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Abstract

In the last ten years there has been great progress in calculations of decays of B
and D mesons, and baryons containing a heavy b or c quark. One propelling factor has
been the measurement of several anomalies in b → s and b → c transitions, these are
one of the only signs of physics beyond the Standard Model. The deviations included
measurements of branching ratios, angular observables and lepton universality ratios.
Another factor is the exclusive-inclusive discrepancy in the determination of the CKM
elements Vub and Vcb. We will first review recent calculations involving b → s and
c→ u transitions that could shed light on the neutral current anomalies. We will then
summarise the progress the determination of the CKM elements, Vub and Vcb. Finally
we will discuss the current theoretical status and experimental prospects for the lepton
universality ratios in b→ s and b→ c semileptonic decays.

1 Introduction

The last decade has witnessed impressive changes in the way we approach heavy flavour
physics. A central role in orchestrating these changes has been played by the so-called
B anomalies, and these must be mentioned by any review of heavy flavour physics. The
B anomalies are a set of deviations observed by experiment in semileptonic b → s and
b→ c transitions, including branching ratio measurements, angular observables and lepton
universality ratios. For the b → s case, this involves branching ratios for Bs → µ+µ−1,
B → K(∗)µ+µ− and Bs → ϕµ+µ− the latter two being consistently low across several q2

bins (around a 2-3σ effect) [38, 6, 227, 9, 36], the angular observable P ′
5 which deviates

by 2-3σ from the SM prediction [227, 30], and the ratios R
K

(∗)
s

[21, 45, 150, 39, 40] and

RpK [33]. For b → c, the deviations involve lepton universality ratios, this time for ratios
of branching fractions for B → D(∗)ℓν decays for ℓ = τ and ℓ = µ, and have been measured
by Babar, Belle and LHCb [238, 240, 219, 269, 212, 13, 25].

∗aoife.bharucha@.cpt.univ-mrs.fr
1While there has been a longstanding disagreement in this channel, recent results from CMS [1] diminish

the global significance of the discrepancy to below 2 σ.
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These deviations are some of the most intriguing signs of physics beyond the SM (BSM)
that we have seen at colliders, and it is imperative that they are thoroughly explored. This
has lead to research in the theory community in the following directions: to gain an improved
understanding of the long-distance QCD contributions to b → sℓ+ℓ− exclusive decays, to
study all possible channels which could provide complementary information about the b→ s
and b → c transition, particularly the lepton flavour structure and finally to improve the
form factors describing the matrix element for the hadronic transition which are essential in
the calculation of exclusive semileptonic decays. The exclusive-inclusive determination of
|Vcb| and |Vub| (note that in this review we will denote |Vqb| by Vqb) has also played a major
role in heavy flavour physics, and the last decade has seen a great deal of progress in both
the exclusive determination (relying on improvements in the form factors) and the inclusive
determination. We will dedicate this review to these issues. Note that the subject of heavy
flavour physics, is very broad, and rapidly advancing, and it is difficult to do justice to all
that has happened in the last ten years. One of the most important topics which has been
omitted is CP violation in B and D decays, for which excellent recent reviews can be found
in [187, 266].

The rest of this review will be structured as follows, in the following Sect. 2 we will
introduce the theoretical framework: the form factors and the Wilson coefficients. In Sect. 3,
we will discuss decays involving flavour changing neutral currents (FCNCs), focussing on
b→ s decays but also mentioning b→ d and c→ u decays. We will then come to the subject
of charged current transitions in Sect. 3.2, with an emphasis on the tensions between the
exclusive and inclusive determinations of Vcb and Vub, but also mentioning the determination
of Vcs and Vcd. In Sect. 5 we will finally discuss the lepton universality ratios for both b→ s
and b→ c transitions, before summarising in Sect. 6.

2 Theoretical framework

2.1 Form factors

For exclusive processes, on which much of this review will focus, the calculation of the rele-
vant decay rates relies on knowledge of the decay constants and form factors parametrising
the appropriate matrix elements. The calculation on the Lattice of the decay constants is
extremely precise, details and latest averages can be found in [73]. The form factors for
semileptonic decays can be calculated in Lattice QCD (LQCD) at low recoil energy of the
final state meson (high q2 the invariant mass of the leptons), and in light-cone sum rules
(LCSR) at large recoil energy or low q2. In order to obtain the form factor over the full
kinematic region, a parametrisation is used, this is in general a series-type parametrisation
in a parameter z(q2), which allows a unitarity bound to be placed on the series coefficients
(see e.g. [132, 144, 131]). For completeness, here we will briefly review the definitions of
the form factors and the recent calculations of these in the literature via LQCD or LCSR.
We first discuss the form factors for B and D meson decays to pseudoscalars and then to
vectors before coming to b-baryon decays.

2



Decays to pseudoscalar mesons: Only three independent form factors are needed to
describe decays to pseudoscalar mesons, the scalar f0, the vector f+ and the tensor fT
form-factors. These are defined via

⟨P (k)|ūγµ(1± γ5)c|M(p)⟩ = f+(q
2)

(
(p+ k)µ − qµ

m2
M −m2

P

q2

)
+f0(q

2)
m2

M −m2
P

q2
qµ, and

⟨P (k)|ūσµν(1± γ5)c|M(p)⟩ = i
fT (q

2)

mM +mP

(
(p+ k)µqν − (p+ k)νqµ

±iϵµναβ(p+ k)αqβ

)
. (1)

Note that, at zero momentum transfer, the relation f+(0) = f0(0) reduces the number of
independent form factors to two.

Starting with heavy-to-light B meson decays, the form factors for B → K (B → π
and Bs → K) involving a b → s (b → d) quark transition are needed in the search for
new physics via rare decays as discussed in Sect. 3. The form factors for B → π and
Bs → K transitions are also required for measurements of the CKM element Vub, these will
be discussed in detail in Sect. 4.4.

Calculations of form factors for heavy-to-heavy B meson decays (B(s) → D(s)) are
crucial for measurements of Vcb and lepton universality ratios, these will be summarised in
Sect. 4.2. For heavy-to-heavy form factors, the series parametrisations that are typically
used by experiment are the Caprini-Neubert-Lellouch (CLN) [144] or Boyd-Lebed-Grinstein
(BGL) parametrisation [132, 133, 134]. This will be discussed further in Sect. 4.2.

For D decays, a great number of LQCD calculations exist for the form factors for
D → π and D → K transitions [73], providing possibilities to search for BSM physics via
rare decays, see Sect. 3, and high accuracy determinations of Vcd and Vcs, see Sect. 4.7.

Decays to vector mesons: For decays to vector mesons, seven independent form factors
are required. These can be expressed via [109]2

⟨V (k)|s̄γµ(1∓ γ5)b|M̄(p)⟩ = Pµ
1 V1(q

2)±
∑

i=2,3,P

Pµ
i Vi(q

2) ,

⟨V (k)|s̄iqνσµν(1± γ5)b|M̄(p)⟩ = Pµ
1 T1(q

2)± Pµ
2 T2(q

2)± Pµ
3 T3(q

2) , (2)

where the Lorentz structures Pµ
i are defined as in [249] as

Pµ
1 = 2ϵµαβγη

∗αkβqγ , Pµ
2 = i{(m2

M−m2
V )η

∗µ−(η∗ ·q)(p+ k)µ} ,

Pµ
3 = i(η∗ ·q){qµ− q2

m2
M−m2

V

(p+ k)µ} , Pµ
P = i(η∗ · q)qµ , (3)

2The factors cb→q
V are attached to the matrix elements on the left-hand side, cf. [84] as a result of form

of the wave functions ρ0 ∼ 1/
√
2(ūu− d̄d) and ω ∼ 1/

√
2(ūu− d̄d), cuρ0 = −cdρ0 = cuω = cdω =

√
2 and cV = 1

in all other cases.
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with the ϵ0123 = +1 convention for the Levi-Civita tensor and with η the polarization of the
vector meson. Note that T1(0) = T2(0) holds algebraically. This parameterisation is chosen
as it simplifies results for decay rates, and makes the relation between the tensor and vector
form factors clear. The VP,1,2,3 can be related to the more traditional A0,1,2,3 and V via

VP (q
2) =

−2mV

q2
A0(q

2) , V1(q
2) =

−V (q2)

mM +mV
, V2(q

2) =
−A1(q

2)

mM −mV
,

V3(q
2) =

(mM +mV

q2
A1(q

2)− mM −mV

q2
A2(q

2)
)
≡ 2mV

q2
A3(q

2) . (4)

where A3(0) = A0(0) insures that the matrix elements are finite at q2 = 0.
Heavy to light form factors for decays to vector mesons are particularly crucial given the

B anomalies in B → K∗ℓ + ℓ− decays, the latest calculations will be discussed in Sect. 3.
Heavy to heavy form factors include B(s) → D∗

(s) transitions, required for determining Vcb,
see Sect. 4.2 for details about the latest results.

Decays of baryons: The large number of b and c baryons produced at the LHC has
motivated calculations of baryonic form factors, with particularly impressive results from
the Lattice [162] and in LCSR [255, 228, 250], allowing the precise measurement of Vub
and Vcb, as discussed in Sect. 4.5. In light of the anomalies in rare B decays, the form
factors for Λb → Λ (and to excited states), have also been calculated in LQCD [163] (see
also [261, 260]) and LCSR [255]. Further, results have been obtained for charmed baryon
decays, i.e. for Λc → Λ [258] and Λc → N [259] and to excited states [260].

2.2 Wilson coefficients

Since a substantial part of this review will focus on b → s, c → u (in Sect. 3) and b → c
(in Sect. 4) transitions, here we include the definition of the Wilson coefficients required
for completeness. The relevant effective Hamiltonian for decays involving b → sγ and
b→ sℓ+ℓ− can be expressed by [121, 116]

Heff = −4GF√
2

(
λtH(t)

eff + λuH(u)
eff

)
(5)

where GF is the Fermi constant, λq = VqbV
∗
qs and

H(t)
eff = C1Oc

1 + C2Oc
2 +

6∑
i=3

CiOi +
∑

i=7,8,9,10,P,S

(CiOi + C ′
iO′

i) ,

H(u)
eff = C1(Oc

1 −Ou
1 ) + C2(Oc

2 −Ou
2 ) .
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The operators Oi≤6 are given by the Pi given in [121], while the remaining ones are given
by

O7 =
e

g2
mb(s̄σµνPRb)F

µν , O′
7 =

e

g2
mb(s̄σµνPLb)F

µν , (6)

O8 =
1

gs
mb(s̄σµνT

aPRb)G
µν a, O′

8 =
1

gs
mb(s̄σµνT

aPLb)G
µν a, (7)

O9 =
e2

g2
(s̄γµPLb)(µ̄γ

µµ), O′
9 =

e2

g2
(s̄γµPRb)(µ̄γ

µµ), (8)

O10 =
e2

g2
(s̄γµPLb)(µ̄γ

µγ5µ), O′
10 =

e2

g2
(s̄γµPRb)(µ̄γ

µγ5µ), (9)

OS =
e2

16π2
mb(s̄PRb)(µ̄µ), O′

S =
e2

16π2
mb(s̄PLb)(µ̄µ), (10)

OP =
e2

16π2
mb(s̄PRb)(µ̄γ5µ), O′

P =
e2

16π2
mb(s̄PLb)(µ̄γ5µ), (11)

where gs is the strong coupling constant, the left, right projectors are defined via PL,R =
(1 ∓ γ5)/2 and mb is b quark mass in the MS scheme. Note that the primed operators
and the scalar/pseudoscalar operators either vanish or are highly suppressed in the SM
and can be neglected. BSM contributions to the operators Oi≤6 are also neglected. The
renormalisation group (RGE) evolution of the operators in the SM is numerically significant
as a result of the four-quark operators, and is known to next-to-next-to-leading logarithmic
(NNLL) accuracy [178, 118, 188, 189].

For the related up-type FCNC c → u transitions, the effective Hamiltonian takes the
form [170]:

HSM
eff (mb > µ > mc) = −4GF√

2

∑
q=d,b

λqH(q)
eff , (12)

where now λb/d are given by λq = V ∗
cqVuq, and

H(b)
eff = C1Os

1 + C2Os
2 +

9∑
i=3

CiOi, H(d)
eff = C1(Os

1 −Od
1) + C2(Os

2 −Od
2). (13)

Note that since λb ≪ λd, all contributions entering H(b)
eff are heavily CKM suppressed.

The Wilson coefficients are as defined in Eqs. (6) to (11) for b → s decays, making the
replacements b by c and s by u, full definitions including for Oi≤6, and a calculation of the
RG evolution of the Wilson coefficients at NNLL can be found in [124].

Finally the effective Hamiltonian for the charged current transitions b → c can be
expressed by

Hb→cℓν
eff = −4GF√

2
Vcb

∑
i

CiOi + h.c., (14)
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where the operators take the form

OV L = (c̄γµPLb)(ℓ̄γµPLν), OV R = (c̄γµPRb)(ℓ̄γµPLν)

OSL = (c̄PLb)(ℓ̄PLν), OSR = (c̄PRb)(ℓ̄PLν)

OT = (c̄σµνb)(ℓ̄σµνPLν), (15)

and the Wilson coefficients vanish in the SM, with the exception of CV L = 1 +O(α). The
evaluation of the Wilson coefficients is simpler than in the FCNC case due to the absence
of strong interaction effects, the running at leading log suffices and there are no non-local
contributions.

3 Neutral current transitions

3.1 Leptonic decays

Fully leptonic rare decays are highly suppressed in the SM, not only by the loop suppression
of the FCNC transition but also by the helicity suppression. These therefore provide a pow-
erful constraint on possible BSM contributions, particularly possible scalar or pseudoscalar
operators. In order to illustrate how the branching ratios for leptonic decays of heavy
mesons are calculated, let us insert the effective Hamiltonian between the heavy decaying
meson B and the final state ℓ+ℓ−,

⟨ℓ+ℓ−|Heff |B⟩ ∼
4GF√

2
λ
∑
i

⟨ℓ+ℓ−|CiOi|B⟩, (16)

where λ represents the appropriate combination of CKM elements. On writing the operators
as a product of two fermion currents, O ∼ jℓ jq, this then allows us to factorize the matrix
element into a leptonic and hadronic part, schematically

⟨ℓ+ℓ−|Oi|B⟩ ∼⟨ℓ+ℓ−|jiℓ jq|B⟩
∼⟨ℓ+ℓ−|jiℓ|0⟩ ⟨0|jq|B⟩
∼fB⟨ℓ+ℓ−|jiℓ|0⟩ (17)

where we have introduced the decay constant of the heavy meson fB, such that the amplitude
can be expressed as

⟨ℓ+ℓ−|Heff |B⟩ ∼
4GF√

2
λfB

∑
i

Ci⟨ℓ+ℓ−|jiℓ|0⟩. (18)

At leading order the amplitude depends only on the decay constant, the CKM elements and
the Wilson coefficients.

For the B(s) decay the calculation of the branching ratio is at an advanced stage, and
combining NLO electroweak corrections [119] and NNLO QCD corrections [209] to the
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Wilson coefficients. Several calculations exist in LQCD with Nf = 2+ 1+ 1, and following
the 2017 update from FNAL/MILC, the uncertainty on the decay constants is now below the
percent level [86]. More recently, the power-enhanced leading-logarithmic QED corrections
were calculated in [92], where it was found that the overall effect on the branching fraction
was < O(1%). This is negligible compared to the other uncertainties [92]:

BBs→µ+µ− = 3.660
(
1 + 0.011|fBs

+ 0.031|CKM (19)

+ 0.011|mt + 0.014|rem.

)
10−9 (20)

Note however that here the inclusive value of Vcb is used, and if one replaces the inclusive
value of Vcb by the exclusive value this would provoke an additional effect of 10%; it is
therefore clear that the uncertainties from the CKM elements by far dominate [115].

Experimentally, there has been exciting progress in the measurement of Bq → µ+µ− at
LHCb, with the first observation in a single experiment for the Bs decay and limits on the
Bd decay in [17]; for the latest update see [?]. Note that the first observation of Bs → µ+µ−

was in fact from the combined CMS and LHCb analysis, see Ref. [226]. With 300 fb−1 LHCb
will have measured the branching ratio for Bs → µ+µ− to high precision, with uncertainties
close to those from theory. LHCb has also put limits on B(s) → τ+τ− [20], and will improve
this limit by an order of magnitude by the end of the Upgrade II [26].

These measurements of the B(s) branching ratios in combination with the theory pre-
dictions allow us to place extremmely stringent constraints on BSM physics, particularly
contributions of scalar and pseudoscalar operators, in b → d or b → s transitions [62]. For
b→ s, a complementary observable is the effective lifetime τµ+µ− [157],

τµ+µ− =

∫∞
0 dt t⟨Γ(Bs(t) → µ+µ−)⟩∫∞
0 dt⟨Γ(Bs(t) → µ+µ−)⟩

. (21)

which depends on the theoretically clean observable A∆Γ, which in turn is sensitive to
BSM physics. It turns out that the measurement of the effective lifetime can resolve the
degeneracy allowed by the measurement of the branching ratio with respect to the BSM
contribution to the scalar and pseudoscalar Wilson coefficients [62].

For the D meson decays, the theory prediction in the SM is less known due to the
fact that long-distance contributions, for example from intermediate di-photon states, are
thought to overpower the short-distance [267]. Current limits from LHCb B(D → µ+µ−) <
6.2 · 10−9 at 90% C.L. [4] will be improved to 1.8 · 10−10 with 300 fb−10 [26]. While the SM
result is not well known, it should be below 10−11 [267] and experimental bounds therefore
provides important constraints on the BSM contribution to D decays. Experimental results
on lepton violating processes would also be very useful in constraining possible BSM physics.

3.2 Semileptonic rare decays

Theoretical background: These decays are ideal probes of BSM physics as the three and
four-body final states give rise to abundant possibilities for constructing angular observables.
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For the generic decay from a heavy (B) to light (M) meson, in order to calculate the
amplitude one can make use of the effective Hamiltonian defined in Eqs. (5) or (12) for the
b→ s/d or c→ u transition respectively:

AB→Mℓ+ℓ− = ⟨ℓ+ℓ−M|Heff |B⟩

=
4GF√

2
λ
∑
i

⟨ℓ+ℓ−M|CiOi|B⟩. (22)

Contrary to the case of leptonic decays, we cannot simply write all operators as a product of
two fermion currents (O ∼ jℓ jq), as there are also contributions from photonic and gluonic
penguins and four quark operators which produce diagrams with a virtual photon (and in
the latter case a quark loop). We therefore express the amplitude in this case schematically
as

AB→Mℓ+ℓ− ∼ N
(
CFV (q2) +

1

q2

(
CFT (q2)−H(q2)

))
⟨ℓ+ℓ−|jℓ|0⟩, (23)

where C represents the Wilson coefficients, FV
i (q2) and FT

i (q
2) denote the vector and tensor

form factors as defined either for the case of M being a pseudoscalar or vector meson in
Eqs. (1) and (2) respectively, and finally H(q2) denotes the non-local hadronic matrix
element of four-quark operators,

Hµ(q2) ≡ i

∫
d4xeiqx⟨M(k)|T{jemµ (x), (C1O1 + C1O2)(0)}|B(q + k)⟩, (24)

where jemµ =
∑

q Qq q̄γµq with q being all accessible quarks, and k the four-momentum of
the final state meson M. These non-local matrix elements are responsible for the dominant
uncertainty for these decays.

For the B → K transition, the most precise calculations of the form factors from LQCD
are from the HPQCD [129] and FNAL/MILC [82] collaborations, and from LCSR the state-
of-the-art 2017 calculation [231] includes twist 5,6 corrections. Form factors for decays to
vector mesons being more complicated on the lattice, as they are unstable and therefore it
is complicated to extract the relevant matrix element from correlation functions (see also
[214] for first LQCD results), one relies on the LCSR calculation presented in [109], where
results for B → ρ,B → ω, B → K∗ and Bs → ϕ are also provided. Results using B meson
DAs are also available in [200]. Recently there has also been interest in applying to LCSR
technique to final states containing two mesons, and results for B → Kπ form factors can
be found in [160], and for B → ππ in [149, 148, 173]. This helps in understanding the
relation between the experimental measurement, and the contributions of the S-wave and
P -wave resonances.

Calculating the non-local matrix elements is only possible in certain limits. QCD fac-
torization (QCDf) provides a framework to calculate these using a local operator product
expansion (OPE) in the kinematic region where q2/m2

B is a good expansion parameter and
where one is suitably far away from resonances. In the high q2 region, a local OPE can
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also be used, expanding in 1/q2, however due to the fact that one is above the open charm
threshold, one relies on the principle of quark-hadron duality meaning that by choosing
observables integrated over a sufficiently large region in q2, the result from the local OPE
should correspond to the physical result up to duality violating effects. We will mention
other possibilities later.

Going to next-to-leading order in the perturbative expansion (and also for the weak
annihilation diagrams at leading order), one finds non-factorizable contributions where the
non-perturbative part cannot be absorbed into the form factors. These contributions can
also be included via QCDf in the combined heavy-quark and large-energy (recoil) limit
through convolutions of LCDAs of the initial and final meson with a perturbatively calcu-
lable hard kernel, schematically

⟨Mℓ+ℓ−|H(q)
eff |B⟩ ∼ ϕ±B ⊗ T (q) ⊗ ϕM +O(1/mh), (25)

where ϕ±B/M are the LCDAs of the heavy or light meson B or M and mh = mb or mc as

appropriate. The QCDf corrections have been known for the B → K(∗) transition since
2001 [96] and for B → ρ/ω since 2004 [97]. The application to the c→ u transition is more
recent, the expressions were first calculated in [173].

One of the golden modes of LHCb is B → K∗µ+µ−; a neutral current decay which
is suppressed in the SM and boasts a four-body final state allowing the construction of a
large number of angular observables. It was generally accepted that QCDf could be applied
in the region of q2 between 1 and 6 GeV2 [59, 120, 166], though originally the authors of
Ref. [96] proposed the region between 1 and 7 GeV2. However, since the observation of the
B anomalies in certain observables of B → K(∗)ℓ+ℓ− discussed in Sect. 1, there has been a
heated debate in the community about the possible size of the non-perturbative effects in
the low q2 region. This has encouraged several analyses of the size of the non-perturbative
contribution to the non-local matrix elements, and the effect on observables at low q2. This
has been done phenomenologically [74, 218, 221, 151], in the case of B → K, by including
a sum over resonances modelled by Breit Wigners, which were fitted using e+e− data [249].
The phase between the long and short distance components was also obtained from LHCb
data [18]. An alternative approach, is to calculate the non-local matrix elements of four-
quark operators using a light-cone OPE in the Euclidean [229, 198], and then relate these
to the physical region using analyticity [229, 117, 198]. It is found that the uncertainty
coming from these non-local matrix elements should not exceed O(10%).

Branching ratios: For the b → s transition, the differential branching ratios for B0 →
K0∗ [282, 239, 42, 227, 16, 51], B → K [282, 239, 42, 16], Bs → ϕ [9, 36] and Λb → Λ [41, 11]
have all been measured. Note that the measurements from the B-factories are of the
combined differential decay rates, combining both light lepton flavours ℓ = e and µ, and
isospin-related mesons B+,0 → K(∗)+,0. LHCb (as well as CMS and CDF) on the other hand
concentrates on final states to which the sensitivity is better in the more difficult hadronic
environment, notably charged K and π mesons and muons in the final state. Note that
the results from LHCb are now very precise, for the majority of decays the uncertainties
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are smaller than those on the theoretical predictions. In addition, for all channels except
Λb → Λ the central values lie below the SM prediction, contributing to the list of the b→ s
“anomalies”. While the b→ d transitions are less studied, LHCb has also observed several
of these for the first time: B+ → π+µ+µ− [12], B0 → π+π−µ+µ− [14], Bs → K∗µ+µ− [23]
and Λ0

b → pπ−µ+µ− [19], with measurements consistent with the predictions in the SM.

Isospin and CP asymmetries: The isospin asymmetry is an asymmetry between the
decay widths Γ(B0 → M0ℓ+ℓ−) and Γ(B+ → M+ℓ+ℓ−) and CP asymmetries between the
decay width and the decay width of the CP conjugate process, are also measured by experi-
ment [282, 239, 6, 7]. For decays of B mesons to vector meson final states, predictions for the
isospin asymmetry are available in a QCDf/LCSR hybrid framework [230, 249]. As a conse-
quence of the CKM structure, the direct CP asymmetry for b→ d is expected to be larger
than for b→ s, and LHCb has confirmed that this holds, and that the asymmetry is in good
agreement with the prediction in the SM for the case of B+ → π+µ+µ−. While previous
measurement of the B → Kℓℓ isospin asymmetry were in tension with the SM prediction,
the most precise recent LHCb measurement agrees within 1.5σ. All other measurements
of the isospin and CP asymmetries are in agreement with the theoretical predictions, the
latter being extremely precise due to the cancellation of hadronic uncertainties.

Angular observables: For decays to pseudoscalar final states the differential decay rate
can be written as

d2Γ(B → M)

ds d cos θ
= Nλ1/2β

[
aℓ + bℓ cos θ + cℓ cos

2 θ
]
, (26)

where θ is the angle between the directions of the ℓ+ and the B in the dilepton rest frame,
and aℓ, bℓ and cℓ are angular coefficients. Therefore in full generality three independent
angular observables can be constructed, the decay rate Γ, the flat term FH and the forward
backward asymmetry AFB [120]:

dΓ

ds
= 2Nλ1/2β

[
aℓ +

cℓ
3

]
, FH =

aℓ + cℓ
aℓ + cℓ/3

, and AFB =
bℓ

2 [aℓ + cℓ/3]
. (27)

However in the SM, and in the limit of massless leptons, we find bℓ = 0 and aℓ = −cℓ/β2,
and this set reduces to a single observable, the decay rate. These angular observables have
been measured by Belle [282], BaBar [76, 239], CDF [42], LHCb [5] and CMS [272], which
are all in agreement with the SM; i.e. the forward-backward asymmetry and the flat term
(approximately) are compatible with zero.

For the decay to vector mesons B → Mℓ+ℓ−, where M decays to M′π, the four-body
final state gives rise to many more observables [236, 232, 235]:

d4Γ(B → Mℓ+ℓ−)

d cos θℓdϕ d cos θM′dq2
=

9

32π

∑
i

Ii(q
2)fi(cosθℓ, ϕ, cos θM′)

d4Γ(B → Mℓ+ℓ−)

d cos θℓdϕ d cos θM′dq2
=

9

32π

∑
i

Īi(q
2)fi(cosθℓ, ϕ, cos θM′), (28)
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where θℓ is the angle between the M′ and the B in the M rest frame; θℓ is the angle between
the ℓ+ and the B in the dilepton rest frame; and ϕ is the angle between the M′, π and
the dilepton plane, where we follow [59, 3] for the angular definitions, see also [114] for
definitions of the functions fi(cosθℓ, ϕ, cos θM′).These are further discussed and conversions
between other conventions in the literature are given in [190]. These observables may be
CP averages or CP asymmetries [59, 120],

Si =
Ii + Īi

d(Γ + Γ)/dq2
Ai =

Ii − Īi

d(Γ + Γ)/dq2
. (29)

While for the case where M = K∗, the decays are self-tagging, this is not the case for
the ρ, ϕ meson, and a time-dependent flavour tagged CP analysis is required in order to
differentiate between Si and Ai. These observables and their sensitivity to new physics
have been in studied in detail in [59, 108]. Since, several alternative observables have
been proposed in the literature in order to optimise the experimental sensitivity and the
theoretical uncertainty [166, 161, 159]., for example the P ′ observables [159],

P ′
4,5,6,8 =

S4,5,7,8

2
√
−Ss

2 S
c
2

. (30)

The angular observables have been measured for B0 → K∗0µ+µ− by the B-factories [76,
281], CDF [42], LHCb [3, 15, 30], CMS [227, 273, 274] and ATLAS [2], and for B+ →
K∗+µ+µ− in [34]. The great number of measurements performed is due to the fact that
LHCb has observed a persistent anomaly in a particular bin in q2 (4 to 6 GeV2) of the
observable P ′

5 at low q2.3 The latest and most precise measurements from LHCb [30] find
a deviation at the 2.5σ level. The remaining observables are largely in agreement with
the SM predictions [109, 275, 214, 213]. Note that the angular observables have also been
measured for the B0 → K∗0e+e− case at low q2 [32], but this was mostly with the aim to
provide a measurement of the photon polarization.

In order to probe the b → s further, angular analyses have been performed by LHCb
for Bs → ϕµ+µ− [35] and for Λb → Λµ+µ− [22], but these channels do not provide access
to the P ′

5 observable. However, for the case of B+ → K∗+µ+µ−, P ′
5 can be measured, and

it displays behaviour similar to that of the B0 → K∗0µ+µ− [34].
The prospects for the angular analyses of the rare semileptonic decays are promising,

with the upgrade II, LHCb plan to measure the CP and isospin asymmetries at the %
level, and angular observables for b → sµ+µ− and b → dµ+µ− at sub-percent level [26].
While Belle II promise uncertainties on the angular observables and exclusive branching
fractions of a few percent with 50 ab−1, access to the electron final states and also angular
resolution on the angle ϕ will be improved [65]. Belle II will further significantly improve
the measurement of the branching fractions of the normalisation modes B → K(∗)J/Ψ [65].

Note that here we have not discussed inclusive rare semileptonic decays, measured at
the B-factories, as in the last ten years little theoretical progress has been made on this

3A similar anomaly is seen in the 6 to 8 GeV2 bin, however this bin is close to the charmonium region
and there are conflicting ideas in the community concerning the theoretical uncertainties for this bin.
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front, a review of the status of these modes can be found in [114]. As the Belle and BaBar
measurements are close to being systematically limited, in order to make improvements at
Belle II these uncertainties will need to be reduced.

Charm decays: Rare semileptonic decays involving the c→ uℓ+ℓ− transition could also
provide valuable insight into the flavour-structure of BSM physics. LHCb has a rich pro-
gram of searches, including both one and two mesons in the final state. While the theoretical
framework for calculating these decays is approximately as advanced as for the correponding
B decays discussed earlier, with NNLL WCs [123], precision LQCD form factors [247, 147]
and QCD factorization corrections [172], in comparison to the B decays, the D decays
are subject to larger long-distance contributions from intermediate ρ, ω and ϕ resonances.
There has been a recent theory effort to improve the modelling of these long-distant effects,
see [106]. These decays can still therefore provide important constraints either from branch-
ing ratios (for the case where the BSM contribution exceeds that from the long-distance
physics) or from angular observables or CP asymmetries insensitive to these long-distance
effects, for a recent analyses for a single meson in the final state see [122, 169, 172, 106],
and for two mesons in the final state see [112, 143]. For the phenomenology of charmed
baryon decays Λc → pµ+µ− see [259].

Rare decays to neutrinos: The decays of a heavy meson into a light meson and a
neutrino pair also provide important insight into BSM physics. These decays have been
constrained at the B-factories [241, 248, 196], and while they are challenging at LHCb,
they are now a priority at Belle II, incidentally the first physics paper published by Belle
II was a limit on B+ → K+νν̄ [50]. Expressing the amplitude as

⟨νν̄M|Heff |B⟩ ∼
4GF√

2
λ
∑
i

⟨νν̄M|CiOi|B⟩, (31)

and again writing the operators as a product of two fermion currents, O ∼ jℓ jq, we can
factorize the matrix element into a leptonic and hadronic part, schematically

∼⟨νν̄|jiℓ|0⟩ ⟨M|jiq|B⟩
∼Fi⟨νν̄|jiℓ|0⟩, (32)

where Fi is the appropriate form factor. We then find

⟨νν̄M|Heff |B⟩ ∼
4GF√

2
λFi

∑
i

Ci⟨νν̄|jiℓ|0⟩, (33)

such that, since the factorization for decays to neutrinos is exact, the uncertainty is domi-
nated by the form factors. The form factors are the same as those for semileptonic decays
in Sect. 2.1. The latest theoretical and experimental results for the branching ratios are
collected in Tab. 1.
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Mode BRSM Ref. BRexp Ref.

B+ → K+νν̄ (4.23± 0.56) 10−6 [85] < 1.6 10−5 [70]
B0 → K0νν̄ (4.23± 0.56) 10−6 [85] < 4.9 10−5 [70]
B+ → K∗+νν̄ (8.24± 0.99) 10−6 [85] < 4.0 10−5 [248]
B0 → K∗0νν̄ (8.24± 0.99) 10−6 [85] < 5.5 10−5 [248]
B0 → π0νν̄ (4.6± 0.5) 10−6 [165] < 6.9 10−5 [248]
B0 → ρ0νν̄ (4.6± 0.5) 10−6 [109] < 2.1 10−4 [248]

Table 1: Branching ratios of decays to neutrinos, theory predictions (where form factors
are taken from Ref [82] for B → π, [109] for B → ρ and B → K∗, and [80] for B → K)
and measurements.

In light of the anomalies mentioned earlier, it is interesting to relate the b→ sνν̄ decays
to b → sℓ+ℓ−. This can be done either in specific models [137, 136] or using effective field
theories (EFTs) [138, 158, 85]. Within EFTs one can use a symmetry to relate the charged
lepton and neutrino couplings. In [85], SU(2)L is used to relate the charged dilepton and
dineutrino decays within Standard Model EFT (SMEFT), and on how within this framework
one could use the neutrino modes to learn more about the anomalies. Note that an angular
analysis of B → K∗νν̄ would allow one to access observables such as the longitudinal
fraction, sensitive to right-handed currents [60]. As for the b → d decays, requiring the
initial and final state mesons to be charged, the experimental bound is weaker due to the
larger background from B+ → τν decays. Predictions and the phenomenology were studied
for B → π in [165] and for B → ρ in [109]. Note that the experimental bounds on decays to
neutrinos also provide bounds on searches for long-lived particles or Dark Matter candidates,
for a recent summary of constraints on dark particles see [114, 215, 174].

3.3 Radiative rare decays

Inclusive decays: The decay B → Xsγ is one of the most precise constraints on models
of BSM physics. It is measured at the B-factories, this is conventionally done for photon
energies above a certain cut-off E0, and then extrapolated to E0 = 1.6 GeV where the
theoretical prediction is most precise. The current experimental world average is (3.32 ±
0.15) 10−4 [69], and the latest theory prediction for E0 = 1.6 GeV is (3.40±0.17) 10−4 [263],
showing excellent agreement. This relies on a perturbative calculation, known to NNLO up
to an interpolation in mc for the contribution of the O1,2−O7 operators. This interpolation
introduces a 3% uncertainty, it is therefore a priority to perform the calculation at the
physical value of mc, and this work is ongoing, see [262, 263]. Note that missing four-body
contributions at NLO, small but required for complete NNLO result were calculated in
[216].

The contribution of non-perturbative effects for the leading O7 − O7 contribution can
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be expressed via an OPE,

Γ =
∞∑
n=0

1

mn
b

∑
k

Ck,n⟨Ok,n⟩, (34)

where ⟨Ok,n⟩ are the matrix elements of heavy quark effective theory (HQET) operators.
At n = 0 this corresponds to the perturbative result, at n = 1 the coefficient vanishes, and
at n = 2 the Wilson coefficient is known to O(αs) and matrix element corresponds to the
leading shape function. For n = 3, 4, 5 the Wilson coefficients are known at leading order in
the perturbative expansion, but the matrix elements are less known, corresponding to the
sub-leading shape functions. It is important to improve the knowledge on these using data
from Belle II, see [182, 207, 201, 102].

Note that there are also non-perturbative effects arising from other operators, e.g. O1,2−
O7, O7 − O8, O8 − O8 arising at O(ΛQCD/mb), which are more complicated, and can
give rise to resolved photons, for example from b → sg → sq̄qγ [100]. These result in a
total uncertainty ∼ 5% on the total rate, which was claimed to be irreducible. However,
more recently it was shown that this uncertainty can in fact be reduced [102]. This latest
analysis from the SIMBA collaboration consisted of fitting the shape function to data,
expanding it in a suitable basis such that the approach is model independent [246]. This
treatment of the shape function, as opposed to the more conventional model dependent
approach [99, 237, 72, 177, 52], allows a simultaneous fit to it and |C7|, exploiting all available
experimental information about the B → Xsγ spectrum and the theoretical knowledge
about the perturbative contributions. It is found that while the uncertainty from the
extrapolation in mc is marginally relevant, that from the resolved contributions is not
relevant at the current level of accuracy.

Exclusive decays: While the inclusive decay rate provides an excellent test of the SM
for b → sγ, the exclusive channels provide additional observables and information due to
the fact that the final state is fully reconstructed. Here by exclusive rare radiative decays
we refer to FCNC decays of the b or c hadron, for example in the case of b → s the
channels of interest are B → K∗γ, B → K1γ Bs → ϕγ or Λb → Λγ, for b → d these
include Bs → K∗γ and B → ωγ and for c → u D → ργ or Ds → K∗γ. One of the
major motivators in designing observables for these decays is to obtain information about
the photon polarisation, for example via the up-down asymmetries exploiting the four-body
final state in B → K1(1400)(→ Kππ)γ [193, 194, 233, 234] or the three-body final state
in Λb → Λ(∗)γ[210, 244]. Other important observables are the isospin asymmetry and
the direct and indirect CP asymmetries. In order to see how we can access the photon
polarisation, let us consider the expression for the time-dependent decay rate:

Γ(B → Mγ)(t) ∼ e−Γt

(
cosh(∆Γ/2)−A∆Γ sinh(∆Γ/2)

±CMγ cos(∆mt)∓ SMγ sin(∆mt)

)
, (35)

14



where m and Γ are the mass and total decay width of the decaying hadron B, M is the
hadron in the final state and A∆Γ, CMγ and SMγ depend on the photon polarisation [26].
Access to these quantities is therefore the priority in selecting channels and designing ob-
servables for the rare radiative decays.

The prediction for the two-body decays is the same as that for the semileptonic rare
decays in the kinematic limit q2 = 0. In this limit the rate depends on a single tensor form
factor (see Sect. 2.1), however contributions from the non-local matrix elements defined in
Eq. (23) must also be taken into account. These give rise to the strong phases and also
to isospin violating effects, and therefore need to be well understood in order to provide
reliable predictions for the CP and isospin asymmetries. As in the semileptonic case, QCD
factorization provides a framework to calculate these contributions, but partial LCSR re-
sults also exist (see e.g. [83, 164]) which include leading O(ΛQCD/mb) effects and avoid
the endpoint divergences found in QCDf, permitting results to be obtained in a hybrid
QCDf/LCSR approach [249].

The latest predictions for the isospin asymmetries are (4.9 ± 2.6)% for B → K∗γ and
(5.2± 2.8)% for B → ργ, where the latter is in slight tension with the most recent HFLAV
average of −46+17

−16% [69]. At the LHC, in order to access the photon polarisation via CP
asymmetries, the most sensitive observables in A∆Γ for Bs → K∗0 which was recently
measured to be −0.98+0.46

−0.52(stat)
+0.23
−0.20(syst). The up-down asymmetry in B → Kππγ was

measured by LHCb in [8] in four different mass regions. In these different regions, different
combinations of resonances contribute, whereas predictions are provided for specific reso-
nances, however a recent BaBar measurement [71] could provide the necessary information
to disentangle the photon polarization.

In the future, with the full 50 ab−1 dataset Belle II will measure many branching ratios
and asymmetries to high precision. For example, the time dependent CP asymmetries
will be measured, with 3% precision on SK∗γ and 6.4% precision on Sργ [66]. The isospin
asymmetries for K∗γ and ργ will also be measured to 0.53% and 1.9% respectively (where
the latter assumes the current central value to be confirmed) [66].

As for LHCb, it is forecast that the statistical uncertainty on A∆Γ can be reduced to
∼ 0.07 with 50 fb−1 and ∼ 0.02 with 300 fb−1 [26]. Further, the time-dependent decay rate
of Bs → K0

sπ
+π−γ should provide a competitive measurement of SK0

sπ
+π−γ . Finally the

photon polarisation parameter should be determined via B+ → K+π−π+γ to 1% with 300
fb−1 of data [26].

Exclusive radiative D decays suffer from large long-distance QCD contributions, such
that the cleanest observables are the CP asymmetry, for the state-of-the-art theory predic-
tions see [123]. In 2016, Belle obtained a limit on ACP for D → V γ in [43]. In the future
at LHCb and Belle II, the most promising channels are D(s) → V γ, with V = ρ,K∗, ϕ at
Belle II to be measured at the percent level [65] and V = ϕ at LHCb [26] to be measured at
the few percent level. With the Upgrade II at LHCb, efforts will further be made to further
study the photon polarization via the more challenging channel D → Kππγ, for details see
Ref. [26].
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4 Charged current transitions

In this section we will first discuss the inclusive and exclusive determinations of Vcb and
Vub, followed by a note on radiative semileptonic decays.

4.1 Inclusive Vcb

The determination of Vcb via inclusive B → Xcℓν decays relies on the idea that by summing
over all possible final states we can remove the dependence on long-distance physics of the
final state. The OPE then provides a framework for describing the non-perturbative physics
via matrix elements of local operators of dimensions d ≥ 5, for which the Wilson coefficients
can be calculated perturbatively, expanding up to a given order in αs. The decay width
then takes the form (see e.g. [176])

Γ ∝ |Vcb|2m5
b

{
Γ
(0)
0 +

αs

π
Γ
(1)
0 +

(αs

π

)2
Γ
(2)
0 +

(αs

π

)3
Γ
(3)
0

+
µ2π
m2

b

(
Γ(π,0) +

αs

π
Γ(π,1)

)
+
µ2G
m2

b

(
Γ(G,0) +

αs

π
Γ(G,1)

)
+
ρ3D
m3

b

(
Γ(D,0) +

αs

π
Γ
(1)
0

)
+O

(
1

m4
b

)
+ . . .

}
, (36)

where Γ0 = Aew|Vcb|2G2
Fm

5
b(1 − 8ρ + 8ρ3 − ρ4 − 12ρ2 ln ρ)/(192π3) for ρ = m2

c/m
2
b and

Aew ≃ 1.1014, for more details see [176]. Two non-perturbative matrix elements appear at
O(1/m2

b):

µ2π(µ) =
1

2MB
⟨B|b̄v−→π 2bv|B⟩µ (37)

µ2G(µ) =
1

2MB
⟨B|b̄v

i

2
σ]muνG

µνbv|B⟩µ (38)

where −→π = −i
−→
D and bv(x) = e−imbv·xb(x) is the b-quark field with the high-frequency

modes removed. These quantities can be extracted from a fit to the central moments of the
lepton energy and the hadronic invariant mass distribution [54, 182].

The leading term Γ0 is simply given by the partonic result, independent of hadronic
physics, and is known at third order in αs [168, 125] (see [185] for a full list of citations).
The next terms in the heavy quark expansion appear at order 1/m2

b , and the coefficients
Γ(π) and Γ(G) of the relevant matrix elements µ2π(µ) and µ

2
G(µ) are known at first order in

the expansion in αs [89, 53, 56, 252, 253]. Finally, at order 1/m3
b the matrix elements ρD

appears, for which the coefficient Γ(D) is known at first order in αs [191, 251].
Based on this, new fit results in [125] obtain a result for Vcb with small dependence on

assumptions for theoretical correlations and the choice of inputs; the uncertainty is at the
1.2% level. The kinetic mass scheme is used for mb, latest FLAG results for m̄b(m̄b) and
m̄c(3 GeV) are used. From the fit one can obtain a determination of the OPE parameters
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with 15-20% level uncertainties. Note that on excluding m̄b(m̄b) from the fit, one obtains a
competitive determination of this quantity which is compatible with the FLAG value.

Higher order corrections O(1/m4,5
b ) were studied in [191, 156, 254, 113] where the Wil-

son coefficients are calculated at tree level, however the knowledge about the large num-
ber of corresponding matrix elements is limited. The Lowest Lying State Approximation
(LLSA) [254] provides a means to estimate the size of O(1/m4

b , 1/m
5
b) effects, and reparam-

eterization invariance allows one to express these numerous matrix elements in terms of a
reduced set. It was suggested that one could fit these matrix elements using the q2 moments
of the inclusive distribution. The q2 moments are reparameterization invariant quantities
and depend on this reduced set of matrix elements [167]. Recently both Belle [276] and
Belle II [91] have measured these to high precision and a fit has been performed to the
combined data [101].

On the theoretical side, the most pressing next step would be to calculate the O(αs/m
3
b)

contribution. Another promising direction would be to use LQCD to provide information
about differential distributions and moments [179, 180]. While it is difficult to calculation
the semileptonic width at the physical b mass, this could provide information about the
non-perturbative quantities which cannot be precisely measured by experiment. For the
moment, the dominant uncertainty comes from the measurement of the moments and the
semileptonic branching fraction [101], and these will be made more precise from Belle II [65].

4.2 Exclusive Vcb

The exclusive determination of Vcb has been the source of much discussion, particularly over
the past five years. The most accurate determination comes from the B → D∗ channel, using
LQCD results for the form factors from [88] and a combination of Belle and BaBar data.
This result is in tension with that from B → D (see e.g. [79, 265]), and with the inclusive
determination discussed in the following subsection, the latter being under good theoretical
control, including third order corrections in αs and 1/mb. Alternative determinations could

help clarify the situation, e.g. from Bs → D
(∗)
s ℓν [264, 257, 204], as well as Λb → Λcℓν [162],

both being actively pursued by LHCb and LQCD collaborations. The latest results for
exclusive Vcb are summarised in Fig. 1.

The existing calculations for the form factors include results from LCSR [200] in the
maximum recoil region and LQQCD for B → D [79, 265] and B → D∗ at zero [78]
and finite recoil [88] respectively. Latest experimental data includes results from Belle in
2017 [44] and 2018 [277]. In 2017, on analysing Belle data it was noticed that using a
different parameterisation (BGL instead of CLN, see Sect. 2.1) of the q2 dependence of the
form factor improved the agreement with V incl.

cb [110, 103, 192, 223], however it was observed
that in fact the slope of the form factors in the BGL fit were incompatible with heavy quark
effective theory predictions [103, 111]. Therefore the consensus was that more experimental
information about the spectrum in q2, and/or a Lattice calculation of the form factor at
non-zero recoil were needed before the results could be considered conclusive [127, 183].
An alternative approach was therefore also advocated, involving an analysis of the full set

17



of ten form factors in the heavy quark expansion (HQE) including corrections at order
(αs, 1/mb, 1/m

2
c) [127].

Since then there has been much progress both from experimental and from Lattice
groups, in particular the calculation of the B → D∗ form factors by two independent
Lattice collaborations at non-zero recoil. In addition, a recently updated LCSR calculation
of the form factor using the B meson distribution amplitude (DA) provides information on
the full set of form factors, albeit for q2 ≲ 0 [200]. However, the situation is not yet entirely
resolved as the slopes of the form factors from Fermilab-MILC [88] and experiment are not
in complete agreement with each other nor with HQE predictions. Here future results from
the JLQCD collaboration will provide interesting complementary information. On the other
hand, for B → D the shape of the form factors from Lattice, LCSR, experiment and HQE
show good compatibility. An upcoming BaBar result will further improve the accuracy
of Vcb in this channel. In addition, latest results on Vcb from Bs → D∗

s form factors at
non-zero recoil [204] and the LHCb measurement [31] also reduce the tension. Note that
the form factors for B → D1(2420) and B → D′

1(2430) were also recently calculated in
LCSR [199], and for Bc → J/Ψ by the HPQCD collaborations, employing the NRQCD and
HISQ actions for the b quark and the HISQ action for the c quark [205]. These additional
channels providing even more possibilities to probe Vcb and lepton universality ratios.

The future prospects for the exclusive determination are good; a new HQE analysis
is in order taking into account the Bs → D∗

s result from LHCb and the latest Lattice
results at non-zero recoil for B → D∗, particularly following imminent updates from Belle
II. Note that when 1 ab−1 dataset is collected, the systematic uncertainties will dominate.
Results of such a fit will hopefully help in resolving the difference amongst the exclusive Vcb
determinations, and perhaps also shed light on the inclusive-exclusive discrepancy.

4.3 Inclusive Vub

In the same way that one can obtain Vcb from inclusive channels using a local OPE, one
can also determine Vub. However, due to the large charm background one needs to impose
experimental cuts, which reduces the degree of “inclusiveness” of the prediction. In the
region where the invariant mass of the hadronic system is less than the D meson, the
decay spectra are described using the non-local OPE, where perturbative coefficients are
convoluted with non-perturbative “Shape Functions”(SFs). This is known as the Shape
Function region. For a recent review, see [185]. In the heavy quark limit, there is a
single SF, but on adding higher order corrections in the 1/mb expansion there are several
SFs. The perturbative coefficients can be factorized into hard and jet functions such that,
schematically, the factorization form of the decay rate in the SF region is given by [185]

dΓ ∼ H · J ⊗ S +
1

mb

∑
i

h · J0 ⊗ si +
1

mb

∑
k

h · jk ⊗ S +O(1/m2
b) (39)

where H is the leading power hard function, J the leading power jet function, which are
both known up to O(α2

s), J0 is the O(α0
s) contribution to J , h is the contribution to H
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Figure 1: We summarise the most recent determinations for inclusive Vcb (left) (GS’13 [184],
AGHN ’14 [55], GHT’16 [181], BCG’21 [125], HST’22 [206] and BFOPvT’22 [101])
and compare this to the HFLAV experimental average from 2016 [67] and for exclusive
Vcb (right), from B → D (HPQCD’17 [203], GJS’19 [183] and BJvD’19 [127]), from
B → D (FNAL/MILC’15 [79], HPQCD’15 [265] and BJvD’19 [127]), and from Bs → Ds

(HPQCD’21 [204])
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at O(αs) and jk There are several different approaches to the extraction of Vub from the
measured inclusive spectrum, three of which are included by HFLAV in their averages:

• BLNP: This is a precision extraction of Vub via simultaneous fits to B → Xuℓν and
B → Xsγ. The first two term in Eq. 39 are included, at O(αs) for the first term and
O(α0

s) for the second term. Note that H is evolved from the hard to jet scales in order
to to resum Sudakov logarithms. The uncertainty is then estimated by comparing ∼
700 models. In order to model the sub-leading SFs, an exponential or Gaussian model
is adopted, constrained by the first two moments of S obtained from the global fit to
HQE parameters in the kinetic scheme. Higher order corrections to H and J , the
running from the hard to jet scale, and as well as corrections to the description of
B → XSγ are not yet included.

• GGOU: Perturbative coefficients are calculated to O(α2
sβ0) in the kinetic scheme.

There are three sub-leading SFs containing the effect of RGE evolution in the SF
region, fitted from semileptonic fits. Here the uncertainty is estimated by comparing
∼ 100 models.

• DGE: The leading SF is obtained perturbatively via a resummation of running cou-
pling corrections in the Sudakov exponent.

The latest results for Vub obtained via these three methods using Belle data [140] show
a large degree of model dependence, as seen in Fig. 2. To reduce the dependence on the
sub-leading SFs, an alternative approach has been suggested by two independent groups,
NNVub [181] and SIMBA, whereby these are fitted using differential distributions in B →
Xuℓν, e.g. the lepton energy or various invariant mass distributions. This can additionally
validate SF models or perturbative approaches (i.e. DGE). While Belle has already mea-
sured the differential spectra [139], upcoming results from Belle II will provide the necessary
information to obtain precise results for inclusive Vub. Quantitatively, the expected sensi-
tivity of Belle II to inclusive Vub will be around 2% with the full data sample of 5 ab−1 [65].
It is therefore important that theory errrors are reduced as far as possible to match this
uncertainty, and in anticipation of this, in [142] O(αs) corrections to the Wilson coefficients
of dimension 5 operators were calculated.

4.4 Exclusive Vub

The measurement of Vub requires the measurement of the differential branching ratio of
the relevant semileptonic decay from experiment as a function of q2, the lepton neutrino
invariant mass, and the form factors from Lattice QCD at high q2 and/or QCD sum rules
on the light cone at low q2. In Fig. 2 we compare various determinations of exclusive Vub
since 2012. The golden channel for the exclusive determination of Vub is B → π, where the
theoretical understanding is at an advanced stage and the experimental measurement was
one of the major successes of the B factories. The LQCD results employing Nf = 2+1 dy-
namical configurations include HPQCD in 2006 [153], FNAL/MILC [81] and RBC/UKQCD
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in 2015 [175]. These were averaged in the 2021 FLAG review [73]. The latest result for the
B → π form factors on the Lattice is from the JLQCD group, using Möbius domain Wall
fermions [152], using a fully-relativistic lattice fermion action, and Nf = 2+1. Results from
the Fermilab-MILC collaboration should appear soon, where the form factors are calculated
with Nf = 2 + 1 + 1, the first such calculation for the vector form factor.

Since 2012, updates to the LCSR calculation include a NNLO (O(α2
sβ0)) calculation of

f+(0) was performed, with the result f+(0) = (0.262+0.020
−0.023) with uncertainties ≲ 9% [105].

This calculation tested the argument that radiative corrections to f+fB and fB should
cancel when both calculated in sum rules (the 2-loop contribution to fB in QCDSR is
sizeable). It was found that despite ∼ 9% O(α2

sβ0) change to fB, the effect on f+(0) was
only ∼ 2%. Further twist 5 and 6 corrections were included in [231]. The very small
size of these corrections shows that the form factor converges very well in the expansion
in twist, and higher twist corrections are not required.. More recently unitarity bounds
and extrapolation were used to perform a Bayesian analysis of the form factor f+(q

2) for
B → π [270]. This method was extended to a study including the B meson distribution
amplitude in [200]. A further analysis of B → π was performed in 2021 with a Bayesian
approach to the uncertainties, where all the three form factors were considered and updated
fits were performed with the most precise LQCD results [245]. The prospects for measuring
Vub at Belle II are exciting, with sensitivities at the 2-3% level expected with 5 ab−1 [65]
(assuming LQCD projected uncertainties from [65]).

Due to the lack of agreement between inclusive and exclusive results for Vub, it is impor-
tant to utilise additional channels. The Bs → K is an interesting possibility, particularly
given the sensitivity of LHCb to this channel. Latest results can be found in [231] from
LCSR (see also [200]) and [130, 175, 87] from LQCD. A recent approach to B → πℓνℓ and
Bs → Kℓνℓ form factors using unitarity and LQCD can be found in [256].

However, the LHCb measurement is a ratio of the branching ratio of Bs → Kℓν to
that of Bs → Dℓν. For B decays to vector mesons, while LCSR results for ρ and ω are
available using the final state light cone distribution amplitudes (LCDAs) [109] and the B
meson LCDA [200], the situation is less advanced on the LQCD side. In [104] , the authors
performed a fit to the combined measurements of the B → ρℓν and B → ωℓν spectra from
Belle and BaBar, obtaining updated results for Vub. One manner to obtain an improved
determination via the vector resonances is to obtain a better understanding of the full
B → ππℓν decay [171, 173]. In fact the full B → ππℓν spectrum was recently measured by
Belle [90], modelled in terms of four resonances the ρ, the ρ′, f0(500) and the f2(1270). The
form factors for this channel are not yet accessible via LQCD. However in LCSR, results
have been obtained both using the ππ [202] and the B-meson [149] distribution amplitudes.

Finally, one can measure Vub via the baryonic channel Λb → pℓν, again to be measured
at LHCb via the ratio of branching fractions Λb → pℓν to Λb → Λcℓν. Here Lattice QCD
has presented precise predictions for the form factors [162]. Independent results on these
baryonic decays will be an important check of the value of Vub obtained.
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Figure 2: We summarise the most recent determinations for inclusive Vub (left), from
BaBar’16 [242], Belle’21 [139], (where DN, BLNP, GGOU, DGE and ADFR are differ-
ent theoretical methods described in the text) and GHM’16 [181] and for exclusive Vub
(right), from B → πℓν (IKMvD’14 [270], FNAL/MILC’15 [81], RBC/UKQCD’15 [175],
HFLAV’16 [67], LMvD’21 [245] and JLQCD’21 [152]), from B → ρℓν and B → ωℓν
(BSZ’15 [109] and BPR’21 [104]).
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4.5 |Vub|/|Vcb|

While semileptonic measurements are difficult at LHCb due to the missing energy carried
by the neutrino, and also the fact that LHCb measures relative branching fractions such
that a normalization channel is required. Vub measurements are particularly challenging
due to the large b → c background. One interesting possibility therefore is to measure a
semileptonic decay sensitive to Vub making use of a normalization channel depending on
Vcb, such that one obtains the ratio |Vub|/|Vcb|. Due to the large number of Λb baryons
and Bs mesons produced at LHCb compared to the B factories, LHCb have focussed on
the ratios B(Λb → pℓν)/B(Λb → Λcℓν) [10] and B(Bs → Kℓν)/B(Bs → Dsℓν) [37]. These
measurements are interesting in light of the exclusive-inclusive discrepancies, as they provide
an independent constraint in the |Vub| − |Vcb| plane (see plots by FLAG and HFLAV in
[73, 68]). In order to extract the ratio of the CKM matrix elements, one requires the
form factors for the four relevant channels. For the baryonic decays, combining the LHCb
measurement with the form factors calculated in [162] results in an impressive result for
|Vub|/|Vcb|. For the Bs decays, a precise calculation of the form factors by the HPQCD
collaborationfor the Bs → Ds channel is available [204]. As for Bs → K, several calculations
exist, both in LCSR (KR 2017) [231] and LQCD from the HPQCD, RBC UKQCD and
FNAP-MILC collaborations [130, 175, 87]. The results are shown in Fig. 3. LHCb intend
to achieve a 1% uncertainty on the measurement of |Vub|/|Vcb| with the full upgrade II
dataset of 300 fb−1, assuming that LQCD will achieve a similar uncertainty.

4.6 Semileptonic radiative decays

The decay B+ → γℓ+ν is sensitive to the structure of the B meson, in particular to λB,
the first moment of the B meson light-cone distribution amplitude. [95, 195, 128]. On
calculating the BR for this decay at leading order in QCD factorization (in the region
where the photon energy is of order mb, it depends inversely no λB. This parameter is
of crucial important in calculating observables for B meson decays in QCD factorization,
and also when calculating form factors in light-cone sum rules in terms of the B meson
LCDA. The theoretical prediction is now at an advanced stage, with next-to-leading order
corrections from [98, 94, 280, 279] and the soft corrections calculated in [135]. Limits on
this decay have been obtained by BaBar [77] (BR(B+ → ℓ+νγ) < 15.6×10−6 at 90% C.L.)
and Belle [208] (BR(B+ → ℓ+νγ)s < 3.5 × 10−6, both at 90% C.L.), the latter resulting
in the most stringent lower limit of λB > 238 MeV, using the expression for the partial
branching fraction include state-of-the-art theoretical prediction. Belle II will improve this
measurement, and the projected statistical uncertainty with 50 ab−1 is at the level of a few
percent (assuming a branching fraction of (5.0± 0.6)10−6) [186, 65].

At the LHC however the measurement of B+ → ℓ+νγ is challenging as the low energy
photon in combination with the neutrino in the final state provide complications for the
trigger. LHCb have therefore instead performed a search for the decay B+ → µ+νµ+µ−

in the region where the lowest of the muon pair mass combination is below 980 MeV [27],
obtaining the 95% C.L. upper limit BR(B+ → µ+µ−µ+ν) < 1.6 × 10−8. First predictions
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Figure 3: We summarise the most recent determinations for the ratio of exclusive Vub/Vcb
(left) measured at LHCb [37, 10]. For the determination from Bs decays, the form factor for
the Bs → Ds transition is taken from the 2020 HPQCD result [257], and for the Bs → K
from FNAL/MILC’19 [87] and LCSR KR’17 [231] as indicated. For the determination from
Λb decays the form factors are from DM’15 [162]. These are compared to the ratio of the
HFLAV experimental averages for V excl

ub and V excl
cb [68]. We further present the most recent

theory predictions for RD (right) (HPQCD’15 [265], FNAL/MILC’15 [79], BLPR’17 [103],
BJvD’19 [127]) and for RD∗(BLPR’17 [103], GJS’19 [183], BJvD’19 [127], JNK’20 [224],
FNAL/MILC’21 [88]).
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Channel Vcd Vcs Ref.

Semileptonic 0.2341(74) 0.9714(69) [247, 268, 147]
Leptonic 0.2179(7)(57) 0.983(2)(18) [146, 86]
Average 0.2236(37) 0.9741(65) [73]

Table 2: Determinations of Vcd and Vcs from leptonic and semileptonic D decays and the
averaged results [73].

for this mode can be found in [155, 154], based on the vector meson dominance approach.
Later the QCD factorization approach was applied by several groups, see [93, 278, 107]. It
was found that at small q2 (the dilepton momentum) the sensitivity to λB is promising,
and will provide an interesting comparison to the future Belle II result. It would also be
interesting to study B+ → ℓ+ℓ−ℓ′+ν for the case ℓ ̸= ℓ′, as this allows one to avoid the
ambiguity in identifying the two charged leptons [107]. Similar radiative decays in the
neutral current channels are also of interest as these remove the helicity suppression of the
fully leptonic decays. These have recently been studied in [197, 57, 225]. In [225] one finds
the LCSR form factors for both the radiative charged current and neutral current decays.

4.7 Determinations of Vcd and Vcs

In the charm sector the determinations of the CKM matrix elements is extremely precise.
Previous results for Vcd came from neutrino scattering data. More recently, progress has
been made from the semileptonic modes, D → πℓν andD → Kℓν, for which the form factors
are well known from LQCD, as well as from fully leptonic decays D(s) → ℓν, where the only
hadronic information required is the decay constants, calculated to high precision on the
Lattice. The latest Nf = 2 + 1 + 1 calculations for the D → π and D → K form factors
come from the HPQCD [147] and ETM [247] collaborations. Latest results for the decay
constants can be found in the FLAG review [73]. Note that progress on the experimental
side in the last ten years has been to a large extent due to BESIII (see e.g. [46, 47, 48, 49]),
but also CLEO-c, BaBar and Belle (for a full list of references see [67]). The results for
Vcd and Vcs from semileptonic and leptonic decays using lattice Nf = 2 + 1 + 1 results are
summarised in Tab. 2,

5 Lepton universality tests

Out of the various observables exhibiting anomalies in B decays, those that are theoretically
cleanest are the lepton universality ratios RK(∗) and RD(∗) , where any deviation from one
in the SM stems from lepton mass effects. The former set of ratios involve neutral current
b → sℓℓ transitions, and the latter charged current b → cℓν transitions, and are defined as
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follows:

RM =

∫ q2max

q2min
dq2dB(B → Mℓℓ/ν)/dq2∫ q2max

q2min
dq2 dB(B → Mµµ/ν)/dq2

, (40)

where in the final state contains two leptons or a lepton neutrino pair depending on whether
the decay involves a neutral or charged current respectively. For the neutral current ratios,
as first proposed in Ref. [211], the lepton in the numerator is the electron, i.e. ℓ = e, and
for the charged current ratios: ℓ = τ , and for both the lepton in the numerator is the muon.
The limits of the integration in q2 are given by q2min and q2max.

For the neutral current b→ s ratios, the SM prediction is close to one due to the small
size of the electron and muon masses. The measurement of RK(∗) has been performed both
by BaBar [239] and Belle [45, 150], and measurements by LHCb are available for theK+ [29]
and K∗0 [21] as well as the more challenging K0

S and K∗+ [40]. The ratios are found to be
2.1-2.5σ below the predictions in the SM [222, 109, 126, 271, 141, 61, 275, 220].4

Verifying this anomaly is a priority for LHCb and Belle II. The ratio for the Λb → pK ℓℓ
decay has also been measured [33], and agrees with the SM at the 1σ level. At Belle II, for
example the ratio for the b → s inclusive channel will be analysed [65]. Due to Belle II’s

excellent sensitivity to electrons, it will provide precise access to R
(∗)
K and RX (where RX

is the inclusive b → sℓℓ lepton universality ratio, see [63, 217, 141, 271]), with statistically
dominated uncertainties at the few percent level with 50 ab−1 [65]. Note that it has also
been suggested to use the difference between angular observables for different lepton final
states as tests of lepton flavour universality [64, 141, 271]. Belle has measured two of these
observables, Q4,5 ≡ P ′,µ

4,5 −P ′,e
4,5 [281] (these will be statistically limited at Belle II [65]), but

further measurements are needed at LHCb and Belle II in order to draw any conclusions.
Possible explanations for the deviation from the SM in terms of QED corrections have

been ruled out [126, 220], and if with increased statistics the anomaly persists (particularly
if confirmed by Belle II) the most plausible explanation is physics beyond the SM. Therefore
updates on these observables with the LHCb upgrade and from Belle II and much awaited.

For ratios involving the charged current, b → cℓν, the SM prediction deviates signif-
icantly from unity due to the large τ mass. Latest theory predictions can be found in
[79, 265, 103, 127, 183, 224, 88], as summarised in Fig. 3. A detailed discussion of the
form factors adopted in these predictions can be found in Sect. 3.2. The first experiment to
measure these observables, and find a large deviation from the SM was BaBar [238, 240],
claiming a significance of 3.4σ on combining RD and RD∗ . RD∗ was subsequently measured
by LHCb via the tau semileptonic decay [13] and via the three prong tau decay [25, 28].
Belle has performed several measurements both of RD and RD∗ , via the τ fully hadronic
decay [219], the semileptonic decay [212] and the fully leptonic decay [145].5

The HFLAV average of these experimental measurements for RD∗ is 0.295±0.010±0.010
and for RD is 0.339± 0.026± 0.014 [68]. Note that LHCb has also measured RJ/Ψ [24].

4Note that recently RK(∗) was updated and with the updated analysis with improved background simu-
lations the central value is now in agreement with the SM.

5Note there are two recent analyses from LHCb of RD∗ [?, ?].
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Theoretical predictions for RD agree well, two compatible Lattice QCD results for the
form factors at non-zero recoil have been available since 2015 [265, 79] and the current
deviation of the experimental average from the SM is at the 1.4σ level. As for RD∗ ,
results from Fermilabl-MILC collaboration for the form factors at non-zero recoil have only
recently become available, and a combination with experiment and a comparison from
another Lattice collaboration would be desirable [88]. In the meantime, several groups
calculated the form factors obtained on fitting the BGL parameterization to the unfolded
spectrum from Belle for both tagged [44] and untagged [277], a well as from BaBar [243], see
[103, 183, 224]. Further, the form factors were fitted, incorporating the HQET corrections
at O(αs, 1/m

2
c), and RD(∗) , to theory (Lattice, QCDSR and LCSR) with and without Belle

data from 2017 and 2018 [127] (see also [103] where HQET corrections at order 1/mc were
included).

HFLAV finds the combined significance of these discrepancies to be 3.3σ [68]. It will be
of great interest to see how this evolves with increased precision on the form factors from
Lattice QCD and updated measurements of the unfolded spectrum from Belle II.

6 Summary

We have reviewed the progress in the last ten years in heavy flavour physics, with an em-
phasis on neutral and charged current radiative and semileptonic decays. This progress has
been greatly driven by the B anomalies, as well as by the exclusive-inclusive discrepancies
in the determinations of Vub and Vcb. In light of the anomalies, we summarised the progress
in theoretical predictions related to searches for BSM via flavour changing neutral current
processes, in particular rare radiative and semileptonic b → s decays, both at LHCb and
the B-factories, and mention the prospects at Belle II. Note that we have not yet discussed
global analyses of decays involving b → s transitions. Several groups have performed such
analyses, with the aim to pinpoint which of the Wilson coefficients involved are most likely
to be affected by BSM physics (for a recent review see [114]). Often a single or pair of

WCs C
(′)
7 and C

(′)
9,10 are considered, or since the 2019 experimental updates C

(′),e
9,10 and C

(′),µ
9,10

are differentiated between. The conclusions that can currently be drawn are the following:
excellent fits to the data are found for non-zero, negative BSM contributions to Cµ

9 , or BSM

contributions to certain combinations of two WCs out of C
(′),e
9,10 , C

(′),µ
9,10 ; the sign of the WCs

is probably SM-like and that there is not yet any compelling evidence for CP violation (for
some recent analyses see [75, 62, 58] and references therein). Note that sub-percent accu-
racy on the angular observables for B → K∗ℓ+ℓ− is expected with the Upgrade II dataset
at LHCb will provide decisive information for future fits.

Coming to semileptonic decays, while tremendous progress has been made in Vub and
Vcb, the inclusive-exclusive discrepancies are not yet resolved, while for the former the
results are within 2σ of each other, for the latter the tension remains at the 2.4σ level [283].
The current status of inclusive and exclusive determinations of Vcb and Vub are shown in
Figs. 1 and 2. Note that hadronic uncertainties for inclusive determinations are under better
theoretical control, in particular at low q2, compared to their exclusive counterparts. The
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analyses from Belle II of B → D(∗)ℓν, B → πℓν and B → Xuℓν should finally resolve the
discrepancy between inclusive and exclusive |Vcb| and Vub. For the lepton universality ratios,
LHCb and Belle II will achieve percent level precision on RD∗ with 300 fb−1 and 50 ab−1

respectively, but with just 5 ab−1 of data from Belle these anomalies should be confirmed
or refuted II [65]. For the case of RK , Belle II has excellent sensitivity, and with 20 ab−1

will be able to claim a discovery at 5 σ if the central value remains unchanged. At LHCb,
the situation is similar, and sub-percent measurements of RK and RK∗ with 300 fb−1 will
be achieved.

We are therefore now at a very exciting time in flavour physics, with data-taking well
under way at Belle II, and just starting for Run 3 at the LHC, both having ambitious
physics programs. We look forward to examining the results and hope to resolve some of
the puzzling discrepancies.
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[169] Fajfer, S., Košnik, N.: Prospects of discovering new physics in rare charm decays.
Eur. Phys. J. C 75(12), 567 (2015). DOI 10.1140/epjc/s10052-015-3801-2
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