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This paper introduces the exponentially weighted moving average (EWMA) Heston model, a Markovian stochastic volatility model able to capture a wide range of empirical features related to volatility dynamics while being more tractable for simulations than rough volatility models based on fractional processes. After presenting the model and its principal characteristics, our analysis focuses on the use of its associated Euler-discretization scheme as a time-series generator for Monte-Carlo simulations. Using this discretization scheme, and on the basis of S&P500 empirical time series, we show that the EWMA Heston model is overall consistent with market data, making it a credible alternative to other existing stochastic volatility models.

1 Introduction he modeling of sset prie dynmis is one of the most importnt issues in quntittive (nne nd hs resulted in lrge ody of demi reserhF st hs for long een estlished tht the modeling qulity of prie dynmis model depends to lrge extentD on its ility to urtely reprodue the empiril fetures of voltility dynmisF hi'erent pprohes hve een pplied to tke ount of thisF he egr @or utoregressive onditionl heteroskedstiityA fmily of models is one of the most importnt pprohes nd inludes wide rnge of vrints le to desrie the stylized fts of (nnil time seriesF por instneD the fmous generlized egr or qegr model @ingle IWVPA in whih the vrine proess depends on n exponentil moving verge of pst squred returns provides good representtion of mny of the empiril fetures of (nnil dtD suh s til hevinessD voltility lusteringD nd feedk e'etF wore sophistited extensions suh s the iqegr @xelson IWWID fndt nd tones PHHTAD xqegr @vnne nd ikkonen PHHSAD psqegr @fillie et al. IWWTD felkhouj nd fouthry PHIIA nd qegr @forlnd nd fouhud PHHSA modelsD further improved modeling qulity y reproduing other fetures of (nnil time series inluding the leverge e'etD timeEreversl symmetryD nd the feedk e'etF elthough some of these models hve ontinuousEtime ounterprts this fmily of models in its nonil form dopts disreteEtime pprohF roweverD some (nnil issues require ontinuousEtime frmework whih led to the prllel development of other ontinuousEtime stohsti voltility modelsF emong these modelsD in reent yers rough voltility models hve emerged s the new stndrdF hese models llow onsidertion of the empiril roughness of the voltilityD nd from more prtil point I of view llow remrkle reprodution of the shpe of the implied voltility surfeF roweverD lthough rough voltility models re extremely e0ient for pturing empiril phenomen tht our in derivtives mrketsD their use s tool for wonte grlo experimentsD nd espeilly in risk or sset mngement ontextD hs some limittionsF pirstD these models re founded on nonEwrkovin nd nonEsemimrtingle proessesD whih mkes unised simultions sed on suh models triky tsk @il iuh PHIVAF sn ddition to the stritly tehnil issuesD some empiril fetures of the relized voltility re not entirely ptured y this type of model @fln et al. PHIUD qtherl et al. PHPHAF he present pper introdues new stohsti voltility model E the iwe reston model @rwA E whih ims to ddress some spets of these di'erent issuesF he im is to propose model le to reprodue rod spetrum of empiril fetures relted to voltility dynmis while eing more trtle for simultions thn rough voltility models sed on frtionl stohsti proessesF e show thtD while eing wrkovinD the iwe rw n pture the di'erent dimensions of the umh e'et nd urtely reprodue the joint dynmis of the sset returns nd voltilityD s well s the empiril returns nd voltility distriutions for di'erent time horizonsF nlike most of the demi literture on stohsti voltility modelsD the present pper dels not with the model9s pplition for derivtive priing issues ut fouses insted on the model9s use s tool for wonte grlo experimentsF he pper is orgnized s followsF pirstD we present the iwe rw nd its prinipl hrteristisF eondD we exmine limitEse of the model with interesting propertiesF hirdD we ompre the iwe rw with stohsti voltility models sed on qudrti rwkes proesses @fln et al. PHIUD hndpni et al. PHIWD qtherl et al. PHPHAD to highlight their similrities nd their di'erenesF e then fous on use of its ssoited iulerEdisretiztion sheme s timeEseries genertor for wonteEgrlo simultionsF sing this disretiztionD nd sed on 8SHH empiril time seriesD we show tht overll the iwe rw is onsistent with mrket dtD mking it redile lterntive to other stohsti voltility modelsF 2 The EWMA Heston model 2.1 Presentation of the model vet us introdue the iwe rw de(ned y the following stohsti di'erentil equtions @hisA systemX

             dS t S t = µ t dt + √ V t dW t dV t = 1 τ 1 ν(m t ) 2 -V t dt + ξν(m t ) √ V t dB t dm t = Λ1 • dS t S t -ηµ t dt -Λm t dt @IA
where {W } t∈T nd {B} t∈T re frownin motions suh s dW,

dB t = ρ ∈ [-1 : 1]D τ 1 , ξ ∈ R + D η ∈ {0, 1}D 1 d × 1 vetor of onesD m t ∈ R d D Λ d × d digonl mtrix s ∀j ∈ {1, ..., d}, Λ j,j ∈ R + D nd with ν : R d → R + F
he spei(ity of this extension of the rw lies in the funtion νF heres in the stndrd rw ν 2 is onstnt nd orresponds to the 4long vrine4 of prieD here it is n ttrtion vrine funtion of the dEdimensionl rndom vetor m t solution of the third hi of @IA m t = m 0 e -Λt + t 0 e -Λ(t-u) Λ dS u S u -ηµ u du .

hereforeD eh oordinte of m t orresponds to n exponentil weighted moving verge @iweA estimtor of the prie trend djusted @iFeF η = 1A or not @iFeF η = 0A y its deterministi omponentF hue to the P dependene etween m t nd the ttrtion voltility ν t D the model is le to pture the leverge e'etD even if {W } t∈T nd {B} t∈T re unorreltedF wore importntlyD this property mkes the iwe rw struturlly dpted to pturing the 4strong umh e'et4 whih orresponds to the ft tht 4onditionl dynmis of voltility with respet to the pst depend not only on the pst voltility trjetory ut lso on the historil prie pth4 @qtherl et al. PHPH pFQAF he properties of the iwe rw mens tht it is inluded in the fmily of pthEdependent voltility models @quyon PHIRAF xote lso tht the generiness of the iwe rw mens tht it is le to pture very wide rnge of pth dependenies through ttrtion voltilityF por instneD exploiting the results in fohud nd ghllet @PHHUA or ei ter @PHIWAD mkes it possile to use spei(tion of Λ nd ν(.) whih enles memory tht deys s power lw to e mimikedF efter setting out this generl frmeworkD we now fous on n iwe rw where η = 0 nd m t depends on unique iwe prmeter @iFeF m t is slrAD de(ned y the following hi systemX

             dS t S t = µ t dt + √ V t dW t dV t = 1 τ 1 ν t 2 -V t dt + ξν t √ V t dB t dν t = ψ ν t -ν -ν t + ν + α dt τ 2 - β τ 2 dS t S t @PA where V 0 , ν 0 , ψ, τ 1 , ν, β ∈ R + nd α ∈ RF e ssume lso tht ∀ t ∈ T the peller ondition is respeted 1 X 2ν t 2 τ 1 > ξν t 2 2 τ 1 > ξ 2 .
et (rst sightD euse the ttrtion voltility is desried here y its dynmi through n hiD memership of this model in the fmily of iwe rws de(ned ove is not oviousF o highlight this nd fully understnd the onrete e'ets of the historil prie pth on the voltility in this iwe rwD we need to onsider the hi desriing ttrtion voltilityF pirstD notie tht if β = 0D given ν 0 > νD the dynmi of the ttrtion voltility is desried y n ordinry di'erentil eqution @yhiA tht onverges s follows 2 X

lim t→+∞ ν = ν + α + α 2 + 4ψ 2 .
hereforeD in this spei( se @where β = 0AD the iwe rw onverges towrd stndrd rwF o onsider the dynmis of ν t in the generl seD we set f ν t , t = ν t e t τ 2 nd pply the stô lemmX

df ν t , t = e t τ 2 τ 2 ν t dt + e t τ 2 dν t = e t τ 2 τ 2 ψ ν t -ν + ν + α dt - βe t τ 2 τ 2 dS t S t .
husD the solution of the hi is

ν t = ν 0 e -t τ 2 + 1 τ 2 t 0 e 1 τ 2 (u-t) ψ ν u -ν + ν + α du - β τ 2 t 0 e 1 τ 2 (u-t) dS u S u .
hereforeD we hveX

lim t→+∞ ν t = α + ν + 1 τ 2 t 0 e 1 τ 2 (u-t) ψ ν u -ν du -β 1 τ 2 t 0 e 1 τ 2 (u-t) dS u S u mt .
1 The fact that the Feller condition ∀ t ∈ T is respected implies that v stays strictly positive (as in the standard Cox-Ingersoll-Ross (CIR) processes) but has yet to be demonstrated.

2 See appendix A.

his eqution further explins the reltionship etween the historil prie pth nd ttrtion voltilityF pirstD we n see tht this reltionship goes through m t n iwe of the pst returns of {S} t∈T lrifying memership of the model of @IAF his iwe is the solution of the following hi when m 0 = 0

dm t = 1 τ 2 dS t S t -m t dt .
purtherD from sttistil point of viewD this proess hs theoretil foundtion sine it n e onsidered the ulmn (lter estimtor of n unoservle trend @rrvey IWWHD fruder nd qussel PHIID tusselin et al. PHIUAF he sensitivity of the ttrtion voltility to this trend estimtor is de(ned y the prmeter βF ine β is positiveD the model is le to pture the leverge e'etD even when {W } t∈T nd {B} t∈T re unorreltedF his spet of the iwe rw mkes it more pproprite to model stok mrket dynmis where the empiril leverge e'et is stronger thn in other mrkets suh s foreign exhnges whih hve no leverge e'etsF enother importnt nd relted element is the symmetry etween the positive nd negtive trends in ttrtion voltilityF he ft tht the repulsion fore pprohes in(nity when the ttrtion voltility tends towrd νD mens ttrtion voltility nnot fll elow νF hereforeD ν onstitutes the )oor ttrtion voltility vlue whih mens tht long period of strong positive trend leds to period where ttrtion voltility remins round νF gonverselyD long periods of strong negtive trend mke ν onverge towrd n 0ne reltionship of m t F sndeedD negtive trend inreses ttrtion voltility whih dereses the repulsion fore produed y ψ νt-ν dtF gonsequentlyD the more negtive m t D the loser dν t eomes to -βdm t F he speed of the onvergene depends on the prmeter ψF ell other things eing equlD the lower the vlue of ψD the greter the rte of onvergene towrd this situtionF purthermoreD similr to the prmeter α ut relted less diretlyD the vlue of ψ shows positive reltion to the expeted ttrtion voltilityF hese fetures of the ttrtion voltility proess llow etter spei(tion of the vrine proessF fsed on the ove resultsD the spot vrine n e written sX

V t = V 0 e -t τ 1 + 1 τ 1 t 0 e 1 τ 1 (u-t) ν u 2 du + ξ t 0 e 1 τ 1 (u-t) ν u V u dB u , ν t = ν 0 e -t τ 2 + 1 τ 2 t 0 e 1 τ 2 (u-t) ψ ν u -ν + ν + α du - β τ 2 t 0 e 1 τ 2
(u-t) dS u S u .

elsoD the vrine proess n e written suh tht it more lerly demonstrtes the impt of the pst trend on the vrineX

V t = V 0 e -t τ 1 + 1 τ 1 t 0 e 1 τ 1 (u-t) (z u -βm u ) 2 du + ξ t 0 e 1 τ 1 (u-t) (z u -βm u ) V u dB u , z t = ν 0 e -t τ 1 + 1 τ 2 t 0 e 1 τ 2 (u-t) ψ ν u -ν + ν + α du.
he ove expression emphsizes tht the strong umh e'et is enoded y the model sine the voltility is funtion of pst prie trends through m t F st shows lso tht the model reprodues the qudrti feedk of the prie trends on voltilityF edditionllyD note tht {v} t∈T exhiits very interesting mthemtil property relted to its dependene on the pstF e see tht in ontrst to rough voltility models @il iuh PHIVA the vrine proess in the iwe rw is wrkovinF his wrkovin property mkes the model very trtle for wonteEgrlo simultions sed on disretiztion sheme of the ssoited hi systemF 2.2 The thresholded version of the model as a limit-case pollowing our presenttion of the iwe rwD in the reminder of the rtile we fous on the se P where ψ tends towrd zero while remining stritly positiveF sn this limit seD ttrtion voltility is given yX

ν t = ν + (α -βm t ) + .
@QA R husD the hi system ssoited with the iwe rw n e rewritten sX

             dS t S t = µ t dt + √ V t dW t dV t = 1 τ 1 ν t 2 -V t dt + ξν t √ V t dB t dm t = 1 τ 2 dS t S t -m t dt ,
where ν t is equl to @QAF ine β is stritly positiveD there exists threshold vlue of m elow whih the ttrtion vlue of the voltility follows n 0ne reltion with m t @see (gure IAF his ritil point is rehed when α -βm t is zeroF husD this vlue is de(ned y m = α β .

sing mD we n rewrite the ttrtion voltility s followsX

ν t = ν + β( m -m t ) + .
iquivlentlyD the ttrtion vrine is equl to

ν t 2 = ν 2 + 1 {mt< m} β 2 ( m -m t ) 2 + 2νβ( m -m t ) .
husD when the pst trend of the sset mesured y n iwe of its pst returns is elow the threshold vlue mD ll vritions of this iwe result in proportionl hnge in its ttrtion voltilityX

dν t dm t = 0 for m t ≥ m -β elseF
his result lso llows us to dedue the ourrene of reversl e'et if the pst mrket trend is negtiveF vet us ssume tht the mrket portfolio prie dynmis follow the hi system ssoited with the thresholded version of the iwe rwD nd the trend prmeter of the prie is given y the following 0ne reltionshipX

µ t = r + λ V t ,
where r is the freeErisk rteF o determine the type of reltionship linking the respetive dynmis of m nd µD we onsider the following simpli(ed seX lim τ1,ξ→0

V t = ν t 2 .
nder this hypothesisD we hve

dµ t dm t = 0 for m t ≥ m -βλ elseF
gonsequentlyD in this simpli(ed frmeworkD if m t < mD the joint dynmis of m nd µ re negtively orrelted even if the two frownin motion {B} t∈T nd {W } t∈T re independent @iFeF ρ = 0AF wore generllyD this reltion remins true if τ 1 is stritly positive nd ρ ∈ [-1 : 0]F sn (nnil termsD this reltionship n e viewed s reversl e'etD in the sense tht negtive pst trend @suh s m t < mA inreses the tul prie trendF roweverD note tht unlike the ssumption in ehviorist explntions @hissnike IWWUAD this model reversl e'et is not mrket nomlyF sndeedD the inrese in the returns trend of given sset following strong fll in its prie is due not to the orretion of mrket overretion ut to pure mrket premium e'etF sn dditionD this reversl e'et emerges only if m t < m whih uses S n symmetry depending on the type of trendF husD positive trends suh s m t > m do not produe this type of reversl e'et whih results from movement in the ttrtion voltilityF pigure IX he reltionship etween the ttrtion voltility proess nd the trend prmeter m t in the thresholded iwe reston modelF 2.3 Comparison with volatility models based on quadratic Hawkes processes he iwe rw hs some links to the qudrti voltility models introdued y fln et al. @PHIUA nd developed y hndpni et al. @PHIWAF o highlight the similrities etween these modelsD we fous on the se of the thresholded version of the iwe rw where µ, ξ, τ 1 = 0F sn this spei( seD we hveX

           dS t S t = √ V t dW t V t = ν 2 + 1 {mt< m} β 2 ( m -m t ) 2 + 2νβ( m -m t ) m t = 1 τ t 0 e 1 τ (u-t) dS u S u .
his system of equtions n e ompred with the system of equtions stis(ed y di'erent qudrti voltility modelsF pirstD let us fous on the pure qudrti se of the voltility model introdued y fln et al. @PHIUAD where the kernel funtion tkes the following exponentil form k(t) = 2 τ e -τ t F por simpliityD we desrie this model s the pure qudrti voltility model @wAF xotie tht oth the w nd the iwe rw stisfy the following equtionsX

           dS t S t = √ V t dW t V t = ν 2 + b t b t ( m -m t ) 2 + 2σ( m -m t ) m t = 1 τ t 0 e 1 τ (u-t) dS u S u .
with respetively ure udrti oltility wodel iwe reston wodel

b t 2 τ 1 {mt< m} β m 0 α β σ 0 ν suh s τ, β, ν ∈ R + , γ ∈ [0 : 1[F
sing this formultionD we n see tht these two models present severl similritiesF he most imporE tnt one is thtD in oth modelsD the vrine is qudrti funtion of n iwe of pst returnsF xote however thtD in ontrst to the wD in the iwe rw the liner term in m t is nonEzeroF his difE ferene stems from the liner sensitivity to m t of the voltility @if m t < mA in the iwe rwD while in the wD it is the vrine tht is linerly sensitive to m t F enother importnt spei(ity of the model whih onstitutes one of the min di'erenes with the vrious qudrti voltility models disussed in the literture @fln et al. 

           dS t S t = √ v t dW t V t = θ + b t b t ( m -m t ) 2 + 2σ( m -m t ) m t = m 0 - t 0 f (t -s)m s ds + t 0 f (t -s)η dS u S u ,
with respetivelyX udrti ough reston wodel iwe reston wodel b t a

1 {mt< m} β σ 0 p η ν 1 f (u) u α-1 λ Γ(α) τ suh s ν, a, λ, τ, p ∈ R + , α ∈ [0.5 : 1]F
eginD one of the min di'erenes etween the two models onerns the prmeter b t D nd the relted swithing ehvior of the iwe rw onsideredF heres in the rw this prmeter is positive onE stntD in the iwe rw it is the produt of onstnt nd n inditor funtionF his di'erene implies n lterntive wy to pture the empiril symmetry etween positive nd negtive trends in voltilityF sn the rwD this symmetry is overed only y the prmeter mF sn onrete termsD this mens tht even though positive nd negtive trends hve symmetri impts on the voltilityD strong positive trend suh s m t > m inreses voltility in the rwF roweverD sine m t > mD the trend mesured y mhs no impt on the voltility in the iwe rw onsideredF sn dditionD while in the rw the vrine is n 0ne funtion of the squred di'erene etween m t nd mD the vrine depends lso on the solute vlue of this di'ereneF et the sme timeD unlike in the wD the trend prmeter min the rw is not n iwe of pst returnsF sn this se the kernel used to model the dependeny etween pst prie trends nd spot voltilityD is rough oneF his hnge hs severl importnt implitionsF pirstD the model is no longer wrkovin in terms of its vriles (S, V )F eondD n importnt onsequene of this hoie is tht the 4memory4 of m deys s power lw in the rwD while in the iwe rw the memory deys exponentillyF xote however tht in oth sesD m is highly sensitive to reent returnsF hirdD the resons U for the emergene of irregulr ehvior of the voltility over short time sles re di'erent etween the rw nd the generl iwe rwF sn the rwD the roughness of the voltility pths stems from the hrteristis of its power lw kernel wheres in the iwe rwD this errti voltility proess ehvior emerges under ertin onditions due to ntgonist e'ets produed on the one hnd y the reversl e'et of the vrine proessD nd on the other hnd y the voltility of this vrineF 2.4 Model discretization scheme es referred to in the introdutionD mjor strength of the iwe rw ompred to rough voltility models is its ese of use for wonteEgrlo simultionsF he simplest wy to run disreteEtime simultions of the thresholded version of the iwe rw is to use iulerEtype disretiztion sheme @wruym IWSSAD nlogous to full trunted iuler sheme for the stndrd rw @vord et al. PHIHAF e thus propose the following simple disretiztion sheme3 X

S t+1 = S t + S t µ t ∆t + (V t ) + Z t+1 m t+1 = m t + 1 τ 2 S t+1 -S t S t -m t ∆t ν t+1 = ν + max(0, α -βm t+1 ) V t+1 = V t + 1 τ 1 ν t+1 2 -(V t ) + ∆t + ξν t+1 (V t ) + ρZ t+1 + 1 -ρ 2 X t+1 ,
where X t nd Z t re iFiFdF rndom vriles ssoited with the qussin distriution N (0, ∆t)F egrding the trend omponent of {S} t∈T D for the following simultions we ssume µ t = λ √ V t F his implies repling µ t with λ (V t ) + in the disretiztion shemeF sn dditionD to simulte future potentil voltility trjetories for n sset from given dte tD requires m t to e estimtedF he nturl estimtor of this prmeter is given y the following disrete iweX

m t = 1 τ 2 n i=1 e -i∆t τ 2 S t-i∆t -S t-(i+1)∆t S t-(i+1)∆t .
o (x the vlue of nD we n write thtX

1 τ 2 t t-n∆t e 1 τ 2 (u-t) du = 1 -e -τ n∆t τ 2 .
gonsequentlyD for given proportion γ of the totl weighting of the iwe @in ontinuous frmeworkAD we hveX

γ = 1 -e -τ n∆t τ 2 n = -τ 2 log(1 -γ) ∆t .
he ove eqution llows us to (x nD given τ 2 , ∆t nd γF o ssess the e'etiveness of the model for pturing empiril (nnil phenomenD we use s mrket dt the prie nd voltility dynmis of the 8SHH for the period tuly PQD PHHID to tuly PQD PHPIF o estimte the voltilityD we use the squre root of the relized vrine omputed from SEmin smples provided y the yxfordEwn snstitute of untittive pinne4 F e ompre these mrket dt with set of syntheti dt omprised of IHHH simultions for eh of PH yersD generted from the iuler sheme of the thresholded version of the iwe rwD using time step equl to 1 25200 expressed in yersF o (t the modelD we use the dEho estimtion proedure presented in ppendix fF his restults in the following prmetersX

λ ρ τ 1 ξ τ 2 ν α β

HFSSUS EHFRTS HFHHIQ RPFWS HFPUT HFHSWS HFIHQQ

2τ π le IX he prmeters otined from the lirtion proedureF hese prmeter vlues need some explntionF pirstD let us onsider the vlue tken y λ whih is setting the longEterm driftF o otin n order of mgnitude for the expeted vlue of the drift @iFeF E[µ t ]AD we n use the produt of the men of the relized voltility of the 8SHH y this prmeter λ s proxyF he men of the relized voltility is IQFI7D so the vlue otined is UFQ7 @0.5575 × 0.131 ≈ 7.3%AF his rough estimtion of E[µ t ] is onsistent with the nnulized empiril dily men of the returns whih is equl to UFQ7 @the 8SHH empiril men of dily returns is equl to 0.028%X thus (1 + 0.028%) 252 ≈ 7.3%AF elso interesting is tht the vlue of τ 1 is extremely low ompred to the rnge of vlues it tkes in the stndrd rw (tted on mrket dt @wrázek PHIUAF ine the unit of τ 1 is in yersD τ 1 equl to HFHHIQ mens tht the verge durtion of the devition of the vrine from this ttrtion vlue is of the order of HFS dys 0.0013 × 365 ≈ 0.5 F sn other wordsD the reversion of the vrine proess towrd the ttrtion vrine is short term phenomenonF his should understood in the ontext of the very high vlue tken y ξD implying tht over very short time sles the vrine proess is dominted y rndomnessF he omintion of these two e'ets E high rndomness of V t t the time sle dt nd short time reversion towrd ν t 2 E results in errti voltility ehvior over the short termD nd llows the roughness of empiril voltility pths to e mimikedF gonsequentlyD while in the stndrd rw the voltility seril orreltion is highly dependent on τ 1 D hereD it depends lmost exlusively on the ttrtion vrine ν t 2 F es result nd given the vlue of τ 2 D the utoorreltion of the voltility depends on mediumEterm prie trend of the order of QFQ months 0.276 × 12 ≈ 3.3 D nd not diretly on pst endogenous voltility movementsF husD there is deoupling etween the short nd the longerEterm ehvior of the voltilityD property whose importne ws emphsized notly y fennedsen et al. @PHITAF 3.1 The relationship between EWMAs of returns and the volatility sf the iwe rw is onsistentD the mrket dt should exhiit n 0ne reltionship etween the iwe of pst returns nd relized voltility when the iwe of pst returns is signi(ntly negtiveF roweverD if the iwe of pst returns is signi(ntly positiveD these two vriles should e firly independentF hese reltionships re on(rmed in (gure PF enother remrkle ft tht emerges in reltion to the optiml slope oe0ient β @optiml in the lest squre senseA of the regression of the form √ V t = ν + (α -βm t ) + + t is tht for di'erent pst iwes of the returns @with di'erent vlues of τ AD the optiml slope oe0ient is very lose to5 X 2τ π F √ 2τ ours euse it orresponds to the inverse of the symptoti stndrd devition of n iwe with prmeter τ of frownin motion6 F he rtionle for √ πD is more miguousF elthough we do not formulte n expliit hypothesis in the present pperD this vlue ould e relted diretly to the ft tht √ π orresponds to 1 Γ(0.5) D with Γ(.) the gmm funtionF roweverD the fundmentl reson for this reltionship hs yet to e explinedF 

The dynamics of price and volatility

vet us egin our omprison of the syntheti dt produed y the iwe rw nd the 8SHH empiril dtD y fousing on the joint prie nd voltility dynmisF e generl oservtion tht emerges from this omprison @see (gures Q nd RA is tht the simulted prie nd voltility trjetory fetures resemle those of the empiril dtF sn prtiulrD in oth sesD voltility spikes immeditely fter lrge negtive returns of the index nd then dereses grdullyF elsoD in eh se the long positive prie trends re periods where voltility is reltively stle nd lowF sf we onsider the voltility dynmis more spei(llyD we see tht the model is le lso to pture the empiril oexistene of long periods of low voltility with other periods when voltility is very highF elsoD we n see tht the empiril roughness of the voltility pth understood s irregulr ehvior over short time sles is urtely reprodued y the model 7 F hese generl oservtions require ompletion y more inEdepth omprison etween the fetures hrterizing the voltility dynmis produed y the model nd the fetures of the relized voltilityF e next fous on two fetures of the voltilityX its utoorreltion funtion @egpA nd its roughnessF pigure QX impiril joint evolution of the 8SHH nd its nnulized dily relized voltility @S min smples estimtorA over PHD Q nd I yersF II pigure RX toint evolution of the 8SHH nd its ssoited voltility over PHD Q nd I yers simulted from the (tted iwe reston modelF IP 3.2.1 The autocorrelation function of the volatility process he seril orreltion of the voltility is n importnt feture of its dynmisF sn (gure S we oserve tht the egp of the simulted voltility pths is generlly onsistent with the mrket dtF roweverD the shortE medium term @etween I nd TH trding dysA nd the longerEterm must e nlyzed seprtelyF sn the se of smll lgs @less thn TH trding dysAD the utoorreltions ssoited with the voltility pths generted y the model re very lose to their empiril ounterprtsF yver this time horizonD not only re ll empiril utoorreltions within the model9s estimted on(dene intervls8 D they re lso lose to their expeted vluesF sn the se of longer lgsD the sitution hnges slightlyF he egp exhiits fster dey in the model ompred to the empiril dtF roweverD this di'erene etween the empiril nd the model dt should e tempered y the ft tht the empiril utoorreltions re within the WS7 on(dene intervl of the modelF gonsequentlyD it is di0ult to e de(nitive out the pity of the model to ount urtely for the egp in the rel voltility proessF roweverD the demi literture @hing et al. elthough visully the iwe rw would seem to pture the empiril roughness of the voltility pthsD this requires deeper investigtionF pirstD note tht the iwe rw is not rough voltility modelF sndeedD the iwe rw is not sed on frtionl proess similr to frtionl frownin motionF therD it is di'usion model whose two soures of rndomness re stndrd frownin motions whih y de(nition oth hve rurst exponent equl to HFSF roweverD ogers @PHIWA nd more reently gont nd hs @PHPPA show tht frownin di'usion models my mimi some of the fetures of rough models of interest for voltilE ity modelingF gont nd hs emphsize lso tht the empiril roughness of the voltility pths might e used not y the voltility proess ut y mirostruture noiseF rereD we leve side onsidertion of the origins of the empiril rough ehvior of relized voltility nd dopt phenomenologil pproh imed t evluting how well the iwe rw mimis the empiril roughness of the voltility pthsF o do thisD we mesure the roughness of oth the empiril nd model voltility time series using two di'erent methodsF he (rst method is the most populr in the demi litertureF st onsists of estimting roughness index y running n ordinry lest squre @yvA regression of the formX

log γ(k∆, 2) = c + a • log(k∆) + k , k = 1, ..., m
where ∆ is the time step etween oservtion of the voltility proessD m is ndwidth prmeterD nd γ(k∆, 2) is the empiril seond order vriogrm de(ned s followsX

γ(k∆, 2) = 1 N -k N -k i=1 | log(σ (i+k)∆ ) -log(σ ∆i) ) | 2 ,
where N is the numer of oservtions in the smple onsideredF hue to the nture of the dt usedD smpling in ∆ is onduted dilyD nd not on logrithmi sleF sn order to remove the is indued y this smplingD we weight eh oservtion k y

w k = log(k + 1) -log(k).
he slope oe0ient â otined from the regression is used to estimte roughness indexD denoted ĤD equl to 0.5âF sn the se of rough proessD Ĥ n e onsidered rurst exponent estimtor @qtherl PHIVAF roweverD in the present seD Ĥ is treted only s metri to ompre the ehviors of the rel nd the iwe rw voltility proessesF he seond method used to mesure the roughness of time series ws proposed y fennedsen et al. @PHITAF nlike the (rst method desriedD it hs the dvntge of eing le to pture possile nonE0ne reltionship etween γ(k∆, 2) nd log(k∆)F he method onsists of nonEliner lest squres @xvvA regression of the form pirstD when onsidering the Ĥ exponents otined from oth estimtion methodsD while the relized voltility Ĥ depends only slightly on the ndwidth prmeters usedD this prmeter hs more signi(nt in)uene IR on the vlue of Ĥ for the voltility generted y the modelF he reson for this di'erene eomes lerer when looking t (gure TF sn terms of the empiril dtD the reltionship etween log γ(k∆, 2) nd log(k∆) is ptured very well y n yv modelD regrdless of the time sle onsideredF roweverD the reltionship etween these two vriles is sEshped in the se of the voltility proess generted y the modelX it is onvex up to out SH trding dys nd then turns onveF hereforeD the model does not pture the empiril reltionship linking the log expeted vlue of the inrements of logEvoltility nd the log time sleF his is quite importnt euse this empiril reltionship is feture whih hrterizes voltility ehvior regrdless of the type of sset onsidered @qtherl PHIVAF he signi(ne of this model limittion requires some quli(tion insofr s over resonle time sles the distriution of the logEvoltility inrements generted y the model remin lose to the empiril inrementsD s shown in (gure UF his is re)eted in the ft tht the distriutions re lose to qussin for oth the empiril nd simulted dtF purthermoreD the low @ut signi(ntA divergene etween the vrines in the model logEvoltility inrements nd their empiril ounterprts over di'erent time sles explins reltively similr order of mgnitude of the yv estimtors of the rurst oe0ientF sn ontrstD the more importnt divergene of the exponent Ĥ otined using xvv is explined y the ft tht this regression ptures the nonlinerity of the reltionship linking γ(k∆, 2) nd log(k∆)F sn dditionD it should e noted tht Ĥ tkes negtive vluesD whih emphsize tht in the present ontext it is not relevnt to onsider Ĥ s rurst exponent estimtor @see wndlerot PHHQAF pinllyD we exmine the ility of the model to reprodue the empiril timeEreversl symmetry @eA of (nnil time series highlighted umh @umh nd vynh PHHIAF o ssess this spet of the modelD we use the methodology in fln et al. @PHIUAD nd onsider the following time symmetry rtio @eA for di'erent lgsX

γ(k∆, 2) = c + b(k∆) 2a+1 + t , k = 1, ...,
ζ(l) = l l =1 C(l ) -C(-l ) 2 l l =1 max(|C(l )| -|C(-l )|)
where C is the rossEorreltion funtion of the relized voltility nd solute returns

C(l) = n t=1 σ R t -σR |r t-l | -| r| n t=1 |r t | -| r| 2 n t=1 σ R t -σR 2 ,
where |r t | nd σ R t re respetively the solute return nd the relized voltility t time tD σR is the men of the relized voltilityD nd | r| is the men of the solute returnsF le S reports the es for oth the empiril nd syntheti dt for di'erent lgsX vg @in trdF dysA II roson hFqFD nd ogers vFgF @IWWVAF gomplete wodels with tohsti oltilityF Mathematical Fi-nanceD V@IAD PUERVF IP umh qFD nd vynh F @PHHIAF reterogeneous oltility gsde in pinnil wrketsF Physica A: Statistical Mechanics and its ApplicationsD PWV@QERAD SPIESPWF IQ gont F @PHHIAF impiril properties of sset returnsX stylized fts nd sttistil issuesF Quantitative nanceD I@PAD PPQF IR hr § gulesu eFeFD nd kovenko FwF @PHHPAF roility histriution of eturns in the reston wodel with tohsti oltilityF Quantitative nanceD P@TAD RRQERSQF IS wndelrot fFfF @PHHQAF revy tils in (nne for independent or multifrtl prie inrementsF sn
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θ G = (λ, ρ, τ 1 , ξ, τ 2 , ν, α, β).
hue to the reltive omplexity of the modelD otining these prmeters using stndrd sttistil methods suh s mximum likelihood estimtion is por this resonD to lirte the model we use n dE ho proedure involving neurl network @xxAD with xx denoted PF his xxD whih is used to provide n estimtor of the vetor of the prmetersD tkes s its input vetor enoding the index pth nd its voltilityF sn other wordsD the mrket dt mtrix H psses through n enoder denoted E whih trnsforms it into n input vetor ED nd the elements of this vetor then onstitute the input lyer of P whih psses through the network to provide n estimte of θ G F sn summryX 

  (a) τ equal to 0.15 (in years) (b) τ equal to 0.3 (in years) (c) τ equal to 0.45 (in years) (d) τ equal to 0.6 (in years) pigure PX he empiril reltionship etween the relized voltility of the 8SHH nd the iwes of its pst returns for di'erent vlues of τ expressed in yersF he red lines re regressions of the form √ V t = ν + (α -βm t ) + suh s the ssoited regression lines hve ll slope oe0ient equl to 2τ π F hese regressions re respetively ssoited with the following REsquredX HFSSVDHFSRUD HFSPQD HFRWVF

  IWWQD gont PHHIA tends towrds the hypothesis tht the model egp deys too rpidly ompred to the mrket dtF his fst dey is due to the ft tht the egp of the voltility is determined primrily y n exponentil kernel through the trend proess m t F e possile modi(tion of the thresholded version of the iwe rw model llowing voltility proess with more )exile memory struture would involve using liner omintion of severl iwes of pst returns rther thn unique iweF sn these sesD m t is repled y mt de(ned s k (t-u) dS u S u sn this frmeworkD the model still elongs to the fmily of iwe rwsl introdued previously @IAD ut no longer orresponds to the spei( se of @PAF (a) Short/Medium term autocorrelation (b) Medium/Long term autocorrelation pigure SX eutoorreltion of the voltility in the short nd longerEtermF 3.2.2 The question of volatility roughness

  xeverthelessD in the sme wy s voltility proess with longErnge utoorreltionD this model limittion ould e (xed y repling m t with liner omintion of multiple iwes of pst returnsF pigure TX he reltionships etween log γ(k∆, 2) nd log k∆ @left plotA nd etween γ(k∆, 2) nd k∆ @right plotAX 8SHH dt vs iwe reston wodelF IS (a) 1 trading day (b) 5 trading days (c) 10 trading days (d) 60 trading days (e) 250 trading days pigure UX vogEvoltility inrements distriution for di'erent time horizonsX 8SHH dt vs iwe reston wodelF IT 3.3 Volatility and log-returns distributions for dierent time horizons sn wht follows we fous on the ility of the model to reprodue the empiril logEreturns nd verge voltility distriutions for di'erent time horizonsF pirstD it should e pointed out tht ssessing the qulity of the model on these riteri using stndrd sttistil tools is not strightforwrdF hese proility distriutions do not originte from iFiFdF smples ut from reliztions of pthEdependent proessF he prtil implitions of this re tht more often thn notD the results of uolmogorovEmirnov test on logE returns or voltility distriutions from two di'erent simultions of the (tted model @thus with the sme set of prmetersA rejet the null hypothesis t WW7 on(dene levelF gonsequentlyD rther thn proeeding with this type of sttistil test sed on the iFiFdF dt ssumptionD it is etter to hek whether the di'erent moments of the distriutions from the mrket dt re in the sme rnge s those emerging from the (tted iwe rw simultionsF o do thisD we use the lredy mentioned syntheti set of IHHH simultions for eh PH yersF hese simultions llow us to ompute the men s well s the 1 st nd the 9 th deiles of the (rst four moments of the logEreturns distriutions nd the verge voltility distriutions for di'erent time horizonsF les Q nd R report these metris nd the orresponding empiril momentsF pigure VX impiril dily logEreturns timeEseries of the 8SHH etween tuly PQD PHHID to tuly PQD PHPIF pigure WX ixmple of dily logEreturns time series from the (tted iwe reston model over PH yersF IU 3.3.1 The log-returns distributions he logEreturns distriutions generted y the model re mostly in line with those sed on the empiril dtF por exmpleD with the exeption of the I trding dy time horizonD the four (rst moments of the empiril logEreturns distriutions re etween the orresponding 1 st nd the 9 th deiles of the model for ll the other time horizons onsidered 9 F sn dditionD the reltionships etween the moments of the logE returns distriution nd the timeEhorizon re generlly well reprodued y the modelF sn prtiulrD s per the mrket dtD in the shortEmedium termsD the logEreturns distriution eomes more nd more negtively skewed s the time horizon lengthensF his inresing symmetry emerges lerly in (gure for oth the empiril nd model distriutionsF roweverD the reltionship is not monotoni nd eyond ertin timeEhorizon threshold @pproximtely TS trding dys for the syntheti dtAD the skewness of the logEreturns distriution dereses nd in the long run tends to zeroF sn the se of the fourth moment of the logEreturns distriutionsD the negtive onvex reltionship etween the vlue of the kurtosis nd the timeEhorizon produed y the model is oherent lso with the mrket dtF enother hrteristi of the empiril logEreturns distriutions is their hevy tilsF eginD the tils of the logEreturns generted y the model re mostly onsistent with the empiril dtD s shown in (gure IQF his mens tht the model is le to pture the possiility of lrge prie swingsD sign of the 4wild rndomness4 of (nnil mrkets @wndelrot nd rudson PHHSAF roweverD despite these model qulitiesD it should e noted tht unlike the logEreturns distriutions ssoited with longer time horizonsD the model dily logEreturns distriutions exhiit signi(nt divergene from the empiril distriution @see (gure IQAF his divergene is demonstrted in the too low stndrd devition nd too negtive skewness ssoited with the model distriution ompred to the ounterprt empiril dtF his rises the question of the possiility of norml soure of rndomness to urtely pture prie )ututions over short time slesF 3.3.2 The volatility distributions e now onsider the verge voltility distriutions for di'erent timeEhorizons @see tle Q nd (gure IRAD nd oserve onsisteny etween the model nd the mrket dt similr to tht oserved for the logEreturns distriutionsF husD for ll the time horizons onsideredD the (rst four moments of the verge voltility pigure IHX histriution of the voltility proessF distriutions omputed using the mrket dt re etween the orresponding 1 st nd the 9 th deiles of the model nd re lose to their expeted vlE uesF sn dditionD in the se of oth the empiril dt nd the dt generted y the modelD the stnE drd devitionD skewnessD

  le QX he (rst four moments of logEreturns distriutions for di'erent time horizons in trding dysX 8SHH dt vs syntheti dt generted from the (tted iwe rwF pigure IIX ivolution of the four (rst moments of the logEreturns distriutions in the funtion of the onsidered timeEhorizonX 8SHH dt vs syntheti dt generted from the (tted iwe rwF deile of stdF devF of simF HFHTTW HFHSVI HFHSSU HFHSPV HFHRRW HFHQTT HFHPUP HFHIVP HFHIQW 9 th deile of stdF devF of simF HFIITQ HFIHTS HFIHQV HFIHHW HFHWHW HFHUWT he (rst four moments of verge nnulized voltility distriutions for di'erent time horizonsX mrket dt vs syntheti dt generted from the (tted iwe rwF pigure IPX ivolution of the (rst four moments of verge nnulized voltility distriutions in the funtion of the onsidered timeEhorizonX 8SHH dt vs syntheti dt generted from the (tted iwe rwF PH (a) 1 trading day (b) 5 trading days (c) 10 trading days (d) 20 trading days (e) 60 trading days pigure IQX vogEreturns distriutions for di'erent time intervls with logrithmi yExisX 8SHH dt vs iwe reston 60 trading days pigure IRX ennulized verge voltility distriutions for di'erent time intervls with logrithmi yExisX 8SHH dt vs iwe reston wodelF PP 3.4 The time-reversal asymmetry

  HFHUP HFHRU HFHRR HFHQV HFHQP HFHIW HFHII EHFHHU everge e of simF dt HFHUR HFHR HFHPT HFHIV HFHIQ HFHHR EHFHHH EHFHHP le SX he es for di'erent lgsX 8SHH dt vs iwe rwF he numers show tht the iwe rw provides good representtion of the empiril eF sndeedD s in the se of the 8SHH dtD the e of the dt simulted y the model follows onvex deE resing trend s funtion of the lg sizeF woreoverD the order of mgnitude of the e generted y the iwe rw mthes the empiril dtD nd the empiril e is within the estimted WS7 onE (dene intervl of the model for ll onsidered lgsF wore rodlyD the positive vlue of the e for smll lgs of these syntheti dt on(rms tht the iwe rw is le to pture the following spet pigure ISX eX 8SHH dt vs iwe rwF of the umh e'etX pst solute returns used to forest future voltiliE ties re more e'etive thn use of pst voltilities to forest future solute reE turnsF his must e emphsized eE use it ontrdits the ide tht 4modE els tht use frownin his re y onstrution nd nnot reprodue this symmetry4 @fln et al. PHIU pFIUAF xote lso tht e eomes slightly negtive fter out PH trding dys for the syntheti dt nd fter out QS trding dys for the empiril dtF sn the se of our empiril (nnil time seriesD we nnot sy whether or not this is struturl e'etF roweverD for the dt generted y the iwe rwD the numer of lgs efore the sign of e hnges depends on the set of prmeE ters usedF por instneD for higher vlues of τ 2 D e remins positive for longer lgsF PQ 4 Conclusion sn this rtileD we proposed iwe rwD wrkovin model whih is very trtle for wonteEgrlo simultions nd is generlly onsistent with mrket dtF he model is sed on spei( empiril reE ltionship etween the iwe of returns nd the relized voltilityD whih struture mkes it nturlly dptle to ounting for 4strong umh e'et4F e hve shown tht this model presents some simE ilrities with stohsti voltility models sed on qudrti rwkes proessesD models originlly oneived to pture this e'et @fln et al. PHIUD hndpni et al. PHIWD qtherl et al. PHPHAF fesides these theoretil spetsD we show tht sed on simultions using iuler disretiztion shemeD severl spets of the model re onsistent with empiril stok mrket dtF pirstD it genertes relisti evolutions of n sset prie omined with its ssoited voltilityD reproduing the empiril irregulr ehvior of voltility pths ourring over short time slesF e show lso tht oth logEreturns nd the model voltility distriE utions re onsistent with the empiril resultsF sn prtiulrD the model is le to pture the respetive deformtions of these distriutions in the funtion of the time horizonF pinllyD the simultions show tht the model lso reprodues the empiril timeEreversl symmetry of (nnil time seriesF roweverD despite ll these strong qulitiesD the model hs some shortomingsF pirstD in the model seE ril orreltion of the voltility proess seems to dey muh too quikly ompred to the empiril dtF eltedlyD the type of reltionship linking the expeted logEvoltility inrements nd the onsidered time sle di'ers etween the model generted dt nd the mrket dtF hese two limittions oth stem from the exponentil memory of the voltility proess in the model ompred to n empiril voltility proess sed on powerElw memory @qtherl et al. PHIVAF roweverD these shortomings ould e overome y using omintion of severl iwes of returns in order to mimi longEmemory propertyF his potentil extension ould e onduted using the more generl iwe rw frmework nd should e the fous of future workF enother limittion is tht we fous only on use of the iwe rw s time series genertor for wonte grlo simultionsF sts use for priing issues needs investigtion long with deeper study of the model9s mthemtil propertiesF e lso identi(ed sttistil regulrity relted to the slope oe0ient etween the iwes of pst returns nd relized voltilityD sttistil regulrity whih might indite the miE rostruturl foundtion of the iwe rwF his is lso worthy of further investigtion nd sustntive onsidertionF husD our pper o'ers some diretions for further reserh nd new voltility modeling gendF 5 Acknowledgments s would like to thnk tenEul vurent nd hierry onlli for useful omments nd fruitful disussionsF PR P ingle FpF @IWVPAF eutoregressive onditionl heterosedstiity with estimtes of the vrine of nited uingdom in)tionF Econometrica: Journal of the econometric societyD WVUEIHHUF Q he fondt F pFD 8 hler F rF @IWVUAF purther ividene on snvestor yverretion nd tok wrket esonlityF Journal of FinanceD RP@QAD SSUESVIF R rrvey eFgF @IWWHAF Forecasting, Structural Time Series Models and the Kalman Filter.D snstitute of wthemtil ttistisF S xelson hFfF @IWWIAF gonditionl heteroskedstiity in sset returnsX e new pprohF Econometrica: Journal of the Econometric SocietyD QRUEQUHF T reston FvF @IWWQAF e glosedEporm olution for yptions with tohsti oltility with epplitions to fond nd gurreny yptionsF The Review of Financial StudiesD T@PAD QPUEQRQF U hing FD qrnger gFFD nd ingle FpF @IWWQAF e long memory property of stok mrket returns nd new modelF Journal of empirical nanceD I@IAD VQEIHTF V follerslev FD ingle FpFD nd xelson hFfF @IWWRAF egr modelsF Handbook of econometricsD RD PWSWE QHQVF W fillie FFD follerslev FD nd wikkelsenD rF yF @IWWTAF prtionlly integrted generlized utoregresE sive onditionl heteroskedstiityF Journal of econometricsD UR@IAD QEQHF IH hissnike qF @IWWUAF ho tok wrket snvestors yverretc Journal of Business Finance & Account-ingD PR@IAD PUESHF

;

  θ P = θ G with θ P the prmeters of PD nd θ G the estimtor of θ G F wore spei(llyD the enoder E extrts from the timeEseries the following feturesX E the R (rst moments of the logEreturns for the following lgs in trding dysX ID SD PHD THD IPSD E the R (rst moments of the verge voltility over the following time intervls in trding dysX ID SD PHD THD IPSD E the seril orelltion for the following lgs expressed in trding dysX ID PD QD RD SD IHD PHD THD IPSD PSHF husD the dimension of E is thus equl to 1 × 30FyviouslyD the xx responsile for providing the model prmeters derived from the enoded mrket dt requires to e lirted from lerning setF por this purposeD we rndomly generted PH HHH prmeter vetors suh tht eh prmeter ws otined using uniform distriution within the ounds de(ned in tle TX respetive ounds of the uniform distriutions used to generte the trining set of prmeter vetorsF he ounds of ξ llow tht ll generted vetors of prmeters respet the peller onditionF ith eh of the PH HHH vetors of prmeters otinedD we generte smple pth of the index nd its voltility from GF e thus pss through the enoder E eh of the PH HHH syntheti timeEseriesD in order to otin the following set E (i) 1≤i≤20000 F his step provides we hve our lerning set E (i) , θ

  to (t PF he loss funtion used for this purpose isX L θ weighting vetorD suh tht the vlue of the k th oordinte is equl to the inverse of the stndrd devition of θ (ttedD we lirte (nlly θ G from mrket dtX P E(H); θ P = θ G e otin the following prmeters 10 X RPFWS HFPUT HFHSWS HFIHQQ 2τ2 π le UX he prmeters otined from the lirtion proedureF Appendix C Standard deviation of an EWMA of a Brownian motion he symptoti vrine of the iwe of frownin motion is given y the following equlitiesX the symptoti stndrd devition of the iwe of frownin motion is equl to 1 2τ F 10The exact value of β obtained from the neural network was equal to 0.422. This result is approximated in table 7 by reltionship etween the iwe of pst returns nd the voltility desried y the iwe rw is not unique to the 8SHH nd n pply lso to xsdd nd iuro toxx SH dt 11 F elsoD the optiml slope oe0ient β is very lose to 2τ π s in the 8SHHF he presene of this spei( vlue oe0ient in di'erent mrket dt sets would seem to suggest fundmentl reson underlying this sttistil regulrityF husD it is resonle to onsider tht the iwe rw might hve mirostruturl foundtions sed on the intertions of the mrket prtiipnts t the highEfrequeny sleF (a) τ equal to 0.15 (in years) (b) τ equal to 0.3 (in years) (c) τ equal to 0.45 (in years) (d) τ equal to 0.6 (in years) pigure ITX he empiril reltionship etween the relized voltility of the 8SHH nd the iwes of its pst returns for di'erent vlues of τ expressed in yersF he red lines re regressions of the form √ V t = ν + (α -βm t ) + suh s the ssoited regression lines hve ll slope oe0ient equl to 2τ π F hese regressions re respetively ssoited with the following REsquredX HFRUTD HFRQRD HFRHSD HFQVRF 11 As in the S&P500 example, the data sets cover the period July 23 2001 to July 23 2021, and as an estimator we use volatility, and the square root of the realized variance computed from 5-min samples provided by the Oxford-Man Institute of Quantitative Finance. QI (a) τ equal to 0.15 (in years) (b) τ equal to 0.3 (in years) (c) τ equal to 0.45 (in years) (d) τ equal to 0.6 (in years) pigure IUX he empiril reltionship etween the relized voltility of the 8SHH nd the iwes of its pst returns for di'erent vlues of τ expressed in yersF he red lines re regressions of the form √ V t = ν + (α -βm t ) + suh s the ssoited regression lines hve ll slope oe0ient equl to 2τ π F hese regressions re respetively ssoited with the following REsquredX HFRUTD HFRTTD HFRRSD HFRPUF

  

  

  

  

  

  

  

  

  

  PHIUD hndpni et al. PHIWD qtherl et al. PHPHA is the swithing ehvior used

y the inditor funtion 1 {mt< m} F his is on(rmed if we onsider the qudrti rough rw @rwAF sn ontrst to the wD the rw enodes the empiril symmetry of the feedk e'etF roweverD this symmetry is not ptured in extly the sme wy s in the iwe rwF o highlight this pointD note tht oth the iwe rw onsidered nd the rw desried in setion R in qtherl et et al.9s @PHPHA rtile respet the following equtionsX

The convergence of this discretization scheme is still to be demonstrated.V

The data are available at: https://realized.oxford-man.ox.ac.uk/data.

For other examples of this empirical relationship, see appendix D.

See appendix C.

Here the focus is not on the roughness understood according to its rigorous mathematical denition (Bennedsen et al. 2016) but on the visual features of the volatility paths.

This condence interval is estimated using the 2.5% and

97.5% simulation quantiles. IQ

The 1 st and 9 th deciles can be considered proxies for the lower and upper bounds of the 80% condence intervals of the moments of the model.

Appendix A Convergence of the attraction volatility when β is 0 vet us onsider the following di'erentil eqution

woreoverD euse ν 0 > νD the following inequlities must e respetedX