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Well-Posedness of evolution variational
inequalities with applications

Charles Castaing* Christiane Godet-Thobie’ Manuel D.P. Monteiro Marques * Lionel Thibault

March 5, 2022

Abstract

We are concerned in the present work with the existence and uniqueness
of absolutely continuous solutions to a class of evolution problems governed
by time-dependent subdifferential operators of the form

£(8) + Bult) — A1) € Do, %0 (1)

with various applications.

1 Introduction

In this work we are concerned with the existence and uniqueness of absolutely
continuous solution to an evolution inclusion in a separable Hilbert space H in

the form
du

£(0) + Bu(t) — A% (1) € D, %(t)),t € [0, 7). (1.1)

Above f :1]0,T] — H is a continuous mapping, B : H — H is an operator, A :
H — H is a linear continuous coercive and symmetric operator, ¢ : [0,7] x H —
] — 00, +00] is a normal lower semicontinuous convex integrand, and d¢(t, .) is the
subdifferential of ¢(t,.). Problem (1.1) is interpreted as an evolution variational
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inequality (EVI) with the velocity inside the subdifferential. Generally, the model
for parabolic evolution inclusion is a differential inclusion of the form

Bt u(t)) € %(t) b AMU() + Op(t,u(t)), € [0,T], (1.2)

where A(t) is a time dependent maximal monotone operator, B(t,u) defined for
(t,u) € [0, T]x H is Lipschitz with respect to u. Then the existence and uniqueness
of absolutely continuous solution to (1.2) is known in some particular cases in the
literature, see e.g [4, 16] and Barbu and Rascanu in [6] dealing with existence
of generalized solutions for parabolic variational inequalities with singular inputs
and operators of the form

£+ 20 € S0 + Au(t) + Dp(u(t),

where A is a linear coercive operator and ¢ is a lower semicontinuous convex
function. There is an increasing activity around problem (1.2) since it contains
several new applications such as sweeping process, relaxed problem and Skorohod
problem etc. In this framework, problem (1.1) constitutes a new variational evolu-
tion inequality with the velocity inside the subdifferential in constrast to problem
(1.2). Likewise problem (1.2), the study of (1.1) leads to several applications
in a new setting such as the sweeping process, Skorohod problem, second order
evolution and fractional differential equation [16]. Although (1.1) deals with the
deterministic case, it is a step towards the Skorohod problem in the stochastic set-
ting, see the recent articles by Castaing-Raynaud de Fitte [15, 17], Rascanu [31],
and L.Maticiuc, A. Rascanu, L. Slominski and M.Topolewski [22] for references
on this stochastic subject. Let us mention the current situation of problem (1.1)
in the literature. In [16] it was dealt with the existence of absolutely continuous
solutions to variational evolution inequalities in separable Hilbert space H of the
forms

du

(1) ~ Au(t) € dp(t, W) (1.9
(1) — Aut) € Nogo (o (1), (1.4)

where f:[0,7] — H is a continuous mapping, A : H — H is a linear continuous
coercive symmetric operator, ¢ : [0,7] x H —| — 00, +00| is a normal convex
integrand, and N¢ () (7) denotes the normal cone to a closed convex moving set
C(t) ¢ H. Some related variants of problem (1.4) dealing with two positive
operators A and B are given in a series of papers by Adly et al [1, 2, 3]. We note
that there is a new variant of problem (1.1) in a recent work by Bacho, Emmrich
and Mielke [7] dealing with the following inclusion

Blt,u(t) € dy(t, (1)



or more generally with two subdifferentials, namely

B{t,ult) € dp(t, o (1)) + w(t, (),
where B is a continuous mapping. In Mielke’s paper, in order to solve the problem,
it is proposed an algorithm due to De Giorgi combined with regularization of
subdifferentials. Consult also a recent article by Migorski, Sofonea and Zeng [24]
dealing with the inclusion of the form

du

1) € New(AT () + Bu(t)

dt

where B : H — H is Lipschitz continuous. Note that in [24] B is not assumed to

be a positive operator in contrast to the results obtained by Adly et al [1, 2, 3].
Our aim in the present paper is to develop several variants of problem (1.1)

along with diverse applications via some related variational limits.

2 Preliminaries

Throughout the paper, H is a real separable Hilbert space.

If ] is an interval of R the spaces Lk (I) and L% (I) denote the usual spaces
with respect the Lebesgue measure endowed with their canonical norms || - ||; and
|| - lloc respectively. For any subset @ C I the function 1¢ is defined by 19(¢) =1
if t € @ and 1¢g(t) = 0 otherwise.

Given a convex function ¢ : H — R U {—00, +00}, its effective domain dom ¢
is given by
domy :={z € H : p(z) < +o0},

so the function ¢ is proper whenever dom ¢ # () and ¢ does not take the value
—o00. At any x € H where ¢ is finite its subdifferential dp(x) is defined by

Op(x) :={C € H:{(,y—xz)—p(x) <), Yy € H.

If f(x) is not finite dp(x) = 0. Considering the Legendre-Fenchel conjugate
©*: H—>RU{—00, 400} with

¢*(y) == sup{(y,z) — f(z) : x € H},

it is known that, when ¢ is a proper lower semicontinuous convex function, ¢* is
also proper lower semicontinuous and

y € 0p(x) & (y,z) = p(x) + ¢* ().

Given a nonempty closed convex subset S of H, its indicator function 4(-,S) :
H — RU {400} is defined by 6(X,S) =0 if x € S and §(z,5) = +oo if x €



H\ S. Clearly, 6(-,S5) is a proper lower semicontinuous convex function. Its
subdifferential is called the normal cone of S, and obviously

Ng(x)={Ce H: {(,y—x)<0,VyeS} ifzesS (2.1)

and Ng(z) = 0 if x € H\ S. The Legendre-Fenchel conjugate 6*(-,S) : H —
R U {+o0} is the support function of S, so

0*(y,S) =sup(y,x) forally e H.
z€S

If S,8" are both nonempty closed bounded convex sets of H, the Hausdorff dis-
tance between S and S’ can be defined by

haus (S, S") = sup |dg(x) — dg(z)],
reH

and it is known that (see, e.g., ****%¥)

haus (S, 5") = sup [6%(u,S) — 6*(u, S")|, (2.2)
lufl<1
which entails
|6%(y, S) — 6*(y,S")| < |y|| haus(S,S’) forally € H. (2.3)

We recall and summarize two useful results, see for example [5, Corollary 2.9,
Corollary 2.10]. Remind that a linear operator A : H — H is coercive if there is
a real w > 0 such that

(Az,z) > w|z||* for all z € H. (2.4)

Proposition 2.1. Let A: H — H be a linear continuous and coercive operator.
(a) If p : H — [0,00] is a proper lower semicontinuous convez function, then for
each f € H the problem f € Ay + 0p(y) admits a unique solution y.

(b) If K is a closed convexr subset in H, then for each f € H the problem f €
Ay + Nk (y) admits a unique solution y.

3 Preparatory variational limit theorems

Proposition 3.1. Let H be a separable Hilbert space and I = [0,T]. Let C :
I = H be a closed conver valued scalarly measurable multimapping for which
there is some real r > 0 such that C(t) C rBy for allt € I. Let A be a linear
continuous coercive symmetric operator on H and let B be a linear continuous
compact operator on H. Let (0,,)nen be a sequence of measurable functions from
I into I such that for eacht € I one has 0,(t) = t and haus (C(0,(t)), C(t)) — 0
as n — 0.



Let (fn, f)nen be a bounded sequence in L35 (I) with ||fn(t)|] < B, f(t)]] <
(8> 0) for all n € N such that f,(t) converges to f(t) for each t € [0,T].
Let (vn,v)nen be a bounded sequence in L3 (I) with ||v,(t)|| < 7, |lv(@)]] < v
(v > 0) for all n € N such that (vy(t)), converges weakly to v(t) for each t € I.
Let (Ca)nen be an integrable sequence in L (I) such that (,(t) € C(0n(t)) for all
t € I and such that (Cn)nen (LY, LS2) converges in L (I) to . Assume that

Jn(t) + Bup(t) — AGu(t) € Neo, 1) (Cn(t))  for alln €N, a.e. t € 1.

Then for a.e. t € I one has

((t) € Ct) and f(t) + Bo(t) — AC(t) € N (C(1))-

Proof. We first verify that u(t) € C(t) a.e.t € I. Indeed, for every measurable set
Z C I and for any x € H, the function 1z2 € L. By the inequality

(2, Cn(t)) < 6%(x,C(On(1)))

integrating on Z gives

/<1Zx,gn(t),>dt:/Z<x,un(t)>dtg/25*(x,c<9n(t))>dt.

I
Passing to the upper limit in this inequality we obtain

/(1233 u(t))dt < hmsup/ 0% (x,C(0,(1)))dt
Z

/hmsup5 (x,C(0 /5* x,C(t
VA n

This being true for any Lebesgue measurable set Z C I we deduce that for every
reHd
(x,u(t)) <o0*(xz,C(t)) a.et €.

By the separability of H and the weak compactness and convexity of C(t) (see,
e.g., Castaing-Valadier [19, Proposition III- 35]), we get the desired inclusion
u(t) e C(t) ae. tel

For each t € I keeping in mind that v,(¢) — v(t) weakly in H and B is a
linear continuous compact operator, we see that Buvy,(t)) — Bu(t) strongly in H,
so that Buy(.)) — Buv(.) weakly in L (I). Indeed, let any h € L$9(I). Then we
have

T T T
/0 (h(t), Bun(8))dt — /O <h(t),Bv(t))dt‘§ /0 (h(t), Bun(t) — Bu())|dt

T
< Bl /O [ Bun(t) — Bu(t)||dt.
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As fOT || Bun, (0,(t)) — Bu(t)||dt — 0 as n — oo (by Lebesgue dominated conver-
gence theorem), our assertion follows. Similarly as A is symmetric, we note that
Al — AC weakly in L1 (I). Asamain consequence f,+Buv,—A(, = f+Bu—A(
weakly in L}q (I). Then given any Lebesgue measurable subset Z C I we may ap-
ply the lower semicontinuity of integral convex functional ([18], Theorem 8.1.16)
to deduce that

/ 5*(F(1) + Bolt) ~ AC(1), C(1))dt < lim in /Z 5 (fu(E) - Bon(t) — ACa (), C(£))dt.

(3.1)
This need a careful look. Indeed, we note that (¢,z) — 0*(x,C(t)) is a nor-
mal lower semicontinuous convex integrand defined on [0,7] x H and §*(f,(t) +
Buy, (0,,(t)) — Aty (t),C(t)) is measurable and integrable since taking some real
constant « with || f,(t) + Bv,(t) — A, (t)]| < a for all n € N and ¢ € I we have

|6*(fn(t) + an(t) - AQL(t)? C(t))| < p(t)an(t) + B'Un(t) - ACn(t)H < ar.
Furthermore
5*(fn(t) + an(t) - ACn(t)’ C(t)) > <fn(t) + an(t) - ACn(t)vﬂ(t»

where u(t) is a measurable selection of C(-). Write

|5*(fn(t) + an(t) - ACn(t)v C(t)) - 5*(fn(t) + an( ) ACn(t)v C(‘gn(t)))|
< 1fa(t) + Bun(t) — AGu(t))|[haus(C(t), C(0.(t)))
< ahaus(C(t), C(0,(t))),

so that

lim inf /Z 5 (fu(t) + Bup(t) — ACa(t), C(0,(t)))dt

n
> lim inf/ 3 (fn(t) + Buy(t) — ACu(t), C(t))dt
/ 5 (F(t) + Bolt) — AC(t), C(t))dt. (3.2)
Let us set Ya(z) = (Az,z) if x € rBy and ¢a(z) = +oo if o ¢ r(¢t)By. Then
it is clear 1 is a positive lower semicontinuous convex integrand. Apply again

the lower semicontinuity of the integral convex functional ([18], Theorem 8.1.6)
associated with the positive normal convex integrand 4 we obtain

lim inf /Z Ba(Ca®)dt > /Z balC(t))dt

that is,

lim inf /Z (ACu(1), Cu(t))dt > /Z (AC(t), C(t)dt. (3.3)
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Since we already saw that Bv,(t) — Bv(t) strongly in H for each t € I, we also
have

im [ (B (0).Gu0)dt = [ (Bo(e).C)ar (3.4)

Similarly we have

tim [ (0G0}t = [ (0. o) (35)

because f, is uniformly bounded and pointwise strongly converge to f and (, — ¢
weakly in L}, (I) by noting that a bounded sequence is L3 (I) which pointwise
converges to 0, converges to 0 uniformly on any uniformly integrable subset of
L1 ([0,T)), in other terms it converges to 0 with respect to the Mackey topology
T(L3(I), L (i) (see[9]).! Now integrating on Z C [0,7] the inequality ( here
measurability and integrability are guaranted)

5*(fn(t) + an<t) - ACn(t)v C(0n<t)))
+<_fn(t) - an(t)v Cn(t» + <ACn(t)) Cn(t» S 0
gives
/Z 5 (fau(t) + Bun(t) — AGa(t), C(0n(t)))dt
n / (Avn(t), G (1))t + / (—falt) = Bun(0).Ca())dE <0, (3.6)
7 7

so passing to the limit as n — oo in this equality and using (3.1)—(3.6) yield
/Z [0(f(t) + Bu(t) — A¢(t), (1)) + (AC(t) — Bu(t) — f(1),¢(8))]dt < 0.
As t— 0*(f(t) + Bu(t) — AC(t),C(t)) + (AC(t) — Bu(t) — f(t),¢(t)) is integrable
and as the latter inequality holds true for any Lebesgue measurable set Z C I, it
follows that for a.e. t € I
5" (f(t) + Bu(t) — AC(t), C(#)) + (AC(t) — Bu(t) — (1), ¢(2)) <0.
This and the inclusion ((¢) € C(t) a.e. t € I allow is to conclude that
f(t) + Bo(t) — A((t)) € Now)(C(t)) ae. t €1

according to the definition of the normal cone. O

If H = R®, one may invoke a classical fact that on bounded subsets of LS the topology
of convergence in measure coincides with the topology of uniform convergence on uniformly
integrable sets, i.e. on relatively weakly compact subsets, alias the Mackey topology. This is a
lemma due to Grothendieck [21] [Ch.5 §4 no 1 Prop. 1 and exercice]



An easy adaptation of the arguments in the above proposition furnishes the
following variant.

Proposition 3.2. Let H be a separable Hilbert space and I = [0,T). Let C : I =
H be a closed convexr valued scalarly measurable multimapping for which there is
some real v > 0 such that C(t) C rBy for allt € I. Let A be a linear continuous
coercive symmetric operator on H and let B : H — H be a Lipschitz mapping.
Let (0,)nen be a sequence of measurable functions from I into I such that for each
t € I one has 6y, (t) — t and haus (C(6,(t)), C(t)) — 0 as n — oo.

Let (fn, f)nen be a bounded sequence in LY (1) with ||fo(t)|| < B,||f(t)]| < B
(8 > 0) for all n € N such that f,(t) converges to f(t) for each t € [0,T].
Let (vn,v)nen be a bounded sequence in L35(I) with ||vn(t)|| < v, [Jv(t)]] < v
(v > 0) for all n € N such that (v, (t)), converges to v(t) for each t € I. Let
(Cn)nen be an integrable sequence in L, (I) such that ¢, (t) € C(0,(t)) for allt € I
and such that (Cn)nen (LY, L) converges in L (I) to . Assume that

fn(t) + Bun(t) — AGa(t) € Neo, ) (Cn(t))  for alln e Nt € 1.

Then for a.e. t € I one has

C(t) € C(t) and f(t)+ Bu(t) — Azeta(t) € Ng)(C(1)).

Another variant of Proposition 3.1 is available by assuming that C' is compact
valued and the operator B is a Lipschitz mapping: ||Bx — By|| < M|Lx — y||.
These results convex related to the evolution variational inequality of the form
f(t) + Bu(t) — Au(t) € Ngg(u(t)) a.e t stated in Theorem 4.1 and Theorem
4.3. The following result is a stability result related to the evolution variational
inequality of the form f(t) + Vg(u(t)) — Au(t) € N (i(t)) here Vg is a spe-
cific gradient of a convex continuous Gateaux differentiable such that g(v(t)) is
absolutely continuous for v : [0,7] — H absolutely continuous. There is no confu-
sion with the linear compact operator B considered in Theorem 1.1 and Lipschitz
operator B considered in Theorem 1.2.

Proposition 3.3. H = R°. Let C : [0,7] — H be a convex compact valued
measurable mapping such that C(t) C r(t)By, for all t € [0,T] for some r €
L, ([0,T)). Let A be linear continuous coercive symmetric operator on H and
B = Vg where Vg is the gradient of a convexr continuous Gateaux differentiable
function g : H — R such that g(v(t)) is absolutely continuous for v : [0,T] — H
absolutely continuous.

Let (fn, f)nen be a bounded sequence in L35 ([0,T]) with || fn(t)|| < B, ||f(t)|] < B
(8 > 0) foralln € N such that f,(t) pointwise converges to f(t) for eacht € [0,T].
Let (up, u)nen be a sequence of absolutely continuous mappings

un(t) = ug + /0 ln(8)ds, in(t) € O(t)
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u(t) = ug + /0 a(s)ds, a(t) € O(t)

such that u,(t) — u(t) uniformly in H and i, — @ weakly in L}[0,T]. Assume
that fr(t) +Vg(un(t)) — At (t) € Now(tn(t)) for alln € N and for all t € [0,T],
then f(t) + Vg(u(t)) — Au(t) € Now)(u(t)) a-e.

Proof. Note that f,, are uniformly bounded and pointwise converges to f(t) then
we have

(2.2.1) liin/z(fn,umdt—/z(f,mdt

for every measurable set Z C [0,7]. By integrating on Z (we are ensured that
the functions given are measurable) the inequality

5*(fn(t) + VQ(un(t)) - Aﬂn(t)a Cn(t)) + <Aun(t) - v.g(un(t)) - fnaun(t» é 0

we get
(2.2.2)

/ 5 (fo (1) Vg 1t (£)) — At (£), Co ()t + / (Adty— Fo () dt— / (Vg (tn (1)), it (1))t < 0.
Z 7Z 7

Set gn(t) = fu(t) + Vg(un(t)) — Aty (t). We claim that Au,(t) — Au(t) weakly in
L1(0,7]) and Vg(un(t)) — Vg(ilt)) weakly in Ll ([0, T))-So ga(t) = fa(t) +
V(un(t)) — Atn(t) — g(t) == f(t) + Vg(u(t)) — Au(t weakly in Li([0,T]).
Indeed, as u,(t) — u(t) pointwise, (x, Auy(t)) — (z, Au(t)). As consequence,
for any h € L%(]0,T]), we have (h(t), Aun(t)) — (h(t), Au(t)) pointwise. But
then the uniformly bounded sequence of bounded measurable functions ((h, Auy,))
pointwise converge to the bounded measurable function (h, Au). As consequence,
(h, Au,) — (h, Au) weakly in Lg([0,7]. This shows that Au, — Au weakly in
LL([0,T]). Similarly we show that Vg(un(t)) — Vg(u(t)) weakly in L}, ([0, T]).
Now we have to consider the term (Vg(u,(t),u,(t)) by using the special prop-
erty of Vg. In fact w, is absolutely continuous with derivative @, and g(u,) is
absolutely continuous, so that by Moreau-Valadier [28],

(Vo (un0)). (1)) = % g(un (1)

From this fact, it is easy to deduce that

T T
lim in /O (Vg(1n(£)) i (1)) dt = limm nf /0 %g(un(t)»dt

T
(223) = lminf(g(un(T) — un(0)) > g(u(T) — u(0)) = /0 2 glu(t)))dt



T
- / (Vg(u(t)), alt))dt

Let us set ¢(t,x) = (Az,x) if x € K and ¢(t,x) = 400 if ¢ K. Then it is clear
 is a positive lower semicontinuous convex normal integrand. By the lower semi-
continuity of the integral convex functional ([18], Theorem 8.1.6) associated with

the positive normal convex integrand ¢ we obtain, for every Lebesgue measurable
set Z C [0,T]

lim nf /Z ot i (1))t > / (L, (L) dt

z
that is
(2.2.4) lin}Linf/Z(AiLn(t),un(t»dtz /Z<Au(t),1l(t))dt

To finish the proof we apply the lower semicontinuity of the integral convex
functional ([18], Theorem 8.1.6) associated with the normal convex integrand
(t,z) — 6*(x,C(t)) by noting that
(4) 6*(gn(t),C(t)) is minored by (h(t), gn(t)); with h € S&.

(j7) the minored sequence (g, (t), h(t)) is uniformly integrable.
Then we are ensured by the lower semicontinuity of the integral convex functional
theorem ([18], Theorem 8.1.6)

(2.2.5) lim inf /Z 5 (gn (), C(£))dt > /Z 5 (g(t), O(t))dt

By combining (2.2.3) — —(2.2.5) we get

/ () Vglul) — Ai(e), C(6))de+ / () +Vg(u(t)+ Aa(e), i)t < 0
But since a(t) € C(¢) a.e. we have
5 (1) + Vg(u(t) — Ai(t), C(1) > (F(2) + Vgu(t) — Au(t). u(t))
a.e. that implies
/ U (70) + Vou(t) — Ai(e), C0) + (—F(8) — Vo(u(t)) + Ai(e), ale))de = 0
so we conclude that

5" (f(t) + Vg(u(t)) — Au(t), C(t)) = (f(t) + Vg(u(t)) — Au(t), u(t)

a.e. with u(t) € C(t) a.e., just proving that f(t) + Vg(u(t)) — Au(t) € Ne(u(t))
a.e. O
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4 Well-posedness of inclusion (1.1)

Our main proofs in this section are build upon the variational inequalities in
Proposition 2.1 and the variational limits in Section 3 as well as upon an ex-
plicit catching-up algorithm (alias Moreau’s algorithm). We stress the fact that
our algorithm and tools are self contained apart from the use of the mentioned
variational inequalities.

Theorem 4.1. Let f : [0,T] — H be a continuous mapping and let v : [0,T] —
R™ be a positive nondecreasing continuous function withv(0) = 0. Let C' : [0,T] —
H be a weakly compact conver valued multimapping such that

haus (C(t),C (7)) < |v(t) —v(r)| for allt,7 € [0,T].

Let A : H — H be a linear continuous coercive symmetric operator and let B :
H — H be a linear continuous compact operator. Then, for any ug € H, the
evolution inclusion

{f(t) + Bu(t) — Au(t) € Nog (%(t))
u(0) = ug

admits a unique W;I’OO([O,T]) solution w : [0,T] — H. Further, one has |[u(t)| <
p, where p:= sup{]ly] : y € C([0, T])}.

Proof. Put I := [0,T] and denote § := max{||f(t)| : t € I} (by continuity of
f). Noticing that the multimapping C(-) is upper semicontinuous from I into
H endowed with the weak topology, the set C'(I) is weakly compact, and hence
p:=sup{|ly|l : y € C(I)} is finite and L := pBpy is weakly compact and convex.

Step I. Construction of a sequence (uy),

We will use the Moreau ’s catching-up algorithm [26]. We consider for each n € N
the following partition of the interval 0,7 given by

thn

)

T
=i— =i, for0<i<n, I
n

7

=t ] for0<i<n—1.

Put uj = up and f* = f(t7) for all ¢ = 1,..,n. By Proposition 2.1(b), there is
2 € C(t}) C L such that

JT' + Bug — Az € Neap (21)-

Put v} = u{ + n,27'. Suppose that vy, ul,..,u}, 27, 25, ..2]" are constructed. As
above by Proposition 2.1(b) there exists zj,; € C(t},;) C L such that

fia + Buif — Az € Near, ) (214),
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and we set ui',; = ui + npzf’,;. Then by induction there are finite sequences
(u")i—y and (2]")1_, such that

i1+ Bui — Az € Nogr, ) (214) (4.1)

n . n n
Uity = Uy + M-

From (ul)? o, ("), (fl)i,, we construct two sequences of mappings (up)nen

and (fn)nen from I to H, by setting f,(0) = f', u,(0) = uf and for each
i=0,.,.n—1weset f,(t) = f\, and

n

falt) = fiza and un(t) = ui + — Eufyy — i) fort €))L,

n

Keeping in mind that C(t) C L = pBy we have u; € C(t} ;) C pBp, so

From this it is clear that w,(-) is Lipschitz continuous on I with p as a Lipschitz
constant. This Lipschitz property of u,(-) ensures that ||u,(t)|| < ||uo|| + pT and
un(t) = up + ftto U (s)ds for every t € I. We also note that ||f,(¢)|| < S for
alln € N and ¢t € I. Now, let us define the step functions 6,,6, : I — I by
0,(0) = 6,(0) = 0 and

1

—(u , —ul
nn( i+1 z)

\ el < o

On(t) =iy, On(t) =87 ift €]t} ti],
so the inclusion (4.1) becomes
fn(t) + Bun(0n(t)) — Atn(t) € No, 1) (n(t)) ae. t € 1.

For each t € I we observe that there is some i € {0, ...,n—1} such that ¢ € [t} ¢} ],
and then
|0,(t) —t| = 0 and |0,(t) —t] = 0 asn — +oc.

We also note that the latter inclusion above yields
" (fn(t)+Bun(0n(t)) = Atin(t), C(On(£)))+(=fn(t) = Bun(dn(t)) +Atin(t), in(t)) <0

with
Un (t)inC(0,(t)) C L ae. t €1,

so that u, € S} where S} :={¢€ L, (I):&((t) e Lae. tel}.

Step II. Convergence to a solution.
We note that S1 is a weakly compact convex set of L, (1) (see, e.g., [18] and the
references therein). Set

X:={&: 1T — H:&®t) :u0+/0té(s)ds, te[0,T]; o€ St}

12



It is clear that X" is convex, equicontinuous and weakly compact [32] in C ([0, 1)
(see [32]). As u, € X, one can extract from (uy), a (not relabelled) subsequence
which pointwise weakly converges to u : I — H such that u(t) = ug + fg u(s)ds
for all ¢ € I and such that (i), o(L}; (1), L35 (I))-converges to @ € S}. Further,
the inequality
[t (0n(t)) — un ()] < p|0n(t) — ]

assures us that (un(én(t)))n converges weakly in H for each ¢ € I. This and the
o (L (1), L% (1)) convergence of (i), to @ in Lk (I) along with the inclusion (4.1)
allow us (according to the pointwise convergence of (fy,), to f and the estimates
from the hypotheses) to obtain that for a.e. ¢ € I the inclusions 4(t) € C(t) and

f(t) + Bu(t) — Ai(t) € Negy (a(t))
hold true. This says that u(-) is solution of the inclusion of the theorem.

STEP III. Uniqueness.
The uniqueness of solutions follows easily from the coerciveness of the operator
A. Indeed let u; and us be two solutions. An easy computation gives

<Aﬂ2(t) — Aﬂl (t), Ug(t) — Ul (t)) + <BU2(t) — Bu1 (t),'[LQ(t) — ul(t)> S 0,
so that
(Aug(t) — At (t), d(t) — i1 (t)) < Bl |lua(t) — ur(t)[] [lua(t) — a1 (t)]-
By coerciveness of A we deduce that
wllia(t) — ar(O)* < 1B lluz(t) —ur ()| [[az(t) — @ (t)].
This entails that

< Bl B
la2(t) = @ (@)} < —lluz(t) —w @) < [aa(s) — a1 (s)l|ds.

w Jo
By Gronwall lemma 43 (t) = ua(t) a.e. t € I, and so ui(t) = ua(t) for every t € I

since uq(t) = ug + fg U1(s)ds and us(t) = ug + fg Ua(s)ds. O

Remark 4.2. The tools developed above allow to obtain further variants. The
fact that C(t) is weakly compact is required, and mainly the coerciveness of A
and the compactness assumption for the operator B. An inspection of the proof
of Theorem 4.1, shows that the compactness assumption on B is required to prove
the Fatou property,

lim inf /Z (B (1t (00 (1)), oy (1))t > / (Bu(t), a(t))dt

n Z

So as a possible variant we may substitute the bounded operator B by the gradient
Vg of a positive convex continuous Gateaux differentiable function ¢ : H — R

13



such that g(v(t)) is absolutely continuous for v : [0, 7] — H absolutely continuous,
so that by invoking the chain rule formula, see Moreau-Valadier, [28], we have the
equality

(Volw(t). o(6) = So(w(®)

Hence by using this fact and the tool developed in Theorem 1.1, we obtain a
variant of Theorem 1.1 by noting that

T T
lin%linf/o <Vg(un(t)),un(t)dtzlimninf/o %g(un(t))dt

T T
> [ ot = [ (Tatun). o

It is obvious that a linear continuous operator and a gradient do not enjoy similar
properties, showing the interest of the new variant we give further. This remark
has some importance in further developments.

Now we present a variant dealing with the existence and uniqueness of abso-
lutely continuous solution to the evolution inclusion of the form

F(8) + Bu(t) — Aidt) € Noge(t, o (1)

where f is a continuous mapping f: I — H, A is a coercive symmetric operator,
and B : H — H is a Lipschitz mapping.

Theorem 4.3. Let f : [0,T] — H be a continuous mapping and let v : [0,T] —
R* be a non-negative nondecreasing continuous function with v(0) = 0. Let C :
[0,T] — H be a convex compact valued multimapping such that haus(C(t), C (7)) <
|v(t) — v(7)| for all t,7 € [0,T]. Let A: H — H be a linear continuous coercive
symmetric operator and let B : H — H be a Lipschitz mapping, that is, for some
real constant M > 0, ||Bx — By|| < M||z — y|| for all x,y € H for some positive
constant M. Then, for any ug € H, the evolution inclusion

F() + Bu(t) — Ad(t) € Neg) (% (1))
u(0) = ug

admits a unique W}I’OO([O,T]) solution u : [0,T) — H. Further, ||4(t)|| < p a.e.
t € [0, T, where p := max{]||y| : y € C([0,T])}.

Proof. Put I := [0,7T] and denote 8 := max{||f(¢)| : t € I} (by continuity of
f). Noticing that the multimapping C(-) is upper semicontinuous from I into
H endowed with the norm topology, the set C'(I) is norm compact, and hence
p:=sup{|ly| : y € C(I)} is finite and L := o (C(I)) is convex and norm compact.

Step I. The sequence (uy), is constructed as in Theorem 4.1.

14



Step II. With the strongly compact set L = ¢o (C’(I)) at hands, we see that
the set X in the proof of Theorem 4.1 is strongly compact in Cg(I). Since
u, € X we can extract from (uy), a (not relabelled) sequence which pointwise
converges to u : I — H such that u(t) = up + fg u(s)ds, for all t € T and (uy)n
o (L ([0,T1), L ([0, T]))-converges to i € St. The inequality

[t (0 (2)) = un ()] < plon(t) — 1]

ensures that the sequence (un(5n(t)))n strongly converges to u(t) for each t € I.
Consequently, we can follow Step II in the proof of Theorem 4.1 by applying
Proposition 3.2 in place of Proposition 3.1, to arrive to the fact that u(-) is a
solution of the inclusion in the present theorem.

Step I1I. The arguments for the uniqueness are the same as for Theorem 4.1. [

We present another variant dealing with the existence and uniqueness of ab-
solutely continuous solution to the evolution inclusion of the form

£(8) + Bu(t) — Aa(t) € dy(t, %(t))

where f is a bounded continuous mapping f : I — H, A is a coercive symmetric
operator, and B : H — H be a linear continuous mapping Oy is the subdifferential
of a normal lower semicontinuous convex integrand ¢.

Theorem 4.4. Let H be a separable Hilbert space.Let K be a convexr compact
subset of H. Let ¢ : [0,T] x K —] — 00, 4+00| be a normal lower semicontinuous
convezx integrand such that

(i {o(,u(.),u € SL} is uniformly integrable.

(i1) p(t,z) < (1, 2)+|v(t)—v(T)| for allt,T € [0,T],x € K wherev : [0,T] — R
is a positive nondecreasing continuous function with v(0) = 0.

Let A: H — H be a linear continuous coercive symmetric operator and B : H —
H be a linear continuous mapping. Then, for any ug € H, the evolution inclusion

d
F(t) + Bu(t) — Au(t) € dp(t, = (1))
u(0) = ug
admits a unique Wé’oo([O,T]) solution u : [0,T] — H.
Proof. We will use again the Moreau ’s catching-up algorithm. We consider for
each n € N the following partition of the interval I = [0, T].
th =4 = in, for 0 <i<m. IP:=]t?, 7 ] for 0 <i<n—1.
Put ug = ug and f = f(t}) for all i = 1,..,n. By Proposition 1.1 1) , there is
21" € K such that
f o+ Bui — Az € p(th, 1),
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Put v} = u{ + n,27'. Suppose that ug,ul,..,u}, 27, 25, ..2]" are constructed. As
above by Proposition 1.1 1) there exists 2}, ; € K such that

[+ Bui — Az € 0p(tiy 1, 2i'1)-
and we set uj' ; = uy + npzj ;. Then by induction there are finite sequences
(u)y and (2[")"_; such that

i1+ Bui — Azl € 0p(t g, 21 )

n _ .n n
Uit = U; + i

From (u}")?, (2)iq (fI")i, we construct two sequences u,, from [0,T] to H, f,

from [0,7T] to H, by setting f,(0) = f{", un(0) = ug and for each i =0, ..,..n — 1
we set fp(t) = fI, and

t—t7

un(t) = uj + (uir —ui')

n

for ¢t €]t} ¢}, ,]. Clearly, the mapping u,(.) is Lipschitz continuous on [0, T, and

p is a Lipschitz constant of u,(.) on [0,77] since for every t €]t}, ¢}, ]

ult o —ul _
i (t) = % =", € K C pBy.
n

Furthermore, for every ¢t € [0, 7], one has u,(t) = uo—l—fot U (s)ds, hence |[|uy(t)|| <
l|uo|| + pT'. We have

fif + Bui — Az € Op(tiy, 2% 1)
Now, let us define the step functions 6,,,0,, : I — I by
On(t) =tiy1, On(t) =t

if ¢ €]t} t},1] and 6,(0) = 6,(0) = 0, and observe that for each ¢ € I, there is
i € {0,...,n — 1} such that t € [t}, ¢}, [, and then,

|0, (t) —t| = 0 and |0,(t) —t| = 0 asn — 400,
So, the last inclusion becomes
fn(t) + Bun(én(t)) - Aun(t) € a‘p(an(t)a Un(t))

a.e. t € [0,7] . We note that ||u,(t)|| < ||luol| + pT, ||f™()]| < B for all t € [0,T]
and u, (t) = up + fot Un(s)ds for all t € [0,T] with 4, € K a.e.

Step 2 Convergence of the algorithm and final conclusion
Let S} = {h € L}([0,T]) : h(t) € K a.e.} and let

X :={v:[0,T] > H:v(t) = u0+/0t2'1(s)ds, te[0,T]; v € Sk}
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Then it is clear that S} is convex and weakly compact in L, ([0,7]) (see e.g. [18]
and the references therein) and that X is convex, equicontinuous and compact in
Cu([0,T]). As (u,) C X, one can extract from (u,,) a subsequence not relabelled
which pointwise converges to u : [0,7] — H such that u(t) = u0+fg u(s)ds, for all
t €[0,T) and (1) o(LL([0,T]), L3 ([0, T]))-converges to i € Sk As ¢ is normal
lower semicontinuous convex, the conjugate function ¢* : [0,7] x H —] — 00, +0]

(1.3.1) @ (t,y) = jg}g[@, y) — o(t, x)]

is normal, see e.g Castaing-Valadier [19] and satisfies

@ (t,y) < 9" (1,9) + |v(t) — v(7)]

for all t,7 € [0,T],y € H using assumption (i) ([29], Proposition 27). By using
the normality of ¢, the mappings t — @(0,(t),u,(t)) and t — @(t, 4, (t)) are
measurable and integrable. By construction we have

9n(t) = fn(t) + Bun(6n(t)) — Aty (t) € Op(0n(t), tn(t))

so that by the normality of ¢*, the mapping ¢t — ¢*(0,(t), gn(t)) is measurable
and integrable. Further by (1.3.1) and (iii) we have
(1.3.2)

—p(t, in (1)) + (in(t), gn(t)) < @7 (t, gn(t)) < @ (On(t), gn(t)) + |v(t) — v(On(D))|

so that t — —p(t, 0, (t)) + (U, (t),gn(t)) is uniformly integrable thank to (ii).
We note that (hy(t) := fn(t) — Buy(d,(t))) is uniformly bounded and pointwise
converges to h(t) = f(t) — Bu(t) in H. Hence (hy(:) — h(-)) is uniformly bounded
and pointwise converges to 0, so that it converges to 0 uniformly on any uniformly
integrable subset of L,([0,77]), in other terms it converges to 0 with respect to the
Mackey topology 7(L%([0,77), L};([0,T7)) so that, for every Lebesgue measurable
set B C [0, 7],
lim [ (hn(t) — h(t),0n(t))dt =0

n—oo B

because (4,) is uniformly integrable. Consequently

lim [ (h(t), i (t))dt

n—oo B

= lim | (ha(t) — h(t), an())dt + lim [ (h(t), dn(t))dt

(1.3.3) — dim [ (B8, ()t = / (h(t), a(t))dt.
As A is symmetric, we show that A, — Atu(.) weakly in L}, (). As consequence
In = fn + Bun(6,(.)) — Aty () = g := f + Bu — At weakly in LL(I). Further,
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let us set Ya(x) = (Az,z) if € K and ¢(z) = +o0 if z ¢ K. Then it is clear
1 is a positive lower semicontinuous convex integrand. Apply again the lower
semicontinuity of the integral convex functional ([18], Theorem 8.1.6) associated
with the positive normal lower semi continuous convex integrand 14 we obtain,

lim inf /Z Ga(un(t))dt > /Z Galu(t))dt
that is

(1.3.4) lim inf / (At (1), 1t (£))dt > / (Ad(t), at)dt
Z

n Z

Now, we deduce using (1.3.2) and the lower semicontinuity of integral convex
functional ([18], Theorem 8.1.6) applied to ¢*,

(1.3.5) /Zga*(t,g(t))dtSlimninf/Zgo*(t,gn(t))dtSli%inf/zw*(ﬁn(t),gn(t))dt

As
P(t,in(t)) < @(On(t), wn(t)) + |v(t) — v(0a(t))]

we deduce that

lim in /Z (. (1)) d < lim inf /Z (O (1), i (1))

As (i,) weakly converges to @ € LL([0,71]), by the lower semi continuity theo-
rem ([18], Theorem 8.1.6) applied to the lower semicontinuity of convex integral
functional associated with ¢, we deduce that

(1.3.6) /ng(t,u(t))dtgli%inf/zw(ﬁn(t),un(t))dt

with @(t) € K a.e. and t — ¢(t,4(t)) is integrable. Now integrating on any
Lebesgue measurable set Z in [0, T] the equality

(P(‘gn(t)a un(t)) + ¢*(0n(t)> gn(t)) = <un(t)v gn(t»
gives
/Z (On(t). i (1)) dE + /Z o (On(t), gn (1)) dt = /Z (i (), B () .

By passing to the limit when n goes to oo in this equality using (1.3.3) — —(1.3.6)
gives

/th(t,ﬂ(t))dtJr/ZSO*(t,g(t))dtS/B(u(t)ag(t»dt-
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By t — o(t,0(t)) + ¢*(t, g(t)) — (u(t), g(t)) is integrable, we deduce that

p(t,a(t)) + " (t,9(t)) — (u(t), g(t)) <0

a.e. with u(t) € K a.e. So we conclude that o(t,u(t)) + ¢*(t, g(t)) = (u(t), g(t))
a.e., equivalently g(t) = f(t) + Bu(t) — Au(t) € dp(t,u(t)) a.e. and equivalently
u(t) € 0p*(t, f(t) + Bu(t) — Au(t)) a.e. O

Remarks 1) The uniqueness of solutions follows easily from the coerciveness of
the operator A. Indeed let uy and uo two solutions. then by an easy computation,

(At (t) — Ady (t), ua(t) — u1(t)) + (Bua(t) — Buy(t), ua(t) — a1(t)) <0
so that
(Adg(t) — Aty (£), 2(t) — wn (t)) < [Bl[|ua(t) — ua ()|[][d2(t) — da ()]
By coerciveness, we deduce that
wllio(t) — a1 ()]1* < |Bl[Jua(t) — ui (t)][]|d2(t) — ()]
Whence

fiae) = 101 < Zuato) — a1 < L [ sy s

By Gronwall lemma 4(t) = u2(t) a and so wui(t) = us(t) since uy(t) = ug +
fg u1(s)ds, Vvt € [0,T7], ug(t) = up + fg ug(s)ds, vt € [0,T].
2) Theorem 1.3 generalizes Theorem 6 in [16] dealing with finite dimensional
space.

In view of further applications we provide some variational limits theorems
below.

5 Some variational limit theorems

Proposition 5.1. Let H be a separable Hilbert space. Let C : [0,T] — H be
a conver weakly compact valued scalarly measurable mappings such that C(t) C
r(t)Bg, for all t € [0,T] for some r € Ly, ([0,T]). Let A be linear continuous
coercive symmetric operator on H . Let B is a linear continuous compact operator
on H.

Let (fn, f)nen be a bounded sequence in L33 ([0,T]) with ||f(¢)|| < B,1[f()]] < B
(B8 >0) foralln € N such that fy(t) pointwise converges to f(t) for eacht € [0,T].
Let (vp,V)nen be a bounded sequence in L35 ([0,T]) with ||vn(t)|] < v, |lv(t)]] <~
(v > 0) for all n € N such that v, (t) pointwise converges weakly to v(t) for each
t €[0,T). Let (un) be an integrable sequence in L ([0,T]) such that u,(t) € C(t)
for all t € [0,T] such that (u,) o(LY;, L3) converges in Ly ([0,T] to u. Assume
that fn(t) + Bun(t) — Aun(t) € Now (un(t)) for alln € N and for all t € [0,T],
then u(t) € C(t) a.e. and f(t) + Bo(t) — Au(t) € Neo)(u(t)) a.e.
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Proof. We first check that u(t) € C(t) a.e. Indeed, we have (x, u,(t)) < 6*(z, C(t)),
Ve € H,¥Vt € [0,T]. Then by integrating on any Lebesgue measurable set
Z C[0,T]

/Z (. wn () dE < /Z 5, C(8))dt.

By using (iii) and by passing to the limit when n goes to co gives

/(w,u(t))dt < limsup/ 8 (z, C(t))dt.
z n o Jz

Then we deduce that (z,u(t)) < §*(x,C(t)) a.e. so that by Castaing-Valadier
([19], Proposition I11.35), we get u(t) € C(t) a.e. Note that this fact requires that
C'(t) is convex weakly compact. Note that f,, + Bv, are uniformly bounded and
pointwise converges to f+ Bv since B is compact operator. Since u, is uniformly
integrable and U(L}{, L%) converges to u, we have by the Castaing trick given in
the proof of Theorem 4.1

(2.1.1) lim/<fn+an,un>dt:/<f—|—Bv,u>dt
nJz z

for every measurable set Z C [0,7]. By integrating on Z (we are ensured that
the functions given are measurable) the inequality

5*(fn(t) + an(t) - Aun(t)v Cn(t)) + <Avn(t) - an(t) - fna Un(t)> S 0

we get
(2.1.2)

/ 6" (fn(t)+Bun(t)—Auy(t), Cn(t))dt+ / (Aup— fr, un(t))dt— / (Bup(t), vn(t))dt < 0.
Z Z Z

Set gn = fn + Bv, — Auy,. 1t is already seen that Au,, — Au weakly in L ([0,77])
and Bv, — Bv weakly in L},([0,T]) so that g, — g := f + Bv — Au weakly in
LL([0,T]). Let us set ¥(t,z) = (Ax,z) ifz € K and 9(t,2) = +ooif v ¢ K. Then
it is clear ¢ is a postive lower semicontinuous convex normal integrand. By the
lower semicontinuity of the integral convex functional ([18], Theorem 8.1.6) asso-
ciated with the positive normal convex integrand 1 we obtain, for every Lebesgue
measurable set Z C [0, 7]

lim nf /Z Ot un(t))dt > /Z (e, u(t))dt
that is

(2.1.3) liminf/(Aun(t),un(t»dtZ/(Au(t),u(t))dt
" Z Z
To finish the proof we apply the lower semicontinuity of the integral convex
functional ([18], Theorem 8.1.6) associated with the normal convex integrand
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(t,x) — §*(x,C(t)) by noting that

(4) 6*(gn(t),C(t)) is minored by (g, (t), h(t)) where h € S}.
(jj) the minored sequence (g, (t), h(t)) is uniformly integrable.
Then by ([18], Theorem 8.1.6) we are ensured

(2.1.4) lim inf /Z 5 (gn (), C(£))dt > /Z 5 (g(t), O(t))dt

By combining (2.1.2) — —(2.1.4) we get

/Z F(F(t) — Au(t) — Bu(t), C(¢))dt + / (—f(t) + Au(t) + Bo(t), u(t))dt < 0

Z

for every Lebesgue measurable set Z. But since u(t) € C(t) a.e. we have
8*(f(t) + Bu(t) — Au(t),C(t)) > (f(t) + Bo(t) — Au(t), u(t))
a.e. that is
5*(f(t) — Bu(t) — Au(t), C(t)) + (— f(t) — Bu(t) + Au(t), u(t) > 0
a.e. so we conclude that
8" (f(t) = Bu(t) — Au(t),C(t)) = (f(t) + Bo(t) — Au(t), u(t)) = 0

a.e. with u(t) € C(t) a.e., just proving that f(t) + Bu(t) — Au(t) € Ng)(u(t))
a.e. O

A variant of Proposition 2.1 is available by assuming that C is convex compact
valued and the operator B is a Lipschitz mapping: ||Bx—By|| < M|Lx—yl||. These
results related to the evolution variational inequality of the form f(¢) + Bv(t) —
Au(t) € Neoy(u(t)) a.e stated in Theorem 1.1 and Theorem 1.2. The following
result is a stability result related to the evolution variational inequality of the form
f(t) +Vg(u(t)) — Au(t) € Neoy(u(t)) here Vg is a specific gradient of a convex
continuous Gateaux differentiable such that g(v(t)) is absolutely continuous for v :
[0,T] — H absolutely continuous. There is no confusion with the linear compact
operator B considered in Theorem 1.1 and Lipschitz operator B considered in
Theorem 1.2.

Proposition 5.2. H = R¢. Let C : [0,7] — H be a convex compact valued
measurable mapping such that C(t) C r(t)By, for all t € [0,T] for some r €
Ly ([0,T]). Let A be linear continuous coercive symmetric operator on H and
B = Vg where Vg is the gradient of a convex continuous Gateaux differentiable
function g : H — R such that g(v(t)) is absolutely continuous for v : [0,T] — H
absolutely continuous.

Let (fn, f)nen be a bounded sequence in L3 ([0,T]) with ||fn(¢)|| < B,1[f(@)]] < B
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(8 > 0) for alln € N such that f,(t) pointwise converges to f(t) for eacht € [0,T].
Let (uy, u)nen be a sequence of absolutely continuous mappings

n(t) = o + /O it (5)ds, i (£) € C(8)

u(t) = up + /0 a(s)ds, a(t) € C(t)

such that u,(t) — u(t) uniformly in H and i, — @ weakly in L};[0,T]. Assume
that fr(t) +Vg(un(t)) — At (t) € Now(tn(t)) for alln € N and for all t € [0,T],
then f(t) + Vg(u(t)) — Au(t) € Now)(u(t)) a-e.

Proof. Note that f,, are uniformly bounded and pointwise converges to f(t) then
we have

(2.2.1) liin/z(fn,itmdt:/z(f,u)dt

for every measurable set Z C [0,7]. By integrating on Z (we are ensured that
the functions given are measurable) the inequality

0" (fn(t) + Vg(un(t)) — Atin(t), Cn(t)) + (Atin(t) = Vg(un(t)) = fn, in(t)) <0

we get

(2.2g.2)

/ 5 (fu(8) -4V g (i (£))— Atin (£), Cin (£)) i+ / (At — fo, i (£)) c— / (Vg (un (1)), itn())dt < 0.
Z Z Z

Set gn(t) = fu(t) + Vg(un(t)) — Aty (t). We claim that Au,(t) — Au(t) weakly in
L1,([0.T)) and Vg(un(t)) — Vg(i(t) weakly in L} ([0,T]) S0 ga(t) = falt) +
Vg(un(t)) — Atn(t) — g(t) == f(t) + Vg(u(t)) — Au(t weakly in Ly ([0,T]).
Indeed, as u,(t) — wu(t) pointwise, (x, Au,(t)) — (x, Au(t)). As consequence,
for any h € L3 ([0,T]), we have (h(t), Au,(t)) — (h(t), Au(t)) pointwise. But
then the uniformly bounded sequence of bounded measurable functions ((h, Au,))
pointwise converge to the bounded measurable function (h, Au). As consequence,
(h, Au,) — (h, Au) weakly in Lg([0,T]. This shows that Au, — Au weakly in
L4([0,T]). Similarly we show that Vg(un(t)) — Vg(u(t)) weakly in L}, ([0,T7).
Now we have to consider the term (Vg(un(t),un(t)) by using the special prop-
erty of Vg. In fact w, is absolutely continuous with derivative i, and g(u,) is
absolutely continuous, so that by Moreau-Valadier [28],

(Vg (un(0), in(£)) = g(om (1)

From this fact, it is easy to deduce that

T T
liminf/o (Vg(un(t)),an(t»dt:limninf/o %g(un(t)»dt

n
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T
(223) = liminf(g(un(T) — un(0) > g(u(T) — u(0)) = / gu(t)))dt

T
- / (Vg(u(t)), alt))dt

Let us set ¢(t,x) = (Az,x) if v € K and ¢(t,x) = 400 if ¢ K. Then it is clear
 is a positive lower semicontinuous convex normal integrand. By the lower semi-
continuity of the integral convex functional ([18], Theorem 8.1.6) associated with
the positive normal convex integrand ¢ we obtain, for every Lebesgue measurable

set Z C [0,T]
liminf/ o(t, Uy (t))dt > / o(t,u(t))dt
" z z
that is

(2.2.4) lim inf /Z (At (1), 11 (t))dt > /Z (Ai(t), u(t))dt

n

To finish the proof we apply the lower semicontinuity of the integral convex
functional ([18], Theorem 8.1.6) associated with the normal convex integrand
(t,xz) — 0*(x,C(t)) by noting that
(4) 6 (gn(t),C(t)) is minored by (h(t), gn(t)); with h € S&.

(j7) the minored sequence (g, (t), h(t)) is uniformly integrable.
Then we are ensured by the lower semicontinuity of the integral convex functional
theorem ([18], Theorem 8.1.6)

(2.2.5) liminf/ " (gn(t) dt>/(5*
" Z

By combining (2.2.3) — —(2.2.5) we get

T
/ (f(t)+Va(u(t ))—Au(t),C(t))dt—i—/O (—f(t)+Vg(u(t))+Au(t),u(t))dt <0
But since u(t) € C(t) a.e. we have
§°(f(t) + Vg(u(t)) — Au(t), C(t)) = (f(t) + Vg(u(t)) — Au(t), u(t))
a.e. that implies
T
/0 [0(f(8) + Vg(u(t)) — Au(t), C(t) + (= f(t) — Vg(u(t)) + Aui(t), u(t)]dt = 0

so we conclude that

5" (f(t) + Vg(u(t)) — Au(t), C(t)) = (f(t) + Vg(u(t)) — Au(t), u(t)

a.e. with u(t) € C(t) a.e., just proving that f(t) + Vg(u(t)) — Au(t) € Ne (u(t))
a.e. t
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6 Applications
6.1 A Skorokhod problem

We present at first a new version of the Skorokhod problem in Castaing et al
[15, 17] dealing with the sweeping process associated with an absolutely continuous
(or continuous) closed convex moving set C(t) in H. Here the novelty is the
velocity is inside the subdifferential operator.

Theorem 6.1. Let [ := [0,1] and H = R®. Let v : I — RT be a positive
nondecreasing continuous function with v(0) = 0. Let C : I = H be a convex
compact valued mapping such that

(i) C(t) C MBy for allt € I where M is a positive constant.

(ii) dg(C(t),C(7)) < |v(t) —v(T)| for all t,7 € I.

Let A : H — H be a linear continuous coercive symmetric operator. Let B :
H — H be a linear continuous operator. Let z € C*=v(]0,1],R%) the space of
continuous functions of bounded variation defined on [0, 1] with values in R%. Let
L(RY,R¢) the space of linear mappings f from R? to R endowed with the operator
norm

[fl=" sup  |f(2)lRe.
T€RY ||z||pa=1

Let us consider a class of continuous integrand operator b : [0, 1] x R® — L(R? R¢)
satisfying
(a) [b(t,x)] < M, ¥(t,z) € [0,1] x Re.
(b) |b(t,x)—b(t,y)| < M||lx—y||re, Y(t, z,y) € [0,1] xR xR® with the perturbed
Riemann-Stieljies integral fot b(r,x(7))dz, defined on x € C([0,1],R®).
Let g : [0,1] x R® — R® be a continuous mapping satisfying:
(i) llg(s,x)|| < M for all (s,z) € [0,1] x RC.
(ii) ||lg(s,x) — g(s,9)|| < M||lx — yl|| for all (s,x,y) € [0,1] x R® x R® with the
perturbed Lebesgue integral fot g(s,x(s))ds defined on in C([0,1],R®).
Let a € C(0). Then there exist a BVC function x : [0,1] — H and an absolutely
continuous mapping function w : [0,1] — H satisfying

I b(s, (s)) dzs + fO x(s))ds + Bu(t) — Au(t) € Now)(u(t)) ae. t €1

Proof. Let a € C(0). Let us set for all t € I =0, 1]

2°(t) = a, h'(t) = t T,a)dz,
(t) = a, B\ (1) /0b<,>d
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then by Proposition 2.2 in Friz-Victoir [20], we have

t
|/0 b(T? a)dZT| < |b(‘7a’)|001[0,1]‘Z|1—UCIT‘Z[O,t]‘

t s t
/ b(r,a)dz, —/ b(t,a)dz; :/ b(t,a)dz;
0 0 s

so that by condition (a)

Moreover

th(t) - hl(S)H < M|Z|1—Ua7":[s,t]
for all 0 < s <t <1 and in particular
Hh‘l(t)H < M|Z’1—va7’:[0,t] < M’Z‘l—var:[O,T]

for all t € [0,1]. Let us set for all ¢t € I = [0, 1]

ZEO = aQ 1 = t SJIOS S
(t) = a, k(1) /Og<, (5))ds,

then k! is continuous with ||k!(¢)|| < M for all t € I. By an easy computation,
using condition (i) and (ii) we have the estimate ||k'(t) — k}(7)|| < M|t — 7|,
for all 7,t € I. By Theorem 1.1 there is a unique absolutely continuous mapping
u! : I — H solution of the problem

u'(0) = a
{ h(t) 4+ kN (t) + Bu'(t) — Au'(t) € No (a(t)) a-e.

with u!(t) = a + [3 ul(s)ds, Vt € T and [|al(t)|| < M, a.e. Set

zH(t) = K (t) + k'(t) + Bul(t) = /t b(r,2%()dz + /tg(t, s,2%(s))ds + Bul(t).
0 0

Then z! is BVC with 21(0) = a. Now we construct z™ by induction as follows.
Let for all t € I

M@:Abmﬂ*mm%

k"(t):/o g(s, 2" 1(s))ds.

Then k™ is equi-Lipschitz: ||k"(t) — k™(7)|| < M|t — 7|, for all 7,t € I with
|k™(t)|| < M for all t € I. By Proposition 2.2 in Friz-Victoir [20] we have the
estimate

Hh‘n(t) - h‘n(s)H < M|Z|17var:[s,t]
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for all 0 < s <t <1 and in particular
||hn(t)|| < M|Z‘1—var:[0,t} < M‘Z|l—var:[0,1]

forall 0 <t < 1. By Theorem 1.1 there is a unique absolutely continuous mapping
u” : I — H solution of the problem

u"(0) = a,
{ R™M(t) + k" (t) + Bu™(t) — Au"(t) € N (u"(t)) a-e.

with w”(t) = a + [; " (s)ds V¢ € I and ||a"(t)|| < M a.e. Set for all t € I

t t

b(r, x”_l(r))dzT—l—/O q(s, :L‘"_l(s))ds—i-Bu”(t)

2"(t) = h"(t)+k™(t)+Bu™(t) = /

0
so that 2" is BVC. As (u") is equi-absolutely continuous we may assume that
(u™) converges uniformly to an absolutely continuous mapping u : I — H with
u(t) = a+ fg u(s)ds,¥t € I. We may also assume that 4" weakly converges in
L}{ to @, and by Ascoli theorem we may assume that k™ converges uniformly to
a continuous mapping k : I — H. Now, recall that

Hh‘n(t) - hn(S)H < M|Z|17var:[s,t]

for all 0 < s < t < T by using Proposition 2.2 in Friz-Victoir [20], and our
assumption (a) on the mapping b. So A" is bounded and equicontinuous. By
Ascoli theorem, we may assume that h"™ converge uniformly to a continuous
mapping h. Similarly £" is bounded and equi-Lipschitz. By Ascoli theorem,
we may assume that k" converge uniformly to a continuous mapping k. Hence
2" (t) = h(t) + k™ (t) + Bu"(t) converge uniformly to x(t) := h(t) + k(t) + Bu(t),
and b(.,2"1(.)) converges uniformly to b(.,z(.)) using the Lipschitz condition
(b). Then by Friz-Victoir [20] (Proposition 2.7) fg b(r, 2" 1(7))dz, converge uni-
formly to f(f b(r,z(7))dz,. By hypothesis (i), g(s,z""!(s)) pointwise converge to
g(s,x(s)). Hence fgg(s, 2" 1(s))ds — f(f g(s,x(s))ds for each t € I by Lebesgue
theorem. So by identifying the limit
t t
lim z"(t) = lim b(r, 2" (1))dz, + lim g(s, 2" 1(s))ds + lim Bu"(t)

n—oo n—oo 0 n—oo 0 n—oo

= / b(t,x(7))dzr +/ g(t,s,x(s))ds + Bu(t) = z(t).
0 0
From the inclusion
R™(t) + k" (t) + Bu"(t) — Au"(t)) € Now)(a"(t)) a.e.

and the above convergence, repeating the argument involving variational tech-
niques in Proposition 1.2 we get

h(t) + k(t) + Bu(t) — Au(t) € N (u(t)) a-e.
The proof is therefore complete. O
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Our tools allow to state several variants of Theorem 3.1 according to the nature
of the perturbation and the operator. Actually Theorem 3.1 hold if B: H - H
is a Lipschitz mapping: ||Bxz — By|| < M|z — y||,Vz,y € H for some positive
constant M. Also Theorem 3.1 holds if we replace B by the gradient Vg of a
positive convex continuous Gateaux differentiable function g : H — R such that
g(v(t)) is absolutely continuous for v : [0,7] — H absolutely continuous,

6.2 Towards to some application in Optimal Control problem

In the previous results we have developed the Skorohod problem associated the
sweeping process with Riemann-Stieltjes integral perturbation. This led to some
problem in Optimal Control .

Proposition 6.1. Let I := [0,1] and H = R°. Let v : I — R be a positive
nondecreasing continuous function with v(0) = 0. Let C' : I == R® be a convex
compact valued mapping such that

(i) C(t) C M Bge for allt € I where M is a positive constant.

(i) dre (C(t),C(7)) < |v(t) — v(7)| for allt,7 € I.

Let A : R® — R be a linear continuous coercive symmetric operator. Let B :
R® — R® be a linear continuous operator. Let z € C17v%([0,1],R%) the space of
continuous functions of bounded variation defined on [0, 1] with values in R%. Let
LR, R®) the space of linear mappings f from R? to R endowed with the operator
norm

[fl:=" sup  [f(2)|re.
z€RY ||z||pqa=1

Let us consider a class of continuous integrand operator b : [0, 1] x R® — L(R? R¢)
satisfying
(a) |b(t,x)| < M, V(t,x) € [0,1] x Re.
(b) |b(t,x) =b(t,y)| < M||lx—y||re, Y(t,z,y) € [0,1] xR xR® with the perturbed
Riemann-Stieljies integral fot b(r,x(7))dz, defined on x € C([0,1],R®).
Let V : R? — R€ be a bounded continuous mapping. Let L : [0,1] x R® x R® x R® —
[0, 00[ be a lower semicontinuous integrand such that L(t,z,y,.) is conver on R®
for every (t,z,y) € [0,1] x R® x R¢. Then the problem of minimizing the cost
function fol L(t,x(t),y(t),y(t))dt subject to

dl‘t == V(JUt)dZt, te [O, ].]

xo =19 € R®

y(0) = yo € C(0)

[y b(r,x(7))dzr + By(t) — Ay(t) € No@ (%(1), ae.t € [0,T).
has an optimal solution.

Proof. Let us consider a minimizing sequence (&, y,) that is

T T

lim L(t,zn(t), yn(t), yn(t))dt = inf L(t,u(t),v(t),v(t))dt
n—oo Jq (u,v)€Y Jo
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where ) is the solutions set (z,y) to the above dynamical system. First by [20],
Theorem 3.4) we assert that the C1=29"(]0, T], R¢)-solution set to

dﬂft == V(xt)dzt, te [0, 1]
zo =1 € R®

is compact in C([0,T],R®) and so is the W1°°([0, T], R®)-solution set to

{ y(O) = yo € C(0)
JEb(r, 2(r))dzr + By(t) — Aj(t) € Ne (24(1), ae.t € [0,T).

this need a careful. We may ensure that

(i) zp, — x € CT74 ([0, T],R®) with z; = ¢ + fO (xs)dzs.

(i) yn — y € WH2([0,T],R®) and 9, — ¢ weakly in L. ([0,77).

Applying the lower semicontinuity of the integral functional ([18] , Theorem 8.16)
gives

T T
lim inf /O L(t, 2 (t), yn (t), i (t))dt > /0 L(t, x(t),y(t), y(t))dt

n
From the inclusion

| bl malr )z, + Bua(t) = A4u(t) € Nog (‘2 0)
0

and the fact that lim, [ b(r,2,,(7))dz; = [} b(r,2(7))dz, uniformly (cf the proof
of Theorem 3.1) we conclude by using Proposition 2.1

| btz + Bytt) = Ag(e) € New (0 e
0

O]

Several variants of the preceding theorem are available using Theorem 1.2-1.3
and Proposition 2.2 -2.3

In the following we will examine a Bolza and Relaxation problem associated
with a sweeping process associated with a compact Lipschitzean moving set C(t):
dre(C(t),C(s)) < a|t — s| and Young integral perturbation. First, we need some
notation and background on Young integral and Young measures in this special
context.
Young integral Let z € C'~% ([0, T],R%) the space bounded variation continu-
ous defined on [0, 7] with values in R%. Let £(R?,R¢) the space of linear mappings
f from R? to R® endowed with the operator norm

[fl==" sup  |f(2)[re.

2€RY||2[|pa=1
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Let us consider a class of continuous integrand operator b : [0, T] x R® — L(R? R¢)
satisfying
Bi:|b(t,x)] < M, VzeR®

By : bt ) = b(7,y)| < p(t) — p(7) + Mz = yllge, 0<7<t<T, Vr,yecR

where p : [0,T] — R" is a positive nondecreasing continuous function and M is
a positive constant. If u, : [0,7] — R® is a uniformly bounded and uniformly
bounded in variation then the sequence yy,(t) = b(t, u,,(t)) is continuous uniformly
bounded and uniformly bounded in variation from [0,7] to £(RY, R€), shortly
yn € C17V97([0, T, L(R?, R?)). Indeed we have

[9n(t) = yn(7)] < p(t) = p(7) + M||un(t) = un(7)||re

for all 7 <t < T, so that sup,, |yn|1— varst] <ooforalln e Nand 0 < s <t <

T. As consequence the Young integral fo yn(8)dzs of y, again z is well-defined
and belong to C1=v97 ([0, T], R®) according to Friz-Victoir [20], with the following
estimates

t
1
H / yn(T)dZT” < 1 _ 910 |Z|1—Uar;[s,t]|yn|1—var;[s,t} + |yn(8)||’2(t) - Z(S)HRd
s

1
< 1_91-0 |2l —varifs g [Ynl1—varfs,) + M||2(t) — 2(5)||pa

forall 0 < s <t<7T with 8§ =2 and

|/0 yn(T)dZT‘lfvar;[s,t] < C(la 1)|Z’17var;[s,t}(‘yn|17var;[s,t} + ‘yn|oo;[s,t])

for all 0 < s <t <T. As consequence

1
||/ yndz|| < _ 91— 9‘Z|1 var; [st]|yn|1 —var;[s,t] +|yn( )|”Z() (S)HRd

1
< 1_91-0 |2l —varsfs g [Ynl1—varfs, + M||2(t) — 2(5)||pa
1
< 71_9‘*2‘1 —var;[s,t] Sup’yn‘l —var;[s,t] + sup MH ( ) (S)HRd
1-2 s€[0,T)

forall 0 < s <t<T with 8 =2 and
|/0 yndz‘l—var;[s,t] < C(la 1)|Z|1—var;[s,t} Sup(‘ynh—var;[s,t} + ‘yn|oo;[s,t])
n

for all 0 < s <t < T. Shortly the sequence gn(.) = [;yndz of C'~"([0,T],R®)
mappings is uniformly bounded, equicontinuous and uniformly bounded in varia-
tion. The above facts hold in the case when w,, : [0, 7] — R€ is uniformly bounded
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and equi-Lipschitz and have some importance for our purpose.

Let E is a separable reflexive. Let us consider a convex weakly compact val-
ued mapping K : [0,1] = Bg with bounded right continuous retraction in the
sense, there is a bounded and right continuous function p : [0,1] — R™ such that
dp(K(t),K(1)) < p(1) — p(t),¥t < 7 € [0,1] and such that its graph is Borel,
that is, Graph(C) € B([0,T]) ® B(E). We consider the control sets given by

SBVEC .— 4,:[0,1] — E,uis BVRC, u(t) € K(t), Vt € [0,1]}

§% = {u e L=([0,1], E,d)), u(t) € K(t), Vt € [0,T]}

By J.J. Moreau ([27], Prop.5 d, p. 198) and Valadier [33] these sets are non empty
and clSBVRC 5S¢, here cl denotes the closure with respect to the o (L%, L}E*)

topology Shortly Sy BVRC ig dense in S% with respect to this topology. Then we
have the following relaxation results in a control problem governed by an EVI
sweeping process given above.We aim to present a Bolza problem and relaxation
problem in a Optimal Control where the control belong to S[]?VRC and S Here
A : R — R is a linear continuous coercive symmetric operator and let B is a
linear continuous operator on R® and b : [0,7T] x R® — L(R? R®) satisfying Bi,
Bs.

Theorem 6.2. Let = R®. Let us consider the problem

T t
inf )/0 </0 b(s, u(s))dzs, C(£))dt

(PSIB(VRC
associated with the dynamical system

[Y¢(s)ds + Bu(t) + Au(t) € Neg(a(t)),t € I,¢ € SEVEC
(Pspvre) { uO(O) —aEC( ) c® K

7;550/ /bsu )dzs, C(t))dt

associated with the dynamic system

[Y¢(s)ds + Bu(t) + Au(t) € Nog(a(t)),t € I,¢ € V°
(Prze) { 0 e 50} o "

and the problem

Then we have inf (Pye ) = inf (PSI}?VRC) As consequence

T t
e /0 ( /O b(s, uls))dzs, C(£))dt

1S @ manimum.
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Proof. The inequality inf (Pyee) < inf (Psgvzacc) is a simple consequence of the
Valadier result above mentioned by observing that a BVRC function is Borel.
Take and any ¢ € V2. As SBVEC is dense in V' with respect to the o(LS, L)
topology, there exists a sequence (Cn) inSg BVEC guch that (Cn) o(L$, L) converge
to ¢. For simplicity set f,(t) fo Cn(s)ds , and f(t) fo s)ds for all t € [0,T).
Then it is clear that f, and f Contlnuous umformly bounded with f,(t) — f(t)
for every ¢t € [0,T]. Let u, be the unique Lipschitz solution to

{ JiCu(8)ds + Buy(t) + At (t) € Negy (in (), t € 1,
un(0) =a € C(0)

and let v be the unique Lipschitz solution to

{ [ C(s)ds + Bu(t) + Ao(t) € New (0(t)),t € 1,
w(0) = a € C(0)

In view Theorem 1.1 and Proposition 2.1 the sequence (u,) is equi-Lipchitz and
converges uniformly to v. For simplicity set g,(t) = fg b(s,un(s))dzs,Vt € [0,T].
Apply the estimates given the preliminary fact, g,(t) = fg b(s,un(s))dzs is uni-
formly bounded, equicontinuous and uniformly bounded in variation. By the
Lipschitz condition b(.,u,(.)) converge uniformly to b(.,v(.)). As b(.,uy,(.)) and
b(.,v(.)) are bounded and uniformly bounded in Varlatlon by Friz-Victoir ([20]
Proposition 6.12) g,(t) converge uniformly to g(¢ fo s))dzs so that

T ot T t
lim ; </0 b(s,un(s))sz,Cn(t)>dt:/0 </0 b(s,v(s)dzs, C(t))dt

n—oo

As

T t T t
/0</0 b(s, tn(5)dze, Cu(E))dt > inf )/O </0 b(s, uls))dzs, C(1))dt

P<BVRC
( sB

for all n € N, it follows by taking the limit that

T t
/ ( / b(s, v(s))dzs, C(t))dt > inf (Pspnc)
0 0

This holds for every ¢ € V2 hence inf (Pyee) > inf (PsgVRc) O

For simplicity we consider a simple perturbation control 1ntegral such as
fo s)ds. Theorem 3.2 is valid iwith the perturbation control integral fo D((s
Where D : R® — R¢ is a linear continuous operator. Several variants of Theorem
3.2 are available using Theorem 1.2-1.3 and Proposition 2.2 -2.3.

Young measures For the sake of completeness, we summarize some useful
facts concerning Young measures. Let (2, F, P) be a complete probability space.
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Let X be a Polish space and let C*(X,R) be the space of all bounded continuous
functions defined on X. Let ./\/lfr(X ) be the set of all Borel probability measures on
X equipped with the narrow topology. A Young measure v :  — ML(X ) is, by
definition, a scalarly measurable mapping from  into MY (X), that is, for every
f € C*(X,R), the mapping w — (f,v,) = [y f(z)dv,(x) is F-measurable. A
sequence (™) in the space of Young measures Y (2, .7: P; M1 (X)) stably converges
to a Young measure v € Y(2, F, P; ML (X)) if the following holds:

i [ ([ r@aze)are = [ ([ @) are)

for every A € F and for every f € C’(X,R). We recall and summarize some
results for Young measures.

In the remainder Z is a compact metric space, M}F(Z ) is the space of all prob-
ability Radon measures on Z. We will endow M1+(Z ) with the narrow topology
so that M! (Z) is a compact metrizable space. Let us denote by Y(I; M (Z))
the space of all Young measures defined on I endowed with the stable topology
so that Y(I; Mi_(Z)) is a compact metrizable space with respect to this topology.
By the Portmanteau Theorem for Young measures [18, Theorem 2.1.3], a sequence
(v™) in Y(I; M (Z)) stably converges to v € Y(I; ML (2)) if

Tim. OT < /Z ht(z)duf(z)> dt = /O ' < /Z ht(z)dut(z)> dt

for all h € L1(I,C(Z)); here C(Z) denotes the space of all continuous real valued
functions defined on Z endowed with the norm of uniform convergence. Finally
let I' be a measurable mapping defined on I with nonempty compact values in Z
and Sr the set of all Lebesgue measurable selections of I' (alias original controls).
Let C': [0,7] — R® compact valued Lipschitzean mapping and let f : [ x Z — R¢
be a function satisfying
(1) for every fixed t € I, f(t,.) is continuous on Z,
(2) for every z € Z, f(.,z) is Lebesgue-measurable on I;
(3) there is a constant M > 0 such that ||f(¢,2)|| < M for all (t,2) in I x Z.

We aim to present some relaxation problems in the framework of Optimal
Control Theory. We consider the evolution inclusion (PO) associated with original
controls

{ fO dS + BUC( ) Aﬂc(t) € NC(t) (ﬂg(t))), ae tel,
uC(O) _ uo € C(0)

where ¢ belongs to the set Z := SIL of all original controls, which means that ( is a
Lebesgue-measurable selection of I', and the evolution inclusion (PR) associated
with relaxed controls

{ fo [, f(s,2)vs(dz)]ds + Bu, (t) — Au,(t) € New(u, (1)), a.e. t €1
u,(0) = ug € C(0)
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where v belongs to the set R := Sy of all relaxed controls, which means that v is
a Lebesgue-measurable selection of the mapping 3 defined by

t):={oce ML (2):0(T(t) =1}

for all ¢ € I. Note that, for v € R, the mapping
hy : (t,z) — / f(t, z2)v(dz)
Z

inherits the properties
(1) for every fixed t € I, hy(t,.) is continuous on Z;
(2) for every z € Z, h,(., z) is Lebesgue-measurable on I;
(3) there is a constant M > 0 such that ||h, (¢, z)|| < M for all (¢,z) in I x Z,;
Consequently,, for each ¢ € Z (resp. v € R), the evolution inclusion (PO) (resp.
(PR)) has a unique Lipschitz continuous solution. Moreover, there is an a priori
bound for the Lipschitz ratio of solutions which easily implies that the solution
sets (SO) and (SR) (to (PO) and (PR)) are equi-Lipschitz.

Now we will state some topological properties of the solution sets (Sp) and
(Sr), namely we obtain the typical relaxation result that the former is dense in
the latter.

Theorem 6.3. Assume that for every t € I, et C : [0,1] — R® compact valued
Lipschitz mapping.Let f : I x Z — R® be a mapping satisfying (1), (2), (3). Then
the following hold:

(a) the solution set (Sg) to

(PR { fo [, f(s,2)vs(d2)]ds + Bu,(t) — At (t) € No) (i (b)), aet €I, ve Z
UV(O) =ug € C(O)

is nonempty and compact in C(I,R®).
(b) the solution set (Sp) to

( { fO dS + BUC( ) Aibc(t) S Nc(t)(ﬂc(t))), aetel, (€Z
uC(O) _ uo € C(0)

is dense in (Sr) with respect to the topology of uniform convergence.

Proof. (a) By Theorem 1.1, the solution set (Sg) is bounded equi-Lipschitz. Then
(Sr) is relatively compact in C'(I, H), by Ascoli’s theorem. Therefore, if (v™) C R,
there is a subsequence still denoted by (u,») which converges uniformly to a
Lipschitz continuous function 4 with ||4*°(t)|| < K a.e. and such that also (tn)
o(LY(I,R¢ dt), L>(I,R®; dt))-converges to 1. As R is compact metrizable for
the stable topology, we may assume that (¢™) stably converges to v € R. Since

the continuous functions
t
= [ fts.2mz@as
0o Jz
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and

= [1] stz @i

are uniformly bounded and with g, (t) — ¢(t), from the inclusion
gn(t) + Buy(t) — A (t) € Ne)((t)))
and Proposition 2.1, we deduce that
9(t) + Buyee (t) — Atneo (t) € Negy (e (1))

This proves the first part of the theorem.
(b) The second part follows by continuity and density since Z is dense in R with
respect to the stable topology ([18], Lemma 7.1.1). O

Theorem 6.4. Let us consider the problem

mf/ / s, u( dzs,//fszusdz ds>d
(Pr)

associated with the dynamic system

{ fo ([, f(s,2)vs(dz)]|ds + Bu,(t) — Aty (t) € Now (u, (1)), ae.t €1, ve Z
uy(0) = up € C(0)

and the problem

AT(%TM&U@»d%ZAUK&C@»d$dt

associated with the dynamic system

(Po { Jo £ ))ds + Bu¢(t) — At (t) € Neg(uc(t))),
u(O) =a 6 C( )

Then we have inf (Pr) = inf (Pp) and

mf/ / s, u(s dzs,/ [/ h(s, 2)vs(dz)]ds)dt

1S @ MInLmum.

Proof. The inequality inf (Pgr) > inf (Pp) is clear. Let v € R, lim,, fg h(s,Cn(s))ds =
fo [, h(s, z)vs(dz)]ds for all t € [0,T]. Let u, be the unique Lipschitz solution to

{ in(t) € Negyun(t) + [y h( ))ds, t € 1
un(0) = a € C(0)
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and let v be the unique Lipschitz solution to

{ v(t) € Neyv(t —f—fOfZ (s,2)vs(dz)|ds, t € T
v(O)—aEC(O)

In view of the first step of the proof of Theorem 4.3, the sequence (up) con-
verges uniformly to v. For simplicity set gy (¢ fo S, Up(8))dzs,Vt € [0,T].
Apply the estimates given the preliminary fact, gn(t fo s, un( ))dzs is uni-
formly bounded, equicontinuous and uniformly bounded in variation. By the
Lipschitz condition b(.,u,(.)) converge uniformly to b(.,v(.)). As b(.,uy,(.)) and
b(.,v(.)) are bounded and uniformly bounded in Varlatlon by Friz-Victoir ([20]
Proposition 6. 12) gn(t) converge uniformly to g(¢ fo s))dzs. For sim-
plicity set k,(t) = fo ))ds and k(t fo [, h(s, z)vs dz)]ds so that
(gn(t), kn(t)) = (g(t),k(t)). AS gn( ),g(t),kn(t),k:(t) are uniformly bounded, we
deduce that so that

lim /b S, Un (s dzs,/ h(s,(n(s))ds)dt = lim (gn(t),k:n(t)}dt

n—oo n—oo

= [ tot0mar = [ otz [ s iz

0
As

/OT(/; b(s, un(s)dzs, /Ot h(s,Cn(s))ds>dt > (i;lof) /OT</0t b(s,u(s))dzs, /Dt h(s,((s))ds>dt

for all n € N, it follows by taking the limit that

T t
/ </ b(s, v(s))dzs,/ [/ h(s, z)vs(dz)|ds)dt > inf(Pp)
o Jo 0 Jz
This holds for every v € R hence inf (Pr) > inf (Pp). O

6.3 Towards fractional inclusion coupled with EVI and sweeping
process

Now I = [0, 1] and we investigate a class of boundary value problem governed by a
fractional differential inclusion (FDI) (3.1) in a separable Hilbert space H coupled
with the evolution inclusion governed by the above EVI (3.3) and sweeping process
(3.4).

DPh(t) + AD* " h(t) = u(t),t € I, (6.1)
1
E(t—s)Pt —s)7
I3, h(0) im0 o= lmy [ (tr(ﬁ))h(s)ds:(), K1) = I h(1 / (a h(s)ds,
’ (6.2)
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f(t,h(t) + Bu(t) — Au(t) € 0p(t,u(t)) a.e. (6.3)
and
f(t, h(t) + Bu(t) — Au(t) € Nep (u(t)) a-e. (6.4)
where a €]1,2], 8 € [0,2—a],\ > 0, > 0 are given constants, D is the standard
Riemann-Liouville fractional derivative , I' is the gamma function.
For the convenience of the reader, we begin with a few reminders of the con-
cepts that will be used in the rest of the paper.

Definition 6.1 (Fractional Bochner integral). Let E be a separable Banach space.
Let f : I =[0,1] — E. The fractional Bochner-integral of order o > 0 of the
function f is defined by

. O
IS f(t) := /0 Wf(s)ds, t>0.
In the above definition, the sign “[” denotes the classical Bochner integral.
Lemma 6.5 ([30]). Let f € L'([0,1], E,dt). We have
(i) If a €]0,1[ then I, f exists almost everywhere on I and I8, f € L'(I, E, dt).

(ii) If a € [1,00) then I, f € Cp(I).

Definition 6.2. Let E be a separable Banach space. Let f € LY(I,E,dt). We
define the Riemann-Liouville fractional derivative of order a > 0 of f by

n n t —g n—a—1
D f(e) = D0 = G50 = G [ psas

where n = [a] + 1.

We denote by Wg’g(l ) the space of all continuous functions in Cr (1) such that
their Riemann-Liouville fractional derivative of order a — 1 are continuous and
their Riemann-Liouville fractional derivative of order o are Bochner integrable.
Green function and its properties
Let a €]1,2], € [0,2 —a],A > 0,7 >0 and G : [0,1] x [0,1] — R be a function
defined by

exp()\s)Is‘fl(exp(—)\t)), 0<s<t<l1,
G(t,5) = @(s) 157" (exp(=At)) +

0, 0<t<s<l,
(6.5)
where
o(s) = ex‘;f(fS) (187 (exp(=20) (1) = (127 (exp(-20) (1)) (6.6)
with
o = (157 (exp(=21))) (1) — (157 exp(=28)) ) (1). (6.7)

We recall and summarize a useful result ([14]).
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Lemma 6.6. Let E be a separable Banach space. Let G be the function defined
by (6.5)-(6.7).

(i) G(-,-) satisfies the following estimate

1 1+T(y+1)
G| < 7 (uo\F(Oé)F(7+

)

(ii) Ifu€ nglg ([0,1]) satisfying boundary conditions (4.2), then
1
/G (s) + AD* tu(s)) ds  for everyt € [0,1].
0

(iii) Let f € L} ([0,1]) and let ug : [0,1] — E be the function defined by

1
uy (t) == /G(t, s)f(s)ds for te]l0,1].
0

Then
IZoup(t) o =0 and up(1) = (IJ,uy) (1).

Moreover uy € Wg:g([o, 1]) and we have

¢ 1
(Da_lu]v) (t) = /exp(—)\(t—s))f( )ds+exp(— /<p (s)ds fort e [0,1],
0 0

(D%uy) (t) + A (D tug) (t) = f(t)  forall te€[0,1]. (6.9)
From Lemma 6.6 we summarize a crucial fact.

Lemma 6.7. Let E be a separable Banach space. Let f € L*(I, E,dt). Then the
boundary value problem

{ D%u(t) + AD* tu(t) = f(t), tel
Ig ut) =0 = 0, u(l) = I u(l)

has a unique Wg:};(l)—solution defined by

/Gts s)ds, t € 1.
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Theorem 6.8. Let E be a separable Banach space. Let X : I — E be a convex
compact valued measurable multifunction such that X(t) C vBg for all t € I,
where v is a positive constant and S}( be the set of all measurable selections of X.

Then the Wg:g(])—solutions set of problem
{ Dou(t) + AD* tu(t) = f(t), f € Sk, ae. t €1
IZu(t) |imo = 0, u(l) = IJ,u(1)
is compact in Cg(I).

Proof. By virtue of Lemma 6.7 the ng}ﬂ([o, 1])-solutions set X to the above
inclusion is characterized by

(6.10)

1
X={us: 1= FE, Uf(t):/ G(t,s)f(s)ds, fe Sk, tel}
0

Claim: X is bounded, convex, equicontinuous and compact in Cg([).

From definition of the Green function G, it is not difficult to show that {uy: f €
St} is bounded, equicontinuous in Cg(I). Indeed let (uy,) be a sequence in X.
We note that, for each n € N, we have uy, € ng([) , and

1
uy, (t) —/ G(t,s)fu(s)ds, tel,
0
with

(1) = I3 u(1),

[ ]
o3
+
K
3
—~
~
~—
-~
Il
(en)
|
=
K
3

t 1
o (D% tug,) (1) = /0 exp(—A(t — 5)) fu(s)ds +exp(~At) /0 @ (5)fuls)ds, te

o (D%uy,) (t) + A (D> uy,) (t) = folt), t € 1.
For t1,t5 € I, t; < ty, we have

1
wp,(t2) — ug, (t1) = /0 G(t,5)(fu(t2,5) — fultr, 5))ds

- /O () fuls)ds ( /0 ” P(‘;_fl)(tg )2y /O " r(j:)(“ - T)MdT)

+ /Ot2 et </St2 Me)‘TdT> f(s)ds — /Otl et </stl F(iy_fl)(tl - T)a2d7'> f(s)ds
-/ 6(5)F(s)ds Ji g (2&‘_“11) s / ol T_’jde]
([ et
e .

T(a—1)
< e

—ATWC[T> F(s)ds + / " ( / : Wg”&) f(s)ds.

I(a—1) " o —1)
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Then, we get

a—2 (tg . T)a72

1 t .
llug, (t2) —ug, (t1)|| < /0 (’SO(S)’ + 6)‘8) ’X(3)|d3/0 e =7 T(a—1)

)a—2

" /01 (le()l+¢*) 1 (s)]ds /: =

to to a—2
As AT <t2 - T)
+ e X (s ds/ e Nt T
/tl Xl | (a—1)

dr

It is easy to obtain, after an integration by part, that

to o a—2 o a—2 to _ a—1
/ 67)\7- (t2 T) dr — 6,)\151 (tQ tl) —|—A/ 67/\7- (t2 7') dr < 1+ )\(tg—tl)ail
t1 t1

MNa-1) I'(«) I'(«) INGe
and
t1 e (tl _ 7')"‘_2 _ (tQ _ T)a—2 t1 (tl _ T)a—2 _ (t2 _ T)a—2 B (tz _ tl)a—l + t(lx—l . tg—l
| g <), Ma-1) - o)

Using the inequality that |aP? — | < |a — b|P for all a,b > 0 and 0 < p < 1, we

yield
t1 _ \a—2 o \a—2
[t o, 2
0 I'(a—1) ()

Then, since a €]1,2], we can increase ||uy, (t2) — ug, (t1)| by

(t2 o tl)a—l

ug, (t2) — ugp, ()] < Kty — t1]*7!

with K = fol (34 N)|9(s)| + (4 +2X)e**] | X (s)|ds This shows that {uy, : n € N}
is equicontinuous in Cg(I). Moreover, for each ¢t € I the set {uy, (t) : n € N}, is
contained in the convex compact set fol G(t,s)X (s)ds [?, 19] so that X is relatively
compact in Cg(I) as claimed. So, we can assume that

lim uyf, =us € Cp(I)

n—oo
As SY is o(LL, L%.)-compact e.g [19] we may assume that (f,) o(LL, LE.)-
converges to fo € S%. so that uy, weakly converges to uy_ in Cg(I) where
ur (t) = fol G(t,s) fso(s)ds and so for every ¢ € I,

1 1
Uso(t) = w- lim wy, (1) = w- lim G(t,s)fn(s)ds = /0 G(t,s) foo(s)ds = us (),

and
t 1
e tim (D uy) (0 = w- i | [ exp(-A( = ) u(o)ds + exp(-x0) [ o(6) (o]

t 1

_ / exp(—A(t — )) fao(8)ds + cxp(—At) / o(5) fo(5)ds
0 0

= (D" tuy ) (t), tel
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This means us, € X, and the proof of the theorem is complete.
O

Theorem 6.9. Let I := [0,1] and H be a separable Hilbert space. Let K be a
convex compact subset of H. Let ¢ : [0,T] x K —] — 00, +00] be a normal lower
semicontinuous convex integrand such that

(i {o(.,u(.),u € SL} is uniformly integrable.

(i1) p(t,z) < (1, x)+|v(t)—v(T)| for allt,7 € [0,T],z € K wherev : [0,T] — R
is a positive nondecreasing continuous function with v(0) = 0.

Let A: H — H be a linear continuous coercive symmetric operator and B : H —
H be a linear continuous mapping.

Let f : I x H — H be a bounded continuous mapping ||f(t,x)|| < M for all
(t,z) € [0,1] x H. Then for any ug € H, there exist a Wg*}q([o, 1]) mapping
x:[0,1] = H and an absolutely continuous mappings u : [0, 1] S H satisfying

U(O) =ug € H

D%x(t) + AD* Lz (t) = u(t), t € [0,1]

Iya(t) =0 =0, (1) = I),2(1)

flt,z(t)) + Bu(t) — A%(t) € 0p(t, ‘Cll;‘(t)), a.e. t € [0,1]

Proof. Let us consider the convex compact (cf Theorem 3.5) subset X in the
Banach space Cg ([0, 1]) defined by

X o= {uy:[0,1] = H :uy(t /Gts s)ds, f €S 0+K,t6[01}}

where Sio 4 denotes the set of all integrable selections of the convex compact
valued constant multifunction ug + K. For each h € X, by Theorem 4.4 and
the assumptions on f, there is a unique absolutely continuous solution vy to the
inclusion

vn(0) =
{ F(t,h(t) + Bua(t) — AZ(1)) € dp(t, (1)), ace. t € [0,1]
with %h(t) € K a.e. so that vp(t) = u0+ft don (5)ds € u0+f0 Kds C ug+K,Vt €

[0, 1].
Now for each h € X let us consider the mapping defined by

/Gtsvh

for ¢ € [0,1]. Then it is clear that ®(h) € X. Now we check that ® is continuous.
It is sufficient to show that, if (h,) uniformly converges to h in X, then the
absolutely continuous solution vy, associated with h,,

{ Uhn(o) =uyg € H
F(t, ha(t)) + Bop, (t) — A% (1) € 9p(t, in (1)), ace. t € [0,1]
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uniformly converges to the absolutely continuous solution vy, associated with h

{ vp(0) =uy € H
F(t,h(t)) + Bup(t) — A% (t) € dp(t, @r(t)), a.e. t € [0,1]

As (vp,,) is equi-absolutely continuous with vy, (t) € uo—i-fot)dsts Cug+K,Vt €
[0,1] we may assume that (vp,) uniformly converges to an absolutely continuous
mapping z. Since vy, (t) = u0+f]0 q %(s)ds, t € [0,1] and d;’;" (s) € K, a.e. s €

dvp,,

[0,1], we may assume that (==) weakly converges in L},([0,1]) to w € Ly[0,1])
with w(t) € K, t € [0,1] so that

h}LnUhn (t) = uo + /Otw(s)ds =u(t), t €[0,T].

By identifying the limits, we get

u(t) = z(t) = ug —i—/o w(s)ds

with & = w. Therefore by applying the arguments in the above variational limit
result we get

(&, h(8)) + Bul(t) — A%(t) € dplt, %‘(t)), ae tel0,1]

with u(0) = up € H, so that by uniqueness u = vy. Since h,, — h, we have

1 1
O (hy,)(t) — (h)(t) :/0 G(t, s)vhn(s)ds—/o G(t,s)vp(s)ds

1
:/0 G(t,8)[vn, (5) — vn(s)]ds

1
SAMM%b%w@WS

As ||vp, () — vp(+)|| = 0 uniformly, by using Lemma 3.3(i) we conclude that

1
Sw|®wmw—ﬂM®H§/AthH—%OWB+0
te(0,1] 0

so that ®(h,) — ®(h) in Cx([0,1]). Since ® : X — X is continuous P has a fixed
point, say h = ®(h) € X. This means that

1
hw=¢mwwiécwgw@@,
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with
( ) =uyg € H
Dh(t) + AD*Lh(t) = v, (1), t € [0,1]
I h(t) =0 = 0, h(1) = I, h(1)
F(t,h(t)) + Bup(t) — A% (t) € dp(t, @r(t)), a.e. t € [0,1]

So by putting x = h and u = v, we conclude that (z,u) solves the dynamic EVI

u(0) =ug € H

Dox(t) + AD*ta(t) = u(t), t € [0,1]

Igx(t) =0 =0, @(1) = Ig,=(1)

f(t,z(t)) + Bu(t) — A%(t) € 0p(t, %4(t)), ae. t € [0,1]

The proof is complete. O

Further variants of the above results are available. For instance, we are able
to state the existence of solution to the dynamic system

Dh(t) + AD*th(t) = u(t), t € [0,1]

I§+h(t) li=o =0, h(1)= Ig+h(1)

u(0) = ug

f(t.h(t)) + Bu(t) — AZ(t) € Nogy(2(t)), ae. t €[0,1]

Our tools allow to treat other variants by considering other class of FDI given in
[10, 11, 12, 13, 14]. We study below an example of a Caputo fractional differen-
tial inclusion governed by an EVI.For the sake of completeness, we recall some
needed properties for the fractional calculus and provide a series of lemmas on
the fractional integral. Throughout we assume « €]1,2].

Definition 6.3. The Caputo fractional derivative of order v > 0 of a function
h:1=1[0,T| - H, “D"h:[0,T| — H, is defined by

c o t ()
D7h(t) = T =) /0 s ds.

Here n = [y] + 1 and [y] denotes the integer part of ~y.

Denote by
W5(I) = {u € Cx(I): D tu € Cy(I); “D*u € LF(I)},

where ¢D*ly and *D®u are the fractional Caputo derivatives of order o — 1 and
a of u, respectively.

We summarize some properties of a Green function given in Lemma 2.1 of
[13].
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Lemma 6.10. Let I =[0,7] and let G : I x I — R be a function defined by

t—s)o—1 1 T—s)a1 T—s)*—2 .
( r&) TitZ[( r(t)x) + (F(a)—l) ]v if 0<s<t,

G(t,s) =

_s a—1 T—s a—2 )
~T5s [( o+ Tty } if t<s<T
Let f € LY (I). Then the system defined by
cDu(t) = f(t), t € [0,T]

u(0) — %(0) =0
u(T) +%(T) =0

has a unique Wa’oo([O T))-solution u given by u(t fo s)ds, Vt € 1.
with |G(t, s)| < Mg := 22— 1+IS(O‘Q)1)T@ -

We recall and summarize a crucial lemma (Lemma 3.5 of [13]) for our next
theorem.

Lemma 6.11. Let X : [0,7] = H be a convex compact valued measurable map-
ping such that | X (t)| < y(t) < +oo, Vt € I with v € LY(I). Then the W™ (I)-
solutions set X to

D% ()eX() tel

u(0) — gl}( )—0
w(T) + 3 (T) =0,

is s conver compact in Cy(I).

Now comes an existence result with a Caputo fractional differential inclusion
driven by maximal monotone operator.

Theorem 6.12. Let [ := [0,1] and H be a separable Hilbert space. Let K be a
convex compact subset of H. Let ¢ : [0,T] x K —] — 00, +00] be a normal lower
semicontinuous convex integrand such that

(i {¢(.,u(.)),u € Sk} is uniformly integrable.

(i1) p(t,z) < (1, 2)+|v(t)—v(7)| for allt,7 € [0,T],z € K wherev : [0,T] = R
is a positive nondecreasing continuous function with v(0) = 0.

Let A: H — H be a linear continuous coercive symmetric operator and B : H —
H be a linear continuous mapping.

Let f: 1 x H— H be a mapping such that

(i) f(-,x,y) is L(I) measurable for all (z,y) € H x H;

(i) f(t,-,-) is continuous on H x H for allt € I;

(iii) || f(t,z,y)|| < M for all (t,x,y) € I x H x H.

Then given a € H, there is a Wfl’oo(l) mapping r : I — H and an absolutely
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continuous mapping v : I — H satisfying

‘D%(t) =v(t), tel

t,x(t)) + Bu(t) — AZ(t) € 0p(t, %(t)), ae. t €0, 1]

Proof. For any continuous mapping h : I — FE, the mapping f : I X £ —
E defined by fi(t) := f(t,h(t)) forall ¢t € I is £(I) measurable and satisfies
|fn(t)] <M for allt € I. Then by Theorem 4.4 and the assumptions on f, there
is a unique absolutely continuous solution vy to the inclusion

{ ’Uh(()) = U € H
F(t, h(t)) + Bop(t) — A% (1)) € dp(t, Wu(t)), ae. t € [0,1]

t dvh

with C%’L(t) € K a.e. so that vy (t) = uo+ [, G2(s)ds € uo—i-fo Kds C ug+K,Vt €
[0,1]. with v, uniformly bounded and equi- absolutely continuous: dvh € KBy,

where K is positive constant, so for some real constant L > 0 one has ||vh( ) <L
for all t € I. Now let us consider the set X defined by

X:={: 1> E: feSg 1,

each mapping s being given for every ¢t € I by

/Gts dstS

where G is the Green function given in Lemma 6.10. We note that X is convex
compact in Cg(I) by Lemma 6.11. Now for each h € X, by Theorem 4.4 again
denote by uy the unique absolutely continuous solution of the differential inclusion

duyp,

St h(8) + Bup(t) — A= (1)) € Op(t, d;;h

For each h € X let us set (again with the above Green function G)

(t)), ae.telup(0)=acR"

T
= / G(t,s)up(s)ds, forallte I.
0

Then it is clear that ®(h) € X because ||uy(t)|| < L for all t € I. Hence ®(X) is
equicontinuous and relatively compact in the Banach space Cg(I) because ®(X') C
X. Now we check that ® is continuous relative to X'. It is enough to show that,
if (hy)n converges uniformly to h in X, then the sequence (up,, ),, where each uy,,
is the unique absolutely continuous solution of the differential inclusion

{ uhn(O) =a€R®
F(thn(t)) + Bup, (t) — A% (1)) € Dp(t, 2 (1)), ae.tel,
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uniformly converges to the unique absolutely continuous solution uy, of the differ-
ential inclusion

up(0) =a € R®
{ f(t, h(t)) + Bup(t) — A‘%‘—th(t)) € Jdy(t, %’L(t)), a.e. t€l.
We note that (up,, )n is equicontinuous since for every n € N one has ||ay,, (1)|| < K
for almost all t € I. Further, {uy, (t) : n € N} is included in the compact set LBg
for every t € I. The Arzela-Ascoli theorem tells us that {up, : n € N} is relatively
compact in Cg(I). So by extracting a subsequence, we may suppose that (up, )n
converges uniformly on I to some mapping ¢ : [ — E with

t.
C(t):C(O)+/O ((s)ds foralltel,

along with (1, ), converging weakly in L}, (I) to ¢ with ||((¢)|| < K for a.e. t € I.
Note that
f(t up, (t)) = f(t,¢(t)) forallt, eI

For simplicity, denote
zn(t) = f(t,up, (t)), foralltel,
z(t) = f(t,¢(t)), foralltel.

First, we notice that these mappings are Lebesgue measurable. Second, by con-
dition (iii) and the uniform boundedness of (uy,, ), and up, we also notice that
(zn)n and z are uniformly bounded, since

lzn(®)|| < M and ||z(t)]| < M, forallneNandtel.

Consequently, (z,), is a sequence of measurable and uniformly bounded mappings
which converges pointwise to the measurable mapping z. Therefore, the sequence
(tth,, +2n)n converges weakly to (4 z in L (I). This combined with the variational
limit theorem gives

F(t h(t)) + BC(#) — A%(t)) € p(t, %(t)), aetel

. So using the uniqueness of solution of the latter differential inclusion we obtain

that ¢ = up. Now let us write by Lemma 6.10 and boundedness of the Green
function G

1 1
O (hy,)(t) — @(h)(t) = /0 G(t, s)up, (s)ds — /0 G(t, s)un(s) ds
1
= /0 G(t,s)upn, (s) —un(s)] ds

1
< /0 Majun, (s) — un(s)]| ds.
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Since |lup,, (-) — un(-)|| = 0 uniformly on I as n — oo, we deduce that

1
sup [|®(hn) (1) = @(h)(1)]| < / Mg |lun, (-) = un(-)|| ds = 0,
tel 0

which entails that ®(h,) — ®(h) uniformly on I, as desired. Then ® : X — X is
continuous hence by the Schauder theorem ® has a fixed point, say h = ®(h) € X.
This means that for every ¢ € I

1
h(t) = B(h)(t) = /0 G(t, s)un(s) ds,
with

up(0) =a
{ f(t, h(t)) + Bup(t) — A‘Z”—th(t)) € do(t, %’I(t)), a.e. tel.

Coming back to Lemma 6.10 and applying the above notations, this means that
we have just shown that there exists a mapping h € Wp'7/ (I) satisfying

cDh(t) = up(t), t €T
h(0) — 42 (0) =0

WT)+9(T) =0

up(0) =at el

F(t h(t)) + Buy(t) — A% (1)) € 9p(t, Wr(t)), ae.tel

The proof of the theorem is then complete O
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