N
N

N

HAL

open science

Well-Posedness of evolution variational inequalities with
applications
Charles Castaing, Christiane Godet-Thobie, Manuel D P Monteiro Marques

» To cite this version:

Charles Castaing, Christiane Godet-Thobie, Manuel D P Monteiro Marques. Well-Posedness of evo-
lution variational inequalities with applications. 2021. hal-04430849v1

HAL Id: hal-04430849
https://hal.science/hal-04430849v1

Preprint submitted on 1 Feb 2024 (v1), last revised 12 Feb 2024 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04430849v1
https://hal.archives-ouvertes.fr

Well-Posedness of evolution variational
inequalities with applications

Charles Castaing * Christiane Godet-Thobie T Manuel D.P. Monteiro Marques ¥

April 5, 2021

Abstract

We are concerned in the present work with the existence and uniqueness
of absolutely continuous solutions to a class of evolution problems governed
by time-dependent subdifferential operators of the form

£(8) + Bu(t) — A% () € d(t, S (1)

with various applications.

1 Introduction

In this work we are concerned with the existence and uniqueness of absolutely
continuous solution to an evolution inclusion in a separable Hilbert space H

(1.1) £(t) + Bu(t) — A%(t) € dp(t, dit‘(t)), te[0,T]

where f: [0,7] — H is a continuous mapping, B : H — H an operator, A : H —
H alinear continuous coercive and symmetric operator, ¢ : [0, 7] x H — [0, +00] is
a normal lower semicontinuous convex integrand, dp(t,.) is the subdifferential of
©(t,.). Problem (1.1) is interpreted as an evolution variational inequality (EVI)
with the velocity inside the subdifferential. Generally, the model for parabolic
evolution inclusion is a differential inclusion of the form

(1.2) B(t, ult)) %(t) +AW®)u(E) + Ot u(t)), te[0,T]
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where A(t) is a time dependent maximal monotone operator, B(t,u) defined for
(t,u) € [0,T]x H is Lipschitz with respect to u. Then the existence and uniqueness
of absolutely continuous solution to (1.2) is known in some particular cases in the
literature, see e.g [4, 16] and Barbu and Rascanu in [6] dealing with existence
of generalized solutions for parabolic variational inequalities with singular inputs
and operators of the form
£+ S0 € B 0) 4+ Aut) + Dp(u(r)

where A is a linear coercive operator and Jy¢ is the subdifferential associated
with a convex lower semicontinuous function . There is an increasing activity
around problem (1.2) since it contains several new applications such as sweeping
process, relaxed problem and Skorohod problem etc. In this framework, problem
(1.1) constitutes a new variational evolution inequality with the velocity inside
the subdifferential in constrast with problem (1.2). Likewise problem (1.2), the
study of (1.1) leads to several applications in a new setting such as the sweep-
ing process, Skorohod problem, second order evolution and fractional differential
equation [16]. Although (1.1) deal with deterministic case, it is a step forward to
Skorohod problem in the stochastic setting, see the recent articles by Castaing-
Raynaud de Fitte [15, 17], Rascanu [30], and L.Maticiuc, A. Rascanu, L. Slominski
and M.Topolewski [22] for references on this stochastic subject. Let us mention
the current situation of problem (1.1) in the literature. In [16] we deal with the
existence of absolutely continuous solutions to variational evolution inequalities
in separable Hilbert space H of the form

(1.3 (6) ~ Au(t) € Do, (1)
(14 £(8) — Aut) € Nog( (1)

where f :[0,7] — H is a continuous mapping, A: H — H is a linear continuous
coercive symmetric operator, dp(t,x) is the subdifferential of a normal convex
lower semicontinuous integrand ¢ : [0,7] x H — [0,+00], Ng()(x) denotes the
normal cone to a closed convex moving set C(t) C H. Some related variants of
problem (1.4) dealing with two positive operators A and B are given a series of
papers by Adly et al [1, 2, 3]. We note that there is a new variant of problem
(1.1) in some recents work by Bacho, Emmrich and Mielke [7] dealing with the
following inclusion

(1.6) B(t, u(t)) € dp(t, %(t))
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or more generally with two subdifferentials, namely

(1.7) B{t,ult)) € Dt (1)) + Ou(r, 5 (1)

Here B is a continuous mapping. In Mielke’s paper, in order to solve the problem,
it is proposed an algorithm due De Giorgi combined with regularised subdiffer-
entials. Consult also a recent article by Migorski, Sofonea and Zeng [24] dealing
with the inclusion of the form

i) € Now (A% (1) + Bu(t))

dt
where B : H — H is Lipschitz continuous, note that here B is not assumed
to be a positive operator by contrast with the results obtained by Adly et al
[1, 2, 3]. After this prologue, we develop several variants of problem (1.1) and its
applications via some related variational limits.
For the convenience we recall and summarize two useful results. See ([5],
Corollary 2.9, Corollary 2.10).

Proposition 1.1. 1) If A: H — H is linear continuous and coercive: (Ax,z) >
w||z||? for allz € H for somew > 0 and if ¢ : H — [0, 00] is lower semicontinuous
convex proper, then, for f € H, the problem f € Ay + Op(y) admits a unique
solution y.

2) If A: H — H is linear continuous and coercive: {(Ax,x) > w||z||? for allx € H
for some w > 0 and if K is a closed convex subset in H, then, for f € H, the
problem f € Ay + Nk(y) admits a unique solution y.

Our main proofs are build upon the above variational inequalities (Cf Propo-
sition 1.1) and an explicit catching-up algorithm (alias Moreau’s algorithm). We
stress the fact that our algorithm and tools are self contained a part from the
use of the mentioned variational inequalities. Further our work contain new re-
sults with various applications such as Skorohod problem and Fractional inclusion
coupled with EVI and sweeping process.

Theorem 1.1. Let f : [0,T] — H be a continuous mapping such that || f(t)|| < 8
for all t € [0,T], let v : [0,T] — RT be a positive nondecreasing continuous
function with v(0) = 0. Let C : [0,T] — H be a conver weakly compact valued
mapping such that dg(C(t),C(1)) < |v(t) — v(7)| for all t,7 € [0,T]. Let A :
H — H be a linear continuous coercive symmetric operator and let B : H — H
be a linear continuous compact operator. Then, for any ug € H, the evolution
inclusion

£(8) + Bu(t) — Aidt) € Nogy(e (1)

u(0) = up
admits a unique W;I’OO([O,T]) solution u : [0,T] — H.



Proof. We note that by Hormander formula (see e.g. Castaing-Valadier [19])
(LL1) [6%(x, Ct) = 6" (x, C(7))| < ||2|ldr (C 1), C(7)) < [[z[[[v(t) — v(7)].

As a consequence C' is scalarly continuous, a fortiori scalarly upper semicontinu-

ous, so that C' is upper semi continuous mapping from [0, 7] into H with respect

to the weak topology, hence the image C([0,T]) of [0,T] by C is weakly compact,

in other words, C'(t) C L where L is a convex weakly compact subset of H, for all
€ [0,T]. We will use the Moreau ’s catching-up algorithm [26] as follows. We

consider for each n € N the following partition of the interval I = [0, T].

= ’L% =iy, for 0 < i <n. I7 :=]7 47 ] for 0 <i <n—1.

Put u§ = ug and f* = f(t}) for all i = 1,..,n. By Proposition 1.1 2) , there is

21 € C(t}) C L such that

J1' 4+ Bug — Az € Nopy (21)-

Put u} = uf + ny27'. Suppose that uf,uy,..,ul, 27, 25, ..2]" are constructed. As

<y Wi

above by Proposition 1.1 2) there exists 2}, ; € C(t},;) C L such that

fit1 + Bui — Az, € NC(t;l+1)(Z?+1)~
and we set uj ; = uy + nnz . Then by induction there are finite sequences
(u), and (z[")"_, such that

fit1 + Buj — Az}, € NC(t?+1)(Z?+1)

Uity = Ui + ez
From (u)?_, (/)i (fI")i,, we construct two sequences u,, from [0,T] to H, f,
from [0,7T] to H, by setting f,(0) = f{*, un(0) = ug and for each i =0,..,..n — 1
we set fn(t) = fi, and

t— 17
up(t) = ui' + ‘

(U?H —uy')
n

for ¢ €]t} ¢}, ,]. Clearly, the mapping u,(.) is Lipschitz continuous on [0, T, and
p is a Lipschitz constant of uy,(.) on [0,77] since for every t €]t}, ¢}, ]

Furthermore, for every ¢ € [0, T, one has u,(t) = u0+f(f U (s)ds, hence ||uy,(t)|| <
l|uo|| + pT'. We have
i1+ Bul — Azl € NC(t?H)(Z?Jrl)'

Now, let us define the step functions 6,,,9,, : I — I by

On(t) =1, On(t) =14
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if ¢ E]t?,t?_ﬂ] and 60,(0) = §,(0) = 0, and observe that for each t € I, there is
i € {0,...,n — 1} such that t € [t7, ¢} [, and then,

|0,(t) —t| = 0 and [6,(t) —t| = 0 as n — +o0.
So, the last inclusion becomes

fn(t) + Bun(0,(1) At () € NC(en(t)(un(t))

) —
a.e. t € [0,T] . We note that ||u,(t)|] < |Juol| + pT, [|f™(.)]| < B8 for all t € [0,T]
and up(t) = ug + fo Up(s)ds for all ¢t € [0,T] with u, € L a.e. Hence
5*(fn(t)+Bun(5n(t))_Aun(t)7C(en(t)))+<_fn(t)_Bun((sn(t))"i_Aun(t)aun(t» <0
with
n(t) € C(0n(t)) C L

so that un € S} where S} = {v € L},([0,7]) : v(t) € La.e. } and u,(t) =
ug + fo Uy, (s)ds for all t € [0,T] with 4, € L a.e. We note that S} is a convex
weakly compact set of L},([0,7T7]) see (e.g [18] and the references therein). Let

X:={v:[0,T] = H :v(t) :u0+/0ti1(s)ds,t€ [0,T]; v € St}

Then it is clear that X is convex, equicontinuous and weakly compact [31] in
Cy([0,T]). As (u,) C X. One can extract from (u,,) a subsequence not relabelled
which pointwise weakly converges to u : I — H such that u(t) = ug + fot u(s)ds
for all t € I and (i) o(L}([0,T]), L57([0,T]))-converges to @ € S}. Our first
task is to prove the inclusion u(t) € C(t) a.e. Indeed, for every measurable set
Z C [0,T] and for any « € H , the function 1zx € L. We have

(2, (1)) < 8 (2, C(0a(1))).
Integrating on Z gives

/Z (1, i (1), )t = /Z (2 i (1)) dE < /Z 5 (2, C(0, (1)) ).

Passing to the limit in this inequality

/(121‘ a(t))dt < hmsup/ 5*(z, C (O (1)) )t
Z

/hmsup<5 (x,C(0 /(5* z,C(t
7 n

using the fact that C' is scalarly upper semicontinuous and (7.1). So we deduce
that
(z,u(t)) < 6% (z, C(t))



a.e. By the separability of H and the weak compactness of C'(t) by virtue of
Castaing-Valadier (([19], Proposition III- 35) , we get u(t) € C(t) a.e. Let h €
L% (I). We first note that

T T
| / ), Bun(0n()))dt— /0 (h(t), Bun (1)) dt] < /0 (A1), Bun (6,()) ~ Bua (£))]dt

T
< hl<lBlo [ 15.(6) = lar

As consequence, we have

lim inf /0 i (t). Bun(60(6)))dt < lim nf /0 i (t). Bun (1)),

n

Now as u,(d,(t)) — u(t) pointwise weakly in H and B is a linear continuous
compact operator, Bu,(d,(t)) — Bu(t) pointwise in H, so that Bu,(d,(.)) —
Bu(.) weakly in LL (I). Indeed, let h € LS?(I). Then we have

T T
| / ), B (50 (1))t — /0 (h(t), Bu(t))dt] < /0 [(A(t), Bun(8,())— Bu(t))dt

T
< |hlos /0 1 Bun (6(t)) — Bu(t)|dt.

As fOT || Bup,(6,(t)) — Bu(t)||dt — 0 when n — oo, our assertion follows. Simi-
larly as A is symmetric, we note that Aw, — Ad weakly in L};(I). As a main
consequence fr, + Buy(6,(.)) — A, — f + Bu — At weakly in L5 (I). Then we
may apply the lower semicontinuity of integral convex functional ([18], Theorem
8.1.16) to deduce that

(1.1.2)

/ 5*(£(#)+ Bu(t)— Aa(#), C(#))dt < lim inf / 5 (fo(£)4 Bt (5 (£)) — At (1), C (1))t
n Z

for every Lebesque measurable set Z C [0,7"]. This need a careful look. Indeed, we

note that (¢,z) — §*(x,C(t)) is a normal lower semicontinuous convex integrand

defined on [0, 7] x H and §*(f,,(t) + Buy (9, (t)) — Ay, (t), C(t)) is measurable and
integrable:

10 ()4 Bun (3 ()= Atin(£), C(£))] < || fu(t)+Butn(0n(£) — At (D)|| L] < Constant
furthermore
6" (fn(t) + Bun(0n(t)) — Atn(t), C(t)) = (fu(t) + Bun(dn(t)) — Atin(t), u(t))

where %(t) is a measurable selection of C' (note that C' is scalarly upper semicon-
tinuous multimapping from [0,7] to L). Further we have by (1.1.1)

|6*(fn(t) +Bun(5n(t)) _Aun(t)’ C(t)) _5*(fn(t) +Bun(5n(t)) _Aun(t)7 C(en(t))”



< |[falt) + Bun(6a(t)) — A (1) [[d (C(1), C(0(1)))
< [ fal®) + Bun(6a()) — At (®)l[0(t) — v(0(8))] < Constant/o(t) — v(6a (1))
so that

it | 5°(£a(8) + Bun(6,(8) ~ A (0). (6, ()i

> lim inf /Z 5 (fu(t) + Bun(6,(t)) — Atn(t), C(¢))dt

(1.1.3) 2/6*(f(t)+Bu(t)—Aa(t),C(t))dt.
Z

Let us set Ya(x) = (Az,z) if z € L and ¢(x) = +oo if ¢ L. Then it is clear
1 is a positive lower semicontinuous convex integrand. Apply again the lower
semicontinuity of the integral convex functional ([18], Theorem 8.1.6) associated
with the positive normal convex integrand 14 we obtain,

1qmém@MWZémwmﬁ
that is
(1.1.4) lim inf /Z (Adin (1), i (1)) dt > /Z (Ad(t), a(t)dt.

Now we use the fact that B is compact operator to assert that Buy, (0, (t)) — Bu(t)
pointwise strongly in H. Whence it follows that

(1.1.5) lim /Z (Bun(6(1)), tn(t))dt = /Z (Bu(t), a(t))dt.

Similarly we have

(1.1.6) im [ (fu(0) (et = [ (7(0) 0

because f;, is uniformly bounded and pointwise strongly converge to f and u,, — @
weakly in L1 ([0,7]) by noting that a bounded sequence is L% () which pointwise
converges to 0, converges to 0 uniformly on any uniformly integrable subset of
L1 ([0,T)), in other terms it converges to 0 with respect to the Mackey topology
(L% ([0, 7)), LY, ([0,77)) (see[9]).! Now integrating on Z C [0, 7] the inequality (
here measurability and integrability are guaranted)

5*(fn(t> + Bun(dn(t» - Aan@)? C(en(t)))

'If H = R®, one may invoke a classical fact that on bounded subsets of L% the topology
of convergence in measure coincides with the topology of uniform convergence on uniformly
integrable sets, i.e. on relatively weakly compact subsets, alias the Mackey topology. This is a
lemma due to Grothendieck [21] [Ch.5 §4 no 1 Prop. 1 and exercice]




+<_fn(t) - Bun(én(t))a un(t)> + <Aan(t)7ﬂn(t) S 0
gives

/Z 5 (fult) + Bun(Sn(t)) — Atin(t), C(0n(1))))dt

1D+ [ i)t + [ (=50 = B in0)at <0

by passing to the limit when n goes to oo in this equality using (1.1.1)—(1.1.7)
gives

(1.1.8) /Z 6% (f(t) + Bu(t) — Au(t), C(t)) + (Au(t) — Bu(t) — f(¢), a(t))]dt < 0.

Ast— 0*(f(t)+ Bu(t) — Au(t),C(t)) + (Au(t) — Bu(t) — f(t),u(t)) is integrable,
by (1.1.8) it follow

(1.1.9) 0*(f(t) + Bu(t) — Ai(t),C(t)) + (Ai(t) — Bu(t) — f(t),a(t)) <0, a.e.
As 1(t) € C(t), we have

5 () + Bu(t) — Aat), C(1)) > (f(t) + Bu(t) — Au(t), a(t))
that is
(1.1.10)  0*(f(t) + Bu(t) — Au(t), C(t)) + (—£(t) — Bu(t) + Au(t), u(t) > 0.
By (1.1.9) and (1.1.10) we get finally

§*(f(t) + Bu(t) — Au(t), C(t)) = (f(t) + Bu(t) — Au(t), u(t))

a.e. with u(t) € C(t) a.e. so we conclude that f(t)+ Bu(t) — Au(t)) € Neg)(u(t))
a.e. O

Remarks 1) The uniqueness of solutions follows easily from the coerciveness of
the operator A. Indeed let u; and us two solutions. then by an easy computation,

<A’ll2(t) — A’lll(t),QlQ(t) - 111(t)> + (B’U,Q(t) — Bul(t), ag(t) — 111 (t)> S 0
so that
(Atig(t) — At (t), tp(t) — 01 (8)) < [Bl[|uz(t) — wr (t)][]|i2(t) — w (@)]]
By coerciveness, we deduce that

wlliz(t) — (0] < [Bllluz(t) — ur ()][[[a2(t) — a1 (1)]]
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Whence
lia(t) — in ()1 = ) — w0l < 2 [ ia(s-yinolias
0

By Gronwall lemma 1(t) = u2(t) a and so wui(t) = wua(t) since ui(t) = ug +
[y a1 (s)ds, ¥t € [0, T, ua(t) = ug + [ u2(s)ds, vt € [0, T].

2) The tools developed above allows to obtain further variants. The fact that
C(t) is weakly compact is required, and mainly the coerciveness of A and the
compactness assumption for the operator B. An inspection of the proof of The-
orem 1.1, shows that the compactness assumption on B is required to prove the
Fatou property,

lim in / (B (1t (00 (1)), oy (1))t > / (Bu(t), a(t))dt
z Z

So as a possible variant we may substitute the bounded operator B by the gradient

Vg of a positive convex continuous Gateaux differentiable function g : H — R

such that g(v(t)) is absolutely continuous for v : [0, 7] — H absolutely continuous,

so that by invoking the chain rule formula, see Moreau-Valadier, [27], we have the

equality

(Vo(u(t), 6(1)) = “g(v(t)

Hence by using this fact and the tool developed in Theorem 1.1, we obtain a
variant of Theorem 1.1 by noting that

T T
lim n /0 (Vg(n(8)) i (£)dt = limm inf /0 %g(un(t))dt

T T
> [ oty = [ (votuo).atar

It is obvious that a linear continuous operator and a gradient do not enjoy similar
properties, showing the interest of the new variant we give further. These remarks
have some importance in further developments.

Now we present a second variant dealing with the existence and uniqueness of
absolutely continuous solution to the evolution inclusion of the form

£(8) + Bult) ~ Ai(t) € Neg(t, S (0)

where f is a bounded continuous mapping f : I — H, A is a coercive symmetric
operator, and B : H — H is a Lipschitz mapping: ||Bx—By|| < M||x—yl|,Vz,y €
H for some positive constant M.

Theorem 1.2. Let f: [0,T] — H be a continuous mapping such that ||f(t)|| < B
for all t € [0,T], let v : [0,T] — RT be a positive nondecreasing continuous



function with v(0) = 0. Let C' : [0,T] — H be a convex compact valued mapping
such that dg(C(t),C(1)) < |v(t) —v(7)| for all t,7 € [0,T]. Let A: H — H be a
linear continuous coercive symmetric operator and let B : H — H be a Lipschitz
mapping: ||Bx — By|| < M||x — y||,Vz,y € H for some positive constant M.
Then, for any ug € H, the evolution inclusion

. du
f(t) + Bu(t) — Au(t) € NC(t)(E(t»
u(0) = ug
admits a unique WI%I’OO([O,T]) solution w : [0,T] — H.
Proof. We note that by Hormander formula (see e.g. Castaing-Valadier [19)])
(1.2.1)  [6%(x, C(t)) = 6"(x, C(7))| < ||z||dm (C1), C(7)) < [Jz[[|v(t) — v(7)].

and the image C([0,7T7) of [0,T] by C' is compact, in other words, C(t) C L where
L is a convex compact subset of H, for all ¢t € [0,T]. We will use the Moreau ’s
catching-up algorithm [26]. We consider for each n € N the following partition of
the interval I = [0,T].

thr = z% =iy, for 0 <i <n. I7 :=]t7, 67 ] for 0 <i <mn—1.

Put uff = up and f]* = f(t}') for all i = 1,..,n. By Proposition 6.1 2) ithere is
21 € C(t}) C L such that

JT' + Bug — Az" € Neap (21)-

Put u} = uf + nu27'. Suppose that ug,ul, .., ul, 27, 25, ..2]" are constructed. As
above by Proposition 6.1 2) there exists 27, ; € C(t{,;) C L such that

fit1 + Bui — Az, € NC(t;l+1)(Z?+1)~
and we set ui',; = ui + npzj,;. Then by induction there are finite sequences
(u")izy and (2]')1_, such that

fiv1 + Bui — Azl € NC(t;LH)(Z?H)

Uiy = ui + Mz

From (u)?_, (/)i (fI")i,, we construct two sequences u,, from [0,T] to H, f,
from [0,7T] to H, by setting f,(0) = f{*, un(0) = ug and for each i =0,..,..n — 1
we set fr(t) = fii, and

_4n

un(t) = ui' + — E(uyy — )

n
for t €]t}, ¢}, ,]. Clearly, the mapping u,(.) is Lipschitz continuous on [0, T], and
p is a Lipschitz constant of u,(.) on [0,T7] since for every t €]t} ;" ;]
Uiy — g

" ! :Z;/L_;'_l EC(t;L_H) CLCpEH
n

n(t) =

10



Furthermore, for every ¢ € [0, 77, one has u, (t) = uo+ fo U (s)ds hence ||un(t)|] <
lluo|| + pT. We have

fif1 + Bui — Az, € NC(t;LH)(ZinH)-
Now, let us define the step functions 6,,,9, : I — I by
en(t) = tszrla 5n(t) = tzn

if ¢ E]t?,t?_ﬂ] and 60,(0) = §,(0) = 0, and observe that for each t € I, there is
i € {0,...,n — 1} such that t € [t} ¢}, [, and then,

|0,(t) —t| = 0 and [6,(t) —t| - 0 asn — +oo,
So, the last inclusion becomes

fn(t) + B(un((sn(t)» - Aun(t)) € NC(Gn(t) (un(t))

a.e. t € [0,T] . We note that ||u,(t)|| < [luo|| + T, ||f™(.)|] < B for all t € [0,T]
and up (t )—u0+f0un )ds for all t € [0,7T] with @, € L a.e. Hence

6" (frn(t)+B(un(0n(t)))—Atn(t), C(0n(t)))+(—fr(t) = B(un(0n(t)))+ At (t), in(t)) < 0
with
Un(t) € C(0,(t)) C L

so that ﬂn € S} where S} := {v € L}([0,7]) : v(t) € La.e. } and u,(t) =
ug + fo Uy, (s)ds for all t € [0,T] with 4, € L a.e. We note that S} is a convex
weakly Compact set of L},([0,77]) Let

X :={v:[0,T] - H :v(t) :uo—i—/oti)(s)ds, t€[0,T]; v € S}

Then it is clear that X' is convex, equicontinuous and compact in Cg([0,7]).
As (up) C X. One can extract from (u,) a subsequence not relabelled which
pointwise converges to u : I — H such that u(t) = up + fo s)ds, for all t € I
and (1) o(LY (10, 7)), L ([0, T]))-converges to @ € Si. Our ﬁrst task is to prove
the inclusion u(t) € C(t) a.e. Indeed, for every measurable set Z C [0,T] and for
any v € H , the function 1zz € L%. We have

(@, in (1)) < 6% (2, C(On(t)))-

Integrating on Z gives

/Z(le,iLn(t),)dt:/Z<a:,un(t)>dt§/Zé*(x,C(Hn(t)))dt.
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Passing to the limit in this inequality

/(121‘ a(t))dt < hmsup/ 5 (z, C (O (1)) )t
Z

/hmsup5 (z,C(0 /5* z,C(t
7 n

using the fact that C' is scalarly upper semicontinuous. So we deduce that
(z,0(t)) < 6" (x,C(t))

a.e. By the separability of H and the compactness of C(t) by virtue of Castaing-
Valadier (([19], Proposition IIII- 35) , we get u(t) € C(t) a.e. Let h € L (I). We
first note that

T T T
| / (h(t), Bun(60(t))))di— / (h(t), Blun(t)))dt] < / [(B(t), B(un(60(£)))— B (un (1)) dt
0 0 0

T
< |l Mp /0 6,(t) — tlat

using the Lipschitz condition of B. As consequence, we have

T T
lim inf/ (Un(t), Bun(6,(t)))dt > lim inf/ (Un(t), Buy(t))dt
" 0 " 0

Now as uy, (0, (t)) — u(t) pointwise in H and B is Lipschitz continuous, Buy, (6, (t)) —
Bu(t) pointwise in H so that Buy,(d,(.)) — Bu(.) weakly in L (I). Indeed, let

h € L3 (I). Then we have

T T
| / ), Bun (8 (1)) dit — /0 (h(t), Bu(t))dt| < /0 (1), Buun (8(t)) — Bu())|dt

T
< Bl / M [t (8 (£)) — (t)]|dt

using the Lipschitz condition of B. As fOT M||un(6,(t)) — u(t)||dt — 0 when n —
oo, our assertion follows. Further as A is symmetric, we note that A, — Au(.)
weakly in L1, (I). As a main consequence fy, + Buy(6,(.)) — Ati, — f + Bu— Au
weakly in L}; (). Then we may apply the lower semicontinuity of integral convex
functional ([18], Theorem 8.1.16) to deduce that

(1.2.2)

/ O (F(t)+Bu(t)— Au(t), C(1))dt < lim in /Z 5 (fu () + Bt (8 (£)) — At (£), C(2))dlt

for every Lebesque measurable set Z C [0, T]. This need a careful look. Indeed, we
note that (¢,z) — 6*(x,C(t)) is a normal convex lower semicontinuous integrand

12



defined on [0, 7] x H and §*(f(t) + Bun (6, (t)) — Aty (t), C(t)) is measurable and
integrable:

10 (fu(t) 4 Bt (50 (1))— A (£), C(£))] < || fu(t)+ Bun (3, (1))~ At (1) || L] < Constant
furthermore
5*(fn(t) + Bun(én(t)) - Aun(ﬂ? C(t)) > <fn(t) + Bun(én(t)) - Aun(t)vﬂ(t»

where u(t) is a measurable selection of C' (note that C' is scalarly upper semicon-
tinuous multimapping from [0,77] to L). Further we have by (1.2.1)

|5*(fn(t) +Bun(5n(t)) _Aun(t)’ C(t)) _5*(fn(t) +Bun(5n(t)) _Aun(t)7 C(en(t))”

< || fn(t) + Bun(0n(t)) — At (t))[|du (C(t), C(0n(t)))
< |[Ifn(t) + Bun(0n(t)) — Aty ()|[|v(t) — v(0n(2))] < Constant|v(t) — v(0n(t))]
so that
lim nf /Z 5 (Fu(t) + Bun (60 (1)) — Atin (£), C(0n (1)) )dt

> lim inf /Z 5 (fu(t) + Bun(6,(t)) — Atn(t), C(2))dt

(1.2.3) > / 5*(f(t) + Bu(t) — Aat), C(1))dt

Z
Let us set Y4(x) = (Az,z) if z € L and ¢(x) = +oo if © ¢ L. Then it is clear
1 18 a positive lower semicontinuous convex integrand. Apply again the lower

semicontinuity of the integral convex functional ([18], Theorem 8.1.6) associated
with the positive normal lower semicontinuous convex integrand 4 we obtain,

1%mLW@MWZémwmw
that is

(1.2.4) lim inf / (At (£), i (1))t > / (Aa(), it dt
Z

n Z

Recall that Bu, (0, (t)) — Bu(t) pointwise in H. Whence it follows that

(1.2.5) lim /Z (B (6, (), (1)) dt = /Z (Bu(t), a(t))dt

Similarly we have
(1.26) o ROR RO RUCRIO
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because f, is uniformly bounded and pointwise converge to f and u,, — % weakly
in L},([0,77]), using the Castaing’s trick [9] given in the proof of the preceding
theorem. Now integrating on Z C [0,7] the inequality here measurability and
integrability are guaranted)

" (fn(t) + Bun(0n(t)) — Atin(t), C(6n(t)))
+<_fn(t) - Bun(én(t))a un(t)> + <Aan(t)7un(t) S 0

gives

[ 870+ Bual5.(6)) = At (0. C0,(0))i

(1.2.7) +/Z<Aun(t),un(t)>dt+/Z(—fn(t) — Bun (6, (1)), itn (1))t < 0

by passing to the limit when n goes to oo in this equality using (1.3.4)—(1.3.6)
gives

(1.2.8) /Z 5 (F(t) + Bu(t) — Au(t), C(t)) + (Au(t) — Bu(t) — F(£), a(t))]dt < 0

Ast— 0*(f(t)+ Bu(t) — Au(t),C(t)) + (Au(t) — Bu(t) — f(t),u(t)) is integrable,
by (1.2.7) it follow

5*(f(t) + Bu(t) — Au(t), C(t)) + (Au(t) — Bu(t) — f(),a(t)) <0, a.e.
As u(t) € C(t), we have
6*(f(t) + Bu(t) — Au(t),C(t)) = (f(t) + Bu(t) — Au(t), u(t))
that is
(1.2.9)  §*(f(t) + Bu(t) — Au(t),C(t)) + (—f(t) — Bu(t) + Au(t),u(t) >0
By (1.2.8) and (1.2.9) we get finally
67 (f(t) + Bu(t) — Au(t), C(t)) = (f(t) + Bu(t) — Au(t), u(t))

a.e. with u(t) € C(t) a.e. so we conclude that f(t) + Bu(t) — Au(t)) € Ne)(u(t))
a.e. The uniqueness of solutions follows easily from the coerciveness of the oper-
ator A. Indeed let u; and uo two solutions. then by an easy computation,

<A7l2(t) - AiLl(t),iLQ(t) - 1l1(t)> + (BUQ(t) - Bul(t), ﬂg(t) — Uy (t)> <0
so that

(Adig(t) — At (2), ta(t) — i () < Mlug(t) — w1 (8)[|[[d2(t) — i1 (£)]]
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By coerciveness, we deduce that
wlliz(t) — a1 (t)]|* < Mllua(t) — ui (t)][[Ja2(t) - (2)]]

Whence
lia(t) = in ()] < T llua(t) = ()] < T [ ity (o)

By Gronwall lemma 4;(t) = 42(t) and so ui(t) = wa(t) since ui(t) = up +
fot u1(s)ds, vVt € [0,T7], ua(t) = up + fg ug(s)ds, Vvt € [0,T]. O

We present a third variant dealing with the existence and uniqueness of abso-
lutely continuous solution to the evolution inclusion of the form

F(8) + Bu(t) — Aat) € dy(t, %(t))

where f is a bounded continuous mapping f : I — H, A is a coercive symmetric
operator, and B : H — H be a linear continuous mapping Oy is the subdifferential
of a normal lower semicontinuous convex integrand ¢.

Theorem 1.3. Let H be a separable Hilbert space.Let K be a conver compact
subset of H. Let ¢ : [0,T] x K —] — 00, 4+00] be a normal lower semicontinuous
convezx integrand such that

(i {¢(.,u(.),u € Sk} is uniformly integrable.

(i) o(t,z) < (1, 2)+|v(t)—v(T)| for allt,T € [0,T),z € K wherev : [0,T] - R
is a positive nondecreasing continuous function with v(0) = 0.

Let A: H— H be a linear continuous coercive symmetric operator and B : H —
H be a linear continuous mapping. Then, for any ug € H, the evolution inclusion

d
F(t) + Bult) = Ailt) € dp(t, = (1))
u(0) = uo
admits a unique W}J’OO([O,T]) solution w : [0,T] — H.

Proof. We will use again the Moreau ’s catching-up algorithm. We consider for
each n € N the following partition of the interval I = [0, 7.

thr = z% = iny, for 0 <d <. 17 =)0, 47 ] for 0 <i <n—1.

Put ug = ug and f = f(t}) for all i = 1,..,n. By Proposition 1.1 1) , there is
21" € K such that

f1" + Bug — Azt € 0p(ty, 21).

Put uf = uf + n,27'. Suppose that ug,ufl, .., u}, 27, 25, ..2]" are constructed. As

cy Wi

above by Proposition 1.1 1) there exists zj,; € K such that

i1+ Bul — Azl € 0p(tl ;21 )-
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and we set ui',; = ui + npzf’,;. Then by induction there are finite sequences
(u")i—y and (2]")1_, such that

Ztr_bf_l + BU’Zn — AZ?_;'_l S 8@(15?_’_1, Z;'n_;’_l)

n  _.n n
Uik = Uy + N2y

From (u)?_, (2/)i, (fI")i,, we construct two sequences u,, from [0,T] to H, f,

from [0,7T] to H, by setting f,(0) = f{*, un(0) = ug and for each i =0, ..,..n — 1
we set fr(t) = f\, and

_ 4N

un(t) = uf! + —(uflyy — uf)
n

for t €]t}, ¢}, ,]. Clearly, the mapping u,(.) is Lipschitz continuous on [0, T], and
p is a Lipschitz constant of u,(.) on [0, 7] since for every t €]t} t}' ;]

n n
Uiy — Uy

=2, € K C pBpy.
Tin

Un(t) =

Furthermore, for every ¢ € [0, T, one has u,(t) = uo—l—f(;t Un(8)ds, hence ||u,(t)|| <
l|uol| + pT. We have

[ + Bui — Az € 0p(tiy 1, 2i'1)-
Now, let us define the step functions 6,,,0,, : I — I by
On(t) = ti1, On(t) =1t}

if ¢ €]t, 7] and 0,(0) = 6,(0) = 0, and observe that for each ¢ € I, there is
i €{0,...,n — 1} such that t € [t} ¢}, [, and then,

|0, (t) —t| = 0 and [0,(t) —t| = 0 asn — +oo,
So, the last inclusion becomes
Jn(t) + Bun(6n (1)) — Atin(t) € 0p(0n(t), in(t))

a.e. t € [0,7] . We note that ||u,(¢)|| < ||uol| + pT, ||f™()]| < B for all t € [0,T]
and up (t) = up + fg Up(s)ds for all t € [0,T] with 4, € K a.e.

Step 2 Convergence of the algorithm and final conclusion
Let S} :={h € L};([0,T]) : h(t) € K a.e.} and let

X :={v:[0,T] > H:v(t) = uo—l—/otii(s)ds, te[0,T]; v € Sk}

Then it is clear that S} is convex and weakly compact in L, ([0,7]) (see e.g. [18]
and the references therein) and that X is convex, equicontinuous and compact in
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Cu([0,T]). As (u,) C X, one can extract from (u,) a subsequence not relabelled
which pointwise converges to u : [0,7] — H such that u(t) = ug + fg u(s)ds, for
all t € [0,7] and (1) o(LL([0,T]), L3([0,T]))-converges to @ € Sk. As ¢ is
normal lower semicontinuous convex, the conjugate function ¢* : [0,7] x H — H

(1.3.1) @ (t,y) = Slellg[@, y) — o(t, )]

is normal, see e.g Castaing-Valadier [19] and satisfies

v (ty) < @™ (1y) + |v(t) = v(7)]

for all t,7 € [0,7T],y € H using assumption (i) ([28], Proposition 27). By using
the normality of ¢, the mappings t — ©(0,(t),u,(t)) and t — (¢, u,(t)) are
measurable and integrable. By construction we have

gn(t) := fu(t) + Bun(0n(t)) — Atn(t) € dp(On(t), tn(t))

so that by the normality of ¢*, the mapping ¢t — ¢*(0,(t), gn(t)) is measurable
and integrable. Further by (1.3.1) and (4ii) we have
(1.3.2)

_So(tﬂln(t)) + <un(t)7gn(t)> < 90*(tﬂgn(t)) < 90*(9n(75)79n(t)) + |U(t) - U(an(t))‘

so that ¢t — —p(t, 0, (t)) + (U, (t),gn(t)) is uniformly integrable thank to (ii).
We note that (hy(t) := fn(t) — Buy(d,(t))) is uniformly bounded and pointwise
converges to h(t) = f(t) — Bu(t) in H. Hence (hy(:) —h(-)) is uniformly bounded
and pointwise converges to 0, so that it converges to 0 uniformly on any uniformly
integrable subset of L,([0,77]), in other terms it converges to 0 with respect to the
Mackey topology 7(L%([0,77), L};([0,T7)) so that, for every Lebesgue measurable
set B C [0,T],
lm [ (h,(t) — h(t),an(t))dt =0

n—o0 B

because () is uniformly integrable. Consequently

lim [ (B (t), i (t))dt

n—oo B

= lim | (ha(t) = h(t), an(®))dt + lim | (h(t),in(t))dt

(1.3.3) — tim [ (AL, 1 (1))t = / (h(1), a(t))dt.

As A is symmetric, we show that A, — Au(.) weakly in L}, (). As consequence
Gn = fn + Bun(6,(.)) — Atn(.) = g := f + Bu — At weakly in LL(I). Further,
let us set Ya(r) = (Az,z) if € K and ¢(r) = +oo if ¢ K. Then it is clear
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1 is a positive lower semicontinuous convex integrand. Apply again the lower
semicontinuity of the integral convex functional ([18], Theorem 8.1.6) associated
with the positive normal lower semi continuous convex integrand 14 we obtain,

lim n / alun(t))dt > /Z balu(t))dt
that is

(1.3.4) lim inf / (At (£), i (1))t > / (AQ(t), it dt
Z

n Z
Now, we have
w*(tagn(t)) < w*(gn(t)agn(t)) + |U(t) - U(en(t)”

(Un (1), gn(t)) — 0(On(t), 1n(t)) + [0(t)) — v(0n(?))]
< (tn(t), gn(t)) + @(t, in(t)) + 2|v(t) — v(0n(1))]-
Whence

T T
et < sup [ 101,00} + (8 (0 + 200(8) = (0,0

< Constant < oo

because
t = [[(n (2), gn ()] + (¢, in(t)) + 2[v(t) — v(Bn(t))]]

is bounded in Lk ([0,T]) so that by noting that (g,) weakly converges to g in
LL([0,T]) and applying the lower semicontinuity of integral convex functional
([18], Theorem 8.1.6) to ¢*, we deduce using (1.3.2) that

/ ©*(t, g(t))dt < lim inf/ ©*(t, gn(t))dt < Constant < 0o
z " z

as consequence

(1.3.5) /Zgo*(t,g(t))dtglimninf/zgo*(t,gn(t))dtSli%inf/zw*(Hn(t),gn(t))dt

with ¢t — ¢*(t, g(t)) integrable. From

ot in(t)) < @(On(t), tn(t)) + [0(t) — v(0n(1))]

we deduce that

lin%inf/ch(t,un(t))dtSlimninf/Zgo(@n(t),ﬂn(t))dt.
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As (1) weakly converges to 4 € L ([0,T]), by the lower semi continuity theo-
rem ([18], Theorem 8.1.6) applied to the lower semicontinuity of convex integral
functional associated with ¢, we deduce that

(1.3.6) /Z (¢, i(t))dt < lim nf /Z (00 (L), in (1))t

with @(t) € K a.e. and t — ¢(t,4(t)) is integrable. Now integrating on any
Lebesgue measurable set Z in [0, 7] the equality

@(en(t)a an(t)) + 90*(0n(t)7 gn(t)) = <un(t)7 gn(t)>

gives
[ #0utt)iandr+ [ 0.0, a0t = [ fin(t). (et
By passing to the limit when n goes to oo in this equality using (1.3.3) — —(1.3.6)

gives

/Z ot (1))t + /Z o (t g(t))dt < / (alt), g(t))dt.

B
By t — o(t,u(t)) + ¢*(t, g(t)) — (u(t),g(t)) is integrable, we deduce that
p(t,u(t)) + "t g(t)) — (a(t),g(t)) <0

a.e. with u(t) € K a.e. So we conclude that o(t,u(t)) + ¢*(t, g(t)) = (u(t), g(t))
a.e., equivalently g(t) = f(t) + Bu(t) — Au(t) € dp(t,u(t)) a.e. and equivalently
u(t) € Op*(t, f(t) + Bu(t) — Au(t)) a.e. O

Remarks 1) The uniqueness of solutions follows easily from the coerciveness of
the operator A. Indeed let u; and us two solutions. then by an easy computation,

(At (t) — Auq(t), u2(t) — u1(t)) + (Bua(t) — Buq(t), ag(t) — a1(t)) <0
so that
(At (t) — At (t), t(t) — wn (t)) < [Bl[|ua(t) — ua(E)|[][d2(t) — i (£)]]
By coerciveness, we deduce that
wllio(t) — a1 ()]|* < |Bl[Jua(t) — ui (t)][]|2(t) — ()]
Whence

lia(®) = ia®l < a0 - a0l < 2! [ fia(syin (9

By Gronwall lemma 4(t) = u2(t) a and so ui(t) = us(t) since ui(t) = ug +
[3 a1 (s)ds, ¥t € [0, T, ua(t) = ug + [ u2(s)ds, vt € [0, T].
2) Theorem 1.3 generalizes Theorem 6 in [16] dealing with finite dimensional
space.

In view of further applications we provide some variational limits theorems
below.
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2 Some variational limit theorems

Proposition 2.1. Let H be a separable Hilbert space. Let C : [0,T] — H be
a conver weakly compact valued scalarly measurable mappings such that C(t) C
r(t)Bg, for all t € [0,T)] for some r € Lg.([0,T]). Let A be linear continuous
coercive symmetric operator on H . Let B is a linear continuous compact operator
on H.

Let (fn, f)nen be a bounded sequence in L35 ([0,T]) with || f,(¢)|| < B,||f(®)|| < B
(8 > 0) for alln € N such that f,(t) pointwise converges to f(t) for eacht € [0,T].
Let (v, v)nen be a bounded sequence in L33 ([0,T]) with ||v,(t)]| < v, [lv(t)]] <~
(v >0) for all n € N such that v,(t) pointwise converges weakly to v(t) for each
t €[0,T). Let (un) be an integrable sequence in L ([0,T]) such that u,(t) € C(t)
for all t € [0,T] such that (u,) o(LL, L) converges in Ly ([0,T] to u. Assume
that fn(t) + Bun(t) — Aun(t) € No)(un(t)) for all n € N and for all t € [0,T],
then u(t) € C(t) a.e. and f(t) + Bo(t) — Au(t) € Ny (u(t)) ae.

Proof. We first check that u(t) € C(t) a.e. Indeed, we have (z, u,(t)) < §*(z, C(t)),
Ve € H,Vt € [0,T]. Then by integrating on any Lebesgue measurable set
Z C [0,7]

/Z (2 wn ()t < /Z 5, C(8)) .

By using (iii) and by passing to the limit when n goes to oo gives

/ (2, u())dt < lim sup / 5*(z, C(8) dt.
Z n Z

Then we deduce that (z,u(t)) < §*(x,C(t)) a.e. so that by Castaing-Valadier
([19], Proposition I11.35), we get u(t) € C(t) a.e. Note that this fact requires that
C(t) is convex weakly compact. Note that f, + Bv, are uniformly bounded and
pointwise converges to f+ Bv since B is compact operator. Since u,, is uniformly
integrable and U(L}q, L37) converges to u, we have by the Castaing trick given in
the proof of Theorem 1.1

(2.1.1) lim/<fn+an,un>dt=/(f—l—Bv,u>dt
nJz Z

for every measurable set Z C [0,7]. By integrating on Z (we are ensured that
the functions given are measurable) the inequality

5*(fn(t) + an(t) - Aun(t)v Cn(t)) + <Avn(t) - an(t) - fna Un(t)> S 0

we get
(2.1.2)

/ 5*(fn(t)+an(t)—Aun(t),Cn(t))dt+/ <Aun—fn,un(t)>dt—/ (Buy,(t), v (t))dt < 0.
z z Z
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Set g, = fn+ Bv, — Au,. 1t is already seen that Au, — Au weakly in L}{([O, T))
and Bv, — Bv weakly in L1 ([0,T]) so that g, — g := f + Bv — Au weakly in
LL([0,T)). Let us set ¥(t,z) = (Ax,z) ifz € K and 9(t,z) = +ooif v ¢ K. Then
it is clear 1 is a postive lower semicontinuous convex normal integrand. By the
lower semicontinuity of the integral convex functional ([18], Theorem 8.1.6) asso-
ciated with the positive normal convex integrand 1 we obtain, for every Lebesgue
measurable set Z C [0, 7]

lim nf /Z Ot un (1)) dt > /Z (e, u(t))dt
that is

(2.1.3) liminf/Z<Aun(t),un(t)>dt2/<Au(t),u(t))dt

n A

To finish the proof we apply the lower semicontinuity of the integral convex
functional ([18], Theorem 8.1.6) associated with the normal convex integrand
(t,x) — 0*(x,C(t)) by noting that
(j) 6*(gn(t),C(t)) is minored by (gn(t), h(t)) where h € S}.

(jj) the minored sequence (g, (t), h(t)) is uniformly integrable.
Then by ([18], Theorem 8.1.6) we are ensured

(2.1.4) lim inf /Z 5 (ga(t), O(t))dt > /Z 5*(g(t), C(¢))dt

By combining (2.1.2) — —(2.1.4) we get

/Za*(f(t) — Au(t) — Bu(t), C(t))dt + /Z(—f(t) + Au(t) + Bo(t), u(t))dt <0
for every Lebesgue measurable set Z. But since u(t) € C(t) a.e. we have
§*(f(t) + Bu(t) — Au(t), C(t)) > (f(t) + Bo(t) — Au(t), u(t))
a.e. that is
§*(f(t) — Bo(t) — Au(t), C(t)) + (= f(t) — Bu(t) + Au(t),u(t) >0
a.e. so we conclude that
0*(f(t) — Bu(t) — Au(t), C(t)) = (f(t) + Bu(t) — Au(t), u(t)) =0

a.e. with u(t) € C(t) a.e., just proving that f(t) + Bu(t) — Au(t) € Ny (u(t))
a.e. O
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A variant of Proposition 2.1 is available by assuming that C' is convex compact
valued and the operator B is a Lipschitz mapping: ||Bz—By|| < M|Lz—y||. These
results related to the evolution variational inequality of the form f(t) + Bv(t) —
Au(t) € Neoy(u(t)) a.e stated in Theorem 1.1 and Theorem 1.2. The following
result is a stability result related to the evolution variational inequality of the form
f(t) +Vg(u(t)) — Au(t) € Newy(u(t)) here Vg is a specific gradient of a convex
continuous Gateaux differentiable such that g(v(t)) is absolutely continuous for v :
[0, 7] — H absolutely continuous. There is no confusion with the linear compact
operator B considered in Theorem 1.1 and Lipschitz operator B considered in
Theorem 1.2.

Proposition 2.2. H = R¢. Let C : [0,T] — H be a convex compact valued
measurable mapping such that C(t) C r(t)Bpy, for all t € [0,T] for some r €
L%H([O,T]). Let A be linear continuous coercive symmetric operator on H and
B = Vg where Vg is the gradient of a convex continuous Gateaux differentiable
function g : H — R such that g(v(t)) is absolutely continuous for v : [0,T] — H
absolutely continuous.

Let (fn, f)nen be a bounded sequence in L35 ([0,T]) with || fn(t)|] < B,]|f(t)]] <
(8 > 0) for alln € N such that f,(t) pointwise converges to f(t) for eacht € [0,T
Let (un, u)nen be a sequence of absolutely continuous mappings

s
.

un(t) = ug + /O ln(8)ds, in(t) € O(t)

u(t) = ug —l—/o u(s)ds,u(t) € C(t)

such that u,(t) — u(t) uniformly in H and i, — @ weakly in L}[0,T]. Assume
that fn(t) +Vg(un(t)) — Atn(t) € No)(in(t)) for alln € N and for all t € [0,T7,
then f(t) + Vg(u(t)) — Au(t) € Ney(u(t)) a.e.

Proof. Note that f,, are uniformly bounded and pointwise converges to f(t) then
we have

(2.2.1) 115n/z<fn,un>dt:/z(f,u>dt

for every measurable set Z C [0,7]. By integrating on Z (we are ensured that
the functions given are measurable) the inequality

5*(fn<t) + VQ(un(t)) - Aun(t)v Cn(t)) + <Aun(t) - v.g(un(t)) - fnvﬂn(t» § 0

we get
(2.2.2)

| 8 Gt Vgt ()~ i 1), Colt)dt+ [ (At fov ()t~ [ (Valn(6), n(t)d <0
Z Z Z
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Set gn(t) = fu(t) + Vg(un(t)) — Aup(t). We claim that Au,(f) — Au(t) weakly in
LL([0,T]) and Vg(un(t)) — Vg(u(t)) weakly in LL([0,T]).So gn(t) = fult) +
V(un(t)) — Atn(t) — g(t) == f(t) + Vg(u(t)) — Au(t weakly in Li([0,T]).
Indeed, as u,(t) — wu(t) pointwise, (x, Au,(t)) — (x, Au(t)). As consequence,
for any h € L3 ([0,T]), we have (h(t), Au,(t)) — (h(t), Au(t)) pointwise. But
then the uniformly bounded sequence of bounded measurable functions ({(h, Au,))
pointwise converge to the bounded measurable function (h, Au). As consequence,
(h, Auyp) — (h, Au) weakly in L} ([0, T]. This shows that Au, — Au weakly in
LL([0,T]). Similarly we show that Vg(un(t)) — Vg(u(t)) weakly in L}, ([0, T7).
Now we have to consider the term (Vg(un(t),un(t)) by using the special prop-
erty of Vg. In fact w, is absolutely continuous with derivative a, and g(uy) is
absolutely continuous, so that by Moreau-Valadier [27],

d

(Vg(un(t)), in(t)) = - g(un(t))

From this fact, it is easy to deduce that

n

T T
Iiminf/o <Vg(un(t)),an(t)>dtzlimninf/o %g(un(t)»dt

T a
(2.2.3) = lim inf (g (un(T) = u(0)) = g(u(T') = u(0)) :/0 %g(U(t)»dt

T
- /0 (Vg(u(t))., at))dt

Let us set ¢(t,x) = (Az,x) if v € K and ¢(t,x) = 400 if ¢ K. Then it is clear
 is a positive lower semicontinuous convex normal integrand. By the lower semi-
continuity of the integral convex functional ([18], Theorem 8.1.6) associated with

the positive normal convex integrand ¢ we obtain, for every Lebesgue measurable
set Z C [0,T]

lim in /Z ot i (1))t > / ot (L)) dt

z
that is
(2.2.4) linlninf/Z<AZ'Ln(t),1ln(t)>dt2 /Z<Au(t),u(t))dt

To finish the proof we apply the lower semicontinuity of the integral convex
functional ([18], Theorem 8.1.6) associated with the normal convex integrand
(t,z) — 6*(x,C(t)) by noting that
(7) 6*(gn(t),C(t)) is minored by (h(t), gn(t)); with h € S&.

(j7) the minored sequence (g, (t), h(t)) is uniformly integrable.
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Then we are ensured by the lower semicontinuity of the integral convex functional
theorem ([18], Theorem 8.1.6)

(2.2.5) lim inf /Z 5% (gn(t), C(£))dt > /Z 5 (g(t), C(t))dt

By combining (2.2.3) — —(2.2.5) we get

T T
/0 5" (f(8)+Vg(u(t)) - Au(t), C(t))dt+/0 (=f(O)+Vg(u(t)+Au(t),a(t))dt <0
But since u(t) € C(t) a.e. we have

5 (f(t) + Vg(u(t)) — Au(t), C(t)) = (f(t) + Vg(u(t)) — Ai(t), u(t))

a.e. that implies

T
/0 [0°(f(t) + Vg(u(t)) — Au(t), C(t)) + (= f(t) — Vg(u(t)) + Au(t), u(t)]dt = 0
so we conclude that

5" (f(t) + Vg(u(t)) — Au(t), C(t)) = (f(t) + Vg(u(t)) — Au(t), u(t)

a.e. with u(t) € C(t) a.e., just proving that f(t) + Vg(u(t)) — Au(t) € Ne(a(t))
a.e. t

3 Applications
3.1 A Skorokhod problem

We present at first a new version of the Skorokhod problem in Castaing et al
[15, 17] dealing with the sweeping process associated with an absolutely continuous
(or continuous) closed convex moving set C(¢) in H. Here the novelty is the
velocity is inside the subdifferential operator.

Theorem 3.1. Let I := [0,1] and H = R®. Let v : I — R" be a positive
nondecreasing continuous function with v(0) = 0. Let C' : I = H be a convex
compact valued mapping such that

(i) C(t) C M By for all t € I where M is a positive constant.

(i1) dg(C(t),C(1)) < |v(t) —v(7r)| for all t, T € 1.

Let A : H — H be a linear continuous coercive symmetric operator. Let B :
H — H be a linear continuous operator. Let z € C1=v%(]0,1],R%) the space
of continuous functions of bounded variation defined on [0,1] with values in RY.
Let LR, R®) the space of linear mappings f from R to R® endowed with the
operator norm

lf| = sup |f(z)|Re-

zERY [|z]|ga=1
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Let us consider a class of continuous integrand operator b : [0, 1]xR® — L(R%, R*)
satisfying

(a) [b(t,x)| < M, V¥(t,x) € [0,1] x Re.

(b) [b(t,z)=b(t,y)| < M||lz—y||lre, V(t,z,y) € [0,1] xR xR® with the perturbed
Riemann-Stieljies integral fg b(r,2z(7))dz; defined on x € C(]0,1],R®).

Let g: I x I x R® — RF° be a continuous mapping satisfying:

(i) |lg(t, s, x)|| < M for all t,s,x € RE.

(i) ||g(t, s,x) — g(1,s,2)|| < M|t — 7| for all (t,7,s,2) € [ x I x I x R® with the
perturbed Lebesgue integral fg g(t,s,z(s))ds defined on in C([0, 1], R¢).

Let a € C(0). Then there exist a BVC function x : [0,1] = H and an absolutely
continuous mapping function w : [0,1] — H satisfying

z(0) =u(0) =a

z(t) = h(t) + k(t) + Bu(t), vt € I
h(t) = [y b(r,2(r))dzr, VEE€ I
k:gt) = [Tg(t,s,2(s))ds, Vt € I

Proof. Let a € C(0). Let us set for all t € I =0, 1]

20t) = a, h'(t) = t T,a)dz,
(t) = a, BA(2) /Ob<,>d

then by Proposition 2.2 in Friz-Victoir [20], we have

t
| /0 b(r, a)dzr| < [b(er @) ocsfo.] |2 1—varsfot-)

t s t
/ b(t,a)dz; — / b(t,a)dz; = / b(t,a)dz,
0 0 s

so that by condition (a)

Moreover

th(t) - hl(S)H < M’z‘l—var:[s,t])
for all 0 < s <t <1 and in particular
||h1(t)|| < M|z|1—va7":[0,t] < M|z‘1—var:[0,T]
for all ¢ € [0,1]. Let us set for all t € T = [0, 1]

t
2208) = a. kL) = s, 2%(s))ds
() = a, k(1) /0 olt, 5,2%(s))ds,

then k! is continuous with ||k!(¢)|| < M for all t € I. By an easy computation,
using condition (i) and (ii) we have the estimate ||k'(t) — k'(7)|| < 3M|t — 7|,
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for all 7,¢t € I. By Theorem 1.1 there is a unique absolutely continuous mapping
u' : I — H solution of the problem

ul(0) = a
{ h(t) 4+ kN (t) + Bu'(t) — Au'(t) € No (u(t)) a-e.

t t
z(t) = h(t) + k1(t) + Bul(t) = / b(r,2%(7)dzr + / g(t,s,2%(s))ds + Bul(t).
0 0

Then z! is BVC with 2'(0) = a. Now we construct z" by induction as follows.
Let for all t € I

B (t) = /0 b(r, 2" (7)) dzr

¢
k"(t):/o g(t,s,ajn_l(s))ds.

Then k™ is equi-Lipschitz: ||k"(t) — k"(7)|| < 3M|t — 7|, for all 7,¢t € I with
IIk™(t)|]] < M for all t € I. By Proposition 2.2 in Friz-Victoir [20] we have the
estimate

[1h"(t) = h™()[] < M|2[1—var(s

for all 0 < s <t <1 and in particular
th(t)H < M’z‘l—var:[o,t} < M‘z‘l—var:[ml]
forall 0 <t < 1. By Theorem 1.1 there is a unique absolutely continuous mapping
u” : I — H solution of the problem
u"(0) = a,
R (t) + k" (t) + Bu™(t) — Au"(t) € N (u"(t)) a-e.

with v"(t) = a + f]o 1 u"(s)ds Vt € I and ||a™(t)|| < M a.e., Set for all t € T

:Jc”(t):h”(t)+k"(t)+Bu"(t):/0 b(T,xnl(T))dZT+/0 g(t, s,z (s))ds+Bu"(t)

so that 2" is BVC. As (u") is equi-absolutely continuous we may assume that
(u™) converges uniformly to an absolutely continuous mapping u : I — H with
u(t) = a+ fot u(s)ds,Vt € I. We may also assume that a" weakly converges in
L}q to @, and by Ascoli theorem we may assume that k™ converges uniformly to
a continuous mapping k : I — H. Now, recall that

A" () = h™()[] < M|z[1—var(s
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for all 0 < s < t < T by using Proposition 2.2 in Friz-Victoir [20], and our
assumption (a) on the mapping b. So A" is bounded and equicontinuous. By
Ascoli theorem, we may assume that h"™ converge uniformly to a continuous
mapping h. Similarly &™ is bounded and equi-Lipschitz. By Ascoli theorem,
we may assume that k™ converge uniformly to a continuous mapping k. Hence
x(t) = h"(t) + k™ (t) + Bu"(t) converge uniformly to z(t) := h(t) + k(t) + Bu(t),
and b(.,2"1(.)) converges uniformly to b(.,z(.)) using the Lipschitz condition
(b). Then by Friz-Victoir [20] (Proposition 2.7) fg b(r, 2"~ 1(7))dz, converge uni-
formly to fg b(t,x(7))dz,. By hypothesis (i), g(t,s,2""!(s)) pointwise converge
to g(t, s, x(s)). Hence fgg(t,s,:v”_l(s))ds — fgg(t,s,x(s))ds for each t € I by
Lebesgue theorem. So by identifying the limit

t ¢
lim z"(t) = lim b(r, 2" (7))dz, + lim g(t, s, 2" (s))ds + lim Bu"(t)

= / b(r,z(7))dzr —i—/ g(t,s,x(s))ds + Bu(t) = x(t).
0 0

From the inclusion
h"™(t) + k" (t) + Bu"(t) — Ad"(t)) € NC(t) (a"™(t)) a.e.

and the above convergence, repeating the argument involving variational tech-
niques in Proposition 1.2 we get

h(t) + k() + Bu(t) — Au(t) € Neg (i(t) a.c.

The proof is therefore complete. In Theorem 2.3 we have provided existence
results of solution for a class of integral equation of Hammerstein type coupled
with a sweeping process in the BV setting. Actually our tools allow to state
several variants of Theorem 2.3 according to the nature of the perturbation and
the operator. Actually Theorem 2.3 hold if B : H — H is a Lipschitz mapping:
||Bx — By|| < M||z — yl||,Vx,y € H for some positive constant M. Theorem 2.3
holds if we replace B by the gradient Vg of a positive convex continuous Gateaux
differentiable function g : H — R such that g(v(t)) is absolutely continuous for
v :[0,7] — H absolutely continuous,

O

3.2 Towards fractional inclusion coupled with EVI and sweeping
process

Now I = [0, 1] and we investigate a class of boundary value problem governed by a
fractional differential inclusion (FDI) (3.1) in a separable Hilbert space H coupled
with the evolution inclusion governed by the above EVI (3.3) and sweeping process
(3.4).

Dh(t) + AD* h(t) = u(t),t € I, (3.1)
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1
_ )81 — )
I3, h(0) o = lmy [ (tmg)ms)ds =0, w = = [T
’ (3.2)
£, h(t) + Bu(t) — Aa(t) € dp(t, alt)) a.e. (3.3)
and
F(t, h(t) + Bu(t) — Ad(t) € Neg (a(t)) a.e. (3.4)

where « €]1,2], 8 € [0,2—a],\ > 0, > 0 are given constants, D is the standard
Riemann-Liouville fractional derivative , I' is the gamma function.

For the convenience of the reader, we begin with a few reminders of the con-
cepts that will be used in the rest of the paper.

Definition 3.1 (Fractional Bochner integral). Let E be a separable Banach space.
Let f : I =1[0,1] — E. The fractional Bochner-integral of order v > 0 of the
function f is defined by

It f(t) = /at (t;(i));lf(s)ds, t>a.
In the above definition, the sign “[” denotes the classical Bochner integral.
Lemma 3.2 ([29]). Let f € L'([0,1], E,dt). We have
(i) If a €]0,1] then I“f exists almost everywhere on I and I*f € L*(I, E, dt).
(i) If a€[l,00) then I*f € Cg(I).

Definition 3.2. Let E be a separable Banach space. Let f € L'(I,E,dt). We
define the Riemann-Liouville fractional derivative of order o > 0 of f by

n n t —g n—a—1
D f(e) = D0 = G50 = g [ psas

where n = [a] + 1.

We denote by Wg’g(l ) the space of all continuous functions in Cr (1) such that
their Riemann-Liouville fractional derivative of order a — 1 are continuous and
their Riemann-Liouville fractional derivative of order o are Bochner integrable.
Green function and its properties
Let a €]1,2], € [0,2 —a],A > 0,7 >0 and G : [0,1] x [0,1] — R be a function
defined by

exp()\s)ISO‘:l(exp(f)\t)), 0<s<t<1,

Gt 5) = p(s) [0 (exp(—=AD)) +
0, 0<t<s<l1
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where

p(s) = 2O (12 expl-a0)) (1) = (12 (7)) (0] (30
with
o = (157 (exp(=20))) (1) — (157" exp(=2) ) (). (3.7)

We recall and summarize a useful result ([14]).

Lemma 3.3. Let E be a separable Banach space. Let G be the function defined
by (3.5)-(3.7).

(i) G(-,-) satisfies the following estimate

1 1+T(y+1)
”“””Srm><mﬂwwmv+n

—|-1> :Mg.

(i) Ifue Wg}g ([0,1]) satisfying boundary conditions (4.2), then
1
/G (s) +AD* tu(s)) ds for everyt € [0,1].
0
(iii) Let f € L}, ([0,1]) and let ug : [0,1] — E be the function defined by

1
:/G(t,s)f(s)ds for teo,1].
0

Then
Ioup(t) o =0 and up(1) = (IJ,uy) (1).

Moreover uy € Wg’}z([o, 1]) and we have

t 1
(D> tuy) (t) = /exp(—)\(t—s))f( )ds+exp(— /(p (s)ds forte[0,1],
0 0

(3.8)
(D%uy) (t) + X (D tug) (£) = f(t) forall te[0,1]. (3.9)

From Lemma 3.3 we summarize a crucial fact.

Lemma 3.4. Let E be a separable Banach space. Let f € L'(I, E,dt). Then the
boundary value problem

{ D%u(t) + AD* tu(t) = f(t), tel
wu(t) =0 =0, w(l) = I, u(1)
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has a unique Wg”}g,(])—solution defined by

u(t) = /0 G(t, s)f(s)ds, t € T.

Theorem 3.5. Let E be a separable Banach space. Let X : I — E be a convex
compact valued measurable multifunction such that X (t) C vBg for all t € I,
where 7y is a positive constant and S}( be the set of all measurable selections of X.

Then the WE’E(I)-solutions set of problem

{ Du(t) + AD*tu(t) = f(t), f € S, ae.t €1 (3.10)

Ifou(t) |imo = 0, u(l) = IJ,u(1)
is compact in Cg(I).

Proof. By virtue of Lemma 3.4 the Wg’g([(), 1])-solutions set X to the above
inclusion is characterized by

1
X={uy: T —E, upt) = / G(t,s)f(s)ds, feSk, tel}
0
Claim: X is bounded, convex, equicontinuous and compact in Cg(I).
From definition of the Green function G, it is not difficult to show that {uy: f €

S%} is bounded, equicontinuous in Cg(I). Indeed let (uy,) be a sequence in X.
We note that, for each n € N, we have uy, € WEE(I) , and

1
ufn(t):/o G(t,s)fu(s)ds, tel,

with
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For t1,t0 € I, t1 < tg, we have

uy, (t2) —uy, (t1) / G(t,s)(fulte,s) — fu(t1,s))ds

_ /0 0(5) fuls)ds </0 F(eafl)(tg—T)a_QdT—/Otl F(‘;:)(tl —T)a_2d7‘>

" / "o < / c " T_):2e—ATdT> £(s)ds - /0 "o < / ' F(Zfl)(tl —7)0_2d7> F(s)ds
- romonl[ vttt
)

et o o ([ )

Then, we get

(tl — T)a_Q — (tg — T)a_2

1 t1
fusa(t) s, ) < [ (I + ) X (a)as [ e T T e

+/01 <\g0(s)! + e)‘s) | X (s)|ds /:2 e_’\T(tI?‘(;T_)aJdT

1

to to to — a—2
—i—/ 6A8|X(s)\ds/ e’\T(;?dT.
t1 t1 (O[ ]‘)

It is easy to obtain, after an integration by part, that

to _ A\a—2 _ a—2 to _ ~\a—1
/ G*AT%CZT — M1 M+/\/ (3)‘7(152F7-)d7' < 1+ A(tg—tl)afl
t1

Mo —1) I(a) & (@) ~ (o)
and
t1 e (tl _ 7_)0472 _ (t2 _ 7.)0472 t1 (tl _ T)a72 _ (tg _ T)an B (tQ _ tl)afl 4 ttlx—l . tgc—l
I Ma—1) ar< [ Ma—1) = I(a)

Using the inequality that [a? — bP| < |a — bJP for all a,b > 0 and 0 < p < 1, we
yield

,1

b g ba=1) 2= (g — 1) 2 2 B —1
/e Mo 1) i (a)“ f)*

Then, since a €]1, 2], we can increase ||uy, (t2) — uy, (t1)| b
g, (t2) = up, (E2)]| < Klt2 = tl!afl

with K = fol (34 N)[@(s)] + (44 2X)e**] | X (s)|ds This shows that {uy, : n € N}
is equicontinuous in Cg(I). Moreover, for each t € I the set {uy, (t) : n € N}, is
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contained in the convex compact set fol G(t,s)X (s)ds [?, 19] so that X is relatively
compact in Cg(I) as claimed. So, we can assume that

lim uyf, = us € Cp(I)

n—0o0

As S% is o(LL, L%, )-compact e.g [19] we may assume that (f,,) o(LL, LS.)-
converges to feo € Sk. so that uy, weakly converges to us_ in Cg(I) where
ur (t fo (t,5) foo(s)ds and so for every t € I,

1 1
Uso(t) = w- lim wy, (1) = w- lim G(t,s)fn(s)ds = /0 G(t,5) foo(s)ds = us (),

n—o0 n—oo 0

and
1

w- lim (D* 'uy) (t) = w- lim [/0 exp(—A(t — s)) fn(s)ds + exp(—)\t)/O

n—oo n—o0

e

t 1

= [ oAt = ) fclshds + exp(-At) [ ol f(s)ds
0 0

= (D*tuy ) (t), tel.

This means us, € X, and the proof of the theorem is complete.
O

Theorem 3.6. Let [ := [0,1] and H be a separable Hilbert space. Let K be a
convex compact subset of H. Let ¢ : [0,T] x K —] — 00, +0o0] be a normal lower
semicontinuous convex integrand such that

(i {o(.,u(.),u € SL} is uniformly integrable.

(i1) p(t,x) < (1, x)+|v(t)—v(T)| for allt,7 € [0,T],z € K wherev : [0,T] — R
is a positive nondecreasing continuous function with v(0) = 0.

Let A: H — H be a linear continuous coercive symmetric operator and B : H —
H be a linear continuous mapping.

Let f : I x H — H be a bounded continuous mapping ||f(t,z)|| < M for all
(t,z) € [0,1] x H. Then for any ug € H, there exist a Wg’},([o, 1]) mapping
x:[0,1] = H and an absolutely continuous mappings u : [0, 1] S H satisfying

u(0) =ug € H

D%x(t) + AD* Lz (t) = u(t), t € [0,1]

0+$( )lt=0 =0, (1) = Ig+x(1)

flt,z(t)) + Bu(t) — A%(t) € 830(t,%(t)), a.e. t € [0,1]

Proof. Let us consider the convex compact (cf Theorem 3.5) subset X" in the
Banach space Cg([0,1]) defined by

Xoi={uy:[0,1] = H :ugs(t /Gts s)ds, f € Sy 1k, t €[0,1]}
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where S}LO 4k denotes the set of all integrable selections of the convex compact
valued constant multifunction ug + K. For each h € X, by Theorem 1.3 and
the assumptions on f, there is a unique absolutely continuous solution v to the
inclusion

{ h(O) = U € H
F(t, h(t)) + Bup(t) — A% (1)) € Dp(t, n(t)), ae. t € [0,1]

<

\[Nit}} %(t) € K a.e. so that vy (t) = uo—i—ft don (5)ds e u0—|—f0 Kds Cup+K,Vt €
0,1].
Now for each h € X let us consider the mapping defined by

= / G(t,s)vp(s)ds
0

for t € [0,1]. Then it is clear that ®(h) € X. Now we check that ® is continuous.
It is sufficient to show that, if (h,) uniformly converges to h in X, then the
absolutely continuous solution vy, associated with Ay,

{ ’Uhn(O) = U € H
F(t, b (£)) + Bop, () — A% (1) € p(t, La (1)), ace. t € [0,1]

uniformly converges to the absolutely continuous solution vy, associated with h

{ vp(0) =up € H
(t, h(t)) + Bup(t) — ADe(t) € dp(t, L (1)), ae. t €[0,1]

As (vp,,) is equi-absolutely continuous with vy, t) € ug+ fo s)ds C ug+ K,Vt €
[0,1] we may assume that (vp,,) uniformly converges to an absolutely continuous
mapping z. Since vy, (t) = uo—i—f]o 1 Shn(s)ds, t € [0,1] and Uh”( )€K, ae. s€

[0, 1], we may assume that (= Uh"

with w(t) € K, t € [0,1] so that

) weakly converges in L, ([0,1]) to w € LL[0,1])

liénvhn (t) = up + /Otw(s)ds = u(t), t € [0,T].

By identifying the limits, we get

u(t) = z(t) = ug —i—/o w(s)ds

with & = w. Therefore by applying the arguments in the variational limit result
as in Proposition 2.1-2.2 we get

du

F(th(£)) + Bu(t) = A (t) € D, Cfi;‘ (t)), ae. t € [0,1]
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with u(0) = up € H, so that by uniqueness u = vy. Since h,, — h, we have

1 1
D(hy)(t) — P(h)(t) :/0 G(t, s)vhn(s)ds—/o G(t, s)vp(s)ds

1
:/0 G(t,)[vn, (5) — vn(s)]ds

1
< /0 Mg llon, (5) — vn(s)|ds

As ||vp, () — vp(+)|| = 0 uniformly, by using Lemma 3.3(i) we conclude that

1
sup [|®(hy)(t) — (h)()[| < / Mg|lvn,, () = va(-)||ds — 0
tel0,1] 0

so that ®(h,) — ®(h) in Cx([0,1]). Since ® : X — X is continuous P has a fixed
point, say h = ®(h) € X. This means that

with
Uh(O) =ug € H
Dh(t) + AD*1h(t) = vp(t), t € [0,1]
IS h(t) im0 = 0, h(1) = I], h(1)
F(t,h(t) + Bun(t) — A% (t) € Dp(t, %2(1)), ae. t € [0,1]
The proof is complete. O

Further variants of the above results are available. For instance, we are able
to state the existence of solution to the coupled system

Dh(t) + AD*th(t) = u(t), t € [0,1]

I§+h(t) lt=o =0, h(1)= Ing(l)

u(0) = ug

f(t, (1)) + Bu(t) — AZ(t) € Nogy(2(t)), ae. t €[0,1]

Our tools allow to treat other variants by considering other class of FDI given in
[10, 11, 12, 13, 14]. For shortness we omit the details.
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