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Adaptive non separable vector lifting scheme for digital holographic data compression

Holographic data plays a crucial role in the recent three dimensional imaging as well as microscopic applications. As a result, huge amounts of storage capacity will be involved for this kind of data. Therefore, it becomes necessary to develop efficient hologram compression schemes for storage and transmission purposes. In this paper, we focus on the shifted distance information, obtained by the phase shifting algorithm, where two sets of difference data need to be encoded. More precisely, a non separable vector lifting scheme is investigated in order to exploit the two-dimensional characteristics of the holographic contents. Simulations performed on different digital holograms have shown the effectiveness of the proposed method in terms of bitrate saving and quality of object reconstruction.

Introduction

Digital holography (DH) [START_REF] Schnars | Direct recording of holograms by a CCD target and numerical reconstruction[END_REF][START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF] has attracted a considerable attention in recent years due to its interest in various application fields such as 3D imaging [START_REF] Javidi | Threedimensional image fusion by use of multiwavelength digital holography[END_REF], microscopy [START_REF] Mccartney | Electron Holography: Phase Imaging with Nanometer Resolution[END_REF][START_REF] Kim | Principles and techniques of digital holographic microscopy[END_REF] and object contouring [START_REF] Varner | Holographic contouring: Alternatives and applications[END_REF][START_REF] Quan | Holographic contouring using doublesource technique and fourier transform analysis[END_REF]. However, in optical DH, digital holograms are recorded under very strict physical environments. As a result, a technique, called computer generated holography (CGH) [START_REF] Dallas | Computer-generated holograms[END_REF][START_REF] Tricoles | Computer generated holograms: an historical review[END_REF], can alternatively simulate the whole recording and reconstruction procedure.

With the aim of mathematically generating object wavefront at the hologram plane, the key point for synthesizing CGH consists in designing the model of the object as well as the geometry of wave propagation. It decides the computational burden and influences the reconstruction quality. Generally, the geometry of wave propagation is related to the selected object model. Ray tracing method is commonly used for 3D objects consisting of scatter points [START_REF] Stein | Computergenerated holograms: A simplified ray-tracing approach[END_REF], obtained * Corresponding author: xing@enst.fr by tracing the ray from point sources to the hologram plane. Also, thanks to high-speed calculation techniques, it makes possible the application on objects with high-density point distribution [START_REF] Masuda | Computer generated holography using a graphics processing unit[END_REF]. On the other hand, with the advantages of fast Fourier transform, another method based on wave optics is becoming the major calculation trend of CGH. It can be adapted to most of the object models, e.g., polygonal mesh models [START_REF] Kim | Mathematical modeling of triangle-mesh-modeled threedimensional surface objects for digital holography[END_REF][START_REF] Matsushima | Extremely high-definition full-parallax computergenerated hologram created by the polygonbased method[END_REF], or projection images based models [START_REF] Park | Fresnel and fourier hologram generation using orthographic projection images[END_REF]. Whatever the retained method, the interference patterns are then obtained by superposing the interference of object wave and reference wave.

Nevertheless, in numerical reconstruction, conventional in-line setup [START_REF] Gabor | A new microscopic principle[END_REF] or off-axis setup [START_REF] Leith | Reconstructed wavefronts and communication theory[END_REF] with single reference wave recording makes the reconstructed images suffer from zero-order image and twin image. To overcome this problem, in-line phase-shifting digital holography (PSDH) has been proposed by Yamaguchi [START_REF] Yamaguchi | Phase-shifting digital holography[END_REF], and records three holograms using the reference wave with stepwise changed phase to reconstruct the complex amplitude of the object wave. Assuming that, a full-parallax CGH is composed of many elemental holograms obtained from different viewpoints of objects, the storage burden is increased by a factor 3 under the phaseshifting scheme. Therefore, compressing digital holographic data effectively is a crucial issue, especially with phase-shifting.

To this end, we should first note that the encoding process can be applied based on different representations of holographic data such as the interference patterns, the complex amplitude with real and imaginary part information, the amplitude and phase information and shifted distance information. Lossy compression technique based on subsampling, quantization and discrete Fourier transform is developed in [START_REF] Naughton | Compression of digital holograms for three-dimensional object reconstruction and recognition[END_REF]. Mills and Yamaguchi introduced quantization to interference patterns in [START_REF] Mills | Effects of quantization in phase-shifting digital holography[END_REF]. The results provide useful insight for holographic data reduction but also reveal that application of only quantization is not efficient, because the resulting quality falls rapidly as the number of bits decreases. To overcome this drawback, it has been proposed in [START_REF] Shortt | Compression of digital holograms of threedimensional objects using wavelets[END_REF] to apply wavelet transform to digital holograms followed by thresholding and quantization. Nonuniform quantization of digital holograms has also been investigated in [START_REF] Shortt | A companding approach for nonuniform quantization of digital holograms of three-dimensional objects[END_REF]. The effectiveness of standard JPEG and JPEG2000 compression techniques on interference patterns has also been demonstrated for optically recorded DH [START_REF] Darakis | Compression of interference patterns with application to phase-shifting digital holography[END_REF] and CGH [START_REF] Xing | Compression of computer generated hologram based on phase-shifting algorithm[END_REF] where JPEG2000 was found to be more performant. In [START_REF] Darakis | Use of fresnelets for phase-shifting digital hologram compression[END_REF], Darakis proposed a method based on Fresnelets transform. The complex amplitude is firstly decomposed to Fresnelets coefficients and then the real and imaginary part of each subband are quantized. The efficiency of adaptive scalar quantization has been also studied for the amplitude and phase information obtained from DH [START_REF] Arrifano | Multiple description coding of digital holograms using maximum-a-posteriori[END_REF] and CGH [START_REF] Xing | Comparative study of scalar and vector quantization on different phase-shifting digital holographic data[END_REF], and it has been concluded that phase information contributes more to the reconstruction quality than amplitude information. In a recent work [START_REF] Xing | Vector quantization for computer generated phase-shifting holograms[END_REF], we have shown that it is more interesting to encode two sets of difference data called shifted distance information. Moreover, according to our previous studies [START_REF] Xing | Comparative study of scalar and vector quantization on different phase-shifting digital holographic data[END_REF][START_REF] Xing | Vector quantization for computer generated phase-shifting holograms[END_REF], we have observed that the obtained shifted distance information are more correlated, and so, they can be efficiently encoded by using joint coding schemes. To this respect, a separable vector lifting-based decomposition has been recently developed in [START_REF] Xing | Vector lifting scheme for phaseshifting holographic data compression[END_REF]. A significant gain has been achieved compared to the state-of-the-art independent coding scheme.

However, according to the visual patterns of shifted distance information, the separable vector lifting scheme (VLS) developed recently in [START_REF] Xing | Vector lifting scheme for phaseshifting holographic data compression[END_REF] is not so efficient to cope with the two dimensional isotropic characteristics of the input data. For this reason, we propose in this paper to investigate a non separable VLS-based decomposition well adapted to the hologram contents. While a similar non separable decomposition has been recently presented in a preliminary work for stereo image coding purpose [START_REF] Kaaniche | ℓ 1 adapted non separable vector lifting schemes for stereo image coding[END_REF], the current one aims at adapting such structure for holographic data compression applications. More precisely, since this data presents repetitive circular structures similar to waves, we propose to study the impact of using longer lengths of the prediction lifting operator. To this respect, and in order to develop a general framework, we provide the explicit expressions of the spatial supports of the different operators whatever the retained lengths. Moreover, the prediction filter coefficients will be optimized by minimizing the variance of the detail signal in order to reduce the complexity of the proposed decomposition. The remainder of this paper is organized as follows. In Section 2, the main issues regarding PSDH and conventional separable VLS are addressed. Then, the proposed hologram coding method is described in Section 3. Finally, experimental results are given and discussed in Section 4 and conclusions are drawn in Section 5.

Related works 2.A. Computer generated phase-shifting holography

The Fresnel holograms are generated based on the setup illustrated in Fig. 1(a). The wave propagation is simplified in the coordinate system as shown in Fig. 1(b). Let us denote by (x ′ , y ′ ) the location of the object points in the object plane. Using Fresnel transform, the complex amplitude of object wave U (x, y) at the hologram plane can be approximated by Eq. (1):

U (x, y) = exp[ i π λd (x 2 + y 2 )] × F {U o (x ′ , y ′ ) exp[ i π λd (x ′ ) 2 + (y ′ ) 2 ]}, (1) 
where F represents the Fourier transform, U o (x ′ , y ′ ) denotes the complex amplitude of the object point, λ denotes the wavelength of the laser beam and d is the distance between the object plane and the hologram plane (d > 0). Thus, three Fresnel holograms are then obtained by computing the intensity of the interference patterns as follows:

I H (x, y; ϕ) = |U R (x, y; ϕ)+U (x, y)| 2 , ϕ ∈ {0, π 2 , π}, (2) 
where U R is the complex amplitude of the reference wave and ϕ is the stepped phase. In order to reconstruct the pure complex object wave at the hologram plane, a three-step phase shifting algorithm [30] can be employed:

U (x, y) = 1 -i 4U * R {I H (x, y; 0) -I H (x, y; π 2 ) + i[I H (x, y; π 2 ) -I H (x, y; π)]}, (3) 
where U * R is the conjugate of the reference wave with ϕ = 0. After that, image reconstruction is achieved by applying the inverse Fresnel transformation of the derived complex amplitude U (x, y).

2.B. Shifted distance information-based coding scheme

According to Eq. ( 3), the object wave reconstruction requires the knowledge of the three interference pattern intensities I H (x, y; 0), I H (x, y; π 2 ) and I H (x, y; π). In the context of hologram compression, instead of encoding these three patterns, it is more efficient to encode two sets of difference data, referred to as shifted distance information [START_REF] Xing | Vector quantization for computer generated phase-shifting holograms[END_REF], given by:

{ D (1) (x, y) = I H (x, y; 0) -I H (x, y; π 2 ) D (2) (x, y) = I H (x, y; π 2 ) -I H (x, y; π). (4) 
In a previous work, standard image coding tools such as JPEG and JPEG2000 have been used to encode separately D (1) and D (2) . However, an important feature of the holographic data is the presence of correlation between the interference patterns since they are obtained from the wavefronts emanating from the same 3D object. Indeed, as it can be seen in Fig. 2 which displays the two resulting images (D (1) , D (2) ) associated to the "Bunny-1" object shown in Fig. 3, it is clear that these images present similar visual contents. Note that the correlation existing between D (1) and D (2) has been demonstrated in [START_REF] Xing | Vector lifting scheme for phaseshifting holographic data compression[END_REF] by using the entropy measure. For this reason, we have proposed recently to encode jointly D (1) and D (2) by applying the VLS in order to exploit the dependencies existing between them [START_REF] Xing | Vector lifting scheme for phaseshifting holographic data compression[END_REF]. In what follows, we give the main issues on the previous separable VLSbased hologram compression method.

2.C. VLS-based joint coding scheme

First, we should note here that VLS has been found to be an efficient joint encoding scheme for correlated inputs such as the multispectral images and stereo data [START_REF] Benazza-Benyahia | Vector lifting schemes for lossless coding and progressive archival of multispectral images[END_REF][START_REF] Kaaniche | Vector lifting schemes for stereo image coding[END_REF]. A generic VLS is illustrated by Fig. 4. More precisely, one image (for example D (1) ) is selected as a reference image and encoded independently of the other image. To this end, a classical lifting structure [START_REF] Hampson | A nonlinear subband decomposition with perfect reconstruction[END_REF], composed of a prediction and an update step, is applied to D (1) to generate its detail and approximation wavelet coefficients. Then, the second image D (2) is encoded by exploiting the correlation between the two images. Thus, a prediction and update steps are firstly performed to compute the approximation coefficients of D (2) . After that, a hybrid prediction stage, which uses the information coming from the reference image D (1) , is added to produce the detail coefficients of D (2) . This decomposition is applied along the lines of D (1) and D (2) leading to a detail and an approximation subbands for each image. Then, the same process is performed on the columns of both resulting subbands yielding the horizontal, vertical and diagonal detail subbands as well as the approximation one.

Proposed adaptive hologram compression technique 3.A. Motivation

As mentioned before, it is important to note that the previous decomposition is handled in a separable manner by simply applying a one dimensional (1D)-VLS along the lines, then along the columns of the holographic data. However, according to the visual contents of the generated patterns, it can be observed from Fig. 2 that the input images (D (1) , D (2) ) present rather isotropic structures. Therefore, the previous developed separable VLS is not optimal, and it becomes more important to design a non separable decomposition, designated in what follows by NS-VLS, in order to simultaneously exploit the correlation existing between the shifted distance information data as well as their twodimensional (2D) wave characteristics.

3.B. NS-VLS decomposition

Since our decomposition is based on the concept of a multiresolution transform, we will describe the NS-VLS for a given resolution level j. Note that j = 0 corresponds to the initial images D (1) and D (2) (i.e the full resolution). In the following, D

(1) j and D

(2) j designate the approximation coefficients of D (1) and D (2) at each resolution level j and have the dimensions of the initial images divided by 2 j along the horizontal and vertical dimensions. Moreover, at each pixel location (x, y), the approximation coefficients of the first (resp. second) image D

(1)

j (x, y) (resp. D (2) j (x, y)) are divided into four polyphase components de- noted by            D (i) 0,j (x, y) = D (i) j (2x, 2y), D (i) 1,j (x, y) = D (i) j (2x, 2y + 1), D (i) 2,j (x, y) = D (i) j (2x + 1, 2y), D (i) 3,j (x, y) = D (i) j (2x + 1, 2y + 1), (5) 
where i ∈ {1, 2}. Fig. 5 illustrates the NS-VLS analysis structure. As shown in Fig. 5, one image (here D (1) ) is selected as a reference image and encoded independently of the other one. To this end, a classical non separable lifting structure [START_REF] Kaaniche | Non separable lifting scheme with adaptive update step for still and stereo image coding[END_REF], composed of three prediction steps and an update one, is applied to D j+1 . Thus, the output wavelet coefficients, at the resolution level (j + 1), can be written as follows:

D (HH,1) j+1 (x, y) = D (1)
3,j (x, y) -

( (P (HH,1) 0,j ) ⊤ D (HH,1) 0,j + (P (HH,1) 1,j ) ⊤ D (HH,1) 1,j + (P (HH,1) 2,j ) ⊤ D (HH,1) 2,j ) , (6) 
D (LH,1) j+1 (x, y) = D (1)
2,j (x, y) -

( (P (LH,1) 0,j ) ⊤ D (LH,1) 0,j + (P (LH,1) 1,j ) ⊤ D (HH,1) j+1 ) , ( 7 
)
D (HL,1) j+1 (x, y) = D (1)
1,j (x, y) -

( (P (HL,1) 0,j ) ⊤ D (HL,1) 0,j + (P (HL,1) 1,j ) ⊤ D (HH,1) j+1 ) , (8) 
D (1) j+1 (x, y) = D (1) 0,j (x, y) + ( (U (HL,1) 0,j ) ⊤ D (HL,1) j+1 + (U (LH,1) 1,j ) ⊤ D (LH,1) j+1 + (U (HH,1) 2,j ) ⊤ D (HH,1) j+1 ) , (9) 
where for every i ∈ {0, 

i,j . • D (o,1) i,j = (D (1) i,j (x + s, y + t)) (s,t)∈P (o,1) i,j
(x + s, y + t)) (s,t)∈P (HL,1)
1,j correspond to two reference vectors used in the second and the third prediction steps, respectively.

• U (o,1) i,j = (u (o,1) i,j (s, t)) (s,t)∈U (o,1) i,j
is the update vector coefficients whose support is designated by

U (o,1) i,j . • D (o,1) j+1 = (D (o,1) j+1 (x+s, y+t)) (s,t)∈U (o,1) i,j
is the reference vector containing the set of detail samples used in the update step. For the second image D

(2) j , selected as a target one, a joint wavelet decomposition is performed by taking into account its correlation with the reference one D . Therefore, compared to a classical lifting structure, the main feature of a VLS concerns the prediction step which uses samples from the same image D

(2) j and also their corresponding ones taken from the reference one D

(1) j . Thus, the final detail wavelet coefficients, at the resolution level (j + 1), are expressed as follows:

D (HH,2) j+1 (x, y) = D (HH,2) j+1 (x, y) - ( (Q (HH,2) 0,j ) ⊤ D (HH,2) 0,j+1 + (Q (HH,2) 1,j ) ⊤ D (HH,2) 1,j+1 + (Q (HH,2) 2,j ) ⊤ D (HH,2) 2,j+1 + (P (HH,1,2) 0,j ) ⊤ D (HH,1) 0,j + (P (HH,1,2) 1,j ) ⊤ D (HH,1) 1,j + (P (HH,1,2) 2,j ) ⊤ D (HH,1) 2,j + (P (HH,1,2) 3,j ) ⊤ D (HH,1) 3,j ) , ( 10 
)
D (LH,2) j+1 (x, y) = D (LH,2) j+1 (x, y) - ( (Q (LH,2) 0,j ) ⊤ D (LH,2) 0,j+1 + (Q (LH,2) 1,j ) ⊤ D (HH,2) j+1 + (P (LH,1,2) 0,j ) ⊤ D (LH,1) 0,j + (P (LH,1,2) 2,j ) ⊤ D (LH,1) 2,j ) , ( 11 
)
D (HL,2) j+1 (x, y) = D (HL,2) j+1 (x, y) - ( (Q (HL,2) 0,j ) ⊤ D (HL,2) 0,j+1 + (Q (HL,2) 1,j ) ⊤ D (HH,2) j+1 + (P (HL,1,2) 0,j
) ⊤ D (HL,1) 0,j

+ (P (HL,1,2) 1,j ) ⊤ D (HL,1) 1,j ) , ( 12 
)
where for every i ∈ {0, 1, 2, 3} and o ∈ {HL, LH, HH},

• Q (o,2) i,j = (q (o,2) i,j (s, t)) (s,t)∈Q (o,2) i,j
is the intra prediction weighting vector whose support is designated by

Q (o,2) i,j . • P (o,1,2) i,j = (p (o,1,2) i,j (s, t)) (s,t)∈P (o,1,2) i,j
is the hybrid prediction weighting vector whose support is denoted by P (x, y).

• D (o,1) i,j = (D (1) i,j (x + s, y + t)) (s,t)∈P (o,1,2) i,j
is a vector containing some samples of the reference image D

(1) j used to exploit the inter-image redundancies during the computation of the final detail coefficients D (o,2) j+1 (x, y). By repeating the same decomposition strategy on the approximation subbands over J resolution levels, two multiresolution representations of D (1) and D (2) are obtained. Finally, at the last resolution level J, instead of encoding the approximation subband of the target image D

(2) J , it would be interesting to exploit its correlation with D

(1)

J and thus to encode the following residual subband e

(2)

J : e (2) J (x, y) = D (2) J (x, y) -p (1,2) J D (1) J (x, y). ( 13 
)
where p

(1,2) J is an hybrid prediction coefficient that exploits the correlation between D

(2)

J and D

(1) J .

3.C. Design of prediction and update filters

To effectively exploit the correlation existing between the repetitive circular structures of the holograms, it would be interesting to consider longer lengths of the lifting operators. To this end, we address in what follows the retained optimization techniques as well as the sets of the spatial supports for any given size of the prediction and update filters. The transmission cost of the involved filter coefficients will also be discussed.

3.C.1. Optimization techniques

With the ultimate aim of designing an NS-VLSbased decomposition well adapted to the contents of the holographic data, the different prediction filters P (o,1) j (with o ∈ {HH, LH, HL}), used to generate the detail subbands D (o,1) j+1 , will be optimized at each resolution level by minimizing the variance of the detail coefficients. After that, the update filter is optimized by minimizing the square error between the approximation coefficients D [START_REF] Schnars | Direct recording of holograms by a CCD target and numerical reconstruction[END_REF] j+1 and the decimated version of the signal resulting from an ideal low-pass filter. Then, for the second image D (2) , all the prediction and update operators can also be optimized by adopting the same strategy used with D (1) . However, since D (1) and D (2) present similar contents, the optimization process of the first three prediction filters P (o,2) j and the update one

U (2)
j can be omitted by imposing these operators to be equal to those obtained with D (1) . Thus, we have: 

P (HH,
j = U (1) j . ( (2) 
) 14 
Note that this procedure presents the advantages of simplifying the optimization strategy and reducing the overhead cost corresponding to the number of filter coefficients that must be sent to the decoder. Finally, for the remaining hybrid prediction filters

P (o,1,2) j and Q (o,2) j
, they will be optimized by minimizing the variance of the detail coefficients

D (o,2) j+1 .
Based on ℓ 2 minimization criteria, we should note here that the optimization techniques used to design the prediction and update filters were found to be efficient and fast since their optimal solutions can be simply obtained by solving a linear system of equations. For instance, by taking an hologram of size 600 × 600 and using an Intel core 2 (3 GHz) computer with a Matlab implementation, the optimization of the update filter with length parameter L u = 2 requires 0.23s whereas that of the prediction filters with length parameter Lp = 2 (resp. L p = 12) takes about 0.13s (resp. 1.65s).

3.C.2. Definition of the spatial supports

To apply the considered adaptive NS-VLS, we should define the sets of spatial supports for the different prediction and update filters. To this end, it is important to note here that it has been shown in [START_REF] Kaaniche | Non separable lifting scheme with adaptive update step for still and stereo image coding[END_REF] that a classical separable lifting structure with 1D prediction and update filters, of length L p and L u respectively (which often take even values), has an equivalent 2D structure similar to that shown in the top side of Fig. 5 (i.e the block which is applied on D (1) ). More specifically, this results in choosing the following spatial supports of the prediction and update operators used with D (1) :

P (HH,1) 0,j = {(s, t) ∈ Z 2 | - L p 2 + 1 ≤ s ≤ L p 2 and - L p 2 + 1 ≤ t ≤ L p 2 }, ( 15 
)
P (HH,1) 1,j = P (LH,1) 0,j = {(s, 0) | - L p 2 + 1 ≤ s ≤ L p 2 }, (16) 
P (HH,1) 2,j = P (HL,1) 0,j = {(0, t) | - L p 2 + 1 ≤ t ≤ L p 2 }, (17) 

U

(HL,1) 0,j

= P (LH,1) 1,j = {(0, t) | - L u 2 ≤ t ≤ L u 2 -1}, (18) 
U (LH,1) 1,j = P (HL,1) 1,j = {(s, 0) | - L u 2 ≤ s ≤ L u 2 -1}, (19) 
U (HH,1) 2,j = {(s, t) ∈ Z 2 | - L u 2 ≤ s ≤ L u 2 -1 and - L u 2 ≤ t ≤ L u 2 -1}. ( 20 
)
While the same spatial supports are used with the three intra-prediction filters

P (o,2) i,j
and the update one

U (o,2) i,j
thanks to [START_REF] Park | Fresnel and fourier hologram generation using orthographic projection images[END_REF], those of the remaining hybrid prediction operators are given by: Once the spatial supports are defined and the prediction and update coefficients are optimized, the latter must be transmitted to the decoder in order to proceed to the inverse transform and reconstruct the data (D (1) , D (2) ). Knowing that the filter coefficients can be generally stored on 24 bits, the overhead cost related to the encoding of all the filter coefficients is given by:

Q (HH,2) 0,j = {(0, 0); (0, 1); (1, 0); (1, 1)}, (21) 
Q (HH,2) 1,j = Q (LH,2) 0,j = {(0, 0); (1, 0)}, (22) 
Q (HH,2) 2,j = Q (HL,2) 0,j = {(0, 0); (0, 1)}, (23) 
P (HL,1,2) 1,j = P (LH,1,2) 2,j = P (HH,1,2) 3,j = {(0, 0)}, ( 25 
)
Q (LH,2) 1,j = {(0, 0); (0, -1)}, ( 26 
)
Q (HL,2) 1,j = {(0, 0); (-1, 0)}, (27) 
o = L × J × 24 2M N bits per pixel (bpp), ( 29 
)
where L is the number of filter coefficients in the proposed NS-VLS, J is the number of resolution levels, and M × N is the size of the data.

According to the defined sets of the spatial prediction and update supports, it can be checked that the involved number of coefficients is:

L = 2L 2 p + 8L p + L 2 u + 4L u + 19. ( 30 
)
For example, when M = N = 600 and J = 3, taking short length filters with parameters L p = 6 and L u = 2 results in a very small transmission cost equal to 0.015 bpp. However, this overhead becomes more important and reaches 0.233 bpp when L p = 32 and L u = 2.

Experimental results

4.A. Setup of Computer Generated Holography

For the sake of simplicity, elemental Fresnel holograms, generated by six projection images of four virtual 3D objects (shown in Fig. 3), are selected as the compression target in this paper.

We should note here that the data is computer generated, since we deal with Computer Generated Phase Shifting Holography (CGPSH). In a numerical synthesis of CGH, Eq. ( 1) is discretized to:

U (k, l) = exp[ i π λd (k 2 (∆x ′ ) 2 + l 2 (∆y ′ ) 2 )] * F { U o (m, n) exp[ i π λd (m 2 ∆x 2 + n 2 ∆y 2 )]}, (31) 
where k = 1, 2, ..., N x , l = 1, 2, ..., N y and m = 1, 2, ..., N x , n = 1, 2, ..., N y represent the discrete dimensions' indices of the hologram and object planes, respectively; ∆x, ∆y and ∆x ′ , ∆y ′ are the horizontal and vertical sampling intervals of the hologram and object planes, respectively. Table. 1 gives the parameters used in the experimental results. 

4.B. Results and discussions

In order to illustrate the efficiency of the proposed hologram coding scheme, we shall compare it with state-of-the-art methods.

The first one represents the state-of-the-art coding method where the data (D (1) , D (2) ) are separately encoded by using the JPEG2000 standard with the 9/7 wavelet transform. This independent coding scheme will be designated by "Independent". It is important to note here that this scheme has been considered as a reference method because it has already shown in [START_REF] Xing | Vector quantization for computer generated phase-shifting holograms[END_REF] that it is more performant than the conventional hologram compression scheme where the three interference patterns are separately encoded [START_REF] Darakis | Compression of interference patterns with application to phase-shifting digital holography[END_REF].

The second approach, denoted in what follows by "Standard" corresponds to the standard joint coding scheme used often to exploit the interimage redundancies in the context of stereo and video compression. Recall that its main idea consists in selecting one image (here D (1) ) as a reference one and encoding it in intra-mode. Then, the image error between D (2) and D (1) is encoded rather than the original one D (2) . To encode the image error as well as D (1) , the JPEG2000 with the 9/7 transform is used.

The third method corresponds to our previous joint hologram compression scheme based on the separable VLS [START_REF] Xing | Vector lifting scheme for phaseshifting holographic data compression[END_REF]. This decomposition, designated by SEP-VLS(2,2), is performed by using a prediction and an update filters of size 2 (i.e

L p = L u = 2).
Finally, we consider the proposed non separable extension of this scheme. This latter will be denoted by NS-VLS(2,2). We should note that all these multiresolution coding schemes have been carried out over 3 resolution levels (i.e J = 3).

All these methods are firstly compared in terms of Rate-Distortion (R-D) performance. Fig. 6 illustrates the PSNR of the reconstructed objects versus the bitrate given in bits per pixel (bpp). The obtained R-D curves show that the proposed NS-VLS-based method outperforms all the conventional coding schemes. For instance, compared to the SEP-VLS(2,2) decomposition, the proposed non separable one achieves an improvement of about 0.3 to 1 dB depending on the object.

Moreover, Fig. 7 displays the reconstructed "Luigi" object for different coding schemes and provides the quality of reconstruction in terms of PSNR and the perceptual criterion Structural SIMilarity (SSIM) [START_REF] Wang | Image quality assessment: From error visibility to structural similarity[END_REF]. It is clear that the proposed NS-VLS(2,2) leads to better visual quality of reconstruction than the SEP-VLS(2,2) and the independent hologram compression method.

Furthermore, the relative gain of NS-VLS(2,2) compared to SEP-VLS(2,2) has also been measured by Bjontegaard metric [START_REF] Bjontegaard | Calculation of average PSNR differences between RD curves[END_REF]. The results are given in Table 2 for bitrate range from 0.3 bpp to 1.0 bpp. Thus, it can be noticed that the two approaches lead to similar performances in terms of the SSIM criterion since their corresponding gain is around zero (the values range from -0.01 to 0.02). However, the two other criteria confirm better the interest of the proposed approach, and show that NS-VLS(2,2) outperforms SEP-VLS(2,2) up to 10% and 0.8 dB in terms of bitrate saving and PSNR of the reconstructed objects, respectively. In addition, due to the advantages of the NS-VLS, we have also tested this decomposition with different prediction filter lengths L p . Indeed, increasing L p may be interesting for two reasons. The first one is explained by the fact that the holographic data presents repetitive circular structures similar to the propagation of waves. The second one is due to the objective of VLS which consists in exploiting the inter-images redundancies through the prediction stage. Thus, we propose in what fol-lows to vary the length of the prediction filter while keeping the size of the update one fix (i.e L u = 2). To this respect, in addition to the previous case given by L p = 2, we take also L p ∈ {6, 12, 20, 32}. Similarly to the notation NS-VLS(2,2), the new structures will be designated by NS-VLS(6,2), NS-VLS [START_REF] Kim | Mathematical modeling of triangle-mesh-modeled threedimensional surface objects for digital holography[END_REF][START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF], NS-VLS [START_REF] Shortt | Compression of digital holograms of threedimensional objects using wavelets[END_REF][START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF] and NS-VLS [START_REF] Kaaniche | Vector lifting schemes for stereo image coding[END_REF][START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF].

Fig. 8 illustrates the R-D performance for different 3D objects. Compared to the case L p = 2, it can be observed that increasing this length up to 12 or 20 leads to the good compression performance. Indeed, an important gain of about 10 dB is achieved by NS-VLS [START_REF] Kim | Mathematical modeling of triangle-mesh-modeled threedimensional surface objects for digital holography[END_REF][START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF] and NS-VLS(20,2) compared to NS-VLS [START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF][START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF]. Moreover, it can be also noticed that using very long filters (L p = 32) leads to worse performance at low bitrate because of the expensive cost of encoding the filter coefficients compared to the case of small L p values.

We illustrate an example of R-D curves, shown in Fig. 9, where the coding cost of filter coefficients is not taken into account. As expected, it can be seen in this case that NS-VLS(32,2) becomes more performant and have R-D results close to that obtained by NS-VLS [START_REF] Shortt | Compression of digital holograms of threedimensional objects using wavelets[END_REF][START_REF] Goodman | Digital image formation from electronically detected holograms[END_REF]. Fig. 10 shows the visual reconstruction quality of the object "Teapot" at 0.8 bpp using various NS-VLS schemes. Therefore, a NS-VLS with a prediction filter length of around 12 is efficient for compressing shifted distance information.

Finally, the Bjontegaard metric results shown in Table 3 demonstrates also the interest of NS-VLS(12,2) compared to the NS-VLS(2,2). Indeed, it shows a significant gain that reaches 80%, 12 dB and 0.29 in terms of bitrate saving, PSNR and SSIM, respectively.

All these results confirm the effectiveness of the proposed adaptive non separable VLS scheme for hologram compression purpose.

Conclusion and future work

In this paper, we have focused on the compression issue of the holographic data. To this end, a non separable vector lifting scheme has been developed to encode the phase-shifting holographic information in order to better exploit the 2D isotropic characteristics of this data. Moreover, the proposed decomposition has been adapted to the data contents. Due to the particular structures of such data, we have shown that increasing the prediction filter length results in a significant gain in terms of bitrate saving and visual quality of reconstruction.

As a future work, it would be interesting to extend the proposed approach to the digital holographic video coding framework. Moreover, while the standard PSNR and SSIM criteria have been used in this work, the quality assessment of the reconstructed objects could also be investigated by designing other metrics more appropriate for holographic data. Fig. 2. Example of two difference data D (1) and D (2) for the "Bunny-1" object.

Bunny-1 Luigi-1 Teapot

Bunny-2 Luigi-2 Girl 
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 1 Fig. 1. (a) Setup for phase-shifting digital holography: BS: beam splitters; PZT, piezoelectric transducer mirror; (b) Coordinate system of hologram recording.
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 345 Fig. 3. Different test 3D objects
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 6789 Fig. 6. Rate-distortion performance of the different hologram compression schemes for the objects: (a) "Luigi-1", (b) "Luigi-2", (c) "Bunny-1", (d) "Bunny-2".

Fig. 10 .

 10 Fig. 10. Reconstructed "Teapot" objects at 0.8 bpp by using: (b) NS-VLS(2,2), (c) NS-VLS(6,2), (d) NS-VLS(12,2), (e) NS-VLS(20,2), (f) NS-VLS(32,2).

Table 1 .

 1 Parameters of CGPSH

	laser wavelength	λ = 630nm
	distance of two planes	d = 0.55m
	dimension of plane	5.5mm × 5.5mm
	number of samples N x × N y = 600 × 600

Table 2 .

 2 The average PSNR, SSIM and bitrate saving gains of NS-VLS(2,2) with respect to SEP-VLS(2,2) using Bjontegaard metric.

		bitrate PSNR bitrate SSIM
		saving gain saving gain
	Objects (in %) (in dB) (in %)
	Bunny-1 -4.79 0.40	2.98 -0.004
	Bunny-2 -9.33 0.62	4.20 -0.014
	Luigi-1 -10.30 0.80	-9.59 0.026
	Luigi-2 -5.26 0.43	-7.75 0.022
	Girl	-3.13 0.30 -10.79 0.018
	Teapot -9.92 0.69	0.05 -0.0002

Table 3 .

 3 The average PSNR, SSIM and bitrate saving gains of NS-VLS(12,2) with respect to NS-VLS(2,2) using Bjontegaard metric.

		bitrate PSNR bitrate SSIM
		saving gain saving gain
	Objects (in %) (in dB) (in %)
	Bunny-1 -72.80 11.21 -66.89 0.13
	Bunny-2 -78.84 12.22 -80.20 0.25
	Luigi-1 -72.34 11.52 -68.96 0.18
	Luigi-2 -74.33 11.78 -71.95 0.17
	Girl	-69.18 8.55 -62.71 0.08
	Teapot -77.99 12.17 -89.34 0.29