if p and ¢ commute (see, e.g., [45] and [43, Proposition 4.7]). In this
section, our aim is to quantify how large the difference between the two divergences can become.
We start with two upper bounds on D(p||o) in terms of D(pl||o).

Proposition 7.3  Consider two positive definite states p,o € S1(H). Then, the following inequal-
ity holds: R
D(pllo) < D(pllo) +m™" {lp = ol -

where m is the minimal eigenvalue of o.

Proof. We can upper bound the difference between the entropies by
D(pllo) = D(pllo) = Tr |p(log(p s~ p!/2) ~1og p + log o )|
=-D (pHexp {1Ogg + 10g(p1/20—1p1/2)}>
< log Tr [exp {10g0 + log(pl/za—lpl/Q)H
< logTr [opV 2071 p1?]

where we have used the non-negativity for the relative entropy of density matrices and Golden-
Thompson inequality [33,80]. Next, we can write

Tr Up1/2071p1/2} — Ty |:O'p1/2(071 _ pfl)pl/ﬂ e
Therefore, using log(z + 1) < x, we have
D(plle) = Dipllo) < T [op! (0™ = p~1)p!?] .
Now, we can use the following expression for invertible matrices X and Y:

Xtyviloyvliy-x)x!

Then,
Tr [Upl/Q(U—l _ p—l)pl/Q} — Ty [Up—1/2(p — o) Lpl/?
<|[lp™*(p =)o p"?||c
<ol =0l -
by [15, Proposition IX.1.1] and Hélder’s inequality. O

The previous proposition provides a general upper bound for the distance between both entropies
in terms of the spectral norm and the minimal eigenvalue of the second input. This is valid for any
pair of states but does not yield any further information on specific pairs with better conditions.
Alternatively, we can prove the following bound, from which it is obvious that D(p||o) = ZA?(pHo)
if p and o commute.
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Proposition 7.4  Consider two positive definite states p,o € Si(H). Then, the following inequal-
ity holds: R
D(pllo) < D(pllo) + f([p"?, 07 /%))

where the last term is given by

e | | G

In particular, whenever p and o commute, f vanishes.

o0

Proof. The proof proceeds in the same way as for proposition 7.3 until
D(pllo) = Dipllo) < T [op! /(0™ = p1)p!?] .

Let us define now
n = Ul/2p1/2071p1/201/2 _

Then,
Tr |op'/? (07" - p‘l)pm} =Tr[p—o].

Introducing p gives
Trlp—ol=Trln—c+p—pl=Trln—pl+Tr[p—ol=Trn—p| <|n-pl -

Moreover, as appears in [18, Remark 2.2], the right-hand side above can be estimated by

o <[

This concludes the proof of the proposition. O

HOO

Finally, we want to compare our previous bounds, proven using inequalities such as Golden-
Thompson or Holder, with those we could obtain by means of our continuity bounds, as the BS-
entropy can, in particular, be regarded as a relative entropy. For that, we can also apply the
continuity bound we derived in theorem 5.13.

Corollary 7.5 Let p € S(H), 0 € S (H) and m such that d?_{l > 2m > 0 and the minimal
eigenvalue of o is lower bounded by 2m. Let

k
o ipeE =Y NP,
=1

be the spectral decomposition with eigenvalues \; and projections P;. Define density matrices

k P k P
= itrlo Pl ——=, = Pl—.
p ; Aitrlo ]tr[Pi] q ;tr[a ]tr[B]
Then, for 3 |lp—pl| <e<1andi|o—q|; <0 <1, it holds that
" SN e [ 5
— < — A L —
D(pllo) = Dipllo)| < (=+ = ) logi ™ + (1 + (2 ) + 27 o (75) - 637

with l7 = 1—m. In particular, if [p,0] =0, € and § can be taken as 0 such that the RHS of eq. (37)
18 Zero.
Moreover, we can further simplify the previous bound to

1D(pllo) — D(pllo)| < (V2 — 1o m)ﬁ+3logm_15+2lo g0 1 (38)
P LT = . 1—m S\ —mrem)
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Proof. Our argument is a slight variation of Matsumoto’s minimal reverse test [56] (see also [43]).
We can write the BS-entropy as the relative entropy of two commuting density matrices

D(pllo) = D(pllq),
since we can verify with p; = A\jtr[o P;], ¢; = tr[o P;] that

k

D(pllg) =) Tr [Tﬁa@.}pi <1°g % ~loe Trq[le])]

=1

k
= pi(logp; —log ¢;)
=1
k

= Atr[oP]log ;
=1

=Tr {UO'_%[)O'_% log(g_%pg_%)}

= Tr [p log(péa’lp%)] :

Obviously, if m is the minimal eigenvalue of o, then Tr(ﬁﬁi} >m for all i € {1,...,k}. Thus, the
assertion follows from theorem 5.13. Moreover, it is clear that if [p,o] = 0 there is a unitary U
which diagonalizes p and ¢ simultaneously such that p = p and o = gq.

Finally, the last simplification from eq. (38) is a direct consequence of theorem 5.13 and
lemma 5.8. O

7.5 Weak quasi-factorization of the relative entropy

Results of quasi-factorization for a divergence allow us to split such a divergence in a bipartite space
in terms of the sum of two “conditional” divergences on subsystems and a multiplicative error term
that is related to the correlations between both subsystems on the second input of the divergences.
A weak version of such a result presents instead an additive error term.

More specifically, it was proven in [23] that, given a bipartite space Hap = Ha ® Hp and
pAB,0AB € S(Hap), the following inequality holds:

1

1 2h(oas)lw [Da(paglloas) + De(paglloas)] (39)

D(paglloas) <

with
h(oap) := 021/2 ® 051/20143021/2 ® 0§1/2 — 145,
and
Dx(paslloas) := D(paglloas) — D(px<|loxe), for X =A,B,

whenever ||h(oaB)|lc < 1/2. Note that the term |h(oaB)||,, provides a measure of how far
oap is from being a tensor product between A and B. This result, and subsequent extensions
with additional conditions on o 4p, are expected to find applications on various tasks in quantum
information theory, and in particular, have proven to be essential for some recent proofs of positivity
of modified logarithmic Sobolev inequalities (MLSIs) for quantum Markov semigroups modelling
thermal dissipative evolutions on quantum spin systems [9-11,24]. It is important to remark that
eq. (39) is equivalent to a generalization of the property of superadditivity of the relative entropy,
as shown in [22].
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In [18], some authors of the current manuscript tried to extend the previous result for the
Umegaki relative entropy to the BS-entropy framework. However, we showed that the BS-entropy
cannot satisfy a property of superadditivity, which makes it impossible to obtain a quasi-factorization
for the BS-entropy in the spirit of eq. (39) without an additive error term. Instead, we proved a
result of weak quasi-factorization, from which we recovered eq. (39) if the marginals of pap and o4p
commute. Here, we can prove another result along these lines as a consequence of our continuity
bound for the relative entropy. Indeed, as a consequence of theorem 5.13, we obtain the following
result of quasi-factorization for the relative entropy with an additive error term.

Corollary 7.6 (Weak quasi-factorization for the relative entropy)
Given pap,oap € S(Ha®Hp) such that ker(ox) C ker(px) for X = A, B, AB, we have:

D(paglloas) < Da(paplloas) + Dp(paslloas) +Ere(paB, 0aB) ,

with

- logm ™1 6 1
ErE(PAB,0AB) = <\f2— logm) \/5+3gli~5+210g <1 + +5m) ;

-1
5 Il

L} e=cpan) = L lpas — pa® plly ands = b(0ap) =

where m = 5 min {HO’A ®og

3lloas —oa®op|;.

Proof. The difference between the relative and the two conditional entropies can be written as
D(paplloas) — Da(paslloas) — Dp(paslloap) = —D(paslloap) + D(pa ® pplloa @ op).

Therefore, we can apply theorem 5.13 to obtain a continuity bound for the difference between the
last two relative entropies, obtaining

|D(paslloas) — D(pa ® pplloa ® op)

< (o4 ) oat) + (1 (1) 22 ().

with
1 ].
€= B lpaB —pa®pBll, , 0:= 9 loa —oa®@oapl; ,

and ;7 =1 —m, for m = 2m1n{HUA ® UB1H_ HJZ}BH;}}' Moreover, we can apply the simplifi-

cation of theorem 5.13 using lemma 5.8. We then have

0 1
— < — -
\D(pABHaAB) D(pA®pBHaA®aB)| (\@ logm) \f—i—S l 5+2log< - 5~> )

concluding thus the proof. O

Note that, even though there is a caveat in this result in the form of an additive error term,
which prevents it from being useful to prove the positivity of MLSIs, it presents the advantage
with respect to eq. (39) that there is no multiplicative error term in this case, which might be of
more interest for some other contexts, such as for entropy accumulation [58] or in the line of the
applications given by the Brascamp-Lieb dualities [14].
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7.6 Minimal distance to separable states

In this section, we show how to reprove the continuity bounds for the relative entropy of entangle-
ment in [88] from the ALAFF method and how this strategy generalizes if we quantify the minimal
distance to the set of separable states in terms of the BS-entropy instead.

Let C C S(H) be a compact convex subset of the set of quantum states with at least one positive
definite state. We can define the minimal distance to C in terms of the relative entropy as

De(p) == yelgD(pHv)'

As explained in [88], the fact that C contains a positive definite state guarantees that D¢ (p) < oo for
all p € S(H). Moreover, the infimum is attained, as follows from the fact that the relative entropy
is lower semi-continuous [62] and Weierstrass’ theorem on extreme values of such functions [2,
Theorem 2.43]. Examples of C include SEP 45, the set of separable states for systems A, B, and

{dy'1a®op :0p € S(Hp)},

which yields De(pap) = —H,(A|B)+logda. The quantity Dsgp ,,, is known as the relative entropy
of entanglement [84,85]. It constitutes a tight upper bound on the distillable entanglement [65,85].
This is the quantity we focus on for now.

Lemma 7.7 Let C C S(H) be a compact convex set containing at least one positive definite state.
Then, D¢ is convex on S(H).

Proof. This follows directly from the joint convexity of the relative entropy. O
In order to apply the ALAFF method, we need to prove almost concavity next.

Lemma 7.8 Let C C S(H) be a compact convez set containing at least one positive definite state.
Moreover, let p1,p2 € S(H) and p € [0,1]. Then,

De(pp1 + (1 —p)p2) = pDe(p1) + (1 —p)De(p2) — h(p).

Proof. We can use the almost concavity of the relative entropy. Let 7 the state that achieves the
infimum in D¢(pp1 + (1 — p)p2). By theorem 5.1 and point 1 of proposition 5.2, we obtain that

De(ppr + (1 = p)p2) > pD(p1l|7) + (1 — p)D(p2||T) — h(p)
> pDe(p1) + (1 = p)Dc(p2) — h(p),
which is the assertion. O

Finally, we need the following estimate:

Lemma 7.9 Let H=Hs® Hp. It holds that

sup  |[Dsgp,,(p) — Dsgp ,p(0)| < logmin{da,dp}.
p,oES(H)
llp—oli=1

Proof. Without loss of generality, let d4 < dp. For a pure state 1) with Schmidt decomposition

Z?ﬁl Ailia) ® lig), let
da

1 oy s
™= ; lia)ial @ lip)Xin|-
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This state is manifestly separable. Then,

sup  [Dsgp,p(p) — Dsepag(0)| < sup  D([Y)y] [[7y)
p,0ES(H) [Xp|eS(H)

sllp—oll1=1
=logda .
In the first inequality, we have used that Dsgp ,, is positive and convex. ]

This allows us to prove via the ALAFF method a continuity bound for the relative entropy of
entanglement:

Theorem 7.10 Fore € [0,1] and H = Ha®@MHp, it holds that for p,o € S(H) with 5 ||p—ol|; < e

. e
Dst1n(p) — s (o) < eogrmin{da,dn + 1+ (5 )

Proof. This follows from remark 4.7, using lemma 7.7, lemma 7.8, point 4 of proposition 5.2, and
lemma 7.9. [

theorem 7.10 recovers the bound [88, Corollary 8], proven with very similar methods, which
improved over the earlier bound in [28]. The interest of executing the proof here is that a similar
strategy will give us bounds on a BS-entropy version of the relative entropy of entanglement, as we
will show now. We define

De(p) = irelgf?(p\h),

which measures how far p is from C in terms of the BS-entropy. The infimum is attained as
the BS-entropy is also lower semi-continuous [57, Section 10]. Convexity follows again from the
joint-convexity of the BS-entropy.

Lemma 7.11 Let C C S(H) be a compact convex set containing at least one positive definite
state. Then, D¢ is convex on S(H).

Almost concavity requires more work in this case.

Lemma 7.12 Let C C S(H) be a compact convexr set containing the mazimally mized state.
Moreover, let p1,p2 € S(H), p€[0,1), and d € N, d > 2 the dimension of H. Then,

De(ppr + (1 = p)p2) = pDe(p1) + (1 — p)De(p2) — galp).

Here, ga(p) := —i7ah(p) —log(1 — p!/?) for p € (0,1) and g4(0) == 0.

Proof. In order to apply the almost concavity of the BS-entropy, we need to control the minimal
eigenvalue of 7, the best approximation of p = pp; + (1 — p)p2 in C. To this end, we will use a
strategy inspired by [28]. Let 74 be the state achieving the infimum in

(w192

for some s € (0,1) which we will specify later. Clearly,

~

De(p) < D(p|sm+ (1 - s)%)-
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Furthermore, with 7 a state such that ﬁc(p) = lA)(pH%),

lA)(,oH sTs + (1 — s)%) < ﬁ(p” sT+ (1 — s)%)

< EC(p) —lOgS’

as s7 + (1 — s)& > s7 and the logarithm is operator monotone. Since De(p) < oo we have

ker 7 C ker p, thus, we can restrict 7 to the support of p, where 7 is positive definite. Combining
this bound with theorem 6.3, we infer

. . 1
De(ppr+ (1= p)p2) = D<pp1 +(1 —p)mHSTS +(1- 8)5) +log s
. ~ d
= pDe(p1) + (1= p)De(p2) — 1—_N(p) +logs.

Here, we have used point 1 of proposition 6.5. Finally, we have to choose s such that %sh(p) —log s

goes to zero for p — 01 and is non-decreasing on p € [0,1/2]. It turns out that s = 1 —p'/9 is a
convenient choice, see lemma G.1 and lemma G.2. ]

Remark 7.13 Note that we could have substituted gq in lemma 7.12 by a symmetrized version
_ v Jaalp) p€[0,1/2]
ga(p) ==
94(1—p) pe[l/2,1]
in order to obtain
De(ppy + (1= p)p2) > pDe(pr) + (1 = p) De(p2) — Galp)

for all p € [0,1] and §q4(0) = gq(1) = 0. For the ALAFF method with s = 0, however, it is only
relevant what happens on [0,1/2].

The final estimate we need in order to apply the ALAFF method is proven in a very similar
way as lemma 7.9.

Lemma 7.14 Let H =Ha ® Hp. It holds that

sup  |Dsgp s (p) — Dspp, 5 (0)| < logmin{da,dp}.
psoE€S(H)
Lip—ol1=1

Proof. Without loss of generality, let d4 < dp. For a pure state 1) with Schmidt decomposition
Z?ﬁl Ailia) ® |ig), let again

1 &
™= ; lia)ial @ liB)iBl
which is a separable state. Then,

sup  [Dsppay(p) — Dsppag(0)| < sup  D(w)Xe| ||7y)
1[|2‘,O'ES|TH) [YXpleS(H)
sllp—0o 1=1

=logdy, .

In the above inequality, we have used that ﬁSEp .p 1s positive and convex. Note that |¢) is in the
support of 7. O
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Theorem 7.15 Fore € [0,1], H = Ha®Hp, anddap € N, dap > 2, it holds that for p,o € S(H)
with 1 |lp—oll; <e

~ ~ . £
D (9) — D g (0)] < 2logmin{da, dp} + (1 + £)gas (1+> |

Here, ga(p) := —7ah(p) —log(1 — p'/?) for p € (0,1) and ga(0) = 0.

Proof. As shown in lemma G.3, it holds that g4(p)/(1 — p) is non-decreasing on [0, 1] for all d € N,

d > 2. Thus, the assertion follows from remark 4.7 using lemma 7.11, lemma 7.12 with lemma G.1
and lemma G.2, and lemma 7.14. O

To end this section, let us investigate the choice
Co:= {le]lA ®Xop:0p € S(HB)}
From the discussion after eq. (5), we know that

Hy(AIB)< sup — D(papllLla®op) = H™(A|B),
O'BES(HB)

but equality does not hold in general. This is different from the Umegaki relative entropy, where the
conditional entropy coincides with its variational expression. Nonetheless, we obtain a continuity
bound for H;*(A|B) from the approach in this section.

Corollary 7.16 Let H = Hy @ Hp. For e € [0,1] and dap € N, dap > 2, it holds that for
p,o € S(H) with §||p—oll; <e

7yvar 7yvar £
B (A|B) — H¥(A|B)| < 2¢logda + (1+ £)ga, <1+a> ,

Here, ga(p) = —{zh(p) —log(1 —p'/?) for p € (0,1) and ga(0) = 0.
Proof. 1t holds that for p,o € S(H) with 3 [|p— o, <¢
|H™ (A|B) — Hy" (A|B)| = |Dey (p) — Dey (0)],
since the normalization does not matter. Thus to apply ALAFF, we need to bound

sup  |Dc,(p) — De, ()] .
p,oES(H)
Llp—0ll1=1

Using eq. (28) and the fact that Dg,(p) > 0 for all states p, we obtain

sup  [Dey(p) — Dey(0)] < sup — [ (A|B) + log
p,O’GS(H) pES(’H)
zllo—olli=1

<2logdy.

The assertion follows from combining the above with lemma 7.11, lemma 7.12 with lemma G.1 and
lemma G.2, and lemma G.3 to apply remark 4.7. O

Remark 7.17 Note that the findings of corollary 7.16 and proposition 6.7 provide a formal proof
that ﬁp(A|B) and ﬁ;’ar(A|B) are different in general. Indeed, while we have just shown that the lat-
ter quantity is continuous on S(H) as a consequence of the results of this section, in proposition 6.7
we showed that the former quantity is in general discontinuous on S(H).
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7.7 Rains information

Inspired by the Rains bound from entanglement theory [66], for any divergence D, the generalized
Rains bound of a quantum state pap € S(H4 ® Hp) was defined in [82] by

R(pap) i= )
(pAB) U'ABEFIE%I'II}’(A:B) (pAB||UAB) )

where the minimization is taken over the Rains set

PPT'(A: B) := {O‘AB :oap >0,

Tp
UABH1 = 1} :

Where -TB denotes the partial transpose in the B-system. This definition can be easily extended
to channels in the following way. For a quantum channel Ty g : S(HAa®Ha) = S(HAa® Hp),
we define
R(T) := max RTA/ B\QAA)),
()= max R(Twon(oan)
for ¢ 44- a purification of py. In particular, for the Umegaki relative entropy, we introduce the
Rains information as

R(T) := i D(Tw /
T) PA&%%A)UABGIIDIIIDI%(AZB) (La—p(@ax)loas).

as well as the BS-Rains information by

~

E T) := i D(Tx ! :
( ) PA&%%A)UABGPI%I%(A:B) ( A%B(¢AA)HUAB)

In the rest of the subsection, we will drop the subindex from the channels whenever it is clear
in which systems they act. In [29], it was proven that the latter two quantities constitute upper
bounds to the quantum capacity of a quantum channel. Indeed, the following inequality holds for
any channel 7"

Q(T) < R(T) < R(T).

Moreover, the BS-Rains information is a limit of Rains informations induced by a-geometric Rényi
divergences, which can be written as single-letter formulas and computed via a semidefinite program
(SDP), as shown in [29]. The study of these quantities is therefore of great interest for application
in the context of strong converses of quantum capacities of channels.

Here, as a consequence of corollary 5.9 and corollary 6.11, respectively, we can provide continuity
results for both the Rains information and the BS-Rains information, respectively, following the
lines of theorem 7.10. Beforehand, we need to justify that both quantities are well-defined, i.e.,
that each of these quantities is attained at a certain py € S(Ha) and o4 € PPT/(A : B), and thus
the minimum and maximum in their definitions are properly written. For that, note that we are
first taking an infimum on the second input over the compact set PPT/(A : B). Then, the infimum
is attained and the expression obtained is a continuous function, as we will show below in eq. (41).
Next, we perform an optimization problem on the first input over another compact set, namely
S(H4). Thus, that supremum is also attained and both Rains informations are well defined.

From now on, for simplicity and for similarity with the quantities introduced in the previous
section, given pap € S(Ha ® Hp), let us define

Dppri(a:By(paB) = UABGI{%i%(A:B)D(PABHUAB) .
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Then, it is clear that we can rewrite, for a quantum channel T': S(Ha @ Ha) = S(Ha @ Hp),

R(T) := max D '(A: T AA))
(T) , hax Deeria B)(T(paar))
for ¢ 44 a purification of ps. The next step before applying the ALAFF method is bounding the
difference between two Rains informations of two quantum channels. For that, we will use the 1 — 1
norm of the difference between channels. Let us recall that for T: S(Ha @ Ha) > S(HA®HE) a
quantum channel, its 1 — 1 norm is given by

T = max | T(n)|; -
o= o [T,

For T4/_, g, the 1 — 1 norm coincides with the diamond norm. Now, as a consequence of lemma 7.9
and theorem 7.10 from the previous section, we can derive the following continuity bound for the
Rains information.

Theorem 7.18 Fore € [0,1] and T}/, 5. T3 5 : SHa®@Ha) = S(Ha®@Hp) two quantum

Lp 1l 2 .
channels with 5| Ty _, 5 —T% _ gll1—1 < €, we have:

. g
IR(TY_ ) — R(T%_, )| < clogmin{da,dg} + (1 + a)h(m) . (40)

Proof. Let us drop the subscripts from the channels for ease of notation. Firstly, note that SEP 5 C
PPT'(A : B). Therefore,

R(T) = D ra:-g) (T 1)) < D T 7)) .
(T) ,,ax  Dppr 4:8)(T(9aa ))_pAg}S%A) sEP4p (T(Paa))

Hence, in general

[Hax Dppri(a: AB) — Depr(a:p)(oaB)| < max  Dppr/(a: AB
pAB,UABGS(HABﬂ pPT/(A:B)(PAB) — Dpp1r(a:B)(04B)| L. PPT/(A:B)(PAB)
%HPAB_UABHIZ]-

< max D (41)
B PABES(%AB) SEPa5 (PAB)

< logmin{dy, dg},

where in the last inequality we have used lemma 7.9. Following the lines of theorem 7.10, we have
for pap,oap € S(Ha ® Hp) with %”PAB — 041 < e the following continuity bound:

. 3
|Dpprr(a:8)(paB) — Dppr(a:p)(0aB)| < elogmin{da, dp} + (1 + €)h<17+5) :

Note that since PPT'(A : B) does not only contain states, but also subnormalized states, lemma 7.7
and lemma 7.8 are not directly applicable. One can however verify that the corresponding state-
ments for PPT/(A : B) still hold using the same arguments. For simplicity, let us denote

b(e) :=elogmin{da, dp} + (1 + 5)h<1i+5) .

To estimate an upper bound on the difference that appears in eq. (40), first note that, given

THT? : S(Ha®@Ha) — S(Ha®Hp) two quantum channels with %HT1 —T2H1%1 < ¢, and
pa € S(Ha) with ¢4 a purification of it, we have

1 1
5 [T (Gan) = THan)||, < 5 T -T2, <.
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Consider now p!,p? € S(Ha) with respective purifications ¢l 4., ¢% 4/, the states in which the
respective maxima of R(T') and R(T?) are attained. Then, we clearly have, for 4,5 = 1,2 and

i 7,
|R(T7) — Dppra.p)(T'( I | Dpprr(4:B) (T9 (¢4 4)) — Dpprr(a:B) (T (& )| < b(e),

and thus, ' o ‘
R(T") = Dppri(a:) (T (¢ 41)) = R(T7) — b(e) -

Therefore, we can conclude
|R(T") = R(T?)| <b(e),

and consequently

|R(TY) — R(T?)| < elogmin{da,dp} + (1 +5)h(1 ie) .

O

In a similar way, we can also prove uniform continuity and provide explicit continuity bounds
for the BS-Rains information. Analogously to what we have done above for the Rains information,
we can define for pap € S(Ha ® Hp) the following quantity:

~

Dppri(a:p)(paB) == UABE%i%(A:B)D(PABIIUAB) ,

and thus, we can rewrite, for a quantum channel T: S(HA Q@ Ha/) > S(HAQRHp),

R(T) := pAg}S?iA)DPPT’(A:B) (T'(¢aar))
for ¢4 4 a purification of ps. We can finally use lemma 7.14 and theorem 7.15 from the previous
section, for the BS-entropy, to obtain a continuity bound for the BS-Rains information. However,
the bound obtained, as well as the procedure employed to derive it, are a straightforward combi-
nation of the strategies of the continuity bound for the Rains information theorem 7.18 and the
continuity bound for the BS-entropy of entanglement from theorem 7.15. Therefore, we omit it, to
avoid unnecessary repetitions.

Theorem 7.19 For e € [0,1] and Ti’anfo'aB :S(HA®Ha) > S(Ha®Hp) two quantum
channels with £||TT — T?||1-1 < e, we have:

~ R . .
IR(TY) — R(T?)| < elogmin{da,dp} + (14 ¢)ga,s <17+5> 7

where gq(t) := tl%h(t) — log(1 — tY/4).

8 Outlook

In this paper, we have introduced a generalisation of the Alicki-Fannes-Winter method by Shirokov
and applied it to derive results of uniform continuity and explicit continuity bounds for divergences.
We gave this generalisation the name ALAFF (cf. theorem 4.6) after the functions to which it
applies (almost locally affine functions). The method allows deriving various continuity bounds
for entropic quantities, by simply proofing (joint) convexity and almost (joint) concavity of the
underlying divergence.
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In particular, in the current paper, we have applied our ALAFF method to the specific cases
of the Umegaki and the Belavkin-Staszewski relative entropies. For both of them, we have proven
results of almost concavity (for the Umegaki case, our result is shown to be tight), and these,
together with the well-known results of convexity for these quantities, have yielded a plethora of
results of continuity bounds for both the Umegaki and BS-entropies, as well as for many other
quantities derived from them. In particular, our results recover the previously known almost tight
continuity bounds for the conditional entropy and the (conditional) mutual information.

A natural question arises from the findings of this paper: Is our method applicable to any other
family of divergences? We expect this to be the case, since, as shown in section 2, our method
only requires almost concavity and convexity (already known for divergences) in order to work.
Therefore, a result of almost concavity with a “well-behaved” correction factor would be enough
for the ALAFF method and is expected to exist, for families such as the a-sandwiched Rényi
divergences or the a-geometric Rényi divergences, as they converge to the quantities studied in this
paper. This possibility will be explored in a future manuscript.

Let us conclude this section, and our paper, with some analysis of the results obtained here. For
both the Umegaki and the BS-entropies, we have presented results of almost concavity in order to
provide some continuity bounds. However, while for the former (cf. theorem 5.1) we have shown that
the result is tight, for the latter (cf. theorem 6.3) we are certain that there is room for improvement.
Indeed, our almost concavity bound for the BS-entropy depends on the minimal eigenvalues of some
of the states involved even in the simplified case of the BS-conditional entropy. In such a case,
numerical simulations, as well as analytical proof, have shown us that there is a universal bound
for the BS-conditional entropy of a state which is independent of the state involved. Therefore, we
would expect an almost convexity result for the BS-conditional entropy being independent of the
states involved, and this is clearly not the case at the moment. Nevertheless, there is no doubt that
the BS-entropy, and quantities derived from it, are “pathological” in some sense. First of all, we
have shown that the BS-conditional entropy exhibits discontinuities in the presence of vanishing
eigenvalues (cf. proposition 6.7), as opposed to the conditional entropy, which behaves well in that
setting. This motivates the idea that the minimal eigenvalue of the involved states should appear
in the most general bounds of almost concavity and continuity. Additionally, we can compare some
upper bounds of some entropic quantities derived from the Umegaki and the BS-entropy:

e For the relative entropy, we have the following 3 bounds:

—~H,(A|B) <logda, I,(A:B)<2logmin{da,dg}, D(p|o)<logm,".

e For the BS-entropy, we have the following 3 bounds (cf. proposition 6.6):

—H,(A|B) <logda, IT,(A:B)<logdamm ' , D(pllo) <logm,".

In the above m., m. denote the minimal respectively minimal non-zero eigenvalue of the state in
the index. It is remarkable that for the conditional and BS-conditional entropy and the mutual
information, there appears no dependence on the minimal eigenvalue of the argument, whilst for
the BS-mutual information this is the case.

Moreover, let us recall that, from the discussion in remark 7.17, we know that the conditional
BS-entropy and its variational counterpart are different because the latter is continuous on S(H)
and the former is not. One could wonder whether the same difference appears for the BS-mutual
information. Analogously to the case of the (Umegaki) mutual information, we could define four
possible versions of such a notion by optimizing over one marginal, both or none. Remarkably, we
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find that, when optimizing over both marginals, we have, assuming w.l.o.g. da < dp,

I'™(A: B) = UglafBﬁ(pABnaA ® op) < logds — H™(A|B) < 2logmin{da,dp} .

Comparing this bound to the one shown above for fp(A : B), which we prove to be tight in
proposition 6.6, we realize that the BS-mutual information and its variational counterpart (with
optimization over both marginals) are also different in general.

To conclude, the literature concerning continuity bounds for entropic quantities is much broader
than the results collected here. For Rényi and Tsallis entropies, many results concerning their
continuity can be derived from other techniques, such as majorization flows, and can be found in
texts such as [37-39]. Additionally, some of these results for the von Neumann entropy, Rényi
and Tsallis entropies, as well as their classical counterparts, can be extended to energy-constrained
systems in infinite dimensions, as shown in [12], [88] (see also the recent [73]). We leave for future
work the possibility of extending the results presented here to a similar framework.
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A Numerical investigation of the variational definition of the BS-
conditional entropy

<
=2
g
¥
£
0.0 1 —— H,(A|B)
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~0.2 1 ~D(pagp|l®op)
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sample

Figure 6: The red line is the BS-conditional entropy defined via the partial trace evaluated at pap.
The dots are the BS-entropy between the state pap and 14 ®op with op € S(Hp) sampled at
random. The orange dots are the cases when the —D(pag|| 14 ®0p) exceeds H(A|B) p- We sampled
a total of 100.000 pairs of pap and op and evaluated both ﬁI(A|B)p and —D(pap|| 14 ®op). Only
a tenth of all samples were kept in addition to the ones that violated the bound. Those were
then plotted in ascending order w.r.t the magnitude of their BS-conditional entropy. We further
controlled the minimal eigenvalue and set Ha Q@ Hp = C?®C? to reduce the risk of numerical
flaws.

B Supplements to the proof of theorem 5.1

We will now show that the result of the inequality in eq. (12) is still true, even if pi, pa, 01,09 are
not full rank. We have that
kero C kero; C ker p;.

If ker o C ker p; we set

Hﬂl = Pkerplﬁ(kero')l ) le = HHm

1 -
1 o s

and if kero C ker oy,

1 ~
Ho,

Uy = Pkerolﬁ(kero)l ) Uy = HH01 1

normalised projections on the spaces in the index. Both of the latter are quantum states and fulfil

Hp1p1 == lepl == 0, Hglal == 0'1]._[01 == 0, ]:[Ulpl == ,011_.[0-1 =0. (42)

o4



Forl>e>0and1>9 >0, let

~Jelly, + (T —¢)pr if kero C ker py
pl,E - . 9
o1 if ker o = ker p;

0y, + (1 —9)or if kero C keroy
o156 = . .
o1 if kero = ker oy

We then have that ker p; . = ker 07 5 = ker 0. This means, however, considering Tr [p; - (log o — log 01 5)]
we can reduce to the subspace where they are all full rank. We then apply the Peierls-Bogoliubov
inequality [62] and the multivariant trace inequality by Sutter et al. [76, Corollary 3.3]

Tr[p1,e(logo —log o1,5)] < log Tr [exp (log(p1,c) + log(o) — log(a15))]

o0
it—1 —it—1 43
< log / dt Bo(t) Tr [pLEULg 00, 5 } ) (43)

—00

Both of the traces on the LHS and RHS of eq. (43) can without change be extended to the full
Hilbert space again. Next, we take limits on both sides of the inequality and in doing so recover
the claim. We first note that the limit € — 0 requires no more argument as both sides are linear in
€. Hence, we get

it—1 —it—1
Tr [p1(logo — log oy 5)] < log / dt Bo(t) Tr [,0101’; 00, 5 ] . (44)

—0o0

The limit 6 — 0 on the other hand is, in the case of ker o C ker o1, a little more involved. Due to
the orthogonality in eq. (42) we cannot only split up the logarithm but also eliminate terms. More
specifically, we have

log 01 5 = log(0ll,, ) +log((1 — 6)o1),

where the logarithms in the RHS have to be understood as living in the support of the respective
argument (and complemented with zeros in the rest). Hence, we obtain for the LHS of eq. (44)

Tr[p1(log o —log o1,5)] = Tr [p1(log o — log (11, + (1 —6)o1))]
= Tr [p1(log o —log((1 — &)o1)] + Tr [p1 log (115, )]
= Tr [p1(log o — log((1 — &)o1)]
= Tr[p1(logo — log o1] + log(1 — 9) .

Moreover, for the RHS of eq. (44) we use that

ofs = 071G, + (1 —0)%07,
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for any z € C, where the last exponential has to be understood again in the support of the respective
argument. Thus, we obtain

it—1 —it—1 1t—1 —it—1
Tr [P1‘71,§ 00y 5 ] =(1-6)""Tr [0101 * ooy ? ]

it—1 _ —it

_ it—1 —it—1
+(1—-0)2 ¢ 2 F Ty [p1012 olly, 2 }

it—1 —it—1 it—1 —it—1
+oz (1-6)"= Tr [,011_1012 ooy ® }

it—1 —it—1
+ 6 1Ty [plﬂgf olly,? ]

it—1 —it—1
=(1-6)""'Tr [plal > ooy ? ] .

Taking the limit § — 0 now directly follows from the continuity of the logarithm. We thereby
conclude

it—1 —it—1
pTr [p1(log(o) —log(o1))] < plog / dt By(t) Tr [plal ooy ? ] ,

for o1, 09, p1 not full rank.

C Proof of proposition 5.2

We first of all note that for all py, p2 € S(H) we have % ||p1 — pa|; < 1, hence as a direct consequence
ferea T 31lo1 = p2lli b < fer o + h. We therefore will drop the £ [[p1 — po|| in front of the h here
already.

1. If 01 = 09 =: 0, we find for j = 1,2 that

cj = 7dtﬁo(t)Tr {pja%aa ﬂéil} = 7dtﬁ0(t)Tr ;] =1.

The reduction of f., ., + h to h then happens because log(p + (1 — p)) = log(1) = 0 gives
fC1,02 =0.
2. With j,k =1,2, j # k and mp; < 0, we find

it—1 —it—1 it—1 1 —it—1 1 1
2 . 2 2 -1 2 ~— ~ —
o;° pjo; <o;* m oo <Sm~ Py <m 1

where Py, is the projection onto the support of o;. We therefore find

o0

¢ < / dtBo(t) 1 Tx [oy] = L.

—00

By the monotonicity of the logarithm, we obtain fc, ., < fz-15-1 and hence fe, c, +h <
fm—l’m—l + h.
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3. For j,k=1,2, j # k we have
oo

[ it—1 —it—1
cj = /dtﬁo(t)Tr piaB(la®pjp) 2 1a®@pkp(la®pjp)” 2 }

—00

o0

r it—1 —it—1

—00
o0

r it—1 —it—1
= /dtﬁo(t)Tr Pj,B(pjjg Pk,BPj,BQ )}

—0o0

e}

— [ ao(t) T o) = 1.

—0o0

We used that the functional calculus has the property that f(A® B) = f(4) ® f(B) for A,
B self-adjoint, as can easily be verified by direct computation, and that the trace is cyclic.
This gives us f, ¢, = f1,1 = 0 which concludes the claim.

4. The derivative of p — ﬁh(p) atp € (0,1)is — (lf ip))g > 0, which proves the second assertion.

For p — li—pfmlm (p) = 125 log(p + mu(1 — p)) +log(1 — p + map) we use similar reasoning.

First we use that mg > 1 hence log(1 — p + map) = log(1 + (mg — 1)p) is monotone in p, i.e.
in particular non-decreasing. Second we note that p — & log(p +m1(1 — p)) is monotone
in p, because forming the derivative at p € (0, 1), we get

1
e (p+ <1p_p)m1 +log(p +mi(1 - p)) —p)
1 p p+(1—pm;—1
z (1—p)? (p+(1—p)m1 p+mi(l—p) )
1 (m1(1—p)+2p—1 —p)
(I=p)2\ p+(1—p)m
_ 1 (m1(1—p)+2p—1—p(p+(1—p)m1))
(1 —p)? p+(1—p)m
_ 1 ((ml—l)(p—1)2>
(1=p)2\ p+(1—p)m
>0.

We used that for 2 > 1, log(z) > Z=1 (this can be seen by taking the derivative and realizing

xr
that both sides coincide for = 1) and my > 1. This concludes the claim.

D Proof of lemma 5.12

We first show that for s > m, Sy is s-perturbed A-invariant. For that purpose let 1,09 € S, then
we find

Ai(ala 0'2,,0) =sp+ (1 - 5)[01 - UQ]i > ﬁ:Lpa

which immediately gives the kernel inclusion as well as the condition to be lower bounded by mp.
Therefore, A* (01, 09,7) € Sg which makes So an s-perturbed A-invariant set. We show the other
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direction by contrapositive. Let s < m. Since m < 1 and rankp > 2 we find an € > 0 and two
orthonormal [0) , |1) € supp p, such that mp < p — § |i)i| for i = 0,1. We then have that

9 g
=p+- — 2yt
o1 = p+ £ |0)0] - £ 1)1

£ €
= p— Z|O)0| + = 1)1
o2 = p = 5 |00 + 5 [1X1]
manifestly are contained in So. Furthermore, 1 |01 — 02||; = ¢ and

e o1 — 0]+ = [O)0)
e Vo1 — o] = 1)1

We will now show that there exists no 7 € S(H) such that A% (o1, 09,7) € Sp again, meaning Sy is
not s-perturbed A-invariant. Assume there is an operator 7 > 0 such that A% (o1, 09,7) € S we
then would have

00" AT (01, 02, 7) [0XO " = [0)O0[ " s7[0)0[" > 7 [0)0] " p|OXO[*

45
XL A (o1, 00, 7) NI = (1YL 1N > @ (LT p 1)L )

where |i)(i| := P, —|i)i| for i = 0,1. Here P, is the projection on the support of p. We further
used A% (01,09,7) > mp as AT(01,09,7) are in Sy by assumption. To fulfil eq. (45) we clearly
need to choose s > 0 and since s < m we directly obtain the conditions

JOXOI™ 7 [0)(0["- 2 [0)0[" p[0XOI"  and [ 7 (11 2 (1 p 1)L
This gives us,
T[] = Tr [ |0XO[" 7 [0)(O" + |0)(0] 7 [0)0] | = Tr [Jo)0[" 7 [0)0] " + [oX0] LKL 7 |11 oo
> Tr [J0X0] p 0XOI* + [0)(O] [1)(1] p [1X1] 0)(01] = Tr [|0X0[* p0XO[* + 0)0] p[0)0]]
=Tr[Ppp] =Tr[p] =1,
where we used that |0) and |1) are orthogonal, hence [0Y0|[1X1]*" = [1X1|*[0)0| = |0)X0| and
|0X0[% = |0X0], (J0O)0] )2 = [0)(0]". We thus conclude T & S(H) proving the claim.
E Proof of proposition 6.5

1. If 01 = 09 = 0, then for j = 1,2

o0

A — w1l — _ —it+1
¢ = /dtﬁo(t)Tr 030y 20 0 ) F 0 R R o) P ) T
= / dtBo()Tr [p;] = / dtBo(t) =1

which gives us immediately f¢ &, + ¢oh = Coh.
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2. For j,k = 1,2 with j # k we first have o < m~lo; giving us

o0
X 1/2 1 1/2\@t+1 —1/2 1 _1/2, 1/2 1 1/2, zit+l
‘= /dtﬂo(i)Tr R e R TR L e
—0o0
oo
=m~t [ dtBo(t)Tr[pj] =m™'.
— 00

Since ¢g < m~! and because the logarithm is monotone this immediately gives fer,60 + Coh <
fm—l,m—l +m~1h.

3. The proof is along the same lines as the one for 2., however with o; = d;ll 14 ®pjB. We just
have to show that the minimal eigenvalue of ¢; is bounded from below by m. We use that
Ty:7+— d;l 1,4 ®7p is a conditional expectation and that d;l 14 ®7p is full rank if 7 was
full rank [25, Theorem 4.13]. This means, however,

(d3' La®pjn) ™" =Talp)) ™" < Talp; "),
where we used [25, Theorem 4.16]. This gives us

@3 ta20im) o < T4 < o g <~ (46

Hence, we have that H (d;l1 ® pjB) " H;Ol the minimal eigenvalue of d;ll ® pj,B is bounded from
below by m. From here on the proof is analogous to the one in 2. We obtain fg, a, + ¢oh <
fm-1.m-1 + éh and again use eq. (46) to get fo,-1 -1 + Coh < fr—1 -1 +m A

4. The proof is completely analogous to the one in 4. of appendix C.

Proof of proposition 6.6

1. We begin with the BS-conditional information. The upper bound on H.(A|B) can be obtained
by
H,(A|B) = —=D(paplld;' 14 ®pp) +logda <logda.

where we used the non-negativity of lA)(H) on quantum states. The bound is attained if one
inserts the maximally mixed state, i.e., pap = dg}g 14p5. For the lower bound we use that

—D(-||-) is jointly concave and Tra[-] linear which means without loss of generality one can
assume p to be pure, i.e., a rank one projection. Then

Higyy) (AIB) = =D()eé] | 14 ©Pg) = —Tr [[u)es|log )]/ (1.4 ©P5*) s/
= —log Tr [[¥)(¢| (La@Pz")] = —log Tr [PpP5'] ,

with Pg = Tral[¢))v|]. Employing the Schmidt decomposition to |1)(1)| we find that

d
Pg=> MNP
=1
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d

with P; orthogonal rank one projections on Hp, A? > 0 and > A? = 1. Further d <
i=1

min{da,dp} the Schmidt rank. This gives us that

v [PpPg? ZAQ)\ 2= d <min{da,dp}.

Through monotonicity of the logarithm, we obtain the lower bound, i.e.,
I?,,(A\B) > —logmin{da,dp}.

This bound is attained for p a pure state with full Schmidt rank, which can directly be seen
from the above calculations.

. We now tackle the BS-mutual information. The lower bound, i.e. E(A : B) >0, is a direct
consequence of the data processing inequality [44]. Applying Tr4]-], we find

I,(A: B) = D(pasllpa ® p) = D(pBlps) =0.
To proof the upper bound, we w.l.o.g assume that HpAlH < Hp31H . We then use that

pa®ps > |pa' H P,, ® pp, where P,, is the projection to the support of p4. This gives us

I,(A: B) = D(pagllpa ® pp) < D(pas|| Ppy ® ps) +log o' .
= D(papl 1a@pp) +loglp3' ||, = —H,(AIB) +loglo3']

< logmin{da,dp} +log||p;']|

75 oo}

In the second equality we used that (kerps) ® Hp C kerpap, so extending P,, to 14 has
no effect. With the next example, we will see that the bound is tight and scales with
logmax{HpAlH _1HOO} in some cases. For that purpose let d4 € N, dg > 2 and a
bipartite space H AQ®Hp with H 4 having dimension d4 and Hp dimension dg = d4 + 1.
Furthermore, let € € (0,1). We then consider sets of orthonormal vectors {|ia) ;‘121 C Ha,
{]z’@}fﬁl C Hp and define

dAl

< logmin{da,dp} + log mln{HpA Hoo ’ |

1 1ia) @ i) + V1 —el(da)a) ®[(da) s Z\F|2A ) ®lip)

with the )\Z- defined accordingly. We find that

pa = Trp[l¥)Xy]] = ZA liaXial ,

pi = Tra[|[y)e|] = Z)\ lipXisl

and the Moore-Penrose pseudoinverse (in the case of p4 it is an inverse)

Pa —ZA lta)ial ,
PB —Z/\ lipXiB| -
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We find

VIV

T [lo)wlpa' @ pp'] = D 5= (ialka) (kalia) (islis) (slis)

,7,k,l

\/» #
Z zk(sk](szldl]
i,k AR

dA—l) 1
_Z)\ 5 i

with which, as [1))(¢| is a rank one projection

Ty (A B) = Tr |[o)wllog(u) ] p3' @ o' 1wl
= log Tr [|9)(v| p1" ® pp']

(dg —1)? 1 (dg —1)2
=1 > log(————).
og(U S 4 ) > 10
We directly obtain Hp;llHoo = Hp;HOO = % and by construction d4 < dp, hence the
bound in eq. (29) gives
da(da —1)

). (47)

We first note that for ¢ = 1 — - we get equality in eq. (47). What is, however, more
da
interesting is the fact that

Tjgyu (A : B) < log(

(da —1)?
19

da(da —1)

) < Tjyyi(A: B) < log(

log( )5

with

da )
dg—17"
Le., the error of the bound is of order log( dj’j 7) independent of the . This means, that the

scaling behaviour of the bound, in terms of the minimal non-zero eigenvalue of p4 and pp
respectively is the best one can do.

dA(dA—l) (dA—1)2

log( ) — log(

)| = log(

. The lower bound of the BS-CMI is again a consequence of the data processing inequality.
The upper bound is a direct consequence of the bounds obtained for the BS-conditional
information due to the definition of the conditional mutual information in eq. (4)
T,(A: BIC) = H,(AIC) — H,(A|BC)
<logdg + logmin{da,dpc}
= logmin{d%,dapc} -

We expect that the tightness of such a bound can be proven in a similar way to the one for
the BS-mutual information.

G Behavior of g,

In this section, we study the function g4(p) := ﬁh(p) —log(1 — p¥/%) for p € (0,1) and a fixed
d € N, d > 2. This function appears in some of the continuity bounds in section 7.6.
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Lemma G.1 Letd € N, d > 2. Then, lim,_,o+ ga(p) = 0. In particular, gq is continuous on
p€[0,1).

Proof. Since lim,, o+ log(1 — p'/?) = 0, we can focus on pfl/dh(p). The assertion follows from
applying L’Hospital’s rule twice. Indeed,
. d _ i d(log(1 — p) —log(p))
101—1>I(I)lJr Wh(p) N pli)r(l)lJr pl/d_l/d
Gl O O et U9

3 2-1/d
T (p+p1—w)

p—0+td—1 1—p
=0.
Continuity, therefore, follows from the definition of the function. O

Lemma G.2 Letd €N, d> 2. Then, the function gq is non-decreasing on [0,1/2].

Proof. We can differentiate g4(p) on (0,1/2). This yields

9 1 ( p2/d-1

+(d—=1+p ")log(l—p)—(d—1) log(p)>

%gd(p) = pl/d d(l —pl/d)
1
= WQ&(P) : (48)

We will now show monotonicity in d of g,(p) for all p € (0,1/2). This will allow us to show the
non-negativity of eq. (48) on (0,1/2) only for d = 2 and conclude it for all d > 2. We have

2/d—1 1/d _ 1/d _ 9Y10
st = L0 e v 50 | g1~ )~ 108(o).

The above is non-negative for p € (0,1/2), if

1 )loglzd

1
2 —pl/NHlog = >d(1—p'/Y = (1+—" —
2-p )ogp_( p') (+1_p1/d ;

One obtains the last inequality by substitution of p = e® with t € (—oo0, %g@)) giving us

1 1

—dt(1+1_et)>d & —t(1+1_€t

)>1

which is true for ¢ € (—o0,0) hence in particular on (—oo, —%). We thereby have that for d > 2
p € (0,1/2) g4(p) > g5(p). It is straightforward to see that g5(p) > 0 on p € (0,1/2). This finally
lets us conclude the claim that g4(p) is non-decreasing on p € [0,1/2] as gq(p) is continuous on
[0,1/2] by lemma G.1. O

Lemma G.3 Letd € N, d > 2. Then, the function p — ga(p)/(1 —p) is non-decreasing on [0, 1).
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Proof. The argument follows similar lines as the one in lemma G.2. We first note that p — ﬁ is
non decreasing on [0,1/2) and p — g4(p) is as well, as proven in lemma G.2. Hence p — ﬁ 9a(p)
is non decreasing on [0,1/2]. What now remains to show is that it is non-decreasing on [1/2,1).
We can differentiate the function on the interval [1/2,1) and obtain

9 ga())  _ 1 [dp~"n(p) —log(1 —p'/?)
0x1—xla=p 1—p 1—0p
1/d—1
I e I e | -1/d oy
taa e P i) A dplos(l —p) 1og<p>>>.
1 [ 11 (b
>1_p<p1”M@<1_p—p>+%d—ﬂp1“<1?;+kgu_p0
_ log(1 — pt/d
+p ”dbgﬂr—p)—éﬂl_ij)>
>0.

The last inequality holds since p > % and d > 2 hence

N B
1—p p = 7
h(p)
2 log(1 — p) >
1_p+0Q p) =0,

~Vdlog(1 - p) — >0

p~/“log(l —p) r——
To see the last inequality, one can verify that p~'/¢ < 1/(1 — p) in this regime and that log(1 —p) >
log(1 — p*/%). Thus p — gff(’;) is non-decreasing on [1/2,1), which concludes the proof. O
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