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POISSON APPROXIMATION OF FIXED-DEGREE NODES IN WEIGHTED
RANDOM CONNECTION MODELS

CHRISTIAN HIRSCH, BENEDIKT JAHNEL, SANJOY KUMAR JHAWAR, AND PETER JUHASZ

ABSTRACT. We present a process-level Poisson-approximation result for the degree-k vertices in a high-
density weighted random connection model with preferential-attachment kernel in the unit volume. Our
main focus lies on the impact of the left tails of the weight distribution for which we establish general
criteria based on their small-weight quantiles. To illustrate that our conditions are broadly applicable, we
verify them for weight distributions with polynomial and stretched exponential left tails. The proofs rest on
truncation arguments and a recently established quantitative Poisson approximation result for functionals of
Poisson point processes.
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1. INTRODUCTION

Spatial random networks are found in a wide variety of applications ranging from social networks over
materials science to telecommunication systems [7, 9]. In particular, in the context of such networks, it
is essential to estimate the probability that we observe extreme realizations of the key network character-
istics, and to understand the reasons leading to such extreme behavior. This need motivates the extension
of the classical findings from extreme-value theory to the context of spatial random networks.

A seminal paper in this context is [[12] which studies the asymptotic behavior of the number of degree-k
nodes in the inhomogeneous random connection model (RCM). More precisely, the main result of [12]
states that the number of degree-k nodes converges to a Poisson distribution under a suitable scaling of
the connectivity threshold in the connection function.

While the extensions of Stein’s method developed in [12] are highly interesting from a mathematical point
of view, it is not always easily applicable in practice. The reason is that the RCM can only produce light-
tailed degree distributions, whereas many real-world networks exhibit heavy tails. In order to overcome
this limitation, [|8] extended the results to the scale-free RCM introduced in [2, |3]. These networks
produce heavy-tailed degree distributions by endowing the vertices with suitable weights that strongly
influence their ability to connect to other vertices.

While the scale-free RCM comes with many parameters, it is an important finding in [8] that most of
them influence the connectivity threshold only through multiplication by a constant. This could point to
a potential weakness of the scale-free RCM since, depending on the application, we would expect also a
wide variety of extreme-value scalings.
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In this paper, we resolve this potential misconception by showing that, indeed, scale-free RCMs can give
rise to a wide variety of different extreme-value scalings. We stress that these findings do not contradict
the results in [§], since we also allow for the variation of the left tail of the weight distribution. Due
to its importance for the degree distribution, the majority of the existing literature focuses exclusively
on studying the effects of the right tail. However, one of the core findings of our work is that, for the
extreme-value behavior of the number of degree-%£ nodes, it is the left tail of the weight distribution that
is of crucial importance.

While this may be surprising at first sight, it is not entirely unexpected. Indeed, our analysis shows that
the most likely reason for seeing a constant order of isolated nodes is that these nodes have an extremely
small weight, making it easier for these nodes to be isolated. On the other hand, it is the left tail that
determines how difficult it is for a node to have extremely small weight. Hence, by allowing modification
to the left tail of the distribution of the weights, we can observe a variety of different extreme-value
behaviors.

Let us illustrate these findings through simulations set up with a constant order of isolated nodes. In the
left panel of Figure [I, we consider a typical realization of an isolated node (red) in a weighted RCM of
intensity 1000, whose weight distribution has a power-law left tail of tail index 2. The horizontal axis
corresponds to the positions of the nodes, whereas the vertical axis shows their weights. Edges are not
shown. Loosely speaking, we see that most of the network looks like a typical realization of a Poisson
point process. However, the weight of the red node at the origin is atypically small, making it easy to
avoid connections. Our main result makes this intuition precise by providing a quantitative prediction
for how small the weight of the origin must be in order to see a constant order of isolated nodes. In the
right panel of Figure[Il we show a log-log plot of the weight of a typical isolated node against the point-
process intensity. The plot is approximately linear with slope —0.4682, and thus close to our theoretical
prediction —1/2.
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FIGURE 1. Realization of an isolated node (red) in a weighted RCM with intensity 1,000

and weight distribution with power-law left tails of tail index 2 (left). Log-log plot of the
weight of a typical isolated point against varying point-process intensities (right).

The main contribution of our paper can be summarized as follows.
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(1) While the results in [8,12] tentatively indicate that the rare-event behavior of the degree-k nodes
is not strongly affected by the parameters, we show that, in fact, a wide variety of extreme-value
scalings can be obtained. This is achieved by modifying the left tail of the weight distribution.
As specific examples, we consider the case where the left tail is of power-law or of Fréchet type.

(2) Our results go beyond the scale-free RCM and consider the weighted RCM (WRCM) introduced
in [4, 13,16, 10]. WRCMs specify a kernel function and therefore allow to consider models of
spatial preferential attachment.

(3) In contrast to [8,12], we not only look at the number of degree-k nodes, but also on their spatial
distribution. In other words, we prove convergence of the degree-k nodes to a Poisson point
process. This is accomplished through the application of a recently developed functional Poisson-
approximation result from [[1]].

The rest of the manuscript is organized as follows. In Section 2] we recall the definition of the WRCM and
state Theorem [2.2]as our main result on the Poisson approximation of the degree-k nodes. Loosely speak-
ing, the precise rare-event behavior is encoded in a characterizing equation that prominently involves the
weight distribution. Next, in Section [3] we illustrate that the conditions on the weight distribution are
meaningful as they cover a wide range of natural models. Finally, in Sectiond] we present the proofs of
the above results.

2. THE INHOMOGENEOUS RANDOM CONNECTION MODEL AND MAIN RESULTS

We now recall from [4, 6] the precise definition of the kernel-based spatial random networks that are the
object of our study. We denote by S = [0, 1]¢ the d-dimensional unit cube with d > 1. We consider
henceforth a random graph with vertex set given by a homogeneous Poisson point process P, on R¢
with intensity s > 0. Independently to each x € P, we associate a random weight I, drawn from
a distribution with cumulative distribution function F(w) := Fy(w) = P(W < w) on (0,00). The
probability that there is an edge between any two vertices =,y € P; is a function of their distance and
their weights W, and W, i.e.,

(1) ps(l', We; Y, Wy) = ¢(|B\x—y\(0)|/(vs/€(va Wy)))>

where v, is the scaling factor depending on the intensity, |B|,_,(0)| is the volume of the centered Eu-
clidean ball with radius |z — y|, and k and ¢ are the kernel and the profile function of the model that are
specified as follows. As kernel, we consider the preferential-attachment kernel from [4, 6], i.e.,

K(wy,wy) = (wy A ws)(wy V wg)®

for some a > 0. The profile function is a non-negative function ¢: [0,00) — [0, 1] satisfying the
normalization condition fooo o(r)dr = 1, and regularly varying at infinity with tail index o > 1. We
assume that 1 — F' is also regularly varying at infinity with tail index 8 > ac, in particular, i, < 0o
with p,. := E[W7]. The resulting random graph is denoted by G(Ps, vs). We highlight that the parameter
sv, has a natural interpretation in terms of the network model. Indeed, as we will see in Application 4.4]
in Section[] sv, is the order of the expected number of neighbors of a typical network node.

We are interested in the spatial distribution of nodes with a given degree, i.e.,
) &o=&ri= Y L{deg(x) = kin G(Ps,v.)} 0,
z€PsN[0,1]¢

Note that deg(x) is the number of all points connected to x, including those that lie outside of the unit

cube [0, 1]%. In order to specify the scaling v, we first consider D, := D, := & ([0, 1]%), the number
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of degree-k vertices in G(P;, v,) that are contained in [0, 1]%. We identify the correct scaling for v, ; such
that E[D; ;] is constant. For this, let us introduce the decomposition

3) h(w) == wpy(w) + wp_(w) == wE[L{W > w}W*] + w'E[1{W < w}W],
of h(w) = E[x(w, -)] and consider the scaling v, defined as the largest solution of the equation
(SCG) k! = sE[(sv, th(W))F exp(—sv, 1, h(W))],

for £ > 0. We note that such a solution must exist at least for all sufficiently large s. Indeed, take for
example v, j, = ¢/s, then Equation (SCGJ) can be rewritten as s = k!/E[(ch(W))¥ exp(—ch(W))], where
the right-hand side tends to infinity for ¢ — oo. The following result establishes the correct scaling, with
its proof presented in Section

Lemma 2.1 (Expected typical degree). Let us fix k > 0 and consider the random graph G(Ps, v 1) with
the connection function p; of the form (1)) and scaling parameter v . as defined by (SCG)). Then,

4) E[D; ] = 1.

While the definition of v, is indirect, in Section [3] we illustrate that the order of v, j can be computed
for given natural choices of the weight distribution as a function of the intensity s. The value of the
parameter v, ;, has important implications for the network topology as it reveals the order of the expected
number of neighbors of a typical node, sv; ;. More precisely, we will see that, for polynomial tails, sv, j
is of polynomial order, while for stretched exponential tails, it is of polylogarithmic order. This reflects
the intuition that for polynomial tails, it is more likely that low-weight nodes appear, which means that
even for relatively large values of sv,y, it is reasonably likely that a low-weight node is isolated. For
stretched exponential tails, it is less likely to create low-weight nodes, which means that even for smaller
values of sv, j, it is unlikely that a low-weight node is isolated. These observations are to be contrasted
with the finding from [&] that for a lower-bounded weight distribution, sv, j is of a much smaller, namely,
logarithmic order.

Having established the convergence of the expected degree counts in Lemmal[2.1l in Theorem [2.2] below,
we prove the convergence of the degree distribution itself in the sense of a Poisson point process approx-
imation result. Note that this result is only valid under certain assumptions on the distributions of the
weights I/, which we now collect. These assumptions are rather technical but are a key component of
the approximation arguments in our proof. In Section [3] we illustrate how to verify these assumptions
and present examples for weight distributions exhibiting a variety of left tails.

A central role in our proof is played by the 1/(2s)-quantile of the weight distribution, which we denote
by wg. That is, F'(w,) = 1/(2s). The importance of this quantity stems from the intuition that it is a first
indication for the typical weight of an isolated node in [0, 1]¢. Indeed, nodes of weights much smaller
than w, are unlikely to appear in [0, 1]¢, whereas nodes of weights much larger than w, are unlikely to be
isolated. We stress that the precise interpretation of much smaller and much larger may depend on the
tail distribution. This is one of the main reasons why the following assumptions are rather technical. Let
0 := (a — 1)/2. Our assumptions require that, for some K > 0 and n € (0, 1),

A1 liminf g sv, pw?/ log(s) = oo,

A2 lim sup,, log(s)ws D F(wn) = 0 and

A.3 limsup, ., log(s)wgm_l)(l_") =0.
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In order to present our main result, let { denote a Poisson point process with intensity Leb(dzx) := 1{z €
0, 1]?}dx and let

dkn(€, &) = sup{[E[R()] — E[R()]|: h € LIP}

denote the Kantorovich—-Rubinstein distance between the distributions of the two processes & and &’. Here
LIP is the class of measurable 1-Lipschitz functions with respect to the total variation distance on the
space of finite point configurations on [0, 1]%.

Theorem 2.2 (Poisson approximation). Let us fix k > 0 and consider the random graph G(Ps, v i) with
the connection function p; of the form (1)) and the scaling parameter vy, as defined by (SCG)). Then,

©) lng dxr (&5, ¢) = 0.

We note that Theorem [2.2] is the analog of [8, Theorem 3.2] for the case where the weight distribution
has positive mass arbitrarily close to 0. More precisely, we note that in [8], the connection probability is
given by

1 —exp (= nreW, W, /|z —yl|*)

for some parameters 7, r,, .. Hence, this can be written as ¢(|Bja—y(0)|/(vsxr(W], W}))), where

Vs i= rg, W/ .= Wg / “, the parameter @ = 1 in the kernel x and

p(r) :=1—exp (—n|Bi(o)|*/r=/).

We also note that in [12], a straightforward extension of the arguments for the degree-k vertices also
yields the Poisson approximation for size-k components. However, in our setting, the introduction of the
weights makes the analysis of the size-k components substantially more involved. Indeed, such an anal-
ysis would rely on a highly delicate configurational analysis of the weights in such components. These
weights need to be small enough to ensure that there are no connection to outside nodes, while simul-
taneously they need to be large enough to ensure the connectivity between the nodes in the component.
While such an analysis is not entirely out of range, it would require additional constraints on the weight
distribution as well as a substantially more refined analysis. Hence, to give a focused presentation of the
main ideas, we refrain from carrying out such an analysis here.

Moreover, as mentioned in the introduction, the main tool of the proof is a recently developed functional
Poisson-approximation result from [1, Theorem 4.1]. Here, we note that [1] also gives a functional
Poisson-approximation result for the nearest-neighbor radii. However, this result heavily relies on the
specific form of the isolation probability for the standard random geometric graph on a Poisson point
process. In particular, such a result does not extend easily to the present setting, where the isolation
probability depends in a complicated way both on the weights and on the profile function.

Finally, we note that, while [1, Theorem 4.1] provides a rate of convergence, we refrain from stating
such rates here. This is because the complexity of our model forces us to make approximations at several
instances that are presumably suboptimal. Hence, while it would be possible to extract specific conver-
gence rates from our proof, they would be far from optimal as well. Since a streamlined proof without

tracking the rates is substantially more accessible, we decided to present the proof in this form.
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3. EXAMPLES

The goal of this section is to provide examples for the weight distributions and show that they fulfill the
Assumptions[A. 1l [A.2] [A 3 listed in Section[2l In Sections [3.1]and 3.2] we discuss examples for weight
distributions with polynomial and stretched exponential left tails, respectively.

Let us start by stating some apriori estimates of our parameters. Let o, := 0, := sv,; and recall the
definitions in (3)).

Lemma 3.1. It holds that

(1) p—(w) < wF(w),

(2) w*(1— F(w)) < py(w) < fla,
(3) lirnw—>0 ,LL+(’(U) = Ha

(4) limy, o0 h(w)/w = p,, and

(5) ospws € O(log s).

Proof. The first three statements are immediate. For the fourth statement, as w | 0, we can bound the
fraction of the two terms of h(w) as

T C) R M A )

=0.
wl0 Wiy (w) w0 Ilg

For the fifth statement, let ¢ > 0 be such that u_(¢’) > 0. Then, introducing indicators for the events
W < w, and wy < W we can bound for some constant ¢ > 0,

| = SB[ 2 (0.h (W) exp(—oh(W)] < 1/2+ SE[

i (W) exp(—o W)LV > w,}]

< 1/2+ esE[exp(—o,h(W)/2)1{w, < W < c}]
<1/2 + cs exp(—oywnpi_ (),

where we also used that sup{z" exp(—z/2): z > 0} < oo. Hence, o,wspu_(c') < 2log(2cs), and thus
the result follows. O

The starting point of the computations in this section is the Equation (SCGJ). We use that lim, 05 = 00.
This is so because the expectation in (SCGJ) must be zero in the limit so that the left-hand side of (SCG))
is constant.

3.1. Polynomial left tails. First, we consider the setting with polynomial left tails, where we assume
that
F(w) =pw” forp,p > 0and for all w < b for some b > 0.

Note that the 1/(2s)-quantile w; of the weight distribution is given by
P(W <w,)=1/(2s) < pu’=1/(2s) < w,=2ps) /".
Let us first establish the scaling of o,.
Lemma 3.2 (0,-scaling for polynomial left tails). Let k > 0 and let v, be as defined in (SCG). Then

N
= =g Tk
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Proof. Let 0 < € < b. Then, using (SCG), we have that

i % = I 5 B0 exp (b))

= lim Z—T(E[(Ush(W))k exp (— oh(W)) 1{W < e}]
+E[(0.h(W))" exp (= o h(W)) T{W > £}]),

where the second term decays exponentially fast in o, since h(1W) > 0 whenever W > ¢. Thus, we keep

only the case when W < ¢, which leads to

£1TI£ %p = lg 1 E[( h(W))k exp (— o, h(W)) L{W < e}].

Note that, for w < b, the weight distribution has the density f(w) = ppw?~!. Since € | 0, we can use
that lim,, o h(w)/w = p,. We use Lemma[3.T]to see that

ol ol ppul
lim 28 = lim lim 25 2PHa ktp—1 — oypigw(l 1)) dw.
i % =gyt S [ o (= 0+ 1) o

Finally, substituting u := o4u,w we have that

OsElla
: P / u P exp (—u(l 4 0.(1)) du = rr L'(k+p),

of
lim £ = lim lim
stoo 8§ el0 sToo k',ua k"
as asserted. ]

After having shown Lemma[3.2] we verify Assumptions[A.T- First, we deal with Assumption[A.1l
As w, = (2ps)~Y/?, we have that

e 0s(2ps) TV (2ps) TP spp e
1 f——— = f Ik
M log(s) e log(s) \ kb (k+7)
= liminf PpL (ki + p) 1 st =00
sto0o 20K\l log(s) ’

where in the second step we used Lemma[3.2l

Now, we choose K := 2/0 and subsequently 7 sufficiently close to 1 such that (K + 1)(1 —n)/p < n,

or, equivalently,
(1+K)/p

1+(1+K)/p
We now turn our attention to Assumption[A.2] Note that F'(w?) = pw?? = p/(2ps)". Therefore,

lim sup log(s) w; EFVA=" f(3p7) = lim sup log(s) (2ps)EFDE=m/r _P_

<n<l

stoo stoo (2]98)77
= p limsup log(s) (2ps)EFVA=/e=n —
sToo

where we used that the exponent is negative for the chosen 7. Thus, Assumption[A.2lis satisfied.

Finally, for Assumption[A.3] we have that
lim sup log(s) ng‘;_l)(l_”) = lim sup log(s)(2sp)_(K5_1)(1_’7)/p =0,

sToo sToo

as the exponent is negative by the choice of K.



3.2. Stretched exponential left tails. Now, we consider stretched-exponential left tails. That is,
F(w) :=pexp(—w™") forp,p > 0 and for all w < b for some b > 0.
Note that the 1/(2s)-quantile w; of the weight distribution is given by
P(W <w,) =1/(25) <= pexp (—w;?) =1/(25) <= w,=log(2ps) /",
The main work of this subsection is to identify the o,-scaling.

Lemma 3.3 (0,-scaling for stretched exponential left tails). Let v, be as defined in (SCG). Then for
k>0,

(6) 0 < lim inf I < lim sup s

— — Y < 00.
stoo 1Og(8)1+1/p sToo 1Og(8)1+1/p OO

Since the proof of Lemma 3.3 is rather technical, we first explain how to verify Assumptions[A.T-
For this, let n = 1/2 and fix K > (2p +1)/9.

First, we examine Assumption[A.Il As w, = log(2ps)~"/*, using Lemma[3.3] for some M > 0,
o log(2ps) P 1

0 ety ~ M = o) 2 i gy logle) T logls) T = o0

svsw?!

where we applied that lim . log(s)/ log(2ps) = 1.
Let us consider Assumption[A.2l As

F(w)) = pexp (—w;?") = pexp ( — log (2ps)?),
we have that

)(K+1)/(2P)

lim sup log(s)w; E+HDEA=m p(y7) = 1iTm log(s) log (2ps P exp ( — log (2ps)1/2)

sToo

= pliTm log(s)1+(K+1)/(2p) exp (— log(s)l/z) ,

Noting that log(log(s)'*+1/2¢) ¢ o(log(s)/?), independently of the value of K, we conclude that

lim sup log(s)w; K=" F (1) = plimsup exp ( — log (5)1/2) = 0.
sToo

sToo

Thus, the Assumption[A.2]holds.
Similarly, we can see that Assumption[A.3lis satisfied since for our choice of K,

lim sup log(s)aw{Ko=D1=1) — hTm log(s) log (2ps)~ o=/ — ¢,

sToo

Now, we prove Lemma[3.3] In the proof, we use the Landau notation f =< g for f € O(g) and g € O(f).

Proof of Lemma[3.3l To prove (@) for general k£ > 0, we show a lower and upper bound of the value of
o, from (SCG). Let us introduce the following notations,
o7 = M log(s)T/? and ot == Mlog(s)/,

for a suitable M > 0 chosen below.



Our goal is to show that for some M > 0 and all sufficiently large s, the largest solution o, of (SCG)) lies
ino; <o, < ot. For a fixed intensity s, Figure 2] shows the right-hand side

L(s,0) := sE[(c h(W))* exp(—a h(W))]
of (SCG) as a function of o compared to its left hand side &!.

L(s,0)

A e O--------
I
I
I
I
I

Os

FIGURE 2. The right-hand side L(s, o) of (SCG) as a function of ¢ in three intervals. In
the first step of the proof, we show that L(s, o, ) > k! for large s. The second step proves
that if s is large and o0 > o, then L(s,0) < k!. Finally, we use the intermediate-value
theorem to show that the largest solution of (SCGJ)) must lie in the third interval.

To prove the lemma, we use two steps.

(1) First, we show that limgo, L(s, 0, ) = 00.
(2) Next, we will see that lim o, SUp,,» .+ L(s,0) = 0.

These two steps conclude the proof. Indeed, we note that limg ., L(s,0,) > k! (Step 1), while also
lim o0 SUP,~ o+ L(s, 0) < k! (Step 2). As L(s, o) is a continuous function of o, the intermediate-value
theorem leads to the conclusion that for large s, there is at least one solution of Equation (SCG) if
o, < o < o/. Italso follows from Step 2 that we cannot have a solution if o > o. Thus, the largest
solution o, must exist and lie in o, < 0, < o, thus proving the lemma.

Step 1. Let us first assume that 0 = o . Then, for every K > 0,
L(s,0;) =sE[(o, h(W))ke_”; h(W)] > sE[1{o; (W) =21, W< Kuws}e ™ h(W)]

We choose K and M large enough such that K= + 2M 'K, < 1. Since w, | 0 as s 1 oo, indepen-
dently of the chosen K in the indicator function, we use again that lim,, o h(w)/w = p, from part 3 of
Lemma[3.1]to see that

lim L(s,0,) > liTmsE[exp (=20, W o) 1{2/(0; pta) <

sToo

W < Kws}}
> liTms exp (= 20, Kw, 1) P(2/ (0, o) < W < K wy).

We can simplify the above exponential by using the specific form of o and w,, which leads to

exp (=207 K wypta) = exp (= 2K piq log(s)' ™7 log(2ps) ™1/ /M) = 572 ke,
9



where we also used that limg log(s)/log(2ps) = 1. We can determine the probability for large s as

P((Ugua)_l <W K Kws) > (P(W < Kws) — IP’(W < Kws/2))

_K—P —(K/2)~"° e
—p(2ps) )XSKP.
Thus, using these results, we deduce that

lim L(s,07) > lim s' 5 "—2M " "Kua

= 00,
sToo sToo

since our choice of K ensures K ° + 2M 'Ky, < 1.

Step 2. Here, we have that
limsup sup L(s,o) = limsup sup sE[(c h(W))k exp (— oh(W))]
sfoo o>0f st o>0f
< limsup sup sE[C exp ( — oh(W)/2)]
sToo cr}cr;L
< C limsup sE[exp (— ot h(W))],

sToo

where C' := (2k)* exp(—k) and where o1+ := o /2. Now, fixing K > 0 with K" > 2 we calculate
the upper bound

lim sE [e—%**h(W)} < lim inf (SE lexp (—o7 T h(W)) 1{K w, < W < b}] + sP (W & [K w,, b])),
where the choice of K implies that the second term is negligible. Moreover, for w € [K wg, b], we have
h(w) > wpy (b) and therefore, since w, = log(2ps)~/*, choosing M > 4/(K i, (b)) gives that

E [exp (=07 Th(W)) L{K w, < W < b}] < exp (=0 TK wy p4 (b)) € o(s72).

We obtain that lim,e, sE[e™* " #W)] = 0, as asserted. O

4. PROOFS

In order to apply the result [1, Theorem 4.1], it is convenient to express the examined scale-free network
via iid marked Poisson point processes. More precisely, we define

(7 wiv] = gu(@,w;v)d,
TEW

for locally finite w in the suitable space 2 = R¢x [0, o0) x [0, 1]7>°. Here g;.(x, w; v) denotes the indicator
that the node x is in [0, 1]¢ and has degree k in the graph G(w;v). We consider &, = & [ﬁs; vs] where 758
is a Poisson point process on {2 with intensity measure K,(dz) = sdz @ PV ® Leb%%o. Based on the
marks, we draw an edge between any two points = (z, W,,T,) and y = (y, W,,T;)) with W, < W,
if Ty(i) < ps(z, Wy, y, W,), where ¢ > 0 is chosen such that z is the i-th closest point to y within P,. In
words, similarly as in [[12], we encode the randomness associated to the existence of an edge (conditioned
on the positions z, y and weights W, W, of the endpoints) into an additional iid marking of the points,
where the decision is made by the vertex with larger mark. The measure Leb%zﬁo then guarantees that

any edge in the complete graph has an independent choice, using the fact that with probability one no

two points have the same distance.
10



Now, we can start to break down the proof of our main theorem into two key steps, namely, an approxi-
mation step and then the Poisson-convergence proof for the approximating process. As mentioned above,
to employ [, Theorem 4.1], we need to control certain bounding terms. However, due to the long-range
correlations in the spatial random network, it is difficult to directly apply this result. Moreover, they are
also not easily expressible in the usual framework of stopping sets from [1]. Therefore, we work with
suitable truncations in the weight space and the spatial domain. Note that the degree of x is determined
only by edges between x and points with larger marks, and the mark of x is smaller than c. Thus, we
consider the truncated point count
gg(wv W U) = gk<w7 w Q}WM U)II'{WQU < C}7

where Q. = R? x [W,, 00) x [0, 1]220. To spatially localize the edge count, let us introduce

9y (e, w;v) = gi(w,w N QY (z);v),
where Q' (z) = By, y/a(x) x [0,00) x [0,1]%. Here vy = |Bi(0)| and hence, the ball By, y/a(x)
with radius V/v, centered at z has volume V. We write QY () = Q" (x) N, and consider the random
variable B B

= G [P == Y g (@, P v) 6
weﬁs

where, we fix the cut-off V,(s) = wl =V forn € (0,1) and K > 0 satisfying the Assumptions
The proof of Theorem [2.2]is a direct consequence of the following two statements.

Proposition 4.1 (Truncations are negligible). We have that lim sup ., dxg (&s, Es"(s)’“’g) =0.

Proposition 4.2 (Poisson approximation). We have that lim sup ., dKR(g’X"(S)’wQ, () =0.

Before presenting the proofs of Propositions 4.1] and 4.2] in Sections [4.2] and respectively, let us
collect some supporting results that will be used multiple times later.

4.1. Supporting results. A key property of the considered model is that the expected typical degree
conditioned on the typical weight IV, can be expressed in closed form. This is the content of the following
auxiliary result from [3, Lemma 4.1]. To make our presentation self-contained, we reproduce here the
short proof. We define an f-weighted degree of a marked vertex x as

degs(z):= > f(|Biu-y (o)l We, W,).
yE?SS:yH:c

In particular, by choosing f as a suitable indicator, we can filter only those neighbors of x satisfying a
desired property. To ease notation, we set

[ (we, w) ::/ fuvsk(we, w), we, w)p(u)du, wy, w > 0.
0
Lemma 4.3 (Expected typical degree). It holds that

Eldeg;(0)|W,] = su,W,E[L{W > W} W*f*(W,, W) | W,
+ so,WEE[L{W < W W f*(W,, W) | W,].

Before proving Lemmal.3] we discuss how to simplify it for specific choices of f. Recall that

h(Wo) = Wo,u-i-(Wo) + Woalu—(Wo) = WOE [:ﬂ-{W = Wo}Wa | WO} + W:E []]'{W < WO}W | Wo} .
11



Application 4.4 (Degree of a typical vertex). For f = 1, we have that f*(w,,w) = 1 and hence,
Eldeg;(0) | W] = su,W,E[L{W = W IW* | W,] + su,WSE[L{W < W, }W | W,]
= s E[k(W,, W) | W,] = susWouy (W,) 4+ svsWen_(W,)

Application 4.5 (Out-degree of a typical vertex). For f(u, w,, w) = 1{w > w,}, we have that f*(w,, w) =
1{w > w,} and hence,

E[deg (o) | W,] = sv,h(W,) = sv,Wopy (W,).

Application 4.6 (Finite-range truncation). For f(u,w,,w) = 1{u > V,usw,, w > w,}, we have that
(o, w) = L{w > w,} fVO/Wa o(u)du and hence,

Eldeg, (o) | W,] = sv,V,E[1{W > W,}Ww* / <p(u)du‘wo]

Vo/Wa
We further bound the expression in Application using that ¢ and fy, are assumed to be regularly
varying with suitable indices.

Lemma 4.7.

E|1{W > WO}W“/

go(u)du‘wo} e O(V -2y,
Vo/Wa

Proof. We first consider the simple case where a = 0. Then, Karamata’s theorem [13, Theorem 0.6]
implies that for large V,, we have that E[deg (o) | W,] < c1v,W,V,0(V,), for some constant ¢; > 0.

Again, by the regular variation of ¢, for all sufficiently large V,,, we have that (V) < ¢,V @@ 1/2,

For a > 0, we distinguish between the cases, where V, < MW* and where V, > MW?, for some large
M > 0. This allows us to bound the integral with respect to the function ¢, and we obtain that

B[ [ pudu] < (VM) + e VL B[L{(VoAD) > W) (V179
V,/We
for some constant c3 > (. Now, the regular variation of ¢ implies that for a suitable ¢, > 0 we have

(VO/M)l/a (VO/M)l/(L
/ (Vo /w*) P(dw) < ¢4 Vo_aﬁ/ w* P(dw) < ¢4 ,uaav—oz-i-(a—l)h’
0 0

o

where we also used that regularly varying functions can be bounded by polynomials with a slightly
weaker exponent, see [[13, Proposition 0.8]. On the other hand, since 1 — [ is also regularly varying, for
all sufficiently large V, and for some suitable constants c5, cg > 0,

(Vo M)V) = /( T W B(dw)

VO/M)l/a
= E(1—1”’((1/0/]\4)1/‘1) —l—a/ r“_l(l—F(r))dr
M (VO/M)l/(L

Y

< o5 VI-Bala=1)/2)/a

where again used [[13, Theorem 0.6 and Proposition 0.8]. Now, since 5 > aa we see that 1 — (5 — a(a —
1)/2)/a < (1 — «)/2, which finishes the proof. O

After having discussed these specific applications, we now turn to the proof of Lemma 4.3l
12



Proof of Lemma First, by the Mecke formula [11, Theorem 4.1],
Eldeg;(0) | W] = s / ELFB(0)], War Wolps(o, Wi, W) | W] do
R

Now, switching to spherical coordinates, substituting u := v/(vs K(W,, W)), and applying Fubini’s the-
orem yield

Eldegy (0) | W] = | EL7(0, W W)olowun1 W) | Wo] o
zmAmMMWMmﬂme@W%WﬁmwwH%Mu
— o, W, E[ﬂ{w W, }W“/ Fluvs W, W, Wy, W du‘W }
+ 0, WOE [n{w W, }W/ FluvsWEW, W, W du‘Wo] ,
as asserted. UJ
As an immediate application of the above discussion, we can prove Lemma 2.1l

Proof of Lemma[2.1l By the Mecke formula and reparametrization, we have

E[D,] = E[ > 1{deg(a) = kin G(P., vs)}}

xEPs

— sP(deg(0) = k in G(P, vs))
1 k
_ SE[kl (svsh(Wo)) o~ 5vsh(Wo)

W] =1,
where we also used that deg(o) is a Poisson random variable with parameter

Eldeg(o) | V] — s / E [pa(0, Wi 2, W) | Wa]de = su,h(WV,).

R4
This finishes the proof. 0

4.2. Proof of Proposition

Proof of Propositiond. 1| Part 1: Mark approximation. We perform the proof in three steps.
Step 1. Before performing the main mark approximation, we neglect the largest marks. For this, let
&= gil@, Piv)d.,
méi):

where g (x, P vs) = gi(x, P vs)L{W, < ¢} and c is such that pi_(c) > 0. Then, using that £, and £¢
are defined on the same probability space, Markov’s inequality and the Mecke theorem,

dyr (&, €5) < Eldrv (&, £)] = E[(& — €)([0,1])] < sE[°(s) | W],

13



where ¢°(s) := L{W, > ¢, deg(o) = k in G(ﬁ,vs)}. Then, sE[¢¢(s) | W,] = E[fS(W,)I{W, > c} |
W], with,

fe(W,) = %(svsh(Wo))kexp(—svsh(Wo)) < Cgsexp(—svsh(W,)/2),

where we used that sup{2* exp(—x/2): > 0} < co. Now we can further bound,
sexp(—svsh(W,)/2)1{W, = ¢} < sexp(—svsc”u_(c)/2) = sexp ( — svwlc,/2),

with ¢; = ¢*u_(c)/w?. Note that limg., ¢s > 2 since wy | 0 and, invoking Assumption Al svsw? >
2 log s for all sufficiently large s. Hence, for s sufficiently large,

sexp(—svsc®u—_(c)/2) < sexp(—2logs) — 0.

Step 2. Following the same initial arguments as in Step 1, we now remove marks W, > w?. More
precisely, we then have that dgg (£¢, £%7) < E[fs(W,)L{w? < W, < ¢} | W,], where

fs(W,) == o (svsh(Wo))kexp(—svsh(Wo)) < Crsexp(—svgh(W,)/2).
Now, we bound slightly differently. For large values of s,
s exp(—svsh(W,)/2)1{w! < W, < ¢} < s exp(—svswlui(c)).

Again, using Assumption[A.]l the right-hand side tends to zero as s T oo.

Step 3: We now come to the main mark-approximation step. We may bound, as above,
dir (€27, €27) < sE[w(s) | W],
where é;ug = erﬁs g]l:g (xa ﬁ; Us)ém and ¢(3) = (S)I{Wo < w?} + 7vb2(5>1|'{VVo < wg} with

Y1 (s) == 1{deg(0) = k in G(P>"°, v,)}1{deg(0) > 0in G(P="°, v,)}
Wy(s) := 1{deg(0) = k in G(P,, vs)}1{deg(0) > 0in G(P="> v,)}.

Here, 73>W0 denotes the Poisson point process P, restricted to points with marks > W,. In words, v(s)
bounds the indicators of the two events that 5;”6 contains a point not contained in 5;”6 and vice versa.

Using the fact that ﬁs is an independent superposition of ﬁf Wo and ﬁjw", we can use the Mecke formula
to write sE ¢ (s)1{W, < wl} | W,] = E[fL(W,)L{W, < w?} | W,], with

fsl(Wo) = i'(SUSVVO,U—F(VVO))IC eXp(_s'UsWo,u-i-(Wo)) (1 - eXP(—SUstM—(Wo)))-

k!
Now, under the event {WW, < w"}, we have that sv,Wapu_(W,) < svawl™ V" F(w?) € o(1), by Assump-
tion[A.2l Indeed, invoking Lemma[3.1] it suffices to argue that log(s)wéaﬂ)n_lF (w?) € o(1). But this is

(a+1)n—1 < ws—(l—n)

the case since w;g . Hence,

E[f1(W,)|W,] < exp(sv,w (“H)"F(w"&) (1- exp(—sv watHn F(w?))) — 0.



For the second term 5, we write sE [t (s)1{W, < w1} | W,| = E[f2(W,)L{W, < w} | W,], with

—_

=5 Z l_ (s0Wep_ 0))1 exp(—svsWonu_(W,))
I=1

1
(k=)

o 5(0) (S ()

=1

(s Wopy (Wo))k_l exp(—svsWo 4 (W)

Again, invoking (SCG)), it suffices to show that

3 (1) (Ml (M) (W

=1

tends to zero by Part 4 of Lemma 3.1l O

Proof of Propositiond_ 1| Part 2: Reach approximation. We again invoke the Markov inequality and the
Slivnyak—Mecke formula to estimate,

dKR( wi gvo(s ws)<5E[ (s )|W}
where ¢ = 1 I{W, < wl} + Yo I{W, < wl} with B, := B, w,v,(s)/w,)4(0) and
W (s) == 1{deg(0) = k in G(P>W> N E,,v,)}1{deg(0) > 0in G(P>"° N E<, v,)}
W (s) := 1{deg(0) = k in G(PZ"*, v,)}1{deg(0) > 0in G(PZ"° N E¢,v,)}

Recall that we set V,(s) = ws Ko=) for n € (0,1) and K > 0 and hence lim, V,(s) = oco. Note that,

conditioned on W, the Poisson point processes 75/W° N s and ﬁf Wo N E¢ are independent and thus,
sE[v1(s) | W,] = E[fH(W,)L{W, < w?} | W,] with

fsll(WO) = ja) (SUSWO[L-F(WOa VO(S))) exp(—svsWo i (Wo, Vo(s))) %
(1 — exp(—svsWoi— (W,, V(s)))

where we used the notation

fis (Wo, Vo) = E[R{W > WO}W“/I{U < Vo/We(u)du | WO] and

i (W,,V,) = E[n{w > W, 3We / L{u > V,/ W o(u)du | WO].

As before, we use the first part of f/! to compensate for the coefficient s and the second part to achieve
the convergence to zero. With § = (a — 1)/2 and noting that W,z (W,, V,(s)) < h(W,) we have

f(Wo) <

s

%(svsh(Wo))k exp(—svsh(W,)) exp (svsw” (ch(l me 4 w;mF(wg)))
X (1 — exp ( — csvszK(l_mé))a

where we used that, employing Lemmas 3.1 and

h(Wo) = Wofite (Wo, Vo) = Wopt— (W, Vo) + Wi (Wo) < eW V0 + Wit E(W,).
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Arguing as in the third step of the mark-approximation proof above, by Assumptions we have that
exp(svw!™"F(w1))) — 1, and hence, using (SCG),

E[fH(W,) | W,] < Cexp ( — esvawTtK1=m9) (1 —exp ( — csvsw2+K(1_")6)).

In order to see that sy w170

see that for some ¢’ > 0,

€ o(1), we invoke again Part 3 of Lemma[3.1land Assumption[A.3lto
sl M og (s)w M=M= 5,

For v}, we can argue similarly to the second error term in Step 3 of the proof of the mark approximation.
More precisely, we have sE [} (s)1{W, < w?} | W,| = E[f2(W,)1{W, < w7} | W,] with f2(W,)
defined as

=

1

s ﬂ svsWoli— (W, V(s ))) exp(—svsW,in_(W,, V,(s)))x

= (svsWo[L+(Wo, Vo(s)))k_l(l — exp(—svsWo iy (W, VO(S)))

= (W (W) e sz()( AC >>)(MLW(Mx/f)<>>)

=1

Cs kE _suh a+1)n fir (Wo, Vo(s)) *
h svsh(Wo) _svsws™™ FP(w?) 1 (B Toln)) .
kl (SUS (WO)) € € [ g (W5) }

Again, using (SCG) and Assumption[A.2] it suffices to show that, under the event W, < w?,

i (Wo, Vi(s)) o L [Wa Joutsyywe @(U)du]

< o(1).
fir (Wo, Vo(s)) E{W“H{W > wi} f\zo(s)/WaSO(u)du} =t

This is true since, first for the numerator, for all u, we have E[W*L{IWV* > V,(s)/u}] < p, and
limgoo E[W*L{W* > V,(s)/u}] = 0 and thus, using dominated convergence,

limE[W“ /OO go(u)du} - /OOO o(u)E [W“ﬂ{wa > vo(s)/u}} du = 0.

stoo Vo(s)/Wea
On the other hand, for the denominator, for all u, we have E [W“]l{W > wlI{We < V,(s)/ u}] <p
and limo, E [W“]l{W > wH{W* < V,y(s)/ u}} = p, and thus, again by dominated convergence,

limE[Wa /OO <p(u)du] - /OOO o(u)E [W@ﬂ{wa >V, (s)/ul|du = .

stoo Vo(s)/We
This finishes the proof. 0

4.3. Proof of Proposition To prove Proposition 4.2l we employ [, Theorem 4.1]. To express the
considered functional in the framework of [1l, Theorem 4.1], we first introduce additional notation. To
each point  we associate a deterministic compact set SV () from which the score function of interest
can be computed with high probability. In addition to SV (x), [1, Theorem 4.1] also allows for the use

of a more refined localization set S(x,w), which may be random in general. In the present setting, we
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do not need this additional flexibility since, at the beginning of Section 4} we have already implemented
a truncation step. Therefore, we set S(x, w) := SV (x) := B, w,v/u,)/4(2), to be the ball of volume
v, W,V around zx.

Then, [1, Theorem 4.1] bounds the KR-distance between the process of interest and a Poisson point
process by a sum of four quantities. The first of them is the total variation between the corresponding
intensity measures. The remaining three quantities, denoted by £, Fs, F3 concern higher-order devia-
tions. Note that, since we choose S(x,w) = SV (x), the £ term is identically 0. Hence, we formally
state three remaining separate auxiliary results, Lemmas .84, 11| below. The proofs follow afterwards.

We begin with the intensity measures. By the homogeneity of the approximations, the intensity measure

Ly(dz) of £ has the constant Lebesgue density Ja E[g,‘f(s)’wg(w, P,) K, (dz), where g:"(s)’wg =

n
gZS Wi Vo (s),wyd for breVity.

Lemma 4.8 (Convergence of intensity measures). We have that

(8) ETE% dTV(Ls, Leb) = 0.

As described above, the following statement is immediate.

Lemma 4.9 (Convergence of E;). We have that

9) lim [ E [11{5(.7:, P) £ 5% ()} gpr )t (m,ﬁs)] K,(dz) = 0.

stoo Jq

Here are the remaining requirements.

Lemma 4.10 (Convergence of E5). We have that

(10) lim [ 1{S"®) (@) S (2) # @}E[g," " (@, P,)|E[g,° " (2, Py)K,(dz) K, (dz) = 0.
Q2

sToo

Lemma 4.11 (Convergence of E3). We have that

lim [ 1{S""®)(z)N S (2) # @} x
(11) stoo Joz

Elgy "™ (@, Py U {2})g1" " (2, Py U {2 })]K,(d2)K,(dz) = 0.
Proof of Lemma First note that

drv(LoLeb) < | [ Bl @, PR, (de) - 1
Q

< / E[JgO" (2, B,) — gi(e, Py)[K, (dz)
Q

< sE[g,°" (0,Py) — gi(0, Py)| | W),

where we used Lemma [2.1] and the Mecke formula. Step-by-step reintroducing the mark- and reach
approximations, we see that

SE[5 " (0, Py) — gi(0, P,)[] < sE°[°(s) + v(s) + ¢/'(s)],

where the right-hand-side tends to zero as s tends to infinity using the exact same arguments as in the

proof of Proposition 4.1l O
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Proof of Lemma By symmetry, we can insert 21{1/, > W, }. Then, under this event, 1{5"*(*)(x)N
SVel)(2) # @} < 1{x € Bayy,v, (s ). jvg)i/4(2) } and hence, also using that W, < w{ and translation
invariance, the integral on the left-hand side of (10) is bounded from above by

2h0,w"V, (5)E[sg,” " (0, P)]?,

where lim o E[sg, " (0, P, )] = 1 by Lemma Hence, using 1 < 2sF(w") and Part 3 of
Lemma 3.1l we have for some ¢ > 0,

vl elog(s)w; DU R(w]),

which by Assumption[A.2]tends to zero as s T co. O

Proof of Lemmald. 11l Again, by symmetry, we may insert the indicator of the event 1{WV, < W}, to
obtain 1{S"*)(x) N §Y°()(z) # @} < 1{x € By, v, (s)w. juy/4(2)}- The important observation is that

g;fa(s)’wg (x, P, U {z}) only takes into account nodes with weight exceeding W, and therefore the point
z can be neglected. As W, < w?, the integral in the left-hand side of (L)) is bounded above by

2P () [ HS¥(@) N $0(2) £ @}l (o, BL)IK. (42K, (d)

< 2F(wy) /Q2 1{z € Byu,v, oy ()YEG " (2, P)K,(d2)K, (de)

< 4sv,wlV,(s)F(w )E[SQXO(S w (0, P)],

where limgtoo E[sg,‘;"(s a (0,P,)] = 1 by Lemma&8] For this, invoking again Part 3 of Lemma[3.1] we
have for some ¢ > 0

svgw! K= F (") < clog(s)w; EFVA=M F (1)

which by Assumption[A.2]tends to 0 as s 1 oo. O
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