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Abstract
Riming is a key process of precipitation formation in ice-containing clouds,
but quantifying riming from observations is challenging, limiting our ability to
evaluate the riming process in numerical weather models. One challenge for
radar observations is that riming changes both the physical properties (mass,
area cross-section) and scattering properties of ice particles. These changes
need to be implemented consistently as a function of riming in radar forward
operators, which are required for retrievals and model evaluation in observa-
tion space. In this study, mass–size, cross-section area–size, and backscattering
cross-section relations are developed as a function of the normalized rime
mass for aggregates composed of various monomer types (columns, dendrites,
needles, plates, and rosettes). The proposed framework allows us to simulate
scattering properties of aggregated ice particles consistently as a function of
riming in retrievals and radar forward operators. The parameterizations are
developed from a large data set of simulated rimed aggregates of different sizes
and monomer crystal types. The backscattering cross-section parameterization
(the “riming-dependent parameterization”) is evaluated for radar frequencies of
35.6 and 94.0 GHz and is based on the Self-Similar Rayleigh–Gans approxima-
tion (SSRGA), which is increasingly used to calculate microwave scattering of
ice crystals and snowflakes. Compared with parameterizations from the litera-
ture that do not consider riming, the riming-dependent parameterization leads
to significantly smaller biases in terms of backscattering cross-section. When
using the particle masses and scattering properties of the individual particles
simulated by the aggregation and riming model as a reference, the bias of our
parameterization is below 1 dB when integrating over an exponential particle
size distribution with sizes from 0.1–10 mm.
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1 INTRODUCTION

Most precipitation on Earth is formed in ice-containing
clouds, except over the subtropical oceans (Mülmenstädt
et al., 2015). The accurate characterization of processes
involving the ice phase is therefore highly relevant for
constraining the global hydrological cycle. One key pro-
cess in the formation of precipitation, besides aggregation
and depositional growth, is riming. Riming occurs when
supercooled liquid water droplets (SLW) come into con-
tact with ice particles, freezing onto them almost instantly.
Typically, riming leads to denser, more spherical ice par-
ticles with increased mass, size, surface roughness (at
least initially) and terminal fall velocity (Heymsfield, 1982;
Erfani and Mitchell, 2017; Seifert et al., 2019). In middle
to high latitudes, riming was found to contribute signifi-
cantly to snowfall rate. Moisseev et al. (2017) showed that,
in Hyytiälä (Finland), riming was responsible for 5%–40%
of snowfall mass during winter 2014/2015, whereas
Harimaya and Sato (1989) found riming proportions
above 50% for snowfall in a Japanese seaside area in
1987.

Quantitative observations of riming are difficult to
obtain and hard to compare. One reason is that differ-
ent approaches on how to quantify riming have been
proposed in the literature. Mosimann et al. (1994) pre-
sented the degree of riming, which describes the cover-
age of ice particles by rime visually. They further derived
the rime mass fraction (FR) from the degree of riming.
FR is the fraction of total particle mass gained by rim-
ing and is commonly used in numerical weather predic-
tion models (Morrison and Milbrandt, 2015). Leinonen
and Szyrmer (2015) presented an aggregation and riming
model based on various monomer types, where riming is
quantified by the effective liquid water path (ELWP), the
physical liquid water path (LWP) along a particle’s trajec-
tory assuming riming efficiency = 1. Mason et al. (2018)
introduced the density factor r, which measures riming on
a scale from 0, meaning unrimed (assuming the widely
used mass–size relation by Brown and Francis, 1995),
to 1, meaning spheres of solid ice. Using an extension
of the same aggregation and riming model described by
Leinonen and Szyrmer (2015), Seifert et al. (2019) pro-
posed new parameterizations for the geometry of rimed
aggregates and introduced the normalized rime mass M.
M is defined as the ratio of rime mass and the mass of a
spherical graupel particle with the same maximum dimen-
sion as the rimed particle assuming a graupel density of
700 kg ⋅m−3 in the “high-density rime scenario” (Seifert
et al., 2019).

Radar observations have been used to quantify rim-
ing (e.g., Mosimann, 1995; Kneifel and Moisseev, 2020;
Mech et al., 2020; Vogl et al., 2022), but most retrievals

of a measure for riming are based on assumptions about
particle scattering properties and how they relate to
particle size, mass, and shape. These properties cannot be
obtained unambiguously from radar measurements alone,
because ice and snow particle geometry is highly variable
in nature and exact mathematical descriptions for physi-
cal properties such as particle mass and area do not exist.
Furthermore, it would not be practicable to describe each
particle individually when looking at an ensemble of parti-
cles commonly observed, for example, by radar. It is there-
fore common practice to describe the particle geometry by
relating particle size to particle mass and cross-sectional
area. These relations are typically described by power laws
with two parameters. Because riming strongly impacts a
particle’s density and therefore its mass–size relationship,
it is especially important to characterize the mass–size
parameter accurately in the case of riming processes.

Besides physical particle properties, particle scatter-
ing properties also need to be estimated in retrievals. The
Rayleigh–Gans Approximation (RGA) provides an accu-
rate approximation of scattering properties for unrimed ice
and snow particles when compared with the computation-
ally more expensive Discrete Dipole Approximation (DDA,
Tyynelä et al., 2013). RGA is based on the assumption
that the electromagnetic interaction between the different
parts of the scatterer is negligible with respect to the direct
forcing of the external electromagnetic wave (Bohren and
Huffman, 1983 pp. 158–165). In recent years, innovative
scattering methods that allow moderation of the cost of
computing the scattering properties of snowflake aggre-
gates have been developed (McCusker et al., 2021). Such
methods, however, are still limited by the need to calcu-
late the scattering properties of snow based on individ-
ual particle shapes and to neglect the statistical common
properties of large snowflake ensembles. Based on RGA,
Hogan and Westbrook (2014) presented analytic expres-
sions to calculate scattering properties of an ensemble of
ice and snow particles by assuming fractal (self-similar)
structures. This formed the basics of the Self-Similar
Rayleigh–Gans Approximation (SSRGA), which was fur-
ther improved by Hogan et al. (2017) and is formulated
with five dimensionless parameters 𝛼e, 𝜅, 𝛽, 𝛾 , 𝜁1, which
describe the internal mass distribution of the particles.
In this study, we refer to 𝛼e, 𝜅, 𝛽, 𝛾 , 𝜁1 as the “SSRGA
parameters”. SSRGA is much faster and more convenient
to use than DDA and T-Matrix (Mishchenko, 2000) and
offers more realistic results than Mie theory (Mie, 1908;
Bohren and Huffman, 1983) or T-Matrix for computing
millimetre-wave scattering and particles larger than the
wavelength (Hogan et al., 2017). A drawback of using
SSRGA is that polarization-dependent scattering can only
be predicted to a limited extent, due to the neglect of
coupling between dipoles in RGA.
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3564 MAHERNDL et al.

When applying SSRGA in radar forward opera-
tors, the SSRGA parameters proposed by Hogan and
Westbrook (2014) or Hogan et al. (2017) are commonly
used (e.g., Maahn and Löhnert, 2017; Mason et al., 2019;
Mech et al., 2020). However, these values were calcu-
lated for unrimed ice and snow particles and can lead
to high biases in the radar backscattering cross-section
when applied to rimed particles, as we will show in this
work. Since SSRGA parameters depend on the statisti-
cal distribution of masses within the particle, their value
cannot be considered equal for particle populations with
different degrees of riming. Hogan et al. (2017), Leinonen
et al. (2018), and Ori et al. (2021) showed how SSRGA
parameters depend on the properties of the ensemble of ice
and snow particles used for their derivation. A consistent
expression of the particle’s physical and scattering proper-
ties as a function of riming is therefore a crucial step to
improve radar retrievals, but also radar forward operators
for atmospheric models.

Because riming typically increases density and a higher
density is expected to lead to more interactions of the
different parts of the scatterer, it is important to study
the validity of the underlying RGA when using SSRGA
in riming retrievals. In this sense, a simulator of rim-
ing at the process scale, as was presented in Leinonen
and Szyrmer (2015), provides a useful tool to investi-
gate this question. Based on such a simulator, Leinonen
et al. (2018) found that, while the difference in backscat-
tering cross-section of RGA versus DDA can be large for
individual rimed particles, average biases stay below 1 dB
for all but the most heavily rimed aggregates. In addi-
tion, they calculated the SSRGA parameters and showed
that SSRGA approximates RGA well at all degrees of
riming. In order to show that average scattering prop-
erties calculated by RGA provide accurate results except
for heavily rimed particles, Leinonen et al. (2018) used
ELWP as a measure for riming. The normalized rime
mass M, the quantitative proxy for riming used in this
study for reasons described below, does not follow a lin-
ear correlation with ELWP. Larger particles have smaller
M than smaller particles at the same ELWP values. It is
therefore required to reevaluate the applicability of RGA
for rimed aggregates, when M is used as a measure of
riming. Furthermore, previous studies did not present a
parameterization of the SSRGA parameter as a function
of M, or any other measure of riming, to the authors’
knowledge.

This study aims at formulating a parameterization of
the SSRGA parameters 𝛼e, 𝜅, 𝛽, 𝛾 , 𝜁1 as defined by Hogan
et al. (2017) and the mass– and area–size parameters am,
bm, and aA, bA by a physically meaningful parameter of
riming. The SSRGA parameters describe the statistical
properties of the internal mass distribution of the particles;

the a and b parameters are the prefactors and exponents
in the mass– and area–size power laws. For quantifying
riming, we select M, because, in opposition to the degree
of riming, r and, to an extent, ELWP, M has the advan-
tage of being a physically well-defined quantity. Another
advantage of clustering rimed aggregates with respect to
M compared with other riming measures including FR is
that it allows us to derive mass–size relations providing
more realistic fall velocities for moderately rimed aggre-
gates (Tridon et al., 2022). M can also be calculated from
the rime mass and the size distribution used to represent
ice-phase particles in the new predicted particle properties
(P3) scheme, a bulk microphysics scheme for atmospheric
models proposed by Morrison and Milbrandt (2015). In
P3, ice particles are not separated into distinct classes, but
described as a single ice-phase category, with the advan-
tage that, for example, the mass–size relation can be varied
continuously.

The developed framework presented in this study
allows us to estimate backscattering cross-sections for arbi-
trary M values consistently. Using the aggregation and rim-
ing model described in Leinonen et al. (2013), Leinonen
and Szyrmer (2015), and Leinonen and Moisseev (2015),
we simulated a large data set of rimed aggregates of
different sizes and monomer shapes, which we binned
by M. SSRGA parameters were calculated for different
riming degrees and their relationship to M was anal-
ysed. Through fits, empirical relations of 𝛼e, 𝜅, 𝛽, 𝛾 ,
𝜁1 as functions of only M were obtained (Section 2.4).
We show the applicability of RGA compared with DDA
for different M (Section 3.1) as well as SSRGA com-
pared with DDA (Section 3.2), before we compare radar
backscattering cross-section bias for 35.6 GHz (Ka band)
and 94.0 GHz (W band) using our proposed SSRGA
parameterization compared with using literature values
(Section 3.3). We analyse biases for both individual parti-
cles (Section 3.3.1) and size distributions (Section 3.3.2).
In addition, we present mass and area–size relation-
ships obtained for different monomer types (columns,
dendrites, needles, plates, and rosettes) and riming
degrees (Section 3.4). In Section 3.5, we combine find-
ings from the previous sections and evaluate backscat-
tering bias when applying both mass–size and SSRGA
parameterizations.

2 DATA AND METHODS

2.1 Aggregation and riming model

To simulate rimed ice-crystal aggregates, we use the
aggregation and riming model described in Leinonen
et al. (2013), Leinonen and Szyrmer (2015), and Leinonen

 1477870x, 2023, 757, D
ow

nloaded from
 https://rm

ets.onlinelibrary.w
iley.com

/doi/10.1002/qj.4573 by C
ochrane France, W

iley O
nline L

ibrary on [01/02/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



MAHERNDL et al. 3565

and Moisseev (2015). For detailed descriptions of the
algorithm, we refer the reader to these studies, consistent
with Tridon et al. (2022) and Seifert et al. (2019). We chose
to use model “B”, where aggregation and riming occur
sequentially, in order to differentiate between both pro-
cesses and study effects of riming alone. First, N monomer
crystals of a certain shape are generated from an expo-
nential distribution. To span a wide range of particle sizes
Dmax, where Dmax is the maximum dimension of the par-
ticle, defined as the diameter of the smallest sphere cir-
cumscribing the particle, we generated aggregates with
N = 10, 20, 30, 40, 50, 100, 200, 300, 500, 700 from expo-
nential distributions with a mean Dmax of 100 as well
as 200 μm, as can commonly be found in nature (Prup-
pacher and Klett, 1997). The monomer crystals are com-
posed of cubic volume elements with an edge length Δ,
which is also the edge length of the cubic volume ele-
ments representing the frozen liquid water droplets. We
chose Δ to be 20 μm, such that the liquid droplet size is
similar to the one typically found in clouds (Lowenthal
et al., 2011). We performed the simulations for differ-
ent monomer crystal shapes: columns, dendrites, needles,
plates, and rosettes (while not allowing mixtures of them).
The model simulates the ice and snow-particle aggrega-
tion by implementing a differential-sedimentation collec-
tion kernel and simple collision dynamics. Each monomer
crystal is held only at a single orientation, but their orien-
tations are randomized. The aggregates are aligned hori-
zontally. Once aggregation is complete, the riming process
begins, where the particles are exposed to a certain ELWP.
The ELWP is the physical LWP along the particle’s tra-
jectory that would produce the given amount of riming
if we assumed riming efficiency = 1. During riming, the
particle’s longest principal axis is reoriented perpendicu-
lar to the flow such that rime is evenly distributed on all
sides.

For each N, mean monomer size and shape, we gen-
erated between 50 and 100 rimed aggregates, saving
intermediate “evolution” steps to cover a wide range of
riming levels. To keep the calculation duration within
a reasonable time span, we chose a maximum ELWP of
2.0 kg ⋅m−2.

In addition, the compaction algorithm by Seifert
et al. (2019) for the aggregation and riming model is used
to mimic the consolidation of the particle structure after
ice-droplet collisions. The algorithm moves rime droplets
slightly closer to the aggregate after contact. This allows
us to generate denser rime, resulting in more accurate fall
velocities of moderately and heavily rimed particles. We
use their high-density rime (HDR) scenario with a rime
density of 700 kg ⋅m−3 (see Seifert et al., 2019 for further
information).

2.2 Riming measure: Normalized rime
mass M

In this study, the level of riming is quantified using
the normalized rime mass M as proposed in Seifert
et al. (2019). M is defined as the rime mass mrime divided by
the mass of the size-equivalent spherical graupel particle
mg:

M = mrime

mg
, (1)

where
mg =

𝜋

6
𝜌rimeD3

max. (2)

We chose M to quantify riming because it allows us
to derive mass–size relations providing more realistic fall
velocities (Tridon et al., 2022), and this property may be
used directly in evaluating the simulation of ice particles
in atmospheric models, when using a bulk microphysics
scheme like P3 (Morrison and Milbrandt, 2015). In the
aggregation and riming algorithm we use, the amount
of riming that an aggregate collects is controlled by the
ELWP. We argue that M is a better measure to represent
successive stages of riming than ELWP. The definition of M
translates the asymptotic increase of m toward mg, allow-
ing Seifert et al. (2019) to show the self-similarity of the
conversion of aggregates to graupel-like particles. ELWP is
also difficult to determine from measurements and, while
this may also be the case for M, the latter could in theory
be determined in laboratory experiments if mrime can be
measured.

We save mrime and Dmax of each evolution step to cal-
culate M. For large aggregates with Dmax > 5 mm, high M
values above 0.3 are rarely reached because larger parti-
cles approach a spherical shape more slowly than smaller
ones when exposed to the same amount of liquid water. It
could be argued that this leads to a bias towards smaller
particles for high M, but we wanted to keep the same
conditions (i.e., ELWP) for all particles. With ELWP =
2.0 kg ⋅m−2, we can simulate a large data set of particles
that approach a graupel state. However, this limits the
application of the proposed method such that it cannot
be applied to deep convective clouds, where large graupel
particles with diameters of several millineters to centime-
tres can form. Extending the framework to large graupel
exceeds the scope of this study, but should be investigated
in the future.

Figure 1 shows the evolution of two example aggre-
gates riming. The top row displays an aggregate of 300
monomer needles taken from an exponential size distri-
bution with mean diameters of 200 μm. When exposed to
an ELWP of 2.0 kg ⋅m−2, the particle reaches a maximum
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3566 MAHERNDL et al.

F I G U R E 1 Growth of two example aggregates by riming when exposed to an effective liquid water path (ELWP) of 2.0 kg ⋅m−2. Top:
aggregate of 300 needles with mean monomer crystal sizes of 200 μm. Bottom: aggregate of 30 dendrites with mean monomer crystal sizes of
100 μm. The rimed aggregates consist of cubic volume elements with 20-μm width; the scale, shown in the first panel, is the same for images
of each row. The normalized rime mass M at the different stages is included above each image. The larger needle aggregate does not reach
higher M values than 0.224 with the chosen ELWP.

M of 0.224, representative of the extreme end for large
aggregates that do not reach very high M values. The
second row shows an aggregate of 30 dendrites with
increasing amount of M, where the increase in M is
depicted on an approximate logarithmic scale. Readers
should note that the size scale included in the first col-
umn is different between the two rows. The example
images show that we cover a wide range of ice and
snow particle shapes and sizes ranging from unrimed
through lightly rimed to heavily rimed, almost graupel-like
particles.

Another important advantage of using M instead of
ELWP as a measure of riming becomes apparent in
Figure 1: the structures of particles with different sizes but
the same M are similar to each other. While the large nee-
dle aggregate with M = 0.214 has about the same ELWP as
the smaller dendrite aggregate with M = 0.706, its geom-
etry is much more similar to the dendrite aggregate with
M = 0.211.

2.3 Scattering models

In order to measure properties of ice and snow parti-
cles by (microwave) remote sensing, one has to connect
scattering to microphysical properties. The backscattering
cross-section 𝜎b, the most important scattering property
in radar measurements, is highly dependent on parti-
cle size, area, mass, and shape. Since these parameters
are variable in nature, estimating scattering properties
can lead to high uncertainties in radar retrievals of, for
example, ice water content (IWC, Wood et al., 2014). In
this study, we calculated scattering properties for hori-
zontally aligned ice and snow particles. Below, we give
an overview of the methods for computing scattering that
were used.

2.3.1 Rayleigh–Gans approximation

RGA assumes that the individual parts of an arbitrarily
shaped particle only interact with the incident wave and
not with each other, which makes this method computa-
tionally cheap compared with, for example, DDA (Bohren
and Huffman, 1983. For RGA to be applicable for the
calculation of scattering properties of particles in the atmo-
sphere, two conditions must be met. First, the complex
refractive index m of the particle must be close to 1 (refrac-
tive index of air):

|m − 1| ≪ 1. (3)

Second, the scatterer should not be much larger than the
wavelength along the propagation direction of the incident
wave:

2kD|m − 1| ≪ 1. (4)

The first condition is generally met for nonrimed snow
in the microwave regime. The second depends on the size
D of the particle and the wavenumber k = (2𝜋)∕𝜆, where 𝜆
is the wavelength. Tyynelä et al. (2013) showed that these
conditions can be relaxed for unrimed particles due to
the lower refractive index of ice–air mixtures compared
with pure ice. Riming, however, leads to higher densities,
possibly violating the RGA requirements.

The backscattering cross-section 𝜎b of a particle can be
calculated using RGA with

𝜎b =
9k4

4𝜋
|K|2 V 2 |f |2, (5)

where K is the dielectric factor and is usually calculated
with the Clausius–Mossotti formula,

K = |m|2 − 1
|m|2 + 2

,
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MAHERNDL et al. 3567

where m is the complex refractive index and we consider
the particle to be composed by air with spherical ice inclu-
sions. V is the volume and f is the so called Rayleigh–Gans
form factor, given by

fRGA =
1
V ∫V

exp
[
ikR(êz − êr)

]
dR, (6)

where R is the position within the particle, êz is the unit
vector in the direction of the incident wave, and êr the unit
vector in the direction of the scattered wave. fRGA accounts
for the cumulative destructive interference among the
waves scattered by the various parts of the particle. If one
assumes small volume elements, each with volume V𝑗 , the
term can be discretized into

fRGA =

( N∑

𝑗=1
V𝑗

)−1 N∑

𝑗=1
V𝑗 exp

[
ikR (êz − êr)

]
. (7)

In the case of backscattering, the direction of the inci-
dent wave vector is exactly opposite to the direction of
the scattered wave vector êz = −êr. Assuming volume ele-
ments with equal sizes, this leads to a simplification of the
form factor to

fRGA =
N∑

𝑗=1
exp

(
−2ikz𝑗

)
, (8)

where z𝑗 are the z coordinates of the volume elements.
Nonspherical scatterers, as is the case for ice and snow
particles, require adjustments to RGA because of their
different polarizability. In the case of aggregates of ran-
domly oriented nonspherical monomer ice crystals, the
total polarizability is isotropic and the nonsphericity of
the monomers can be accounted for by adopting a modi-
fied K factor. This has been shown by Hogan et al. (2017),
who called the modified factor KNS. As discussed in
Leinonen et al. (2018), KNS cannot be calculated directly
for the aggregates generated by the aggregation and rim-
ing model used in this study, due to riming altering
the shape of the monomer crystals. However, KNS can
be estimated by comparing the normalized absorption
cross-section Cabs∕V calculated by RGA and DDA for
unrimed particles. Following their approach, we calcu-
lated Cabs∕V for 35.6 and 94.0 GHz for a subset of particles
and reached the best agreement with |KNS|

2 = 0.23 for
both frequencies, close to their value of 0.21 and higher
than the dielectric factor of ice |K|2 = 0.18. Our value cor-
responds to plates of aspect ratio 0.2 in the KNS formula in
Westbrook (2014).

2.3.2 Self-similar Rayleigh–Gans
approximation

Hogan and Westbrook (2014) developed an analytic
expression for the RGA form factor by exploiting the fractal
nature of ice and snow particles. They provide a way to cal-
culate the average 𝜎b for an ensemble of (unrimed) aggre-
gates in the microwave frequency range. This forms the
basis for SSRGA, which was further expanded by Hogan
et al. (2017). SSRGA is described by five dimensionless
parameters: 𝛼e, 𝜅, 𝛽, 𝛾 , 𝜁1, which we refer to as “the SSRGA
parameters”. The SSRGA form factor in the backscattering
direction can be calculated by

fSSRGA(x) =
𝜋

2

4

[

cos2(x)
{(

1 + 𝜅

3

)( 1
2x + 𝜋

− 1
2x − 𝜋

)

− 𝜅

( 1
2x + 3𝜋

− 1
2x − 3𝜋

)}
2

+ 𝛽sin2(x)
Nterms∑

𝑗=1
𝜁𝑗(2𝑗)−𝛾

{(
1

2x + 2𝜋𝑗

)2

+
(

1
2x − 2𝜋𝑗

)2}]

. (9)

Here, x is the size parameter x = kD = k𝛼eDmax, where
D is the particle size in the direction of the propagating
light. The effective aspect ratio is given by 𝛼e = D∕Dmax.
If ice and snow particles are aligned horizontally and the
radar is pointing vertically, 𝛼e is the same as the aspect
ratio 𝛼 of the particles. 𝜅 is called the kurtosis parame-
ter and is a measure of the mean mass distribution of the
particle along the propagation direction (positive values
indicate more mass in the centre, negative values a homo-
geneous distribution of mass). 𝛽 and 𝛾 are the power-law
prefactor and exponent describing the mass fluctuations
around the mean mass distribution. 𝜁1 is a correction term
for the power spectrum of the smallest wavenumber. The
correction is needed because the smallest wavenumber
often deviates from the power-law fit; all other 𝜁𝑗 values
are 1.

In this study, we used the snowScatt tool by Ori
et al. (2021) to perform SSRGA parameter fits for the gener-
ated rimed aggregates, grouped by M and Dmax. snowScatt
follows the method described in Hogan et al. (2017).

As stated by Hogan et al. (2017), the accuracy of SSRGA
is limited by the realism of the simulated particles that the
SSRGA parameter was calculated for. It is therefore impor-
tant to be cautious when using values proposed in the
literature and evaluate whether the corresponding mod-
elled particles represent the studied ice-particle population
well.
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3568 MAHERNDL et al.

2.3.3 Discrete dipole approximation

To evaluate the applicability of RGA for rimed aggre-
gates, we used DDA (Draine and Flatau, 1994) as a ref-
erence method. With DDA the scatterer is divided into
small homogeneous volume elements, which each act as
a dipole. Therefore, the complete interactions between the
volume elements are modelled. DDA provides accurate
results as long as the volume elements are sufficiently
small compared with the wavelength. Assuming cubical
dipoles, the generally accepted threshold is d < 𝜆∕(10|m|),
where d is the maximum span of the dipole (Yurkin
et al., 2007). This criterion is met for all our calculations.
A similar validity criterion is given by kd|m| < A, where A
should be 0.5 according to Zubko et al. (2010). For us, A is
largest in the W band with A = 0.070.

We used the C software package ADDA, developed by
Yurkin and Hoekstra (2011) to calculate the amplitude
matrix S:

S =

[
S2 S3

S4 S1

]

. (10)

𝜎b can be calculated from S with

𝜎b =
2𝜋
k2

(
|S1(𝜋, 0)|2 + |S2(𝜋, 0)|2

)
. (11)

We opted to calculate backscattering cross-sections 𝜎b
at 35.6 GHz (Ka band) as well as 94.0 GHz for horizon-
tally aligned ice and snow particles. We took the complex
refractive indices of ice at each frequency from the tables of
Warren and Brandt (2008), where a temperature of 266 K
is assumed.

2.4 Parameterization of SSRGA
parameters by M

Riming changes the structure of aggregates, which impacts
their scattering properties. Therefore, literature values of
SSRGA parameters found for unrimed particles do not
necessarily hold for rimed aggregates, possibly leading to
large uncertainties in, for example, radar retrievals. In the
following, we will develop a “riming-dependent parame-
terization” of the SSRGA parameter.

The SSRGA parameters we calculated using snowS-
catt for our rimed aggregates do not show a simple linear,
power-law, or polynomial dependence on M. We evaluated
fitting each parameter with the aforementioned function
types, but were not able to derive a function of each SSRGA
parameter depending on M that obtained better results
than by the following method. We performed linear dis-
criminant analysis (LDA) to reduce the dimensions from

five parameters to two (using two instead of one parame-
ter allows us to have less information loss when inverting
the problem). LDA is a statistical method to find a lin-
ear combination of features that separates two or more
classes based on Fisher’s linear discriminant. It is com-
monly used to reduce the dimensionality of a problem
(McLachlan, 2005). We also evaluated using principal
component analysis (PCA) to reduce dimensionality, but
found LDA to be more convenient for this application. We
used the Python software sklearn (Pedregosa et al., 2011)
with 𝛼e, 𝜅, 𝛽, 𝛾 , 𝜁1 as features and M in form of string
class names.

Figure 2 shows the resulting two parameters, here sim-
ply referred to as xLDA and yLDA, with their M values
colour-coded. One point in the scatter plot does not rep-
resent one particle but one size bin for a certain M class
and monomer shape, resulting from the SSRGA parame-
ter fit. There are a minimum of 30 particles per size bin,
with an average number of 1000–4000 rimed aggregates
per bin. The aggregates can be the same particle, but an
earlier or later evolution step, as long as they fall into
the same M bin. Mean values of the reduced dimension
xLDA for the different M groups depend on M via a power

(a)

(b)

F I G U R E 2 Results of the dimensionality reduction
performed by linear discriminant analysis (LDA) to derive two
variables xLDA and yLDA from the five SSRGA parameters and their
relation to the normalized rime mass M: (a) mean xLDA versus M
including a power-law fit as a grey dashed line, (b) individual data
points shown as crosses colour-coded by their M bin (grey indicates
M = 0) and mean values for each M bin depicted as circles of the
corresponding colour. The red dashed line shows a quadratic fit to
parameterize mean yLDA through mean xLDA values.
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MAHERNDL et al. 3569

law (Figure 2a). In addition, mean yLDA can be expressed
through mean xLDA with a quadratic function (Figure 2b).
Therefore, we applied two fits and obtained expressions
for the two reduced dimensions from M. LDA cannot be
inverted directly, since there must be a loss in information
when going from a higher to a lower dimension. How-
ever, using the pseudo inverse matrix of the LDA, we can
reconstruct the SSRGA parameter from xLDA and yLDA suf-
ficiently well for our purposes. Thus, the resulting function
of each SSRGA parameter is a composition of a linear, a
quadratic and a power-law function and has the following
form:

SSRGA parameter = p1 M2p0 + p2 Mp0 + p3, (12)

where pi are calculated from the fits.
Because the resulting function of each parameter only

depends on M, we evaluated fitting each SSRGA param-
eter separately to Equation 12. However, we could not
achieve lower biases than with the pi calculated via the
LDA method presented above. We are aware that, by fit-
ting an averaged SSRGA parameter, we inevitably move
away from the physical meaning of the SSRGA parameter.
Our goal is not a physical consistent description of SSRGA
parameters but a realistic estimation of bulk backscatter-
ing cross-sections. Although this method is rather abstract,
the resulting parameterizations of the SSRGA parameter
allow us to estimate backscattering properties of aggre-
gates as a function of their degree of riming.

We also evaluated the inclusion of the size Dmax as
additional information, but this did not lead to improve-
ments. Further, we performed the SSRGA parameter fit
with snowScatt for linear as well as logarithmic size bins,
the former with a bin size of 100 as well as 200 μm, the lat-
ter for 20 and 30 logarithmic bins each, and applied this
method to all configurations to see how robust our pro-
posed SSRGA parameter functions are. The resulting pi
values are the same, within 20% (maximum discrepancy)
of the presented values for different Dmax binning, with an
average difference of below 1%. Therefore we will present
only the results for the 20 logarithmic size bins.

We obtain the following parameterizations of the
SSRGA parameter depending only on M:

𝛼e = 0.160 M1.028 + 0.187 M0.514 + 0.575, (13)

𝜅 = −0.100 M1.028 + 0.068 M0.514 + 0.194 ≈ 0.19, (14)

𝛾 = −1.27 M1.028 + 1.79 M0.514 + 2.76, (15)

𝛽 = 4.06 M1.028 − 7.47 M0.514 + 5.42, (16)

𝜁1 = 0.127 M1.028 − 0.091 M0.514 + 0.067 ≈ 0.06. (17)

(a)

(b)

(c)

(d)

(e)

F I G U R E 3 Results of the SSRGA parameter calculations
obtained by snowScatt versus the binned normalized rime mass M.
The markers show the individual results for 200-μm linear size bins.
The marker type indicates the different monomer types, the opacity
is reduced to show the density of the results. The derived functions
to approximate the SSRGA parameters by M are shown as red lines.
[Colour figure can be viewed at wileyonlinelibrary.com]

Figure 3 shows the calculated SSRGA parameters 𝛼e,
𝜅, 𝛽, 𝛾 , 𝜁1 versus M, where one point represents one size
bin. The different monomer shapes are shown as different
markers and their opacity is reduced in order to illustrate
where the majority of data points fall. Equations 13–17
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3570 MAHERNDL et al.

are included as red lines, following the shape of the den-
sity concentration of the corresponding SSRGA parameter
well. The parameterized 𝜅 and 𝜁1 values are close to con-
stant for all but the highest M bin. We use the empirical
function instead of the approximated constant values in
our further analysis, because our simulated rimed aggre-
gates do contain particles with high M. When one wants
to apply these parameterizations to ice-particle popula-
tions with a low likelihood of very heavily rimed particles,
using constant 𝜅 and 𝜁1 values will not lead to a signifi-
cant increase in uncertainty. For 𝛽, the riming-dependent
parameterization shows the largest discrepancy to the area
of highest density of snowScatt derived values. However,
the function falls well within the range of snowScatt 𝛽

values, which suggests values as high as 75 (not shown
here). The derived parametrization shows a reduction of
𝛽 with the increase of M. This indicates a general ten-
dency of the snowflake mass distributions to reduce their
deviations with respect to the mean shape. Additionally,
the increase of the 𝛾 parameter shows that this reduction
affects the smallest scales first, which is consistent with
the riming model adopted, which uniformly adds small ice
volumes to the snowflake (Leinonen and Szyrmer, 2015).
The value of 𝜅 tends to become lower for larger M, indicat-
ing a tendency to make the mass distribution more even
(less peaked in the centre). 𝛼e shows the highest corre-
lation with M. Increasing 𝛼e with increasing M means
particles are more spherical the more they are rimed.
This behaviour is expected, because heavily rimed parti-
cles approach a spherical shape with 𝛼e = 𝛼 = 1, as can be
seen in Figure 1.

2.5 Parameterization of mass–
and area–size relations by M

Due to the highly variable geometry of ice and snow parti-
cles in nature, it is common practice to relate their particle
size Dmax to particle mass m and cross-sectional area A by
power laws:

m = am Dbm
max, (18)

A = aA DbA
max. (19)

We refer to Equation 18 as the mass–size relation and
Equation 19 as the area–size relation, with am and bm being
the mass–size and aA and bA the area–size parameter. Typ-
ically, the parameters of the mass– and area–sizes vary
strongly with particle type (Mitchell, 1996). We present
mass–size and area–size parameter results am, bm and
aA, bA for aggregates of the monomer shapes and riming
degrees studied in Section 3.4.

3 RESULTS AND DISCUSSION

In the following sections, we present backscattering
cross-section 𝜎b bias calculations evaluating the appli-
cability of RGA compared with DDA as a reference
method for a subset of particles in Section 3.1. Further,
we show the performance of SSRGA versus DDA using
the riming-dependent parameterization for the same sub-
set in Section 3.2. These are necessary steps to provide
evidence that SSRGA can be applied to rimed particles
(with some caution) when quantifying riming by M. In
Section 3.3, we compare the use of the riming-dependent
parameterization against SSRGA values and parmeteriza-
tions found in the literature for calculating the SSRGA
parameters. We present results both for individual parti-
cles (Section 3.3.1) and for particles following size distribu-
tions (Section 3.3.2). In addition, we present mass–size and
area–size relations dependent on M in Section 3.4. Finally,
we evaluate the performance of combining mass–size
and riming-dependent parameterization of SSRGA in
Section 3.5. Calculations of the extinction cross-section,
which is defined as the sum of absorption and scattering
cross-sections, are discussed in the Supporting Informa-
tion (Figures S1–S8).

3.1 Bias of RGA versus DDA

This section presents the bias in 𝜎b calculated by RGA
and DDA to evaluate the size parameter x and normalized
rime mass M up to which the RGA method (and therefore
SSRGA) provides reasonable accuracy in backscattering
cross-section 𝜎b compared with DDA. DDA calculations of
𝜎b are described in Section 2.3.3. We calculated the bias
in units of relative difference (in percent) as well as dB,
which is commonly used for cloud radars in meteorology,
for frequencies of 35.6 and 94.0 GHz:

bias(%) = 100
𝜎b, RGA − 𝜎b, DDA

𝜎b, DDA
, (20)

bias(dB) = 10 log10

(
𝜎b, RGA

𝜎b, DDA

)

. (21)

Here it must be noted that relative differences in per-
cent and dB have different meanings. For example, ±3 dB
means a bias of a factor of 2 and therefore relative dif-
ferences of +100% for +3 dB and −50% for −3 dB. By
definition, positive relative differences can, in principle,
become infinitely large, while negative relative differences
can be minimally −100%.

Since DDA calculations are computationally expen-
sive, we performed the bias calculations for a subset of
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MAHERNDL et al. 3571

(a) (b) (c)

F I G U R E 4 The RGA versus DDA backscattering cross-section bias for rimed aggregates of different sizes: (a) the selection of
aggregates for which the RGA versus DDA calculations were done, size Dmax is plotted against normalized rime mass M. The marker colour
indicates M, the shape the monomer crystal type. The other plots show the bias results in percent for (b) 35.6 GHz and (c) 94.0 GHz. Note the
different y scales. Vertical grey dashed lines show the wavelength. Unrimed particles (M = 0; not depicted in panel a) are included in grey.

rimed and unrimed aggregates that are representative of
our full data set in terms of size and M values. The sam-
ple includes 205 aggregates composed by columns, 216
by dendrites, 193 by needles, 236 by plates, and 223 by
rosettes, of which respectively 43, 47, 48, 59, and 43 are
unrimed.

The resulting biases for 35.6 GHz (Figure 4b) and
94.0 GHz (Figure 4c) are shown together with M of all par-
ticles in Figure 4. The selected particles cover a wide range
of sizes and riming degrees, as can be seen in Figure 4a.
Similar to Tyynelä et al. (2013), we find an underestima-
tion of RGA compared with DDA that we could not correct
fully by using the modified KNS. However, this underesti-
mation, of on average less than 5% or 1 dB regardless of
wavelength, is far smaller than the 4.6 dB found by Tyynelä
et al. (2013) and small compared with typical radar mea-
surement uncertainties: for example, Myagkov et al. (2020)
show uncertainties from calibration alone to be±0.9 dB for
W-band radars. As long as the particle size Dmax is smaller
than the wavelength, RGA performs sufficiently well, with
90% of data having biases in the range −17.0% to 5.9% or
−0.8 to +0.3 dB and −17.8% to 25.1% or −0.9 to +1.0 dB
in the Ka and W bands, respectively. For x > 𝜋, meaning
Dmax > 𝜆, the bias of individual particles is large, especially
in the W band, ranging down to −29 dB (meaning RGA
underestimating DDA), corresponding to close to −100%.
However, when averaging particles with constant M over
all particle sizes, the absolute (logarithmic) mean bias is
below 13% or 0.5 dB in the Ka band (with RGA values gen-
erally lower than DDA) for all M bins and in the W band
for M < 0.4. For the W-band and M > 0.4, the mean bias is
+30.1% or −1.2 dB, where the large relative bias is due to
outliers, to which the logarithmic dB scale is less sensitive
(median bias is −10.1%; not shown).

3.2 Bias of the SSRGA
riming-dependent parameterization versus
DDA

Previous studies showed that SSRGA approximates DDA
and RGA results with good accuracy for both unrimed
(Hogan et al., 2017; Ori et al., 2021) and rimed particles
(Leinonen et al., 2018; Ori et al., 2021). As can be seen
in Figure 5, this also holds for particles of any M when
using the riming-dependent parameterization to calculate
the SSRGA parameter. We show the DDA backscattering
cross-sections 𝜎b calculated for the selected individual par-
ticles from Figure 4 as well as the running average of
SSRGA 𝜎b using the exact particle masses. Some individ-
ual particles deviate significantly from the DDA results,
with SSRGA–DDA biases ranging from −91 to 5.0 ×104%
or−10 to 19 and−91 to 1.6×105% or−11 to 32 dB in the Ka
and W bands for the extreme cases. In general, SSRGA fits
DDA well, with mean biases over x of particles in a given
M bin in the range −29.1 to −4.5% or −1.11 to −0.37 dB
for the Ka band and −20.3 to −18.1% or −0.54 to 1.57 dB
in the W band for Dmax < 𝜆. Especially for Dmax > 𝜆, 𝜎b
calculated by DDA for different M bins shows a larger
spread than that from SSRGA, spanning three size orders
compared with one for slightly rimed particles (0 < M <

0.1) in the Ka band (W band: four and three size orders,
respectively). More heavily rimed (M > 0.1) particles with
Dmax > 𝜆 range from 𝜎b ≈ 10−7 to 10−6 m2 for both RGA
and SSRGA in the Ka band (W band: approx. 10−10 to 105

for DDA and 10−7 to 10−6 m2 for SSRGA).
SSRGA using the riming-dependent parameterization

can therefore be applied for rimed aggregates and sizes
Dmax < 𝜆. For Dmax > 𝜆, the underlying RGA provides rea-
sonably accurate results when averaged over the particle
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(a) (b)

F I G U R E 5 SSRGA and DDA backscattering cross-sections for rimed aggregates of different sizes for (a) 35.6 GHz and (b) 94.0 GHz,
note the different y scales. Vertical grey dashed lines show the wavelength. Unrimed particles (M = 0) are included in grey. Individual
markers represent DDA, while lines show the running average of the SSRGA results. The SSRGA calculations used the riming-dependent
parameterization and the exact particle masses.

size spectrum, with biases of around 11% or 0.5 dB com-
pared with DDA for all riming levels in the Ka band as
well as particles with M < 0.4 in the W band (not shown).
SSRGA can thus be used for radar retrievals, where one
usually observes particles of different size ranges. How-
ever, results should be treated with caution for Dmax > 𝜆,
especially when dealing with very high degrees of riming.

3.3 Bias of parameterized versus fixed
SSRGA parameters

The previous section demonstrated the accuracy of RGA
in reference to DDA as well as SSRGA using the
riming-dependent parameterization in reference to DDA
for a small, selected sample of particles. In the following,
the performance of the riming-dependent parameteriza-
tion, taking the SSRGA parameter calculated directly for
a group of particles with similar size and M values with
snowScatt as a reference, will be analysed by the 𝜎b bias
in dB. The snowScatt fit results for 𝛼e, 𝜅, 𝛽, 𝛾 , 𝜁1 can
be assumed to be reasonably accurate for the size and
M range, where RGA performs well compared with DDA
(Ori et al., 2021). As shown in Section 3.1 for individual
particles, this is the case for sizes smaller than the wave-
length. When considering an ensemble of particles, RGA
and therefore SSRGA provides results with mean biases
within 11% or 1.0 dB, except for M values exceeding 0.4 in
the W band, where mean biases reach up to +30% due to
outliers (median=−11.2%) or−1.2 dB even when particles
larger than the wavelength are included.

Here, we further compare the biases calculated using
the riming-dependent parameterization of the SSRGA
parameter with those obtained using literature values.

T A B L E 1 Literature values for the five SSRGA parameters.

Parameter

HW14—
Westbrook
et al.

H17—
Westbrook
et al.

H17—
Nowell
et al.

𝛼e 0.6 0.83 0.82

𝜅 0.19 0.09 0.16D0.44
max

𝛽 0.23 0.86D−0.3
max 0.15D0.64

max

𝛾 5/3 2 7/3

𝜁1 1 0.28 0.22D−0.44
max

Note: Dmax is in millimetres and the H17 fits are limited to 1–10 mm.

Included are the values calculated by Hogan and West-
brook (2014) for the Westbrook et al. (2004) aggregate
model (from here on denoted as HW14—Westbrook)
as well as the fit results from Hogan et al. (2017)
for the same Westbrook et al. (2004) aggregate model
(H17—Westbrook) and the Nowell et al. (2013) model
(H17—Nowell). All SSRGA parameters from these stud-
ies are summarized in Table 1. We evaluate biases in dB
because the focus of this study is the application to radar
observations and radar forward modelling.

Discrepancies between these literature values and the
riming-dependent parameterization are expected, since
they were derived for different particle models. The lit-
erature values are commonly used in radar retrievals, as
for example in Maahn and Löhnert (2017), who had to
limit their analysis to nonrimed particles. Our comparison
shows that using them can lead to high uncertainties, espe-
cially when applied to rimed particles, which likely behave
more similarly in nature to our modelled particles that
consider riming. The aim of this study is also to highlight
the need for am SSRGA parameterization designed for the
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F I G U R E 6 Backscattering cross-section bias in dB using fixed or parameterized SSRGA parameter in reference to calculated values
versus size parameter x for (a)–(d) 35.6 GHz and (e)–(h) 94.0 GHz. The cross markers show results for 200-μm linear size bins. Their colour
indicates the normalized rime mass M (consistent with Figure 4). The coloured curves show the running mean bias for each M bin. (a)–(c) and
(e)–(g) show the results for SSRGA values proposed in the literature (see Table 1), (d) and (h) show the riming-dependent parameterization
(M parameterization). The root-mean-square error RMSE and mean error ME of the biases are shown in each panel on the top right.

specific ice and snow particle types involved in the simula-
tion. The riming-dependent parameterization can help in
this sense by providing a useful functional form that gen-
erates SSRGA parameters for a wide range of snow types,
specifically rimed aggregates at diverse stages of riming.

3.3.1 Individual particles

Figure 6 shows the bias of 𝜎b using our proposed SSRGA
parameterization as well as literature values (Table 1) com-
pared with the reference values calculated with snowScatt
for 35.6 (Figure 6a–d) as well as 94.0 GHz (Figure 6e–h).
One point represents a size bin, an M bin, and a particle
type, where the snowScatt fits were performed. It therefore
represents an average particle of that size and M. We chose
to show the results of the linear size binning with a bin size
of 200 μm to show a larger set of data points compared with
the logarithmic bins. x is plotted on a linear scale to focus
on larger sizes, where biases are expected to be bigger than
for small particles. In addition, running averages over 20
data points for the M bins are included as coloured lines.
The averaged values for unrimed particles are not visible
in the figure for two reasons: first, the unrimed particles
are generally smaller, so the running averages are only per-
formed up to about 2 mm, and, second, they follow very
closely those for the lowest M bin (dark blue).

For both wavelengths, the average bias using the
riming-dependent parameterization is much smaller than
using literature values, resulting in root-mean-square

errors of 1.15 and 1.64 dB and mean errors of 0.10 and
0.19 dB in the Ka and W bands, respectively (litera-
ture RMSE = 1.42–3.8/2.5–4.39 dB for Ka/W band; ME
= −2.6–0.65/−3.4–0.69 dB). Biases for individual parti-
cles scatter significantly at sizes larger than the wave-
length regardless of the chosen SSRGA parameter method,
ranging from−5 to+6 dB for the riming-dependent param-
eterization. The riming-dependent parameterization per-
forms especially well for all M levels for sizes smaller
than the wavelength with average absolute biases below
2dB. Using the literature values, the bias for unrimed and
very lightly rimed particles is only mostly below 2 dB for
the HW14—Westbrook et al. parameters, even though all
literature SSRGA parameter were derived for unrimed par-
ticles. The use of literature SSRGA parameters derived for
more “open” aggregate structures implies that the aggre-
gate mass distribution decorrelates at small scales, while
in reality, rimed particles are more homogeneous. The
higher autocorrelation of the mass distribution determines
a reduced destructive interference of the scattered waves,
hence an augmented backscattering cross-section with
respect to the literature SSRGA models.

3.3.2 Applying a size distribution

When measuring ice cloud or snowfall properties by
microwave remote sensing, the scattering properties of a
single ice particle are less relevant than those of an ensem-
ble of particles. Commonly, particle size distributions
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(a) (b)

F I G U R E 7 Radar reflectivity bias in dB using parameterized SSRGA parameter in reference to parameter values obtained by
snowScatt for a sample of exponential size distributions versus normalized rime mass M for (a) 35.6 GHz (b) and 94.0 GHz. Coloured dashed
lines show the mean results for the literature SSRGA parameter (Table 1) whereas the red solid line shows the riming-dependent
parameterization. Standard deviations are depicted as shaded areas of the corresponding colour. Bias values for unrimed particles (M = 0) are
shown as cross markers on the y-axis.

(PSDs) are used to represent the ice and snow particle
populations. Various studies have shown that PSDs in ice
clouds can follow exponential (e.g., Field et al., 2005),
gamma (e.g., Maahn et al., 2015), or lognormal functions
(e.g., Tian et al., 2010). There is so far no consensus regard-
ing the best way to parameterize an ice-particle size distri-
bution; we reduce complexity and use the exponential size
distribution, a simplification of the gamma distribution. It
is expressed by

N(D) = N0 exp(−ΛD), (22)

where N is the number concentration in m−3 of particles of
size D in m, the intercept parameter N0 (in m−3) describes
the overall scaling, and the slope parameter Λ controls the
shape. Field et al. (2005) presented a way to derive N0 from
ambient temperature T alone. They obtained their findings
via aircraft measurements of stratiform ice clouds around
the British Isles. N0 can be expressed as

N0 = 7.6275 106 exp(−0.107T). (23)

The ambient temperature T is in ◦C andΛ can be obtained
from the total number of particles Ntot with Λ = N0∕Ntot.
The latter expression is obtained from the definition of Ntot
by integrating Equation 22 over the full size range from 0
to +∞ and solving for Λ.

Figure 7 shows the average bias of the equivalent radar
reflectivity Ze for 35.6 (Figure 7a) and 94.0 GHz (Figure 7b)
using our SSRGA parameterization as well as the litera-
ture values from Table 1, in reference to the snowScatt

calculated SSRGA parameters for exponential PSDs cal-
culated by Equations 22 and 23. We use snowScatt to
calculate Ze. For each M bin, we calculated PSDs for tem-
peratures from −30 to −2 ◦C in 2-K steps. Ntot was varied
between 103 and 105 m−3 and all PSDs resulting in unreal-
istic Ze values (Ze < −40 and Ze > 30 dBZ) were excluded.
The plot shows the mean bias in dB for each M as dashed
lines for the literature values and as a solid red line for
the riming-dependent parameterization (M parameteri-
zation). The corresponding standard deviations from the
various size distributions are included as shaded areas. The
riming-dependent parameterization performs well com-
pared with the literature SSRGA values, resulting in small
biases below 1.0 dB in the W band over all degrees of rim-
ing. Biases in the Ka band are even smaller, with the mean
falling right along the 0 line. Because large particles do not
reach as high an M as small ones, size distributions for
larger M are cut off at certain Dmax. Particles in the (sec-
ond/third/fourth) highest M bin have maximum sizes of
about 2 mm (4/6/10). This likely leads to the decrease of
standard deviations with increasing M for all parameteri-
zations.

3.4 Mass– and area–size relations

Mass– and area–size relations are commonly parameter-
ized by power laws. For the exponent of the mass–size
relation, bm, a wide range of values derived from mea-
surements and model studies exist in the literature, with
bm ranging from 1.7 (Locatelli and Hobbs, 1974) to 3.0
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MAHERNDL et al. 3575

(Mitchell, 1996). Parameters proposed by Brown and Fran-
cis (1995) are commonly used (in SI: am = 0.0121, bm =
1.9) in retrievals and models. According to findings from
Westbrook et al. (2004) based on aggregation theory, bm
should approach values close to 2 for large unrimed aggre-
gates. According to the fill-in model, liquid water droplets
fill the “gaps” in the structure of the aggregate, leading to
an increase of mass m but not size Dmax. Model studies
have shown that the fill-in model is only realistic in the
very early stages of riming (Leinonen and Szyrmer, 2015;
Seifert et al., 2019). Soon in the riming process, rime starts
to accumulate on the outside of the ice particle, increas-
ing Dmax. This leads to an increase of bm values, which is
in disagreement with the fill-in model. Since ice and snow
particles tend to orient themselves perpendicular to the
flow and rime is mainly collected on the bottom of the par-
ticle when falling through layers of supercooled liquid, the
particles become more spherical with increasing levels of
riming. During this process, both am and bm increase fur-
ther. In the extreme scenario, when the particle reaches a
spherical graupel stage, bm should approach 3. Assuming
ice-particle size independent collection efficiencies of liq-
uid droplets, smaller ice particles reach the graupel stage
faster than larger ones.

A similar behaviour can be assumed for the
cross-sectional area. With increasing amounts of rim-
ing, the area approaches a circle where bA approaches 2.
Mitchell (1996) found that values for bA derived in vari-
ous laboratory and in situ studies range from 1.4 to 2.0.
Monomer shape is expected to play a less important role in
the mass and area–size parameters for aggregates that are
sufficiently large compared with the size of the monomer
crystals from which they are composed. Needles, for
example, usually have a much smaller cross-sectional area
and mass than dendrites of the same Dmax.

Figure 8 shows the evolution of particle mass m
(Figure 8a) and particle cross-sectional area A (Figure 8b)
versus the size Dmax during the riming process. As an
example, only aggregates of needles are shown; plots for
the other monomer types can be found in the Supporting
Information (Figures S9–S12). The normalized rime mass
M is colour-coded and power-law fits over 10 logarithmic
M bins from 10−2 to 100 are shown. Unrimed aggregates
are coloured grey. While the fits were performed for all par-
ticles and evolution stages falling in the corresponding M
bin, one out of 50 particles is plotted. The resulting colour
gradient in the figure shows a clear relation between the
mass and area–size parameters and M. Mass and area–size
parameters are larger for more heavily rimed particles.
Riming impacts the mass–size relation to a greater degree
than the area–size relation. Unrimed needles have bm =
2.06, close to the theoretical values of 2. For the highest two
M bins (M > 0.5), bm ≈ 3.0 holds. bA also increases with

F I G U R E 8 The (a) mass–size and (b) area–size relationship
fits for rimed aggregates consisting of monomer needle crystals. The
normalized rime mass M of the aggregates is colour coded.
Power-law fits for aggregates binned in 10 logarithmic M bins from
10−2 to 100 are shown as coloured lines. The fit results in SI units are
given in the legend. Unrimed particles (M = 0) are included in grey.
Results for the other monomer types studied (dendrites, columns,
plates, and rosettes) can be found in the Supporting Information.

increasing M, starting at 1.78 for unrimed particles and
approaching values of approximately 2 for heavily rimed
ones.

Figure 9 summarizes the results of all mass and
area–size power-law fits that were performed for the five
selected monomer crystal shapes and M levels as well as
unrimed aggregates. All parameters increase with increas-
ing amount of riming, however they also show a depen-
dence on monomer shape. Mean values over all monomer
types of the mass–size parameter are similar to those of
plates. As expected, monomer crystal shape plays a larger
role for smaller M, with bm values for particles in the lowest
M bin ranging from 2.17 for columns to 2.52 for dendrites
with corresponding am values of 0.0988 and 0.388. When a
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3576 MAHERNDL et al.

F I G U R E 9 Results of the fit parameters of the power-law (a) mass–size and (b) area–size relationship fits for the monomer crystal
types studied and normalized rime mass M values. The b parameters are plotted versus the a parameters in SI units. The colour represents
the corresponding M bin, results for unrimed particles (M = 0) are shown in grey. Monomer crystal types are differentiated by markers:
columns correspond to triangles, dendrites to stars, needles to minus signs, plates to squares, and rosettes to plus signs. Mean values over all
types for each M bin are plotted as circles.

T A B L E 2 Mass–size parameter (am, bm) depending on the normalized rime mass M for the monomer crystal types studied.

M Columns Dendrites Needles Plates Rosettes Mean

0.000 (0.0485, 2.07) (0.0132, 2.09) (0.0254, 2.06) (0.0388, 2.14) (0.0363, 2.13) (0.0324, 2.10)

0.013 (0.0988, 2.17) (0.388, 2.52) (0.136, 2.28) (0.219, 2.37) (0.277, 2.40) (0.224, 2.35)

0.021 (0.210, 2.26) (1.00, 2.63) (0.336, 2.39) (0.508, 2.47) (0.629, 2.50) (0.537, 2.45)

0.033 (0.638, 2.40) (2.77, 2.73) (1.05, 2.53) (1.44, 2.59) (1.80, 2.62) (1.54, 2.57)

0.052 (1.91, 2.54) (7.26, 2.82) (3.01, 2.64) (4.20, 2.71) (4.84, 2.73) (4.27, 2.69)

0.082 (4.74, 2.64) (16.4, 2.89) (7.77, 2.74) (9.97, 2.79) (11.6, 2.81) (10.1, 2.77)

0.129 (12.5, 2.74) (32.9, 2.93) (19.1, 2.83) (21.8, 2.85) (24.9, 2.87) (22.2, 2.85)

0.205 (28.6, 2.82) (59.4, 2.96) (39.4, 2.88) (42.8, 2.90) (46.4, 2.91) (43.3, 2.89)

0.325 (56.2, 2.87) (98.6, 2.97) (78.0, 2.93) (81.5, 2.94) (81.0, 2.94) (79.0, 2.93)

0.515 (128, 2.93) (173, 2.99) (143, 2.96) (160, 2.98) (182, 2.99) (157, 2.97)

0.816 (166, 2.92) (143, 2.90) (184, 2.94) (209, 2.95) (165, 2.92) (173, 2.93)

Note: All values in SI untis.

particle approaches a graupel-like shape, it does not matter
much what monomers the original aggregate was com-
posed of. bm values for the highest M bin (M ≈ 0.8) range
from 2.90–2.95 and are generally slightly smaller than for
the previous bin (2.93–2.99). Here, a bias of Dmax towards
smaller sizes for high M levels could play a role. As men-
tioned in Section 2.2, the largest aggregates did not reach
M ≈ 1 with the amount of liquid water that they were
exposed to. Another explanation could be a “saturation”
effect, with particles in the second highest M bin being
already so heavily rimed that an increase in rime does not
change their properties much. Except for very high M, the

mass–size parameters are smallest for columns, followed
by needles, plates, and rosettes, and largest for dendrites.

The area–size parameter shows a similar behaviour,
with values generally increasing with increasing M. For
the highest M bins, the area–size parameters are similar for
all monomer shapes (aA ranges from 0.453–0.512, bA from
1.98–2.00). However, for unrimed particles they depend
heavily on monomer shape. With bA = 1.93, dendrites of
the lowest M (M ≈ 0.01) show a similar area–size relation
to needles with medium riming (M ≈ 0.08: bA = 1.94). All
resulting mass and area–size parameters can be found in
SI units in Tables 2 and 3.
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MAHERNDL et al. 3577

T A B L E 3 Area–size parameter (aA, bA) depending on the normalized rime mass M for the monomer crystal types studied.

M Columns Dendrites Needles Plates Rosettes Mean

0.000 (0.0508, 1.77) (0.0762, 1.87) (0.0428, 1.78) (0.0715, 1.81) (0.0643, 1.81) (0.0611, 1.81)

0.013 (0.0392, 1.73) (0.128, 1.93) (0.0577, 1.79) (0.0597, 1.78) (0.0748, 1.83) (0.0699, 1.81)

0.021 (0.0506, 1.77) (0.144, 1.93) (0.0681, 1.83) (0.0689, 1.80) (0.0902, 1.85) (0.0843, 1.83)

0.033 (0.0831, 1.83) (0.182, 1.95) (0.110, 1.89) (0.0935, 1.83) (0.129, 1.89) (0.120, 1.88)

0.052 (0.127, 1.88) (0.206, 1.95) (0.154, 1.92) (0.134, 1.88) (0.168, 1.91) (0.158, 1.91)

0.082 (0.161, 1.90) (0.215, 1.94) (0.190, 1.94) (0.159, 1.89) (0.192, 1.92) (0.183, 1.92)

0.129 (0.227, 1.94) (0.250, 1.95) (0.250, 1.96) (0.210, 1.92) (0.235, 1.94) (0.234, 1.94)

0.205 (0.298, 1.97) (0.298, 1.96) (0.316, 1.98) (0.278, 1.95) (0.276, 1.95) (0.293, 1.96)

0.325 (0.359, 1.98) (0.341, 1.97) (0.375, 1.99) (0.368, 1.98) (0.338, 1.96) (0.356, 1.97)

0.515 (0.427, 1.99) (0.417, 1.98) (0.434, 1.99) (0.423, 1.98) (0.402, 1.97) (0.421, 1.98)

0.816 (0.485, 1.99) (0.453, 1.98) (0.496, 1.99) (0.512, 2.00) (0.455, 1.98) (0.480, 1.99)

Note: All values in SI untis.

F I G U R E 10 (a,b) As Figure 6 and (c,d) as Figure 7, but using the mass–size parameter from Table 2 instead of exact particle masses.

3.5 Combining M-dependent SSRGA
and mass–size parameterizations

In Sections 3.1 and 3.3 we calculated 𝜎b using the
exact particle masses. However, as stated in Section 3.4,
exact masses of particles sampled with microwave remote
sensing are unknown and mass–size relations are com-
monly applied. We therefore analyse the accuracy of using
the riming-dependent parameterization together with the
mass–size relationships presented in the previous section

compared with calculating the SSRGA parameter directly
and using exact particle masses. Figure 10 shows the 𝜎b
bias for (average) individual particles (as in Figure 6) as
well as the reflectivity Ze bias applying exponential size
distributions (as in Figure 7). We use median M values for
each size bin and monomer type and interpolate the am
and bm from Table 2 with cubic interpolation. For medium
and high riming degrees, biases are low (within 1 dB) in
the Ka band. However, average 𝜎b bias for lightly rimed
particles with x > 2.5 shows a negative bias exceeding
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3578 MAHERNDL et al.

2 dB. This is likely due to the higher variability in struc-
ture and larger Dmax of lightly rimed compared with more
heavily rimed particles, leading to higher uncertainties in
mass–size relations. Interestingly, biases due to mass–size
assumptions and the riming-dependent parameterization
seem to compensate each other in the W band, leading to
average uncertainties below 2 dB over the full size and M
range. Mean Ze biases applying exponential size distribu-
tions stay below 1 dB over all riming levels for both 35.6
and 94.0 GHz.

Comparing Figures 10 with 6d,h, it seems that the bias
due to the choice of mass–size relation is at least as large
as the bias due to the choice of SSRGA parameters. As we
show in the Supporting Information (Figure S13), apply-
ing a constant mass–size relation leads to higher biases
than varying mass–size but using the SSRGA parameter for
a constant M. However, the best performance is achieved
when both mass–size and SSRGA parameters are derived
as functions of M using the riming-dependent parameter-
ization.

4 CONCLUSION

In this study, we have developed a parameterization of
the SSRGA parameters 𝛼e, 𝜅, 𝛽, 𝛾 , 𝜁1 and the mass and
area–size relations m(Dmax) and a(Dmax) by the normalized
rime mass M (“the riming-dependent parameterization”).
This allows us to estimate the backscattering cross-section
of a particle with Dmax and M. To investigate the rela-
tionship between riming and SSRGA scattering, we gener-
ated synthetic ice particles with an aggregation and rim-
ing model. We obtained a large data set of horizontally
aligned rimed aggregates of different sizes and monomer
ice-crystal shapes (columns, dendrites, needles, plates, and
rosettes; no mixtures), which we binned by M. We then cal-
culated the SSRGA parameter for each monomer type and
M over the size spectrum. Via linear discriminant analysis
(LDA) and fits, we derived empirical relations of 𝛼e, 𝜅, 𝛽,
𝛾 , 𝜁1 as functions of only M. 𝛼e shows the most correlation
with M, whereas 𝜅 and 𝜁1 are almost constant except for
the highest M bin.

We were able to obtain the following results.

1. We confirmed previous findings that the Rayleigh–
Gans Approximation (RGA) provides reasonably accu-
rate backscattering cross-section 𝜎b results compared
with the Discrete Dipole Approximation (DDA) for
all riming degrees in the Ka band (35.6 GHz). The
same holds in the W band (94.0 GHz) for all but
very heavily rimed particles with sizes larger than the
wavelength (Figure 4). While the bias in backscat-
tering cross-section can be very high for individual

particles larger than the wavelength (for all riming
degrees), average values stay below 11% or 0.5 dB
(1.2 dB for the W band and M > 0.4). Also, SSRGA
using the riming-dependent parameterization approx-
imates DDA results well for the selected particles
(Figure 5).

2. Using the riming-dependent parameterization of the
SSRGA parameter instead of values suggested in the
literature leads to significantly smaller 𝜎b biases (com-
pared with the calculated SSRGA parameter, used as
reference) for 35.6 and 94.0 GHz. This holds on aver-
age for individual particles (Figure 6) as well as par-
ticle populations (Figure 7). The running average of
the 𝜎b bias stays below ±2 dB for the riming-dependent
parameterization for all M bins over the full size range
studied (up to 10 mm), with the exception of large
very lightly rimed particles (Dmax > 5 mm and M <

0.016) in the W band. Using literature values leads to
average absolute biases of up to 8 dB. In the case of
observing particles following an exponential size dis-
tribution, mean reflectivity biases calculated using the
riming-dependent parameterization are below 0.5 dB in
the W band and below 0.05 dB in the Ka band for all
riming degrees. We therefore recommend the use of
our empirical function when dealing with rimed aggre-
gates. The reader has to be aware of the limits of RGA
and further SSRGA for very high M (graupel-like par-
ticles) and large particles (Dmax > 𝜆), due to increasing
interdipole interactions which are neglected.

3. We investigated mass and area–size relationships
m(Dmax) and a(Dmax) for different monomer types
(columns, dendrites, needles, plates, and rosettes) and
riming degrees (see Figures 8 and 9). We found that
generally mass–size and area–size parameters (am, bm)
and (aA, bA) increase with increasing M. However,
monomer crystal type plays a role as well, especially for
lower riming degrees. bm values for unrimed aggregates
are close to 2 and increase to approximately 3 for high
M. bA values follow a similar behaviour, with values
around 1.8 for unrimed and 2.0 for heavily rimed parti-
cles. For unrimed and lightly rimed particles, monomer
shape plays a larger role than in the mass–size rela-
tion. These findings appear to be in contradiction to
the classic “fill-in” model. We also see increases in size
in earlier riming stages and our results follow closely
the modelling results presented in Seifert et al. (2019),
which is not surprising, due to us employing the same
aggregation and riming model. We summarized all fit
values in Tables 2 and 3 for m(Dmax) and a(Dmax).

4. Finally, we evaluated the performance of combining
the riming-dependent parameterization and the pro-
posed mass–size parameterizations (see Figure 10). The
mass–size parameter leads to higher 𝜎b uncertainties
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MAHERNDL et al. 3579

for unrimed and lightly rimed particles compared with
fixing the mass to its exact values, likely due to more
variability in particle structures. In the case of applying
exponential size distributions, mean 𝜎b bias stays below
1 dB over all riming degrees for both frequencies.

The proposed framework allows us to estimate
backscattering properties of aggregates consistently as a
function of their degree of riming, expressed by the nor-
malized rime mass M. The ability to vary M continuously
without discrete jumps allows us to apply our method to
retrievals and atmospheric models with varying M. It can,
for example, be used to forward-model radar reflectivities
from atmospheric models that include a microphysical
scheme such as the P3 microphysical scheme (Morrison
and Milbrandt, 2015).

Our results are purely based on modelled data, and val-
idating these findings based on laboratory experiments or
field measurements is important. New laboratory experi-
ments studying the evolution of particle structure during
riming are crucial to gain a deeper understanding of the
riming process. Also, collocated radar and in situ measure-
ments can provide a way to apply and validate our findings
in radar retrievals.

Limitations of the model used are as follows: (1) cloud
droplet size is assumed to be monodisperse and (2) aero-
dynamic effects are neglected. Since all our particles were
exposed to the same effective liquid water path (ELWP),
larger particles did not reach as high M values as smaller
ones. This could have led to a bias towards smaller sizes
for large M (> 10−1), which should be investigated fur-
ther in the future. Although we do not expect significant
changes in the parameterization of the SSRGA parameter,
given the fact that we could not find clear dependences of
the parameters on particle size, including large particles
with high M in the mass–size and area–size fits could lead
to slightly different results for am, bm, aA, and bA. Another
limitation of our work that should be investigated in the
future is the assumption of rime density 𝜌rime = 700 kg ⋅
m−3 (high-density scenario in Seifert et al. (2019). In a
follow-up study, we could investigate varying 𝜌rime to see
the robustness of the results.
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