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CRIME PAYS; HOMOGENIZED WAVE EQUATIONS FOR LONG
TIMES

GREGOIRE ALLAIRE!, AGNES LAMACZ2, AND JEFFREY RAUCH?

ABSTRACT. This article examines the accuracy for large times of asymptotic expansions
from periodic homogenization of wave equations. As usual, € denotes the small period
of the coefficients in the wave equation. We first prove that the standard two scale
asymptotic expansion provides an accurate approximation of the exact solution for times ¢
of order €270 for any 6 > 0. Second, for longer times, we show that a different algorithm,
that is called criminal because it mixes different powers of ¢, yields an approximation
of the exact solution with error O(e") for times e~V with N as large as one likes. The
criminal algorithm involves high order homogenized equations that, in the context of
the wave equation, were first proposed by Santosa and Symes and analyzed by Lamacz.
The high order homogenized equations yield dispersive corrections for moderate wave
numbers. We give a systematic analysis for all time scales and all high order corrective
terms.
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1. INTRODUCTION

1.1. Traditional homogenization, secular growth, and long times. This paper
studies the long time behavior of the wave equation in an infinite periodic medium,

(1.1) p(z/e) Ojus — div(a(z/e) gradu®) = f(t,x), u=f=0 for t<0,

where p, a are periodic functions. Denote by T¢ the unit torus. The unknown u¢ is real
valued as is p € L°°(T%), while a € L>(T?) has values that are real symmetric matrices.

The coefficients are positive definite in the sense that there is a constant m; > 0 so that
1



2 GREGOIRE ALLAIRE, AGNES LAMACZ, AND JEFFREY RAUCH
for all £ € R,
a(y)€-& > mal¢’,  and  p(y) > my,  forae yeT.

The source term f is smooth with o7, f € L2(R*) for all & € N1 and is supported in
{0 <t < 1} until Section 5.
The motivation comes from the articles, in chronological order, [23], [18], [14], [3], [9] that
describe the behavior of solutions to the wave equation on the very long time scale t ~ 1/¢?
and beyond (see also the engineering literature, including [7], [15], and the numerical
literature [1], [2], [6]). The descriptions on these time scales require modifications of the
traditional two scale homogenization ansatz, which is the following:
(1.2)  Ulet,x,z/e), Ulet,x,y) ~ " up(t,r,y), wu,(t,r,y) periodicin y.
n=0
The right hand side is a formal power series in €. No convergence is expected (see Appendix
A). The sign ~ represents equality in the sense of formal power series. The coefficient
functions u, belong to the space of smooth functions of (,z,y) € R x R? x T¢ supported
in t > 0 that are periodic in y.
The classical homgenization approach [8], [10], [11], [16], [22] shows that the ansatz (1.2)
provides a good approximation on bounded time intervals. Section 3 proves that the
traditional construction (1.2) yields in fact a good approximation on time intervals 0 <
t < Ce 2 with C as large and § > 0 as small as one likes.
It was first observed by Santosa and Symes in [23], and then proved in [18] (see also [14],
3], [9]), that a different ansatz that we call criminal, yields a good approximation for times
of order e 2. In the elliptic setting, the criminal ansatz was first proposed by Bakhvalov
and Panasenko [8]. They recognized that an analogous approach formally works for the
wave equation but did not discover its utility for large time asymptotics.
To analyze the two scale ansatz (1.2), each profile w, is written as the sum of its non
oscillating contribution mu, and its oscillating part (I — 7)u,,, defined as !

1
un(t,x,y) = mu, + (1 — 7))y, (muy)(t,z) = @ / un(t, x,y) dy.
Td
Introduce the traditional second order partial differential operators
Ayy = divy a(y) grad,,
(1.3) A, = div, a(y) grad,,
Ay = div, a(y) grad, + div, a(y) grad, .

IThis decomposition of the two scale hierarchy emphasizing the projector 7 follows modern develop-
ments in hyperbolic geometric optics, see [21].



Then
[p(x/e) 52 — diva(az/e)grad]U(e,t,x,:c/e) ~ W(et,z,x/e),

where W is the formal Laurent series in e defined by

1 1 =
(1.4) {p(y)@f — e_QAyy — EAxy — Am] Ule, t,z,y) ~ Wie t,z,y) = Z € wy(t, T, y).

n=—2
In the trditional approach the u,, are chosen so that W = f.

Since the source term f(t, z) does not depend on y, it has no oscillating part, (I —7)f = 0,
and thus it is natural to seek the w,, so that (I — m)w, = 0. The formal power series U,
satisfying (1.4), for which (I — m)w, = 0 for all n has a very rigid structure that steers
our analysis. For £ > 1, Definition 2.2 introduces differential operators

(1.5) e, 000:) = Y canly) Of,

aENIH1 |a|=k
The coefficients ¢, , are solutions of periodic cell problems. The coefficients of the pure
x derivatives in (1.5) are the classical k™ order correctors in elliptic homogenization [§],
[10], [22]. Theorem 2.5 proves that the formal power series U(t, z,y), that yield profiles
wy, satisfying (I — m)w, = 0 for all n, are characterized by u,, satisfying

(1.6) Vn >0, (I —mu, = Zxk(y,at,&v) Tk -
k=1

In particular the oscillating part is given in terms of the non-oscillating parts of lower

order.

The second structural identity concerning the U satisfying (I — 7m)w,, = 0 is a formula for

7w, that involves homogenized differential operators aj} (0, 0,) with constant coefficients.

The operator aj is the standard homogenized wave operator [8], [10], [11], [16], [22] (see

(2.19) for its precise definition). For k > 3, the aj are called high order homogenized

operators [8]. By establishing a combinatorial formula for the af, Theorem 2.13 proves

that the odd order homogenized operators vanish, a3, ,; = 0. This is a classical result for

ai =0 and a§ = 0 (see e.g. [4] and references therein). It was already known for all odd

orders in the elliptic case [24]. Theorem 2.10 proves that

(1.7) Vn, (I—mw,=0, — Vn, ww, = Z i y9(0r, Op) TUp_2j -
0<2j<n

Equation (1.7) expresses mw,, in terms of 7wu,, with m < n and having the same parity as

n. This is the leap frog structure.

The traditional algorithm [8], [10], [22] sets W = f enforcing wy = mwy = f and w,, = 0 for

n # 0. The first equation wy = f yields the homogenized wave equation a%(0;, 0, )mug = f

whose solution ug = mug has energy independent of ¢ for £ beyond the support of f. The
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leading profile mugy does not grow with time. Demanding that 7w, = 0, for n > 1 leads to
wave equations for wu, with a source term given in terms of wu,,, with m smaller than n
and having the same parity as n. One finds 7u,, = 0 for n odd. One can quickly assess the
rate of growth of the profiles us, in time. This is called secular growth (see Section 2.3).
For uy one has a}(0y, 0,)mus + a} (04, 0, )mug = 0, a wave equation for muy with source that
does not grow in time. Therefore us cannot grow faster than ¢. Continuing one finds that
7wy grows no faster than ¢? and musyy, no faster than t*. The leap frog structure shows that
Tu, grows no faster than ¢"/2. Without the leap frog structure one would have found ¢".
The (2n)™ term in the ansatz (1.2) is of size €2 t". For times ¢ ~ 1/¢? the higher order
terms can no longer be understood as correction terms. The slow secular growth from
the leap frog structure explains why ¢ ~ 1/€? is a critical time scale for the traditional
expansion.

The secular growth estimate implies Theorem 3.1 asserting that for any N,§ > 0 choosing
a sufficiently large number of terms in the traditional ansatz (1.2) guarantees that the error
is O(eN) for times t < 1/e279.

Appendix A.2 contains an example showing that the classical approximation is not accu-
rate for times ¢t ~ 1/€2+° for any J > 0.

Remark 1.1. [t is interesting to contrast our results with those of Pastukhova [20], who
showed that the large time behavior of periodic parabolic equations is given, at least to
leading order, by the homogenized equation. In contrast, our example in Appendiz A.2
shows that in the hyperbolic setting the secular growth renders the homogenized equation
inaccurate for times longer than 1/e*. The method of Pastukhova [20], using Bloch waves,
shares some features with ours, including high order homogenized equations and filtering.
It is completely different because the time asymptotics of the parabolic equation is purely
decaying while the wave equation oscillates indefinitely.

1.2. Asymptotic crimes and longer times. To find approximate solutions for longer
times we abandon the classical ansatz (1.2) that requires wy = Iwy = f and w, = 0
for n # 0 in two ways. Firstly, we allow the terms w, in the series (1.2) to depend on
e and secondly we demand w, = 0 only up to some precision. We call it an asymptotic
crime in the spirit of the variational crimes of Strang for non-conforming finite elements
[25]. In addition to homogenization theory, asymptotic crimes have a long history in fluid
dynamics and geometric optics, see [19].

Bakhvalov and Panasenko [8] used the strategy to find a high order elliptic approximation
in one shot. The present paper analyses the hyperbolic case showing that the analogous
ansatz is accurate for very long times, a result that has no elliptic analogue.
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To construct the criminal approximation, one starts with a two-scale series as in the
classical ansatz. The main difference is to allow the terms in the series to depend on €”.
To emphasize the fact that the new profiles are not the same as the old ones we call them

v, and set
o0

Ve t,z,y) ~ Z €' vy, .

n=0
In order that the computations retain much of the structure from the traditional ansatz
we demand that (1 — m)w, = 0 for all n. That yields (1.6) and (1.7) and, in particular,
the leading term is non oscillating, vy = mvy.

Then (1.7) implies that the discrepancy W — f = (W — f) is equal to the sum of the
lines,

e [a3(0;, 0x)mvo — f] +
e' [a5(0y, 0p)mur] +
(1.8) ¢ [a’é(@t,am)wvz + a;(0, x)mjo]
e [a5(0y, 0,)mvs + aj(0y, 0p)mun] +
64[a’2‘(8t,3m)7rv4 + ay(0y, 0p)mve + ag(y, Oy)mvo] +
€ [a5(0y, 0,)mvs + aj(0y,00)mvs + af(0y, Op)mvr] + -+ .

The problems of secular growth came from setting all the rows equal to zero. That yields
equations for the corrector terms that have the preceding profiles as sources. The criminal
strategy requires only that the sum of the lines vanishes. That can be achieved setting
v, = 0 for all n > 0 and demanding that

(1.9) [aé(@t,x) + a5 (00) + €al(0rn) + -+ |vo = f, vo=0 for ¢t<0.

The coefficients in Equation (1.9) depend on e. To solve this equation with accuracy
O(eV), vy must depend on €, vy = vy(e, t,z). Including oscillatory correction terms, the
approximation takes the new form

[e.e]

(1.10) Ve t,z,y) ~ Z €' vy (€, t,x,y), vn(€,t,z,y) periodic in y,
n=0

where v, = (I — m)v,, for n > 1, and each profile depends on e. The series is different
from (1.2). First v, depends on €. Second 7v,, = 0 for n > 1. Expanding v,, with respect
to € shows that formally ) €"v, is equal to ) €"u, as power series in €. It is crucial
to note that none of the infinite series converges in any sense at all so resummation is
not justified. The traditional ansatz Zév €"u, is not a good approximation for times
larger than 1/€%. The v, (e, t, z,y) that we construct yield good approximations where the
traditional summation is innaccurate.
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Neither we nor anyone else solves (1.9). To construct vy, (1.9) is modified in several ways.
The first difficulty is that the terms ¢*~2a};(0;, ;) are typically of order 2j in ;. The
more terms one keeps the higher order is the equation in 0;. The truncated operators
usually define ill posed initial value problems, see our discussion just after (1.13). The
first thing that we do is perform a normal form transformation that converts the operators
as; with j > 2 to operators in 0, only. The normal form removes all the time derivatives
other than those in aj. In Section 4.2 it is proved that there are uniquely determined
homogeneous operators Ry;(0;,) and as;(0,) of degree 2j so that as formal power series

in @,&B,

(1.11) 1430 Ry (0) | [ Do a3, (0)| = a3(00) + Y @2

j=1 j=1 j=2
The operators Ry; and ay; are computable by a rapid recursive algorithm. This step
has no analogue in the elliptic context. Applying 1+ 3 7, Ry; (€01,2) to (1.9) yields the
equivalent equation

(1.12) [a;(am) n igj_z Zigj(ax)]vo(e,t,x) - [1+i62j32j(at,x)] f.

To construct the criminal approximation the sums in (1.12) are first truncated to finite
sums. The corresponding equation depends on the number of terms retained and the
unknown function is denoted vf. The truncated equation of order k is, with R* :=

>y Ra,
k1
(1.13) [a;‘(@t,x) + Zer_Z Zigj(ﬁw)]ylg(e,t,x) = [1 + Rk(eatvx)]f, vf =0 for t<0.

=2

The initial value problem (1.13) is usually ill posed so does not define a profile vf. The
typical reason for this ill-posedness is that the coefficient of the highest order derivative
operator has the wrong sign. For example, it is known [13], [18], [4] that, at least when
p is constant, the operator ay has the wrong sign so that (1.13) is ill posed for k = 2.
Surprisingly, that is not a fatal flaw.

A classical idea (at least for k = 1) [18], [14], [3], [4] to overcome this obstacle is to rely
on a Boussinesq’s trick to obtain a suitable sign of the highest order space derivative by
exchanging some space derivatives with time derivatives. Here, we rather use a filtering
approach. The correctors €%~2ay;(d,) added to aj(d;,d,) are only small compared to
a’y when applied to functions whose Fourier transform is supported where €€ is small (£
being the Fourier variable). The idea is to filter the source term. Choose ¢, € C§°(R?)
equal to 1 on a neighborhood of the origin. Choose 0 < o < 1. The operator 1 (e*D)
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is the Fourier multiplier g — F =1 (11 (e%¢)Fg). Equivalently D := (1/i)d,. The filtered
equation is
k+1
(1.14) [a;(at,x) + Y e 52j(ax)]v§ = Y1(e*D) (1 + R*(ed,,)) f, vf =0 fort <O0.
j=2

The right hand side has Fourier transform supported in |{| < Ce™® < 1/e. Equation
(1.14) is the one that is solved to determine a profile v§. The filtered equation (1.14) has
a unique tempered solution. That solution has spatial Fourier transform supported in
e “supp ¢;. Energy bounds like those for a3 are proved in Section 4.4. The operator on
the left in (1.13) is the sum of the homogenized operator and small higher order terms.
The higher order terms are sometimes thought of as dispersive correctors. This is at least
the original interpretation of a4 in [23]. Equations (1.9), (1.12), (1.13) and (1.14) are
called high order homogenized equations, introduced in the elliptic setting in [8]. Since
then, many authors have used it. For the wave equation, see [23], [18], [14], [3], [9], [4].
Note that, as remarked in [3], the high order homogenized equation (1.13) of a given order
k is not unique, since some x and t derivatives can be exchanged.

The next definition summarizes the recipe for the criminal approximate solution.

Definition 1.2 (Criminal approximation). Fiz the choice of 1, € CF(RY), 0 < a < 1,
and 0 < k € N. Define profiles v (e, t,x,y) for 0 < n < 2k + 2 as follows.

e Nonoscillatory parts. For 1 < n < 2k + 2 set mv¥ = 0. Forn = 0, mvf is the unique
tempered solution of the high order homogenized equation (1.14).

e Oscillatory parts. For 1 < n < 2k + 2 set (I — m)v¥ = x,, mof, where x,, is defined by
(1.5), and (I —m)vf =0 (or equivalently, v§ = wvf).

Define
2k+2 2k+2

(1.15) VE(e t,x,y) = Z "vF(e,t 2, y) = (I+ Z enxn(y,at,ax)>v§(e,t,x).
n=0 n=1

The criminal approzimate solution is V¥ (e, t,z, 2 /€).
The main result of the present paper is the following approximation theorem.

Theorem 1.3 (Criminal error). Suppose that u¢ is the exvact solution of (1.1) and V*
is given by (1.15). For each k > 1 there are positive constants C| €y so that for 0 < € < €
and t > 0, the error in energy satisfies

va‘ (ue(t,x) - Vk(e,t,x,x/e)) HLQ(Rd) < O P2 (ty, with (t):=V1+1¢t>.

Remark 1.4. i. If one wants the error to decrease as € on time intervals 0 < t < C/GNQ,
it suffices to choose k so that Ny + Ny < 2k + 2.
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ii. The initial value problem defining vy has constant coefficients. Its spatial Fourier
Transform is given by an explicit formula. A spectrally accurate approximate solution is
computable by FF'T.

Writing v = fot Oyu dt, with u(0) = 0, yields the following corollary.

Corollary 1.5. With the assumptions and notations in Theorem 1.3, the error measured
in L?(RY) satisfies

< C€2k+2 <t>2 )

luct) = VF(et.2,2/0)| oy <

Remark 1.6. Since the L*-norm of V,,u® is of order 1 and independent of time t, the
absolute error of Theorem 1.3 is also a relative error. In constrast, the L?>-norm of u¢
is O((t)) and can grow nearly this fast. Therefore, the relative error is better than the
absolute error of Corollary 1.5 and is similar to that of Theorem 1.5.

A more subtle corollary is that the oscillating part of the approximate solution is not
necessary for the long time asymptotics if one is content with an error of the order of e.

Corollary 1.7. With the assumptions and notations in Theorem 1.3, the error from the

leading term vf satisfies

Hug(t) — vh(et,x < C(e+2(1)%) .

Mz ey

Corollary 1.7 shows that for NV as large as one likes, if one takes & > N, then uniformly
on 0 <t < C/eN the L>(R?)-error is smaller than e using only the leading nonoscillatory
term v (e, ¢, z) in the approximate solution. Corollary 1.7 was proved in [9] in a more
general context (almost periodic or random coefficients) with a proof based on Bloch
waves. Theorem 1.3 improves previous results since, not only the approximation error is
valid for times as large as one wants, but the error is as high order in € as one wants. Our
results also improve those of [18], [14] which were restricted to times of order 1/¢? with
an error of order e. The first paper [18] relies on two scale asymptotic expansions, while
the second one [14] uses Bloch waves.

The previous works [18], [14] considered (1.1) with f = 0 and nonvanishing initial data.
In addition in [14], d;u(0) = 0. In [9] a right hand side and nonvanishing initial data are
allowed, but the error estimates are restricted to order €. One of the reasons that we can
push the analysis further is that our choice simplifies some things. We next expand a
little on this choice. The solutions of (1.1) with f smooth in time with values in L*(R?)
and supported in a compact time interval satisfy

(1.16) Vi eN, sup sup ||Viodf u(t) gy < 00
0<e<1l teR
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The coefficients vary on the small scale ¢ but the solutions do not oscillate in time. For
smooth solutions with f = 0 and Cauchy data u(0), d;u(0) the initial derivatives satisfy

Vj >0, ¢e{0,1}, O (0) = (p(:pl/e) (div a(z/e) grad))]aqu(O).

These yield formulas for V, .0/ uc ’t:O = H¢(u(0), dyuc(0)). The initial data correspond-
ing to solutions satisfying (1.16) are those for which

(1.17) Vi, sup [[Hi(u(0), i (0)) || ey < 00

For the f = 0 problem with Cauchy data satisfying (1.17) the approximation properties
for both classical and criminal strategies are as in our Theorems. For the f = 0 problem
the accuracy of the approximation is determined by how well the initial data can be
appproximated by data satisfying (1.17).

The condition (1.17) is awkward to use. For example when p,a are just L>(T?) and at
least one of them is not constant it is true but not immediately obvious that no family
of initial data that is independent of ¢ can satisfy this condition. Without performing
a nontrivial computation it is not clear that there are initial data given by two scale
expansions that satisfy this condition. The solutions from traditional homogenization
with our source term f(¢,z) viewed for ¢ beyond supp f show that there are many such
two scale data.

Equation (1.1) shows that solutions that do not oscillate in time are important. Their
description via Cauchy data is awkward. We study problem (1.1).

Remark 1.8. Theorem 1.3 has no analogue in the elliptic setting. In the elliptic setting,
high accuracy by criminal methods dates to Bahkvalov and Panashenko [8]. Smyshlyaev
and Cherednichenko [24] present a different but related high order elliptic strategy. If one
1s only interested in local averages of the difference between the exact solution and its
two-scale ansatz, then the oscillating terms (I — m)u, disappear by averaging. The non
oscillating solutions of the high order homogenized equation give an approximation with
high order accuracy to such averages.

1.3. Outline of the present paper. In Section 2 the classical two scale asymptotic
expansion for wave equations is analyzed. Theorem 2.13 proves that the odd order ho-
mogenized operators vanish and Theorem 2.15 shows that secular growth of the profiles
is half as fast as one might expect. We call this the leap frog structure of the asymptotic
expansion.

Section 3 studies the accuracy of the classical expansion. Classical proofs show that for

bounded time and any N the error is O(e"). We prove that taking more corrector terms
one has O(e") accuracy for times of order e 2+° for any § > 0.
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Section 4 presents the details of the derivation of the criminal asymptotic expansion and
proves Theorem 1.3.

Section 5 shows that our results for sources f compactly supported in time suffice, by a
simple argument, to treat sources that grow at most polynomially in time.

Section 6 discusses the application of our ideas to Schrodinger’s equations. It also contains
a discussion of differences that arise when considering systems of wave equations. These
include challenges not yet resolved.

Appendix A gives an example in dimension d = 1 for which the upper bound on the the
secular growth predicted in Section 2 is attained. For the same example, the classical two

scale asymptotic expansion (1.2) does not yield a good approximation for times ¢ ~ 1/¢2+°.

Appendix B provides a classical a priori estimate for two scale oscillating functions.

Appendix C proves that solutions of the wave equation have finite energy for sources less
regular in z but more regular in ¢ than the standard condition f € L} (R; L?(R%)).

loc

2. ANALYSIS OF THE TWO SCALE ANSATZ (1.2)

This section analyses the classical ansatz (1.2) and not the criminal strategy with e-
dependent coefficients. Revisit the standard method of two scale asymptotic expansions
for the wave equation (1.1). We depart from the textbooks [8], [10], [22] in several ways.
First, in these books the method is usually applied to an elliptic equation and the wave
equation is only said to be treated similarly and only for time bounded independently of e.
Second, we recognize that much information can be extracted from the part (I —m)w, =0
of equation (1.4). Exact combinatorial formulas are given for terms of all orders in the
ansatz (1.2) and its leap frog structure is exhibited. All these results prepare the way for
the criminal approach of Section 4.

Infinite order asymptotic expansions require that the source term f be infinitely smooth
with respect to time. The periodic coefficients p and a are assumed to be in L>°(T¢).

2.1. Ansatz. Let A,,, A,,, A,, be the second order partial differential operators defined
n (1.3). Consider the two scale power series (1.2), and the formula (1.4) for the action of
the differential operator. All terms w, (¢, x,y) and w, (¢, z, y) are periodic in y, equivalently
defined for y € T¢. The relation (1.4) is equivalent to

1 1 o o0
(2.1) P = 5 Ay — —Awy — Am} dYounltry) = Y Cwa(tiay)
n=0 n=—2

as formal Laurent series in €. Equation (2.1) at order " reads

(2 2) 672 : —AyyUO = W_9,
' et —(Ayur + Agyug) = w_y
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and, for k > 0, the coefficient of € is
(2.3) p(y)Fur — (Ayunis + Agytiprr + Agetr) = wy.

To homogenize problem (1.1) the usual strategy is to choose the series U such that W ~ f,
i.e to choose the profiles u,, such that wy = f and w,, = 0 for all 0 # n > —2. We perform
a more subtle analysis. The equation W — f ~ 0 is satisfied if and only if 7(W — f) ~ 0 and
(I —7m)(W — f) ~ 0. The source term f(¢,x) is smooth and non oscillatory, (I —x)f = 0.
Therefore, it follows that

(2.4) (I —m)w, =0 forall k > —2.

Using (2.4) already yields a lot of information about the two-scale asymptotic expansion
(1.2). The next subsection relies only on assumption (2.4). Both classical and criminal
strategies use (2.4).

2.2. Projections and the hierarchy. The analysis of (2.2), (2.3) pivots around the
second order symmetric elliptic operator A,, : H'(TY) — H~'(T%). Denote by 7 the
L?(T?) orthogonal projection on constants,

1
Ty g(y) dy .

T e

This operator 7 coincides with the action of g as a distribution on the test function 1. It
is therefore a well defined operator on all periodic distributions. This operator extends
to functions of ¢, x, y by acting only on the last variable,

1
t = t dy .
(ra)t.) = o [ st dy
Lemma 2.1 (Cell Problem). The operators in (1.3) satisfy
Ay, =0, A,m=0 and wA,m=0.

The nullspace of A,, is equal to the space of constant functions, i.e. wH'(T?). The image,
Range A,,, is the subspace of mean zero functions, i.e. (I —m)H ' (T?). Therefore A,, is
a bigection (I — m)H'(T?) — (I —m)H (T%) and thus has an inverse denoted by A, .

Proof. A classical application of the Lax-Milgram Lemma. O

To solve (2.2) and (2.3), these equations will be projected by 7 (yielding the non-oscillatory
hierarchy) and (I — 7) (leading to the oscillatory hierarchy) and solved separately.
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2.2.1. The oscillatory hierarchy. Consider power series U and W for which (I —m)w,, =0
for all n > —2. Equations (2.2) and (2.3) are multiplied on the left by (I — 7). Using
(I — m)w_o = 0 the first line of (2.2) becomes

0=(—m)Ayuo= (I —m)Ay, [ — m)up.

Lemma 2.1 shows that this is equivalent to (I — m)ug = 0, the oscillatory part of ug
vanishes.

Since mA,,m = 0, one has 7A,,uy = mA,,muy = 0. Thus, the second line of (2.2) shows
that (I — m)w_; = 0 if and only if

(2.5) (I —muy = = A, (I —7) Agymug = — A, Awymug == x1(y, ) mug .

Next, derive analogous formulas expressing (I — m)uy, in terms of the 7mu; with j < k.
Since by assumption (I — m)wy = 0 for all &£ > 0, (2.3) leads to

(I =) |p0)0ur — Apytnss — A — Agor] = 0.
By Lemma 2.1 this is equivalent to
(2.6) (I —mugpe = — Ay, (I —) |:A1-yu1g+1 + (Ape — p(y)@f)uk] :

Equation (2.6) expresses the oscillatory part of ux, o in terms of earlier profiles. It can be
further simplified by rewriting the earlier profiles as u; = mu; 4+ (1 — 7)u;, the sum of non
oscillatory and oscillatory parts. Then express the (1 — 7)u; parts in terms of still earlier
profiles, and so on. In this way the oscillatory parts can be eliminated yielding a relation
determining the oscillatory parts in terms of the nonoscillatory parts that is made explicit
in Theorem 2.5. In (2.5) an operator x; was introduced. This definition is now extended
to higher order.

Definition 2.2. Set x_1 :=0, xo:= 1. For k > 1 define operators mapping functions of
t,x to functions of t,x,y by

(27) Xk<y7 8257 833) = _-A;yl (I - 7T) [A:vakfl + (A:m: - p<y>at2>Xk‘f2] = (I o W)Xk

This recovers the previous definition of x; = —A, Ay, = — A, (I —7)A,y, where the last
equality follows from Lemma 2.1. The operators y; are differential in ¢, z with coefficients
that depend on y. The y-dependence arises only from the coefficients a(y), p(y) and is
analysed in the next Lemma. To show that the above definition makes sense, it suffices to
prove that for any smooth function ¢ € C*(R*4) and every (t,z) € R'*? the argument

of A1

4y » Damely

(I - 7T) Aa:ka—l + (Aa:a: - patQ)Xk—Q] Qp(ta {L‘) )

belongs to the range of A,,. This is verified in the next Lemma.
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Lemma 2.3. For all k > 1 the following holds. For every function ¢ € C*°(R') and
every (t,x) € R one has that

[Aa:ka—l + (Aa:m - patz)Xk—Q] Qp(ta ZL‘)

belongs to H=1(T?). In particular xpo(t,z) € (I—7)HY(TY). Furthermore, for any k > 1,
there exist coefficients cgy € (I — 7)H'(T?) such that

(2.8) Xk(Y, 0, 0;) = Zcﬁ,k(y) 8533-
|B|=Fk

In particular, xi s a homogeneous operator of degree k in O,

Proof. The proof is by induction on k. For k = 1 one directly observes that A,,y belongs
to H~'(T%) and thus x; = — A, }(I—7) A,y is a first-order operator in z with (/—m) H'(T?)
coefficients. The case k = 2 is analogous. One has that [A,,x1 + (Aw — p02)]p(t, z) €
H~YT%), since y; satisfies (2.8). In particular xop(t,z) € (I — 7)H?*(T?), which proves
(2.8) for k = 2.

Assume the statement for k¥ > 1 and prove it for k + 1. For a function ¢ € C*(R!*?)

compute
[Azyxn + (Ase — p(1)0} ) xk-1] 0 (t, )
(2.9) = div, (a(y)grad, xxe(t, ©)) + div, (a(y)grad, xpe(t, z))
+ div, (a(y)grad, xs—10(t, ) — p(y); (Xk—19(t, 7)) -
By the induction hypothesis xxp(t, 7) and xx_10(t, z) are in H(T¢). Therefore, all terms
on the right hand side of (2.9) are in H~!(T%). In particular x,1¢(t, z) € (I —m)H(T?),
which is the claimed result.

Since the operator A,, is homogeneous of degree one and (A, — pd?) is homogeneous of
degree two, it follows that xj.1 is homogeneous of degree k + 1. O

Remark 2.4. i. If p is independent of y, the fact that (I — w)xo = 0 implies that
X2(y, Oy, ;) does not depend on 0. ii. In this case an induction on k shows that for any
k> 1, xx(y, 0, 0r) contains only time derivatives of order < k — 2.

The first structural result concerns formal power series U for which the oscillatory parts
(I — m)w,, vanish.

Theorem 2.5. Fiz —2 < k € Z. For a formal power series U and corresponding W the
following are equivalent.

i. For —2 < j <k one has

(2.10) (I —m)w,; = 0.
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ii. For0</{¢<k+2 one has
¢
(2.11) (I —mu, = anmu,n.
n=1

Remark 2.6. Relation (2.11) implies that the first term in the formal power series is not
oscillating, namely ug = (I — m)ug.

Theorem 2.5 has a particularly elegant form for profiles so that (1 — w)w, = 0 for all ¢.
This holds if and only if the formal power series in € for u is given in terms of the series

for mu by
Ze" Uy = (Ze%@) (Zekwuk> )
n=0 =0 k=0

The elliptic analogue is in [8].

Proof. For k = —2 the statement follows directly by recalling that (I — m)w_o = 0 if and
only if (I — m)ug = 0. For k = —1 one has

(2.12) (I = m)w_y = —(I — ) (Ayyul + Axyuo) .

Lemma 2.1 implies that

(2.13) TAy,, =0 and (1—m)Ayup = Ayy(1 —muy, for all k> 0.
Using (2.13) along with ug = mug and applying —A;yl to (2.12) yields

_A;;([ —mw_y = (I —m)u + A;yl([ — ) Ayymug = (I —7)ug — xamug .

-1

sy (I —m)w_q = 0, this proves the case k = —1

Since (I — m)w_; = 0 is equivalent to —A
of the Theorem.

For k > 0 reason by induction. Assume the case k—1 and prove the case k. The induction
hypothesis is

¢
(2.14) (I —mup = anﬂug,n for0<(<k+1,

n=1

if and only if (I —m)w; = 0 for —2 < j < k — 1. For the inductive step one needs to treat
j=kandl=Fk+2 For k>0 one has

(2.15) (I —mw, = —(I —n) <Ayyuk+2 + Agyupir + (A — p(y)&f)uk) :
Exploiting (2.13) and applying —A, yields

(216) AN — mowy = (I —mups + AT —7) (AxyukH 4 (A — p(y)@f)uk) .

vy
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Expressing each profile in (2.16) as a sum of its oscillatory and non-oscillatory part and
recalling the definition x; = —A, (I — 7).Ayy, yields (2.16) as

_A;yl (I —m)w, = (I — T)Ugro — X1TUK41 + A;yl([ — ) ((.Am — p(y)@f)ﬂ-uk)
(2.17) AT =) (AT = mhurs + (Awe — p)ID)I = Ty

Use that (I — m)wy, = 0 if and only if A, (I — m)wy, = 0. Thus (I — m)w, = 0 if and only
if the right hand side of (2.17) vanishes. Using the induction hypothesis, (2.14) holds for
(I — m)ugsq and (I — m)uy. This yields

(I — e = Xamuper — Ay (I — ) ((Am - p(y)82)7ruk)

k+1
—Ayyl( - (Ag:yzxnﬂ-uk+l n + (Agz — 62 anwuk n) .

n=1

— i — AN — ) ((Am — p(y)32)muy, + Axyxmuk>

k+1
B 'Aijl (I -m (Axy Z XnTUk41—n T ( - 62 Z XnT Uk — n) .

n=2

By definition —A;yl([ — ) ((.Am — p(y)0)muy + .Amyxmuk) = xomuy. Therefore

(L = m)tpsa
k+1
=X1TUk41 + X2TUR — A;;( - (A:vy Z XnT Ui 1-n + (Azx — p(y)07) Z XnTUg— n>
n=2
k
-1 2
=X1TUk+1 + X2T Uy + Z ( yy (I - W)) |:Aazan+1 + (Axx - p(y)at )Xn} TUg—n
n=1
k k42
=X1TUk+1 + X2T Uy + Z Xn42TUk—n = Z XnTUk+2—n 5
n=1 =1

where the last line uses the definition (2.7) of x,,1o. The last identity is the desired formula
for (I — m)uyyo. The proof is complete. O

2.2.2. The nonoscillatory hierarchy. Next analyse the equations determining the non os-
cillatory parts mu,, of the profiles. Equations (2.2) and (2.3) are multiplied on the left by
7. Since mA,, = 0 and 7 A,,m = 0, one has Tw_y = 0 and 7w_; = 0. For & > 0 the A4,,
terms are eliminated and (2.3) with & > 0 simplifies to

(2.18) Ty = W[p(y)ﬁtzuk — At — Agytiis |-
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Exploiting (2.18) with k£ = 0, writing u; = muy + (1 — 7)u; and using the recurrence from
(2.11) yields

TALyT= . . _
T ALy Uy =0 T Ay (I — m)uy @L11) T ALy X1 T U D — Ay Ayyl (I —7) Agymug .

Since ug = wug, this yields
Twy = ay (0, Oy )Tug
with the homogenized wave operator defined as

(2.19)  ab(0y,0x) = (7p)0; — div, (ma)grad, + mAu, (I —m)A NI —7) Ay 7.

vy

Remark 2.7. The homogenized wave operator a;y coincides with the formula from classical
homogenization theory [8], [10], [16], [22].

Definition 2.8. Scalar partial differential operators a’ (0, 0,) mapping functions of t,x
to functions of t,x are defined for n > 1 by

(2:20) 01(0.0) = 7((p0)F ~ Auc) X2 = AsyXn-r ).

Remark 2.9. i. The operators a; have constant coefficients. ii. The operator a;, is
homogeneous of degree n. iii. The symbol a’(0y, D,) contains only even powers of ;. iv.
The definitions of xo, x-1 tmply that a7 = 0.

Theorem 2.10. Suppose that the formal power series U and corresponding W satisfy the
conditions of Theorem 2.5 for some k € Z with k > —2. Then tw_o = mw_1 = 0 and for
0<j<k+1,

J
(2.21) Tw; =Y ah(0h, 0n) Ty
n=0
Remark 2.11. The result is particularly elegant for profiles so that (1 — m)w, = 0 for

all n. In that case the formal power series in € for the residual is given in terms of the
nonosicllating parts by

00 00 0o
J R n % m

E emu] = ( E € (ln+2>( E € Wum).

7=0 n=0 m=0

The elliptic analogue was observed in [8].

Proof. The cases k = —2 and k = —1 have already been discussed at the beginning of
Subsection 2.2.2. Let £ > 0 and fix 0 < j < k+ 1. Using nA,m = 0 and A, =0
provides

(222) mwy = 7 ((p(y)0F — Aw)ms + (p(9)0F — A (T = s — Auy(I = W)
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Since we assumed that the conditions of Theorem 2.5 hold for £ and since j,j+1 < k+2,
we can replace (I — )y, in (2.22), for [ = j, j + 1 according to formula (2.11). This yields

J J+1
Tw; = 7T<p<y>at2 - A:m:)”“j + 7T<<p<y>8t2 - A:m:) Z XnTTUj—n — -Amy Z Xnﬂ-ujJrlfn)
n=1 n=1
J J+1
= (o) = Aw) = A )i + 7 ( 3 (p0)OF — Aw)xnmits = 3 Awyxnmitjsr )
n=1 n=2
Regrouping terms and recalling that xo = I yields
J
(2.23) mw; = 7> (0P = Awe)xn = AwyXns1) T
n=0

By definition of the effective operators a; ,, Equation (2.23) is equivalent to
J
(2.24) Tw; = Za,’;JrQ(@t,@w)ﬂuj_n.

n=0

This completes the proof. (]

Remark 2.12. a’ is a homogeneous polynomial of degree n in (0, 0,) Formula (2.20)
shows that the highest degree of Oy in al comes from Xn_1 or 02Xn_2. When p is inde-
pendent of y, Remark 2.4 yields that x,_1 and x,_o are of degree < n — 3 and < n — 4,
respectively, with respect to time t. Therefore, when p is constant, a; is of order <n — 2
in Oy forn > 2.

The next result shows that the equation (2.24) has half as many terms as it seems. The
proof depends on a precise combinatorial formula for y. The elliptic analogue of Theorem
2.13 was proved by a quite different variational argument in [24].

Theorem 2.13. For any odd n > 1, the homogenized operator a vanishes. That is for
m >0, az,.1 = 0.

Proof. Introduce

Cl = —A_l(l — W)Axy and CQ = —A_l(I_ W)(Axx _p(y)atz) .

vy vy

The operator A, (I — ) acts only on the y variable and is continuous from H'(T%) —
H'(T?). The operators C; are homogeneous polynomials of degree j in (9, d,), whose
coefficients are operators in y. In the proof we integrate by parts with respect to y and
not with respect to t,z. With these C}, 2.7 yields

(2.25) Xt = Cixp—1+ CoXi—2, kE>1.
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Replace x1_1 and xj_o using the two earlier instances of the recurrence. Continuing leads

to an expression

Xt = WiXo,
where only the earliest operator xo appears. Equation (2.25) implies that
(2.26) W = CiyWyiy + CoWi_o .

Equation (2.26) implies that Wy, is the sum of all words written with the two ”letters”
Ch and Cy such that the number of letters satisties #C + 2#Cy = k.  Each word is
a homogeneous differential operator of degree k in 0,. Separating the words into two
groups, those that end in €} and those that end in C5 implies that

Wi = Wi_1Cy + Wi_oCs .
Denote with an exponent T' the L?(T?) adjoint. Integration by parts in y shows that
Afy = —A,,, while 4, and A,, are selfadjoint. Define operators
Dy i= = Ay A (I —7) = =CT
Dy = —(Ase — p(y)O}) A, (I — ) = C5 .
An induction shows that
Wl =(-1)*2, with Z, = D\Zy_1 + Dy Zy_5.

Therefore Z;, is the sum of all words written with the two letters D, and Dy such that
the number of letters satisfy # D1 + 2#Dy = k.

Introduce G := A, (I — 7) that satisfies
ClG - GDl, CQG — GDQ, WkG = GZk .
Since xo(y) = I, definition (2.20) can be rewritten, by using A7, = —Ayy, (Aze —pd7)" =
(Ape — p0?) and W = (=1)*Z, as
(0000 = [ (60 = AdWeix0(s) = AW 1xa(0) ) xalo)
T
= [ (Wieaxal)(60F = Auaxaly) + Wixalw) An o))y
Td

= 0 [ x0) (Zaal(p0} = Aue)xa(0) = Zicr Auyro(s) )y
The properties of Z, and W}, imply that
— 1Ay = (DIZk72 + Dng,?)).Amy
= (P} = Aw)G 25 — AuyGZg_5) Asy
= ((p(1) 8} = Awe) Wi 3G — Apy Wi 5G) Ay,
(P()0} — Aua) Wi—sCh — Ay W2 C.

A
A
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Similarly,
Zi—2(p(y)0; — Asa) = (D1Zj—3+ Dzzk—4) (p()3} — Aux)
= ((p()0} = Asa) G Zp—s — AuyGZ1o—3) (p(y)0} — Asa)
= ((p(¥)0} = Awe)Wi-aG — Ay Wi 3G) (p(y)0} — Asz)
(p(y) xx)Wk 402 Aggka_gCQ .

Summing yields

Zy—a(p(9)0F —Avz) — Zi1Auy = (p(y)07 — Api)(Wi_3Cy + Wi,_4Cs)
- Axy(Wk—ch + Wk—302) + (,0(?/)83 - AJ:J:)Wk—Z - Axka—1~

Therefore

0010 = (" [ 000) (097 ~ Aec)We260) = Ay W13l )y
(~1)ai(@1,0.).

For odd k, this implies aj (9, 0,) = 0. O

2.3. Leap frog and secular growth. So far our only assumption was (2.4), namely
(I — m)wg = 0 for all & > —2. Theorem 2.5 then shows that the nonoscillating part of
(1.2) determines the osillatory part by

¢
(2.27) (I —mu, = Z XnTUe—p, for all I > 0.

n=1
Theorem 2.10 shows that when the non oscillatory parts mu,, satisfy (2.27), then

J
*
Tw; = E an+2(8t,8x)7ruj_n.

n=0

Theorem 2.13 implies that only terms of the same parity appear,

Tw

i = @30, 0)mu; + Y a3, (9, 0n)muy.
2n+2k§:nj+2

To go further in the classical strategy assume that for all ¢, x,y

wo(t,z,y) = f(t,x), VO#n>-2 w,=0.
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It yields the following hierarchy of equations for the muy,

e ay(0p, Op)muy = 0
e ay(0p, Op)mus = —ay (0, 0r)mTug
(2.28) ei: a%(@t,ax)wu;g = —ail(@t,ax)ﬂul *
€ ay(0p, Op)muy = —ay (0, 0)Tus — ag(0r, Oy )Tug
€ ay(0p, Op)mus = —ay (0, 0p)mus — ag(0r, Or)Tuy
el ay(0p, Op)mug = —ay (0, 0p)muy — ag(Or, Op)mus — ag(0, On)mug
€ ay(0y, Op)mur = —ay (0, 0p)mus — ag(O, Op)mus — ag(0y, Op)muq

In addition, for all n, mu, = 0 for t < 0. The e’-order equation yields the classical
homogenized wave equation aj;(0, 0,)muy = f.

The equations for the odd subscripts are decoupled from those with even subscripts in
(2.28). The equations repeat in pairs. This is the leap frog structure of the non oscillatory
hierarchy.

Lemma 2.14 (Leap frog). For every 0 < k € Z, mugg.1 = 0.

Proof. The statement follows by inspection of (2.28) and using that the initial data are
zero. Starting with n = 1 one concludes by induction in steps of two, that mu, = 0 for

all odd n. 0

The leap frog structure implies that secular growth is slow. Without the leap frog structure
one would have? ||u,|| < " instead of the /2 in next theorem.

Theorem 2.15 (Secular growth). If there is at > 0 so that f =0 fort > t, then for

each non zero o € N* 4\ {0} and every k = 0,1,2, ... there exists a constant C' depending
on f,a and k so that for allt > 0,
(2.29) 075 uak(t) , gkt ()| poggayray < C (", ) :=V1+12.

Remark 2.16. Estimate (2.29) provides a bound on the derivatives of the w, but not on
the u,, themselves. To estimate ugy, Or Uggy1 use u = u(0) + fot Owudt to find

(230) HUQk(t) ) u2k+1(t) HLQ(RdXTd) = O<<t>k+1) .

Proof. By Theorem 2.5 the leading term wug(¢, x) satisfies ug = mug, and by Theorem 2.10
for wg = f
ay(0y, Op)ug = f, ug = 0 for t<0.

2The notation A < B means that there is a constant C' > 0, independent of A and B, so that A < C B.
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Since f € C°(R; H*(RY)) for all s, it follows that for 0 # a € N 92 ug € L=(R; L*(R%x
T4)).
One has mu; = 0. Equation (2.5) implies that the oscillatory part of u; satisfies

oI —muy = —05,A,) Asyug € LZ(R; L*(R? x TY)).

This completes the analysis of u; and therefore the case k = 0 of the Theorem.

The proof is by induction on k. Assuming the result for indices < k it suffices to prove
the case k + 1.

First estimate the 7 projections. Since 2(k + 1) 4+ 1 is odd, Tugk+1)+1 = 0. To estimate
TUgk12, Use the equation

aZ(@t, am)’ﬂ'UQkJrQ = — Z azn(ﬁt, 833)71"&2]' .

2<n
n+j=k+2

The case k of (2.29) bounds the right hand side. Since a}, is a sum of derivatives, the
inductive hypothesis implies that for all § including 5 = 0,

Hatﬁ aQ at7a )ﬂ-u2k+2HL2(RdXTd) = O<<t>k)

It is important that the right hand side of the equation determining a3(0;, 0,)Tusg (k41 in-
volves only derivatives of the earlier profiles and not the profiles themselves. The standard
energy estimate for a}(0;, 0,) implies that for o # 0,

“ag$7ru2k+2HL2(Rd><Td) = O({)"*).

It remains to estimate (I — 7)u,, for n = 2k + 2 and 2k + 3.

Equation (2.6) with index 2k 4 2 in place of k + 2 expresses (I — m)ugy4o in terms of the
profiles with indices < 2k + 1. Those profiles are O({t)¥) by the inductive hypothesis.
This yields

H u2k+2HL2(Rd Td) = O(<t>k)

an estimate stronger than the O((t)**!) required by the Theorem.

Equation (2.6) with index 2k + 3 in place of k + 2 expresses (I — m)ugyy3 in terms of the
profiles with indices < 2k + 2. Those with index < 2k + 1 are O((t)*) by the inductive
hypothesis. All the derivatives of the profile uoy,» have just been shown to be O((¢)¥*1).
It follows that

H u2k+3HL2 (RIXTd) o((t)**1).
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3. HIGH ACCURACY ON t ~ ¢ 2¥9 WITHOUT CRIMES

This section is devoted to a proof of the correctness of the traditional two scale ansatz
for times strictly smaller than 2. Even in the classical strategy, this result is new. The
example of Appendix A shows that this is optimal. For the example, the traditional two
scale ansatz is not a good approximation for longer times.

Theorem 3.1. For k € N, define a truncated ansatz, constructed from the first non

oscillating profiles wug, Tus, . . ., Ty, by
2k
U(e t,z,y) = Ze”un(t,x,y) + NI = muger + €M — T)ugkss
n=0

The approzimate solution is U*(e,t,x,x/€). Denote by u¢ the exact solution of (1.1).
There is a constant C', independent of 0 < e <1 andt > 0, so the energy of the error is
bounded by

(3.1) va [ue(t,x) — Uk(e,t,x,x/e)} < C min {€2k+1<t>k+1’€2k+2<t>k+2} .

(P

Remark 3.2. i. The energy of u¢ is bounded uniformly in time so the right hand side of
(3.1) bounds the relative energy error.

ii. By choosing k large one gets arbitrarily high order accuracy on time intervals that grow
as 1/e279 for any § > 0. Indeed, on the time interval 0 < ¢ < €7 with v(k+ 1) < 2k + 1
the term e2**1(t)F1 is of order e2*+1=7*+1) and tends to zero as ¢ — 0. Analogously
for y(k +2) < 2k + 2 the term e2**2(t)¥*2 is of order 2**+277(:+2) — 0 as e — 0. iii.
There are two terms in the error estimate (3.1). The first is the smaller for large times
(ty > e t. The second is smaller for moderate times (t) < e

iv. The problem (1.1) is inwvariant by differentiation in time. The derivative & uc is
the solution of the same problem with source term QZf The profiles of the two scale
asymptotic solution of that problem are equal to the functions &gun(t, x,y). Theorem 3.1
applied to that problem shows that with a constant C' depending on j but independent of
t and e,

(3.2) H@tjvm[ue(t,x) — Ur(e,t,z,z/e)] < C min {F ()R SRR

2

v. Estimate (3.1) does not give any convergence result for times of the order or larger
than e=2. One could wonder if it could not be improved by using exponential error estimate
as in [17] for the elliptic setting with analyticity assumptions on the right hand side f.
The 1-d example in Appendiz A shows that it is not possible to improve (3.1) for larger
times. The reason for this limitation is the secular growth in Theorem 2.15. Smoother
source terms do not mitigate the polynomial time growth of the ansatz.
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The proof of Theorem 3.1 has three main ingredients. The first in §3.1 relies on all the
work done so far. It is a precise formula for the difference between f and p(z/€)0?U* —
diva(z/e)grad U*. That difference has terms no more regular than H~'. They are es-
timated in §3.2. The error in energy with such singular source terms is bounded using
Proposition C.1.

3.1. Formula for the residual. Take U” as the finite power series from Theorem 3.1.
Then

2k+2
1 1
(3.3) | p(y)0? — Apw — —Auy = S Ay, Ub(e,t,z,y) = Whe.t,z,y) = > "w,(t,z,y).
n=—2

The profiles w; are the same as those in (2.1), except for the last two, j = 2k + 1,2k + 2.
For j <2k +1,

wo = f, and for 7 #£ 0, —2 < j < 2k, w; = 0.
Indeed, for j < 2k — 2 one has
wj = (p(y>8t2 - A:m:>u] - (Ayyuj+2 + AmyujJrl) =0

by construction of the profiles u;. For j = 2k — 1 use the fact that mugz41 = 0 because
2k + 1 is odd to find that

Wo—1 = (p(Y)0; — Aga)tiog—1 — (Ayy(I — mugrsr + Asyuzy)
= (p(¥)3} = Apa)usp—1 — (Ayyuiop1 + Agyuay) = 0.
For j = 2k use mugi41 = 0 and A,,m = 0 to find

Wag = (p(y)atz - Amm)UZk - (Ayy(I - 71-)u2k—|—2 + Axy(l - 7T)“Zk—l—l)
- (P(y)atz - Am)uzk - (Ayyu2k+2 + Aa:yu2k+1) = 0.

Therefore
1 1
P~ A = Ay = AU tn) ]
- €2k+1w2k+1(taxay) + €2k+2w2k+2(taxay) = T(E,t,ZL‘,’y)
and thus

[p(x/e)@f - diva(:p/e)grad]Uk(e,t,x,x/e) — f = r(et,x,x/e).
Equation (3.3) shows that

war1 = (P(Y) 0] — Ap) (I = T)uggs1 — Agy (I — T)uzg o,
wakye = (P(Y)0; — Ape) (I — T)uspso.
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Using muggr1 = 0 the term w1 can be rewritten as
wars1 = (P(Y)0; — Awe) (I = T uggei1 — Agy (I = T)ugs2
= ((p(y)af — App)topi1 — Agyliogia — Ayyu2k+3) + AgyTuorgo + AyyUors
= ApyTUorio + Ayyog 3.
Therefore

r= [P(?/)af - sz} (I - 77) (€2k+1u2k+1 + €2k+2uzk+2> - €2k+1~’4xy(] - 7T)7~02k+2

= 22 [p(y)af — A:m::| (I — m)ugpso + et [ Ay Uk 2 + Ayytioris) .
The definitions of the operators A yield for the first line of (3.4)

r= [ (p(y)0F — div, a(y)grad,) (I = muzes + ep()OHI — muizsa]
(3.5) — & (div, a(y)grad, + div, a(y)grad, + ediv, a(y)grad,) (I — m)ugpo
= & (I(e t,x,y) + T(e,t,2,y))

and for the second line, using that grad, mugy2 = 0,

(3.4)

(3.6)
r=e*"2(p(y)0; — Aua)(I — T)Uspyo + [AvyTuarra + Ayytiogys]
= (p() 07 (I — m)uggro — Azgtiogi2) + e+ [(F Ay + Ase) it + ¢ Ayytiness]
2k [p(y) 2(1 — T)ugpio — div, (y)gradxuzmﬂ
+ €72 [(1divy a(y)grad, + div, a(y)grad, ) Tus, 2 + 1div, a(y)grad, uge3)

—:2k+2 (f(e,t, x,y) + II(e,t, x,y)) .

In addition, for ¢ = 2k + 1,2k + 2, 2k + 3, with y,, given by (2.8),
¢

l
(3.7) (I —mu, = Z Xn TlUp_p = Z Z can(Y) 6£x7ru£_n.
n=1, {—n even n=1, £{—n even |B|=n

3.2. Estimates for the residual. In view of (3.7) and Theorem 2.15, I (e, ¢, x,y) in (3.5)
is a sum of terms of the form e’c(y)v(t,z) with p > 0, ¢ € L*(T%) and

10720 2y S (t)"
for & € N'*¢ including & = 0. Analogously, I(e,t,z,y) in (3.6) is a sum of terms
ePe(y)v(t, x) with

107 vl pemay S (8)F

~Y

Proposition B.1 implies that the L?norms of I(e,t,x,x/¢) and I(e,t, x, x/€) satisfy

H[<E7t7x7'r/€)”LQ(Rg) SJ <t>k7
(e, t, 2,2/ | 2@ay S (OFF.

~Y

(3.8)
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The terms [ (e, t, z,y) in (3.5) and }Vl(e, t,x,y) in (3.6) involve derivatives of a(-), so are
not square integrable. Equation (3.7) shows that I1(e, ¢, z,y) is equal to
2%+2
— (div, a(y)grad, + div, a(y)grad, + ediv, a(y)grad,) [ Z Z csn(y)0;, P Tugpso—n(t, x)} :
n=1 |B|=n
Evaluate at y = z/€ to show that, with div acting on functions depending on z as well as
on functions depending on x /e,

2k+2

I(e t,x,x/e) = —¢€ Z Z div [ (x/€) 05n(x/e)grad8tzwu2k+2 n(t, :c)}
n=1|B|=n
(39) 2k+-2 5
+ Z Z ( (z/€)(grad,csn)(x/€) - grad 8t7z7ru2k+2,n(t,:c)>
n=1 |B|=n

= div (U(l)(e,t,x,x/e)) + I1%(e,t,x, 2 /€).

Arguing exactly as for I, using that each cg,, € H'(T?), it follows that [TW (e, ¢, z, 2 /¢),
0TIV (e, t,x,2/€), and, IT®(e,t, 7,2 /¢) are in L*(RY) with

”at[[(l) (67 t,x, .ﬁL’/E) HLQ(Rg) + H[[(l) (67 t,x, .ﬁL’/E) HLQ(Rg) 5 E<t>k

< k

3.10
( ) ||II(2)(€ataxax/€)||L2(Rg)

For ﬁ(e, t,x,y) one finds, exploiting that mugy,3 = 0,

II(e,t,z,y) = (Ldivy a(y)grad, + div, a(y)grad, ) musko
2k+3

+ Ldivy a(y)grad, l Z Z cﬁ,n(y)dfmﬁugﬂg_n(t, :L‘):| .

n=1 |g|=n
Evaluate at y = x/€ to obtain
II(e,t,z,x/€) =div [a(z/e)gradmusy (L, z)]

2k+3

+ Z Z div [a(:p/e)(gradyc@n)(x/e)@fmwu2k+3_n(t,x)]
n=1 |3]=n
2k+3

- Z Z a(x/e)(grad,cs ) (z/€) - grad 8fm7ru2k+3,n(t, x)
n=1 |8|=n
=:div (ﬁ(l)(e, t,x, x/e)) + ﬁ(z)(e, t,x,z/€)
with
—~(1) —(1) < [p\k+L
Hat[l (67t7x7'r/6)”LQ(Rg) + ”[[ (67t7x7'r/6)”LQ(Rg) <t>

~Y

(3.11) o
I (et w,2/€) || 2mey S (8)FF
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Combining estimates (3.10), (3.11) with (3.8) yields the residual
(3.12) : "
= f(et,x) + divg(e t, ),
with
fle,t,2) = I+ TID) (e, t,m,3/6),  Flet,x) = (T + 1) (e,t, 3, 3/)
gle,t,2) = IO t,m,3/e), Gle,t,x) = EF2T (61,2, 2/e)

and the two estimates,
(3.13)
1f (et M remay S 10, [10g(et, )l 2@ay + lgle,t, )l ra@ay S € (1)
1 (et Mzay S O, 10G(e,t, )| 2@y + (et )| 2@ey S €728

3.3. End of proof of Theorem 3.1. Denote by u¢ the exact solution and U* the ap-
proximation from the statement of Theorem 3.1. We have proved that

[p(x/e)af — diva(z/e) grad} (WS(t, 2) — Ur(e, t,z,2)¢)) = r(e,t,z,z/e)

with r(e, t,x,x/€) satisfying (3.12) and (3.13). Apply Proposition C.1. In the estimate
of that Proposition, the L'([0,¢]; L?*(R?)) norms of f, f and 8,g,0,§ are estimated by ¢
times the L> ([0, ¢]; L*(R?)) norms, which are controlled by (3.13). This yields the desired
result (3.1). O

Remark 3.3. The results concerning the two scale expansions extend with only minor
changes in the proofs to the case of coefficients a(x, x/€) provided that for all 3, 2a(x,y) €
L>®(R4x T9). In this case, the operators xy are of order k but are no longer homogeneous.
The coefficients c,(x,y) satisfy OPc, € L®(RE; HY(T)) by Lemma 2.3. The proofs of the
leap frog structure and slow secular growth are unchanged. The residual estimate for the
term 11 in (3.9) has a few additional terms treated using this reqularity of c. For the
criminal path, the case a(x,z/€) is work in progress.

4. THE CRIMINAL PATH

The criminal path, briefly presented in Section 1.2, yields approximations valid for times
of order e for arbitrary N.

Main idea. The criminal path changes the choice of the nonoscillatory parts wu,. The
oscillatory parts (1 — w)u, are given in terms of the nonoscillatory parts by (2.11) as in
classical homogenization.

We replace the traditional ansatz (1.2) for U by the criminal ansatz (1.10) for V. Since
the terms v, in (1.10) depend on ¢, we commit the asymptotic crime of mixing different
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orders in e. The terms of order €? in the criminal path are introduced in different but
related ways in the seminal articles [23], [18].

4.1. Derivation of criminal equations. According to Definition 1.2 the criminal ansatz
satisfies vy = mvg, v, = 0 for n > 1 and (I — 7)v, = x,ve. The leading term vy = 7 vy
and profile V (e, ¢, x,y) are constructed so that the two formal identities

(4.1) <a§(e@t,x)+~-~+a§n(eﬁt,x)+~-~)v0(e,t,x) = f, vo=0fort <0,
(4.2) Vietay) = (1+3 dal, o) Juleto),
I=1

are satisfied up to an acceptable error. Even if (4.1) is truncated to be a finite sum, it is
high order in t. For each € it usually defines an ill posed time evolution. In spite of this,
the next sections construct functions vf that satisfy (4.1) with small error.

Equation (4.1) can be understood in another way. Theorems 2.5 and 2.10 together with
their remarks show that the standard homogenization hierarchy is equivalent to the pair
of identities in the sense of formal power series,

(S as(0) (X emrun) = r U= (143 e )( S emun).
n=1 m=0 =1 n=0

Equivalently

(4.3) <ia§n(eﬁt,x))7rU =éf, U= (1 + iGle >7TU.

1=1
If one does not insist that wU be a formal power series in €, this suggests the criminal
equation (4.1) for vy = U and the criminal ansatz V = U = (1 + > € Xn )vo.
In the next sections, equation (4.1) is converted to a normal form, truncated at order k

and filtered, leading to the solutions v from Definition 1.2 with small enough error so
that the approximation is very accurate.

4.2. Elimination algorithms. The algorithms of this section eliminate the time deriva-
tives in (4.1), other than those in a3, while changing the z-derivatives in the high order
terms.

Proposition 4.1. There are uniquely determined homogeneous operators Ryj(0;,) and
a9;(0;) of degree 27, the latter involving only 0,, so that (1.11) holds as an identity in the
sense of formal power series.

The heart of the proof is the following Lemma.
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Lemma 4.2. Suppose that m > 2 and Ss,,, (0 ;) is homogeneous of degree 2m and contains
only even powers of 0;. Then there exists a unique roy—2(0; ), homogeneous of degree
2m — 2, so that roy,_sa% + San, is a differential operator in 0, only.

Proof. Write
Tom—2(0ry) = 0072 4+ q(0)07" T+ -+ Goma(02) 07 + Gam—2(0) .

The goal is to determine qo, ..., ¢am—2 in such a way that rg,,_oal + So,, is a differential
operator in 0, only. Order the terms in Sy, according to the order of the time derivative

ng = 50(893)8?’” + 52(835)83”_2 + -+ szm_g(@)@f .
Define p := mp and a»(0,) so that a; from (2.19) satisfies
(4.4) a3(0rz) = pO; + az(0;) .

In particular ay(0,) is second order in 0,. Then the terms containing time derivatives in
Tom—2a5 are equal to

(4.5)
ﬁ(%afm + (J2(8x)8t2m72 + o A+ q2m74<am)a;1 + q2mf2(a:v>8t2)

(0002 (0™ 2 + (0202) (@)™ + -+ (Gam-502) (D)0 + (dm-102)(22)52).
Regrouping in order of decreasing powers of d; yields that (4.5) equals
pa0 0"+ (i + 002 ) (0.) P72+ -

+ (qum*‘l + (J2m76a2) (02) 0 + (ﬁ‘hma + (J2m74a2) (0,) 2.

The unique choice eliminating the time derivatives in ry,, 2a3 + Sa,, is given by

Go=—p 'so, andforl1<j<m-—1, ¢;(0,)= —271<82j(6x) + (%j—z@)(@))-

This completes the proof of Lemma 4.2. O

Definition 4.3. Denote by Oy the set of constant coefficient partial differential operators
in O, that are sums of terms homogeneous of degree at least N.

The operators in Oy are those whose symbols vanish to order N at the origin.

Proof of Proposition 4.1. In the next expressions Oy represents an element of Oy. The
identity (1.11) holds if and only if for all £ > 2

(4.6) (1+R2+R4+---+R2k_2>(a§+aj+---+a’2‘k> =ay+as+ -+ agk + Oopia.
The goal is to find Ry; such that (4.6) holds. For k = 2 expanding yields
(4.7) (1 + Rg) (a’z‘ + aZ) = a; + Roaj + a) + Og.
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The term of order 4 is Ryaj+aj. Choose Ry using Lemma 4.2 as the unique homogeneous
order 2 operator so that this fourth order term is independent of d;. Denote by ay that
differential operator.

The construction is recursive. Suppose that the Ry, ..., Rop_o and ay, - - - , as, have been
uniquely determined so that (4.6) holds. We show that Ry, and g o are uniquely
determined so that (4.6) is satisfied for k + 1.

For k+1 the terms of order < 2k on the right of (4.6) are only influenced by Rs, ..., Rok_o.
Separating the lowest order term in Oy o the right hand side of (4.6) can be written as

(4.8) ay + ag + -+ agr, + pagr2 + Oopya,

where poj12(0;,) is homogeneous of degree 2k + 2. To prove (4.6) for k + 1 one must
determine Ry, and agy 2 such that

(4.9) (1+R2+R4+~ : ~+R2k,2+R2k) (a;+aj;+- : -+a§k+2) =as+ag+- -+ a2+ Oopiy.

The term of order 2k + 2 is Roral + pory2, where poy o is given by (4.8), in terms of the
Ry;, as; that are known from the inductive step. Lemma 4.2 shows that there is a unique
Ry, so that this term of order 2k + 2 is independent of d;. That is the uniquely determined
Ry and the operator in 0, is agxy2. The recursive construction is complete. O

Remark 4.4. The proof yields a recursive algorithm to compute Raj,az; from the aj;.
The computation of the coefficients of a5; requires the solution of ~ d¥ cell problems.

Remark 4.5. Proposition 4.1 implies that if
a3(Ore) + ai(Or) + -+ + a3y, (Ora) = E(O)
with E(0; ) € Oy, then there is a E(am) € Ogpi2 so that

a3 (0r0) + 0a(8y) + - + A (0y) = E(Dra) .

The converse of Remark 4.5 is also true. In the ring of formal power series 1+3 7| Ro;(0; )
has a unique multiplicative inverse

1+ Z §2j(at,:v) = 1+ Z ( - Z R2j(at,:v)>k g
j=1 k=1 J=1

satisfying

(143 A 00) (1 Rf0)) = (1 30 R0 (143 @) =1

The next Corollary is an immediate consequence.
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Corollary 4.6. Define R*(0,,) = Z?Zl Ro;(0yx) . Then

(14 R (0h)) [03(0he) + @ (02) + -+ (D)
(4.10)
= |@3(00) + €3(010) + - + @2 (Oh) | + O

4.3. Criminal equation with time derivatives eliminated. Having constructed the
operators Ry;, the elimination algorithm is used to transform equation (4.1) to the normal
form (1.12). Then equation (1.12) is truncated at order k yielding equation (1.13) repeated

here,
k+1
[aé(@t,@;) + Zer_Q i (0,) |vE(e, t, ) = [1 + Rk(eﬁt,x)}f, vE=0 for t<0.
=2

The operator in brackets on the left may define an ill posed time evolution because the
sign of the coefficients of the higher order space derivatives may be wrong (for example,
it is known [13], [18], [4] that the operator a, has the wrong sign). This instability does
not hinder the construction of good approximations. Committing an error, which is high
order in €, we filter the source term [1 4+ R*(ed,,)]f.

Choose cutoff functions v¢; € Cg°(R?) for j = 1,2 with ¢; = 1 on a neighborhood of the
origin and ¥s = 1 on a neighborhood of supp ;. Choose 0 < a < 1. We compute a
profile vf that satisfies with D := (1/4)0,,

(4.11) [a’g(@t, 0y) + €a4(0y) + -+ 62k52k+2(8x)]v§ = wl(eO‘D)(l + Rk(eﬁm))f.

The ill posed evolutions remain. However, for the filtered sources on the right in (4.11),
there exist nice solutions. Fourier transformation in x yields ordinary differential equations
in time parametrized by ¢ for any tempered solution of (4.11). It shows that a tempered
solution must have transform with support in e “{supp¢y}. Such a solution satisfies
Po(e*D)vf = vh. Therefore it also satisfies

(4.12)

[a;(@t, 0y) + [6254(61) + ot €2k52k+2(8x)]1/12(6aD)} v('f =1 (€QD)(1 + Rk(Eat,m))f-

4.4. Stability Theorem. The operator applied to v in (4.12) is,

k+1
a3(0,0,) + Male k,0p),  Malek,0,) = Y €977 0g;(dy) tha(e*D), 0<a<1.

j=2

The operator M, depends on the choice of ¥, and a.

Theorem 4.7. For any k € N and any ag < 1 there is an €y > 0 so that for each € < ¢
and any 0 < o < oy the following holds.
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1. For any go,q1 € HY(R?Y) x L2*(R%) there is a unique solution v with dv €
C(R; H*(RY)) for j >0 to

(65(0) + Mulek0)|v = 0, 0(0,5) = g0, Aw(0,7) = g1.
This solution satisfies with a constant C' = C(ay, €9, k) independent of 0 < € < ¢
and 0 < a < ag,
sup (IVav (@)l 2y + 100 1) < C(IVe0O)lies + 190002

teR

2. Forany f € L},.([0,00[; L*(R?)) there is a unique w with {w, V, ,w} € C([0, 00[, L*(R?))

loc

satisfying
(63(0) + Maleko0)|w = £, w(0.2) = daw(0,-) = 0.
This solution satisfies with the same constant C' from 1 and for all t > 0,
IView®)l2@ey < Clfllzros:c2mey-

Proof. 1. M, is bounded from H® — H*" for all s, ¢ with bound independent of s. The
bound tends to infinity as ¢ — 0. The boundedness implies the existence statement of
the Theorem. The uniform bounds lie deeper.
With the notation from (4.4), the equation (a3 + My )v = 0 has the form pvy = —p(D)v
with
(4.13) —p(€) = apli) + (€)Y Ty (i),

2<j<k+1
Each summand on the right is real valued. Statement 1. follows from the following
estimate. For each o €]0, 1] there is an ¢y > 0 and constants 0 < ¢ < C so that for all
0<e<e,0<a<aandall £ € RY,

(4.14) clél* < —ulg) < ClEf.

By ellipticity of ay, there exists 0 < ¢; < O} such that, for all £ € R?, ¢; [£]? < a(i€) <
C1|€]? . Therefore, to prove (4.14) it suffices to show that the modulus of the second
summand on the right hand side of (4.13) is o(|¢]?). In the support of the second summand

€| < e, Then
€77 %y (i6)] S ¥ET = (efg])V P AU g2

The first factor on the right is bounded and the second tends to zero as e — 0. This
proves the desired inequality. The Fourier transform of the solution satisfies
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Multiplying by the complex conjugate of 0;v and taking the real part proves the conser-

2 (LBAOP | MOBLOPY _
5 .

ot 2 B
The estimate (4.14) implies that the conserved quantity

/Rd <£‘8£(t,£)‘2 + u(é) ‘6(t,§)‘2) d¢

is uniformly equivalent to ||8tv(t)||%2(Rd) + ||V$v(t)||%2(Rd). This completes the proof of
statement 1.

vation laws

Vé € RY,

2. Uniqueness follows from 1. Multiplying by a constant it suffices to consider the case
of a for which the coefficient of 9?7 is equal to 1. Define S(t, go, g1) := v(t, -), where v is
provided by 1. A solution with the desired estimates is given by Duhamel’s formula

w(t) = /OS(t—s,O,f(s)) ds.
O

Corollary 4.8. Let 0 < ag < 1,k € N and f € H®(RxR?) supported in [0,1] xR Then
for and all 0 < a < o and 0 < € < € there is a unique solution ¢ € C*(R; H®(RY)) of
(4.11). It satisfies supp ¢ C € “supp ¢y and

(4.15) sup [|07oC | pouay < Ok fiB) < 00, B#0,
te[0,00]

(4.16) [0 aguey < Clh ) ).

Proof. Uniqueness. Taking the Fourier transform shows that any solution ¢ € C*°(R; H>(R%))
to (4.11) satisfies supp Z C e “supp ¢;. Therefore ¢ also satisfies (4.12). The solutions of
those equations are uniquely determined thanks to Theorem 4.7.

Existence. Define ( as the solution to (4.12). The same Fourier transform argument

as for uniqueness shows that this function satisfies suppg C e “supp . In particular
Yo(e*D)¢ = (. This implies that ¢ satisfies (4.11). Theorem 4.7 implies that it has the
additional properties claimed in Corollary 4.8 establishing existence. (]

4.5. Criminal approximation error. This section performs the computations that are
the main ingredients in the proof of Theorem 1.3.

Remark 4.9. The profile v = vl from Definition 1.2 satisfies ¥y(e*D)vf = vf so is the
unique tempered solution supported int > 0 of
k1

(4.17) [a;(am) + (Z€2j—252j(8x)>2/)2(60‘D)}7w§ — [1+ R*(ed,0) ]t (D) f .

Jj=2
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§4.5.1 computes a precise formula for the residual.

4.5.1. Formula for the residual. Recall the criminal approximation V* from (1.15),

2%+2 2%+2
VE(e t,z,y) = Z (et x,y) = (I + Z enxn(y,ﬁt,&v)> ve(et, ).

n=0 n=1
Define
2 1 1 k
(4.18) Ze, t,z,y) = |p(y)d; — 6—2Ayy — EAxy — A | V(e t, 2, y).
This is regrouped in powers of € as if the v* did not depend on e.* This yields
2k+2 2k 2k+2 2k
(419) Z = ZGij: ZGij+ Z Eij = ZGij+81.
j=—2 j=—2 j=2k+1 j=—2

The term &; is the first error term. It is estimated in Lemma 4.10. Theorem 2.5 shows
that the definition of the nonoscillatory part of v¥ is equivalent to

(4.20) (I-m)Z,=0, —2<n<2k

Since m)s =0forl<n<2k+2and vg = m)g, Theorem 2.10 yields

2% 2% 2%

i 3% kE_ -2 Jox k

T E ez = E € aj+2(8t7$)v0 =€ E € aj+2(68t7$)1)0 )
j=—2 §=0 J=0

Equation (4.10) of Corollary 4.6 implies

2% k+1
T Z d7; = 6_2(1 + Rk(eﬁt,x)) [a’g(e@tvx) + Z&'gn(e&c)}vé + € 2001 4(€0;2)VE,
j=-2 n=2
N k+1
= (1+ RM(ed,.)) [a;‘(@t,x) + Z 62"_252n(8x)] v + € 2Ogpra(€0s)0E.
n=2

Since vf satisfies equation (4.11),

2%
T Z eij = (1 + ﬁk(68t7$))1/)1(60‘D) (1 + Rk(eﬁt,x))f + 6_202k+4(€8t7$)1)g

i=—2

= (14 R¥edy,)) (1 + R*(€0,,)) ¢ (¢* D) f + & .

3That is, the computations are made in the ring of Laurent expansions in € whose coefficients are
functions of €, ¢, z,y. In €™v®, the function v* is a coefficient of €. If for instance vF = €2 the power from
y U, T, Y no n n p

v¥ must not be combined with the ", the expression €"v¥ is still a term in €".
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Use (1+ Ek(am))(l + R*(0;.)) = 14 Oaj49 to continue the computation,

(14 R¥(edr2)) (1 + R¥(0,0)) 01 (*D)f = (14 Ogpyal€dyn))ibr (D) f

= Y (e“D)f + &
= [+ W(e"D) = 1)f + &
= f + 54 + 53.
Therefore,
4
(4.21) Z(et,xy) — f(t,x) = Eletry) + > &let.x).
j=2
with
(4.22) & = M Zopin + € Zop i, Er = € ?Oopya(€0y )05,
' &3 = Oons2(€0a) 1(e*D) f, Ex=(r(e"D) — 1) .

4.6. Residual estimates and proof of Theorem 1.3. The error u(t,x)—V*(e, t, 2,2 /€)
satisfies

plx/€)0? — diva(x/e) grad} (ug(t, z) — VF¥(e t,x, x/e))

(4.23) 4
= &(et,x,x/e) + Zé'j(e,t,x).

=2
Lemma 4.10. The error term & (e, t, x,x/€) from (4.22) is of the form
Eilet,z,xfe) = flet,x) + divg(e t,x)

with f, g satisfying uniformly in t > 0,
(4.24) 1ot M + 10g(et, Vs + lget, Vi@ S €+
Proof. As for the residual in the non criminal approximation, using 7o}, ,, = 7o}, ,,, write
Eile t,w,y) =" Zoea(tw,y) + €52 Zgppa(t, 2, y)

—[P)0F = Awe| (T = ) (4105 + 520 0) = A (= m)hy

_ 2kt ((p(y)ﬁf — Am)vgkﬂ — Axyvng — Ayyv§k+3)

+ A+ T (p(y)0] — Ava)hsn -
Moreover, by construction

2 k k k % k __
(p(y)o; — Amm)v2k+1 - Aryv2k+2 - Ayyv2k+3 = Q913 = 0,
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since the odd order operators have been shown to vanish. As a consequence,

1
k
EAyyv2k+3

Eulest) = )0 — Aush + 5%
= 2 (I(e,t,x,y) + 1 (e, 1, 1,y)) .
In addition, for [ = 2k + 2,2k + 3,
v = X T = Zcm( )6 TN
1B1=!
Use that cgakt2, Cs o643 € Hl(T‘;) to show that I(e, ¢, z,y) is a sum of terms of the form
c(y)v(t,z), c € L*(T?). Corollary 4.8 implies that each v satisfies, uniformly in ¢ > 0,
||ang(tax)||L2(]Rd) S 1
for o € N'*¢ including o = 0. Proposition B.1 in the appendix implies that uniformly
for t > 0,
”[(67 t7 z, .ﬁL’/E) HLQ(Rg) S L.
The second term, [1(e,t,x,y), involves derivatives of a(-). Write
1
I(e,t,r,y) = —div, a(y)grad, { Z caon+3(y m;o(e t SL’):|
€ |8|=2k+3
Evaluate at y = x/e to show that, with div acting on functions depending on z as well as
on x/e,
Il(e,t,z,x/€) = Z div [a(w/e)(grad caon+s)(x/€)0, m)g(e,t,x))}
|8 =2k-+3

— Z a(x/e)(grad,cg ari3)(r/€)grad 81? ol (e, t, x)
18l=2k-+3

=:div (Il(l)(e, t,x,x/e)) + 1 (e,t, x, x/€)
As for I it follows that, uniformly in ¢ > 0,
10,110 (e,t, 2, /) |2 @ey + 1TV (6t 2, 2/€) || 2@ S 1
HIP(e,t, 2, 2/6)| gy S 1

Defining f(e,t,z) = ¢ 2(I + I1®)(e, t,x,2/¢) and g(e, t,x) = e T21TW (e, t, 2,2 /€)
completes the proof of Lemma 4.10. U

(4.25)

End of proof of Theorem 1.3. Estimate the error terms &, &, &, from (4.22). Since
vy and all of its derivatives are uniformly bounded in L?(R¢), one has

(4.26) [Ea(e.t,2) || oay + [|E3(et.2)||faay S €472
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The error from &, is smaller. For any N one has
(4.27) H€4(e, t,x)HLQ(Rd) < N

Theorem 1.3 is a consequence of Lemma 4.10, (4.26), (4.27), and Proposition B.1 in the
appendix. O

Remark 4.11. In the same way as in part w of Remark 3.2, one finds a constant C'
depending on j but independent of e < 1,t > 0 so that

(4.28) 10/ V0 (us(t) — VE(e,t,2,2/€)) < C 2ty

(P
5. SOURCES GROWING POLYNOMIALLY IN TIME

The error estimates for sources with compact support in 0 < ¢ < 1 (Theorem 3.1 for the
classical case and Theorem 1.3 in the criminal case) easily imply similar estimates (5.1)
and (5.2) for sources that grow at most polynomially in time. Suppose that f = 0 for
t <0 and

Im, Yo, 3C, Vt, |0} f(t)HLQ(Rg) < Ct™.

Use a partition of unity to write f = >, f; with f; supported in [j — 1, j] and such that
EIC) \V/Oé,j, Vta SupH ag:vfj(t)HL%Rg) S C . Sup . Hata f(t)

l2eey -

Denote by u the exact solution with right hand side f; and by U approx €1ther the classical

or the cr1m1nal approx1mat10n Then u® = Y u§ and ug, o0 = D0 US approx: With €5(f) :=

Hvtﬂ?[ U ) uj

J,approx } HL2 (Rd)?

€
Hvt,x[u - approx HL2 R%) < 2:

—1<t

the triangle inequality implies that the error in energy
satisfies

5.1. Classical homogenization. Fix the index k in the classical approximation. Apply
Theorem 3.1 with initial time shifted to j — 1. Since f; has size O(j™), and the error in
Theorem 3.1 depends linearly on f,

30, Vit et < Cmin{ (- (- 1)) (- (- D))
This implies

Hvtvl‘ [ue (t) - u;pprox (t)] HLQ(Rg)

t t
min {€2k+1 / ((t _ 8)+>k+1 M dS,€2k+2 / ((t _ 8)+>k+2 M ds}
0 0

5 min{e%ﬂ <t>k+2+m’€2k+2 <t>k+3+m} )

(5.1)

A

Given N > 0 and 0 < § < 2, choosing k so large that 2k +1 > N + (k+2+m)(2 — J)
guarantees that the total error is O(e") for times ¢ < 1/¢272.
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5.2. Criminal path. Applying Theorem 1.3 with a time shift yields e5(t) < € (¢ —
(7 —1)+)J™, so

(5:2) (Vo [u(0) — uGppron®)] | oy S &7 / ((t—s)e) s ds S 42 (2

Choosing k so large that 2k +2 > N + N(m + 2) shows that the total error is O(e") on
intervals t < e V.

6. SKETCH OF SOME GENERALIZATIONS

6.1. Schrodinger equation. Consider the homogenization of Schrodinger’s equation
ip(z/e) u — div(a(z/e) gradu®) = f(t,z).

With only the most minor modifications of the proof one finds an anologue of Theorem
2.13. This yields a leap frog structure and slow secular growth as in Theorem 2.15. The
elimination is as for the wave equation case with 9?7 replaced by i9;. The result is

(I + ZRQ;‘(@, am)) (Zaén(&, 636)) = a3(0y, 0p) + a4(0,) + - -

where the a3, denote the high order homogenizations of the Schrodinger operator. The
Ryj, a3;, and as, are equal to the polynomials from the wave equation case bearing the
same name, but with 97 replaced by id;. The polynomials Ry; and as; are homogeneous
in the sense that they contain only monomials 0j"0 with 2m + |a| = 2j. The analogue
of Proposition C.1 is that if g € L>®°(R; L*(R?)) N LY(R; L?(RY)) vanishes for ¢ < 0 and
g: € LY(R; L*(R?)), then the solution of i p(x/€)0yu = div(a(x/e)gradu) + divg vanishing
for ¢t < 0 is uniformly bounded in L*°(R; H!(R%)). The classical approximation is accurate
for times ~ 1/€72* for any small § > 0. The criminal approach yields approximations
with error < eV for times 1/€".

6.2. Systems of wave equations. For systems of wave equations the leap frog structure
can fail. There are convincing numerical examples of systems of linear elastodynamics for
which the third order homogenized operator does not vanish. The secular growth of wu,,
is as " instead of t"/2. The standard approximation loses its validity at time scale 1/e.
A result that is true and reduces to the leap frog structure in the scalar case is that the
operators a (i0;, 10, ) are all self-adjoint for both, odd and even n.

The elimination strategy encounters a difficulty. The term ¢(e*D) ", ., €* ax(D,) is a
small real perturbation of the spatial part of a;. However it need not be self-adjoint. In
the scalar case self-adjointness is a consequence of reality. The lack of self-adjointness can
lead to exponential growth in time destroying the stability proof. The system analogue
of stability is work in progress.



38 GREGOIRE ALLAIRE, AGNES LAMACZ, AND JEFFREY RAUCH

APPENDIX A. EXAMPLES WITH MAXIMAL SECULAR GROWTH

A.1. Saturated secular growth. Theorem 2.15 gives an upper bound on the growth
in time of the profiles. This appendix shows that the upper bound is attained for generic
problems in dimension d = 1. Consider

Ou — 0, (a(x/e)Opu) = f(t,z) € C°(]0,1[xR).
with a(y) 1-periodic and not identically constant. Denote

a3(0y,0,) = 0F — 207 = (8;,3 — c@t) (8;,; + c@t),

the homogenized operator. Then ug = ug(t, ) is the solution of a3(0;,0,)ug = f that
vanishes for t < 0. Therefore for ¢ > 1 there are uniquely determined go, hy € C°(R)
with go(s) =0 for s > 1 and hg(s) = 0 for s < —1 so that for ¢ > 1 one has

uy = golxr —ct) + ho(x +ct).

For most f, both gy and hg are not identically equal to zero. This is true in particular if
f > 0 and not identically equal to zero. In that case both gy and h( are non negative and
not identically zero. The profile muy satisfies of

a3 (0, 0p)mus = —ay (0, Oz )ug .
The fourth order homogeneous polynomial —aj(7, &) contains no odd powers of 7. For
t > 1, ug satisfies a3 (9, 9, )up = 0. In this domain, replacing systematically 0?uo by ¢?0?uq
and equivalently 72 by ¢2£? yields a new polynomial ¢(§) so that —a}(0;, 9, )uo = q(0, )uo.
As soon as a(y) is not constant one has ¢(9,) = v9* with v # 0 (see [13]). This shows
that

—ay(£e, 1) = v #0.
The equation for wus for ¢t > 1 is
(A1) a3 (0y, 0p)muy = (70%go)(x — ct) + (y0*ho)(z + ct) .
Writing a5(0;, 0,) = (0y — ¢0,)(0; + ¢0,;) one verifies that the function

oty 7) = % (et 4+2) P a0) (& —ct) + (et —2) (70°ho) (z + ct)|

satisfies (A.1). Choose a cutoff function y € C*°(RR;) equal to zero for ¢t < 1/2 and equal
to 1 for t > 1. Then

@30, 0,) (> — x(t)2)
is compactly supported in 0 <t < 1. Therefore
Tuy = X(t) 2(t, x) + 12t ), and, Vo, Of,re € LORM™).
The equation for muy is

ay (O, Op)muy = —ay (0, Op)muy — ag(0, O )Tug .
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Only the mus term on the right is unbounded. Furthermore, if any of the derivatives in
a}(0y, 0,) fall on the factors ct £+ x in 7wus the resulting function is bounded. Therefore

@400, 02) | (et + 2) (10 go) (@ — ) + (et — 2) (1P o) (& + t)|
= (ct +2) (7207g0)(x — ct) + (ct — 2)(Y*O"ho)(z + ct) + L=Z(R'™).

Reasoning as above yields with 0f,rs € L®(R'*1),

. (ct + ) 312 (ct — ) 3\2
T = S (102 q0) (@ — et) + (46 Pho(w 4 )| + (1.
An induction yields
T, = @gn(:c—ct) + whn(:chct) + " r,,

VO \" VO \" o -
gy ‘= (E) Jo0, hn = (E) ho, 8t7$7"n €L (R1+1).

The u,, saturate the upper bounds of Theorem 2.15.
In addition note that us, grows with n as the (3n)"™ derivative of g, ho. This implies that
for generic real analytic g, ho, the series > €"u, is divergent.

A.2. Classic homogenization is inaccurate beyond ¢ = ¢ 2. One could imagine that
by including many correctors, the classical algorithm might be accurate for times beyond
€2, The example of the preceding subsection shows that that is not the case. For that
example the exact solution satisfies supg. .4 supgi+1 |u| < co. For ¢ > 0, 6 > 0 as small
as one likes define t, = ¢/€*°. To show the inaccuracy of the classical approximation it
suffices to show that for any 0 < N € Z,

2N
(A.2) 11_1301 H j;o e u;(t,) e 0.
For the example one has for ¢ large

(A.3) 7t S | Tug(t) | pew,) S €.
For N fixed, formula (1.6) implies that

(A4) I = myun@)ll ey S 1

Therefore, with A\, := ¢ one has

2N—-1

NI = muan(te) + > uplte)

k=0

SAVTY and A2V S ||€Nmuan (te)
Lo (Ry)

Loo(Rz)”
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It follows that with C; > 0,

Hzejuj(te)H > O = G

L>(Rg)

The limit € — 0 yields (A.2).

APPENDIX B. TWO SCALE L? ESTIMATE

This appendix contains a proof of a classical estimate for oscillating two scale functions.
It is used in the error estimates in Sections 3.2 and 4.5.

Proposition B.1. For each integer s > d/2, there is a constant C so that for all v €
H*(RY) and c € L*(TY),

B [ e/ de < Ol 3 [ ) o) da.

laf<s
Proof. Denote by Y := [0,1)? the unit box. Then R is a disjoint union of boxes Y} :=
k+Y, R = ez Ye. Scaling by e yields R = |J, ;. € Y3 Sobolev’s inequality for Y
reads
2 le' 2 s
(B.2) 0]/ ysy < Cls,d) > / 0cw(y))* dy, — we H(Y).
|a|<s
When y € Yy, x := ey € €Y. For v € H*(eY},), apply (B.2) to w(y) := v(ey) € H*(Y}) to
find
(B.3) W7oy < Cls,d) e D / (2))? da .
|a|<s

Estimate, using (B.3) in the last line,

2
/ lv(z) clz/e)|” dx < HUHLoo(eYk)/ lc(z/€)|? dx
€Yy, €Yy,

< Oyt 32 [ i) o) doe el

la|<s ¥ €

Summing over k yields (B.1). O

APPENDIX C. STABILITY ESTIMATE FOR THE WAVE EQUATION

This appendix contains an estimate for wave equations with sources in L (R; H1(R?)).
The weak regularity in x is compensated by additional regularity in time. The residuals
in the criminal and the non criminal approximation are of that form. For completeness

the proof is included. The systems case is exactly analogous.
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Proposition C.1. Suppose that 0 < m; < my < oo are real numbers and a,p € L*°(R?)
satisfy my < a,p < mo. There is a constant C' > 0 depending only on my,my so that
forall f € L} (R; L*(RY)) and g € L2 (R; L*(R%; RY)) with 0,9 € L, (R; L*(R%;RY)) and

loc loc loc

f=9g=0 fort <0 the solution of
(p0; — div(agrad))u = f + divg, u=0 for ¢t<0,
satisfies for all t > 0,
(C]‘) ||vt,l‘u(t)||L2(Rd) S C|:HfHL1([O,t];L2(Rd)) + HatgHLl([Oﬂ;LQ(Rd)) + HgHL‘X’([O,t};LQ(Rd)) .

Proof. Approximating a, p, f, g by smooth functions it suffices to prove the estimate for
solutions and right hand side that belong to H*([0, t] x RY) for all s, > 0 with a constant
that depends only on the m;. Introduce continuous functions

E(t) = l/Rd (p(x) }8,5u(t,:1c)}2 + a(x) ’Vu(t,x)ﬁ) dr, and M(t) := sup E(t).

2 0<t<t

Testing the equation with 0yu yields the standard energy identity

E(t) = /Ot/Rdﬁtu(ijdivg) dx dt.

Estimate the first of the two summands on the right as

t
’/0 /Rd fowu d‘”dt’ < HfHLl([O,t};LQ(Rd)) HatuHLOO([O,t];LQ(Rd)) <C HfHLl([O,t};LQ(Rd)) M(t)"/?

with a constant depending only on the m;. For the second summand two integrations by
parts yield

t t
/ / divg Oy dxdt = — / g - grad Oyu dxdt
0 JRd 0 JRd
t

= / Org - gradu dxdt — / g(t,x) - gradu(t, x) dz.
0 JRd

Rd

Therefore

t
’// divg dyu d:pdt’ <
0 JRd

HatgHLl(]O,t[;LQ(Rd)) ngaduHLoo([Qt};L2(Rd)) + |91l oo ([0, 22(Rey) [l gTad w| Loo (0,4 £2(R4Y)
< C (HatgHLl(]07t[;L2(Rd)) + Hg”Loo([QJ];LQ(Rd)))M(t>1/2 )

Combining yields

(C.2) E(t) < C(HfHLI([o,t};L2(Rd)) + HatgHLl([Qt};L?(Rd)) + Hg||L°°([07t};L2(Rd))>M(t)l/Q'
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For each t > 0, choose 0 < t <t so that E(t) = M(t). Estimate (C.2) at time ¢ yields
M(t) < C(HfHLl([O,g];LQ(Rd)) - HatgHLl([o,;];w(Rd)) - Hg||L°°([07£];L2(Rd))>M@)l/Q
< C(HfHLl([O,t};LQ(Rd)) T HatgHLl([O,t} L2(R)) T HQHL”([M;LQ(W)))M@)W-

If M(t) # 0, dividing by M (t)!/? yields (C.1). If M(t) = 0, (C.1) holds with C' = 0.

Acknowledgments. G.A. is a member of the DEFI project at INRIA Saclay Ile-de-

France.
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