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QUANTITATIVE RELAXATION TOWARDS EQUILIBRIUM FOR SOLUTIONS TO
THE BOLTZMANN-FERMI-DIRAC EQUATION WITH CUTOFF HARD POTENTIALS

T. BORSONI AND B. LODS

ABSTRACT. We provide the first quantitative result of convergence to equilibrium in the context of
the spatially homogeneous Boltzmann-Fermi-Dirac equation associated to hard potentials interac-
tions under angular cut-off assumption, providing an explicit — algebraic — rate of convergence to
Fermi-Dirac steady solutions. This result complements the quantitative convergence result of [15]
and is based upon new uniform-in-time-and-¢ L> bound on the solutions.
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1. INTRODUCTION

1.1. The Boltzmann-Fermi-Dirac equation. The scope of the present paper is to derive
the first explicit rate of convergence to equilibrium for solutions to the spatially homogeneous
Boltzmann-Fermi-Dirac equation (1.1) for hard potentials under the Grad cutoff assumption. The
Boltzmann-Fermi-Dirac equation ((BFD Eq.) in the rest of the paper) is a modification of the
classical Boltzmann equation and describes the interactions between quantum particles satisfying
Pauli’s exclusion principle (fermions). In the spatially homogeneous setting we are considering
here, it takes the form

Of=Qp(f. 1), f(O,)=f", (1.1)
where f = f(t,v) > 0 represents a density of fermions (quantum particles of half-integer spin,
e.g. electrons), depending on time ¢ > 0 and velocity v € R3 while the initial datum i is a given
nonnegative distribution density. The Boltzmann-Fermi-Dirac collision operator Q% is modelling

the interactions between particles and is given, for € > 0 and a suitably integrable f > 0 such
that 1 —ef > 0, by

Qu(rNw = [ [Fra—en=er)=ra-ena-em)x
X B(v,vs,0)dodv, (1.2)
where we used the standard shorthands f = f(v), fi = f(vs), f' = f(V'), fL = f(v)) and

/:v—;v* ’”—21)*\0’ U;:vzv*_‘”;vqg’ oS (13)

The collision kernel B(v, vy, o) is providing the rate at which a given combination of in-going

v

velocities results in a given set of outgoing velocities. In the classical case (for which all quantum
effects are neglected), the exact form of the collision kernel can be derived explicitly in the case
of interaction driven by inverse power laws repulsive forces and hard-spheres particles [10].
For Fermi-Dirac particles, the situation is much more involved and several models co-exist.
In particular, for semi-conductor applications, the velocity range is restricted to subset of R?
(periodically repeated Brillouin zones) whereas, in the so-called “parabolic band” approximation
in semi-conductor, the velocity range is indeed R®. For the sake of simplicity, we choose to present
our results in the present form for collision kernels B which assumes the same form for both
classical and quantum particles. Considering hard-potential interactions, this corresponds to the
choice

B(v,vs,0) = b(cos ) |v — vi|7, for (v,v.) €ER® xR® and o € §%, (1.4a)
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with cos = o - |U — U*| and the mapping b : (—1,1) — R™" is assumed to satisfy the cutoff
v — /U*
assumption
™ 1
[6ll1 == [|b]l 1 (s2) == 277/ b(cosf) sinf df = 27T/ b(s)ds < oo. (1.4b)
0 -1

With a slight abuse of notation, in the above (1.4b), we identify the function b (defined over
(—1,1)) to a function defined over the sphere S? through the identification ¢ — cos # here above.
We consider hard potential interactions for which

v € (0,1]. (1.4¢)
For collision kernel B of the form (1.4a), we will use the shorthand notation

2,b(f7f) = QEB(fa f)

We are aware that restricting ourselves to the case of collision kernel B defined by (1.4a) (valid
for both classical and quantum particles) is an important restriction of our analysis and we are
confident that most of the results of the present paper can be extend to more physically relevant
collision kernels of the form described in [13, 22] . We refer to Appendix A for more details about
this.

As readily seen, the main difference between the classical Boltzmann equation and its quantum
counterpart (BFD Eq.) lies in the presence of the quantum parameter

(27h)3

= >0
€ poEye

which depends on the reduced Planck constant & ~ 1.054 x 10_34m2kg s~! the mass m and
the statistical weight 3 of the particles species, see [10, Chapter 17]. For instance, in the case of
electrons € ~ 1.93 x 107!? < 1. The parameter ¢ quantifies the quantum effects of the model
and more precisely ensures Pauli exclusion principle from which solution f = f(¢,v) to (BFD
Eq.) satisfies the a priori bound

1—¢f(t,v) 2 0.

Formally choosing € = 0 in (1.2) yields the classical Boltzmann operator

Qulf ) = S NW = [[ | [rfi= s8] By drde, a3

with the same shorthands as in (1.2). In particular, for collision kernel of the form (1.4a), we will
use for classical Boltzmann operator the shorthand notation

Q’y,b(f? f) = pr,b(fa f) = Q%(fa f)

We refer the reader to [16] for results about the Cauchy problem associated to (1.1) for hard
potentials with cutoff, as well as [10, 11] for more results the Cauchy problem associated with
(BFD Eq.). We briefly recall in Appendix B the results about the Cauchy problem we use in this

paper.
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1.2. Notations. In the following, we define, for p > 1 and k£ € R, the Lebesgue space P =
LP(R3) through the norm

1fllzr = (/RS ‘f(v)‘l’<q)>kpdv>p7 LP(R®) := {f RP =R flle < oo}, (1.6)

where (v) := /1 + |v]2, v € R3. For k = 0, we simply denote || - ||, the LP-norm. For p = oo,
|| - ||oo Will denote the usual essential supremum of a given measurable function. We also define,
for k € R, the Orlicz space Lj, log L(R?) as

Llog L(RY) = {f :B* -+ R; /R )15 log" ()] do < oo}

as well as the quantity

1|zt 10g 1 i = /RS ()1 f(v)] [og |f (v)]| v,
which we highlight is not a norm on the Orlicz space, but is finite as soon as there is an s > 0 such
that f € L} (R*) N L} log L(R?). As usual, for k = 0, we simply write || - || 2105 = || - L 10g L
and Llog L(R3) = L{ log L(R?).
1.3. Relaxation to equilibrium. In contrast to what occurs for classical gases, quantum gases

of fermions exhibit two distinct families of steady states. First, Q% (M) = 0 when M. is the
following Fermi-Dirac statistics:

Definition 1 (Fermi-Dirac statistics). Given o > 0,u € R3, E > 0 and ¢ > 0 satisfying
2
3 3
5E > <EQ> , (1.7)
47
we denote by M the unique Fermi-Dirac statistics
_ exp(ae + be|v — u|2) _. M (v)
1+ e exp(ac +belv—ul?) ~14+eM(v)
with a. € R and b, < 0 defined in such a way that

M (v)

(1.8)

1 0
Mc(v) v dv = ou
R? v — ul? 30FE

The existence and uniqueness of Fermi-Dirac statistics satisfying (1.7) has been established in
[16, Proposition 3]. Note that M is here a suitable Maxwellian distribution that allows to recover
in the classical limit ¢ — 0 the Maxwellian equilibrium.

Besides the Fermi-Dirac statistics (1.8), the distribution

F.(v) = 1 (1.9)
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can also be a stationary state, as Q% (F.) = 0. Such a degenerate state, referred to as a saturated
Fermi-Dirac stationary state, can occur for very cold gases (with an explicit condition on the gas
temperature). More precisely, for any € > 0, one can define the Fermi temperature associated to

0>0,e>0,as
2
1 /3c0\3
T =—(—-—] .

Then, given 0 < f € Li(R3) \ {0} with

1 0
()| v | dv= ou (1.10)
R3 [of? 30F + oul?
and € > 0, the ratio 7 between the actual temperature of f and its Fermi temperature defined as
B
T T(oe)

is an a-dimensional number which plays a crucial role in the dynamic of (BFD Eq.). Indeed, it
has been shown in [16] that, given € > 0, the following holds

2
].—Ef>0 - TE>5

with moreover the following dichotomy:
M) 1—ef>20andrg = % if and only if f = F; as defined in (1.9);
(2) 1—ef 2 0andrg > % if and only if there exists a unique Fermi-Dirac statistics M, = M!
with same mass, momentum and energy that f.

Observe here that
2 4 (5E)?
TR =— <= €—=¢€t = ———"— (1.11)
) 30
whereas the inequality (1.7) exactly means that € € (0, £4,¢). In all the sequel, for given o, E > 0,
we will always implicitly assume that & € (0, €gat)-
As we will see in the next section, the fact that an initial distribution close to such degenerate
state makes 1 — ¢ f arbitrarily small in non negligible sets affects drastically the speed of conver-
gence and one of the crucial points of our analysis will be to show that, for suitable initial datum

f", there exist ¢ € (0,1) and ko (depending on c) such that solutions f¢ to (BFD Eq.) satisfy
1 —efe(t,v) = Ko, Ve € (0, cesat)-

In all the sequel, we will always consider solutions to (1.1) associated to the operator Q% = fy b
i.e. considering kernels B of the form (1.4). We also always consider nonnegative initial datum
™ € LY(R3) and (conservative) solutions f¢ to (BFD Eq.) associated to ™ whose existence and

uniqueness are recalled in Appendix B. In particular,

1 1 Qin
fe(t,v) v dv = / ™ (v) v dv = o™yt YVt >0
R3 ”U o uin‘Q R3 ”U - uin|2 3Qin Ein
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with Qi“ > 0, u'™ € R? and E™ > 0. We will also, unless otherwise stated, consider the associated

in .
Fermi-Dirac statistics M, = Mg sharing the same mass, momentum and kinetic energy as f'", i.e.

‘ 1 Qin
/ MI™ (v) v dv = o™ uin
R3 |U _ uin‘Q 3Qin Ein

For such solutions, non quantitative results about the long-time behaviour of solutions to (BFD
Eq.) have been already obtained in the literature. In particular, we have the following recent
result from [15]:

Theorem 1 (Liu & Lu (2023)). Assume that the collision kernel B = B(v, vy, 0) satisfies (1.4)
with moreover

b(cosf) > Z an cos®"(0), 6 € (0,m), an >0 Vn € N. (1.12)

For any initial datum firl € L%(Rz)’) with 0 < fin < e L the unique conservative (mild) solution
f¢ = f%(t,v) to (BFD Eq.) with initial datum f™ is such that

o )
T [[2() — M|y = 0

where M is the unique Fermi-Dirac statistics with same mass, momentum and kinetic energy as

fln.

Remark 1. The additional assumption (1.12) on the angular kernel b = b(cos ) in the above
theorem means that, as a function of cos?(0), b(cos 6) is completely positive. It is of course satisfied
for instance if b(cos 0) is bounded by below away from zero (corresponding to ag = infy b(cos )
and a, = 0 forn > 1) which is the simplified setting in which our main result (see Theorem 4) will
hold true.

As mentioned earlier, up to our knowledge, no quantitative estimates for the rate of convergence
towards M, exist in the literature and it is the purpose of our work to fill this blank.

1.4. The role of relative entropy. As very well documented, the main tool to provide quanti-
tative rate of relaxation to equilibrium is related to entropy/entropy production. For € > 0, we
introduce the Fermi-Dirac entropy:

He(f) = /R3 [f log f 4+ e 1 (1 —ef)log(1 — ef)} du, (1.13)
well-defined for any 0 < f < 7! One can then show that H.(f) is a Lyapunov function for (1.1),
ie.

e () = =Z:(f(1)) < 0
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for any suitable solution to (1.1) where the entropy production is defined, assuming 1 —ef > 0
almost everywhere, by

0= [ T houls) = s og (AP )

X (1—ef)(1—ef) (1 —ef )1 —efl) B(v,vs,0)dvdvusdo, (1.14)

where .
-1
5 = ) s . 1.15
pelr)= 12—, w0 (1.15)

In particular, introducing the relative entropy
He (f ’Ms) = Hs(f) - %E(Ms)

which is nonnegative if f and M, share the same mass, momentum and kinetic energy, one has,

for any suitable solution to (BFD Eq.),

d

e (FOIMe) = —2:(f(1) <. (1.16)
According to Csiszar-Kullback-Pinsker inequality (see Appendix B), the relative entropy controls
the L,lf—norm of the difference f(t) — M. and this is what makes entropy/entropy production
estimate a powerful tool for proving the convergence towards equilibrium. Indeed, if one is able
to prove a functional inequality of the form

2:(f) 2 © (H-(f|M.)), VfecC

where C is a suitable class of functions 0 < f € Li(R?) with 0 < f < e~ ! and a superlinear
mapping ©® : Rt — R™, Eq. (1.16) implies

SH (70 M) < -0 (e (7] M))

provided solutions to (BFD Eq.) belong to the class C. Then, a Gronwall-type argument provides a
rate of convergence to equilibrium of the relative entropy. For instance, if the entropy production
controls the relative entropy in a linear way, corresponding to ®(u) = Au, for some A > 0 and
any u > 0, then one would get the exponential relaxation to equilibrium

He (f(1)| M) <exp(—=Mt) He (f(0)|M.),  VE=0.

provided one is able to show that solutions to (BFD Eq.) belong to the class C. Such a decay,
combined with Csiszar-Kullback-Pinsker inequality, yield an explicit rate of convergence of f(t)
towards M. in L}, (or even L?, p > 1) topology. Other kinds of functional © can of course be
considered and such a strategy has been efficiently applied to the study of the long-time behavior
for classical gases, corresponding to € = 0, for which suitable functional inequalities linking the
Boltzmann relative entropy

Ho (f|Mo) = / flog fdv — / Mo log Modv
R3 R3
and the entropy production

Do(f) := ‘11/R3XR3XSQ [f' f1 = f f.] log (‘;J{:) B(v, vy, 0)dvdu.do,
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have been obtained, starting with the pioneering works [9, 8, 20] and culminating with a celebrated
result in [21]. An improvement of the result of [21] (reducing the required regularity of f, up to
the mere LP or even L log L estimate) has been derived in [6] and can be formulated as

Theorem 2. Assume the existence of by > 0 and f+ > 0 such that
B(v,vs,0) = by min (]'U — v, |, v — U*‘_/L) , B(v,vs,0) = B(|v — vs|,cos0) .

Given Ko > 0, Ag > 0, go = 2, we consider the class of functions

Co = {g S L%(R3) such that g(v) > Kgexp (—Ap|v|?), Vv e R3} _

Then, given 1 < p < oo and d > 0, defining s = 2 + %,for any
g € LP(R*) N Lilog L(R*) NCo N Ly, (R?)
it holds
Po(9) = Asp(9)Ho (9| MF)" (1.17)
whereav = (1+0)(1+ %) and As,(f) depend on the parameters Ko, qo, Ao, B+, p, upper and

lower bounds to ||g|1 and ||g]| 1. as well as upper bounds for ||g| L1 10g L(r3), l9]lp, |9l 21,

Remark 2. Notice that the above assumption on B is satisfied for collision kernel of the form (1.4)
with 4 =y, f— = 0 provided that b(cos 0) > by. We wish also to point out that we will apply the
above result to

t
g=(f(t)) = %, f(t) solution to (1.1),
and we can check easily that, in such a case, if 1 — f(t) > ko, then A5, (< (f(t)) can be be bounded

away from zero uniformly with respect to time (and ). See the proof of Theorem 4.

Such a result has been recently adapted by the first author in [7] to the case of the Fermi-Dirac
entropy thanks to a suitable link between the Boltzmann relative entropy Ho (e (f)| M., (5)) and
the Fermi-Dirac relative entropy H.(f|M.). Typically,

Proposition 1. Given kg € (0, 1), there is a positive constant C'(kg) > 0, that could be made
explicit, such that, for any ¢ > 0 and nonnegative f € L3(R3)\ {0} such that

1- ‘Sf = Ko,
it holds
Ho(f|MD) < Ho (-(NIMED) < Clro)H (£l ME)

and

kg Do (9= (f)) < 2e(f) < Zo (e(f)) s

where we recall that we defined p.(z) = = forz € [0,e71) in (1.15).
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The comparison provided in Proposition 1 is the key point of our analysis as it allows to deduce
suitable entropy/entropy production estimates in the Fermi-Dirac case. To that purpose, for any
e>0,and kg >0, Ky >0, A4g > 0,90 =2, E > 0,0 >0, u € R3, we introduce the class

C. = {f € L(R3) satisfying (1.10) and such that

f(v) = Koexp (—Ap|v|?) and1—e¢ f(v) = ko, Vv € R3} . (1.18)

One can easily deduce from Theorem 2 that, for any £,§ > 0 and 1 < p < 00, an estimate of the
type

De(f) = Asp(f)He (f [Me)* Vf e C.nLP(R*) N L log L(R?)
where Az ,(f) depends explicitly on g, Ko, Ao, qo, 0, F and upper bounds on £l 21 10g s 11l
with s defined in Theorem 2. As in the classical case, the key point to apply such a functional
inequality to solutions to (BFD Eq.) is then to determine suitable conditions on the initial
distribution £ ensuring that the unique solution f€ = f¢(¢,v) to (1.1) satisfies

fe(t, ) €C.NIP(R) N LLog L(R?) vt > 0.

The main technical difficulty, which explains as already mentioned why quantitative rate of
convergence for (BFD Eq.) has not be obtained yet, is of course to create or propagate the lower
bound

1—cefé(t,v) =Ky Vt>0, veRS (1.19)

In the study of the Landau-Fermi-Dirac equation, such pointwise lower bound have been
obtained by improving the mere L™ bounds thanks to the regularisation mechanism induced by
the diffusive nature of the collision operator. This allows to prove the appearance of some L™
bound, independent of € for the solution to the Landau-Fermi-Dirac equation and, up to reducing
slightly the parameter ¢, to obtain the lower bound (1.19).

When trying to adapt such a strategy to (BFD Eq.), the major difficulty lies in the fact that, for
cut-off interactions (see (1.4b)), no smoothing effect of the solution is expected and a new route
has to be followed to deduce the non saturation estimate.! We insist on the fact that, as already
observed in [17, 15], such non saturation estimate is the crucial argument to provide quantitative
rate of convergence to equilibrium for quantum Boltzmann equation.

We now describe with more details our main results in the next subsection.

1.5. Main results. Recall that we are dealing with solutions to (BFD Eq.) as constructed in
Theorem 6 in Appendix B. As mentioned earlier, one of the main aspects of our strategy is to
derive L™ bounds for solutions to (BFD Eq.) which are independent of €. Besides its fundamental
role for the long-time behaviour of solutions to (BFD Eq.), such a result has its own independent
interest and is one of the main results of our contribution

IWe mention that a result of uniform-in-time L™ bound was already proposed in [22] (with € = 1 and different
kinds of collision kernels), however it seems to us that counter-examples to that result can be constructed. In particular,
choosing a = b, 8 = 0 in [22, Theorem 1.7], one could consider an initial distribution fo with L® norm equal to 1,
and [22, Theorem 1.7] would imply that solutions f(t) to (BFD Eq.) are such that || f(¢)||cc < § for all time ¢ > 0.
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Theorem 3 (Uniform-in-= L bound). Let~y € (0, 1] and an angular kernel b satisfying the
cutoff assumption (1.4b). Let 0 < fi* € LI(R3) N L>(R3). Then there exists an explicit Coo > 0,
depending only on~y, b and f™™ only through o™, E™ and upper-bounds on its L>° and L} norms,
such that for anye € (0, || f||=}), the unique solution f¢ to (1.1) associated to €, the collision kernel
defined by (1.4) and initial datum ™ satisfies

sup [ f(#)[loc < Coo- (1.20)
20

Remark 3. The assumption of f' belonging to L} in Theorem 3 could be actually recast into f
belonging to L} for some arbitrary s such that s > 2 and s > 3~. In this case, Co, would also
depend on s.

The peculiarity of the result presented in Theorem 3 lies in the fact that the bound is independent
of €. This is one of the main points of the strategy we adopt here, reminiscent from a similar one
in [2] (see also [1]). The clear advantage of such a bound is that, for a given fixed f™ € L°°(R?),
one can always choose a small enough ¢ such that the non-saturation condition (1.19) holds for
any time ¢ > 0:

Corollary 2. Consider the assumptions of Theorem 3 along with the same notations. Then for any
ko € (0,1) ande € (0, (1 — ko) Cl|, the mentioned solution f€ to (1.1) is such that

1 —efe(t,v) =Ko,  V(t,v) €R, x R3, (1.21)

This non-saturation property allows to greatly simplify various studies on the equation: in
this event, and especially in the cutoff case (that is, when (1.4b) holds), very large parts of the
study of solutions to the Boltzmann-Fermi-Dirac equation can be recast into the study of the
classical Boltzmann equation thanks to a suitable comparison argument (see Proposition 1). To
name two examples particularly important for our analysis, this allows to transfer the entropy
inequalities from the classical to the fermionic case thanks to Proposition 1 and also to deduce
in a straightforward way a Maxwellian lower bound on the solutions to (BFD Eq.) by simply
resuming the proof of [19] valid in the classical case (see Subsection 3.1).

We insist here on the fact that, our approach consists in choosing first an initial datum f"
and subsequently pick €™ > 0 small enough for the rest of our analysis to apply uniformly with
respect to £ € (0,&™]. It seems possible to adopt a similar viewpoint by choosing first £ > 0 and
then determine the class of all initial data for which the results of the paper do hold. We did not
pursue this line of investigation.

With this at hands, we can easily deduce the main result for the long-time behaviour of the solu-
tions, where we recall that we consider solutions to (1.1) as constructed in [16] (see Appendix B):

Theorem 4 (Explicit rate of convergence to equilibrium). Let B be a collision kernel of the
form (1.4) withy € (0, 1] and an angular kernel b satisfying the cutoff assumption (1.4b) and such
thatb > by for some by > 0. Let 0 < fi € LI(R3) N L(R3). Then there exist some explicit
Cy > 0 and ™ > 0, depending only on 7, b, o', u', E'™®, finHLé and || f|| oo, such that for any
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e € (0,&™], the unique solution f€ to (1.1) associated to € and the initial datum f™™ satisfies, for all
t =0,

) \M{i“) < Cy (1 +t)‘%. (1.22)
In particular, for anyp 1 and k 0, there exist Cyy 4,1 > 0, with the same properties as Cyy,
such that for allt >

in 7L
‘ fot) — M. o < Cppp (1+1) 2. (1.23)
Remark 4. Notice that (1.22) holds true with the choice
= (1-ro)C

and the same choice applies to (1.23) in the casep = 1,k = 0. In the case k > 0 or p > 1, additional
smallness restriction is required on the parameter € since an additional control of IML" || or
||M£m HL%k is actually needed. For the same reason, the constants actually depend on u™™ only in the
case of the LY norm with k > 0. We refer to Section 3 for more details.

Remark 5. We point out right away that the rate of convergence to equilibrium established in
Theorem 4 is clearly not the optimal rate of convergence. As well-known for kinetic equations
associated with hard-potentials (recall here v € (0, 1]), such a rate of convergence can be upgraded
into an exponential relaxation governed by the spectral gap of the linearized collision operator. To
implement such an upgrade, one would need to adopt the following strategy

a) Show a quantitative exponential rate of convergence to M for close-to-equilibrium initial state.
This means that one can construct A > 0 and an explicit 6 > 0 such that

L= MLy <6 = [1£5() = MLy < Cexp (—A0)

for some k > 0 large enough and some explicit C > 0 (depending on f™™).

b) Second, using Theorem 4, one can explicit the timeI' > 0 needed for general solutions f¢ to enter
the neighbourhood of./\/(gm determined by §. Then, restarting the evolution from time T > 0, we
get that the rate of convergence to equilibrium is exponential.

A full analysis of the close-to-equilibrium solutions to (BFD Eq.) (i.e. full proof of the above point
(a)) is still missing and is based upon a careful spectral analysis of the linearized operator associated
to Q% around ML, We are confident that it can be implemented, deriving first a spectral gap
estimate in a Hilbert setting and extending then this spectral analysis to the L} by factorization
and enlargement techniques following the line of [12, 18]. Notice that such an approach has been
successfully applied in the study of the Landau-Fermi-Dirac equation in [2].

As mentioned already, such a Theorem is, to our knowledge, the first result providing an
explicit and quantitative rate of convergence to equilibrium for solutions to (BFD Eq.) whereas
several qualitative results were available in the literature. As said before, the crucial ideas of our
strategy are the following:

e First, thanks to the L°°-bound independent of the quantum parameter ¢, one can, for
a given initial datum f™*, determine a whole family of ¢ for which the non-saturation
estimate (1.19) holds true uniformly in time.
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e Second, taking profit of this non saturation condition, we can exploit several new and
insightful comparison arguments - specially tailored for our analysis and with their own
independent interest — which allow to deduce results regarding (BFD Eq.) from the
analogue ones already obtained in the classical case as exposed in the comprehensive
survey [5] (see also [6]).

Not only such an approach allows, in some sense, to treat in a same formalism the quantum
and classical Boltzmann equations, but it also appears quite straightforward and elegant, fully
exploiting the tools developed in [5] for the study of kinetic equations with hard potentials
and cut-off assumptions. As mentioned in the last remark, we decided to focus on the main
mathematical challenge for the rate of convergence, which is the control of the relative entropy,
discarding in our analysis the optimality of the rate of convergence which should be easy to
deduce from our result thanks to the recent methods developed in [12].

1.6. Organization of the paper. The paper is organized as follows: after this Introduction,
we present in Section 2 the full proof of the main estimates for solutions to (1.1) culminating
with the proof of Theorem 3. It is obtained from the representation of solutions to (BFD Eq.)
as suitable “sub-solutions” (in the sense of (2.7)) to an equation very similar to the classical
Boltzmann equation. We first describe such a representation in Subsection 2.1, then deduce
suitable Young’s type estimates for the collision operator associated to such an equation, in the
spirit of the fundamental results in [3, 4] (following the more recent exposition in [6, 5]). In
particular, L,QY bounds for solutions to (BFD Eq.) are deduced, uniformly with respect to e > 0 and
time, in Proposition 16 and, as in [5], this allows us to derive the full proof of Theorem 3. We then
provide, in Section 3, the complete proof of our main convergence result, Theorem 4. It is deduced
from the results of Section 2 combined with suitable pointwise lower bounds, well-known for
the classical Boltzmann equation [19] and easily adapted to (BFD Eq.) in Proposition 17. In
Appendix A, we present examples of physically relevant collision kernels for quantum kinetic
equations and describe how the results of the paper could be adapted to such general collision
models. In Appendix B, we briefly recall results regarding existence and uniqueness of solutions
to (1.1) as well as several important properties (moments estimates and entropy dissipation). The
results of this Appendix are extracted from [15, 16, 17]. In a final Appendix C, we provide explicit
and uniform-in-¢ upper-bounds on quantities related to the Fermi-Dirac statistics relevant to our
study.

Acknowledgments. B.L. gratefully acknowledges the financial support from the Italian Ministry
of Education, University and Research (MIUR), “Dipartimenti di Eccellenza” grant 2022-2027, as
well as the support from the de Castro Statistics Initiative, Collegio Carlo Alberto (Torino). T. B.
kindly acknowledges the financial support of the COST Action CA18232 (WGZ2). We both thank
Laurent Desvillettes and Pierre Gervais for the fruitful discussions we had about the problems
studied in, and related to, this paper.

2. UNIFORM-IN-£ L°° BOUND: PROOF OF THEOREM 3

This section is devoted to the derivation of L*>°-bounds for solutions to (BFD Eq.) which are
uniform in time and independent of <, proving Theorem 3. Our study is largely inspired from [5]
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in which very similar bounds are obtained in the context of the classical Boltzmann equation. The
strategy we employ in this paper is to use the fact that a solution to the Boltzmann-Fermi-Dirac
equation (1.1) for some parameter ¢ is a “sub-solution” (in the sense of (2.7)) to an equation very
much resembling the Boltzmann equation (with a modified gain operator), and in particular,
free of any dependence in ¢. This observation allows to completely transpose the estimates and
techniques present in [5] to our problem and obtain without much trouble an L*> bound on the
solution to (1.1) which is independent of .

2.1. A link between the Fermi-Dirac and the classical cases. We present in this section the
crucial simplification that allows us to pass from a study on the Boltzmann-Fermi-Dirac operator
to a study on the classical Boltzmann operator. This is made possible thanks to the Grad cutoff
assumption (1.4b). Recall that, under such an assumption, the classical Boltzmann operator Q.
can be split into two parts

Q,p=09", — Q7 (2.1a)

7,0 7,0
where

L (ra)w) = [ FeB—v.o)dvde
(2.1b)
o, (f.9)) = f(v) / 0. B0 — vy, 0)dus.

R3 XSQ
A similar splitting can be made for Q.. Indeed, for any ¢ > 0 and 0 < f € L(R?) such that
1 —ef > 0, defining

ny:;(f,f) = //JR3x§2 il —ef)(1 —efs) Bdv,do
(2.2a)

L f) = f//R L F0=ef)(—efl) B, do.
the cutoff assumption (1.4b) imply that Qi’i( f, f) < oo, Qi:;( f,f) < ooand

o) = QD — Q). (2.2b)

Moreover, for any measurable and nonngegative g, h : R — R, and f € L>°(R?), we define

F'be(g7 h)(?)) = / g*(h/ + h‘fk) B('U - U*,O') dv* dO’, (23)
R3xS?
and
G lfl(0.1) == @Fy(a.) + 7 Toola: ). (24
oo
Under the hypothesis that g, h are such that Q;b(g, h) < oo, we can then define
Q. u[f1(g, 1) == QF,[f1(g.h) — Q3 (g, h).- (25)

One then has the fundamental proposition where we recall that, in all the paper, assumption (1.4b)
is in force:
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Proposition 3. Lete > 0 and0 < f € L3(R3) such that1 —ef > 0. Then

TolF, ) < QuplAI(F ) (2:6)
Remark 6. Proposition 3 implies that any suitable solution to (1.1) is such that
O < Qualf1(1.1)- (2.7)

Equation (2.7) is close to the classical Boltzmann equation, with the difference that the gain part of
the collision operator is now Q;b in place of Q;b, and that it is an inequation. Interestingly, the
arguments and techniques present in [5], where the classical Boltzmann equation is studied, work
even with the differences we mentioned, which will allow us to conclude. The most notable point is of
course that (2.7) is free from any dependence on €.

Proof. Lete > 0and 0 < f € L3(R?) such that 1 — ef > 0. We use the splitting (2.2b) and also
set

TE;:52// fff flBdu,do
R3xS2

where we notice that Y. appears in both Q,EY’Z and Qi’;. Namely, expanding the term (1 —
ef)(1 —efy)in Qi’zr(f, f) one has, using that f > 0sothat 1 —ef —ef, <1,

L (f.1) = // LU —ef —ef) Bduado+Te < Q7,(f. f) + e
whereas
0 n = [[, snBavdo—c[[ i Basas .
= Q;,b(fv f) - gfr’y,b(fv f) +

T..
Taking the difference and noticing that ¢ f < W yields the result. g

The crucial property on which our estimates will rely is the fact that the operator I', j, defined
in (2.3) is adjoint to the (symmetrized version) of Q:f , in the following sense:

Lemma 4. For any measurable nonnegative functions f, g, h on R3, we have

/RS F Ty p(g,h)dv = /R3 h [Q;b(f,g) + 0%, (g, f)] dv.

Proof. Using first the micro-reversibility property of B and then its symmetry property, we get

/3f|%b(93h)dv — /V/Y/R3 , S2f *(h/ h;) Udv* do
X X
B ///R3 3wS2 fls i(h h*) Bdv (]'U*
xR3 xS do

:/// f’githvdv*daJr/// '¢'h B dv dv, do
R3 xR3 xS2 R3xR3xS2

N /R3 h [Qib(f’ 9) + Q'—;b(ga f)} dv,

which is the desired result. O
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Lemma 4 allows to transfer well-known estimates on Q? , directly to I'y , and hence to é;r »- The
reader may now see how the combination of Proposition 3 and Lemma 4 allows to easily transfer
techniques on the classical Boltzmann operator to the Boltzmann-Fermi-Dirac operator.

2.2. General estimates on Q+ In this subsection, we recall the already known estimates on
Q+b that we later use in our study First comes the following proposition, extracted from [3,
Theorem 2] (see also [5, Theorem 28]) which deals with collision kernel only depending on
b(cos 0), i.e. associated to v = 0.

Proposition 5 (Young’s type inequality). Consider an angular kernel b satisfying (1.4b). Let
r € [1,+o0] and p,q € [1,r] such that

1 1 1
—+-=1+-.
P q r
Then
|2gstom| < cuwa laly 1nll (28)

where, with p', ¢/, r' respectively the conjugates to p,q andr ande; = (1 0 0)7,

J g

Ch(p,q) = (/SQ <1+;10)_; b(er -U)da);/ (/SZ (1_;10>_; bes - o) d(;);/.

In the case p = q = r = 1, the constant Cy(1, 1) is understood as

C1.1) = [ ber-a)do = bl

?"/ 7’,

and in the cases that p = 1 or ¢ = 1, one interprets (-)?" = 1 and (-)9 =
consequence, for any p € [1,+oc] and f € L*(R3) N LP(R?), we have

|exr. 0] <22 1ol 171 151 (.10

Remark 7. Inequality (2.10) has been derived in [5, Equation (6.11)] (we point out a misprint in [5,
Eq. (6.11)] where the parameter s should be replaced with s').

= 1 respectively. As a

One deduces easily the following estimate from Proposition 5:

Corollary 6. Consider a bounded angular kernelb € L>°((—1,1)). Then for (f,g) € L*(R3) x
L?(R3), we have

|2gur. )], <818l 1511 gl (211)

Proof. We use Young’s inequality (2.8) with p = 1, ¢ = 2 to obtain, for any f € L'(R3),g €
L?(R3)
|2tuts9)||, < 2 17l

et <ol [ (152) " ds=8ipl

we obtain (2.11). O

Since

DJ
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The last crucial estimate on Q;rb is the following “gain of integrability” property, mostly extracted
from [5, Equation (6.19)] and adapted to hard potentials.

Proposition 7. (Gain of integrability). Consider v € (0,1], a bounded angular kernel b €
L>®((=1,1)), f € LY(R?) and g € L*(R3) N L*(R3). Then

max ([ 22,00, - [ @2ur9)],) < 1610l 171 gl ol . 212

Proof. Let 6 > 0, notice that for any u € R3,

|
7 Lujzs + 07 Ljyjcs <

ul
[ul™ = |u|? Ly + |ul? Lycs < 5=

so that
QT (f,9) <8O (f,9) +87QF,(f, 9)-
Applying [5, Equation (6.19)] (in dimension 3), we have

197, (£, 9)ll2 < Cs [1Blloo [1£ 111 llgle (2.13)

where C3 comes from a Hardy-Littlewood-Sobolev inequality (see the last lines of the proof of [5,
Proposition 30]). Using [14, Theorem 3.1, Equation (3.2)] with here C3 = N , ,, we have in fact
5 17

o TG-D (IO (T e
TR \Te) TG \TE)) T e

2

SIS

where, only in the above equation, I' stands for the Gamma function. In particular, it holds that
C3 < 3. Moreover, by interpolation,

2 1
lolls < llgl} lgl3.
therefore (2.13) implies

1
197,92 < 3 bl I1£111 gl lgll3- (2.14)
On the other hand, it comes from Equation (2.11) in Corollary 6 that

|2i(.9)], <8 1bllo 111 lgl
All in all, we obtain, for any § > 0,

S, <ot|etr |, + o e

1 2 2
< el £ Ngll3 (57_13 lgllf + 5”8H9H§’> :

2
3 3
Choosing § = HLHIQ and noting that 37 x 8!=7 < 8 for any v € (0, 1] yields (2.12) with

8llgll
I Qj/"b(f, g)||2 in place of the left-hand-side. Let us show now the bound for || Q:;b(g, f)ll2- The

change of variable ¢ — —o directly proves that

Qib(g’ )= Q,Jyr’g(fa g9)
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with b(cos ) = b(— cos 0). Since ||b]|so = ||b]|o0, We deduce the estimate for ||ij(g, )2 from
the first part of the proof. g

2.3. Key estimates on Q?b, Iy and Q;’b
2.3.1. Estimates on Q;r »- Relying on the general estimates on Q;rb stated above, we provide here
two useful bounds that we later use in order to obtain L,QY bounds on the solutions to (1.1).

Proposition 8. Consider a bounded angular kernelb € L>°((—1,1)) andy € (0, 1]. Then for any
fe L},W(R‘g) N L% (R?), we have

g_i

[, Q00 DR @ o <18 b [OF AT IO E AR @i

Proof. First, by Cauchy-Schwarz inequality, we have
3y x
L ) 10 @ o < 10 % 11l 19305000

Now notice that for any (v,v,,0) € R3 x R3 x S2 we have (v)2 < (v/)2 (v.,)2, where we recall
the notation (1.3) for v and v,. From this we deduce that for any v € R3, we have

()2 QF(f, N (w) < Q)2 f, ()2 f)(w).

Lastly, we use the gain of integrability property (2.12) to obtain that

1+2

HQ;b<<->%f,<->%f>H <16 bllo 169371 N2 AT

Since ||(-)2 f]l2 < ||(- > > fllaand 1 — 2X > 0, we indeed obtain (2.15). O

We consider in the next result an estimate for Q;rb, similar to Young’s convolution inequality,
under the mere cutoff assumption (1.4b):

Proposition 9. Consider an angular kernel b satisfying the cutoff assumption (1.4b) and vy € (0, 1].
Then for any f € Lil”v(Ri))) N L>(R3), we have

3 3y 3y
/RS QT (f. N)F (0) (@) dv < 25 Bl 1¢) 7 fll 1) 7 F1I3: (2.16)
Proof. We follow the same steps as in the proof of the previous Proposition 8 and recall that
3
QX (£, NI @) ) dv < 1) F flla |03, (1)) -
R3 s s 2

Second, notice that for any (v, v, 0) € R x R3 x S? it holds that

[0 —v]” = ' — o < () (L)7,

X
2

and (v)2 < (v/)2 (v.)2, where we recall the notation (1.3) for v’ and v’.. Then, for any v € R3,

¥

()20, (F, )W) < W) FQHVf, (V) < QL () F £, ()7 ().
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Since (2.10) in Proposition 5 gives
3y 3y 3 3y 3y
|2t F £ OF D[, <25 Wl IO T £ 16 F 71
we can conclude to (2.16). O

Finally, we provide the following proposition, which is a straightforward consequence of [5,
Corollary 35].

Proposition 10. Consider angular kernels bg and by, satisfying the cutoff assumption (1.4b) and
such that bg vanishes in the vicinity of {—1, 1}. Then forany~ € (0,1] and f € L%V(R‘g)ﬂLO"(R?’),
we have

|0 < 21018, 17
where C4 (2, 2) is defined by (2.9), and for any v € R,
Q7 (fs F)(w) < Allbrll1 1F 11 [1£ ]l (). (2.18)

Proof. The only difference with [5, Corollary 35] is that we explicit the constant 4 ||br||1 in (2.18)
and that we have added up the two last equations of [5, Corollary 35, (7.29)]. The 4 is not explicitly
given in [5, Corollary 35] but can be obtained by noting that the constant is there given by
23 (C’bg (00, 1) + C’b;{ (1,00)) (where bE and by, are defined there), that one can obtain from (2.9),
with
3.
Gy (00, 1) <23 Bl Gy (1,00) < 23 bz,

hence allowing to bound the constant by 275" ||br||1. We then conclude as vy < 1. O

2.3.2. Estimates onI', . In this subsection, we make use of the estimates on Q;rb obtained in the
previous subsection as well as Lemma 4 to simply obtain crucial estimates on I' .

Propositions 11-12 and 13-14 are the analogues to Propositions 8-9 and 10 for I, .

Proposition 11. Consider a bounded angular kernel b € L*°((—1,1)). Then for any v € (0, 1]
and0 < f € L} (]R?’) N L (R3), we have

/R3 ‘G(Ho)o b(fs ) f(v) (v >27d1} 321b0o [I{: >7le+ 32 wf”g,%v (2.19)

Proof. First, notice that applying the Cauchy-Schwarz inequality yields

/Rg HJ;(HO)O DI @ ao IR IOF s |OF T )|, @20

Clearly, by Riesz representation theorem,

|02 rrstrn], = swe [ o) Tutr s 07 do

llglla=1

Applying Lemma 4, this gives
[0F e, = s [ @ {@50F fan) + Q50 pa) o

llgll2=1

<Ufle sw {[les, ()3 f0. )|, + @50 003 0]}

llgll2=
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where we used Cauchy-Schwarz inequality for the last estimate. Using the gain of integrability
property (2.12) in Proposition 7, we deduce that

[0 o], <te sww {a2ipll 00350 11 1157 ).
llgll2=1

Using again Cauchy-Schwarz inequality, we obtain

2 resui ), < it s {aziet [036], ato 105 15157 }

lgll2=

= 32[bll 117 ||)3 7], 1715

Recalling (2.20), we then conclude that

[ At a0 @ do < a2l 12 | 10 102 ], 10
R

3 [1flloo

The result comes after noticing that

1712 < IAIR IS0 16)E ke < IS 1611
while || £l < 167 Il and [1£], < )% 7] =

For b satisfying the cutoff assumption (1.4b), we have the following version of Young’s convolution
inequality

Proposition 12. Considery € (0, 1], an angular kernel b satisfying the cutoff assumption (1.4b)
and f € LY(R3) N L>®(R3). Then

/R3 \fﬂﬁ,b(ﬁ NIw) @) do < 20plly 167 107 13 (221)

Proof. We first note that, since [v — v.|? < (v)7(v,)7, where we recall that (v) = (1 + |v|? )%
have

Rg

As before, thanks to Riesz representation theorem together with Lemma 4, we have

o). Dll = sup [ o) Tasl(7F. o

llglli=1

= s [ 1) (9o 07) + Q1 f.0)) do

llglli=1

(2.22)

Clearly, this implies that
ITos () F oo < lloe sup (119800, () N)llx + 1Q5,(() Fo9) 1)

llglli=1
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We apply Young’s inequality (2.8) from Proposition 5 with (p, ¢,7) = (1,1, 1) to deduce that
Lo (C)7 S lloe < Mflloe sup Cl0Illgll 17 Fll) = 2010l [1f oo [ £l

lglli=1
Combining this estimate with (2.22) yields (2.21). O
Proposition 13. Consider an angular kernel b satisfying the cutoff assumption (1.4b) and such that

b vanishes in the vicinity of {—1, 1}. Then for any~y € (0,1] and f € L%(R?)) N L (R3), we have
for anyv € R3,

rJ;(Q\}:oF%”(f D) < (G(1,2) + G2, 1) 16 ll2 17112 (07, (223

where Cy,(1,2) and Cy(2, 1) are defined in (2.9).

Proof. For g € L*(R3), writing the L> norm in weak form yields
ITos(g: Dlle = sup [ hw) Lol £)(0) o
[Bll1=1/R3
Applying Lemma 4, the above right-hand-side becomes
sap [ 70) {9 9)0) + Qo W)} o
[Rlli=1JR3

which, by a Cauchy-Schwarz argument, is lower than

I£12 sup (193,(hs9)l + 1959 D).
=
We apply Young’s inequality (2.8) from Proposition 5 respectively with (p, ¢,7) = (1,2,2) and
(p,q,7) = (2,1,2) to obtain that the above term is lower than

1/l o (C(1,2) + Co(2,1)) [|gll2 [ ]]1,
=

so that
IT06(9; flloo < (Cp(1,2) + Cp(2,1)) [lgll2 || f]]2-

Finally, we recall that, for any (v, v4,0) € R? x R3 x S2, we have [v — v,|? < (v)7(v4)7, so that
Ly b9, £)(0) < Top(()7 9, f)(v) (v)7,
ending the proof, after noticing that HJ;(\TL)O <L g

Proposition 14. Consider an angular kernel b satisfying the cutoff assumption (1.4b). Then for any
v € (0,1] and f € L}/(Rg) N L>(R3), we have for anyv € R?,

fv)
[ flloo

Proof. For g € L'(R3), we showed in the first lines of the proof of the previous proposition that

Toso. Nl < sup [ 700 {0, (h)(0) + Ofy(a: o) do.

[[Rll1=1

Lo (f5 () < 2ol [1fllzy f(v) (0)7 (2.24)
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Therefore,

IT0s(9: Hlle < 171 sup (19F,0hs0) s + 11959 D).

We apply Young’s inequality (2.8) from Proposition 5 with (p, ¢,r) = (1,1, 1) to obtain that

ITo.6(9: Fllco < 2Bl g1 11 lloo-

Finally, we recall that, for any (v, v, o) € R3 x R3 x S2, we have [v — v.|? < (v)7{v.)7, so that
Ly p(g: F)(w) < Top(()7 g, f)(v) (v)7,

ending the proof. g

2.3.3. Estimate on Q; b Lastly, we use a standard lower-bound estimate on the loss operator Q; b

Proposition 15. Consider~y € (0, 1] and an angular kernel b satisfying the cutoff assumption (1.4b).
Then for any 0 < f € L(R3), there exists an explicit constant ¢ s > 0 depending on~y and on f
only through its L' and L} norms and an upper-bound on its L} norm, such that

L Qa0 0 ) v > e bl 1% 115 (225)

Proof. First note that the loss operator may be written as, for any v € R3,

QL o(fs F)(w) = ) bl (f [ 7)(v).

Then [5, Lemma 8] provides the existence of an explicit ¢, ; > 0 depending on -y and on f only
through || f

flz; and an upper bound on HfHLé such that for any v € R3,

(f*1-1M)(0) Z ey p (). (2.26)

Combing those two fact, it then comes that

1

L Qa0 £ @ o> e bl [ 70 ) do,
concluding the proof. g

2.4. Derivation of L% bounds. In this subsection, we provide, in Proposition 16, a uniform-in-
time and uniform-in-¢ L% bound on the solutions to (1.1). We only recall that, according to the
results in Appendix B, assuming that fi* € L1(R?) N L®(R3), for any 0 < e < || /||, the
unique solution f¢ to (BFD Eq.) is such that

sup [ f° (¢, )l Ly < Cus, (2.27)
t>0

with C 3 > 0 explicit and depending only on 7, b, o™, ©'®, E'™ and an upper-bound on || || L -
in particular, not on €.

We now have all the tools we need to obtain the following proposition.
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Proposition 16. (L2 bound.) Consider a collision kernel B of the form (1.4) with~y € (0, 1]. Given
an initial datum 0 < f™ € L1(IR3) N L>°(IR3), there exists an explicit constant Cs ., depending only
on~,b, o, u', E™ and upper-bounds on Hfm||L:1)’ and || |00 such that for any e € (0, || (=],
the unique solution f¢ to (1.1) satisfies

Sup 17z < Coy- (2.28)

Proof. For the sake of clarity, since we are working here with fixed € and fixed initial datum, we
simply denote in the following f(t) = f°(t,-) for any ¢ > 0 as the unique solution to

O f (1) (v) = Q5 (f (1), f(8)(v), ft=0)=f"

Using Proposition 2.6 we get, as pointed out in Remark 6 together with the definition of é%b (see
Eq. (2.5)), we deduce that, for any ¢ > 0,

OUS(0) < Ol F(0 () = QL0 F0) + 50T alF(0). F0) = Q3,10 £10)
Multiplying both sides by f(¢)(v) (v)?” and integrating on v € R3, it comes that
)

3510l < [ (@@, rne + D a(F(2), £()()

1@l 7
= Q. (f(1), f(t))(v)> F)(w) (v)* dv.

In the rest of the proof, we follow the ideas developed in [5, Section 7] (see also [6]) and split
the kernel b into b = b>® + b!, with b>® € L>((—1,1)). Since b — Q,Jyrb and b — I, ; are linear
applications, we can split the above right-hand-side as

2dtHf Nz < / QT e (F(1), F(1))(0) £ () (v) (v)* dv (2.29)
[ Q0. 50)0) T 7 o 20)

+ /R O b e 0.5 0)) SO0 T 23

[ 2O ooy soe wra es)

- [ 20T SO 0 25)

All of these terms have been studied and bouned from above in Subsection 2.3. Namely:

e Equation (2.15) in Proposition 8 allows to bound from above (2.29)
Equation (2.16) in Proposition 9 allows to bound from above (2.30)
2.19) in Proposition 11 allows to bound from above (2.31)
2.21
2.25

Equation
in Proposition 12 allows to bound from above (2.32)
in Proposition 15 allows to bound from above (2.33).

o~~~ o~
~— ~— ~— —

[ ]
[
e Equation
e Equation
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Putting everything together, (2.29)- (2.33) implies

3y

thllf( W2+ epo 181 165 FOIE < 161670 37O 1O F S5
2R [0 ) F S 1) T £
326 e 1 OIS 10T FOIT
20 1T F Ol 16 F@)3.
We observe now that 21 < 2 and, since € (0, 1],
12 F@ N < IO < IO F L@ < IF Oy = 17y

since mass and energy are conserved during the evolution, we deduce that

S T3 + i Il 169 F OB < 4816 | 72155 7 169 £ )5

i 3y
+4HblH1HmeL;H<'> 2 fO)I3. (234)
We now recall that ¢, ¢(;), coming from Proposition 15 only depends on f(t) through || f||1, || f HL%
and an upper bound on || f|| ;. Using now (2.27), we conclude to the existence of a constant

C,, yin > 0 that depends only on v and f, which is explicit and independent of €, such that for
any t > 0, we have ¢, ¢(4) = C,, sin. Therefore, (2.34) may be recast into

3y 00 1+ 3y 2- 2y
2dt”f( Mz + € pm bl 10)= FON < 481167 loo |77 12 1) = £l
in 3
ALl g 162 F @S
We can choose b>° € L>°((—1, 1)) such that

C., ¢in ||b]]1
oMy =l — 6™ < LL=—

. 2y
For such a choice of >, we set $A4; = 48 Hme;r % {|6°°||c and deduce that
2

S 73 + &, Il 1% F0)IB <

1 34 -2 1. 3y
A2 F @Ol + 56 g 1Dl 1) F@)3,
that is
2-21 3y
Hf(t)HLz ALY ZF@)l 7 — 242 10) 7 £ 13, (2.35)
where we denoted AQ % in HbH1 Notice that A1 > 0 and Ay > 0 do not depend on time, nor
one. A study of X — A X273 — A3 X? leads to, for any X > 0,
. 2y o
A1X2_7 —A2X2 < 3 3 3 X L s
25 (2 - 25 As—l
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The term inside the parentheses in the right-hand side is actually increasing in «, thus can be
bounded by its value at v = 1, and we conclude that for any X > 0,

3
A1X2_2% —A2X2 < i X Aif =: As.
=7 31
Ay

Noticing that ||<> f@)l2 = |If(t )HL%, this leads us to

d 3y
a”f(t)uig < As — Aof| ()2 f(1)II3 < A3 — A2Hf(¢)”%g7 Vit > 0.

A straightforward ODE integration and the fact that f(t = 0) = f™ then yields, for any ¢ > 0,

A
)2 < max <Hf‘“HL2, ,42> |

We conclude by taking the supremum in time. Finally, note that || f(|2, is bounded by || /™| oillf |,
ol

and ﬁ—;’ is explicit and depends only on ~, b and f™ through its L' and L} norms and an upper-
bound on its Lzl,) norm - in particular, not on . O

2.5. Conclusion to the proof of Theorem 3. We assume that the assumptions of Theorem 3 are
in force and adopt the notations introduced therein. We provide in this subsection the conclusion
of the proof of this Theorem. As in the proof of Proposition 16, we denote in the following
f(t) = fe(t,) for any t > 0 to avoid ambiguity and for clarity, and we have for any v € R3,

S(0(0) < QLU0 FO))+ L L0, FO)0) - Q@S0 e30,

Following the ideas of [5, Subsection 7.3], we split b = bg + br with bg vanishing in the
vicinity of {—1, 1}. Since Q,Jy“b and I', ;, depend linearly on the kernel b, we observe that, for any
(t,v) € Ry x R3,

0 (1)(0) + Qqp(F(D: FI)(v) < Qg (F(D). FIN(@) + QT (F(): FE)()
Hf; <(’f>)<|“> D (F(8), F(D) () (236)
L (£0. £ ) ).

Here again, all the above terms have been studied and estimated in Subsection 2.3. Namely,
Equation (2.17) in Proposition 10 allows to bound Q;r bs from above, Equation (2.18) in Proposi-

+

_l’_

tion 10 allows to estimate Qi br while (2.23) and (2.24) provide the estimates for I', ;s and I, 5,
respectively. Finally, Q;b is bounded from below thanks to (2.26). With all these estimates, (2.36)
becomes

Of (1) (v) + e g 101 FB)(0) () < Cog(2,2) [ F(B)II72
+4brllIF Ol 1F @)oo (0)7
+ (Crs(1,2) + Cos (2,1)) ()7 | £ (@)l 22 1/ ()2
+ 2orll [1F @)y f(E)(0) ()7
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As already explained in the lines following (2.34), there exists an explicit ¢, yin > 0 depending
only on v and f in guch that for any t >0, c,, £6) = E% #in. Moreover we have for any ¢ > 0 that

1FOI < IOy <INy = 177 2y
Moreover remarking that || f(¢)[|l2 < [|f(¢)]|z2. f(£)(v) < [|f(¢)]loc and 1 < (v)7, we then obtain

af(t,v) < (Crg(2,2) + Cog(1,2) + Cog (2, D) IF (B)IIZ2 (v)
+ 6lbR 1 /™My 11 B)lloo (0) = € pin [lb]l1 F()(v) (0)7

We now apply Proposition 16, providing the uniform-in-time L?Y bound
sup | f()]72 < C3,-
t=0 v

We choose the kernel bg close enough (in the L' sense) to b, to ensure that

E’vain ”b”l

el < :
12[| f™| £

In this event, we obtain that for any (t,v) € R} x R? we have

Of (t,v) < A5 ()7 + Az [| £ (H)lloc (0)7 — 242 f(2)(v) ()7,

where

1.

A'l:(Cbs(z,z)+cbs(1,2)+Cbs(2,1))(3§7 and f12:§c;wﬁn||b||1

are explicit and depend only on 7, b and f™ through its L! and L3 norms and upper-bounds on
its L;l,, and L°° norms - in particular, neither on time ¢ nor on €. Fixing ¢ > 0, we then have for
any s € [0, ] that, at fixed v € R3,
Os.f(s,v) + 242 f(s,0) ()7 < (A] + A sup [[f()]oc)(v)”.
0<t'<t

Multiplying the above inequation by e =242 (")"$ and integrating for s € [0, t], while keeping v

fixed, yields, as the right-hand-side does not depend on s,
/

fmw<ﬂww*@@”+(& 1stHWM)( — e,
242 2 o<r<

In particular,
/

Ay 1
) < max (77, 3+ 5 sup 150 ).
0<t/<t
As a consequence
/ in A, ]' /

sup |[f(t)lloo < max { [/ lloos 55~ +5 sup [IF(E)lle |

0<t/<t 0<t/<t
and, since supg<y<; || f(t')[loo < 71 < 400, we easily deduce the bound

A/
SMWMWWM\mw<UW®,>-

<t/ <t
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Theorem 3 follows as the right-hand side does not depend on time ¢, and % is explicit and depends
only on v, b and f" through its ! and L} norms and upper-bounds on its L} and L> norms -
in particular, not on €.

3. EXPLICIT RATE OF CONVERGENCE TO EQUILIBRIUM: PROOF OF THEOREM 4

To deduce from the above result the proof of Theorem 4, it remains to obtain some suitable
conditions on the initial datum f'* ensuring that the solution f¢ to (1.1) belongs to the class C.
as described in the introduction. In particular, we first need to prove the existence of pointwise
lower bounds of exponential type. This is the object of the next section which, once again, fully
exploits known results for the classical Boltzmann equation as well as a comparison principle
between Q% and Op,

3.1. Maxwellian pointwise lower bound. The following Proposition 17 is the equivalent to [19,
Theorem 1.1] for the fermionic case, the latter being stated for the classical Boltzmann equation.

Proposition 17. Consider the assumptions of Theorem 3 along with the same notations. Then for
any ko € (0,1), ¢ € (0, (1 — ko)Cl] and positive time to > 0, there exist two positive constants

Ko and Ay depending only on t, Ko, 7, b and f™™ only through its L' and L3 norms and an upper
bound on its entropy, such that the solution f¢ to (1.1) is such that, for allt > t,

FE(t,0) = Kye Aol v € RS (3.1)

Remark 8. We insist on the fact that, as in the previous results, the positive constants K, Ag in (3.1)
do not depend on €.

Proof. We do not provide a full proof of this result since it is, actually, exactly the same proof as
the one valid for the classical Boltzmann equation. Indeed, the key point here is that the solution
f¢ satisfies

(1, 0) = kg QF L (f2(1), [2())(v) — Q7 (F5(1), FF()(v)  V(t,v) Ry xR?. (3.2)

This is easily seen recalling the splittings (2.1a)-(2.2b) and observing that, under the assumption
ko <1 —¢ef <1,itholds

(N =), O, () < Q).

Since 0 f€ = ny’;)r( ff)— Qi’; (f, f), we deduce readily from Corollary 2 that f* satisfies (3.2).
With this, one sees that f€ is a “supersolution” (in the sense of (3.2)) of an equation very similar to
the classical Boltzmann equation, the only difference being that the QI , operator is multiplied by
/@%. This allows to resume the whole proof of [19, Theorem 1.1] (the fact that we are dealing with
“supersolution” and not solution to (3.2) plays no role since we consider lower bounds for f¢). We
notice that, although the conservation of mass and energy and the decrease of the entropy are
not embedded in (3.2), they do hold as f* solves (1.1) and this allows to copycat the proof of [19,
Theorem 1.1]. O
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3.2. Conclusion to the proof of Theorem 4. In this last Subsection, we provide the core of the
proof of Theorem 4 and conclude. We recall that we assume here that B is a collision kernel of
the form (1.4) with v € (0, 1] and an angular kernel b satisfying the cutoff assumption (1.4b). We
fix an initial datum 0 < f* € Li(R3) N L®(R3).

According to Theorem 3 (more precisely Corollary 2), there is an explicit C, > 0 such that for
any kg € (0,1)and e € (0, (1—ro) Cx}l], the associated solution f¢ to (1.1) with f(t = 0) = fi»
is such that

1—ef(t,v) =Ry (t,v) €Ry x R3. (3.3)
From now on, we fix k¢ and ¢ such that (3.3) holds true and denote for simplicity f(¢) = f°(¢, ).

We arbitrarily choose a positive time ¢y > O (one could for instance take ¢g = 1). Using the result
of [16, Theorem 2. (I)], we deduce that, for any s > 2, there exists an explicit constant Cy s > 0
(depending on s, B, || f™|1, HfinHL% and o but not ¢) such that
sup [ f()[lLy < Cus. (34)
t=to

Moreover, a simple interpolation together with Theorem 3 yields

_1

sup || f(t)[p < Hfmlh ~’”  Vp>1 (3.5)
>0

Moreover, we recall the notation (it is not a norm), for any measurable h : R3 — R4 and s > 0,
Il = [ (0)° o) log h(w)] v

When h € L} ;(R®) N L>°(IR?), the above can be bounded as follows,

Il g2 < 108 (Ihllc) Iy + bl + [ &)+ o

Therefore, combining the above (with h = f(t)) with (3.4) and the L* bound on f, it holds that

sup [I£(®) 1105 < log* (Coo)cl,s+01,S+1+Age—<v><v>s+1dv. (3.6)

t=to
Equations (3.5) and (3.6) can be reformulated as the fact that, for all p > 1 and s > 0, there exist
explicit C, > 0 and C'® > 0 such that
sup [ f(t)ll, < Cp,  and  sup | f(t)] L1105 < CYE. (3.7)

t>to t=to

In particular, both C, and CLs only depend on v, b and ™ through its L' and L3 norms and
upper-bounds on its L1 and L> norms, and respectively on p and s. Moreover, from Proposition 17,
there exist Ky > 0 and Ay > 0 depending only on ty, Ko, v, b and fin through its L' and L%
norms and an upper bound on its entropy, such that for any (¢,v) € [tg, +00) x R3, we have

f(t,0) = Koe olP, (3.8)

Let us now define, for any ¢ > 0
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Since, forany t € Ry, 0 < f(t) € LI(R3) and 1 — ef > kg, we also have 0 < g(t) € L3(R?),
as well as, from (3.3)-(3.7), that for any p > 1 and s > 0, it holds that

sup [g(t)llp < o' Gy, and  sup llg(®)llniogr < rig" C% 4 hg  log(ry ') Cuse (39)
=210

t>to

Moreover, since g > f, Equation (3.8) implies

g(t,v) = Koe M’ vt >4, veR®

We are now able to apply the functional inequality in Theorem 2 to the function g(t), for ¢ > ¢,
which, with the choices
4

Bb— =0, B+ =1, p=3, s=4+ —, and go=2 sothata =1+,
Y

provides the existence of a positive constant Ay > 0 such that

Tofg(t) > Ao Ho (9(1)|M50) (3.10)

We point out that the positive constant A( can be defined as Ay = inf;>;, A(t) where, according
to Theorem 2, A(t) is depending on Ao, Ko, upper and lower bounds to ||g(?)[|1 and [|g(t)]| .,
and upper bounds to ||g(t)||3, ||g(t) HL1\+2 and [|g(?)|| 11 10g - This shows in particular that the

positive constant Ay depends only on %, gi“, ul, B ko, Ko, Ao, Cs, CLOg and Cq 442.
We now apply Proposition 1 to get that
H(FOIMID) <Ho (90)[MED)  and 2u(£(8) > K8 Z0 (9(1))
which, combined with (3.10) yields
D-(f(8)) > K Ao He(f(1)| ML), (3.11)
Now notice that for any ¢ > 0, we have, since f solves (BFD Eq.),
MID = pf™,

According to the entropy identity (B.1) (see Theorem 6), for all £ > 0, we have

d in d
SH(FOMI™) = SHAF(D) = —2.(70))

In particular, according to (3.11),
d
dt

Integrating this inequality on the interval [to, t] and using, as the entropy decreases with time,

that

H(FOIML™) < =k AgH(FOIME) Y, Ve > 1.

He (St MI™) <He (12| ML7),

we easily deduce that

=

H(FOIME") < (e IME) Tt An (6= 10)) 7 Vi >t
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Finally, using again that the mapping ¢ — H.(f(t) ‘Mg in) is nonincreasing, we deduce that for
all t > 0, it holds that

in _1
Ho(f(OIMET) <B (14 (t—t0)4) 7,
with
. in 1
B = max (Hs(fm‘/\/lg )s (’Yﬁé Ap) W) )
The latter then implies (1.22) for all e € (0, (1 — ) C5l], with Cy = (1 + to)% B.

While for (1.22), one could take ™ = (1 — kg) C}, we choose for the following
e = min ((1 — ko) C, 52%) ,

where alat is defined in Lemma 20 in Appendix C, is explicit and (as we apply the lemma to
f = f™) depends only on o™ an E'™ (it is approximately 0.06 £gat).

We finally show (1.23) for all £ € (0, £™]. We make use of the weighted L” Cszisar-Kullback-
Pinsker inequality recalled in Proposition 19 in Appendix B, with p = 1 and @ = (-)* for some

k > 0, giving for any ¢t > 0, as Mg(t) = M!i“,

| £ - ML

2 in
< 2max <HM£
Ll

k

o 10l ) e (")

: T
Since € < g,

Lemma 20 in Appendix C provides the existence of C 4,1 2k, explicit and depending
only on ¢ and E™™ (in particular, not on ¢) such that | M || 1, < Caq126. Then, letting

Crik = \/2 max (C,1,2k » C1.2) Coe,s (3.12)
we obtain, using the proven (1.22),
in _ 1
|ro - M| <Cuira+n 5. (3.13)
k
Finally, let p > 1. As
1—1 1
. . p . p
g < oo ™ M-I

and since, as € < s;rat,

Lemma 20 in Appendix C provides the existence of Cx o, explicit

and depending only on ¢'® and E™ (in particular, not on ¢) such that || M{ " loo < CMo0s We
deduce (1.23) from (3.13), with

1—-1 1
Cupr =max (Crpoo; Co) 7 Cop1pk?s

where we used the fact that || f(t) — MginHoo < max (HM?"HOO, Hf(t)Hoo) which holds as
both f(¢) and M!i“ are nonnegative.

Since every presented constant is explicit and depends only (at most) on 7, b, 0'*, u™, E™ and
upper-bounds to || f12|| 11 and || f1*||0cs in particular not on ¢, the proof of Theorem 4 is complete.
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APPENDIX A. MORE PHYSICALLY RELEVANT MODELS

We briefly discuss here the possibility to recover the results established in the core of the text
when dealing with more realistic collision kernels. We begin with briefly recalling some facts
about such physically relevant kernels.

A.1. Quantum collision kernels. While collision kernels B are fully explicit for classical
particles, the situation is much involved for quantum (pseudo)-particles. In this case, (BFD Eq.)
has been derived from the Schrédinger equation in the weak-coupling regime and the derived

kernel B takes the form
) ~ 0 2
wain(3)]) =8 (e (3)])]

z

Z =70 — Vs, cOSO = W -0, (A1)
z

and where g/g is the (generalized) Fourier transform of the particle interaction potential ¢ = ¢(|z

r € R3. As in [15], we make the general assumption on B:

B(v,v,,0) = |2 [$<

).

Assumptions 2. The collision kernel B(v, vy, 0) = B(|v—v4|,0) = B(|v — v«|, cos 0) is assumed
to be such that

|2]7 @, (]z]) bs(cos ) < B(|z],co88) = B(v,vs,0) < (14 |2])7 b*(cos 0)
for~ € (0, 1] and some Borel even functions b.(-),b*(-) defined on (—1,1) and a Borel function
&, : Ry — Ry such that

0 < bi(cosB) < b*(cosh), 6¢€ (—m 7); / b*(cos @) sin #df < oo (A.2)
0

and
O, (r) >0 Vr >0, lI>1f1‘ O.(r) =1, sup®.(r) <oo. (A.3)

r>0
Example 9. It has been observed in [15, Appendix A] that, for potential interactions of the type
o(x) = |z|7¢, 0<a<3
the kernel B defined by (A.1) is such that
B(z,0) = |z|"b(cos ), vy=2a-5
with 5y

b(cos0) = C, ((1 —cos6) ™ — (1 + cos 0)5>2, B = 5

for some positive constant C,,. One can check that b actually meets the cutoff assumption (1.4b). In
particular, it satisfies Assumption 2 as soon as o € ( g, 3) . Notice that such a kernel is of the form of
kernels studied in the core of our work here.

Example 10. Choosing a potential of the form

1 [o¢]
o(1a]) = / Gt<|xr>tﬁ-1exp<—§>dt, reR,  0<f<
0

2°T(B)

e
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where I'(+) is the Gamma function and G¢(|z|) is the heat kernel

-3 |22 3
Gi(|z]) = (2mt) "2 exp — 5 ) reR’t>0
one can check that B defined by (A.1) is such that
48| -3 5\? |2
B — T T a<aa 1 - — 1 = —\
(:0) = Gy (L= allzheost)™ = (Lt alzeost)) . alle) = 57

It has been then observed in [15] that B satisfies then Assumptions 2 withy =1 — 45 € (0, 1],

1472

for some positive constants Cg, cg > 0.

2\ 28+2
o, (r) = ( 2r ) , bi(cos ) = cgcos® 0, b*(cos §) = Cjg cos @ sin~*#(9)

Example 11. A general subclass of kernels B satisfying Assumptions 2 has been considered in [22]
and corresponds to the choicey = 1 and
B
D.(r) = 2ma B =0,
and
bi(cos ) > %bo > 0, b*(cos ) < by < oc.

This means in particular that

o—wl™ g <b
Om < B(v,v4,0) < bi|v — vyl
A.2. Main mathematical changes induced by quantum collision kernels. For simplicity of
presentation, let us assume that the collision kernel is of a type generalising the above example
and assume that there exist by > by > 0 and v, 5 € (0,1) with v 4+ 5 € (0, 1) such that
Om < B(v,v4,0) < bi|v — vil7, v, 05,0 € R? x R x S%. (A.4)
We briefly explain here what should be the main changes/obstacles for the derivation of the results
obtained in the core of the paper for kernels of the type (1.4).

Notice that, for such collision kernels, as pointed out already in [15], the construction and
properties of solutions as described in the above Appendix B are easy to adapt (see the discussion
hereafter).

We can check without too much difficulty that the whole set of results in Section 2 are still
valid under the above assumption (A.4) culminating in the following version of Theorem 3

Theorem 5. Let v € (0,1] and 5 > 0 and let B be a collision kernel satisfying (A.4) with
b1 = by > 0. Forany0 < f* € LI(R3) N L>(R3), there exists an explicit Coo (B) > 0, depending
only on B and f™ only through its L' and L norms and upper-bounds on its L°° and L} norms,
such that for any e € (0, || f™||3!], the unique solution f€ to (1.1) associated to €, the collision kernel
defined by (1.4) and initial datum f™™ satisfies

sup [[f*(t)]loo < Coo(B)-
t=0
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Indeed, the representation formula for Qg allows again to define I'p as in (2.3) and, as in
Section 2, we can define

35111l h) = Qb(g ) + 11— Tlg, )
£l
and Qp[f](g, h) := QVE [f](g,h) — Q5(g, h). With this, Proposition 3 and Lemma 4 still hold
with obvious change of notations. Since the results in Section 2 are obtained through estimates
involving somehow the weak form of QE, one checks easily that Proposition 7 (with ||b]|~
replaced with b;) can be deduced from Prop. 5. All the results, up to Prop. 14 remain then valid.
The only change to be made lies in the proof of Proposition 15 but the proof of [6, Lemma 4] can
be adapted to deduce the same result. All these results would yield Theorem 5.

Of course, the results recalled in the Introduction regarding the entropy production and entropy
estimates remain valid for this class of collision kernel. The only result which does not seem to
be directly deduced from existing results is the one in Section 3.1. Typically, it would be very
interesting to check whether Proposition 17 (or a variant of it) still holds for collision kernels
satisfying (A.4). Notice that the obstacle has nothing to do here with the quantum nature of
the Boltzmann operator and one should rather check if the classical Boltzmann operator QE is
satisfying the estimates derived in the original proof of [19]. It seems to us that the key point to be

|v—w, |8+

checked is the spreading properties of the collision operator Q}g when B(v,v,,0) = b()m,

namely, can we still prove that there exist 7 > 0,7 > 1 such that

QL (1B (uo,50)> LB(wo,50)) = 1 LB(wo, r80)

holds true for any &y > 0, vg € R3 ? Here above, B(v, §) denotes the closed ball of R? centered at
v € R3 with radius § > 0. Such a result, obtained usually through the Carleman representation
of the gain part operator, allows to initiate the iterative procedure yielding the derivation of
pointwise bounds. To keep the paper simple enough, we did not elaborate on this point but are
confident that Proposition 17 is still true for general kernels B of the form (A.4). If this were
the case, which is highly expected as, on a finite ball, the kernel B behaves like |[v — v, |7+f3 , for
which we know the result holds, it would be straightforward then to resume the proof derived in
Section 3.2 and obtain an analogue of Theorem 4.

ArpPENDIX B. KNOWN RESULTS ABOUT (BFD EQ.) AND THE FERMI-DIRAC ENTROPY

We collect in this section some knwon facts about (BFD Eq.) obtained in [16, 17] as well as
some recent results regarding the relative Fermi-Dirac entropy obtained by the first author.

B.1. Cauchy problem and moment estimates. We briefly recall here the notion of solutions we
consider in the present paper, the Cauchy result established in [16] as well as moments estimates.

We adopt the following framework and recall here that we always assume B to be a collision
kernel satisfying (1.4).

Definition 3. Letc > 0 and 0 < " € Li(R3) satisfying 1 — ef™ > 0. We say that a Lebesgue
measurable function
fe 1 [0,00) x R* — [0,e71)



CONVERGENCE OF SOLUTIONS TO BOLTZMANN-FERMI-DIRAC 33

such that sup;~ ||f(t)||L% < oo is a weak solution to (BFD Eq.) if there is A € R> with zero
Lebesgue measure such that

T
/ dt/ B(v,v*,U)Gi(tjvm*,o)dv*da < 0, V0 < T < o0, Vo e R3\ A
0 R3xS?

where

G+(t,v,v*,cr) = [f/fi(l - Ef)(l - Ef*)] ) Gi(tvvvv*va) = [ff*(l - Ef/)(l - &‘fi)]

and
t
ot 0) = f(0) + /0 Q5 (f°, f)(rv)dr, L0,

For that class of solutions, existence of solutions have been established in [11, Theorem 1] and
stability, uniqueness of solutions as well as the entropy identity have been established in [16, 17]:

Theorem 6. Givene > 0 and 0 < f* € Li(R3) satisfying 1 — ef™ > 0, there exists a unique
solution f¢ = f¢(t,v) to (1.1) in the sense of Definition 3. Moreover, such a solution satisfies the
entropy identity

H(F(1) = Ho(f™) — /0 Z. (f(r)dr, Vi 0. (8.1)

We also recall that moments are created for solutions to (1.1) associated to a collision kernel
of the form (1.4) where we recall that v € (0, 1] :

Proposition 18. Givene > 0 and 0 < f* € LI(R3) satisfying 1 —ef™ > 0, let f¢ = f(t,v) be
the unique conservative solution to (1.1) in the sense of Definition 3. For any s > 2, one has
s—2

=
} , Vit >0

a

17002 < | T gemams

where a1 > 0,ay > 0 are constants depending only on B, || f|1, HmeL; and not on €. Moreover,

given s > 2, there exists Cp(f") > 0 depending only on B, | f||1, finHLé and Hfin||Lé but not

on € such that

sup |40y < (/™). (B2)

Remark 12. Such a result is a simple consequence of [16, Theorem 2. (I)] where the creation of
an L. bound has been derived. We point out that,if one assumes the initial datum f™ € L!(R3),
then the uniform-in-time bound provided in (B.2) can be easily deduced from the equation just
preceeding [16, proof of Thorem 2, Equation (3.8)], which has a similar form as (2.35), and easily
provides a short-time bound that satisfies the above mentioned properties.

Remark 13. As explained in the Introduction of [15], the above properties (existence, uniqueness,
moments estimates and entropy dissipation) of solutions to (1.1), obtained for collision kernel of the
form (1.4) are easily extended to more general — and physically relevant — interaction kernels of the
form described in Section A. We refer to [15] as well as [13] for more details about this question.
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B.2. Csiszar-Kullback-Pinsker inequalities. We here state a recent improvement of the usual
Csiszar-Kullback-Pinsker inequality (CKP inequality). We only recall here that the usual, original
CKP inequality asserts that

7= < 2051 70 (s1045)

for any f € L(R?) where ./\/lg is the Maxwellian state with same mass, momentum and energy

as f.
Such a result has been extended recently by the first author and generalized to Fermi-Dirac
relative entropy yielding the following weighted LP-version of the CKP inequality

Proposition 19. For anye > 0 and 0 < f € L3(R3) \ {0} satisfying (1.10) and such that
l—ef>20andrg > % we have

I = ML, < SIMely He (] M)

and, for any weight functionw : R® — R, and anyp € [1, 2], it holds

2—p

| (= M) < 2max (H«mwg , ||w2f||2pp) He (FlML).

where Mg is the Fermi-Dirac distribution associated to f.

Remark 14. Recall that, as observed in the Introduction, the assumption rp > % is equivalent to
€ < Egat Where gy is defined in (1.11) and this implies that f # F. where Fy is the saturated steady
state defined in (1.9), and the existence ofMZ. Of course, in the above result, for p = 2, we adopt the
convention || - Hﬁ =1 oo

APPENDIX C. EXPLICIT AND UNIFORM-IN-£ BOUNDS FOR FERMI-DIRAC STATISTICS

In this last Appendix section, we provide, in the following Lemma 20, explicit uniform-in-¢
bounds on the L°° and L,i, k > 0, norms of the Fermi-Dirac Statistics.

Lemma 20. Consider a nonnegative f € L(IR®), which density, average velocity and temperature
we denote respectively by o, u and E. We let

ot

el :=22.32.57% .29 B2,

sat

Then there exist Caf,00 > 0 and, Cpq1 5 > 0, for any k > 0, which are explicit and depend only on
0. w and E, such that for anye € (0,l ], we have

sat

M [0 < Ctyoos (C.1)
and, forany k > 0,

||Mf:c||L}€ < Cm,1k- (C.2)

1 5 1
Notice in particular that glat =22.32-5%. 72 g5t ~ 0.06 £gat.
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Proof. For the sake of simplicity, we prove the lemma with the extra assumption v = 0 and briefly

discuss the case u # 0 at the end of the proof. Let us recall the notation, for any v € R3,
as+bs|'v|2
f o e
ME (7)) o 1 + gea5+b5|’”|2 ’

as well as

2

E 1 /3c0\ 3

= T =—-—1 .
"B T (o,) (e.€) 2(47r)

It is proven in [7, Proposition 18] that for any ¢ € (0, £at), as soon as

1 5
4\ 3 3
rE = TT, ri= <ﬂ_> <g> , (C.3)

w%<2(w)3
T3\t '

we have

The above can be reformulated as

e < ng% E2 e ,
3 a7

which, by direct computation, gives in particular
e* < QEig. (C.49)

We notice that, letting
5

el :=23.32.52. 129 B2, (C.5)
.|.

sat)- In this event, we have proven (C.1)

the condition (C.3) is equivalent to assuming € € (0,¢
3

with C 00 = 0 E7 2, since

M oo < .
Moving on to the proof of (C.2), and still assuming ¢ € (0, Elat], we have by definition, for any
k>0,
MUl = [ MI0) 0 do,
so that

HMgHLi < el /]1&3 ebelvl? (v)kdv. (C.6)

Passing to spherical coordinates v € R? \ {0} — (r,0) € R% x S? and then performing the
change of variables r € R* +— x = v/—b.r € R’ (recall that b. is negative), we get

. —1
HMﬁfHLi < el ]SZ\ <\b5]% min(1, \bé«])k> / e x2(1 + xz)g dz, (C.7)
Ry

2
where we used the fact that 1 + (ﬁ) < min(1, [b.|)~! (1 4 22). Letting

Chip= 0B 47T/ e 2?(1+2%) da,
Ry
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which is explicit and has the same properties as C (o, Equation (C.7) yields, as we just proved
e < QE_%,
f 0 3 . k -1
M1y < Ce (0ol min(1, o)) (3)

Let us now provide an explicit lower bound for |b.|. We follow a similar reasoning to the one
of [7, proof of Proposition 18] It is proven in [16, proof of Proposition 3] that, letting

Is(T) ::/ . 5 dr, P(7) = Iy(7) L(1) /3, T € RY,
o l+rT7e"

. . 5/3
the function P is increasing from R to (%, +oo>, and we have

2
€ \2/3 1 30F a7 1 3
NTp () =222 = (T . X
(47r> (se%) 0%/37 : (EQ 2<€€a5>> (€9

3

As by definition of P, I5(7) = (Ilﬁ((:)) ) ® for any 7 > 0, we deduce that, using both equations
in (C.9),

2
3
47 1 £\2/3 g3

A i fyTre
b €0 { * <6e“5> (471') 30F ’

which, raised to the power 3, rewrites

2’
5 47 1
b2 = I . C.10
b3 (35915) 4() 10)

As it holds for any r > 0 and 7 > 0 that

ulw

1 e’

2 5
l+7e”” 147

we have for any 7 > 0 that

where the constant on the right-hand-side was computed from %F (%) with I' standing (here
only) for the Gamma function. It thus comes that

I 1 S 3 cele
P\ et ) 7 8y/m 1 +eete
Since ¢ < €T

sat> We can again make use of the result of [7, Proposition 18] (as, with their notation,
’Y/WJf > 1) to obtain that

e < -,

W N

implying 1 4 e < % < g so that, also recalling

5 4 9
belz > [ —— a, C.11

—~~

C.10), we have
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The last part of the proof consists in proving a lower bound for e®s. We use a similar reasoning as
previously. As it holds for any r > 0 and 7 > 0 that

2 2
e " 1 e "
>

P = )
T 1+7e?” 1+7

we deduce that, for any 7 > 0,

1
3

\]

wlo

3.
P(r)> —— 25
1+ 3

)

1

_5
where the constant on the right-hand-side comes from %F (%) (ff‘ (%)) 3. Setting 7 = (ge% )1
in the previous inequality, and using (C.9), we obtain

30F (4 2/3>(geae)—% 3.23
95/3 g - 1 4 e 77-% '

Again, since 1 + ee < 2, we thus have obtained, for any ¢ € (0, el L],

3
eas 2 i ’ QE_%'
107

Defining finally
0 3 . A 3 -1
Cata = Chrp (bF min(1, b)F) b=—"5 E!,
Y 1075
this concludes the proof of (C.2). O
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